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Unit 1 — Introduction to Banach Algebras

1.1 Definition and examples of Banach algebras

Banach algebras blend algebra and topology, combining an associative algebra with a complete norm.
They're key in functional analysis, uniting algebraic operations with continuity. This foundation sets the
stage for exploring their properties and applications.

In this section, we'll define Banach algebras, examine their core features, and look at key examples. We'll
see how they pop up in various math areas, from complex analysis to operator theory.

Definition and Basic Properties

Fundamental Concepts of Banach Algebras

» Banach algebra combines algebraic and topological structures consists of an associative algebra over
real or complex numbers equipped with a norm

* Norm assigns non-negative real number to each element in the algebra measures "size" or
"magnitude” of elements

» Completeness property ensures every Cauchy sequence in the algebra converges to an element
within the algebra

» Submultiplicativity condition requires norm of product of two elements does not exceed product of their
individual norms expressed as Ixyll = Iyl for all elements x and y

Formal Definition and Key Characteristics

» Banach algebra A defined as complete normed algebra over real or complex numbers

+ Algebraic operations (addition, scalar multiplication, and multiplication) must be continuous with
respect to norm topology

» Norm satisfies following properties for all elements x, y in A and scalar a:

« Non-negativity: [X[l 2 0 and [ X]| = O if and only if x = 0

« Homogeneity: [|ax|| = |a|| x|

« Triangle inequality: [|x + ¥l < x| + |yl

« Completeness ensures every Cauchy sequence (Xn) in A converges to an element x in A

« Submultiplicativity condition IXY [l < [IX[llly[l crucial for interplay between algebraic and topological
structures

Examples of Banach Algebras
Fundamental Examples
» Complex numbers C form simplest Banach algebra with usual addition and multiplication operations

« Norm for complex numbers defined as absolute value |2| for any z € C

* Continuous functions on compact Hausdorff space X denoted C(X) form Banach algebra
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+ Addition and multiplication defined pointwise

+ Norm given by supremum norm I = ig? 1)

* Bounded linear operators on Banach space X denoted B(X) constitute important Banach algebra

+ Addition and composition of operators serve as algebraic operations

Il = sup [ITx]|

* Operator norm defined as Ix|=1

Advanced Examples and Applications
« Sequence spaces {* and £ form Banach algebras with convolution product
* Group algebras L'(G) for locally compact groups G provide rich class of Banach algebras
* Matrix algebras M_n(C) of nxn complex matrices form finite-dimensional Banach algebras

* Algebras of p-adic numbers and adeles arise in number theory and algebraic geometry
Algebra Homomorphisms

Definition and Properties
* Algebra homomorphism ¢: A - B maps between two algebras preserves algebraic structure
+ Homomorphism satisfies following conditions for all x, y in A and scalars a, £:
* @(ax + By) = agp(x) + Be(y) (linearity)
* @(xy) = e(x)o(y) (multiplicativity)
+ Continuity of algebra homomorphisms between Banach algebras crucial property

« Continuous algebra homomorphism @: A - B between Banach algebras satisfies [|¢(X)|ls < C|[I X[l
for some constant C >0

Types and Applications of Homomorphisms
* Isomorphisms between Banach algebras preserve both algebraic and topological structures
» Automorphisms map Banach algebra to itself while preserving structure
* Ideals and quotient algebras defined using homomorphisms play crucial role in structure theory
* Representations of Banach algebras as operators on Hilbert spaces fundamental in spectral theory

* Gelfand transform provides important homomorphism from commutative Banach algebra to algebra of
continuous functions

1.2 Basic properties and operations in Banach algebras

Banach algebras are complex mathematical structures that combine algebraic and topological properties.
This section dives into their basic properties and operations, laying the groundwork for understanding
these powerful tools in functional analysis.

We'll explore ideals, quotient algebras, direct sums, and various mappings between Banach algebras.
These concepts are crucial for grasping how Banach algebras behave and interact, setting the stage for
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more advanced topics in the field.

Algebraic Structures

Ideals and Quotient Algebras

« Ideal represents a special subset of a Banach algebra closed under addition and multiplication by
elements of the algebra

» Two-sided ideal absorbs multiplication from both left and right sides

+ Left ideal absorbs multiplication only from the left side

+ Right ideal absorbs multiplication only from the right side

» Maximal ideal denotes the largest proper ideal in a Banach algebra

* Quotient algebra formed by taking the set of equivalence classes of elements modulo an ideal
* Quotient algebra inherits algebraic and topological properties from the original algebra

+ Quotient norm defined as the infimum of norms of representatives in each equivalence class

* Quotient algebra becomes a Banach algebra when equipped with quotient norm

Direct Sum and Its Properties

* Direct sum combines multiple Banach algebras into a single larger algebra

+ Algebraic direct sum involves finite number of algebras

* Topological direct sum extends the concept to infinite number of algebras

* Elements in direct sum represented as tuples with components from each constituent algebra
* Addition in direct sum performed component-wise

* Multiplication in direct sum also performed component-wise

* Norm in direct sum typically defined as maximum of norms of components

* Direct sum preserves properties like commutativity and associativity of constituent algebras

* Useful for constructing new algebras with desired properties
Mappings

Homomorphisms and Their Properties

* Homomorphism denotes a structure-preserving map between two Banach algebras
* Preserves algebraic operations (addition and multiplication)

* Does not necessarily preserve norm or topological properties

* Kernel of a homomorphism forms an ideal in the domain algebra

* Image of a homomorphism forms a subalgebra of the codomain algebra

» Continuous homomorphisms preserve both algebraic and topological structures
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» Epimorphism refers to a surjective homomorphism
» Monomorphism denotes an injective homomorphism

» Composition of homomorphisms yields another homomorphism

Isomorphisms and Their Significance

* Isomorphism represents a bijective homomorphism between Banach algebras

* Preserves both algebraic and topological structures

* Inverse of an isomorphism also forms an isomorphism

* Isometric isomorphism preserves norms exactly

* Topological isomorphism preserves topological structure but may not preserve norms exactly
* Isomorphic Banach algebras share all algebraic and topological properties

« Useful for classifying and studying Banach algebras

» Automorphism denotes an isomorphism from an algebra to itself

* Inner automorphisms arise from conjugation by invertible elements

Constructions

Unitization Process

+ Unitization adds a unit element to a non-unital Banach algebra

« Constructs a new algebra by adjoining an identity element

* Original algebra embedded as a closed ideal in the unitized algebra
« Unitization preserves most properties of the original algebra

* Norm in unitized algebra typically defined to extend the original norm
+ Unitization of a commutative algebra remains commutative

+ Useful for extending results from unital to non-unital algebras

* Allows application of spectral theory to non-unital algebras

Tensor Products and Their Applications

* Tensor product combines two Banach algebras to form a new, larger algebra

« Algebraic tensor product defined using linear combinations of elementary tensors

* Projective tensor product completes algebraic tensor product with respect to projective norm
* Injective tensor product uses a different norm completion

* Tensor product of commutative algebras remains commutative

« Useful for constructing new examples of Banach algebras

* Applications in quantum mechanics and representation theory
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* Tensor products preserve many properties of constituent algebras (commutativity)

+ Cross-norms on tensor products satisfy certain compatibility conditions with original norms

1.3 Spectrum and spectral radius

The spectrum of an operator is a key concept in C*-algebras, revealing its eigenvalues and behavior. It
consists of point, continuous, and residual spectra, each providing unique insights into the operator's
properties. Understanding these components is crucial for analyzing operator behavior.

The spectral radius, the maximum absolute value in an operator's spectrum, is vital for determining
convergence and bounding eigenvalues. It's closely related to the resolvent set and the spectral mapping
theorem, which are essential tools for studying operator functions and their spectra.

Spectrum and Its Subsets

Understanding the Spectrum and Its Components

* Spectrum of an operator A denotes the set of all complex numbers A where A - Al lacks a bounded
inverse

+ Consists of three distinct subsets providing crucial information about the operator's behavior

* Point spectrum encompasses all eigenvalues of the operator A

* Represents values A where A - Al is not injective

* Corresponds to solutions of the equation Ax = Ax for some nonzero vector x

+ Continuous spectrum contains approximate eigenvalues not in the point spectrum

* Includes A where A - Al has dense range but is not surjective

« Characterized by the existence of a sequence of unit vectors {xn} such that (A —Al)xn=0 asn - =
* Residual spectrum comprises values in the spectrum not belonging to point or continuous spectra

» Contains A where A - Al is injective but does not have dense range

+ Rarely occurs in practice for normal operators on Hilbert spaces

Applications and Properties of Spectra

» Spectrum analysis aids in understanding operator behavior and solving differential equations
* Bounded linear operators on Banach spaces always have non-empty, compact spectra

» Spectral decomposition theorem applies to normal operators on Hilbert spaces

» Decomposes the operator into a sum or integral of projections onto its eigenspaces

* Spectrum of a self-adjoint operator consists only of real numbers

* Unitary operators have spectra contained within the unit circle of the complex plane

» Compact operators possess spectra with at most countably many non-zero points

* These points can only accumulate at 0 if infinite in number
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Spectral Radius and Related Concepts

Defining and Calculating Spectral Radius

« Spectral radius represents the maximum absolute value of elements in an operator's spectrum

- Calculated using the formula r(A) = lim [|A"||*"

* Provides an upper bound for the magnitude of eigenvalues
* Gelfand's formula offers an alternative method for computing spectral radius

- States that 1'(A) = L'D;‘g ||An||1/n for any matrix or operator norm

+ Spectral radius theorem establishes a relationship between spectral radius and operator norm
« For any bounded linear operator A, r(A)<||A]|
» Power series convergence depends on spectral radius

- Series 2 anA” converges if and only if 12| < 7
n=0

Resolvent Set and Spectral Mapping Theorem
» Resolvent set consists of complex numbers A where (A - Al)*(-1) exists as a bounded linear operator
» Complements the spectrum in the complex plane
* Resolvent operator R(A, A) defined as (A - Al)A(-1) for A in the resolvent set
+ Analytic function of A in the resolvent set
- Satisfies the resolvent identity: R(A, A) — R(u, A) = (1 — A)R(A, A)R(u, A)
* Spectral mapping theorem relates the spectrum of f(A) to the spectrum of A
« For any analytic function f, a(f(A)) = f(o(A))
* Applies to polynomials, exponentials, and other analytic functions of operators
* Functional calculus extends the spectral mapping theorem to more general functions
* Allows defining functions of operators based on their spectra

* Crucial in quantum mechanics for defining observables as functions of operators

1.4 Invertible elements and the Gelfand-Mazur theorem

Invertible elements are crucial in Banach algebras. They form a group and relate to quasi-invertible
elements through the equation x + y - xy = 0. The Neumann series helps find inverses for operators close
to the identity.

The Gelfand-Mazur theorem links complex Banach algebras without non-trivial zero divisors to complex
numbers. It highlights the importance of division algebras and maximal ideals in understanding Banach
algebra structure.
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Invertibility

Invertible and Quasi-Invertible Elements

* Invertible element in a Banach algebra A denotes an element x with both left and right inverses (xy =
yx=1)

* Left inverse y satisfies yx = 1, while right inverse z satisfies xz = 1

« In Banach algebras, existence of either left or right inverse implies invertibility

* Quasi-invertible element x in A satisfies equation x +y - xy = 0 for some y in A

* Quasi-invertibility equivalent to 1 - x being invertible

* Set of quasi-invertible elements forms a group under the operation x ey = x +y - xy

« Invertibility and quasi-invertibility closely related concepts in Banach algebra theory

Neumann Series and Its Applications

* Neumann series represents the inverse of an operator as an infinite sum

o0

« For operator T with [ T]l < 1, the Neumann series Z T" converges to (I — T)~?!
n=0

» Convergence of Neumann series guaranteed by the geometric series formula
* Useful tool for approximating inverses of operators close to the identity

* Applications in solving linear equations and integral equations

» Neumann series provides insight into spectral properties of operators

 Connects invertibility to the convergence of power series in Banach algebras

Gelfand-Mazur Theorem

Fundamental Concepts and Statement

* Gelfand-Mazur theorem states every complex Banach algebra with no non-trivial zero divisors
isomorphic to complex numbers

* Applies to unital Banach algebras where every non-zero element invertible

« Establishes connection between algebraic properties and topological structure

* Proof involves constructing an isomorphism between the algebra and complex numbers
« Utilizes spectral theory and properties of holomorphic functional calculus

» Demonstrates importance of complex numbers in Banach algebra theory

* Provides insight into structure of simple Banach algebras

Division Algebras and Maximal Ideals

« Division algebra defined as an algebra where every non-zero element invertible
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» Complex numbers form the only commutative, associative division algebra over the reals

* Quaternions and octonions non-commutative examples of division algebras

» Maximal ideal represents a proper ideal not contained in any larger proper ideal

* In commutative Banach algebras, maximal ideals correspond to complex homomorphisms
* Gelfand-Mazur theorem implies maximal ideals in complex Banach division algebras trivial
» Connection between maximal ideals and spectrum of elements in Banach algebras

« Study of maximal ideals crucial for understanding algebraic structure of Banach algebras
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Unit 2 — Gelfand-Naimark Theorem in
C*-algebras

2.1 Definition and examples of C*-algebras

C*-algebras are a powerful mathematical tool, combining algebra and topology. They're the backbone of
non-commutative geometry and quantum physics, offering a framework to study infinite-dimensional
spaces and quantum systems.

This section lays the groundwork by defining C*-algebras and showcasing key examples. We'll see how
these structures bridge classical and quantum realms, setting the stage for deeper exploration of their
properties and applications.

Basic Definitions

Fundamental Concepts of C*-algebras

» C*-algebra comprises a Banach algebra A over complex numbers equipped with an involution
operation

* Involution denotes a map * : A - A satisfying (x) =x, (x +y) =x +y, and (Ax) = Ax*for all x, ye Aand A
eC

* Norm on a C*-algebra measures the "size" of elements, satisfying properties like ||x + y|| < ||x|| + |lyl|
and |[Ax|| = |\ |Ix]| forx,ye Aand A e C

» Completeness ensures every Cauchy sequence in the algebra converges to an element within the
algebra

« C-identity states ||xx|| = ||x||? for all elements x in the algebra, linking algebraic and topological
structures

Properties and Operations
* Involution operation extends complex conjugation to algebra elements
* For scalars: (A)* = A (complex conjugate)
* For matrices: A* = (A*T)?- (conjugate transpose)
* Norm satisfies additional properties in C*-algebras:
o |Ix*[| = |Ix|| for all x € A
*lIxyll < {Ix]| llyll for all x, y € A
» Completeness allows for infinite series and limits to be well-defined
* Ensures existence of limits for convergent sequences

» Enables powerful analytical tools like functional calculus
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Algebraic and Topological Structures

» C*-algebras combine algebraic structure (addition, multiplication, scalar multiplication) with topological
structure (norm, completeness)

* Algebraic operations interact with involution:

*(xy)=yx*forallx,y e A

s(x+y)=x+y*“forallx,yeA

* Topological structure interacts with algebraic operations:

* Multiplication continuous in both variables

* Involution continuous operation

+ C-identity ||xx|| = ||x||? links algebraic (multiplication, involution) and topological (norm) structures

* Implies automatic continuity of -hnomomorphisms between C-algebras

Commutative Examples

Function Algebras

» Commutative C-algebra defined as C-algebra where xy = yx for all elements x and y
» C(X) denotes continuous complex-valued functions on compact Hausdorff space X
+ Addition and multiplication defined pointwise

* Involution given by complex conjugation: f*(x) = f(X)

* Norm defined as supremum norm: ||f]| = sup{|f(x)| : x € X}

* Co(X) represents continuous complex-valued functions on locally compact Hausdorff space X
vanishing at infinity

* Functions approach 0 as x approaches «

» Norm and operations defined similarly to C(X)

Specific Function Spaces

* Lo(X, ) consists of essentially bounded measurable functions on measure space (X, p)

* Quotient algebra of bounded measurable functions modulo functions vanishing almost everywhere
* Involution given by complex conjugation

* Norm defined as essential supremum

+ C*-algebra of bounded continuous functions on metric space X

* Denoted Cb(X)

* Equipped with supremum norm

« Isomorphic to C(BX) where BX represents Stone-Cech compactification of X
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Non-commutative Examples

Matrix Algebras

* Mn(C) denotes n x n complex matrices

+ Addition and multiplication defined as usual matrix operations

* Involution given by conjugate transpose: A* = (AAT)A-

* Norm defined as operator norm: ||A|| = sup{||Ax|| : x € C*n, ||x|| = 1}

* B(H) represents bounded linear operators on Hilbert space H
 Generalization of Mn(C) to infinite-dimensional setting

* Involution given by adjoint operator

* Norm defined as operator norm

* Finite-dimensional C*-algebras isomorphic to direct sums of matrix algebras

* A= Mn1(C) & Mn2(C) @ ... & Mnk(C)

Operator Algebras

» K(H) denotes compact operators on Hilbert space H

* Closure of finite rank operators in operator norm topology
* Proper ideal in B(H) when H infinite-dimensional

* Involution and norm inherited from B(H)

* CAR algebra (Canonical Anticommutation Relations)

» Generated by elements satisfyinga_ia_j+a_ja_i = 0_ij

* Models fermionic systems in quantum mechanics

» Group C*-algebras

* C*(G) constructed from locally compact group G

» Completion of group algebra L*(G) with respect to appropriate norm

2.2 The Gelfand transform and its properties

The Gelfand transform is a powerful tool in C*-algebra theory, mapping elements to continuous functions
on the spectrum. It connects abstract algebraic structures to concrete function spaces, providing a bridge
between algebra and analysis.

This section explores the properties of the Gelfand transform, including its isometric isomorphism,
continuity, and role in functional calculus. Understanding these properties is crucial for grasping the deeper
connections between commutative C*-algebras and function spaces.
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The Gelfand Transform and Spectrum

Defining the Gelfand Transform and Spectrum

* Gelfand transform maps elements of a commutative Banach algebra to continuous functions on its
spectrum

» Spectrum of an element a in a Banach algebra A consists of all complex numbers A where (a - A1)
lacks an inverse in A

* Spectral radius represents the maximum absolute value of elements in the spectrum

» Maximal ideal space of a commutative Banach algebra contains all maximal ideals, forming a compact
Hausdorff space

Mathematical Formulation and Properties
- Gelfand transform defined as a(@) = @(a) for a € A and @ in the maximal ideal space
» Spectrum of an element a expressed as 0(a) = A€C : a — Alisnotinvertible
« Spectral radius formula given by (&) = lim [|a"| |1

» Maximal ideals in commutative Banach algebras correspond to kernels of non-zero homomorphisms

Applications and Examples

* Gelfand transform applied to analyze functions on compact Hausdorff spaces (continuous functions
on a circle)

» Spectrum used to study eigenvalues of matrices and operators (spectrum of a rotation matrix)
* Spectral radius determines long-term behavior of dynamical systems (convergence of power series)

» Maximal ideals play crucial role in algebraic geometry and number theory (prime ideals in polynomial
rings)

Properties of the Gelfand Transform

Isometric Isomorphism and Continuity

* Gelfand transform establishes isometric isomorphism between commutative C*-algebras and algebras
of continuous functions

* Preserves algebraic structure, mapping addition, multiplication, and scalar multiplication
- Maintains norm relationships, ensuring ||a|| = ||a|| for all elements a in the algebra

« Exhibits continuity, mapping nearby elements in the original algebra to nearby functions in the
transformed space

Characters and Their Significance
+ Characters defined as non-zero multiplicative linear functionals on the algebra

» Form a subset of the dual space, representing homomorphisms from the algebra to complex numbers
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* Correspond to points in the maximal ideal space of the algebra

+ Play crucial role in harmonic analysis and representation theory (Fourier transform on locally compact
abelian groups)

Continuous Functional Calculus

* Allows extension of continuous functions on the spectrum to functions of elements in the algebra

* Preserves functional relationships, enabling manipulation of elements using familiar function
operations

» Generalizes polynomial and rational functional calculus to continuous functions

* Finds applications in operator theory and quantum mechanics (functions of self-adjoint operators)

2.3 The Gelfand-Naimark theorem for commutative C*-algebras

The Gelfand-Naimark theorem is a game-changer for commutative C*-algebras. It shows that these
abstract structures are actually just continuous functions on special spaces called spectra. This connection
opens up new ways to understand and work with these algebras.

By linking abstract algebras to concrete function spaces, the theorem bridges pure math and applications.
It's a powerful tool for analyzing operators, developing quantum theories, and exploring non-commutative
geometry. The theorem's insights ripple through many areas of mathematics and physics.

Gelfand-Naimark Theorem and Abelian C*-algebras

Fundamental Concepts and Definitions

+ Gelfand-Naimark theorem establishes a crucial connection between abstract C*-algebras and
concrete function algebras

+ Abelian C-algebra refers to a commutative C-algebra where all elements commute with each other
under multiplication

* Isometric -isomorphism preserves both the algebraic and topological structures of C-algebras
+ Spectrum of an abelian C*-algebra consists of all non-zero multiplicative linear functionals

* Gelfand transform maps elements of an abelian C*-algebra to continuous functions on its spectrum

Theorem Statement and Implications

 Gelfand-Naimark theorem states every abelian C-algebra is isometrically -isomorphic to the algebra of
continuous functions vanishing at infinity on its spectrum

* Isomorphism established by the theorem preserves algebraic operations (addition, multiplication,
scalar multiplication)

» Theorem also preserves the involution operation and the norm of the C*-algebra
» Spectrum of an abelian C-algebra is a locally compact Hausdorff space under the weak topology

* Gelfand transform provides a concrete representation of abstract abelian C*-algebras as function
algebras
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Applications and Consequences

» Theorem allows for the study of abelian C*-algebras through their function algebra representations

« Spectral theory of normal operators in Hilbert spaces can be derived from the Gelfand-Naimark
theorem

* Provides a foundation for the development of non-commutative geometry and quantum mechanics
+ Enables the classification of abelian C*-algebras up to isomorphism by studying their spectra

» Generalizes to non-commutative C*-algebras through the GNS construction (Gelfand-Naimark-Segal
construction)

Topological Spaces and Continuous Functions

Properties of Locally Compact Hausdorff Spaces

* Locally compact Hausdorff space combines local compactness with the Hausdorff separation axiom
» Local compactness ensures every point has a compact neighborhood

» Hausdorff property guarantees distinct points can be separated by disjoint open sets

* Examples include Euclidean spaces, manifolds, and discrete topological spaces

* Locally compact Hausdorff spaces possess important properties like regularity and paracompactness

Continuous Functions Vanishing at Infinity

« Continuous functions vanishing at infinity form a C*-algebra denoted as Co(X) for a locally compact
Hausdorff space X

« Function f vanishes at infinity if for every € > 0, the set {X € X : [f(x)| 2 €} is compact
+ Co(X) equipped with the supremum norm becomes a C*-algebra

« Stone-Cech compactification relates Co(X) to the algebra of all continuous functions on a compact
space

« Unitization of Co(X) yields the algebra of continuous functions that have a limit at infinity

Connections to Abelian C*-algebras

+ Gelfand-Naimark theorem identifies every abelian C*-algebra with a Co(X) for some locally compact
Hausdorff space X

» Spectrum of an abelian C*-algebra serves as the locally compact Hausdorff space X in this
identification

« Continuous functions on compact spaces correspond to unital abelian C*-algebras

« Non-unital abelian C*-algebras correspond to Co(X) for non-compact locally compact Hausdorff
spaces X

« Study of topological properties of X provides insights into the algebraic structure of the corresponding
C*-algebra
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2.4 Applications to function spaces

Continuous function spaces are crucial in C-algebra theory. They form commutative C-algebras when
equipped with pointwise operations and supremum norms. Understanding these spaces helps build a
foundation for more complex algebraic structures.

The Stone-Weierstrass theorem and spectral theory for normal operators are key applications. These tools
allow us to approximate functions and decompose operators, bridging the gap between abstract algebra
and concrete function spaces.

Continuous Function Spaces

Continuous Functions and Their Properties

» C(X) denotes the space of continuous functions on a topological space X

« Continuous functions map between topological spaces while preserving topological properties

* Properties of C(X) include completeness under uniform convergence and separability for certain X

» C(X) forms a commutative C*-algebra when equipped with pointwise operations and supremum norm

» Supremum norm for fin C(X) defined as Il = igg |f(x)]

Vanishing Functions and Stone-Weierstrass Theorem

» C_0(X) represents the space of continuous functions vanishing at infinity on a locally compact
Hausdorff space X

* Functions in C_0(X) approach zero as x approaches infinity or the boundary of X
» C_0(X) forms a closed subalgebra of C(X) and a C*-algebra in its own right
 Stone-Weierstrass theorem provides conditions for density of subalgebras in C(X)

» Theorem states a subalgebra A of C(X) dense in C(X) if A separates points and contains constant
functions

* Applications of Stone-Weierstrass theorem include approximation of continuous functions by
polynomials

Measurable Function Spaces and Operators

Essentially Bounded Measurable Functions

* Lo(X) denotes the space of essentially bounded measurable functions on a measure space X

* Essentially bounded functions have finite essential supremum

« Essential supremum defined as [|f]l= = inf{M = 0: |f(x)| =M almost everywhere}

* L»o(X) forms a commutative C*-algebra with pointwise operations and essential supremum norm

* Relationship between Lx(X) and C(X) includes Lx(X) as a completion of C(X) in certain cases
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Spectral Theory and Functional Calculus

« Spectral theorem for normal operators generalizes diagonalization of normal matrices
* Normal operators in Hilbert spaces characterized by commuting with their adjoint

* Spectral theorem decomposes normal operators into integrals over their spectrum

* Functional calculus allows application of functions to operators

« Continuous functional calculus extends continuous functions to normal operators

« Borel functional calculus generalizes to measurable functions for self-adjoint operators

* Applications of functional calculus include solving operator equations and defining operator functions
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Unit 3 — C*-algebras: Noncommutative
Structure

3.1 Basic properties of noncommutative C*-algebras

Noncommutative C*-algebras are a key concept in quantum mechanics. They allow for elements that don't
commute under multiplication, crucial for representing quantum systems. The involution operation maps
elements to their adjoints, preserving algebraic structure.

The C-identity relates norm and involution, ensuring consistency between algebraic and topological
structures. The norm function measures element "size," satisfying properties like non-negativity and the
triangle inequality. These basics set the stage for exploring more complex C-algebra structures.

Basic Properties

Noncommutativity and Involution
» Noncommutativity defines C*-algebras allows for elements that do not commute under multiplication
* Multiplication of elements a and b may vyield different results depending on order (ab * ba)
* Noncommutativity crucial for representing quantum mechanical systems accurately
« Involution operation maps each element a to its adjoint a* preserves algebraic structure

* Involution satisfies properties: (a) = a, (ab) = ba, and (aa + Bb) = aa + Bb for all elements a, b and
scalars a, B

* Involution generalizes complex conjugation in complex number field to abstract algebraic setting
C*-identity and Norm Properties

« C*-identity fundamental property relates norm and involution: |a " a|| = ||a||? for all elements a

+ C-identity ensures consistency between algebraic and topological structures of C-algebra

* Norm function assigns non-negative real number to each element measures "size" or "magnitude"

» Norm satisfies properties:

« Non-negativity: l]l = O for all a, with [2]l = O if and only ifa = 0

« Homogeneity: l[@a| = |a|||a|| for all scalars a and elements a

« Triangle inequality: |2 + b|| = ||a|| + |b]l for all elements a and b

« Submultiplicativity: llab]l < [lalll[o|l for all elements a and b

» Norm induces metric topology on C*-algebra enables analysis of convergence and continuity
Special Elements

Self-adjoint and Positive Elements

+ Self-adjoint elements satisfy a = a* represent observables in quantum mechanics
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« Self-adjoint elements form real subspace of C*-algebra

« Spectral theorem applies to self-adjoint elements allows for functional calculus

* Positive elements satisfy a = b*b for some element b represent physically measurable quantities
* Positive elements form convex cone in C*-algebra

« Partial order defined on self-adjoint elements using positive elements: a < b if and only if b - a positive

Unitization and Approximate ldentity
+ Unitization process adds unit element to non-unital C*-algebra
+ Unitization A of C*-algebra A contains A as closed two-sided ideal
* Unitization preserves C*-algebra structure extends operations from A to A
» Approximate identity sequence of positive elements (eA) with norm < 1 approximates unit element
« Approximate identity satisfies: lim |[2€A — a|| = 0 and lim [[eAa — a|| = O for all elements a

+ Existence of approximate identity guaranteed for all C*-algebras (not necessarily commutative)

Spectral Theory

Spectrum and Spectral Radius

» Spectrum of element a denoted a(a) set of complex numbers A such that a - A1 not invertible
» Spectrum always non-empty compact subset of complex plane for C*-algebras
« Spectral radius r(a) maximum absolute value of elements in spectrum: r(a) = sup{[A| : A € a(a)}

|} as n approaches infinity

« Spectral radius formula: r(a) = lim ||a
* Spectral mapping theorem relates spectrum of f(a) to f(a(a)) for continuous functions f

* Gelfand-Naimark theorem establishes isometric -isomorphism between commutative C-algebras and
C(X) for compact Hausdorff space X

Functional Calculus and Spectral Projections

* Functional calculus allows application of continuous functions to normal elements

* For normal element a and continuous function f, f(a) defined using spectral theorem
+ Spectral projections associated with Borel subsets of spectrum

* Spectral projections form complete Boolean algebra of projections

» Spectral measure assigns projection to each Borel subset of spectrum

* Spectral integral representation: a = fo(a) A dE(A) where E spectral measure associated with a

3.2 The Gelfand-Naimark-Segal (GNS) construction

The GNS construction is a powerful tool in C-algebra theory, linking states to Hilbert space
representations. It builds a Hilbert space and representation from a state, preserving the C-algebra's
structure in a concrete operator setting.
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This construction is key for studying C-algebras through their representations. It proves that every
C-algebra has a faithful representation, allowing us to view abstract algebras as concrete operator
algebras on Hilbert spaces.

States and Representations

Fundamental Concepts of GNS Construction

» GNS construction bridges states on C*-algebras with Hilbert space representations
- State defined as positive linear functional w on C*-algebra A with |w] =1
* Hilbert space representation maps C*-algebra to bounded linear operators on Hilbert space

* Cyclic vector generates dense subspace under action of representation

Mathematical Framework of GNS Construction

+ Constructs Hilbert space H_w from state w on C*-algebra A
« Defines inner product on H_w using {[a], [b]) = w(b " a) fora, bin A
* Creates representation m_w : A - B(H_w) by m_w(a)[b] = [ab]
* Identifies cyclic vector Q =[1] in H_w
Properties and Applications of GNS Construction
* Preserves algebraic structure of C*-algebra in Hilbert space setting
» Enables study of C*-algebras through concrete operator representations

* Proves existence of faithful representations for any C*-algebra

* Facilitates analysis of states and their associated representations

Vector Space Constructions

Kernel and Its Role in GNS Construction

» Kernel N_w defined as set of elements a in A with w(a**a) =0
» Forms left ideal in A, crucial for defining quotient space
* Ensures well-definedness of inner product on quotient space

» Connects algebraic properties of A to geometric properties of H_w

Quotient Space Formation and Properties

* Quotient space A/N_w formed by equivalence classes [a]=a + N_w
* Inherits vector space structure from A
- Equipped with well-defined inner product {[a], [b]) = w(b " a)

« Serves as pre-Hilbert space in GNS construction
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Completion Process and Resulting Hilbert Space

» Completion of A/N_w yields Hilbert space H_w
* Involves adding limit points of Cauchy sequences in A/IN_w
» Ensures H_w contains all necessary elements for representation

* Preserves inner product structure from pre-Hilbert space

Uniqueness and Universality

Universal Property of GNS Construction

* GNS construction yields unique (up to unitary equivalence) representation
« Universal property states any representation with cyclic vector factors through GNS representation
* Provides canonical way to study states and their representations

« Establishes GNS construction as fundamental tool in C*-algebra theory

Applications and Implications of Universality

* Enables classification of representations of C*-algebras
* Facilitates study of state spaces and their geometry
» Connects pure states to irreducible representations

* Provides framework for analyzing quantum systems in algebraic quantum theory

Relationship to Other C*-Algebraic Concepts
* Links to Gelfand-Naimark theorem for commutative C*-algebras
+ Connects to theory of positive linear functionals and states
* Relates to spectral theory and functional calculus in operator algebras

* Provides foundation for studying von Neumann algebras and factor classifications

3.3 Irreducible representations and primitive ideals

Irreducible representations are key to understanding C*-algebras. They can't be broken down further and
help us grasp the algebra's structure. Schur's lemma gives us powerful tools to analyze these
representations.

Primitive ideals are the kernels of irreducible representations. They form the primitive spectrum, which tells
us about the algebra's structure and representations. The Jacobson topology on this spectrum connects
algebra to geometry.

Irreducible Representations and Schur's Lemma

Fundamental Concepts of Irreducible Representations

* Irreducible representation defines a representation of an algebra that cannot be further decomposed
into smaller subrepresentations
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* Consists of a homomorphism 1T from a C*-algebra A to the bounded linear operators B(H) on a Hilbert
space H

» Characterized by the absence of non-trivial invariant subspaces under the action of (A)
* Plays crucial role in understanding the structure of C*-algebras and their representations

* Applications include quantum mechanics (describing quantum systems) and harmonic analysis
(decomposing functions into simpler components)

Schur's Lemma and Its Implications

» Schur's lemma establishes fundamental properties of irreducible representations

« States that for an irreducible representation 1, any bounded linear operator T commuting with all
elements of (A) must be a scalar multiple of the identity operator

* Provides powerful tool for analyzing structure of irreducible representations
» Consequences include simplification of spectral analysis for operators in irreducible representations

* Applies to various algebraic structures (group representations, Lie algebra representations)

Pure States and Their Relationship to Irreducible Representations

* Pure state defines a special type of state on a C*-algebra that cannot be expressed as a convex
combination of other states

« Corresponds to extreme points in the set of all states on the C*-algebra
« Intimately connected to irreducible representations through the GNS construction

* GNS construction associates a cyclic representation to each state, with pure states yielding irreducible
representations

* Pure states play crucial role in quantum mechanics (describing quantum systems in their most
fundamental form)

Primitive Ideals and Spectrum

Primitive Ideals and Their Properties

* Primitive ideal refers to the kernel of an irreducible representation of a C*-algebra

* Represents maximal proper two-sided ideal in the C*-algebra

* Characterizes the "building blocks" of the algebra's representation theory

* Properties include being closed two-sided ideals and intersections of maximal ideals

* Importance lies in providing information about the structure and representations of the C*-algebra

Primitive Spectrum and Its Structure

* Primitive spectrum encompasses the set of all primitive ideals of a C*-algebra
* Denoted as Prim(A) for a C*-algebra A

* Provides topological space that encodes information about the representation theory of the algebra
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« Structure reflects the complexity and richness of the algebra's representations

« Serves as important invariant for classifying and studying C*-algebras

Jacobson Topology on the Primitive Spectrum

« Jacobson topology defines natural topology on the primitive spectrum of a C*-algebra

 Characterized by closure operation: closure of a subset S consists of all primitive ideals containing the
intersection of ideals in S

» Generalizes Zariski topology from algebraic geometry to noncommutative setting
* Properties include being TO (but generally not Hausdorff) and quasi-compact

* Crucial for studying continuity of spectrum and ideal structure in C*-algebras

Topological Properties

Topological Structure of the Primitive Spectrum

* Primitive spectrum equipped with Jacobson topology forms topological space

* Reflects representation theory and ideal structure of the C*-algebra

* Properties include being TO (but generally not Hausdorff) and quasi-compact

» Connects algebraic properties of C*-algebra to geometric properties of its spectrum

« Studying this structure provides insights into representation theory and ideal structure

Jacobson Topology and Its Characteristics

+ Jacobson topology defined on primitive spectrum using closure operation

* Closure of set S consists of all primitive ideals containing intersection of ideals in S

» Generalizes Zariski topology from algebraic geometry to noncommutative setting

* Properties include being TO (distinguishing points by open sets) but generally not Hausdorff

+ Allows for study of continuity of spectrum and ideal structure in C*-algebras

Properties and Applications of the Primitive Spectrum

* Primitive spectrum serves as important invariant for C*-algebras

* Used in classification of C*-algebras and study of their structural properties

» Connects to other important concepts (ideal structure, representation theory)

+ Applications include studying continuity of spectrum under perturbations or deformations

* Provides geometric intuition for understanding abstract algebraic structures in C*-algebras
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3.4 The structure of simple C*-algebras

Simple C-algebras are the building blocks of more complex algebraic structures. They have no non-trivial
closed two-sided ideals, meaning all non-zero elements generate the entire algebra. This property makes
them crucial for understanding larger C-algebraic systems.

Factors, a type of von Neumann algebra with a trivial center, are closely related to simple C*-algebras.
They're classified into Types I, Il, and lll based on their projection lattices. This classification provides
insights into the structural properties of von Neumann algebras.

Simple C*-algebras and Factors

Fundamental Concepts of Simple C*-algebras

» Simple C-algebra defined as a C-algebra with no non-trivial closed two-sided ideals
* Minimal ideals in C*-algebras represent smallest non-zero closed two-sided ideals

* Factor refers to a von Neumann algebra with trivial center, consisting only of scalar multiples of the
identity operator

* Type classification of factors divides them into Type |, Type I, and Type IIl based on their projection
lattices

* Type | factors further subdivided into Type In (finite-dimensional) and Type I» (infinite-dimensional)
* Type Il factors split into Type 111 (finite) and Type Il (infinite)

* Type lll factors characterized by absence of non-zero finite projections

Properties and Examples of Simple C*-algebras

» Simple C*-algebras possess no proper ideals, ensuring all non-zero elements generate the entire
algebra

» Minimal ideals in C*-algebras often correspond to finite-dimensional representations
* Factors play crucial role in decomposition theory of von Neumann algebras

« Examples of simple C*-algebras include:

* Matrix algebras Mn(C) (finite-dimensional, Type In factor)

» Compact operators K(H) on a Hilbert space H (Type I« factor)

* Irrational rotation C*-algebras (simple, but not factors)

Applications and Significance

» Simple C-algebras form building blocks for more complex C-algebraic structures

« Factors arise naturally in quantum mechanics, representing algebras of observables for quantum
systems

* Type classification provides insights into structural properties of von Neumann algebras
» Understanding simple C*-algebras and factors essential for:

* Representation theory of C*-algebras

Fiveable archived study guides

Page 24



+ Classification of von Neumann algebras

* Quantum statistical mechanics

Equivalence and Traces

Murray-von Neumann Equivalence

» Murray-von Neumann equivalence defines relation between projections in a von Neumann algebra

» Two projections p and q considered equivalent if there exists a partial isometry v such that viv= P
andvw' =gq

+ Equivalence relation preserves "size" of projections in infinite-dimensional settings

* Crucial for classification of factors and study of dimension theory in von Neumann algebras
* Applications include:

» Comparison theory of projections

+ Construction of dimension functions on von Neumann algebras

Traces and Their Properties

« Trace defined as a positive linear functional T on a C*-algebra A satisfying T(ab) = t(ba) forall a, b e
A

* Traces provide method for measuring "size" of elements in C*-algebras

* Properties of traces include:

+ Faithfulness: 1(a*a) = 0 impliesa =0

» Normality: T(sup ai) = sup T(ai) for increasing net of positive elements

* Finite trace: 17(1) < «, where 1 denotes the identity element

* Traces play significant role in:

« Classification of factors (Type 111 factors characterized by existence of unique normalized trace)
* Noncommutative integration theory

* Index theory of subfactors

Special Classes of C*-algebras

Uniformly Hyperfinite (UHF) Algebras
* UHF algebra defined as inductive limit of sequence of matrix algebras
* Construction process involves:
« Starting with sequence of matrix algebras Mn1(C), Mn2(C), ...
» Connecting maps @k: Mnk(C) -~ Mnk+1(C) preserving unit and *-operations

» Taking inductive limit of this sequence
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* UHF algebras classified by supernatural numbers (formal products of prime powers)
* Properties of UHF algebras include:

+ Simplicity

* Unique trace

* Nuclear (approximable by finite-dimensional C*-algebras)

» Examples of UHF algebras:

* CAR algebra (Canonical Anticommutation Relations algebra)

* Glimm's algebra (UHF algebra of type 2«)

Approximately Finite-dimensional (AF) Algebras

* AF algebra defined as inductive limit of sequence of finite-dimensional C*-algebras
« Construction similar to UHF algebras but allows for more general finite-dimensional algebras

« Characterized by existence of increasing sequence of finite-dimensional C*-subalgebras with dense
union

* Properties of AF algebras include:

* Nuclear

* Representation theory closely related to their K-theory

« Classification of AF algebras achieved through:

* Bratteli diagrams (graphical representation of construction)
« Elliott's classification theorem (using K-theory and traces)
* Examples of AF algebras:

* UHF algebras (special case of AF algebras)

* Bunce-Deddens algebras

« Irrational rotation algebras (not AF, but AT algebra, closely related)
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Unit 4 — Positivity and Ordering in
C*-algebras

4.1 Positive elements and their properties

Positive elements are the backbone of C-algebras, defining order and structure. They're self-adjoint with
non-negative spectra, forming a convex cone that's closed under addition and scalar multiplication. This
concept is crucial for understanding the algebraic and geometric properties of C-algebras.

Positivity connects to spectral theory, functional calculus, and norm properties. It enables the construction
of square roots, states, and representations. Understanding positive elements is key to grasping the
ordering and structure of C*-algebras, linking algebra and analysis in this field.

Positive and Self-Adjoint Elements

Definitions and Properties of Positive Elements

+ Positive element in a C*-algebra defined as self-adjoint element with non-negative spectrum
« Self-adjoint element satisfies the condition a =a ", where a™ denotes the adjoint of @

* Positive elements form a subset of self-adjoint elements, creating a fundamental structure in
C*-algebras

« Characterization of positive elements using quadratic forms: @ is positive if and only if (ax, X) = 0 for
all vectors X in the Hilbert space

« Positive elements preserve order: if @ and b are positive and @ < b, then cac™ < chc” for any
element €

Positive Cone and Its Properties

* Positive cone defined as the set of all positive elements in a C*-algebra

* Positive cone forms a convex subset of the C*-algebra, closed under addition and scalar multiplication
by non-negative real numbers

+ Algebraic properties of the positive cone include closure under limits and order-preserving operations

» Geometric interpretation of the positive cone as a cone-shaped region in the space of self-adjoint
elements

* Positive cone plays a crucial role in defining order relations and establishing the structure of
C*-algebras

Examples and Applications
* Positive operators on Hilbert spaces (projection operators, density matrices in quantum mechanics)
* Positive functions in commutative C*-algebras (continuous functions on compact Hausdorff spaces)
* Positive elements in matrix algebras represented by positive semi-definite matrices

+ Applications in quantum mechanics where observables are represented by self-adjoint operators
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* Use of positive elements in constructing states and representations of C*-algebras

Spectral Properties

Spectrum and Its Significance

+ Spectrum of an element @ in a C*-algebra defined as the set of complex numbers A such that @ — Al
is not invertible

* For self-adjoint elements, spectrum consists of real numbers, while for positive elements, it contains
only non-negative real numbers

« Spectral radius of an element @ given by (@) = sup {|A| : A € spectrum(a)}

+ Spectral theorem for normal elements in C*-algebras establishes a connection between the algebraic
and functional analytic properties

 Importance of spectrum in determining the behavior and properties of elements in C*-algebras

Square Root and Functional Calculus
« Square root of a positive element @ defined as the unique positive element b such that b = a
« Existence and uniqueness of square roots for positive elements guaranteed by the functional calculus
« Construction of square roots using the continuous functional calculus for C*-algebras
* Generalization of square roots to arbitrary continuous functions on the spectrum (functional calculus)

* Applications of square roots in defining states, constructing representations, and analyzing the
structure of C*-algebras

Norm Properties of Positive Elements

« Norm of a positive element @ equals its spectral radius: [|[2]| = r(a)

« For any element X in a C*-algebra, [|x * x| = [|x||?, connecting the norm with positive elements
« Cauchy-Schwarz inequality for positive elements: [[xy|l* < |x “x| - Iy " v

- Submultiplicativity of the norm for positive elements: |ab|l < [|a|l - o]l for positive @ and b

« Norm-preserving property of the involution: [|x “|| = ||x|| for any element X

Decomposition

Polar Decomposition and Its Applications

« Polar decomposition expresses an element & as a product @ = U|a|, where U is a partial isometry and
la|]=Va'a

* Existence and uniqueness of polar decomposition for elements in C*-algebras

« Partial isometry U in polar decomposition satisfies U “u=panduu” =g, where P and 9 are
projections

« Modulus 2] in polar decomposition defined as the unique positive square root of a * a
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* Applications of polar decomposition in analyzing the structure of elements and operators in
C*-algebras

Properties and Consequences of Polar Decomposition

* Polar decomposition generalizes the polar form of complex numbers to operators and elements in
C*-algebras

* Relation between polar decomposition and singular value decomposition for matrices and compact
operators

* Uniqueness of the polar decomposition up to unitary equivalence on the kernel of @
* Use of polar decomposition in constructing functional calculus for non-normal elements

» Connection between polar decomposition and spectral theory: spectrum of |a| consists of
non-negative real numbers

Examples and Special Cases

« Polar decomposition for normal elements simplifies to @ = U|a| with U unitary and |8| commuting with
u

« Polar decomposition for self-adjoint elements yields @ = U|a| with U self-adjoint and unitary (i.e.,
2
u:=1)

* Polar decomposition for positive elements reduces to @ = 4, as la|=aandu=1
* Applications in quantum mechanics: polar decomposition of observables and density matrices

* Use of polar decomposition in analyzing the structure of von Neumann algebras and factors

4.2 The C*-algebra order structure

C*-algebras have a rich order structure based on positive elements. This structure forms a partially ordered
set, with suprema and infima playing key roles in defining completeness and order-preserving operations.

The order structure of C-algebras is crucial for understanding states and positive functionals. These
concepts connect to important theorems like monotone convergence and Kadison transitivity, which help
analyze C-algebra representations and decompositions.

Order Properties

Partial Order and Lattice Structure

« Partial order defines a binary relation on a set satisfying reflexivity, antisymmetry, and transitivity
properties

« Lattice structure emerges when every pair of elements in a partially ordered set has both a supremum
and infimum

» Hasse diagrams visually represent partial orders (finite sets)
» Complete lattices contain suprema and infima for all subsets, not just pairs of elements

» C*-algebras form partially ordered sets with respect to their positive elements
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Supremum and Infimum Concepts

» Supremum (least upper bound) represents the smallest element greater than or equal to all elements
in a subset

« Infimum (greatest lower bound) denotes the largest element less than or equal to all elements in a
subset

» Supremum and infimum may not always exist in a partially ordered set
» Dedekind-complete partially ordered sets contain suprema and infima for all bounded subsets

« Supremum and infimum play crucial roles in defining completeness of normed spaces and
C*-algebras

Order-Related Operations and Theorems

Order-Preserving Operations

* Order-preserving operations maintain the order relation between elements when applied

» Monotone functions serve as examples of order-preserving operations (real-valued functions)
» C*-algebra operations (addition, multiplication, involution) preserve order on positive elements
* Continuous functional calculus in C*-algebras preserves order for increasing functions

* Order-preserving isomorphisms between C*-algebras maintain both algebraic and order structures

Monotone Convergence Theorem and Applications

» Monotone convergence theorem guarantees convergence of monotone bounded sequences in
complete lattices

* Applies to increasing sequences of positive elements in C*-algebras
+ Extends to nets and filters in more general contexts
* Proves existence of limits for certain sequences of operators in C*-algebras

* Facilitates construction of spectral projections and functional calculus in operator algebras

Positivity in Functional Analysis

States and Positive Functionals

« States define normalized positive linear functionals on C*-algebras

« Positive functionals map positive elements to non-negative real numbers

* Riesz representation theorem connects positive functionals to measures (commutative case)
* GNS construction associates a Hilbert space representation to each state on a C*-algebra

+ Kadison transitivity theorem relates pure states to irreducible representations

« States form a convex set, with pure states as extreme points

+ Positive functionals decompose C*-algebras into direct sums or direct integrals of simpler algebras
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4.3 Positive maps and completely positive maps

Positive maps and completely positive maps are crucial concepts in C-algebras. They preserve positive
elements and extend positivity to matrix amplifications, respectively. These ideas are fundamental to
understanding the structure and behavior of C-algebras.

These maps play a vital role in quantum information theory and operator algebras. Completely positive
maps, in particular, are essential for describing quantum channels and physical operations. Understanding
these concepts is key to grasping the ordering and positivity in C*-algebras.

Positive and Completely Positive Maps

Fundamental Concepts of Positive Maps

* Positive maps preserve positive elements between C*-algebras

* Linear maps ¢: A - B between C-algebras A and B satisfy ¢(aa) = 0 for alla € A
* Preserve the cone of positive elements in C*-algebras

« Important applications in quantum information theory and operator algebras

* Examples include trace-preserving maps and conditional expectations

Completely Positive Maps and Their Properties
» Completely positive maps extend positivity to matrix amplifications
*ForallneNN, the map ¢ ® id_n: A ® M_n(C) - B ® M_n(C) remains positive
« Stronger condition than positivity (every completely positive map is positive)
* Crucial role in quantum information theory and quantum computing

* Examples include quantum channels and -homomorphisms between C-algebras

Quantum Channels and Operator Systems

* Quantum channels represent physically realizable quantum operations

» Completely positive and trace-preserving maps between operator systems

* Preserve quantum states and describe quantum evolution

 Operator systems consist of self-adjoint subspaces of C*-algebras containing the identity
» Form natural domain and codomain for completely positive maps

» Examples of operator systems include matrix algebras and spin systems

Stinespring's Dilation Theorem and Kraus Operators

Stinespring's Dilation Theorem

» Fundamental result in operator theory and quantum information

« States any completely positive map can be represented as a compression of a *-homomorphism
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* For @: A - B(H) completely positive, there exists a Hilbert space K, isometry V: H - K, and
*-homomorphism 1: A - B(K)

« Satisfies @(a) = V*m(a)V forallae A
* Provides a powerful tool for analyzing completely positive maps

« Applications in quantum measurement theory and quantum channel representations

Kraus Operators and Their Significance

« Alternative representation of completely positive maps

« Set of operators {K_i} satisfying ¢(a) = >_i K_i*aK_i for alla € A

* Derived from Stinespring's dilation theorem

« Finite set for finite-dimensional systems, possibly infinite for infinite-dimensional cases
+ Useful for practical calculations and quantum circuit implementations

» Examples include depolarizing channels and amplitude damping channels

Choi Matrix
Properties and Applications of Choi Matrix

* Fundamental tool for characterizing completely positive maps

* For ¢: M_n(C) - M_m(C), Choi matrix C(¢) = >{i,j} E{ij} ® ¢(E_{ij})

+ E_{ij} denotes standard matrix units

» Completely positive if and only if C(@) is positive semidefinite

* Provides a concrete way to check complete positivity

+ Useful in entanglement detection and quantum process tomography

» Examples include identity channel and transpose map Choi matrices

4.4 Functional calculus in C*-algebras

Functional calculus in C*-algebras lets us create new operators from functions on spectra. It's a powerful
tool that connects abstract algebra to concrete functions, helping us understand operator properties and
structure.

This topic builds on positivity and ordering concepts, extending them to analyze spectra and construct
operators. It's crucial for grasping how C*-algebras represent physical systems and observables in
quantum mechanics.

Functional Calculus Theorems

Spectral Theorem and Its Applications

* Spectral theorem establishes a correspondence between normal operators and spectral measures

* Applies to self-adjoint, unitary, and normal operators in C*-algebras
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» Decomposes operators into simpler parts, facilitating analysis of their properties
 Enables representation of normal operators as multiplication operators
* Crucial for understanding the structure of C*-algebras and von Neumann algebras

* Provides a foundation for quantum mechanics, connecting observables to self-adjoint operators

Gelfand Transform and Its Significance

* Gelfand transform maps elements of a commutative C*-algebra to continuous functions on its
spectrum

« Establishes an isomorphism between a commutative C*-algebra and the algebra of continuous
functions on its spectrum

* Allows representation of abstract algebraic elements as concrete functions
* Plays a key role in the study of commutative C*-algebras and their representations
* Facilitates the analysis of spectra and ideals in C*-algebras

» Connects algebraic properties of C*-algebras to topological properties of their spectra
Types of Functional Calculus

Continuous Functional Calculus

* Applies to normal operators in C*-algebras

* Allows construction of new operators from continuous functions on the spectrum

* Preserves algebraic and topological properties of the original operator

« Utilizes the Gelfand transform for commutative C*-algebras

» Extends to non-commutative C*-algebras through the continuous functional calculus theorem

* Finds applications in quantum mechanics and operator theory

Advanced Functional Calculus Techniques

« Borel functional calculus extends continuous functional calculus to Borel measurable functions
* Applies to unbounded self-adjoint operators and normal operators

» Holomorphic functional calculus deals with holomorphic functions on the spectrum

* Useful for studying resolvents and analytic properties of operators

* Riesz functional calculus focuses on operators with isolated spectral points

» Employs contour integration techniques from complex analysis

* Facilitates the study of spectral projections and eigenspaces
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Unit 5 — States and the GNS Construction

5.1 States and positive functionals on C*-algebras

States and positive functionals are key concepts in C-algebras. They bridge abstract algebra with quantum
mechanics, representing physical states of quantum systems. These mathematical tools are crucial for
understanding the structure of C-algebras and their applications.

The state space, encompassing all states on a C*-algebra, forms a convex set with important geometric
properties. Its structure reveals insights about the algebra itself, playing a vital role in representation theory
and quantum information theory.

States and Positive Functionals

Definitions and Core Concepts

« State refers to a positive linear functional on a C*-algebra with norm equal to 1

* Positive functional denotes a linear functional that maps positive elements to non-negative real
numbers

» Normalized positive functional represents a positive functional with norm equal to 1

« Linear functional maps elements of a vector space to its underlying scalar field, preserving addition
and scalar multiplication

* Positivity in C*-algebras relates to self-adjoint elements with non-negative spectrum

Mathematical Formulations and Characteristics

- States satisfy the condition ¢(a “a) = 0 for all elements @ in the C*-algebra
« Positive functionals fulfill §(x) = O for all positive elements X in the C*-algebra
« Normalized positive functionals meet the criterion [|¢[l =1

« Linear functionals adhere to the properties ¢(ax + by) = ag(x) + b@(y) for scalars a, b and
elements X, ¥

* Positivity extends to the concept of positive operators, crucial in quantum mechanics and operator
theory

Applications and Significance

« States play a fundamental role in quantum mechanics, representing physical states of quantum
systems

* Positive functionals find applications in spectral theory and operator algebras
* Normalized positive functionals serve as a bridge between abstract algebra and probability theory
« Linear functionals form the basis for dual spaces and functional analysis

* Positivity concepts contribute to the development of quantum information theory and quantum
computing algorithms
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Properties of States

Cauchy-Schwarz Inequality for States

« Cauchy-Schwarz inequality for states asserts |¢(y*x)|2 < p(x " Xx)p(y " y) for any state ¢ and
elements X: ¥

* Generalizes the classical Cauchy-Schwarz inequality to the context of C*-algebras
* Provides a powerful tool for estimating inner products in Hilbert spaces associated with states

* Applies to a wide range of mathematical and physical scenarios (quantum mechanics, signal
processing)

* Leads to important consequences in spectral theory and operator inequalities

Norm Properties and Calculations
» Norm of a state always equals 1, a defining characteristic of states on C*-algebras
« Calculated using the formula |¢|| = sup {|¢(a)|: [la]| = 1}
* Relates to the concept of operator norm in functional analysis
* Implies that states are automatically continuous linear functionals

+ Facilitates the study of weak topology on the state space of a C-algebra

Additional State Properties

- States preserve adjoints, meaning ¢(a ") = ¢(a) for all elements @

« Satisfy the polarization identity, allowing reconstruction of the full state from its values on positive
elements

« Exhibit convexity, enabling the formation of convex combinations of states
* Possess a unique extension to the unitization of a non-unital C*-algebra

* Form a weak compact subset of the dual space of the C-algebra

State Space
Structure and Topology of State Space

+ State space encompasses the set of all states on a given C*-algebra

» Forms a convex set in the dual space of the C*-algebra

» Equipped with the weak* topology, making it a compact Hausdorff space

+ Contains extreme points known as pure states, fundamental in representation theory

* Serves as a geometric object encoding information about the C*-algebra (Kadison's function
representation theorem)
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Convexity and Extreme Points

» Convex set property allows for forming convex combinations of states

» Convex combinations represent mixed states in quantum mechanics

» Extreme points of the state space correspond to pure states

+ Krein-Milman theorem guarantees that the state space is the closed convex hull of its extreme points

» Choquet theory provides tools for analyzing measures on the state space

Applications and Connections

« State space geometry reflects the structure of the underlying C*-algebra

* Plays a crucial role in the GNS construction, linking states to representations

* Facilitates the study of quantum entanglement and separability in quantum information theory
» Connects to Choquet theory and integral representations of positive linear functionals

* Provides a framework for understanding quantum channels and completely positive maps

5.2 The GNS construction revisited

The GNS construction revisits a key concept in C*-algebras, showing how to represent abstract algebras
as concrete operators on Hilbert spaces. This process starts with a positive linear functional and builds a
representation that captures the algebra's structure.

Understanding the GNS construction is crucial for grasping how abstract algebraic properties translate to
concrete mathematical objects. It bridges the gap between algebraic and analytic approaches, forming a
cornerstone of C*-algebra theory.

GNS Representation

Construction and Representation

* GNS construction creates a representation of C*-algebra on Hilbert space

» Representation maps elements of C*-algebra to bounded linear operators on Hilbert space
* Process begins with positive linear functional on C*-algebra

* Constructs Hilbert space from algebra elements modulo null space of functional

+ Defines representation using left multiplication by algebra elements

Hilbert Space and Completion
« Initial vector space consists of equivalence classes of algebra elements
* Inner product defined using positive linear functional
» Completion of vector space yields full Hilbert space
» Completion process adds limit points to make space topologically complete

* Resulting Hilbert space contains dense subspace of original algebra elements
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Cyclic Vector and Inner Product

Cyclic Vector Properties

* Cyclic vector generates entire Hilbert space under action of representation

* Typically denoted as unit vector corresponding to identity element of algebra

» Spans dense subspace when acted upon by all elements of represented algebra
« Crucial for connecting abstract algebra to concrete Hilbert space operators

* Enables reconstruction of positive linear functional from representation

Inner Product and Quotient Space

* Inner product defined on equivalence classes of algebra elements

« Formula for inner product: {[a], [b]) = ¢(b " a) where ¢ is positive linear functional
» Well-defined due to properties of positive linear functionals

* Quotient space formed by modding out null space of sesquilinear form

* Resulting space satisfies Hilbert space axioms after completion
Algebraic Structures

Kernel and Null Space

* Kernel of GNS construction consists of elements mapped to zero operator
* Corresponds to null space of positive linear functional

« Characterized by elements @ satisfying ¢(a "a) =0

» Forms two-sided ideal in original C*-algebra

* Quotient by kernel yields faithful representation on Hilbert space

Left Ideal Properties
* Left ideal generated by elements annihilated by positive linear functional
« Consists of linear combinations of elements of form ba where ¢(a * a)=0
+ Closed under left multiplication by arbitrary algebra elements
* Plays key role in defining equivalence classes for GNS construction

* Relationship between left ideal and two-sided kernel important for understanding representation
structure

5.3 Pure states and irreducible representations

Pure states and irreducible representations are key concepts in C-algebras. Pure states represent
quantum systems in definite states, while irreducible representations capture essential algebraic features.
These ideas are fundamental to understanding the structure of C-algebras.
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The density theorem connects pure states to general states, showing that any state can be approximated
by pure ones. This links to the broader theme of states and positive functionals, providing insights into the
rich structure of C*-algebras.

Pure and Mixed States

Characterizing Pure and Mixed States

* Pure state represents a quantum system in a definite state, cannot be expressed as a mixture of other
states

» Mixed state describes a statistical ensemble of pure states, represented by a density matrix
* Pure states correspond to extreme points in the convex set of states on a C*-algebra
» Extreme point in a convex set cannot be expressed as a non-trivial convex combination of other points

+ Krein-Milman theorem states that a compact convex set equals the closed convex hull of its extreme
points

* Applies to the state space of a C*-algebra

» Ensures every state can be approximated by convex combinations of pure states

Mathematical Formulations and Examples

« Pure state W on a C*-algebra A satisfies w(a “a) = |w(a)|? foralla €A

« Mixed state P can be written as P = Zpiwr', where Pi are probabilities and Wi are pure states
I

» Example of pure state: vector state wy(A) = (W|A|Y) for a unit vector ¥ in a Hilbert space

* Example of mixed state: thermal state in quantum statistical mechanics, p = 'Zﬂ, where H is the
Hamiltonian and Z is the partition function

Irreducible Representations

Defining Irreducible Representations

* Irreducible representation of a C*-algebra A on a Hilbert space H has no non-trivial invariant
subspaces

« Representation 1 : A = B(H) irreducible if only invariant subspaces are {0} and H
« Commutant 1T(A)’ consists of all bounded operators on H commuting with TT(A)
» Schur's lemma characterizes irreducible representations:

« I irreducible if and only if 7(A)’ consists only of scalar multiples of the identity operator

Properties and Examples of Irreducible Representations

* Irreducible representations preserve algebraic structure and capture essential features of the algebra

» Example: Left regular representation of a group algebra is typically reducible, decomposes into
irreducible components
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« Example: Representation of the Pauli matrices on €2 forms an irreducible representation of su(2)

« Finite-dimensional irreducible representations classified for many important algebras (Lie algebras,
group algebras)

« Infinite-dimensional case more complex, requires additional tools (GNS construction)
Density Theorem

Statement and Implications of the Density Theorem

* Density theorem states that the set of pure states is weak dense in the set of all states on a C-algebra
« Implies every state can be approximated arbitrarily closely by pure states in the weak* topology
* Crucial for understanding the structure of the state space of C*-algebras

* Provides a bridge between pure states and general states

Applications and Examples of the Density Theorem

* Used in quantum statistical mechanics to approximate thermal states by pure states

+ Applies in quantum field theory for constructing states with desired properties

« Example: In B(H), normal states (density operators) can be approximated by vector states
* Helps in proving properties of C*-algebras by first establishing them for pure states

« Utilized in the study of entanglement and quantum information theory

5.4 The weak* topology on the state space

The weak topology on state spaces is a key concept in C-algebra theory. It's a way to equip the set of
states with a topology that's weaker than the norm topology but still useful for many purposes.

This topology is particularly important because it makes the state space compact, thanks to the
Banach-Alaoglu theorem. This compactness is crucial for many results in C*-algebra theory and quantum
physics.

Weak* Topology and Compactness

Defining Weak* Topology and Its Properties
» Weak topology defined on the dual space X of a normed vector space X
+ Coarsest topology making all evaluation functionals continuous
+ Evaluation functionals map f in X* to f(x) for each x in X
» Weak topology weaker than norm topology on X
» Generates smaller open sets compared to norm topology

* Preserves linearity and boundedness of functionals
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Banach-Alaoglu Theorem and Its Implications

» Banach-Alaoglu theorem states closed unit ball in X is weak compact

* Applies to dual spaces of normed vector spaces

* Crucial for functional analysis and operator theory

* Allows extraction of weak convergent subsequences from bounded sequences in X
* Generalizes Bolzano-Weierstrass theorem to infinite-dimensional spaces

* Proves existence of solutions in variational problems (calculus of variations)

Compactness and Separability in Weak™* Topology
» Compactness crucial property in weak* topology
* Alaoglu's theorem guarantees compactness of closed unit ball in X*
* Weak* compactness often easier to verify than norm compactness
+ Separability of X implies metrizability of weak topology on bounded subsets of X
» Separable spaces have weak* topology on unit ball homeomorphic to a compact metric space

* Applications in spectral theory and ergodic theory (Krein-Milman theorem)

Nets and Convergence

Understanding Nets in Topological Spaces

* Nets generalize sequences to arbitrary topological spaces

« Consist of functions from directed sets to topological spaces

* Directed sets have partial ordering satisfying specific properties

* Allow study of convergence in non-metrizable spaces

* Examples include functions on real intervals, sequences indexed by natural numbers

« Crucial for characterizing topological properties (continuity, compactness)

Convergence of Nets in Weak* Topology

* Net (fa) in X converges weak to f if fa(x) converges to f(x) for all x in X
» Weak* convergence weaker than norm convergence

» Characterizes weak* topology through convergence of nets

+ Allows proving continuity of linear functionals and operators

* Useful in studying weak* continuous mappings between dual spaces

* Applications in ergodic theory and dynamical systems (weak* ergodic theorems)
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Continuity in Weak* Topology
* Function between dual spaces weak continuous if preimage of weak open set is weak* open
 Equivalent to sequential weak continuity in metrizableX
+ Adjoint operators between Banach spaces typically weak* continuous
» Weak continuous linear functionals on X precisely those in X (when X is embedded in X**)
* Important in duality theory and functional analysis

* Applications in optimization theory and convex analysis

Metrizability
Conditions for Metrizability of Weak* Topology

» Weak topology on X metrizable if and only if X separable

 Metrizability allows use of sequences instead of nets

« Simplifies proofs and characterizations in separable spaces

 Metrizable weak topology homeomorphic to compact metric space on unit ball of X
» Examples include 11 as dual of c0, L1 as dual of C(K) for compact metric K

* Important in spectral theory of compact operators

Interplay Between Separability and Weak* Topology
* Separability of X crucial for metrizability of weak topology on X
+ Separable spaces have weak* topology determined by countable dense subset
« Allows construction of explicit metrics for weak* topology
* Separability preserved under continuous images and countable products

* Examples of separable spaces include Lp spaces (1 < p < »), Hilbert spaces with countable
orthonormal basis

* Applications in approximation theory and functional analysis

Compactness in Metrizable Weak* Topologies

» Compactness in metrizable weak* topologies characterized by sequential compactness
* Every sequence in compact set has weak* convergent subsequence

* Allows use of diagonal argument in proving certain results

* Krein-Milman theorem more powerful in separable case due to metrizability

* Applications in convex analysis and extreme point theory

* Important in studying weak* compact operators and spectral theory
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Unit 6 — Representation Theory of
C*-algebras

6.1 Representations of C*-algebras and their properties

Representations of C-algebras map abstract algebraic structures to concrete operators on Hilbert spaces.
This powerful tool allows us to study C-algebras through their actions on vector spaces, bridging pure
algebra and functional analysis.

Key properties like non-degeneracy, cyclicity, and faithfulness shape how representations behave.
Understanding these concepts is crucial for grasping how abstract C*-algebras relate to concrete operator
algebras and quantum mechanics.

Representations and Hilbert Spaces

Fundamental Concepts of Representations
» Representation defines a mapping from a C*-algebra to bounded linear operators on a Hilbert space
* Hilbert space consists of a complete inner product space with complex-valued inner product
* Allows for infinite-dimensional vector spaces
* Includes familiar spaces like R" and C"

» Bounded linear operator transforms between Hilbert spaces while preserving linearity and
boundedness

- Satisfies [ T(x)|| = M||x|| for some constant M and all vectors x

* Examples include multiplication operators and integral operators

Properties of *-Homomorphisms
» -homomorphism preserves algebraic structure between C-algebras
* Maps between C*-algebras A and B, denoted ¢: A - B
* Preserves addition: @(a + b) = ¢(a) + @(b)
* Preserves multiplication: ¢(ab) = @(a)p(b)
* Preserves involution: @(a) = ¢(a)

* Maintains positivity: ¢(a*a) = 0 for all ain A
Properties of Representations

Types of Representations

* Non-degenerate representation ensures the image of the C*-algebra acts densely on the Hilbert space

+ For any non-zero vector v in the Hilbert space, there exists an element a in the C*-algebra such that
m@yv *0
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» Guarantees the representation captures the full structure of the C*-algebra

« Cyclic representation generates the entire Hilbert space from a single vector
* There exists a vector v such that {mr(a)v : a € A} is dense in the Hilbert space
« Simplifies the study of representations (GNS construction)

* Faithful representation preserves the norm structure of the C*-algebra

* Injectivity: m(a) = 0 impliesa =0

« Isometric: lItr(a)ll = llall for all a in the C*-algebra

* Allows embedding of abstract C*-algebras into concrete operator algebras

Norm Properties and Continuity
* Norm-decreasing property ensures representations do not increase the norm of elements
« Satisfies [lTr(a)ll < llall for all elements a in the C*-algebra
* Implies continuity of the representation
* Preserves convergence of sequences and series in the C*-algebra

* Follows from the C-identity: llaall = llall*2 for all a in the C*-algebra

6.2 Unitary equivalence and spatial isomorphisms

Unitary equivalence and spatial isomorphisms are key concepts in representation theory of C*-algebras.
They help us understand how different representations relate to each other and preserve important
algebraic and topological structures.

Isometric -isomorphisms take things a step further, preserving even more properties between C-algebras.
These tools are crucial for classifying C*-algebras and analyzing their structural relationships in deeper
ways.

Unitary Equivalence and Isomorphisms

Unitary Equivalence and Spatial Isomorphisms

« Unitary equivalence establishes a relationship between two representations of a C*-algebra on Hilbert
spaces

» Two representations 11 and 12 are unitarily equivalent when a unitary operator U exists such that
Umr(a)U = mr2(a) for all elements a in the C-algebra

« Unitary equivalence preserves the algebraic and topological structure of representations

« Spatial isomorphism refers to a bijective linear map between C-algebras that preserves the -algebra
structure

+ Spatial isomorphisms maintain the norm of elements, ensuring the preservation of both algebraic and
topological properties

+ Unitary equivalence implies spatial isomorphism, but the converse is not always true
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« Spatial isomorphisms can exist between representations on different Hilbert spaces, while unitary
equivalence requires the same Hilbert space

Isometric *-Isomorphisms

* Isometric -isomorphism combines the concepts of isometry and -homomorphism

* An isometric -isomorphism is a bijective linear map ¢ between C-algebras A and B that preserves the
involution and multiplication operations

* ¢ satisfies the following properties:

* @(a + Ab) = @(a) + A@p(b) for all a, b in A and scalar A
* @(ab) = @(a)e(b) for all a, b in A

* |lp(a)|] = ||a]| for all ain A

* Isometric -isomorphisms preserve the complete structure of C-algebras, including algebraic,
topological, and *-algebraic properties

» These isomorphisms play a crucial role in classifying C*-algebras and understanding their structural
relationships

* Applications of isometric *-isomorphisms include:
« Identifying equivalent representations of C*-algebras
« Studying the structure of C*-algebra extensions

* Analyzing the behavior of C*-algebras under various operations (direct sums, tensor products)

Operators

Unitary Operators and Their Properties

* Unitary operators serve as the foundation for unitary equivalence in C*-algebras
* A unitary operator U on a Hilbert space H satisfies UU = UU = |, where | is the identity operator
* Properties of unitary operators include:

* Preservation of inner products: (Ux, Uy) = (x, y) forall x, y in H

* Norm-preserving: ||Ux|| = ||x|| for all x in H

* Bijective mapping of the Hilbert space onto itself

* Spectral properties: spectrum of U lies on the unit circle in the complex plane

+ Unitary operators form a group under composition, known as the unitary group

» Examples of unitary operators:

* Rotation operators in finite-dimensional Hilbert spaces

* Fourier transform operator in L%(R)

+ Applications of unitary operators extend to quantum mechanics, signal processing, and functional
analysis
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Intertwining Operators and Their Role

* Intertwining operators establish connections between different representations of C*-algebras

* An operator T intertwines representations 1+ and 12 if T1r1(a) = 12(a)T for all elements a in the
C*-algebra

* Properties of intertwining operators:

* Linearity: T(ax + By) = aT(x) + BT(y) for all x, y in the domain and scalars a, B
* Bounded: ||T|| < », ensuring continuity of the operator

* May not be invertible or surjective in general

* Intertwining operators play crucial roles in:

« Studying equivalence and reducibility of representations

* Analyzing symmetries in physical systems

* Constructing new representations from existing ones

* Examples of intertwining operators:

* Projection operators onto invariant subspaces

* Fourier-Plancherel operator intertwining regular and momentum representations in quantum
mechanics

* The existence of a unitary intertwining operator implies unitary equivalence between representations

6.3 The universal representation and enveloping von Neumann algebra

The universal representation combines all possible representations of a C*-algebra into one big picture. It's
like a master key that unlocks every door, giving us a complete view of how the algebra behaves in
different settings.

The enveloping von Neumann algebra takes this idea further, creating a larger structure that contains the
C-algebra. It's a bridge between C-algebras and von Neumann algebras, opening up new tools and
techniques for analysis.

Universal Representation and Enveloping von Neumann Algebra

Universal Representation and Its Properties

* Universal representation combines all possible representations of a C*-algebra into a single,
comprehensive representation

« Constructed by taking the direct sum of all cyclic representations of the C*-algebra
« Faithfully represents the C*-algebra, preserving its algebraic and topological structure
* Allows for the study of all possible representations simultaneously

* Provides a concrete realization of the abstract C*-algebra as operators on a Hilbert space
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Enveloping von Neumann Algebra and Double Commutant

» Enveloping von Neumann algebra arises from the weak closure of the universal representation

* Represents the smallest von Neumann algebra containing the image of the C*-algebra under the
universal representation

* Double commutant theorem establishes that the enveloping von Neumann algebra equals the double
commutant of the universal representation

» Double commutant consists of all operators commuting with every operator that commutes with the
image of the C*-algebra

* Provides a bridge between C-algebras and von Neumann algebras, allowing for the application of von
Neumann algebra techniques to C-algebras

Kaplansky Density Theorem and Its Implications

+ Kaplansky density theorem states that the unit ball of a C*-algebra is strongly dense in the unit ball of
its enveloping von Neumann algebra

» Demonstrates the close relationship between a C*-algebra and its enveloping von Neumann algebra

* Allows for approximation of elements in the enveloping von Neumann algebra by elements from the
original C*-algebra

« Facilitates the extension of certain properties from C*-algebras to their enveloping von Neumann
algebras

* Proves crucial in the study of operator algebras and their representations (quantum mechanics)

Topologies and Direct Sums

Direct Sum of Representations and Its Applications

+ Direct sum of representations combines multiple representations into a single, larger representation

* Constructed by taking the direct sum of the underlying Hilbert spaces and defining the representation
componentwise

* Preserves the algebraic structure of the original representations
* Allows for the study of multiple representations simultaneously
* Plays a crucial role in the construction of the universal representation

+ Useful in decomposing complex representations into simpler, more manageable components (group
theory)

Weak and Strong Operator Topologies
» Weak operator topology defined by convergence of matrix elements for all vectors in the Hilbert space
« Strong operator topology defined by convergence of the action of operators on individual vectors
* Both topologies weaker than the norm topology on bounded operators

» Weak operator topology weaker than the strong operator topology
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* Crucial in the study of von Neumann algebras and their relationship to C*-algebras

» Weak operator topology allows for the definition of the enveloping von Neumann algebra as the weak
closure of the universal representation

« Strong operator topology often used in the study of convergence of operator sequences and nets
(quantum mechanics)

Relationships and Applications of Operator Topologies
* Relationship between topologies: norm topology > strong operator topology > weak operator topology
« Continuity of algebraic operations differs in each topology
 Multiplication continuous in the strong operator topology but not in the weak operator topology
» Weak operator topology useful for compactness arguments (Banach-Alaoglu theorem)
« Strong operator topology often more practical for convergence of operator sequences
» Understanding these topologies essential for working with infinite-dimensional operator algebras

+ Applications in quantum mechanics, where observables are represented by self-adjoint operators on a
Hilbert space

6.4 Irreducible and factorial representations

Irreducible and factorial representations are key concepts in C-algebra theory. They help break down
complex structures into simpler parts, making analysis easier. These ideas are crucial for understanding
how C-algebras work and their applications in quantum mechanics.

Schur's lemma and the GNS construction are powerful tools in this field. They allow us to build
representations from C*-algebras and study their properties. This connects abstract algebra to concrete
operators, bridging theory and application in mathematical physics.

Irreducible and Factorial Representations

Understanding Irreducible and Factorial Representations

* Irreducible representation denotes a representation of a C*-algebra that cannot be further
decomposed into simpler representations

* Characterized by having no non-trivial invariant subspaces
* Plays a crucial role in understanding the structure of C*-algebras

* Provides a way to analyze complex algebraic structures by breaking them down into simpler
components

« Factorial representation refers to a representation whose commutant consists only of scalar multiples
of the identity operator

* Serves as a generalization of irreducible representations

+ Allows for a more comprehensive analysis of C*-algebras, especially in cases where irreducible
representations are insufficient
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« Commutant of a representation encompasses all bounded operators that commute with every element
of the represented algebra

« Denoted as 1(A)’ for a representation T of a C*-algebra A

* Provides valuable information about the structure and properties of the representation
+ Used to classify representations and determine their reducibility

* Factor constitutes a von Neumann algebra with a trivial center

« Center consists only of scalar multiples of the identity operator

* Represents a fundamental building block in the theory of von Neumann algebras

+ Closely related to factorial representations of C*-algebras

Applications and Significance

* Irreducible representations serve as the fundamental building blocks for understanding more complex
representations

» Used in quantum mechanics to describe pure quantum states

* Applied in group theory to analyze symmetries and transformations

* Factorial representations provide a broader framework for analyzing C*-algebras

+ Allow for the study of infinite-dimensional representations

+ Crucial in the classification of von Neumann algebras

» Commutants help in determining the structure and properties of representations

* Used to identify reducible and irreducible representations

* Play a key role in the study of von Neumann algebras and their classifications

« Factors form the basis for the classification of von Neumann algebras

« Essential in the study of operator algebras and their applications in mathematical physics

* Provide a framework for understanding infinite-dimensional quantum systems

Schur's Lemma and GNS Construction

Schur's Lemma and Its Implications

» Schur's lemma states that for an irreducible representation, any intertwining operator must be a scalar
multiple of the identity

* Fundamental result in representation theory

* Applies to representations of groups, algebras, and Lie algebras

* Helps characterize irreducible representations

* Implications of Schur's lemma extend to various areas of mathematics and physics

« Simplifies the analysis of symmetries in quantum mechanical systems
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* Provides a tool for classifying representations of finite groups

+ Aids in the study of character theory and group representations

GNS Construction and Its Applications

* GNS (Gelfand-Naimark-Segal) construction provides a method to obtain a -representation from a
C-algebra and a positive linear functional

» Fundamental technique in the theory of C*-algebras

« Establishes a connection between abstract C*-algebras and concrete operators on Hilbert spaces
* Named after Israel Gelfand, Mark Naimark, and Irving Segal

* Process of GNS construction involves several steps

« Start with a C*-algebra A and a positive linear functional ¢

* Construct a pre-Hilbert space using the algebra and functional

» Complete the pre-Hilbert space to obtain a Hilbert space

* Define a representation of the algebra on this Hilbert space

* Applications of GNS construction span various areas of mathematics and physics
+ Used in quantum mechanics to construct representations of observables

* Provides a way to study states and representations of C*-algebras

* Crucial in the development of algebraic quantum field theory

Types of Factors

Classification and Properties of Factor Types

* Type | factors correspond to the algebra of all bounded operators on a Hilbert space
* Further classified into type I_n (finite-dimensional) and type |_« (infinite-dimensional)

* Include matrix algebras and the algebra of all bounded operators on an infinite-dimensional Hilbert
space

 Characterized by the existence of minimal projections

* Type Il factors lack minimal projections but possess a trace

» Subdivided into type lI_1 (finite) and type ll_« (infinite) factors

* Type lI_1 factors have a unique normalized trace

* Type Il_=» factors can be expressed as a tensor product of a type II_1 factor and a type |_« factor
* Type lll factors lack both minimal projections and traces

* Further classified into subtypes IlI_A (0 < A < 1) based on their flow of weights

* Type llI_1 factors (also known as purely infinite factors) play a crucial role in quantum field theory

» Exhibit highly non-commutative behavior and complex structural properties
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Significance and Applications of Factor Types

* Classification of factors provides a fundamental framework for understanding von Neumann algebras
* Allows for a systematic study of infinite-dimensional operator algebras

* Crucial in the development of noncommutative geometry and quantum probability theory

* Applications of factor types extend to various areas of mathematics and physics

* Type | factors are prevalent in quantum mechanics and finite-dimensional quantum systems

* Type |l factors arise in the study of statistical mechanics and ergodic theory

* Type lll factors play a central role in quantum field theory and conformal field theory

» Understanding factor types aids in analyzing more complex algebraic structures

* Helps in decomposing general von Neumann algebras into simpler components

* Provides insights into the structure of group representations and dynamical systems

* Facilitates the study of operator algebras in non-commutative probability theory
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Unit 7 — Ideals and Quotients in
C*-algebras

7.1 Closed ideals and their properties

Closed ideals are crucial in C-algebras. They're subalgebras closed under norm topology and come in
various types like two-sided, self-adjoint, and proper. Understanding these helps grasp the structure of
C-algebras.

Maximal and minimal ideals play key roles in representation theory. We'll also look at hereditary
C-subalgebras and operations on ideals like intersection and sum. These concepts are vital for studying
ideal structure in C-algebras.

Ideal Types

Fundamental Ideal Classifications

* Closed ideal forms a C-subalgebra closed under the norm topology of the parent C-algebra

» Two-sided ideal remains invariant under multiplication by elements from both left and right sides of the
parent algebra

« Self-adjoint ideal contains the adjoint of each of its elements, preserving the *-operation

* Proper ideal constitutes a subset strictly smaller than the entire C*-algebra, excluding the algebra itself

Advanced Ideal Concepts

* Maximal ideal represents the largest proper ideal in the C*-algebra, cannot be contained in any larger
proper ideal

» Minimal ideal serves as the smallest non-zero ideal in the C*-algebra, contains no non-zero proper
subideals

» Maximal and minimal ideals play crucial roles in understanding the structure and representation theory
of C*-algebras

Examples and Applications
* Closed ideal (kernel of a -homomorphism between C-algebras)
» Two-sided ideal (set of compact operators on a Hilbert space)
« Self-adjoint ideal (set of trace-class operators on a Hilbert space)

* Proper ideal (set of functions vanishing at a point in a commutative C*-algebra of continuous
functions)

* Maximal ideal (kernel of a pure state on a C*-algebra)

» Minimal ideal (set of finite rank operators on an infinite-dimensional Hilbert space)
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Ideal Relationships

Hereditary C*-subalgebras

* Hereditary C-subalgebra consists of a C-subalgebra B of a C*-algebra A satisfying BAB € B

* Inherits certain properties from the parent C*-algebra, including positivity and approximate units
* Plays a significant role in the study of ideals and quotients in C*-algebras

» Can be characterized by the conditionac A, 0<a<b,beBimpliesacB

» Examples include corner subalgebras (pAp for a projection p) and ideals themselves

Operations on ldeals

« Ideal intersection refers to the set-theoretic intersection of two or more ideals within a C*-algebra
* Intersection of ideals results in another ideal, preserving the ideal structure

* Ideal sum involves adding elements from two or more ideals to form a new ideal

* Sum of ideals generates the smallest ideal containing all the summand ideals

+ Both operations preserve closedness, two-sidedness, and self-adjointness of ideals

Properties and Examples of Ideal Operations

+ Ideal intersection often yields smaller ideals, potentially revealing common structural elements

* Ideal sum can generate larger ideals, combining properties of the original ideals

« Lattice structure of ideals emerges from these operations, with intersection as meet and sum as join
« Intersection (set of functions vanishing on the union of two closed subsets in C(X))

» Sum (ideal generated by the union of ideals in a group algebra)

» These operations facilitate the study of ideal structure and help in classifying C*-algebras

7.2 Quotient C*-algebras and homomorphisms

Quotient C-algebras are crucial tools for simplifying complex structures. By dividing a C-algebra by a
closed two-sided ideal, we create new algebras that inherit key properties. This process helps us study
relationships between different C*-algebras.

Homomorphisms between C-algebras preserve their structure and properties. These mappings allow us to
connect different algebras, revealing similarities and differences. Understanding homomorphisms is key to
grasping the relationships between various C-algebras.

Quotient C*-algebras

Definition and Properties of Quotient C*-algebras

* Quotient C-algebra A/l forms when dividing a C-algebra A by a closed two-sided ideal |

* Consists of equivalence classes of elements in A modulo |
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* Inherits algebraic operations from the original C*-algebra A

* Preserves C*-algebra structure, including involution and norm properties

« Canonical projection 1: A - A/l maps elements of A to their equivalence classes in A/l
« Kernel of the canonical projection equals the ideal | used to form the quotient

« Surjective *-homomorphism between A and A/l established by the canonical projection

Norm and Completeness in Quotient C*-algebras
« Norm in quotient algebra A/l defined as [[[all| = inf{[la + x| : x €1} for [a] in A/I
« Quotient norm satisfies [|[&]]| = inf {||b| : b € [al}
» Completeness of A/l inherited from the completeness of A
* Quotient C*-algebra A/l becomes a Banach space under the quotient norm

« C-identity |[[a “al|| = [|[[a]||? preserved in the quotient C-algebra

Applications and Examples of Quotient C*-algebras

+ Used to construct new C*-algebras from existing ones
« Simplifies the study of C*-algebras by factoring out ideals

* Calkin algebra C(H) formed as the quotient of B(H) by K(H) (bounded operators modulo compact
operators)

« Continuous functions on a closed subset X of a compact Hausdorff space Y obtained as a quotient
C*-algebra C(Y)/I, where | consists of functions vanishing on X

« Irrational rotation algebras constructed as quotients of the universal C*-algebra generated by two
unitaries

Homomorphisms and Isomorphisms

Properties and Theorems of C*-algebra Homomorphisms

* Homomorphism theorem establishes a unique -isomorphism between A/ker(¢p) and im(¢p) for any
-homomorphism ¢: A - B

+ Isomorphism theorem states that if ¢: A - B is a surjective -homomorphism, then A/ker(¢) is
-isomorphic to B

» -homomorphisms between C-algebras preserve algebraic structure, involution, and norm properties
+ Continuity of *~homomorphisms follows automatically from their algebraic properties

* Kernel of a -homomorphism always forms a closed two-sided ideal in the domain C-algebra

Image and Range Properties of C*-algebra Homomorphisms

* Image of a -homomorphism @: A - B forms a C-subalgebra of B

* Closure of the image im(@) equals the image itself due to continuity of *~-homomorphisms
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* Range of a -homomorphism inherits C-algebra structure from the codomain
« Surjective *~-homomorphisms map the unit ball of A onto the unit ball of B

« Injective *-homomorphisms preserve the norm of elements ||@(a)|| = [|a]| for all ain A

Applications and Examples of C*-algebra Homomorphisms

* Used to study relationships between different C*-algebras

* Gelfand transform provides a -isomorphism between a commutative C-algebra and C(X) for some
compact Hausdorff space X

» Representations of C-algebras on Hilbert spaces defined as -homomorphisms into B(H)
* GNS construction yields a -representation of a C-algebra from a positive linear functional

* Restriction homomorphism between C(X) and C(Y) for Y a closed subset of X given by f ~ f|Y

7.3 Primitive and maximal ideals

Primitive and maximal ideals are key concepts in C*-algebras. They help us understand the structure and
properties of these algebras by revealing relationships between different types of ideals and
representations.

These ideals play a crucial role in classifying C*-algebras and determining their simplicity. By exploring
their properties, we gain insights into the nature of irreducible representations and the Jacobson radical,
which are essential for deeper analysis.

Primitive and Maximal |deals

Fundamental Concepts of Ideals

* Primitive ideal defined as kernel of an irreducible representation of a C*-algebra
» Maximal ideal characterized as proper ideal not contained in any larger proper ideal
* Ideal containment describes relationship between different types of ideals

* Prime ideal identified as ideal where product of two elements in complement belongs to complement

Properties and Relationships of Ideals

» Every maximal ideal qualifies as a primitive ideal in C*-algebras
* Primitive ideals may not always be maximal ideals
« Ideal containment hierarchy establishes maximal ideals < primitive ideals < prime ideals

* Prime ideals encompass both primitive and maximal ideals

Examples and Applications

« Primitive ideal in matrix algebra Mn(C) consists of zero matrix
+ Maximal ideal in continuous function algebra C([0, 1]) includes functions vanishing at a specific point

« Ideal containment illustrated in polynomial ring Z[x] with (2)S(2, x)<S(x)
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* Prime ideal demonstrated in integers Z with ideal (p) for prime number P

Irreducible Representations and Simple C*-algebras

Irreducible Representations

* Irreducible representation defined as representation with no non-trivial invariant subspaces
 Characterizes representations that cannot be decomposed into simpler ones
* Plays crucial role in understanding structure of C*-algebras

» Connects to primitive ideals through kernel relationship

Simple C*-algebras and Their Properties

+ Simple C*-algebra contains no non-trivial closed two-sided ideals
« Equivalent to having only trivial ideals: {0} and the algebra itself
* Implies all non-zero representations are faithful

 Characterized by having only trivial quotients

Examples and Applications

« Irreducible representation of Ma(C) given by identity map
« Simple C*-algebra exemplified by Mn(C) forany n = 1
« Continuous function algebra C([0, 1]) provides non-simple C*-algebra example

* Irreducible representations of compact operators on Hilbert space yield simple C*-algebra

Jacobson Radical

Definition and Properties

« Jacobson radical defined as intersection of all primitive ideals in a C*-algebra
» Measures how far algebra is from being semisimple
* Always closed two-sided ideal

+ Coincides with intersection of all maximal ideals in C*-algebras

Relationship with Primitive and Maximal Ideals
* Primitive ideals form building blocks for Jacobson radical
» Maximal ideals contribute to Jacobson radical due to containment in primitive ideals
« Jacobson radical equals {0} for simple C*-algebras
* Non-zero Jacobson radical indicates presence of non-trivial ideals

Examples and Applications

« Jacobson radical of My (C) equals {0}
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« Continuous function algebra C([0, 1]) has Jacobson radical {0}
« Jacobson radical helps identify semisimple algebras when equal to {0}

* Used in studying quotient algebras and homomorphisms between C*-algebras

7.4 The primitive ideal space and its topology

Primitive ideals are kernels of irreducible representations in C-algebras. The primitive ideal space, Prim(A),
contains all primitive ideals and has a unique topology. This space is crucial for understanding the structure
of C-algebras.

The hull-kernel and Jacobson topologies on Prim(A) reflect the algebra's ideal structure. Closed sets in
Prim(A) correspond to ideals in A, while compact subsets relate to essential ideals. This connection
provides insights into the C*-algebra's properties.

Primitive ldeal Space and Its Topologies

Defining Primitive Ideals and Their Space

* Primitive ideal consists of kernel of an irreducible representation of a C*-algebra
* Primitive ideal space denoted as Prim(A) for a C*-algebra A

* Prim(A) encompasses all primitive ideals of A

* Primitive ideals play crucial role in structural analysis of C*-algebras

« Irreducible representations map to unique primitive ideals (surjective mapping)

Hull-Kernel and Jacobson Topologies
* Hull-kernel topology defined on Prim(A) using closure operation
* Closure of subset S in Prim(A) given by hull(ker(S))
* ker(S) represents intersection of all ideals in S
« hull(l) for ideal | consists of all primitive ideals containing |
« Jacobson topology refines hull-kernel topology
+ Jacobson topology generated by taking complements of hulls of ideals

+ Both topologies coincide for C*-algebras, creating unique topology on Prim(A)

Properties of Closed Sets in Primitive Ideal Space

* Closed sets in Prim(A) correspond to ideals of A

* Bijective correspondence between closed sets and ideals

* Closure operation in Prim(A) relates to ideal operations in A

+ Primitive ideal space topology reflects algebraic structure of C*-algebra
» Compact subsets of Prim(A) correspond to essential ideals in A

« Studying Prim(A) provides insights into ideal structure of C*-algebra
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Separation Axioms

TO and T1 Separation Properties

*» TO space (Kolmogorov space) allows distinguishing points by open sets

* In TO space, for any two distinct points, at least one has an open neighborhood not containing the
other

* Prim(A) always satisfies TO separation axiom
» T1 space (Fréchet space) allows separating any two distinct points by open sets
+ In T1 space, every singleton set (single point) closed

* Prim(A) satisfies T1 axiom if and only if all primitive ideals maximal

Hausdorff Separation and Its Implications

» Hausdorff space (T2 space) allows separating any two distinct points by disjoint open sets
» Hausdorff property stronger than T1 property

* Prim(A) Hausdorff if and only if A has Hausdorff primitive ideal space

» Hausdorff primitive ideal space implies continuous trace C*-algebra

* CCR (liminal) C*-algebras have Hausdorff primitive ideal space

* GCR (postliminal) C*-algebras may not have Hausdorff primitive ideal space

» Hausdorff property of Prim(A) relates to structural properties of A

Spectral Theorem

Spectral Theorem for Commutative C*-algebras

* Spectral theorem establishes isomorphism between commutative C*-algebras and continuous
functions

» For commutative C*-algebra A, spectral theorem states A = C(X), where X compact Hausdorff space
» X represents maximal ideal space (spectrum) of A

* Gelfand transform maps elements of A to continuous functions on X

* Gelfand transform defined as &(x) = x(a) forae Aand x € X

* Gelfand transform preserves algebraic and topological structure

 Spectral theorem generalizes to non-unital C*-algebras using locally compact spaces

* Applications include functional calculus and representation theory of C*-algebras

+ Spectral theorem connects algebraic properties of A with topological properties of X
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Unit 8 — Tensor Products and Nuclearity

8.1 Tensor products of C*-algebras

Tensor products are crucial for building new C-algebras from existing ones. They come in different flavors -
algebraic, minimal, maximal, and injective - each with unique properties and uses in C-algebra theory.

Spatial tensor products, built using faithful representations on Hilbert spaces, are particularly important.
They preserve key properties like nuclearity and exactness, and play a big role in quantum mechanics and
information theory.

Tensor Products of C*-algebras

Algebraic and Minimal Tensor Products

* Algebraic tensor product forms basis for more refined tensor products in C*-algebra theory

« Construction involves generating vector space from elementary tensors and imposing bilinearity
» Minimal tensor product completes algebraic tensor product with respect to spatial norm

« Spatial norm defined as supremum over all faithful representations of constituent algebras

» Minimal tensor product preserves injectivity and exactness properties of C*-algebras

Maximal and Injective Tensor Products
* Maximal tensor product completes algebraic tensor product with respect to largest C*-norm
* Largest C-norm obtained by taking supremum over all C-cross norms on algebraic tensor product
» Maximal tensor product universal for pairs of *-homomorphisms with commuting ranges
* Injective tensor product defined using completely positive maps and operator spaces

* Injective tensor product coincides with minimal tensor product for nuclear C*-algebras

Projective Tensor Product and Applications

* Projective tensor product completes algebraic tensor product with respect to projective cross-norm
* Projective cross-norm defined as infimum over all possible decompositions of tensor

* Projective tensor product useful for studying tensor products of Banach algebras

* Applications include studying crossed products and group C*-algebras

* Tensor products crucial for constructing new C*-algebras from existing ones (quantum groups)

Spatial Tensor Products

Spatial Tensor Product Construction

« Spatial tensor product defined using faithful representations on Hilbert spaces

« Construction involves tensor product of Hilbert spaces and extending to C*-algebras
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« Spatial tensor product independent of choice of faithful representations
* Yields minimal tensor product in C*-algebra context

* Preserves important properties like nuclearity and exactness

Tensor Product of Hilbert Spaces

* Tensor product of Hilbert spaces forms foundation for spatial tensor product

« Construction involves completing algebraic tensor product with respect to inner product
* Inner product on tensor product defined by extending linearly from elementary tensors

* Resulting space isomorphic to space of Hilbert-Schmidt operators between dual spaces

* Tensor product of Hilbert spaces crucial in quantum mechanics (composite systems)

Tensor Product of Operators and Applications

* Tensor product of operators defined on tensor product of Hilbert spaces

« Construction extends linearly from action on elementary tensors

* Preserves important properties like self-adjointness and positivity

* Tensor product of operators used to study joint spectra and spectral theory

* Applications in quantum information theory (entanglement, quantum channels)

8.2 Cross norms and C*-norms on tensor products

Tensor products are crucial in C-algebra theory, allowing us to combine different algebras. Cross norms
and C-norms help us measure elements in these combined spaces, giving us tools to analyze their
structure and properties.

This section dives into the details of these norms, exploring how they work and why they matter. We'll see
how they connect to important concepts like nuclearity and help us understand quantum systems better.

Cross Norms and C*-Norms

Understanding Cross Norms
+ Cross norm defines a way to extend norms from individual spaces to their tensor product
* Assigns a value to elements in the tensor product based on norms of factors
« Satisfies certain properties including submultiplicativity and compatibility with tensor product structure
* Allows comparison between different tensor products by providing a common metric

* Plays crucial role in analyzing behavior of operators on tensor product spaces

C*-Norms and Their Significance

» C-norm extends concept of cross norm to C-algebras

* Preserves C*-algebra structure in tensor product
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« Satisfies additional properties related to involution and spectral radius
« Enables construction of C*-tensor products, fundamental in operator algebra theory

* Allows study of quantum systems through tensor products of observable algebras

Minimal and Maximal C*-Norms

* Minimal C-norm represents smallest possible C-norm on a tensor product
 Corresponds to spatial tensor product in concrete C*-algebra representations

» Maximal C-norm represents largest possible C-norm on a tensor product

* Relates to projective tensor product in abstract C*-algebra theory

* Difference between minimal and maximal norms measures "quantumness" of algebras

* Nuclear C-algebras have unique C-norm, with minimal and maximal norms coinciding

Tensor Product Completions

Norm Completion Process

» Norm completion transforms a normed space into a complete metric space
* Involves adding limit points of Cauchy sequences to original space

* Preserves algebraic and topological properties of original space

* Results in a Banach space when applied to a normed vector space

« Crucial step in constructing various functional analysis objects (Hilbert spaces)

Tensor Product Completion Techniques

* Tensor product completion combines tensor product formation with norm completion
« Different completions arise from different choices of cross norms

* Projective tensor product completion uses projective cross norm

* Injective tensor product completion employs injective cross norm

* Hilbert-Schmidt tensor product applies to Hilbert spaces

+ Choice of completion affects properties of resulting space (nuclearity, approximation property)

Properties of C*-Norms

Universality and Its Implications
* Universality property characterizes maximal C*-norm
« States any C-seminorm on algebraic tensor product factors through maximal C-norm
* Provides unique way to extend -homomorphisms to C-tensor products

* Crucial in classification of C*-algebras and study of quantum groups
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* Allows construction of universal enveloping C-algebras for -algebras

8.3 Nuclear C*-algebras and their properties

Nuclear C-algebras are a special class of algebras with unique properties. They can be approximated by
simpler maps and play a key role in classifying C-algebras. This makes them super important for
understanding more complex algebraic structures.

These algebras have cool features like staying nuclear under various operations and simplifying tensor
product calculations. They show up in quantum mechanics and group theory too. Basically, nuclear
C*-algebras are the cool kids of algebra - versatile and full of surprises.

Nuclear C*-algebras and Approximation Properties

Definition and Characterization of Nuclear C*-algebras

* Nuclear C-algebra defined as a C-algebra A where the identity map on A can be approximated by
finite-rank completely positive maps

» Approximation property characterizes nuclear C*-algebras through the existence of nets of finite-rank
maps converging to the identity in the point-norm topology

* CPAP (completely positive approximation property) strengthens the approximation property by
requiring the approximating maps to be completely positive

* Nuclear C*-algebras always possess the CPAP, establishing equivalence between nuclearity and
CPAP

+ WEP (weak expectation property) relates to nuclear C*-algebras through its connection to injectivity
and nuclearity in von Neumann algebras

Properties and Examples of Nuclear C*-algebras
* Nuclear C*-algebras form a important class with numerous desirable properties
» Closed under various operations includes taking quotients, ideals, extensions, and inductive limits

* Tensor products of nuclear C*-algebras remain nuclear, simplifying calculations involving multiple
algebras

» Examples of nuclear C-algebras encompass commutative C-algebras, finite-dimensional C*-algebras,
and AF-algebras (approximately finite-dimensional)

» Group C-algebras of amenable groups (Z, finite groups) provide additional instances of nuclear
C-algebras

» Counterexamples to nuclearity include the reduced C*-algebra of the free group on two generators

Applications and Significance of Nuclear C*-algebras

* Nuclear C-algebras play a crucial role in the classification program for simple C-algebras

* Nuclearity ensures the existence of a unique C-norm on the algebraic tensor product with any other
C-algebra

+ Applications extend to quantum statistical mechanics, where nuclear C*-algebras model certain
quantum systems
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* Nuclear C-algebras facilitate the study of amenable groups through their group C-algebras

 Research in nuclear C*-algebras continues to impact various areas of mathematics and theoretical
physics

Completely Positive Maps and Amenability
Completely Positive Maps and Their Properties

» Completely positive maps generalize positive linear maps between C*-algebras
+ Definition involves preservation of positivity under tensor products with identity maps

« Stinespring's dilation theorem characterizes completely positive maps through representations and
bounded operators

» Examples of completely positive maps include *-homomorphisms, conditional expectations, and
compression maps

» Completely positive maps preserve important C*-algebraic properties such as self-adjointness and
positivity

* Applications of completely positive maps span quantum information theory and operator algebras

Amenability and Its Connections to C*-algebras

» Amenability originates from group theory, describing groups with invariant means
* Amenable C*-algebras generalize the concept to the realm of operator algebras

» Characterized by the existence of approximately inner flip automorphisms on the minimal tensor
product

» Examples of amenable C-algebras include nuclear C-algebras and C*-algebras of amenable groups

* Amenability in C*-algebras relates closely to nuclearity and the completely positive approximation
property

* Applications of amenability extend to ergodic theory, dynamical systems, and harmonic analysis

Exactness in C*-algebras

» Exactness serves as a weaker notion than nuclearity for C*-algebras
« Defined through the preservation of short exact sequences under minimal tensor products
« Every nuclear C*-algebra proves exact, but the converse does not hold (Cuntz algebras)

 Characterized by various equivalent conditions involving completely positive maps and tensor
products

» Exactness passes to subalgebras, quotients, and inductive limits, similar to nuclear C*-algebras

* Applications of exact C-algebras include the study of group C-algebras and quantum groups
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Inductive Limits

Definition and Construction of Inductive Limits

* Inductive limit represents a C-algebra obtained as the limit of an increasing sequence of C-algebras
« Construction involves a sequence of C-algebras and connecting -homomorphisms

+ Direct limit taken in the category of C-algebras yields the inductive limit C-algebra

* Universal property characterizes the inductive limit, ensuring compatibility with the connecting maps

* Process generalizes to uncountable directed systems of C*-algebras

Properties and Examples of Inductive Limit C*-algebras

* Inductive limits preserve various C*-algebraic properties includes nuclearity, simplicity, and real rank
zero

» AF-algebras (approximately finite-dimensional) arise as inductive limits of finite-dimensional
C*-algebras

* UHF-algebras (uniformly hyperfinite) form a subclass of AF-algebras with specific dimension growth
« Irrational rotation algebras can be realized as inductive limits of circle algebras

+ Cuntz algebras admit descriptions as inductive limits of matrix algebras over the circle

Applications and Significance of Inductive Limits

* Inductive limits play a crucial role in the classification program for simple C*-algebras

« Elliott's classification of AF-algebras uses K-theory and traces to completely classify these inductive
limits

* Inductive limit construction allows for the study of infinite-dimensional C*-algebras through
finite-dimensional approximations

* Applications extend to quantum statistical mechanics, where certain models arise as inductive limits

* Inductive limits provide a powerful tool for constructing examples and counterexamples in C*-algebra
theory

8.4 Examples and applications of tensor products

Tensor products are a powerful tool in C*-algebra theory, allowing us to combine and analyze different
algebraic structures. They're crucial for understanding composite quantum systems and group
representations.

In this section, we'll look at concrete examples of tensor products, from simple matrix algebras to more
complex group C*-algebras. We'll also explore their applications in quantum mechanics and
noncommutative geometry.
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Tensor Products of C*-Algebras

Commutative and Matrix Algebra Tensor Products

* Tensor product of commutative C-algebras forms a new commutative C-algebra

* Represents the product space of the underlying topological spaces
«ForA=C(X)and B=C(Y), A®B=C(X XY)

» Tensor product of matrix algebras results in a larger matrix algebra

« Dimensions multiply: Mn(C) ® My (C) = Mppm(C)

* Preserves algebraic and operator-theoretic properties of original algebras

+ Kronecker product serves as a concrete realization of tensor products for matrices
« For matrices A = (&j) and B = (bk), Kronecker product A ® B = (a;B)

* Useful in quantum mechanics for describing composite systems

Group C*-Algebras and Tensor Products
* Tensor product of group C*-algebras relates to the direct product of groups
« Forgroups Gand H, C (G)® C (H)=C" (G X H)
» Group C*-algebra tensor products preserve group properties
* Amenability, nuclearity, and exactness transfer to the tensor product
* Applications in studying representations of product groups

+ Decomposition of representations into tensor products of simpler representations

Applications of Tensor Products

Quantum Systems and Composite States

» Quantum systems modeled using tensor products of Hilbert spaces

+ Composite system state space: H = H1 ® H;

+ Allows description of entangled states not possible in classical physics

» Observables on composite systems represented by tensor products of operators
« For observables A on H1 and B on M2, composite observable: A ® B

» Quantum information theory heavily relies on tensor product structure

» Quantum teleportation protocol uses entangled states in tensor product spaces

* Quantum error correction codes built on tensor product structures

Crossed Products and Continuous Fields

* Crossed products combine C*-algebras with group actions
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- For a C*-algebra A and group G acting on A, crossed product denoted A X G
* Tensor products appear in the construction and analysis of crossed products
« Continuous fields of C*-algebras use tensor products in their structure

« Field over a space X with fibers Ax: sections are continuous X %{AX
X

* Tensor products help describe local trivializations of the field
* Applications in noncommutative geometry and index theory
+ K-theory of crossed products relates to equivariant K-theory via tensor products

+ Continuous fields model families of geometric operators parameterized by a space
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Unit 9 — Spectral Theory in C*-algebras

9.1 Spectrum of elements in C*-algebras

Spectrum in C*-algebras is like a fingerprint for elements, showing their unique characteristics. It's a set of
complex numbers that reveals how an element behaves, including its eigenvalues and other special
values.

Understanding the spectrum is key to grasping the bigger picture of spectral theory in C*-algebras. It helps
us analyze elements, figure out if they're invertible, and even predict how they'll act when we apply
functions to them.

Spectrum and its Components

Fundamental Concepts of Spectrum

» Spectrum in C*-algebras represents set of complex numbers related to an element's behavior
» Consists of values where @ — Al is not invertible for element a and scalar A

* Denoted as o(a) for element a in a C*-algebra

+ Spectrum always non-empty and compact subset of complex plane for unital C*-algebras

* Plays crucial role in understanding algebraic and analytic properties of elements

Types of Spectrum
* Point spectrum encompasses eigenvalues of element a
* Includes A where @ — A1 has non-trivial kernel
« Continuous spectrum contains approximated eigenvalues
« Consists of A where @ — A1 has dense range but not surjective
* Residual spectrum includes remaining spectral values

« Contains A where @ — A1 not injective and range not dense

Boundary and Properties of Spectrum

» Boundary of spectrum demarcates edge of spectral set
» Comprises points in spectrum not in interior of a(a)

* Spectral mapping theorem relates spectrum of element to spectrum of its image under continuous
function

« States that for continuous function f, a(f(a)) = f(a(a))

» Spectrum invariant under -isomorphisms between C-algebras
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Resolvent and Spectral Radius

Resolvent Set and Its Properties

* Resolvent set complements spectrum in complex plane

+ Consists of A where @ — A1 invertible

* Denoted as p(a) for element a in C*-algebra

* Always open subset of complex plane

* Resolvent function R(A,a) = (a — A1)~1 defined on resolvent set

+ Analytic function of A in resolvent set

Spectral Radius and Its Significance

+ Spectral radius measures size of spectrum
* Defined as r(a) = sup{|A| : A € a(a)}
 Equals limit of nth root of norm of an as n approaches infinity

- : ; 1
- Satisfies spectral radius formula: r(a) = ,L'_','T; [1a"|] n

* Provides upper bound for absolute values of spectral elements

Invertible Elements and Spectral Properties

* Invertible elements have 0 not in their spectrum

« Set of invertible elements forms open subset of C*-algebra

+ Spectrum of inverse related to spectrum of original element: a(a’(-1)) = {AM(-1) : A € a(a) \ {0}}
* Spectral radius of normal element equals its norm

* For self-adjoint element a, o(a) subset of real line and ||a|| = r(a)

+ Unitary elements have spectrum contained in unit circle of complex plane

9.2 Continuous functional calculus

Continuous functional calculus is a powerful tool in C*-algebras. It lets us apply continuous functions to
normal elements, extending ideas from the Gelfand transform. This bridges the gap between commutative
and non-commutative algebras.

The technique preserves key properties and relationships, making it super useful for analyzing operators.
It's like a Swiss Army knife for working with normal elements, helping us understand their behavior through
familiar continuous functions.

Continuous Functional Calculus and Gelfand Transform

Fundamentals of Continuous Functional Calculus

 Continuous functional calculus allows extension of continuous functions to normal elements in
C*-algebras
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* Builds on Gelfand transform, maps elements of commutative C*-algebra to continuous functions on its
spectrum

« Utilizes isometric -isomorphism between commutative C-algebra and algebra of continuous functions
on its spectrum

» Extends scalar-valued functions to operator-valued functions, preserving algebraic and topological
properties

* Applies to normal elements in non-commutative C*-algebras, generalizing spectral theorem for normal
operators

Gelfand Transform and Its Properties

+ Gelfand transform establishes bijective correspondence between elements of commutative C*-algebra
and continuous functions on its spectrum

» Maps each element a in C*-algebra A to function & on spectrum of A, defined as a(¢) = ¢(a) for all ¢ in
spectrum

* Preserves algebraic operations: (a + b)* = a + b, (ab)* = & - b, and (Aa)* = Aa for scalar A
* Isometric property ensures ||a]|~ = [|a|| for all elements a in A

» Enables representation of commutative C*-algebras as algebras of continuous functions on compact
Hausdorff spaces

Application of Continuous Functions in Functional Calculus

+ Continuous functions on spectrum of C*-algebra form basis for functional calculus
+ Allows application of scalar-valued functions to normal elements in C*-algebras

* Includes polynomials, exponential functions, and trigonometric functions (sin, cos)
» Extends to more complex functions through limits and approximations

* Preserves functional relationships, enabling analysis of operator properties through continuous
function properties

Normal Elements and Spectral Theory

Properties and Characterization of Normal Elements

* Normal elements in C-algebras satisfy aa = a*a, generalizing normal operators in Hilbert spaces
* Include self-adjoint elements (a = a), unitary elements (aa = aa = 1), and projections (a2 = a = a)

* Spectral theorem for normal elements states every normal element generates commutative
C*-subalgebra

» Spectrum of normal element consists of eigenvalues and approximate eigenvalues

» Normal elements decompose into real and imaginary parts: a = h + ik, where h and k are self-adjoint
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Spectral Mapping Theorem and Its Implications

* Spectral mapping theorem relates spectrum of f(a) to f(spectrum of a) for continuous function f and
normal element a

« States spectrum of f(a) equals f(spectrum of a) for any continuous function f

* Allows computation of spectrum for functions of normal elements using known spectrum of original
element

* Applies to various functions, including polynomials, exponentials (spectrum of e*a = e”(spectrum of

a))

* Facilitates analysis of operator properties through study of corresponding continuous functions

C*-algebra Homomorphisms and Functional Calculus

* C-algebra homomorphisms preserve algebraic and -structure between C*-algebras

+ Continuous functional calculus defines C-algebra homomorphism from C(a(a)) to C(a, 1)

» Maps continuous function f to f(a) in C*-algebra generated by normal element a and identity
* Preserves norm: ||f(a)|| = ||f||~ for all continuous functions f on spectrum of a

» Enables extension of various properties from continuous functions to operators in C*-algebras

9.3 Spectral theorem for normal operators

The spectral theorem for normal operators is a cornerstone of C*-algebra theory. It connects algebraic
properties of operators with their spectral characteristics, providing a powerful tool for analysis.

This theorem extends the idea of diagonalization to infinite-dimensional spaces. It allows us to represent
normal operators as multiplication operators, simplifying many calculations and deepening our
understanding of operator structure.

Spectral Theorem Fundamentals

Normal Operators and Spectral Measures

» Normal operators in C*-algebras commute with their adjoints (T*T=7T")

* Spectral measures map Borel sets to orthogonal projections

* Projection-valued measures extend spectral measures to general measurable spaces
« Borel functional calculus allows functions to be applied to normal operators

» Normal operators include self-adjoint, unitary, and positive operators as special cases
* Spectral measures assign projections to subsets of the spectrum of a normal operator

* Projection-valued measures satisfy properties such as countable additivity and normalization

Properties and Applications of Spectral Measures

« Spectral measures provide a decomposition of the identity operator
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* Borel functional calculus enables the construction of new operators from existing ones

« Spectral measures allow integration of functions with respect to operator-valued measures
+ Applications include solving differential equations and quantum mechanics calculations

* Spectral measures preserve algebraic and topological properties of the underlying operator
* Projection-valued measures generalize spectral measures to non-compact spaces

* Borel functional calculus extends to unbounded normal operators in certain cases

Spectral Decomposition and Representation

Spectral Decomposition of Normal Operators

* Spectral decomposition expresses a normal operator as an integral with respect to its spectral
measure

* Multiplication operators act by multiplying functions by a fixed measurable function
+ Spectral representation identifies normal operators with multiplication operators

« Spectral decomposition formula: T = IU(T)A dE(A), where E is the spectral measure

« Multiplication operators serve as prototypes for understanding general normal operators

* Spectral representation theorem establishes isomorphism between normal operators and
multiplication operators

» Decomposition allows analysis of operator properties through its spectrum and spectral measure

Applications and Extensions of Spectral Decomposition

« Spectral decomposition simplifies calculations involving functions of normal operators

« Multiplication operators on L2 spaces provide concrete realizations of abstract operators
 Spectral representation facilitates the study of operator algebras and their properties

* Applications include quantum mechanics (observables as self-adjoint operators)

» Extends to unbounded normal operators in Hilbert spaces

* Spectral decomposition generalizes to families of commuting normal operators

* Functional calculus for normal operators derived from spectral decomposition

9.4 Spectral theory of self-adjoint and unitary elements

Spectral theory of self-adjoint and unitary elements is crucial in C*-algebras. It explores the properties and
decompositions of these special elements, which are fundamental in quantum mechanics and
mathematical physics.

This section dives into spectral theorems, functional calculus, and polar decompositions. These tools allow
us to analyze and manipulate self-adjoint and unitary elements, providing powerful techniques for
understanding operator structures in C*-algebras.
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Self-adjoint and Unitary Elements

Properties of Self-adjoint and Unitary Elements

+ Self-adjoint elements in C*-algebras satisfy A = A

* Represent physical observables in quantum mechanics

* Possess real-valued spectrum

* Include Hermitian matrices in finite-dimensional case

« Unitary elements fulfill U"U=UU" =1

* Preserve inner products and norms

* Form a group under multiplication

* Represent symmetry transformations in quantum systems
* Positive elements defined as self-adjoint elements with non-negative spectrum
+ Can be expressed as A = B " B for some element B

* Play crucial role in defining states on C*-algebras

* Include density matrices in quantum mechanics

Polar Decomposition and Its Applications

* Polar decomposition expresses an element as product of positive and unitary parts

- For any element A, there exists unique positive R and partial isometry U such that A = UR
R equals (A "A)'?, known as the modulus of A

« U can be obtained as the limit of A(A *A + &) ~%/? as ¢ approaches 0

* Applications of polar decomposition

* Provides geometric interpretation of linear transformations

+ Useful in quantum information theory for analyzing quantum channels

* Facilitates singular value decomposition in matrix theory

Spectral Theorems

Fundamental Spectral Theorems

« Spectral theorem for self-adjoint operators states every self-adjoint operator has a spectral
decomposition

» Decomposes operator into linear combination of orthogonal projections
* Generalizes diagonalization of Hermitian matrices to infinite-dimensional spaces

- Allows representation of self-adjoint operator as A = f AdE(A), where E(A) denotes spectral
measure
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* Spectral theorem for unitary operators asserts similar decomposition for unitary elements
« Expresses unitary operator as U = fTefedE(G), where T represents unit circle
* Provides foundation for Fourier analysis on compact groups

 Enables study of periodic quantum systems

Spectral Projections and Their Properties

* Spectral projections form family of mutually orthogonal projections

» Correspond to subspaces of Hilbert space associated with different spectral values
« Satisfy E(A)E(u) = E(min(A, 1)) for self-adjoint case

» For unitary operators, spectral projections relate to eigenspaces

* Properties of spectral projections

« Strongly continuous in spectral parameter

* Generate Borel functional calculus

« Allow computation of operator functions via f(A) = fgf(/\)dE(/\)
Functional Calculus

Continuous Functional Calculus for Self-adjoint Elements

« Continuous functional calculus associates continuous functions on spectrum to operators
« For self-adjoint element A and continuous function f, defines f(A) = fof(/\)dE(/\)

* Preserves algebraic operations (addition, multiplication, scalar multiplication)

» Extends to normal elements via complexification

* Properties of continuous functional calculus

« Norm-preserving: AN = AZ‘;(FZ\) [(A)]

« Spectral mapping theorem: 0(f(A)) = f(o(A))

* Allows definition of operator exponential, logarithm, and other transcendental functions

Borel Functional Calculus and Its Extensions

* Borel functional calculus extends continuous calculus to measurable functions

« Defines f(A) for Borel measurable f on spectrum of A

« Utilizes spectral measure to integrate unbounded functions

» Crucial for defining unbounded operators in quantum mechanics (momentum, position)
» Extensions and applications

» von Neumann algebras employ Borel calculus extensively
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* Enables definition of spectral integral fgfdA for operator-valued functions

* Provides rigorous foundation for quantum measurement theory
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Unit 10 — Von Neumann Algebras and
Their Classification

10.1 Definition and basic properties of von Neumann algebras

Von Neumann algebras are special *-subalgebras of B(H) closed in the weak operator topology. They're
crucial in operator algebra theory, combining algebraic and topological properties to create a powerful
framework for studying quantum systems and more.

This section dives into the definition and basic properties of von Neumann algebras. We'll explore their
topological closures, algebraic structure, and the fundamental double commutant theorem, which provides
an alternative characterization of these algebras.

Definition and Basic Properties

Fundamental Concepts of Von Neumann Algebras

* Von Neumann algebra defines a *-subalgebra of B(H) closed in the weak operator topology

» Weak operator topology characterizes convergence of operators based on weak convergence of
vectors

« Strong operator topology determines convergence of operators through strong convergence of vectors
« Ultraweakly closed property ensures closure under limits of nets in the ultraweak topology

+ Self-adjoint elements in von Neumann algebras satisfy A = A", forming a real vector space

Topological Properties and Closures

» Von Neumann algebras remain closed under various topological operations (weak, strong, ultraweak)
« Weak operator topology induced by seminorms Px,y(T) = [{TX, ¥}| for X, ¥ €H
« Strong operator topology defined by seminorms Gx(T) = | Tx|| for x € H

« Ultraweak topology generated by linear functionals of the form T+ z {TXn, yn)
n=1

« Closure in weak operator topology equivalent to closure in strong operator topology for *-subalgebras

Algebraic and Analytical Properties

» Von Neumann algebras contain the identity operator and are closed under taking adjoints
« Self-adjoint elements form a real Banach space with respect to the operator norm

« Positive elements in von Neumann algebras satisfy A = 0 and form a cone

« Ultraweakly closed property ensures existence of a predual space

* Von Neumann algebras possess a unique predual, distinguishing them from general C*-algebras
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Double Commutant Theorem

Statement and Significance

* Double commutant theorem establishes equivalence between von Neumann algebras and
bicommutants

 Bicommutant M"” of a set M consists of all operators commuting with every operator in M’
» Theorem states that for a *-subalgebra M of B(H), M = M" if and only if M is a von Neumann algebra

* Provides an algebraic characterization of von Neumann algebras, complementing topological
definitions

+ Allows construction of von Neumann algebras from sets of operators by taking double commutants

Implications and Applications

» Double commutant theorem facilitates generation of von Neumann algebras from smaller sets of
operators

« Enables study of von Neumann algebras through their commutants and bicommutants

« Establishes connection between algebraic properties (commutativity) and topological properties
(closure)

« Simplifies proofs of certain properties of von Neumann algebras using commutant techniques

* Provides a tool for analyzing the structure of von Neumann algebras in terms of their generating sets

Proof Outline and Key Ideas
« Proof involves showing closure of M" in weak operator topology
- Utilizes Kaplansky density theorem to approximate elements in M” by elements in M
» Employs properties of weak operator topology and commutants
» Demonstrates equivalence between weak operator closure and bicommutant property

* Highlights interplay between algebraic and topological aspects of operator algebras
Operators and Projections

Normal Operators and Their Properties
« Normal operators satisfy TT " = T T, forming a crucial class in von Neumann algebras
+ Spectral theorem for normal operators decomposes them into linear combinations of projections
» Normal operators possess a functional calculus allowing application of continuous functions
« Commutative von Neumann algebras consist entirely of normal operators

* Normal operators in von Neumann algebras generate abelian subalgebras
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Projections and Their Role
« Projections defined as self-adjoint idempotent operators satisfying P=P " = p2
» Form a partially ordered set within von Neumann algebras under the relation P = Q if PQ = P
* Projections generate von Neumann algebras through linear combinations and limits
« Lattice of projections characterizes the structure of von Neumann algebras

+ Orthogonal projections correspond to closed subspaces of the Hilbert space

Spectral Theorem and Its Applications
« Spectral theorem decomposes normal operators into integrals over their spectrum

« For self-adjoint operators, spectral theorem provides representation as A = f o dE(A)

 Enables functional calculus for normal operators, allowing application of measurable functions
« Spectral projections E(A) form a projection-valued measure

* Applications include diagonalization of normal operators and analysis of their properties

10.2 Comparison theory and projections in von Neumann algebras

Von Neumann algebras are a special class of C*-algebras with unique properties. This section dives into
comparison theory and projections, key tools for understanding their structure and classification.

We'll explore Murray-von Neumann equivalence, types of projections, and central carriers. These concepts
are crucial for grasping how von Neumann algebras are built and categorized.

Equivalence and Comparison

Murray-von Neumann Equivalence and Comparison

» Murray-von Neumann equivalence defines when two projections in a von Neumann algebra are
considered equivalent

» Two projections p and q are Murray-von Neumann equivalent if there exists a partial isometry v such
thatv ' v=pandvw' =g

» Comparison of projections establishes a partial order on projections in a von Neumann algebra

* Projection p is smaller than or equal to q if there exists a projection r such that p is Murray-von
Neumann equivalenttorand r<q

« Partial isometries play a crucial role in defining equivalence and comparison of projections
« Partial isometries are operators v satisfying v = vv " v
« Initial projection of a partial isometry v is defined as v " v

« Final projection of a partial isometry v is defined as vv ™

Applications and Properties of Equivalence

* Murray-von Neumann equivalence forms an equivalence relation on projections
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 Equivalence relation properties include reflexivity, symmetry, and transitivity

» Comparison of projections extends to subspaces via their corresponding projections

+» Equivalence and comparison of projections are fundamental in classifying von Neumann algebras
* Hahn-Banach theorem can be used to extend partial isometries in certain cases

* Equivalence of projections preserves various algebraic and topological properties

+ Applications include decomposition of von Neumann algebras into direct sums or tensor products

Projection Types

Finite and Infinite Projections

* Finite projections are not equivalent to any proper subprojection of themselves

* Projection p is finite if p ~ q < p implies q = p, where ~ denotes Murray-von Neumann equivalence
« Infinite projections are equivalent to a proper subprojection of themselves

* Projection p is infinite if there exists a projection q < p such thatp ~ q

* Properties of finite projections include closure under subprojections and finite sums

« Infinite projections arise naturally in infinite-dimensional Hilbert spaces

* Examples of finite projections include rank-one projections in B(H) for separable Hilbert space H

» Examples of infinite projections include the identity operator on an infinite-dimensional Hilbert space

Properly Infinite and Abelian Projections

* Properly infinite projections are infinite projections that remain infinite when restricted to any central
portion

* Projection p is properly infinite if zp is infinite for every nonzero central projection z

* Abelian projections generate commutative von Neumann subalgebras

* Projection p is abelian if the von Neumann algebra pMp is commutative

* Properly infinite projections play a crucial role in the classification of type Il factors

* Abelian projections are essential in the study of maximal abelian subalgebras (MASAs)
« Examples of properly infinite projections include the identity operator in type Ill factors

» Examples of abelian projections include minimal projections in type | factors
Carriers

Central Carriers and Their Properties

« Central carrier of a projection p is the smallest central projection z such that zp = p

« Central carrier is denoted by c(p) and satisfies c(p) = /\{Z €Z(M): zp = p}, where Z(M) is the
center of M
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* Central carriers provide information about the position of a projection within the von Neumann algebra
* Properties of central carriers include c(p) = p and c(p: + pz) = c(p1) V c(p2)
+ Central carriers are used to decompose von Neumann algebras into direct sums

* Relationship between central carriers and comparison theory helps in classifying von Neumann
algebras

+ Applications of central carriers include the study of type decomposition of von Neumann algebras

» Examples of central carriers include c(p) = | for any nonzero projection p in a factor

Applications of Carriers in von Neumann Algebras

« Carriers are used to analyze the structure of von Neumann algebras and their projections

» Range projection R(x) serves as the carrier of a positive operator x

+ Left and right carriers of partial isometries provide information about their domain and range
* Carriers play a role in the polar decomposition of operators in von Neumann algebras

* Applications include the study of normal states and weights on von Neumann algebras

« Carriers are essential in the analysis of conditional expectations and index theory

» Examples of applications include the construction of crossed products and the study of subfactors

10.3 Classification of factors (Type |, Il, and Ill)

Von Neumann algebras are classified into types based on their properties. Factors, with trivial centers, are
key to this classification. They're divided into Types |, Il, and Ill, each with unique characteristics and
subtypes.

This classification helps us understand the structure of von Neumann algebras. Type | factors are familiar,
while Types Il and Ill show more complex behavior. Examples from matrix algebras to group constructions
illustrate these different types.

Types of Factors

Definitions and Basic Characteristics

* Factor defines a von Neumann algebra with trivial center, containing only scalar multiples of the
identity operator

* Type | factor represents the most familiar class, isomorphic to the algebra of all bounded operators on
a Hilbert space

* Type Il factor exhibits properties intermediate between Type | and Type lll, characterized by the
existence of a unique trace

* Type Il factor lacks any non-zero finite projections, demonstrating the most exotic behavior among
factors
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Classification and Examples

* Type | factors further classified into subtypes based on the dimension of the underlying Hilbert space
(Type ki, Iz, ..., 1)

* Type Il factors divided into two subcategories: Type ll1 (finite) and Type ll= (infinite)
* Type Il factors subdivided into Type lllo, lll1, and lllo<A<1 based on their flow of weights

+ Concrete examples include matrix algebras (Type 1), group von Neumann algebras (Type II), and
certain crossed product constructions (Type III)

Type Il Factors

Characteristics and Subtypes

* Type Il factor exhibits a unique semifinite trace, distinguishing it from Type | and Type Il factors
* Type ll1 factor characterized by a finite trace, normalized to take values in the interval [0,1]
* Type ll= factor possesses an infinite trace, obtained by tensoring a Type ll1 factor with a Type I~ factor

* Hyperfinite factor refers to a special class of Type I+ factors approximable by an increasing sequence
of finite-dimensional subalgebras

Construction and Examples

* Type ll1 factors constructed from infinite conjugacy class (ICC) groups, such as the free group on two
generators

» Murray-von Neumann construction yields the hyperfinite Il1 factor as the weak closure of an increasing
union of matrix algebras

* Tensor products of Type ll1 factors with Type |~ factors produce Type Ill» factors

» Group measure space construction generates Type |l factors from ergodic, measure-preserving
actions of countable groups

Properties of Factors

Coupling Constant and Isomorphism Classes
+ Coupling constant measures the relative size of projections in a factor
* For Type ll1 factors, coupling constant takes values in the interval (0,1]
* Isomorphism classes of Type ll1 factors determined by their coupling constants

+ Coupling constant of 1 indicates a factor is isomorphic to the hyperfinite Il factor

Flow of Weights and Type Il Classification

* Flow of weights characterizes Type Il factors, providing a complete invariant for their classification
* Type lllo factors have ergodic flow of weights with purely atomic spectrum

* Type lll1 factors possess trivial flow of weights (constant flow)
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* Type lllo<A<1 factors exhibit periodic flow of weights with period -log A

» Connes-Takesaki structure theorem relates Type Il factors to crossed products of Type ll» factors
with the real line

10.4 The standard form of von Neumann algebras

Von Neumann algebras are crucial in operator algebra theory. The standard form provides a unified way to
represent these algebras, allowing for deeper analysis of their structure and properties.

This section introduces the standard form, which consists of a von Neumann algebra, a Hilbert space, an
antilinear isometry, and a self-dual cone. It also explores Hilbert-Schmidt operators and their role in this
representation.

Standard Form and Hilbert-Schmidt Operators
Understanding the Standard Form

« Standard form represents von Neumann algebras as concrete operators on a Hilbert space

« Consists of a quadruple (M, H, J, P) where M is the von Neumann algebra, H is a Hilbert space, J is
an antilinear isometry, and P is a self-dual cone in H

+ Enables representation of both the algebra and its commutant simultaneously
* Facilitates the study of structural properties and classification of von Neumann algebras

* Allows for a unified treatment of different types of von Neumann algebras (Type I, II, 111)

Hilbert-Schmidt Operators and Their Properties
* Hilbert space of Hilbert-Schmidt operators forms a crucial component in the standard form
- Defined as bounded operators T on a Hilbert space H such that THT " T) <
» Form a two-sided ideal in the algebra of bounded operators
« Equipped with the inner product (S, T) = Tr(S *T), creating a Hilbert space structure
* Play a key role in connecting trace-class operators and bounded operators

» Examples include compact operators on infinite-dimensional Hilbert spaces (rank-one operators)

KMS Condition and Its Significance

» Kubo-Martin-Schwinger (KMS) condition characterizes equilibrium states in quantum statistical
mechanics

« Defined for a state w and a one-parameter group of automorphisms a_t as W(AB) = w(Ba;g(A)) for
suitable A and B

* Relates to the modular automorphism group in Tomita-Takesaki theory
+ Crucial in the classification of type Ill factors and the study of quantum field theory

* Applications extend to noncommutative geometry and quantum statistical mechanics (Gibbs states)
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Modular Theory and Tomita-Takesaki Theory

Foundations of Modular Theory

* Modular theory provides a powerful tool for analyzing von Neumann algebras

* Originated from Tomita's work on operator algebras in the 1960s

* Centers around the polar decomposition of the closure of an unbounded operator S
* Introduces the modular operator A and modular conjugation J

* Applies to faithful normal semifinite weights on von Neumann algebras

* Enables the study of type Il factors and their classification

Key Components of Tomita-Takesaki Theory

» Tomita-Takesaki theory establishes a deep connection between von Neumann algebras and their
commutants

« Main theorem states that /M = M’ and AtMA~'t = M for all real t

* Introduces the modular automorphism group a_t(x) = ANit}xAM-it}

* Provides a canonical way to construct a one-parameter group of automorphisms
* Crucial in the development of noncommutative integration theory

* Applications include the study of KMS states in quantum statistical mechanics

The Modular Operator and Its Properties
* Modular operator A arises from the polar decomposition of S = JA%(1/2)
* Positive self-adjoint operator associated with a cyclic and separating vector
« Generates the modular automorphism group via o¢(x) = A’txA™"
* Spectrum of A relates to the type of the von Neumann algebra (Type I, II, 11I)
+ Plays a crucial role in the classification of type Ill factors (Connes' invariant)

* Used in the construction of crossed products and the study of subfactors

Modular Conjugation and Its Applications

* Modular conjugation J is an antilinear isometry arising from the polar decomposition of S
« Implements the * operation on the von Neumann algebra: /x| = x " forxinM

* Maps the algebra M onto its commutant M'

* Essential in the construction of the standard form of a von Neumann algebra

* Used in the study of Tomita-Takesaki theory and the classification of factors

* Applications include the theory of subfactors and Jones' index theory
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Unit 11 — Noncommutative Topology and
K-theory

11.1 Introduction to K-theory for C*-algebras

K-theory for C-algebras bridges topology and algebra, offering a powerful tool for studying quantum
spaces. It extends classical ideas to the noncommutative realm, using projections and equivalence
relations to construct invariants for C-algebras.

This approach connects to broader themes in noncommutative topology, providing a framework to analyze
quantum phenomena. K-theory's applications span from pure mathematics to theoretical physics, making it
a crucial tool in modern research.

Topological and Algebraic K-theory

Foundations of K-theory

» K-theory emerged as a powerful mathematical tool for studying topological spaces and algebraic
structures

« Originated in algebraic geometry, later extended to topology and operator algebras
* Provides a framework for classifying vector bundles over topological spaces

« Utilizes algebraic techniques to extract topological information from spaces

Topological K-theory and Its Applications
« Topological K-theory focuses on studying vector bundles over topological spaces
* Assigns abelian groups K*0(X) and K" (X) to a compact Hausdorff space X
+ KA0(X) represents equivalence classes of complex vector bundles over X
* KM (X) captures information about suspensions of X

* Applies to various fields including index theory and theoretical physics (string theory)

Algebraic K-theory and Noncommutative Geometry
+ Algebraic K-theory generalizes topological K-theory to rings and schemes
+ Defines K-groups K_n(R) for a ring R, with K_0(R) analogous to K*0(X) in topological K-theory
* Higher K-groups (K_n for n > 0) provide deeper algebraic invariants
* Noncommutative geometry extends classical geometry to noncommutative algebras
« Utilizes operator algebras and K-theory to study "quantum spaces"

* Applies to quantum mechanics, string theory, and other areas of mathematical physics
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Grothendieck Group and Projections

The Grothendieck Group Construction

* Grothendieck group serves as the foundation for K-theory

« Constructs an abelian group from a commutative monoid

* Process involves taking formal differences of elements in the monoid

* Applies to various mathematical structures (vector bundles, finitely generated projective modules)

* Yields K_0 group in both topological and algebraic K-theory

Projections and Their Role in C*-algebra K-theory

* Projections play a crucial role in defining K-theory for C*-algebras

* Projection consists of a self-adjoint idempotent element p in a C-algebra A (p = p = p*2)

* K_0O(A) group for a C*-algebra A constructed using equivalence classes of projections

* Murray-von Neumann equivalence relates projections p and q if p = vv and q = vv for some v in A

« Stable equivalence extends Murray-von Neumann equivalence to matrix algebras over A

Homotopy Equivalence and K-theory Invariance
» Homotopy equivalence provides a weaker notion of equivalence than isomorphism
» Two projections p and q are homotopy equivalent if connected by a continuous path of projections
* Homotopy equivalence preserves K-theory classes, making K-theory a homotopy invariant
« Stable homotopy equivalence considers homotopies in matrix algebras over A

» K_0(A) group remains invariant under various C*-algebra constructions (tensor products, crossed
products)

11.2 KO and K1 groups and their properties

KO and K1 groups are fundamental tools in C-algebra K-theory. They measure equivalence classes of
projections and homotopy classes of unitaries, forming abelian groups that capture important structural
information about C-algebras.

These groups are invariant under -isomorphisms and exhibit cyclic relationships through Bott periodicity.
For commutative C-algebras, KO and K1 connect to vector bundles and homotopy classes of functions,
providing a bridge between algebra and topology.

KO and K1 Groups
Fundamental K-Theory Groups

» KO group measures equivalence classes of projections in a C*-algebra
» K1 group captures homotopy classes of unitaries in a C*-algebra

* Both KO and K1 form abelian groups under direct sum operations

Fiveable archived study guides Page 83



» KO(A) consists of formal differences [p] - [q] of equivalence classes of projections

* K1(A) comprises homotopy classes of invertible elements in the unitization of A

Properties and Calculations
» KO and K1 groups are invariant under -isomorphisms between C-algebras
* Bott periodicity theorem establishes a cyclic relationship: KO(SA) = K1(A) and K1(SA) = KO(A)
* For commutative C*-algebras C(X), KO(C(X)) relates to vector bundles over X
* K1(C(X)) connects to homotopy classes of continuous functions from X to GL(n,C)

« Calculations often involve six-term exact sequences and Mayer-Vietoris sequences

Abelian Group Structure

» KO and K1 groups inherit abelian group properties from projection and unitary operations
« Addition in KO corresponds to direct sum of projections: [p] + [q] = [p @ q]

» K1 group addition derives from multiplication of unitaries: [u] + [v] = [u & V]

« Zero elements in KO and K1 represented by classes of zero projection and identity unitary

* Inverse elements exist due to complementary projections and unitary inverses

Generators of K-Groups

Idempotents and Projections

* Idempotents (elements satisfying e*2 = e) generate KO groups

* Projections (self-adjoint idempotents) form a special class of idempotents

» Murray-von Neumann equivalence relates projections: p ~ q if p = vv and q = vv for some v
» KO group elements arise from differences of equivalence classes of projections

« Stabilization allows consideration of projections in matrix algebras over A: M=(A)

Unitaries and Their Properties

« Unitaries (elements satisfying uu = uu = 1) generate K1 groups
» Homotopy equivalence of unitaries defines K1 group elements
« Path-connectedness of unitary group U(n) impacts K1 group structure
» Determinant function on unitaries relates to K1 group homomorphisms

» Exponential map connects self-adjoint elements to unitaries: exp(ih) for self-adjoint h

Connected Components and Topology

» Connected components of projection and unitary spaces relate to K-theory

* Topology of projection space impacts KO group structure
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« Path-connectedness of unitary group influences K1 group calculations
« Continuous fields of projections and unitaries connect to higher K-groups

* Spectral theory of normal elements relates to connected components in C*-algebras
Classification Tools

Murray-von Neumann Equivalence

* Defines equivalence relation on projections: p ~ q if p = vv and q = vv for some v
» Extends to matrix algebras over A for KO group calculations

*» Generalizes to partial isometries for non-unital C*-algebras

* Relates to trace functions and dimension theory in von Neumann algebras

* Provides foundation for comparison theory in C*-algebras (Cuntz semigroup)

Stable Rank and K-Theory

« Stable rank measures algebraic dimension of C*-algebras

* Low stable rank (< 2) simplifies K1 group calculations

+ Relates to topological dimension for commutative C*-algebras
* Impacts cancellation properties in KO groups

* Interacts with real rank in classification of simple C*-algebras

Dimension Functions and States
 Dimension functions assign "sizes" to projections compatible with Murray-von Neumann equivalence
« States on KO groups provide order structure and connect to traces on C*-algebras
* Range of dimension function impacts structure of KO group (gap projections)
* Relates to classification of AF algebras via Bratteli diagrams

« Extends to quasitraces and dimension functions on Cuntz semigroup for more general C*-algebras

11.3 Bott periodicity and the six-term exact sequence

Bott periodicity reveals a repeating pattern in K-theory groups every two dimensions. This deep connection
between different dimensions provides powerful tools for calculating K-groups of various spaces.

The six-term exact sequence is a key tool in K-theory for analyzing short exact sequences of C*-algebras.
It connects KO and K1 groups of three algebras, allowing us to compute unknown K-groups when others
are known.
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Bott Periodicity and Suspension

Fundamental Concepts of Bott Periodicity

* Bott periodicity theorem establishes a deep connection between K-theory groups of different
dimensions

* Reveals a repeating pattern in K-theory groups every two dimensions
* Applies to both real and complex K-theory, with different periodicities (8 for real, 2 for complex)
» Fundamental result in topology and K-theory, originally discovered by Raoul Bott in the late 1950s

* Provides powerful computational tools for calculating K-groups of various spaces

Suspension and Its Role in K-Theory

» Suspension of C*-algebras involves adding a dimension to the algebra

» Defined as SA = Co((0, 1)) ® A where Co((0, 1)) represents continuous functions vanishing at
endpoints

» Suspension operation crucial for understanding K-theory of higher dimensions
+ Relates K-groups of an algebra to those of its suspension through K1(A) = Ko(SA)

* Allows for iterative computation of K-groups using suspension isomorphisms

Exponential Map and Its Significance

» Exponential map connects unitaries in a C*-algebra to its K-theory

« Defined as €Xp : Mp(A) = Un(A) where Mx(A) represents nxn matrices over A

* Plays a crucial role in defining K-theory groups and establishing isomorphisms

« Facilitates the transition between KO and K1 groups in the Bott periodicity theorem

* Used to construct explicit isomorphisms in the proof of Bott periodicity

Six-Term Exact Sequence

Structure and Components of the Six-Term Sequence

« Six-term exact sequence fundamental tool in K-theory for analyzing short exact sequences of
C*-algebras

* Consists of KO and K1 groups of three C*-algebras involved in a short exact sequence

» Takes the form: Ko(A) = Ko(B) = Ko(C) 1 1 Ki(C) « K1(B) « K1(A)

* Arrows represent group homomorphisms induced by the maps in the original short exact sequence
» Exactness implies the image of each map equals the kernel of the next map in the sequence

Boundary Maps and Their Significance

* Boundary maps connect KO and K1 groups in the six-term exact sequence
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» Defined as 90 : Ko(C) = K1(A) and 81 : K1(C) = Ko(A)
* Arise from the connecting homomorphisms in algebraic topology

+ Crucial for understanding how K-theory information passes between different algebras in the
sequence

+ Often challenging to compute explicitly, but provide valuable insights into the structure of K-groups

Index Map and Its Applications
« Index map relates to the boundary map 91 : K1(C) = Ko(A) in certain contexts
* Assigns an integer (index) to certain operators, providing a link between analysis and topology

* Plays a central role in the Atiyah-Singer Index Theorem, connecting analytical and topological
invariants

* Used in various areas of mathematics and physics, including gauge theory and string theory

* Provides a method for computing K-theory groups in specific situations

Long Exact Sequence and Its Implications
+ Six-term exact sequence part of a more general long exact sequence in K-theory
» Can be extended indefinitely by applying suspension repeatedly
» Takes the form: *** = Ko(A) = Ko(B) = Ko(C) = K1(A) = K1(B) = K1(C) = Ko(A) = -+
* Allows for computation of K-groups of one algebra if the K-groups of the other two are known

» Demonstrates the deep interplay between different dimensions in K-theory, reflecting Bott periodicity

11.4 Applications of K-theory to C*-algebras

K-theory provides powerful tools for classifying and understanding C*-algebras. It captures information
about projections and unitaries, offering insights into their structure. The Ko and Ki groups, along with
additional invariants, form the basis for Elliott's classification program.

Applications of K-theory extend to extension theory, index theory, and noncommutative geometry. These
areas connect operator algebras to topology and geometry, enabling the study of quantum spaces and
singular structures through a noncommutative lens.

Classification and Invariants

Elliott's Classification Program and K-theoretic Invariants

« Elliott's classification program aims to categorize simple, separable, nuclear C*-algebras using
K-theoretic and tracial invariants

+ K-theory provides powerful tools for distinguishing and classifying C*-algebras
* Ko group captures information about projections in a C*-algebra
* Consists of formal differences of equivalence classes of projections

» Equipped with addition operation derived from direct sum of projections
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+ K1 group encodes data about unitaries in a C*-algebra

» Composed of homotopy classes of unitaries in the algebra
+ Addition operation stems from multiplication of unitaries

* Ordered Ko group incorporates additional order structure

« Positive cone Ko contains classes of non-zero projections
- State space of Ko relates to tracial states on the C*-algebra
« Elliott invariant combines Ko, K1, and tracial data

« Includes ordered group (Ko(A), Ko * (A), [14])

« Incorporates abelian group K1(A)

« Encompasses tracial state space T(A) and pairing map

» Classification results achieved for various classes of C*-algebras (AF algebras, irrational rotation
algebras)

Challenges and Refinements in Classification

» Counterexamples to Elliott's conjecture emerged in the early 2000s

» Rerdam constructed simple, nuclear C*-algebras with identical Elliott invariants but different £
-stability properties

» Toms discovered examples distinguishable by their Cuntz semigroup but not by Elliott invariant
* Refined classification program incorporates additional regularity properties

- Z-stability: tensorial absorption of Jiang-Su algebra £

* Finite nuclear dimension: generalization of covering dimension to noncommutative setting

» Toms-Winter conjecture proposes equivalence of regularity properties for simple, separable, nuclear
C*-algebras

- Z-stability

* Finite nuclear dimension

« Strict comparison of positive elements

* Recent breakthroughs in classification theory (Gong, Lin, Niu, Winter, Elliott, Tikuisis)
- Classified large classes of simple, separable, nuclear, Z-stable C*-algebras

« Utilized techniques from K-theory, tracial approximation, and regularity properties

Extension and Index Theory

Extension Theory and Exact Sequences

» Extension theory studies short exact sequences of C*-algebras

» Sequence 0 = /= E - A = 0 with / ideal in E
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» Extensions classified by Ext group, measuring obstruction to splitting

+ Busby invariant provides alternative description of extensions

+ Maps A to Calkin algebra Q(/) = M(l)/!

- Establishes bijection between extensions and *-homomorphisms A = Q(/)

- Six-term exact sequence in K-theory connects K-groups of /, E, and A

« Ko(l) = Ko(E) = Ko(A)

o« T {

« K1(A) « K1(E) « K1)

* Boundary maps in six-term sequence encode important topological information
+ Index map K1(A) = Ko (/) relates to Fredholm index

+ Exponential map Ko(A) = K1(/) connects to winding numbers

Index Theory and Applications
* Index theory bridges operator theory and topology
* Atiyah-Singer Index Theorem relates analytical and topological indices
« Fredholm index of operators on Hilbert spaces: index(T) = dimker T —dimkerT"
* K-theoretic formulation of index theory
* Fredholm operators correspond to invertible elements in Calkin algebra
* Index map in K-theory exact sequence computes Fredholm index
* Applications of index theory in noncommutative geometry
* Spectral flow: measures spectral changes in families of self-adjoint operators
« N-invariant: spectral asymmetry of elliptic operators on odd-dimensional manifolds
» Pimsner-Voiculescu (PV) exact sequence for crossed products
« Relates K-groups of C (G, A, @) to those of A for Z-actions
« Six-term exact sequence involving K+(A) and K+ (C " (Z, A, a))

* Crucial tool for computing K-theory of crossed products and Cuntz-Pimsner algebras

Noncommutative Geometry

Applications of Noncommutative Geometry
* Noncommutative geometry extends classical geometric concepts to quantum spaces
 Replaces commutative algebras of functions with noncommutative C*-algebras
* Provides framework for studying singular spaces and quantum phenomena

« Spectral triples (A, H, D) generalize notion of Riemannian manifold
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« A: C*-algebra representing noncommutative space

« H: Hilbert space of "spinors"

« D: Dirac operator encoding metric information

* Noncommutative torus: prototype of noncommutative manifold

« Generated by unitaries U and V satisfying VU = e2™UVv

« Irrational rotation algebras for irrational 6

« K-theory: Ko(Ag) = 7%, K1(Ag) = 7°

* Cyclic cohomology as noncommutative analogue of de Rham cohomology
* Pairs with K-theory via Chern character

* Provides invariants for noncommutative spaces

Quantum Groups and Operator Algebras

* Quantum groups generalize classical Lie groups to noncommutative setting
* Hopf algebra structure encodes group-like properties

» Compact quantum groups admit Haar state and Peter-Weyl decomposition
» Woronowicz's compact quantum groups in C*-algebraic framework

- C*-algebra A with coproduct A:A—-A®A

 Coassociativity and cancellation properties

* Examples of quantum groups and their K-theory

* Quantum SU(2): deformation of classical SU(2)

< Ko(SUq4(2)) =7 K1(SUg(2)) =7

* Applications to index theory and noncommutative index theorems

* Baum-Connes conjecture relates K-theory of group C*-algebras to equivariant K-homology

 Connects representation theory, geometry, and operator algebras
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Unit 12 — Applications to Quantum
Mechanics

12.1 C*-algebraic formulation of quantum mechanics

Quantum mechanics gets a mathematical makeover with C*-algebras. This approach uses fancy math to
describe how particles behave, replacing the usual Schrédinger equation stuff. It's a more abstract way of
looking at quantum systems.

C*-algebras help us deal with tricky quantum concepts like uncertainty and measurement. They give us
tools to work with observables, states, and how things change over time in the quantum world.

Observables and States

C*-Algebra Framework for Quantum Observables

» C*-algebra of observables forms mathematical foundation for quantum mechanics

* Consists of self-adjoint operators on a Hilbert space representing physical quantities
+ Captures algebraic structure of quantum observables including non-commutativity

* Allows representation of both bounded and unbounded operators

* Norm topology enables discussion of convergence and continuity of observables

Pure and Mixed Quantum States
* Pure states represent quantum systems in definite, non-superposed conditions
+ Correspond to unit vectors in Hilbert space or one-dimensional projections
» Mixed states describe statistical ensembles of pure states
* Represented by density operators, positive semi-definite operators with trace 1
» Convex combinations of pure states yield mixed states

+ Density operators generalize notion of probability distributions to quantum realm

Density Operators and Their Properties
* Density operators encode all available information about quantum system's state
« Self-adjoint, positive semi-definite operators with trace equal to 1
* Eigenvalues represent probabilities of measuring corresponding eigenstates
+ Pure states have single non-zero eigenvalue of 1, mixed states have multiple non-zero eigenvalues
« Allow calculation of expectation values of observables via trace formula

* Evolve according to von Neumann equation, quantum analog of Liouville equation
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Hilbert Space and Spectral Theory

Hilbert Space as Quantum State Space

* Hilbert space serves as mathematical framework for quantum mechanics
» Complete inner product space over complex numbers

« State vectors represent possible states of quantum system

* Inner product defines notion of probability amplitude between states

* Allows superposition principle, key feature of quantum mechanics

* Tensor product of Hilbert spaces describes composite quantum systems

Spectral Theorem and Its Applications

* Spectral theorem fundamental tool in analysis of self-adjoint operators

« States every normal operator on Hilbert space has spectral decomposition

» Decomposes operators into sum (or integral) of projection operators

+ Enables diagonalization of observables, crucial for finding eigenstates and eigenvalues
* Provides rigorous mathematical foundation for quantum measurement theory

* Allows representation of observables as multiplication operators in suitable basis

Connections to Physical Interpretations

« Eigenvalues of observables correspond to possible measurement outcomes
* Eigenvectors represent states of definite measurement outcomes

+ Continuous spectrum relates to observables with continuous range of possible values (position,
momentum)

+ Discrete spectrum corresponds to quantized observables (angular momentum, energy levels in
atoms)

* Projection-valued measures formalize notion of quantum probability distributions

+ Spectral theory bridges gap between abstract algebraic formulation and concrete physical predictions

Operator Algebras

Von Neumann Algebras in Quantum Theory

* Von Neumann algebras extend C*-algebras, closed in strong operator topology
* Provide framework for infinite-dimensional quantum systems

* Include all bounded operators in quantum mechanics

+ Allow rigorous treatment of unbounded operators via affiliated operators

*» Possess unique predual space, enabling definition of normal states
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* Type classification (I, Il, 1ll) relates to nature of quantum system (discrete, continuous, or pathological)

GNS Construction and State Representations

* Gelfand-Naimark-Segal (GNS) construction fundamental tool in operator algebra theory

* Provides way to construct Hilbert space representation from abstract C*-algebra and state
» Demonstrates every C*-algebra isomorphic to algebra of operators on Hilbert space

* Allows transition between algebraic and Hilbert space formulations of quantum mechanics
* Cyclic vector in GNS construction corresponds to vacuum state in quantum field theory

» Enables study of different representations of same physical system (superselection sectors)

Applications to Quantum Statistical Mechanics

* Operator algebras crucial in rigorous formulation of quantum statistical mechanics

* KMS (Kubo-Martin-Schwinger) states generalize notion of thermal equilibrium to quantum systems
» Tomita-Takesaki theory relates modular automorphism group to time evolution in thermal systems
» Von Neumann algebras of type lll appear naturally in quantum field theory at finite temperature

* Operator algebraic approach allows treatment of systems with infinite degrees of freedom

* Provides framework for studying phase transitions and spontaneous symmetry breaking in quantum
systems

12.2 Observables and states in the C*-algebraic framework

In quantum mechanics, observables and states are crucial concepts. The C*-algebraic framework provides
a powerful mathematical structure to describe them. This approach generalizes traditional quantum
mechanics, allowing for a more abstract and flexible representation of quantum systems.

Observables are represented by self-adjoint operators, while states are described by positive linear
functionals. This formalism enables a deeper understanding of quantum measurements, probability, and
the fundamental limits imposed by the uncertainty principle. It's a key tool for exploring quantum
phenomena.

Observables in C*-algebras

Self-adjoint and Positive Operators

« Self-adjoint operators represent physical observables in quantum mechanics
+ Defined as operators equal to their own adjoint: A = A *

* Possess real eigenvalues corresponding to possible measurement outcomes
* Spectral theorem guarantees diagonalizability of self-adjoint operators

« Positive operators form a subset of self-adjoint operators

 Characterized by non-negative expectation values for all states

« Mathematically expressed as (¢|A|@) = O for all states |@)
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* Play crucial role in defining quantum states and measurements

Expectation Values and Uncertainty Principle

 Expectation value represents average outcome of repeated measurements

« Calculated using trace operation: {A) = Tr(pA) | where P denotes density matrix

* Provides link between abstract operator formalism and observable quantities

* Uncertainty principle arises from non-commutativity of certain observables

« Mathematically expressed as AAAB = 3[([A, B])|

 Imposes fundamental limits on simultaneous measurement precision (position and momentum)

* Generalizes to any pair of non-commuting observables in C*-algebraic framework

States and Measurement

Quantum States and State Space

« States in C*-algebras generalize notion of wavefunctions in standard quantum mechanics
» Represented by positive linear functionals on the algebra

* Pure states correspond to extremal points of the state space (cannot be expressed as convex
combinations)

» Mixed states arise from statistical mixtures of pure states

« State space forms a convex set, allowing for probabilistic combinations of states
» Geometrically visualized using Bloch sphere for two-level systems (qubits)

* Density matrices provide alternative representation of quantum states

* Trace-preserving, positive semi-definite operators with unit trace

Quantum Measurement and POVM

* Quantum measurement described by collection of measurement operators
* Projective measurements use orthogonal projectors, correspond to standard observables
* POVM (Positive Operator-Valued Measure) generalizes notion of measurement

« Consists of set of positive operators {E;} summing to identity: ZE" =1
)

» Each E; associated with possible measurement outcome

« Probability of outcome i given by p(i) = Tr(pE;)

* Allows for description of imperfect or indirect measurements

* Provides more flexible framework for quantum information tasks (unambiguous state discrimination)
Quantum Probability

* Quantum probability differs fundamentally from classical probability theory
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» Based on non-commutative algebra of observables

« Probabilities calculated using Born rule: P(a) = (@|Pa|y)

* Interference effects lead to violation of classical probability axioms

» Quantum correlations can exceed classical bounds (Bell inequalities)

» Entanglement serves as uniquely quantum resource with no classical analogue
» Quantum decision theory explores implications for rational decision-making

* Quantum games demonstrate novel strategic possibilities beyond classical game theory

12.3 Quantum dynamics and automorphism groups

Quantum dynamics and automorphism groups are key concepts in understanding how quantum systems
evolve over time. They provide mathematical tools to describe the behavior of particles and fields,
connecting the abstract world of C*-algebras to real-world quantum phenomena.

These ideas build on earlier topics, showing how symmetries and transformations in quantum mechanics
can be represented using algebraic structures. They're essential for modeling everything from simple
atomic systems to complex quantum fields.

Unitary Dynamics

Schrédinger Equation and Unitary Evolution

« Unitary evolution describes time evolution of quantum states preserves inner products and norms
» Schrédinger equation governs time evolution of quantum states in the Schrédinger picture

« Time-dependent form: ih Z|w(t)) = H|y(t))

« H represents the Hamiltonian operator of the system

« Solution to Schrédinger equation yields unitary time evolution operator U(t)

« Unitary time evolution operator U(t) relates initial state to state at time t

- |l@(t)) = U(t)|w(0))

- U(t) satisfies properties: U (t)U(t) = U(t)U T (t) =1 and U(0) =1

+ Time-independent Schrédinger equation emerges for time-independent Hamiltonians

«H|y) =E|y), where E represents energy eigenvalues

Heisenberg Picture and Operator Evolution

* Heisenberg picture provides alternative formulation of quantum mechanics

* Operators evolve in time while state vectors remain constant

« Time evolution of an operator A in Heisenberg picture given by:

« Ay(t) = U (t)AsU(t), where As denotes the operator in Schrédinger picture

* Heisenberg equation of motion describes time evolution of operators:
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« DAL(t) = HH, An(D] + (),
 Equivalence between Schrodinger and Heisenberg pictures ensures same physical predictions

* Heisenberg picture proves particularly useful in quantum field theory and many-body systems

Automorphism Groups and Semigroups

Automorphism Groups and Quantum Dynamics

» Automorphism groups describe symmetries and transformations in quantum systems
* Consists of bijective linear maps preserving algebraic structure of observables

+ One-parameter group of automorphisms {@t}te = represents time evolution

« Satisfies group properties: Qg = fd, 0s © Ot = Qs+ ¢

» Generators of automorphism groups connect to observables and Hamiltonians

» Automorphisms preserve algebraic relations between observables

+(A+B)* =A%+ B% (AB)* = A“B“

» Examples include spatial translations, rotations, and gauge transformations in quantum field theory

Stone's Theorem and Dynamical Semigroups

« Stone's theorem establishes connection between one-parameter unitary groups and self-adjoint
operators

« States that every strongly continuous one-parameter unitary group U(t) has a unique self-adjoint
generator H

< U(t) = e™™ where H represents the Hamiltonian of the system

» Dynamical semigroups extend concept of automorphism groups to non-unitary evolution
* Describe irreversible processes and open quantum systems

» Characterized by completely positive, trace-preserving maps

+ Lindblad equation governs evolution of density operators in Markovian open quantum systems:
d : t t

.2 = —ilH, p] + g(Lkak - L/ Lk p})

« Lk represent Lindblad operators describing system-environment interactions

Quantum Markov Processes

Quantum Markov Chains and Master Equations
* Quantum Markov processes generalize classical Markov processes to quantum systems
+ Describe evolution of quantum systems with no memory effects
+ Characterized by quantum dynamical semigroups satisfying composition law

« Quantum master equation describes time evolution of density matrix 2(t)
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* General form: % = L[p], where L denotes the Liouvillian superoperator

« Lindblad form of master equation represents most general Markovian quantum dynamics

+ Applications include modeling decoherence, quantum optics, and quantum information processing

Quantum Trajectories and Measurement Theory

» Quantum trajectories provide alternative description of open quantum systems
+ Describe evolution of quantum state conditioned on continuous measurement outcomes

« Stochastic Schrodinger equation governs evolution of pure state vectors in quantum trajectories

L) = (—iH = 12 L L) |wdt + 2 (L — (L) |@)d Wi
K K

* Quantum measurement theory connects to quantum Markov processes through collapse postulate
» Continuous measurement leads to quantum state diffusion and quantum jumps

* Monte Carlo wave function method provides numerical technique for simulating open quantum
systems

12.4 Entanglement and tensor products in quantum systems

Tensor products are the mathematical backbone of composite quantum systems. They allow us to
combine separate C*-algebras into more complex structures, crucial for describing systems with multiple
parts. This operation preserves key properties and enables analysis of interactions between subsystems.

Entanglement is a uniquely quantum phenomenon where subsystems exhibit correlations that can't be
explained classically. It's central to quantum information and computation, leading to non-local effects and
violating Bell inequalities. Understanding entanglement is key to grasping quantum mechanics' weirdness.

Tensor Products and Composite Systems

Mathematical Foundations of Tensor Products
* Tensor product of C*-algebras combines two separate algebras into a larger, more complex structure
* Operation denoted by A ® B for C*-algebras A and B
+ Resulting tensor product preserves algebraic and topological properties of original algebras
* Tensor product space dimension equals product of individual space dimensions

* Crucial for describing composite quantum systems with multiple subsystems

Composite Quantum Systems and Their Properties

» Composite quantum systems consist of two or more subsystems combined using tensor products
« State space of composite system represented by tensor product of subsystem state spaces

« Total Hilbert space given by H=H1 @ H> ® ... ® H}, for n subsystems

* Allows description of complex quantum systems (atoms, molecules, quantum circuits)

» Enables analysis of interactions and correlations between subsystems
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Partial Trace and Reduced Density Matrices

* Partial trace maps operators on composite system to operators on subsystem

« Mathematically expressed as ! (8(Pas) = Z(bf|pAB|b") for basis {|bi}} of subsystem B

!
» Reduced density matrix obtained by performing partial trace over unwanted subsystems
* Describes state of subsystem when information about other subsystems unavailable

* Crucial for analyzing entanglement and quantum information tasks

Entanglement

Fundamentals of Quantum Entanglement

» Entangled states exhibit quantum correlations between subsystems that cannot be described
classically

» Cannot be written as tensor product of individual subsystem states
« Mathematically represented as |@}as # |¢}a ® |X)5 for any choice of [#}a and |X}8
* Leads to non-local correlations and violation of Bell inequalities

* Central resource in quantum information and computation (teleportation, dense coding)

Separable States and Their Properties
» Separable states lack quantum entanglement between subsystems

 Can be written as convex combinations of product states

« Mathematically expressed as PAB = 2Pio4 ® Ph with ZF"' =1andpi=0
1

i
* Serve as reference point for quantifying entanglement in quantum states
* Possess only classical correlations between subsystems

Bell States and Schmidt Decomposition

* Bell states represent maximally entangled two-qubit states
- Four Bell states: [® ), [®7), |W*), |Ww™)

JJor) = %”00) +111)) serves as prototypical example

» Schmidt decomposition expresses bipartite pure states in special form

- Mathematically written as |¥)as = Z\//\_i“)A ® |i)s
)

+ Schmidt coefficients A; quantify entanglement in the state

* Provides powerful tool for analyzing and characterizing entanglement in quantum systems
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Unit 13 — C*—algebras in Noncommutative
Geometry

13.1 Introduction to noncommutative geometry

Noncommutative geometry extends classical ideas to noncommutative algebras, inspired by quantum
mechanics. It connects C*-algebras and topological spaces, offering new tools for physics and math
problems.

This chapter explores how noncommutative C*-algebras represent "virtual" spaces without concrete
geometry. We'll see how they generalize commutative algebras while keeping key properties, opening
doors to new mathematical insights.

Foundations of Noncommutative Geometry

Origins and Key Concepts

» Noncommutative geometry emerged as a branch of mathematics extending classical geometry to
noncommutative algebras

+ Alain Connes developed noncommutative geometry in the 1980s as a framework to study quantum
mechanical systems

* Gelfand-Naimark theorem establishes a fundamental connection between commutative C*-algebras
and topological spaces

* Noncommutative geometry generalizes concepts from differential geometry to noncommutative
algebras

* Key ideas draw inspiration from quantum mechanics and operator algebras

Applications and Significance
* Noncommutative geometry provides tools for studying quantum field theories and particle physics
* Applies to problems in condensed matter physics, such as the quantum Hall effect
+ Offers new perspectives on mathematical problems like the Riemann hypothesis
« Unifies various areas of mathematics including operator algebras, K-theory, and index theory

* Enables the study of "bad" quotient spaces that arise in foliation theory and ergodic theory
Noncommutative Spaces

Quantum Spaces and Their Properties

» Quantum spaces represent mathematical structures where classical notions of points and coordinates
break down

* Described by noncommutative algebras of observables rather than commutative algebras of functions

* Heisenberg uncertainty principle motivates the study of quantum spaces in physics
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» Quantum groups serve as symmetries of quantum spaces, generalizing classical Lie groups

» Examples include quantum tori, noncommutative spheres, and fuzzy spheres

Noncommutative Topology and C*-algebras
» Noncommutative topology extends classical topology to noncommutative settings
* Replaces topological spaces with noncommutative C*-algebras as fundamental objects
* Noncommutative C*-algebras generalize algebras of continuous functions on topological spaces
« K-theory for C*-algebras provides powerful invariants for studying noncommutative spaces

+ Spectral triples encode metric information for noncommutative spaces, generalizing Riemannian
geometry

Commutative C*-algebras

Gelfand-Naimark Theorem and Its Implications

» Commutative C*-algebras consist of complex-valued continuous functions on compact Hausdorff
spaces

+ Gelfand-Naimark theorem establishes an isomorphism between commutative C*-algebras and
function algebras on compact Hausdorff spaces

* Provides a duality between the categories of compact Hausdorff spaces and commutative C*-algebras
+ Enables the study of topological spaces through algebraic methods

» Spectrum of a commutative C*-algebra corresponds to the underlying topological space

Transition to Noncommutative C*-algebras

* Noncommutative C-algebras generalize commutative C-algebras by relaxing the commutativity
condition

* Represent "virtual" noncommutative spaces without concrete geometric realizations
* Retain many properties of commutative C*-algebras, such as existence of states and representations

* Type classification (Type |, Il, lll) provides a framework for understanding the structure of
noncommutative C*-algebras

* Examples include matrix algebras, group C*-algebras, and crossed product algebras

13.2 Spectral triples and Dirac operators

Spectral triples and Dirac operators are key tools in noncommutative geometry. They extend classical
geometric ideas to noncommutative spaces, allowing us to define concepts like dimension and distance in
these abstract settings.

These structures bridge algebra and geometry, providing a framework for studying quantum physics and
particle models. By generalizing familiar notions, they open up new ways to understand the mathematical
foundations of our universe.
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Spectral Triples and Dirac Operators

Fundamental Components of Spectral Triples

* Spectral triple consists of three elements (A, H, D) forming the foundation of noncommutative
geometry

* A represents a *-algebra of bounded operators acting on a Hilbert space H

* H denotes a separable Hilbert space providing the framework for quantum mechanical systems

* D symbolizes a self-adjoint operator on H with compact resolvent called the Dirac operator

+ Dirac operator encodes geometric information and generalizes the notion of a differential operator

» Compact resolvent property ensures D has a discrete spectrum with finite-dimensional eigenspaces

Hilbert Space and Operator Interactions

* Hilbert space H serves as the quantum mechanical state space for the system

« Elements of H represent quantum states, while operators on H correspond to observables

* Inner product structure of H allows calculation of expectation values and probabilities

* Bounded operators from A act on H, representing algebraic operations in the noncommutative setting
« Commutator [D,a] between Dirac operator and algebra elements remains bounded for all a in A

» Bounded commutator condition ensures compatibility between algebraic and differential structures

Applications and Extensions

* Spectral triples generalize classical geometric notions to noncommutative spaces

* Used to define noncommutative versions of geometric concepts (dimension, distance, integration)
» Extensions to non-compact spaces and type Il von Neumann algebras broaden applicability

« Spectral action principle relates spectral triples to physical models in particle physics

» Connes-Lott model applies spectral triples to describe the Standard Model of particle physics

* Reconstruction theorem allows recovery of classical manifolds from commutative spectral triples

Commutator Conditions

Bounded Commutator and Smooth Structure

+ Bounded commutator condition requires [D, @] to be a bounded operator for all a in A
» Ensures compatibility between algebraic structure (A) and differential structure (D)

+ Analogous to smoothness condition in classical differential geometry

* Allows definition of noncommutative differential forms using commutators with D

« Junge-Parcet-Xu theorem relates bounded commutator condition to smoothness in noncommutative
Lp spaces
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* Provides framework for defining noncommutative versions of classical differential geometric objects

Noncommutative Differential Geometry Foundations

» Noncommutative differential geometry extends classical concepts to noncommutative algebras
» Replaces manifolds with noncommutative algebras as fundamental objects

« Dirac operator D serves as a generalized differential operator in this context

* Allows definition of noncommutative integral using Dixmier trace of compact operators

» Connes' reconstruction theorem shows how to recover classical geometry from commutative spectral
triples

* Noncommutative torus serves as prototypical example of noncommutative geometry (irrational
rotation algebras)

Analytical Tools and Applications

* Spectral triple framework provides tools for spectral analysis of noncommutative spaces

« Zeta functions associated to Dirac operators encode geometric information

* Local index formula generalizes Atiyah-Singer index theorem to noncommutative setting

* Applications in quantum field theory (gauge theories on noncommutative spaces)

* Used in models of quantum gravity (noncommutative geometry approach to quantum spacetime)

* Provides mathematical framework for studying fractal spaces and aperiodic tilings

Geometric Structures

Spin Manifolds and Spinor Bundles
+ Spin manifold generalizes notion of orientation to allow definition of spinors
* Requires existence of a spin structure (lift of the frame bundle to a Spin(n) bundle)
« Spinor bundle associated to spin structure provides space of spinor fields
» Dirac operator on spin manifold acts on sections of spinor bundle
+ Atiyah-Singer index theorem relates analytical index of Dirac operator to topological invariants

* Spin structures crucial for formulation of fermions in quantum field theory and general relativity

Riemannian Geometry and Metric Aspects

* Riemannian geometry studies manifolds equipped with a metric tensor

* Metric tensor defines notions of distance, angle, and volume on the manifold
+ Levi-Civita connection provides canonical way to differentiate vector fields

* Riemann curvature tensor measures deviation of space from being flat

* Scalar curvature provides single number measuring overall curvature at each point
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« Einstein equations in general relativity relate curvature to energy-momentum distribution

Noncommutative Generalizations
+ Connes distance formula generalizes Riemannian distance to noncommutative setting
« Uses supremum of f(x) — f{y) over functions f with [D, f] bounded by 1
* Noncommutative integration theory based on Dixmier trace extends volume form
« Spectral action principle relates spectral properties of D to physical action functionals
* Noncommutative Yang-Mills theory generalizes gauge theories to noncommutative spaces

» Fuzzy spheres provide finite-dimensional approximations to classical spheres

13.3 Noncommutative manifolds and their C*-algebras

Noncommutative manifolds shake up classical geometry, replacing coordinates with noncommuting
operators in Hilbert space. This lets us describe quantum spaces where position measurements don't play
nice, using C*-algebras to represent these mind-bending realms.

Key examples like the irrational rotation algebra and Moyal plane show how these ideas pop up in physics.
They give us new ways to think about particles on circles, magnetic fields, and even string theory.

Noncommutative Manifolds and Algebras

Conceptual Foundations of Noncommutative Geometry

* Noncommutative manifold generalizes classical geometry to quantum mechanical settings
* Replaces coordinate functions with noncommuting operators in Hilbert space

« Allows mathematical description of spaces where position measurements do not commute
* Preserves geometric intuition while extending to quantum realms

« Utilizes algebraic structures (C*-algebras) to represent "quantum spaces"

Key Examples of Noncommutative Spaces
« Irrational rotation algebra models quantum mechanical system on circle
» Generated by two unitary operators U and V satisfying UV = e*(21iB)VU
* O represents irrational rotation angle
 Captures behavior of particle on circle subject to magnetic field
» Moyal plane emerges from quantum mechanics phase space
* Defined by noncommutative coordinates satisfying [x, y] = i6
* B parameter quantifies degree of noncommutativity
* Arises naturally in string theory and quantum field theory
 Fuzzy sphere approximates ordinary sphere with finite-dimensional matrix algebra

* Constructed using angular momentum operators of quantum mechanics
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* Becomes ordinary sphere in large matrix size limit

* Provides regularization technique in quantum field theory

Quantum Structures

Quantum Groups and Their Properties

* Quantum groups generalize classical Lie groups to noncommutative setting
* Arise as deformations of universal enveloping algebras of Lie algebras

» Maintain Hopf algebra structure with noncommutative multiplication

» Possess quantum dimension differing from classical counterpart

* Find applications in integrable systems and conformal field theory

* Examples include quantum SU(2) and quantum SL(2)

Noncommutative Torus and Its Features

* Noncommutative torus serves as fundamental example in noncommutative geometry
+ Defined by two unitary generators U and V satisfying UV = e*(2mi6)VU

* 0 parameter determines degree of noncommutativity

* Reduces to ordinary torus for6 =0

« Exhibits rich spectral properties and K-theory

« Connects to physics through quantum Hall effect and string theory

* Generalizes to higher-dimensional noncommutative tori
Differential Geometry

Noncommutative Differential Forms and Calculus

* Noncommutative differential forms extend classical differential geometry

* Replace commuting coordinates with noncommuting operators

» Maintain exterior derivative satisfying Leibniz rule and nilpotency

+ Graded differential algebra structure preserved in noncommutative setting

* Allow definition of connections and curvature on noncommutative spaces

* Cyclic cohomology replaces de Rham cohomology in noncommutative context

* Quantum group symmetries often manifest in noncommutative differential calculus
* Applications include formulation of gauge theories on noncommutative spaces

» Connes' spectral triple encapsulates noncommutative differential geometry

* Consists of algebra A, Hilbert space H, and Dirac operator D

* Recovers classical geometry in commutative case
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* Provides framework for studying "quantum" metric aspects

13.4 Index theory and cyclic cohnomology

Index theory and cyclic cohomology are key concepts in noncommutative geometry. They bridge analysis,
topology, and algebra, providing tools to study complex mathematical structures. These ideas extend
classical notions to noncommutative settings, opening new avenues for research.

The Atiyah-Singer theorem connects differential operators to topological invariants, while cyclic
cohomology generalizes de Rham cohomology. Together, they form a powerful framework for exploring
geometric properties in noncommutative spaces, advancing our understanding of abstract mathematical
structures.

Index Theory and the Atiyah-Singer Theorem

Fundamentals of Index Theory

* Index theory studies topological invariants of elliptic differential operators on manifolds

* Fredholm operators form the foundation of index theory with their key property of finite-dimensional
kernel and cokernel

« Index of a Fredholm operator F defined as index(F) = dim(ker F) — dim(cokerF)
* Index remains invariant under compact perturbations, providing stability in analysis

« Applications extend to various fields (topology, geometry, physics)

The Atiyah-Singer Index Theorem

« Atiyah-Singer index theorem establishes a profound connection between analysis and topology

* Relates the analytical index of an elliptic differential operator to topological invariants of the underlying
manifold

* General form of the theorem expressed as index(D) = chh(a(D)) -Td(TM)
* ch(o(D)) represents the Chern character of the symbol of D
* Td(TM) denotes the Todd class of the tangent bundle of M

» Theorem unifies various results in differential geometry (Gauss-Bonnet theorem, Riemann-Roch
theorem)

* Provides a powerful tool for computing topological invariants using analytical methods

K-theory and Its Role in Index Theory

+ K-theory serves as an algebraic framework for studying vector bundles and their topological properties
» K-groups K(X) defined for topological spaces X, capturing equivalence classes of vector bundles

* Functorial nature of K-theory allows for systematic study of topological invariants

* Bott periodicity theorem establishes a fundamental 2-fold periodicity in K-theory

+ K-theory plays a crucial role in formulating and proving the Atiyah-Singer index theorem
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* Provides a natural setting for generalizing index theory to noncommutative geometry

Cyclic Cohomology and Noncommutative Integration

Foundations of Cyclic Cohomology

* Cyclic cohomology developed as a noncommutative analogue of de Rham cohomology

* Defined for associative algebras, generalizing classical notions to noncommutative settings

* Cyclic complex (C*(A), b, B) constructed from an algebra A

* Boundary operators b and B satisfy the fundamental relation bA2 = B*2 =bB + Bb =0

« Periodic cyclic cohomology HP(A) defined as the cohomology of the total complex of (C(A), b, B)

* Provides a framework for studying invariants of noncommutative spaces

Hochschild Cohomology and Its Relation to Cyclic Cohomology
* Hochschild cohomology HH*(A, M) defined for an algebra A and an A-bimodule M
* Measures the extent to which A fails to be a projective A-bimodule
* Hochschild complex (C*(A, M), b) constructed using cochains and the Hochschild boundary operator b
* Cyclic cohomology relates to Hochschild cohomology through the SBI long exact sequence
» SBI sequence connects Hochschild cohomology, cyclic cohomology, and periodic cyclic cohomology

* Provides a powerful tool for computing cyclic cohomology groups

Noncommutative Integration and the Chern Character

* Noncommutative integration extends classical integration theory to noncommutative spaces
* Traces on C*-algebras serve as noncommutative analogues of integration

* Dixmier trace provides a method for defining integrals in noncommutative geometry

» Chern character establishes a bridge between K-theory and cyclic cohomology

« For a finitely summable Fredholm module (H, F) over an algebra A, the Chern character defined as
ch«(H, F) =Tr(FIF, aollF, a1l. .. [F, anl)

» Chern character maps K-theory classes to cyclic cohomology classes
* Plays a crucial role in formulating index theorems in noncommutative geometry

* Generalizes classical Chern-Weil theory to the noncommutative setting
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Unit 14 — Advanced Topics in C*-algebra
Theory

14.1 Classification of simple C*-algebras

Classification of simple C*-algebras is a hot topic in operator algebra theory. It aims to categorize these
algebras using invariants like K-theory groups, Cuntz semigroups, and tracial state spaces.

Recent breakthroughs have led to the classification of simple, separable, unital, nuclear C*-algebras that
are Z-stable and satisfy the UCT. This work builds on Elliott's program and incorporates key concepts like
finite nuclear dimension and quasidiagonality.

K-theoretic Invariants

Fundamental K-theory Concepts
* K-theory provides powerful algebraic tools for studying C*-algebras
* Ko group measures projections in a C*-algebra up to Murray-von Neumann equivalence
+ K1 group captures information about unitary elements in the C*-algebra
* Bott periodicity theorem establishes a cyclic pattern in K-theory groups

» K-theory groups serve as invariants for C*-algebras, aiding in classification efforts

Cuntz Semigroup and Its Applications
» Cuntz semigroup refines Ko group by incorporating information about positive elements
+ Consists of equivalence classes of positive elements in matrix algebras over the C*-algebra
* Provides finer invariants than K-theory alone, especially for non-simple C*-algebras
* Useful in studying approximate unitary equivalence and Blackadar-Handelman conjectures

* Plays a crucial role in the classification of non-simple C*-algebras (AH algebras)

Universal Coefficient Theorem (UCT)
» UCT relates K-theory of C*-algebras to their K-homology
» Establishes a short exact sequence connecting K-theory, K-homology, and Ext groups
* Applies to a large class of C-algebras, including all nuclear C-algebras
* Crucial in the classification of simple nuclear C*-algebras satisfying the UCT

* Remains an open question whether all nuclear C*-algebras satisfy the UCT (Rosenberg-Schochet
conjecture)
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Nuclear Properties

Nuclear C*-algebras and Their Characteristics

* Nuclear C*-algebras form a crucial class in operator algebra theory

+ Characterized by the completely positive approximation property (CPAP)
* Equivalent to amenability for discrete groups (Connes-Haagerup theorem)
» Possess important structural properties (injectivity, semidiscreteness)

* Include all commutative C-algebras and finite-dimensional C-algebras

Finite Nuclear Dimension and Its Implications

+ Finite nuclear dimension generalizes finite topological dimension to noncommutative spaces
+ Defined using completely positive approximations with finite-dimensional ranges

* Plays a key role in the classification of simple nuclear C*-algebras

* Implies various regularity properties (Z-stability, strict comparison)

« Finite nuclear dimension is preserved under various C*-algebraic constructions (tensor products,
crossed products)

Quasidiagonality and Its Connections

» Quasidiagonal C*-algebras can be approximated by finite-dimensional subalgebras in a certain sense
+ Characterized by the existence of an approximate diagonal

+ Closely related to nuclearity and finite nuclear dimension

+ All amenable groups have quasidiagonal C*-algebras (Tikuisis-White-Winter theorem)

» Quasidiagonality is a key ingredient in the classification of simple nuclear C*-algebras

Key Examples and Tools

Elliott's Classification Program

» Ambitious project to classify simple nuclear C*-algebras using K-theoretic invariants

« Initial success with AF algebras, Irrational Rotation algebras, and AT algebras

» Extended to AH algebras with slow dimension growth and certain real rank zero algebras
* Encountered counterexamples leading to refinements and additional regularity properties

+ Culminated in the classification of simple, separable, unital, nuclear, Z-stable C*-algebras satisfying
the UCT

Jiang-Su Algebra and Z-stability

« Jiang-Su algebra (Z) is a simple, nuclear, infinite-dimensional C*-algebra with unique trace

* Z has the same K-theory as the complex numbers but is not isomorphic to them
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« Z-stability refers to the property of a C*-algebra Athat A® Z= A
« Z-stability is a crucial regularity property in the classification of simple nuclear C*-algebras

* Tensorially absorbing Z often preserves important structural properties of C*-algebras

Tracial State Space and Its Role

* Tracial state space consists of all normalized positive linear functionals satisfying the trace property
* Provides important information about the structure of C*-algebras

« Simplex structure of the tracial state space relates to structural properties (AF, AH, ASH algebras)
* Plays a crucial role in the classification of simple nuclear C*-algebras with unique trace

« Tracial rank theory developed by Lin provides a bridge between tracial properties and classification

14.2 Operator spaces and completely bounded maps

Operator spaces and completely bounded maps are key concepts in advanced C*-algebra theory. They
extend the notion of normed spaces to matrices, allowing for a richer structure that captures the essence of
operator algebras.

This topic dives into matrix norms, Ruan's theorem, and completely bounded/positive maps. It explores
how these concepts relate to C*-algebras and their applications in quantum information theory and
operator algebra theory.

Operator Spaces and Matrix Norms

Fundamental Concepts of Operator Spaces

 Operator space defines a vector space V equipped with a sequence of matrix norms satisfying specific
conditions

» Matrix norm assigns a norm to matrices of any size with entries from a given vector space
» Minimal operator space structure arises from embedding V into B(H) for some Hilbert space H

* Maximal operator space structure emerges from considering all possible C*-algebra representations
of V

* Ruan's theorem characterizes abstract operator spaces through a set of axioms for matrix norms

« Establishes isometric equivalence between abstract operator spaces and concrete operator spaces

Properties and Applications of Matrix Norms

» Matrix norms generalize vector norms to matrices, measuring size or magnitude
« Different types of matrix norms include Frobenius norm, spectral norm, and induced norms
» Matrix norms satisfy properties such as non-negativity, positive scalability, and the triangle inequality

* Applications of matrix norms include error analysis, numerical stability, and convergence studies in
linear algebra

Fiveable archived study guides Page 109



Ruan's Theorem and Its Implications

* Ruan's theorem provides a crucial bridge between abstract and concrete operator spaces

« States that any abstract operator space can be realized as a subspace of B(H) for some Hilbert space
H

* Implies that every operator space has a faithful representation as bounded operators on a Hilbert
space

* Allows for the study of operator spaces using both abstract and concrete approaches

* Facilitates the development of operator space theory by connecting it to well-established operator
algebra concepts

Completely Bounded and Positive Maps

Completely Bounded Maps and Their Properties

» Completely bounded map ¢: V — W between operator spaces maintains boundedness when tensored
with matrix algebras

* CB-norm of a map ¢ defined as the supremum of the norms of e®In over all n

» Completely bounded maps form a natural class of morphisms in the category of operator spaces
* Properties of completely bounded maps include:

» Composition of completely bounded maps remains completely bounded

« Adjoint of a completely bounded map between C*-algebras remains completely bounded

* Tensor product of completely bounded maps remains completely bounded

Completely Positive Maps and Their Significance

» Completely positive map ¢: A - B between C*-algebras preserves positivity when tensored with
matrix algebras

» Characterized by the property that [@(aij)] remains positive for any positive matrix [aij] with entries from
A

« Stinespring's dilation theorem provides a fundamental representation for completely positive maps
* Applications of completely positive maps include:

* Quantum channels in quantum information theory

« State transformations in quantum mechanics

« Conditional expectations in operator algebra theory

Operator Systems and Their Role

+ Operator system defines a self-adjoint subspace of a C*-algebra containing the identity
* Serves as a natural domain for completely positive maps

» Characterized by the existence of a matrix ordering and an order unit
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» Archimedean property ensures that small positive elements remain positive under scalar multiplication
» Examples of operator systems include:

* The space of nxn matrices

* The self-adjoint part of a C*-algebra

* The dual space of a C*-algebra

Advanced Topics in Operator Spaces

Haagerup Tensor Product and Its Properties

» Haagerup tensor product ®h provides a way to construct new operator spaces from existing ones
* Defined for operator spaces U and V as the completion of U ® V with respect to a specific norm

* Properties of the Haagerup tensor product include:

» Associativity: (U ®h V) @h W = U ®h (V ®h W)

« Commutativity up to complete isometry: U ®h V=V ®h U

* Injectivity for subspaces: If U1 € U2 and V1 € V2, then U1 ®h V1 € U2 ®h V2

* Applications of the Haagerup tensor product include:

« Study of completely bounded multilinear maps

« Construction of operator space analogues of classical Banach space tensor products

Injective Envelope and Its Significance

+ Injective envelope I(X) of an operator space X represents the smallest injective operator space
containing X

+ Characterized by the rigidity property: any completely contractive map @: 1(X) - 1(X) fixing X must be
the identity

« Construction of the injective envelope involves:

» Embedding X into a large injective operator space (B(H))

* Applying a sequence of completely contractive projections

* Properties of the injective envelope include:

* Uniqueness up to complete isometry

* Preservation of C-algebraic structure when X is a C-algebra
* Applications of the injective envelope include:

» Extension problems for completely bounded maps

« Study of amenability and injectivity in operator algebras

« Construction of universal objects in operator space theory
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14.3 Quantum groups and their C*-algebras

Quantum groups blend classical group theory with non-commutative geometry, offering a fresh perspective
on symmetry in math and physics. They generalize familiar concepts like group representations and Haar
measures to a quantum setting, opening up new avenues for research.

Woronowicz C-algebras provide a rigorous framework for studying compact quantum groups within
C-algebra theory. The quantum SU(2) group serves as a key example, showcasing how classical
structures can be deformed into quantum analogs with intriguing properties.

Quantum Groups and Hopf Algebras

Foundations of Quantum Groups

» Quantum group generalizes classical group concept allows for non-commutative geometric structures

» Compact quantum group consists of unital C-algebra A and -homomorphism A: A - A ® A satisfying
coassociativity and cancellation properties

* Hopf algebra forms algebraic structure underlying quantum groups includes algebra, coalgebra, and
antipode map

+ Corepresentation generalizes group representation to quantum setting acts on vector spaces through
comultiplication

* Haar state provides quantum analog of Haar measure on classical groups uniquely determined by
invariance properties

Applications and Examples

» Quantum groups arise in various physical contexts (quantum mechanics, statistical mechanics)

» Deformation quantization produces quantum groups from classical Lie groups (quantum SU(2),
quantum SL(2))

* Yangians and quantum affine algebras serve as infinite-dimensional examples of quantum groups
» Quantum groups find applications in knot theory and low-dimensional topology (Jones polynomial)

* Non-commutative geometry utilizes quantum groups to study spaces with quantum symmetries

Woronowicz C*-Algebras and Quantum SU(2)

Woronowicz C*-Algebras

» Woronowicz C-algebra generalizes compact quantum groups within C-algebraic framework
+ Consists of unital C*-algebra A with comultiplication A: A - A ® A satisfying specific axioms
* Counit and antipode maps may not exist in bounded form for Woronowicz C*-algebras

» Woronowicz C*-algebras provide rigorous mathematical foundation for studying compact quantum
groups

» Examples include g-deformations of classical compact Lie groups (SUq(2), SOq(3))
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Quantum SU(2) and Deformations

» Quantum SU(2) serves as fundamental example of compact quantum group

» Generated by elements a and y satisfying specific commutation relations

» Comultiplication defined by A(d) =a ® a-qy® yand Aly) =y®a+a®y

* Drinfeld-Jimbo deformation provides systematic method for constructing quantum groups

» Deformation parameter q interpolates between classical (q=1) and fully quantum (q*1) cases

» Representation theory of quantum SU(2) closely related to that of classical SU(2) with modifications

Tannaka-Krein Duality

Classical Tannaka-Krein Duality

» Tannaka-Krein duality establishes correspondence between compact groups and their representation
categories

+ Allows reconstruction of compact group from its category of finite-dimensional representations
« Forgetful functor from representation category to vector spaces plays crucial role
* Natural transformations of forgetful functor correspond to group elements

* Classical result provides foundation for generalizations to quantum setting

Quantum Tannaka-Krein Duality

» Quantum Tannaka-Krein duality extends classical result to compact quantum groups
* Establishes equivalence between compact quantum groups and certain monoidal categories

* Representation category of compact quantum group characterized by specific properties (rigidity,
existence of integrals)

» Reconstruction theorem allows recovery of compact quantum group from its representation category

» Quantum Tannaka-Krein duality provides powerful tool for studying structure of compact quantum
groups

* Applications include classification of compact quantum groups and construction of new examples

14.4 C*-algebras in dynamical systems and ergodic theory

C*-algebras play a crucial role in dynamical systems and ergodic theory. They provide a powerful
framework for studying group actions, crossed products, and noncommutative ergodic phenomena. This
connection bridges abstract algebra with concrete physical systems.

The Rokhlin property and Connes spectrum are key tools in this area. They help analyze the structure of
crossed product algebras and characterize the behavior of automorphisms. These concepts extend
classical notions to the noncommutative realm, opening new avenues for research.
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Dynamical Systems and Group Actions

Foundations of Dynamical Systems

* Dynamical system describes mathematical model evolving over time

+ Consists of state space and evolution rule governing changes in system

« State space represents all possible configurations of system

* Evolution rule determines how system transitions between states

» Can be discrete-time (iterations) or continuous-time (differential equations)

* Examples include pendulum motion, population growth models, and planetary orbits

Group Actions and Their Properties

* Group action defines how elements of group transform objects in set
» Formally, map from group G and set X to X satisfying certain axioms

* Identity element of group leaves objects unchanged

» Composition of group elements corresponds to composition of actions
« Orbits formed by repeated application of group elements to objects

« Stabilizer subgroup contains elements leaving specific object fixed

* Applications in symmetry analysis, representation theory, and geometry

Ergodicity and Measure-Preserving Transformations

« Ergodicity fundamental concept in ergodic theory and statistical mechanics
 Characterizes systems where time averages equal space averages

» Measure-preserving transformation preserves measure of sets under action

* Ergodic transformation has no non-trivial invariant sets

« Birkhoff's Ergodic Theorem relates time and space averages for ergodic systems

« Examples include irrational rotations on circle and certain billiard systems

Topological Entropy and Dynamical Complexity

* Topological entropy quantifies complexity of dynamical system

* Measures exponential growth rate of distinguishable orbits

« Higher entropy indicates more complex, chaotic behavior

» Calculated using open covers or separated sets in state space

* Invariant under topological conjugacy

* Applications in studying chaotic systems, cryptography, and data compression

» Examples include logistic map, Arnold's cat map, and Smale horseshoe
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Crossed Products and Rokhlin Property

Crossed Product C*-algebras

* Crossed product C*-algebra constructs new algebra from existing one and group action
*» Generalizes semidirect product of groups to operator algebras

» Combines original C*-algebra A and group G acting on A

* Resulting algebra encodes both A and dynamics of G-action

* Elements represented as formal sums with coefficients from A and G

+ Multiplication defined using group action and convolution-like operation

* Important in studying group actions on operator algebras and noncommutative geometry

Rokhlin Property and Its Implications
» Rokhlin property generalizes notion of free action to noncommutative setting
* Named after Vladimir Rokhlin, originally defined for measure-preserving transformations
* For C*-dynamical systems, involves existence of approximately central projections
* These projections simulate orbit structure of free action
* Implies various structural properties of crossed product algebra
* Useful in classification of C*-algebras and study of group actions

» Examples include certain minimal homeomorphisms on Cantor set

Connes Spectrum and Spectral Analysis

» Connes spectrum invariant associated with automorphisms of C*-algebras

* Introduced by Alain Connes in study of factors in von Neumann algebras

* Generalizes notion of spectrum for single operator to group of automorphisms
* Provides information about spectral properties of crossed product algebra

* Relates to existence of invariant ideals and simplicity of crossed product

* Used in classification of factors and study of ergodic actions

* Applications in noncommutative geometry and quantum statistical mechanics
Noncommutative Ergodic Theory

Foundations of Noncommutative Ergodic Theory

* Noncommutative ergodic theory extends classical ergodic theory to operator algebras
* Replaces measure spaces with von Neumann algebras or C*-algebras

* Measure-preserving transformations become automorphisms of algebras
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* Ergodicity defined in terms of fixed points of automorphisms
* Noncommutative analogues of ergodic theorems developed
* Applications in quantum dynamics, statistical mechanics, and operator algebras

» Examples include quantum ergodicity in quantum chaos theory

Cuntz-Pimsner Algebras and Their Properties

» Cuntz-Pimsner algebras generalize both Cuntz algebras and crossed products
+ Constructed from C-correspondence (Hilbert bimodule) over C-algebra

» Encode dynamics of completely positive maps on C*-algebras

* Universal C*-algebra generated by creation operators subject to relations

» Gauge action provides natural grading on Cuntz-Pimsner algebra

« Important in classification of C*-algebras and study of dynamics

» Examples include Cuntz-Krieger algebras and graph C*-algebras

Noncommutative Dynamical Systems

* Noncommutative dynamical systems generalize classical dynamical systems
« State space replaced by noncommutative algebra of observables

* Evolution described by automorphisms or completely positive maps

* Quantum dynamical entropy generalizes topological entropy

» Noncommutative recurrence and ergodic theorems developed

* Applications in quantum information theory and open quantum systems

* Examples include quantum random walks and quantum cellular automata
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