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Unit 1 – Introduction to Complex Numbers
1.1 The imaginary unit i and imaginary numbers
Complex numbers expand our mathematical toolkit beyond real numbers. The imaginary unit 'i' is defined
as the square root of -1, allowing us to solve equations that were previously unsolvable. This concept
opens up new possibilities in algebra and geometry.

Imaginary numbers are represented on the complex plane, with the real part on the horizontal axis and the
imaginary part on the vertical axis. This visualization helps us understand their properties and perform
arithmetic operations, laying the foundation for further study of complex analysis.

The imaginary unit 'i'

Definition and properties of the imaginary unit 'i'
• The imaginary unit 'i' is defined as a number that satisfies the equation 

• 'i' is not a real number and cannot be represented on the real number line

• The square of 'i' equals -1, which is a real number

• When 'i' is multiplied by itself an odd number of times, the result is either 'i' or '-i'

• 

• 

• When 'i' is multiplied by itself an even number of times, the result is either 1 or -1

• 

• 

Imaginary numbers in the complex plane

Representation of imaginary numbers in the complex plane
• An imaginary number is a number that can be written as a real number multiplied by 'i'

• , , and  are examples of imaginary numbers

• The complex plane is a two-dimensional representation of complex numbers

• The real part is plotted on the horizontal axis

• The imaginary part is plotted on the vertical axis

• Pure imaginary numbers are complex numbers with a real part equal to zero

• Pure imaginary numbers are represented on the vertical axis of the complex plane

• Examples of pure imaginary numbers: , , and 

• The distance of an imaginary number from the origin in the complex plane represents its magnitude or
absolute value
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• The direction of an imaginary number in the complex plane is always along the vertical axis

• Positive imaginary numbers are directed upward

• Negative imaginary numbers are directed downward

Arithmetic with imaginary numbers

Addition and subtraction of imaginary numbers
• Addition and subtraction of imaginary numbers are performed by adding or subtracting their
coefficients while keeping 'i'

• 

• 

• The real parts and imaginary parts are added or subtracted separately

• 

Multiplication and division of imaginary numbers
• Multiplication of imaginary numbers is performed by multiplying their coefficients and applying the
property  when necessary

• 

• 

• Division of imaginary numbers is performed by multiplying the numerator and denominator by the
complex conjugate of the denominator

• The complex conjugate of  is , obtained by changing the sign of the imaginary part

• 

• The absolute value (modulus) of an imaginary number  is given by the formula 

• The absolute value represents the distance from the origin in the complex plane

• 

Solving equations with imaginary numbers

Solving techniques for equations involving imaginary numbers
• Equations involving imaginary numbers can be solved by applying the same algebraic techniques
used for solving equations with real numbers

• When solving equations with imaginary numbers, keep the real and imaginary parts separate and
equate the corresponding parts on both sides of the equation

•  becomes  (real part) and  (imaginary part)

• Equations involving higher powers of 'i' can be simplified by applying the properties of 'i'

• , , and  can be used to reduce the powers of 'i'
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•  can be simplified to 

Solving quadratic equations with imaginary solutions
• Quadratic equations with negative discriminants ( ) have complex solutions involving
imaginary numbers

• The quadratic formula  can be used to find the complex solutions of quadratic
equations

• When the discriminant ( ) is negative, the solutions will involve imaginary numbers

• Example:  has solutions , as the discriminant is 

1.2 Algebraic properties of complex numbers
Complex numbers expand our numerical world, combining real and imaginary parts. They're essential for
solving equations that stumped mathematicians for centuries. We use them in physics, engineering, and
even signal processing.

Algebraic properties of complex numbers mirror those of real numbers. Addition, subtraction, multiplication,
and division follow similar rules. But complex numbers introduce new concepts like conjugates and
absolute values, crucial for advanced calculations.

Complex Numbers and their Components

Definition and Representation
• Complex numbers are numbers expressed in the form , where  and  are real numbers, and 
is the imaginary unit defined as the square root of -1 ( )

• The real part of a complex number  is the real number , representing the horizontal
component on the complex plane

• The imaginary part of a complex number  is the real number , representing the vertical
component on the complex plane

• Complex numbers are represented as points or vectors on the complex plane, with the real part on the
horizontal axis and the imaginary part on the vertical axis (  is plotted at the point (3, 2))

Properties and Operations
• The complex conjugate of a complex number  is , obtained by changing the sign of the
imaginary part (the conjugate of  is )

• The absolute value (modulus) of a complex number  is the non-negative real number
, representing the distance from the origin on the complex plane (the absolute value of

 is )

• The sum and difference of complex conjugates result in real numbers:  and

• The product of a complex number and its conjugate is a real number: 
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Operations with Complex Numbers

Addition and Subtraction
• Addition of complex numbers is performed by adding the real and imaginary parts separately:

 ( )

• Subtraction of complex numbers is performed by subtracting the real and imaginary parts separately:
 ( )

• The commutative and associative properties hold for addition and subtraction of complex numbers:
 and , where , , and  are complex

numbers

Multiplication and Division
• Multiplication of complex numbers follows the distributive property and the rule :

 (
)

• Division of complex numbers is performed by multiplying the numerator and denominator by the
complex conjugate of the denominator to eliminate the imaginary part in the denominator:

 ( )

• The commutative, associative, and distributive properties hold for multiplication of complex numbers:
, , and 

Simplifying Complex Expressions

Algebraic Properties
• Complex numbers follow the commutative, associative, and distributive properties for addition and
multiplication, similar to real numbers

• Commutative property:  and 

• Associative property:  and 

• Distributive property: 

• The conjugate of a sum or difference of complex numbers is equal to the sum or difference of their
conjugates:  (the conjugate of  is

)

Properties of Modulus and Polar Form
• The absolute value of a product or quotient of complex numbers is equal to the product or quotient of
their absolute values:  and , where  and  are
complex numbers (if  and , then

)

• De Moivre's formula relates complex numbers in polar form to trigonometric functions:
, where  is an integer (

)
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• Euler's formula relates complex numbers in polar form to exponential functions: ,
where  is the mathematical constant ( )

Solving Equations with Complex Numbers

Linear and Quadratic Equations
• Linear equations with complex coefficients can be solved by isolating the variable on one side of the
equation and performing arithmetic operations on complex numbers (solve  by
dividing both sides by : )

• Quadratic equations with complex coefficients can be solved using the quadratic formula:
, where , , and  are complex numbers (solve  using the

quadratic formula with , , and )

• The discriminant ( ) determines the nature of the roots: if it is positive, there are two distinct
real roots; if it is zero, there is one real root; if it is negative, there are two distinct complex roots

Polynomial Equations and Systems of Equations
• Polynomial equations with complex coefficients can be solved by factoring, using the fundamental
theorem of algebra, or by numerical methods such as Newton's method or the secant method

• The fundamental theorem of algebra states that every non-constant single-variable polynomial with
complex coefficients has at least one complex root

• Newton's method is an iterative algorithm that approximates the roots of a polynomial equation by
using the formula , where  is the polynomial function and  is its derivative

• Systems of linear equations with complex coefficients can be solved using methods such as
substitution, elimination, or matrix methods

• Cramer's rule uses determinants to solve systems of linear equations, where the solution for each
variable is given by the ratio of two determinants (solve the system

using Cramer's rule)

• Gaussian elimination involves transforming the augmented matrix of the system into row echelon form
and then solving for the variables by back-substitution

1.3 Geometric representation of complex numbers
Complex numbers come alive on the complex plane. This geometric representation lets us visualize these
numbers as points or vectors, with the real part on the x-axis and the imaginary part on the y-axis.

The complex plane opens up a world of geometric interpretations. We can see addition as vector addition,
multiplication as rotation and scaling, and even grasp concepts like modulus and argument visually. It's a
powerful tool for understanding complex numbers.
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Plotting complex numbers

The complex plane
• The complex plane represents complex numbers in two dimensions with the real part on the horizontal
axis and the imaginary part on the vertical axis

• Each complex number a + bi corresponds to a unique point (a, b) on the complex plane

• For example, the complex number 2 + 3i is represented by the point (2, 3) on the complex plane

• The real axis contains all real numbers, while the imaginary axis contains all purely imaginary
numbers (numbers with a real part of 0)

• The real number 5 is located at the point (5, 0) on the real axis

• The imaginary number 4i is located at the point (0, 4) on the imaginary axis

• The complex conjugate a - bi of a complex number a + bi is the reflection of the point (a, b) across the
real axis

• For instance, the complex conjugate of 2 + 3i is 2 - 3i, which is the reflection of (2, 3) across the real
axis

Representing complex numbers as vectors
• Complex numbers can be represented as vectors on the complex plane, with the tail at the origin and
the head at the point (a, b)

• The vector representation provides a geometric interpretation of complex numbers

• The vector from the origin to the point (2, 3) represents the complex number 2 + 3i

• Vector representation allows for a visual understanding of complex number operations like addition,
subtraction, multiplication, and division

Geometric interpretation of addition and subtraction

Vector addition of complex numbers
• Adding complex numbers is equivalent to vector addition on the complex plane

• To add two complex numbers, place the tail of the second vector at the head of the first vector

• The resulting vector from the origin to the head of the second vector represents the sum of the two
complex numbers

• For example, to add (2 + 3i) and (1 + 2i), place the tail of the vector representing (1 + 2i) at the head of
the vector representing (2 + 3i)

• The resulting vector from the origin to the head of (1 + 2i) represents the sum (3 + 5i)

Subtracting complex numbers
• Subtracting complex numbers is the same as adding the first complex number to the negative of the
second complex number
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• The negative of a complex number is the vector with the same magnitude but opposite direction on the
complex plane

• The negative of (1 + 2i) is (-1 - 2i), which is the vector pointing in the opposite direction

• To subtract (1 + 2i) from (2 + 3i), add (2 + 3i) and (-1 - 2i) using vector addition

• The resulting vector represents the difference (1 + i)

Modulus and argument of complex numbers

Modulus (absolute value)
• The modulus |z| of a complex number z = a + bi is the distance from the origin to the point (a, b) on the
complex plane

• Calculate the modulus using the formula |z| = √(a^2 + b^2)

• For example, the modulus of (3 + 4i) is |3 + 4i| = √(3^2 + 4^2) = 5

• The modulus represents the magnitude or length of the vector representing the complex number

Argument (phase)
• The argument arg(z) of a complex number z = a + bi is the angle θ between the positive real axis and
the vector representing the complex number

• Calculate the argument using the formula θ = arctan(b/a), typically expressed in radians

• For example, the argument of (1 + √3i) is arg(1 + √3i) = arctan(√3/1) = π/3 radians or 60 degrees

• The argument lies in the interval (-π, π] or [0, 2π)

• Express a complex number in polar form using its modulus and argument: z = r(cos(θ) + i⋅sin(θ)),
where r is the modulus and θ is the argument

• The complex number (3 + 4i) can be written in polar form as 5(cos(arctan(4/3)) + i⋅sin(arctan(4/3)))

Geometric effects of multiplication vs division

Multiplying complex numbers
• Multiplying complex numbers corresponds to rotation and scaling on the complex plane

• When multiplying z1 and z2, the modulus of the product is the product of the moduli: |z1⋅z2| = |z1|⋅|z2|

• The argument of the product is the sum of the arguments: arg(z1⋅z2) = arg(z1) + arg(z2)

• Multiplying (2 + 2i) and (1 + i) yields (0 + 4i) because |2 + 2i|⋅|1 + i| = 2√2⋅√2 = 4 and arg(2 + 2i) +
arg(1 + i) = π/4 + π/4 = π/2

• Geometrically, multiplying a complex number by another rotates the first number by the argument of
the second and scales its modulus by the modulus of the second

Dividing complex numbers
• Dividing complex numbers corresponds to rotation and scaling in the opposite direction on the
complex plane
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• When dividing z1 by z2, the modulus of the quotient is the quotient of the moduli: |z1/z2| = |z1|/|z2|

• The argument of the quotient is the difference of the arguments: arg(z1/z2) = arg(z1) - arg(z2)

• Dividing (4 + 4i) by (1 + i) yields (2 + 2i) because |4 + 4i|/|1 + i| = 4√2/√2 = 4 and arg(4 + 4i) - arg(1 + i)
= π/4 - π/4 = 0

• Geometrically, dividing a complex number by another rotates the first number by the negative of the
argument of the second and scales its modulus by the reciprocal of the modulus of the second

1.4 Polar form of complex numbers
Complex numbers in polar form offer a powerful way to represent and manipulate numbers in the complex
plane. By expressing numbers as a magnitude and angle, we can easily visualize their geometric
properties and perform operations like multiplication and division.

Polar form simplifies certain calculations, especially those involving powers and roots of complex numbers.
It provides a clear connection between algebra and geometry, making it easier to understand the behavior
of complex numbers in various mathematical contexts.

Complex Number Forms

Converting from Rectangular to Polar Form
• A complex number in rectangular form is written as 

•  represents the real part

•  represents the imaginary part

•  is the imaginary unit, defined as 

• To convert from rectangular to polar form, use the following formulas:

• Modulus: 

• Argument:  or 

• The argument is expressed in radians

• The  function takes into account the quadrant of the complex number

Converting from Polar to Rectangular Form
• A complex number in polar form is written as  or 

•  is the modulus (magnitude) of the complex number

•  is the argument (angle) in radians

• The  function is defined as 

• To convert from polar to rectangular form, use the following formulas:

• Real part: 

• Imaginary part: 

• The polar form of a complex number is not unique
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• The argument can be expressed as , where  is any integer

• This is due to the periodicity of the trigonometric functions  and 

Arithmetic with Polar Complex Numbers

Multiplication and Division
• Multiplication of complex numbers in polar form:

• If  and , then 

• The moduli are multiplied, and the arguments are added

• Division of complex numbers in polar form:

• If  and , then 

• The moduli are divided, and the arguments are subtracted

Powers and Roots
• Powers of complex numbers in polar form:

• If , then  for any integer 

• The modulus is raised to the power , and the argument is multiplied by 

• Roots of complex numbers in polar form:

• If , then the -th roots of  are given by , where 

• There are  distinct -th roots of a complex number

• The modulus is taken to the  power, and the argument is divided by  and added to 

Geometric Interpretation of Modulus and Argument

Modulus as Distance
• The modulus (magnitude) of a complex number represents the distance from the origin to the point
representing the complex number in the complex plane

• For a complex number , the modulus is given by 

• The modulus is always a non-negative real number

Argument as Angle
• The argument (angle) of a complex number represents the angle between the positive real axis and
the line segment connecting the origin to the point representing the complex number in the complex
plane

• The argument is typically expressed in radians

• It can be visualized as a counterclockwise rotation from the positive real axis

• The argument is given by  or 
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• The modulus and argument of a complex number provide a geometric interpretation of the number's
position in the complex plane

• The modulus determines the distance from the origin

• The argument determines the angle of rotation from the positive real axis

Solving Equations with Polar Complex Numbers

Equating Moduli and Arguments
• When solving equations involving complex numbers in polar form, it is often necessary to equate the
moduli and arguments of the complex numbers on both sides of the equation

• This is because two complex numbers are equal if and only if their moduli are equal and their
arguments differ by a multiple of 

• Equating the moduli results in an equation involving real numbers

• Equating the arguments may result in multiple solutions due to the periodicity of the argument

Simplifying Powers and Roots
• For equations involving powers or roots of complex numbers, using the polar form can simplify the
problem by applying the properties of exponents and logarithms

• The multiplication of arguments in the polar form corresponds to the addition of exponents

• The division of arguments in the polar form corresponds to the subtraction of exponents

• Taking the logarithm of both sides of an equation can help solve for the argument or modulus

Consistent Form and Graphical Methods
• When solving equations with multiple complex numbers, it may be helpful to convert all numbers to
either polar or rectangular form for consistency

• This allows for easier comparison and manipulation of the numbers

• Converting between forms may be necessary to solve certain parts of the equation

• Graphical methods, such as plotting complex numbers in the complex plane, can aid in understanding
and solving equations involving complex numbers in polar form

• Visualizing the moduli and arguments of the numbers can provide insights into the problem

• Geometric transformations, such as rotations and dilations, can be applied to the complex plane to
solve equations

1.5 Exponential form of complex numbers
The exponential form of complex numbers bridges algebra and geometry, offering a powerful tool for
manipulating these mathematical objects. By expressing complex numbers as , we can easily multiply,
divide, and find powers and roots. This representation simplifies calculations and provides insight into the
geometric properties of complex numbers.

Euler's formula, , is the foundation of the exponential form. It connects exponential
and trigonometric functions, allowing us to switch between rectangular and polar forms effortlessly. This
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versatility makes the exponential form invaluable for solving complex equations and understanding their
geometric interpretations.

Complex numbers in exponential form

Euler's formula and the exponential form
• Euler's formula states that for any real number x, 

• This formula connects the exponential function with trigonometric functions

• The exponential form of a complex number  is , where  is the modulus (magnitude) and  is
the argument (angle) in radians

• In the complex plane, the modulus  represents the distance from the origin to the point representing
the complex number

• The argument  is the angle formed with the positive real axis

• The real part of  is  and the imaginary part is 

• The exponential form allows for easier manipulation of complex numbers when multiplying, dividing, or
finding powers and roots

Applications and advantages of the exponential form
• The exponential form simplifies calculations involving powers and roots of complex numbers by
utilizing the properties of exponents and trigonometric functions

• When multiplying complex numbers in exponential form, the moduli are multiplied and the arguments
are added: 

• When dividing complex numbers in exponential form, the moduli are divided and the arguments are
subtracted: 

• To raise a complex number  to a power , use the formula: 

• When finding the th roots of a complex number , consider the formula: , where

Exponential, polar, and rectangular forms

Converting between different forms of complex numbers
• The polar form of a complex number is , where 

• This is equivalent to the exponential form 

• To convert from rectangular form  to polar or exponential form:

• Calculate the modulus using 

• Calculate the argument using , where  is the two-argument arctangent
function

• To convert from polar or exponential form to rectangular form, use the formulas:

• Real part: 
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• Imaginary part: 

• Example: Convert  to polar form

• 

• 

• Polar form:  or 

Choosing the appropriate form for a given problem
• When working with complex numbers in different forms, it's essential to consider the context and
choose the most appropriate representation for the given problem

• Rectangular form  is often used when performing addition, subtraction, or when the real and
imaginary parts are of interest

• Polar form  and exponential form  are useful when multiplying, dividing, or finding powers
and roots of complex numbers

• Example: Solve the equation 

• Converting to exponential form: 

• Using De Moivre's formula: 

• The exponential form simplifies the calculation of the fourth power

Powers and roots of complex numbers

Applying the exponential form to solve problems
• To raise a complex number  to a power , use the formula: 

• When finding the th roots of a complex number , consider the formula: , where

• The th roots of unity are complex numbers that satisfy the equation 

• They are evenly spaced points on the unit circle in the complex plane and can be expressed as ,
where 

• Example: Find the cube roots of 

• In exponential form: 

• Using the formula: , where 

• The three cube roots are: 

Solving equations and simplifying expressions
• The exponential form simplifies calculations involving powers and roots of complex numbers by
utilizing the properties of exponents and trigonometric functions

• When solving equations or simplifying expressions involving complex numbers, converting to
exponential form can often lead to more straightforward solutions
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• Example: Simplify 

• Converting to exponential form: 

• Using De Moivre's formula: 

• The exponential form allows for the application of De Moivre's formula, simplifying the calculation

De Moivre's formula for complex numbers

Derivation and application of De Moivre's formula
• De Moivre's formula is a generalization of Euler's formula for integer powers of complex numbers

• It states that for any complex number  and any integer :

• To derive De Moivre's formula, start with Euler's formula and apply the binomial theorem to expand

• De Moivre's formula is particularly useful for finding powers and roots of complex numbers expressed
in polar or exponential form

• When using De Moivre's formula to find the th roots of a complex number , the solutions are given
by: , where 

• Example: Find the fourth roots of 

• Using De Moivre's formula: , where 

• The four roots are:

Solving trigonometric identities and equations
• Applying De Moivre's formula can simplify complex number calculations and help solve problems
involving trigonometric identities and equations

• By expressing trigonometric functions in terms of complex exponentials using Euler's formula, De
Moivre's formula can be applied to simplify expressions and solve equations

• Example: Prove the identity 

• Using Euler's formula: 

• Applying De Moivre's formula: 

• Expanding the left side using the binomial theorem and simplifying leads to the desired identity

• Mastering the use of De Moivre's formula is crucial for solving advanced problems involving complex
numbers and trigonometric functions
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Unit 2 – Complex Functions and
Mappings
2.1 Complex functions and their properties
Complex functions are the building blocks of complex analysis. They map complex numbers to other
complex numbers, often represented as f(z) = u(x, y) + iv(x, y). Understanding their properties is key to
grasping more advanced concepts.

Continuity, differentiability, and analyticity are crucial properties of complex functions. The
Cauchy-Riemann equations provide a powerful tool for determining analyticity, while harmonic functions
connect complex analysis to real-world applications like fluid dynamics and electrostatics.

Complex Functions and Domains

Defining Complex Functions
• A complex function maps complex numbers from one set (the domain) to another set (the codomain)
of complex numbers

• Complex functions can be represented in the form , where  and
 are real-valued functions

• The real part of a complex function is denoted by , and the imaginary part is
denoted by 

• Examples of complex functions include polynomial functions ( ), exponential
functions ( ), trigonometric functions ( ), and logarithmic functions ( )

Domains of Complex Functions
• The domain of a complex function is the set of all complex numbers for which the function is defined
and produces a unique output value

• The domain can be represented as a subset of the complex plane

• Functions may have restricted domains due to the presence of singularities or branch cuts

• For example, the domain of the logarithmic function  is the set of all non-zero complex
numbers, as the logarithm is not defined for zero

Continuity, Differentiability, and Analyticity

Continuity of Complex Functions
• A complex function  is continuous at a point  if and only if the limit of  as  approaches 
exists and equals 

• Continuity of complex functions is similar to that of real-valued functions

• The sum, difference, product, and quotient of continuous functions are also continuous

• If a function is continuous on a closed and bounded domain, it is uniformly continuous on that domain
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Differentiability and Analyticity
• A complex function  is differentiable at a point  if and only if the limit of 
exists as  approaches . This limit is called the derivative of  at  and is denoted by 

• A complex function  is analytic (or holomorphic) on a domain  if it is differentiable at every point
in 

• If a complex function is analytic, it is infinitely differentiable, and its Taylor series converges to the
function in a neighborhood of every point in its domain

• The sum, difference, product, quotient, and composition of analytic functions are also analytic

• Examples of analytic functions include polynomials, exponential functions, and trigonometric functions

Cauchy-Riemann Equations for Analyticity

Stating the Cauchy-Riemann Equations
• The Cauchy-Riemann equations provide a necessary and sufficient condition for a complex function

 to be analytic

• The Cauchy-Riemann equations are:  and , where  denotes the partial derivative

• If the partial derivatives of  and  exist and are continuous, and the Cauchy-Riemann equations are
satisfied at a point , then  is analytic at 

Applying the Cauchy-Riemann Equations
• If  is analytic in a domain , then the Cauchy-Riemann equations are satisfied at every point in 

• The Cauchy-Riemann equations can be used to determine the analyticity of complex functions and to
find the derivative of an analytic function

• To check if a function is analytic, compute the partial derivatives of its real and imaginary parts and
verify that they satisfy the Cauchy-Riemann equations

• For example, consider the function . The partial
derivatives are , , , and . Since these satisfy the Cauchy-Riemann
equations,  is analytic

Harmonic Functions vs Analytic Functions

Properties of Harmonic Functions
• A real-valued function  is harmonic if it satisfies Laplace's equation: 

• Harmonic functions have several important properties, such as the mean value property, the
maximum principle, and the uniqueness principle

• The mean value property states that the value of a harmonic function at any point is equal to the
average of its values on any circle centered at that point

• The maximum principle states that a non-constant harmonic function cannot attain its maximum or
minimum value inside its domain
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• The uniqueness principle states that if two harmonic functions have the same boundary values on a
bounded domain, they are identical throughout the domain

Relationship between Harmonic and Analytic Functions
• If  is an analytic function, then both  and  are harmonic
functions

• Conversely, if  and  are harmonic functions that satisfy the Cauchy-Riemann equations,
then  is an analytic function

• The real and imaginary parts of an analytic function are related by the Cauchy-Riemann equations
and form a harmonic conjugate pair

• Harmonic functions play a crucial role in various applications of complex analysis, such as fluid
dynamics (potential flow), electrostatics (electric potential), and heat conduction (temperature
distribution)

2.2 Mappings by elementary functions
Complex functions map points from one complex plane to another. Elementary functions like linear,
exponential, and trigonometric play a crucial role. They exhibit unique properties and behaviors, forming
the foundation for more advanced concepts in complex analysis.

Understanding these mappings is essential for visualizing and manipulating complex functions. From
simple linear transformations to intricate conformal mappings, these tools allow us to explore the rich
landscape of complex analysis and its applications in various fields.

Mappings of Elementary Functions

Linear and Special Functions
• Linear functions, such as  where  and  are complex constants, map lines to lines and
circles to circles in the complex plane

• The value of  determines the rotation and scaling, while  represents the translation

• The identity function, , maps the complex plane onto itself without any transformation

• The conjugate function, , reflects the complex plane across the real axis, mapping points
 to 

Visualizing Complex Mappings
• Elementary functions in complex analysis include exponential, logarithmic, trigonometric, polynomial,
and rational functions

• These functions map points from the complex plane to another set of points in the complex plane

• Visualizing complex functions requires considering both the domain (input) and codomain (output) as
two-dimensional planes

• The input is the complex -plane and the output is the complex -plane
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Properties of Complex Functions

Exponential and Logarithmic Functions
• The complex exponential function, , is periodic along the
imaginary axis with period  and unbounded along the real axis

• The complex logarithm, , is a multi-valued function with infinitely many branches

• The principal branch, denoted as \Log(z), is defined by restricting the imaginary part to the interval

Trigonometric and Hyperbolic Functions
• Complex trigonometric functions, such as , , and , can be defined using the
complex exponential function through Euler's formula: 

• These functions exhibit periodicity in both the real and imaginary parts, with the period being related to

• The complex sine and cosine functions have zeros at integer multiples of  and , respectively,
along the real axis

• The hyperbolic trigonometric functions, , , and , can be defined using the
exponential function and have similar properties to their real counterparts

Mappings of Polynomial and Rational Functions

Polynomial Functions
• Polynomial functions, , where the coefficients 
are complex numbers, map the complex plane to itself

• The degree of the polynomial determines the number of zeros (roots) and the behavior at infinity

Rational Functions and Critical Points
• Rational functions, , where  and  are polynomial functions, map the
complex plane to itself, except at the poles (zeros of the denominator)

• These functions can have zeros, poles, and branch points

• Critical points of a complex function are points where the derivative is zero or does not exist

• These points can be classified as zeros ( ), poles (  approaches infinity), or branch points
(multi-valued points)

• The order of a zero or pole determines the behavior of the function near the critical point

• A zero of order  means  near the point 

• A pole of order  means 

• The residue of a complex function at a pole is the coefficient of the  term in the Laurent
series expansion around the pole

• Residues are useful in evaluating complex integrals using the residue theorem
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Conformal Mappings for Geometric Properties

Conformal Mappings and Analytic Functions
• Conformal mappings are angle-preserving transformations that map a domain in the complex plane to
another domain while preserving local angles and shapes of infinitesimal figures

• Analytic functions (functions that are differentiable at every point in a domain) are conformal at points
where the derivative is non-zero

• The Cauchy-Riemann equations provide a necessary and sufficient condition for a complex function to
be analytic (and thus conformal) in a domain

• Examples of conformal mappings include linear functions, exponential functions, and the complex
logarithm (in a restricted domain)

Applications and the Riemann Mapping Theorem
• Conformal mappings can be used to solve problems in physics and engineering, such as in fluid
dynamics, electrostatics, and heat transfer

• They transform complicated geometries into simpler ones while preserving the underlying physical
properties

• The Riemann mapping theorem states that any simply connected domain in the complex plane (other
than the entire plane) can be conformally mapped onto the open unit disk

• This theorem has significant implications in the study of complex analysis and its applications

2.3 Linear fractional transformations
Linear fractional transformations are complex functions that map circles and lines to circles and lines.
They're key players in complex analysis, offering a way to transform and analyze geometric shapes in the
complex plane.

These transformations have cool properties like preserving angles and forming a group under composition.
They're used in various fields, from physics to computer graphics, making them a versatile tool for solving
complex problems.

Linear Fractional Transformations

Definition and Properties
• A linear fractional transformation (LFT) is a complex function of the form ,
where , , , and  are complex numbers and 

• LFTs are also known as Möbius transformations, homographic functions, or bilinear transformations

• LFTs form a group under composition

• The composition of two LFTs is another LFT

• The inverse of an LFT is also an LFT

• LFTs are conformal mappings

• Preserve angles and the orientation of curves in the complex plane
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• The identity transformation corresponds to the LFT with  and 

• The set of all LFTs is isomorphic to the projective special linear group 

Fixed Points and Elementary Transformations
• LFTs can be decomposed into a sequence of elementary transformations (translations, rotations,
dilations, and inversions)

• Translations correspond to LFTs of the form , where  is a complex number representing
the displacement

• Rotations and dilations are represented by LFTs of the form , where  is a non-zero
complex number

• The argument of  determines the rotation angle

• The modulus of  determines the scaling factor

• Inversions are represented by LFTs of the form 

• Map circles and lines to circles and lines, with the exception of lines through the origin, which are
mapped to themselves

• The fixed points of an LFT are the solutions to the equation 

• Can be found using the quadratic formula

• LFTs can have at most two fixed points in the extended complex plane (including )

Geometric Effects of LFTs

Mapping Circles and Lines
• LFTs map circles and lines to circles and lines in the extended complex plane (including )

• To map a circle or line using an LFT

• Apply the transformation to three or more points on the circle or line

• Determine the image circle or line passing through the transformed points

• LFTs preserve the cross-ratio of four distinct points in the extended complex plane

• Can be used to solve problems involving the mapping of specific points or regions

• The pre-image of a circle or line under an LFT can be found by applying the inverse transformation to
the image circle or line

Mapping Regions and Applications
• LFTs can be used to map the upper half-plane, the unit disk, or other regions in the complex plane to
more convenient domains for analysis or computation

• Applications of LFTs in various fields

• Physics (conformal field theory)

• Engineering (signal processing)



Fiveable archived study guides Page 21

• Computer graphics (image transformations)

Mapping with LFTs

Composition of LFTs
• The composition of two LFTs, denoted by , is another LFT obtained by substituting  for 
in the expression for  and simplifying the result

• The set of all LFTs forms a group under composition

• The identity transformation as the identity element

• The inverse of an LFT as the group inverse

Möbius Transformations and Classification
• Möbius transformations are equivalent to LFTs and are often studied in the context of hyperbolic
geometry and complex analysis

• The group of Möbius transformations is isomorphic to the projective special linear group 

• The quotient group of the special linear group  by its center 

• Classification of Möbius transformations based on their fixed points and trace

• Parabolic transformations (one fixed point)

• Elliptic transformations (two fixed points, trace is real and )

• Hyperbolic transformations (two fixed points, trace is real and )

• Loxodromic transformations (two fixed points, trace is complex)

LFT Composition and Möbius Transformations

Composition and Group Structure
• The composition of LFTs is associative and forms a group

• The identity LFT is 

• The inverse of an LFT  is 

• The group of LFTs is non-abelian, meaning that the order of composition matters

• In general, 

• The group of LFTs acts on the extended complex plane (including ) by permuting points according
to the transformation

Relation to Other Areas of Mathematics
• Möbius transformations are closely related to projective geometry

• The extended complex plane can be identified with the complex projective line 

• LFTs correspond to projective transformations of 
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• The group of Möbius transformations is isomorphic to the group of isometries of the hyperbolic plane

• The upper half-plane model of hyperbolic geometry

• The Poincaré disk model of hyperbolic geometry

• Möbius transformations have applications in the study of rational functions and algebraic curves

• Rational functions can be expressed as the composition of LFTs and polynomials

• LFTs can be used to simplify and analyze the geometry of algebraic curves
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Unit 3 – Analytic Functions
3.1 Limits and continuity
Complex functions build on real-valued functions, extending concepts like limits and continuity to the
complex plane. These ideas are crucial for understanding analytic functions, which are smooth and
well-behaved in complex analysis.

Limits and continuity in complex analysis mirror their real counterparts but with some key differences. The
main distinction is that we're now dealing with two-dimensional complex numbers, which adds depth to
these fundamental concepts.

Limits of Complex Functions

Definition of Limit at a Point and Infinity
• The limit of a complex function  as  approaches a point  is a complex number  if, for any
positive real number , there exists a positive real number  such that  whenever

• If the limit  exists, we write 

• If the limit does not exist, we say the limit of  as  approaches  does not exist or is undefined

• The limit of a complex function  as  approaches infinity is a complex number  if, for any positive
real number , there exists a positive real number  such that  whenever 

• If the limit  exists as  approaches infinity, we write 

• If the limit does not exist, we say the limit of  as  approaches infinity does not exist or is
undefined

Evaluating Limits Using Real and Imaginary Parts
• The limit of a complex function  as  approaches a point  or infinity can be evaluated by
considering the limits of the real and imaginary parts of  separately, provided both limits exist

• Let , where 

• 

• If both limits exist, then the limit of  exists and is equal to the sum of the limits of the real and
imaginary parts

• Example: 

Continuity of Complex Functions

Conditions for Continuity
• A complex function  is continuous at a point  if and only if the following three conditions are
satisfied: 1.  is defined (i.e.,  is in the domain of ) 2.  exists 3. 

• A complex function  is continuous on a domain  if it is continuous at every point in 
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Properties of Continuous Functions
• The sum, difference, product, and quotient of continuous complex functions are also continuous,
provided the quotient is not divided by zero

• If  and  are continuous at , then , , and  (provided 
) are also continuous at 

• Polynomial functions, exponential functions, and trigonometric functions are continuous on their entire
domains

• Example:  is continuous on the entire complex plane

• Rational functions are continuous on their domains, except at points where the denominator is zero

• Example:  is continuous on the complex plane except at 

Evaluating Limits of Complex Functions

Properties of Limits
• The limit of a constant function is the constant itself: , where  is a complex constant

• The limit of the sum (or difference) of two complex functions is the sum (or difference) of their limits:

• The limit of the product of two complex functions is the product of their limits:

• The limit of the quotient of two complex functions is the quotient of their limits, provided the limit of the
denominator is not zero: , where 

Squeeze Theorem
• If  for all  in a neighborhood of  (except possibly at ) and

, then 

• The squeeze theorem is useful for evaluating limits of functions that are "sandwiched" between two
other functions with known limits

• Example: If  for all  in a neighborhood of 0 and , then 

Proving Continuity of Complex Functions

Using the Definition of Continuity
• To prove that a complex function  is continuous at a point  using the definition of continuity, one
must show that for any , there exists a  such that  whenever 

• The proof typically involves algebraic manipulation of the inequality  to isolate
 and determine a suitable value for  in terms of 

• The value of  may depend on  and the specific form of the function 

• Once a suitable  is found, the proof is complete, demonstrating that  is continuous at 
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Proving Continuity on a Domain
• To prove continuity on a domain, one must show that the function is continuous at every point in the
domain, which may require considering different cases or using properties of continuous functions

• For example, to prove that a polynomial function is continuous on the entire complex plane, one can
use the properties of continuous functions (sum, product, and composition of continuous functions are
continuous)

• For a rational function, one might need to consider the continuity at points where the denominator is
zero separately from the rest of the domain

• In some cases, it may be more efficient to prove continuity on a domain by showing that the real and
imaginary parts of the function are continuous on the corresponding real domain

3.2 Differentiability and analyticity
Complex functions can be tricky, but differentiability and analyticity are key concepts to grasp. They're all
about how smoothly a function behaves and whether it can be approximated by polynomials.

Differentiability means a function has a well-defined rate of change at every point. Analyticity is even
stronger - it requires the function to be infinitely differentiable and have a power series expansion. These
properties are crucial for many advanced techniques in complex analysis.

Derivative of Complex Functions

Definition and Geometric Interpretation
• The derivative of a complex function  at a point  is defined as the limit of the difference quotient

 as  approaches , provided the limit exists

• Measures the rate of change of the function at a given point

• Geometrically, represents the local stretching and rotation of the function near that point

• The argument (angle) of the derivative indicates the angle of rotation

• The modulus (magnitude) of the derivative represents the scaling factor

• If the derivative exists at a point, the function is said to be differentiable at that point

Properties of Differentiable Functions
• The sum, difference, product, and quotient of differentiable functions are also differentiable, provided
the denominator of the quotient is non-zero

• The composition of two differentiable functions is also differentiable

• The derivative can be found using the chain rule

• Examples of differentiable functions:

• Polynomial functions ( )

• Exponential functions ( )

• Trigonometric functions ( , )
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Differentiability of Complex Functions

Conditions for Differentiability
• A complex function  is differentiable at a point  if the limit of the difference quotient 
exists as  approaches  from any direction

• For differentiability, the limit of the difference quotient must be the same regardless of the path along
which  approaches 

• If a complex function is differentiable at every point within an open domain, the function is said to be
holomorphic or analytic on that domain

Examples of Differentiability
• The function  is differentiable at every point in the complex plane

• The derivative is 

• The function  is not differentiable at 

• The limit of the difference quotient depends on the path along which  approaches 

• The function  (complex conjugate) is not differentiable at any point

• The limit of the difference quotient does not exist

Analyticity and Differentiability

Definition and Properties of Analytic Functions
• A complex function is analytic (or holomorphic) on an open domain if it is differentiable at every point
within that domain

• Analyticity is a stronger condition than differentiability

• A function may be differentiable at a point without being analytic in a neighborhood of that point

• Analytic functions possess many desirable properties:

• Infinitely differentiable

• Satisfy the Cauchy-Riemann equations

• Admit contour integral representations

• Can be represented by a convergent power series in a neighborhood of any point within the domain

Examples of Analytic and Non-Analytic Functions
• The function  is analytic on the entire complex plane

• The function  (complex conjugate) is not analytic on any open domain

• It is differentiable only at 

• The function  (absolute value) is not analytic on any open domain

• It is not differentiable at 
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Cauchy-Riemann Equations for Analyticity

Statement and Application of Cauchy-Riemann Equations
• The Cauchy-Riemann equations provide a necessary and sufficient condition for a complex function to
be analytic on an open domain

• For a complex function , where , the Cauchy-Riemann equations
are:

• 

• 

• To verify analyticity using the Cauchy-Riemann equations: 1. Express the function in terms of its real
and imaginary parts,  and  2. Calculate the partial derivatives , , , and  3. Check
if they satisfy the Cauchy-Riemann equations at every point in the domain 4. Ensure that the partial
derivatives are continuous on the domain

Examples of Verifying Analyticity
• The function 

•  and 

• , , , 

• The Cauchy-Riemann equations are satisfied, and the partial derivatives are continuous, so  is
analytic on the entire complex plane

• The function 

•  and 

• , , , 

• The Cauchy-Riemann equations are not satisfied, so  is not analytic on any open domain

3.3 Cauchy-Riemann equations
The Cauchy-Riemann equations are key to understanding complex differentiability. They give us a way to
check if a function is analytic, which is super important in complex analysis. These equations link the real
and imaginary parts of a complex function.

By using these equations, we can figure out if a function is analytic and find harmonic conjugates. This
helps us solve all sorts of problems in math and physics, like fluid dynamics and electrostatics. It's a
powerful tool for working with complex functions.

Cauchy-Riemann Equations

Cartesian and Polar Forms
• The Cauchy-Riemann equations provide a necessary and sufficient condition for a complex function to
be complex differentiable (analytic) at a point

• In Cartesian form, for a complex function , the Cauchy-Riemann equations
are:
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• 

• 

• In polar form, for a complex function , the Cauchy-Riemann equations are:

• 

• 

• The Cauchy-Riemann equations relate the partial derivatives of the real and imaginary parts of a
complex function

Derivation from Differentiability
• A complex function  is differentiable at a point  if the limit of  exists
as  approaches , independent of the path along which  approaches 

• Applying the limit definition of the derivative to the real and imaginary parts of  separately leads to
the Cauchy-Riemann equations

• The derivation involves considering the limit along the real and imaginary axes and equating the
corresponding components, resulting in the partial derivative relations

• The derivation can also be performed using the polar form of the complex function, leading to the polar
form of the Cauchy-Riemann equations

• The existence of the complex derivative implies the existence and continuity of the partial derivatives
satisfying the Cauchy-Riemann equations

Differentiability and Cauchy-Riemann Equations

Analyticity and Differentiability
• A complex function is analytic (complex differentiable) at a point if it is differentiable in a neighborhood
of that point

• For a complex function to be analytic at a point or in a region, the Cauchy-Riemann equations must be
satisfied at that point or throughout the region

• If the Cauchy-Riemann equations are satisfied and the partial derivatives are continuous at a point,
then the function is analytic at that point

• If the Cauchy-Riemann equations are satisfied throughout a region and the partial derivatives are
continuous in that region, then the function is analytic in that region

• Analyticity is a stronger condition than differentiability, as it requires the function to be differentiable in
a neighborhood of a point

Checking Analyticity
• To determine if a complex function is analytic, compute the partial derivatives of the real and
imaginary parts and check them against the Cauchy-Riemann equations

• Example: For , we have:

• , 
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• , 

• , 

• The Cauchy-Riemann equations are satisfied, and the partial derivatives are continuous everywhere,
so  is analytic in the entire complex plane

• Example: For , we have:

• , 

• , 

• , 

• The Cauchy-Riemann equations are not satisfied, so  is not analytic anywhere

Analyticity Using Cauchy-Riemann Equations

Harmonic Functions and Conjugates
• A real-valued function  is called harmonic if it satisfies Laplace's equation: 

• If  is a harmonic function, then there exists a harmonic conjugate  such that
 is analytic

• The harmonic conjugate can be found by integrating the Cauchy-Riemann equations:

•  or 

• Example: If , then  is its harmonic conjugate, and
 is analytic

Laplace's Equation
• The Cauchy-Riemann equations can be used to derive Laplace's equation in two dimensions

• If  is analytic, then both  and  satisfy Laplace's equation:

•  and 

• This property is useful in solving boundary value problems in various fields, such as fluid dynamics
and electrostatics

• Example: In electrostatics, the electric potential  satisfies Laplace's equation in charge-free
regions, and the electric field components can be found using the Cauchy-Riemann equations:

•  and 

Applications of Cauchy-Riemann Equations

Analytic Function Properties
• The Cauchy-Riemann equations can be used to prove properties of analytic functions, such as the
Cauchy-Riemann theorem and the Cauchy integral formula
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• Cauchy-Riemann Theorem: If  is analytic in a simply connected domain  and  is a simple
closed curve in , then 

• Cauchy Integral Formula: If  is analytic in a simply connected domain  and  is a simple closed
curve in  enclosing a point , then 

• These theorems are fundamental in complex analysis and have numerous applications in
mathematics and physics

Boundary Value Problems
• The Cauchy-Riemann equations can be used to solve boundary value problems in various fields, such
as fluid dynamics, electrostatics, and heat transfer

• In these problems, the solution is often a complex function whose real and imaginary parts satisfy
certain boundary conditions

• Example: In fluid dynamics, the complex potential  is used to describe the
flow of an ideal fluid, where  is the velocity potential and  is the stream function

• The Cauchy-Riemann equations relate the velocity components to the potential and stream functions:
 and 

• Boundary conditions on the velocity components or the stream function can be used to determine the
complex potential and solve for the flow field

• Example: In electrostatics, the complex potential  is used to describe the
electric field in two dimensions, where  is the electric potential and  is the electric flux
function

• The Cauchy-Riemann equations relate the electric field components to the potential and flux functions:
 and 

• Boundary conditions on the electric potential or the flux function can be used to determine the
complex potential and solve for the electric field

3.4 Harmonic functions
Harmonic functions are the real-valued cousins of analytic functions. They satisfy the Laplace equation and
share many cool properties with analytic functions, like the mean value property and maximum principle.
They're key players in complex analysis.

The real and imaginary parts of analytic functions are harmonic, and we can use harmonic functions to
build analytic ones. This connection helps us solve problems in physics, like figuring out electric fields or
heat flow. It's a powerful tool in our complex analysis toolkit.

Harmonic Functions and Analytic Functions

Properties of Harmonic Functions
• Harmonic functions are real-valued functions that satisfy the Laplace equation in a given domain

• If a function  is analytic in a domain , then both  and  are
harmonic functions in 
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• The real and imaginary parts of an analytic function are harmonic functions and are related by the
Cauchy-Riemann equations

• Harmonic functions have many properties similar to analytic functions

• Mean value property: the value of a harmonic function at any point is equal to the average of its values
on any circle centered at that point and lying within the domain

• Maximum principle: a non-constant harmonic function cannot attain its maximum or minimum value
within its domain

Relationship between Harmonic and Analytic Functions
• The real and imaginary parts of an analytic function are harmonic functions

• If  is analytic, then  and  are harmonic

• Harmonic functions can be used to construct analytic functions

• If  is harmonic, there exists a harmonic conjugate  such that 
is analytic

• The Cauchy-Riemann equations connect the partial derivatives of the real and imaginary parts of an
analytic function

•  and 

Harmonic Functions and the Laplace Equation

The Laplace Equation
• The Laplace equation for a function  in two dimensions is 

• A real-valued function is harmonic if and only if it satisfies the Laplace equation in its domain

• To determine if a function is harmonic, compute its second partial derivatives and check if their sum
equals zero

• Examples of harmonic functions include:

• Real and imaginary parts of the complex exponential: 

• Real and imaginary parts of the complex logarithm: 

• Real and imaginary parts of complex polynomials: 

Solving the Laplace Equation
• The Laplace equation is a second-order partial differential equation

• Solutions to the Laplace equation are called harmonic functions

• Techniques for solving the Laplace equation include:

• Separation of variables: assume the solution is a product of functions of each variable separately

• Green's functions: express the solution as an integral involving a special function (the Green's
function) and boundary data
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• Conformal mappings: transform the problem to a simpler domain, solve, and map back to the original
domain

Finding Harmonic Conjugates

Definition and Properties of Harmonic Conjugates
• If  is a harmonic function, then there exists a unique harmonic function , called the
harmonic conjugate of , such that  is analytic

• The harmonic conjugate  is unique up to an additive constant

• If  and  are harmonic conjugates, then the curves  and  are
orthogonal for any constants  and 

Finding Harmonic Conjugates using the Cauchy-Riemann Equations
• The harmonic conjugate  can be found by integrating the Cauchy-Riemann equations:

• 

• 

• To find , integrate one of the Cauchy-Riemann equations with respect to the appropriate
variable

• Integrate  with respect to  to find  up to a function of 

• Integrate  with respect to  to find  up to a function of 

• The resulting function  will be the harmonic conjugate of 

Applications of Harmonic Functions

Boundary Value Problems
• Boundary value problems involve finding a harmonic function that satisfies given conditions on the
boundary of a domain

• The Dirichlet problem seeks a harmonic function with prescribed values on the boundary

• The Poisson integral formula provides a solution to the Dirichlet problem for a harmonic function in a
disk, given its boundary values

• The Neumann problem involves prescribed normal derivatives on the boundary

• Green's functions can be used to solve boundary value problems by expressing the solution as an
integral involving the boundary data and the Green's function

• Conformal mappings can be employed to transform a boundary value problem in a complicated
domain to a simpler domain, solve the problem there, and then map the solution back to the original
domain

Physical Applications
• Harmonic functions appear in various physical contexts, such as:

• Electrostatics: the electric potential in a charge-free region is a harmonic function
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• Fluid dynamics: the velocity potential of an irrotational, incompressible flow is a harmonic function

• Heat conduction: the steady-state temperature distribution in a region without heat sources or sinks is
a harmonic function

• The properties of harmonic functions, such as the mean value property and the maximum principle,
have physical interpretations in these contexts

• In electrostatics, the mean value property implies that the electric potential at a point is the average of
the potential on any sphere centered at that point

• In heat conduction, the maximum principle states that the maximum and minimum temperatures occur
on the boundary of the region
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Unit 4 – Elementary Functions
4.1 Exponential and logarithmic functions
Complex exponentials and logarithms are key players in complex analysis. They extend real-valued
functions to the complex plane, bringing new properties and challenges. These functions are inverses of
each other but behave differently in the complex world.

Understanding complex exponentials and logarithms is crucial for tackling advanced topics in complex
analysis. They help define complex powers, trigonometric functions, and hyperbolic functions, opening
doors to solving intricate problems in various fields of mathematics and physics.

Complex Exponential Functions

Definition and Evaluation
• The complex exponential function is defined as , where

 is a complex number,  is the real part, and  is the imaginary part

• Express the complex exponential function using Euler's formula: , where  is
the imaginary unit and  is a real number

• The complex exponential function is periodic with period , meaning  for any complex
number 

Properties of the Complex Exponential Function
• The absolute value (modulus) of the complex exponential function is given by , where  is
the real part of the complex number 

• For example, if , then 

• The argument (angle) of the complex exponential function is given by , where  is
the imaginary part of the complex number  and  is an integer

• For instance, if , then , where 

• The complex exponential function maps vertical lines in the complex plane to circles centered at the
origin

• The derivative of the complex exponential function is itself, i.e., 

Properties of Complex Logarithms

Definition and Multi-Valued Nature
• The complex logarithm, denoted as  or , is the inverse function of the complex exponential
function 

• The complex logarithm is a multi-valued function, meaning that for a given complex number , there
are infinitely many values of  that differ by integer multiples of 

• For example, if , then , where 
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• The principal value of the complex logarithm, denoted as  or , is the value with the
imaginary part lying in the interval 

Properties and Expressions
• Express the complex logarithm as , where  is the modulus of ,

 is the principal argument of , and  is an integer

• The complex logarithm is not defined for  and has a branch cut along the negative real axis

• The complex logarithm satisfies the properties of logarithms, such as:

•  for complex numbers  and 

•  for complex number  and integer 

• The complex logarithm maps circles centered at the origin to vertical lines (with the exception of the
negative real axis)

• The derivative of the complex logarithm is the reciprocal of the variable, i.e., 

Solving Complex Equations

Solving Equations with Complex Exponentials
• To solve equations involving complex exponentials, use the properties of exponents and Euler's
formula to simplify the equation and isolate the variable

• For instance, solve  by taking the natural logarithm of both sides: , where
, then 

• Be aware of the periodicity of the complex exponential function when solving equations, as there may
be infinitely many solutions

Solving Equations with Complex Logarithms
• When solving equations with complex logarithms, ensure that the arguments of the logarithms are
non-zero complex numbers and that the equation is consistent with the branch cuts and principal values
of the logarithms

• Use the properties of logarithms, such as  and , to
simplify equations involving complex logarithms

• For example, solve  by using the property : ,
then , and finally 

• Consider the multi-valued nature of the complex logarithm when solving equations, as there may be
multiple solutions or no solutions depending on the branch cut and principal value chosen

Solving Equations with Both Complex Exponentials and Logarithms
• When an equation involves both complex exponentials and logarithms, apply the inverse relationship
between the functions, i.e.,  and , to simplify the equation

• For instance, solve  by using the inverse relationship: 
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• Combine the techniques for solving equations with complex exponentials and logarithms when faced
with equations involving both functions

Complex Exponentials vs Logarithms

Inverse Relationship
• The complex exponential function  and the complex logarithm  are inverse functions,
meaning that:

•  for non-zero complex numbers 

•  for all complex numbers 

• This inverse relationship allows for simplifying expressions and solving equations involving both
complex exponentials and logarithms

Contrasting Properties
• The complex exponential function is a periodic function with period , while the complex logarithm is
a multi-valued function with a branch cut along the negative real axis

• The complex exponential function maps vertical lines in the complex plane to circles centered at the
origin, while the complex logarithm maps circles centered at the origin to vertical lines (with the
exception of the negative real axis)

Importance in Complex Analysis
• The complex exponential and logarithmic functions play a crucial role in complex analysis, as they are
used to define and study:

• Complex powers:  for complex numbers  and 

• Complex trigonometric functions:  and 

• Complex hyperbolic functions:  and 

• Understanding the properties and behavior of complex exponentials and logarithms is essential for
advanced topics in complex analysis, such as contour integration and residue theory

4.2 Trigonometric and hyperbolic functions
Complex trigonometric and hyperbolic functions extend real-valued functions to the complex plane. They're
defined using the complex exponential function and Euler's formula, maintaining key properties like
periodicity and identities.

These functions play a crucial role in complex analysis, allowing us to solve equations and model
phenomena in the complex domain. Understanding their definitions, properties, and relationships is
essential for working with complex-valued functions.

Trigonometric functions in the complex plane

Complex exponential function and Euler's formula
• The complex exponential function  is defined as  for any complex
number 
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• Euler's formula, , relates the complex exponential function to the complex
trigonometric functions

• Example: 

Definitions of complex trigonometric functions
• The complex sine function is defined as  for any complex number 

• The complex cosine function is defined as  for any complex number 

• The complex tangent function is defined as  for any complex number 
where 

• The complex cotangent, secant, and cosecant functions are defined as , ,
and , respectively, for any complex number  where the denominator is non-zero

• Example: 

Periodicity of complex trigonometric functions
• The complex trigonometric functions are periodic with period 

• , , and  for any complex number 

• This periodicity allows for the extension of trigonometric functions to the complex plane while
maintaining their fundamental properties

• Example: 

Complex hyperbolic functions

Definitions of complex hyperbolic functions
• The complex hyperbolic sine function is defined as  for any complex number 

• The complex hyperbolic cosine function is defined as  for any complex number 

• The complex hyperbolic tangent function is defined as  for any complex
number  where 

• The complex hyperbolic cotangent, secant, and cosecant functions are defined as ,
, and , respectively, for any complex number  where the denominator is

non-zero

• Example: 

Expressing complex hyperbolic functions using the complex exponential
function

• The complex hyperbolic functions can be expressed in terms of the complex exponential function

• 

• 
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• These expressions allow for the evaluation of complex hyperbolic functions using their real and
imaginary parts

• Example: 

Identities for complex functions

Addition formulas for complex trigonometric and hyperbolic functions
• The addition formulas for complex trigonometric functions are:

• 

• 

•  for any complex numbers  and  where the denominators are
non-zero

• The addition formulas for complex hyperbolic functions are:

• 

• 

•  for any complex numbers  and  where the denominators are
non-zero

• Example:

Double angle formulas for complex trigonometric and hyperbolic
functions

• The double angle formulas for complex trigonometric functions are:

• 

• 

•  for any complex number  where the denominators are non-zero

• The double angle formulas for complex hyperbolic functions are:

• 

• 

•  for any complex number  where the denominators are non-zero

• Example: 

Pythagorean identities for complex trigonometric and hyperbolic
functions

• The Pythagorean identities for complex trigonometric functions are:

• 



Fiveable archived study guides Page 39

•  for any complex number  where the functions are defined

• The Pythagorean identities for complex hyperbolic functions are:

• 

•  for any complex number  where the functions are defined

• These identities extend the fundamental relationships between trigonometric and hyperbolic functions
to the complex plane

• Example: 

Solving equations with complex functions

Solving equations with a single complex trigonometric or hyperbolic
function

• To solve equations involving a single complex trigonometric or hyperbolic function, use the inverse
function to solve for the variable

• If , then  for any integer 

• Similarly, use the inverse functions , , , , , ,
, , , , and  to solve equations involving the

corresponding complex trigonometric or hyperbolic functions

• Example: If , then 

Solving equations with multiple complex trigonometric or hyperbolic
functions

• For equations involving multiple complex trigonometric or hyperbolic functions, use the identities to
express the equation in terms of a single function, then solve for the variable using the inverse function

• Be aware of the domain and range of the functions involved and consider any restrictions on the
variable

• Some equations may have multiple solutions or no solutions depending on the values of the constants
and the functions involved

• Example: If , then , and substituting this into the Pythagorean
identity gives . Thus,  for any integer 

Graphical methods for solving complex trigonometric and hyperbolic
equations

• Graphical methods, such as plotting the functions on the complex plane, can be used to visualize and
approximate the solutions to complex trigonometric and hyperbolic equations

• By plotting both sides of the equation and observing the intersection points, one can estimate the
solutions to the equation

• Graphical methods can be particularly helpful when dealing with equations that are difficult to solve
analytically or have multiple solutions
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• Example: To solve , plot both  and  on the complex plane and find the intersection
points. The solutions will be the complex numbers corresponding to these intersection points

4.3 Complex exponents and logarithms
Complex exponents and logarithms are powerful tools in complex analysis. They extend familiar concepts
from real numbers to the complex plane, allowing us to work with a wider range of mathematical
expressions and solve more intricate problems.

These concepts build on Euler's formula and De Moivre's theorem, connecting exponential and
trigonometric functions. They're crucial for understanding the behavior of complex functions and solving
equations involving complex numbers, making them essential in many areas of mathematics and physics.

Complex Powers and Exponents

Euler's Formula and Polar Form
• Euler's formula expresses a complex number in polar form as 

•  represents the modulus (absolute value or magnitude) of the complex number

•  represents the argument (angle in radians) of the complex number

• This polar form allows for easier manipulation of complex numbers when performing operations such
as multiplication, division, and exponentiation

De Moivre's Formula and Complex Exponentiation
• De Moivre's formula states that for any complex number  and any integer , 

• This formula allows complex numbers raised to integer powers to be calculated more easily by
utilizing the polar form

• The modulus is raised to the power , while the argument is multiplied by 

• The principal value of the -th root of a complex number  is given by  where

• There are  distinct complex roots, obtained by varying  from 0 to 

• These roots are evenly spaced around the complex plane, forming the vertices of a regular -gon

• Raising a complex number to a complex power  where  can be evaluated using the
formula 

• This formula requires choosing a branch of the complex logarithm (usually the principal branch)

• The result is multi-valued due to the periodicity of the complex exponential function

Logarithms with Complex Arguments

Definition and Principal Value
• The complex logarithm of a non-zero complex number , denoted  or , is the complex
number  such that 

• For , the principal value of the logarithm is given by  where 
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• The real part of the logarithm is the natural logarithm of the modulus 

• The imaginary part is the argument , chosen to lie in the interval 

• There are infinitely many other values of the logarithm, differing from the principal value by integer
multiples of 

Logarithms with Complex Bases
• Logarithms with complex bases  can be evaluated using the change of base formula:

• This formula relates the logarithm with a complex base to the natural logarithm (base )

• Compatible branches of the complex logarithm must be chosen in the numerator and denominator to
ensure consistency

• The definition of the complex logarithm leads to the identity  for any complex
numbers  and 

• This identity allows for the simplification of expressions involving complex powers and logarithms

Properties of Complex Exponents and Logarithms

Laws of Exponents and Logarithms
• The laws of exponents extend to complex numbers: , , and  for
any complex  and complex 

• These properties allow for the simplification and manipulation of expressions involving complex
exponents

• Care must be taken when dealing with multi-valued expressions arising from fractional or irrational
exponents

• The laws of logarithms extend to complex numbers: ,
, and  for any complex 

• These properties enable the simplification and solving of equations involving complex logarithms

• The choice of consistent branches for the logarithms is crucial to ensure the validity of these
properties

Simplifying Expressions and Branch Cuts
• Expressions involving complex exponents and logarithms can often be simplified by converting
between exponential and logarithmic forms and utilizing their properties judiciously

• Exponential form is preferred for multiplication and division, while logarithmic form is more suitable for
addition and subtraction

• Combining like terms and factoring can help simplify complex expressions

• Care must be taken with multi-valued expressions arising from fractional powers or logarithms to
ensure consistency of the branches chosen

• Branch cuts are used to define a continuous, single-valued branch of a multi-valued function
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• The principal branch of the logarithm has a branch cut along the negative real axis

• When simplifying expressions, it's important to stay within the same branch to avoid inconsistencies

Solving Equations with Complex Exponents and Logarithms

Exponential and Logarithmic Equations
• Exponential equations with complex bases and arguments can be solved by equating the moduli and
arguments of both sides, utilizing Euler's formula

• This approach converts the equation into two real-valued equations, one for the modulus and one for
the argument

• Solving these equations simultaneously yields the solution set for the complex variable

• Logarithmic equations with complex terms can be solved by utilizing the definition and properties of
complex logarithms to isolate the unknown quantity

• Applying the laws of logarithms and the change of base formula can help simplify the equation

• The solution may involve multiple branches of the logarithm, leading to a set of distinct solutions

Combined Equations and Extraneous Solutions
• Equations involving both complex exponential and logarithmic terms can be approached by converting
to a single form and exploiting the properties of the chosen representation

• For example, an equation with both  and  terms can be converted to exponential form by
applying the definition of the logarithm

• The resulting equation can then be solved using the techniques for exponential equations

• Extraneous solutions can arise when manipulating complex logarithms and exponents due to their
multi-valued nature

• These solutions may satisfy the manipulated equation but not the original one

• It's important to check the validity of all solutions by substituting them back into the original equation

• Solutions that do not satisfy the original equation are extraneous and should be discarded
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Unit 5 – Complex Integration
5.1 Contour integrals
Complex integration is a powerful tool in mathematics, extending real integration to the complex plane.
Contour integrals are at the heart of this concept, allowing us to integrate complex functions along paths in
the complex plane.

These integrals have wide-ranging applications, from solving difficult real integrals to tackling problems in
physics and engineering. Understanding contour integrals is key to mastering complex analysis and its
practical uses.

Contour Integrals in the Complex Plane

Definition and Interpretation
• A contour integral is an integral of a complex-valued function along a curve or path in the complex
plane

• Denoted by , where  is the contour (path) and  is a complex-valued function

• The contour can be a closed curve forming a loop (Jordan curve) or an open curve with distinct
endpoints

• Represents the sum of the values of the function  along the path , weighted by the infinitesimal
complex displacement 

• The value of the contour integral depends on the choice of the contour and the function being
integrated

Types of Contours
• Closed contours form a loop, with the starting and ending points coinciding (simple closed curves)

• Open contours have distinct endpoints and do not form a loop (paths or curves)

• Contours can be simple (non-self-intersecting) or complex (self-intersecting)

• Examples of common contours include circles, rectangles, and line segments in the complex plane

• The orientation of the contour (clockwise or counterclockwise) can affect the value of the contour
integral

Evaluating Contour Integrals

Parametrization Technique
• Parametrization expresses the contour as a function of a real parameter, typically denoted as 

• The complex variable  is expressed as , where  and  are real-valued
functions

• To evaluate the contour integral, substitute  into the integrand and multiply by the derivative
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• The resulting integral is then evaluated using standard integration techniques for real-valued functions

• Parametrization is useful for evaluating contour integrals along curves that can be easily expressed as
functions of a real parameter

Direct Integration Techniques
• Direct integration techniques, such as the fundamental theorem of calculus, can be applied to
evaluate contour integrals when the contour is a straight line or a simple curve

• For a straight-line contour from  to , the contour integral can be evaluated using the formula

• Direct integration is often used when the contour is a line segment parallel to the real or imaginary axis

• Examples of contours suitable for direct integration include line segments, horizontal or vertical lines,
and radial lines in the complex plane

• Direct integration techniques can simplify the evaluation of contour integrals in specific cases

Applications of Contour Integrals

Evaluating Integrals over Regions
• Contour integrals can be used to evaluate integrals of complex-valued functions over specific regions
in the complex plane

• By choosing an appropriate contour that encloses or passes through the region of interest, the integral
can be transformed into a contour integral

• Techniques such as the Cauchy integral formula and the residue theorem can be applied to evaluate
the resulting contour integral

• Examples of regions include circles, annuli, and domains bounded by curves in the complex plane

• Evaluating integrals over regions using contour integrals can simplify the calculation and provide
insights into the behavior of the function

Solving Problems in Physics and Engineering
• Contour integrals can be applied to solve problems in various fields, such as physics and engineering

• Examples include calculating the work done by a complex-valued force field along a given path or
determining the circulation of a complex-valued vector field

• Contour integrals can be used to model and analyze complex-valued quantities in electromagnetic
theory, fluid dynamics, and quantum mechanics

• By formulating the problem in terms of complex variables and contour integrals, solutions can be
obtained using the techniques of complex analysis

• Contour integrals provide a powerful tool for solving problems involving complex-valued functions and
their integrals in applied fields
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Contour Integrals vs Line Integrals

Analogy between Contour Integrals and Line Integrals
• Contour integrals in the complex plane are analogous to line integrals in the real plane

• A contour integral of a complex-valued function  can be expressed as the
sum of two line integrals in the real plane:

• 

• The real part of the contour integral corresponds to the line integral of the vector field  along
the contour

• The imaginary part of the contour integral corresponds to the line integral of the vector field 
along the contour

Geometric Interpretation
• The relationship between contour integrals and line integrals provides a geometric interpretation of
contour integration in the complex plane

• The real part of the contour integral represents the work done by the vector field  along the
contour

• The imaginary part of the contour integral represents the flux of the vector field  across the
contour

• Understanding the geometric interpretation helps in visualizing the behavior of complex-valued
functions and their integrals

• Examples of geometric interpretations include the circulation of a complex-valued vector field and the
flux of a complex-valued function across a curve

Application of Vector Calculus Techniques
• The relationship between contour integrals and line integrals allows for the application of techniques
and theorems from vector calculus to complex analysis

• Green's theorem, which relates a double integral over a region to a line integral along the boundary of
the region, can be extended to complex analysis

• The complex version of Green's theorem relates a double integral of a complex-valued function over a
region to a contour integral along the boundary of the region

• Other vector calculus concepts, such as conservative vector fields and path independence, have
analogues in complex analysis

• Applying vector calculus techniques to contour integrals can simplify calculations and provide
additional insights into the properties of complex-valued functions

5.2 Cauchy's integral theorem
Cauchy's integral theorem is a game-changer in complex analysis. It states that for analytic functions in
simply connected domains, integrals around closed curves are zero. This powerful result simplifies
calculations and leads to deeper insights about analytic functions.
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The theorem's implications are far-reaching. It proves that analytic functions have antiderivatives, are
infinitely differentiable, and their integrals are path-independent. These properties form the foundation for
many advanced concepts in complex analysis and have applications in physics and engineering.

Cauchy's Integral Theorem

Statement and Proof for Simply Connected Domains
• Cauchy's integral theorem states that if  is analytic in a simply connected domain  and  is a
simple closed contour lying in , then 

• The proof relies on Green's theorem, which relates a line integral around a simple closed curve  to a
double integral over the plane region bounded by 

• To apply Green's theorem, the real and imaginary parts of , denoted as  and , must
have continuous partial derivatives in 

• Expressing  as  and applying Green's theorem transforms the integral 
into a double integral of the partial derivatives of  and  over the region enclosed by 

• The Cauchy-Riemann equations for  being analytic imply that the partial derivatives of  and 
satisfy specific relationships

• These relationships cause the double integral to vanish, proving the theorem

• The Cauchy-Riemann equations are  and 

Consequences and Implications
• Analytic functions possess antiderivatives or primitive functions within their domain of analyticity

• Analytic functions are infinitely differentiable within their domain of analyticity, meaning that all
higher-order derivatives exist and are themselves analytic

• Cauchy's integral theorem leads to the development of Cauchy's integral formula, which expresses
the value of an analytic function at a point in terms of a contour integral around that point

• The theorem underlies the concept of conservative vector fields, as the integral of an analytic function
over a closed contour is zero, indicating that the work done by a conservative force along a closed path
is always zero

Applying Cauchy's Theorem to Integrals

Simplifying the Evaluation of Integrals
• Cauchy's integral theorem simplifies the evaluation of integrals of analytic functions over closed
contours in simply connected domains

• If  is analytic in a simply connected domain containing a closed contour , the integral  is
equal to zero, regardless of the specific path of integration

• This property allows for the deformation of the integration path to a more convenient contour without
changing the value of the integral, as long as the new path lies within the domain of analyticity

• Cauchy's integral theorem can be used to prove that the integral of an analytic function over any
closed contour in a simply connected domain is independent of the path, depending only on the
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endpoints

• For example, if  is analytic in a simply connected domain  and  and  are two different
closed contours in  with the same starting and ending points, then 

Examples and Applications
• Evaluating the integral  over the unit circle  oriented counterclockwise

• Since  is analytic everywhere except at , which lies inside the unit circle, Cauchy's integral
theorem does not apply directly

• However, we can deform the contour to a larger circle that does not enclose the origin, where  is
analytic, and apply Cauchy's integral theorem to conclude that the integral is zero

• Calculating the integral  over a rectangular contour  with vertices at , , ,
and 

• The function  is entire (analytic everywhere), so Cauchy's integral theorem applies

• Regardless of the specific path chosen for , as long as it lies within the domain of analyticity, the
integral will be zero

Implications of Cauchy's Theorem

Antiderivatives and Infinite Differentiability
• Cauchy's integral theorem implies that analytic functions possess antiderivatives or primitive functions
within their domain of analyticity

• If  is analytic in a simply connected domain , then there exists a function , called an
antiderivative or primitive of , such that  for all  in 

• The existence of antiderivatives is a consequence of the path independence of integrals of analytic
functions

• The theorem also implies that analytic functions are infinitely differentiable within their domain of
analyticity

• All higher-order derivatives of an analytic function exist and are themselves analytic

• This property is known as the smoothness of analytic functions and is a stronger condition than mere
differentiability

Cauchy's Integral Formula and Conservative Vector Fields
• Cauchy's integral theorem leads to the development of Cauchy's integral formula, which expresses
the value of an analytic function at a point in terms of a contour integral around that point

• Cauchy's integral formula states that if  is analytic in a simply connected domain  and  is a
point in , then , where  is any simple closed contour in  that encloses 

• This formula allows for the computation of the values of an analytic function using contour integrals,
which can be easier to evaluate than the function itself

• The theorem underlies the concept of conservative vector fields, as the integral of an analytic function
over a closed contour is zero
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• A vector field  is conservative if and only if , which is analogous
to the Cauchy-Riemann equations for analytic functions

• The work done by a conservative force along a closed path is always zero, just as the integral of an
analytic function over a closed contour vanishes

Cauchy's Theorem for Multiply Connected Domains

Extension using Homotopy
• Cauchy's integral theorem can be extended to multiply connected domains, which are domains with
holes or excluded regions, using the concept of homotopy

• Two closed contours  and  in a domain  are said to be homotopic if one can be continuously
deformed into the other without leaving 

• If  is analytic in a multiply connected domain  and  and  are homotopic closed contours in
, then 

• The extension of Cauchy's integral theorem to multiply connected domains states that if  is
analytic in a multiply connected domain  and  is a closed contour in  that is homotopic to a point
(null-homotopic), then 

• This extension allows for the evaluation of integrals over closed contours in multiply connected
domains by deforming the contour to a homotopically equivalent path that is more convenient for
computation

Applications and Further Results
• The concept of homotopy and the extended Cauchy's integral theorem are crucial for developing
further results in complex analysis, such as the residue theorem and its applications

• The residue theorem relates the integral of a meromorphic function (analytic except for isolated poles)
over a closed contour to the sum of the residues of the function at its poles enclosed by the contour

• Residues are complex numbers that characterize the behavior of a meromorphic function near its
poles and can be used to evaluate integrals using the residue theorem

• The extension of Cauchy's integral theorem to multiply connected domains is also essential for
studying the properties of analytic functions on Riemann surfaces, which are generalized surfaces that
allow for the multi-valued nature of some complex functions (logarithms, square roots)

• Riemann surfaces are constructed by gluing together copies of the complex plane along branch cuts,
creating a multiply connected domain where the extended Cauchy's integral theorem can be applied

• The study of analytic functions on Riemann surfaces leads to important concepts such as monodromy,
which describes how the values of a multi-valued function change when its argument follows a closed
path around a branch point

5.3 Cauchy's integral formula
Cauchy's integral formula is a game-changer in complex analysis. It lets us find function values inside a
contour using only the values on the boundary. This powerful tool simplifies complex integration and opens
doors to evaluating tricky integrals.
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Building on Cauchy's integral theorem, this formula connects analytic functions to their derivatives and
integrals. It's the foundation for Taylor series expansions and residue calculations, making it essential for
solving real-world problems in physics and engineering.

Cauchy's Integral Formula

Derivation from Cauchy's Integral Theorem
• Cauchy's integral theorem states that if  is analytic in a simply connected domain  and  is a
simple closed contour in , then 

• To derive Cauchy's integral formula, consider a circle  centered at  with radius , and a point 
inside 

• Apply Cauchy's integral theorem to the function  on the domain 

• Use the parametrization  and the fact that 

• Obtain the integral formula 

• Cauchy's integral formula expresses the value of an analytic function at a point inside a contour in
terms of the values of the function on the contour

• Provides a powerful tool for evaluating complex integrals and derivatives

Relationship to Taylor Series
• Cauchy's integral formula can be used to derive the Taylor series expansion of an analytic function

 around a point 

• Differentiate the integral formula  times to obtain 

• Substitute the Taylor series of  around  into the integral and evaluate term by term

• The resulting series is the Taylor series of  around :

• The Taylor series provides a local approximation of an analytic function near a point

• Useful for studying the behavior of functions and solving differential equations

Applications of Cauchy's Integral Formula

Evaluating Integrals and Derivatives
• To evaluate the integral of an analytic function  along a closed contour , choose a point  inside

 and apply Cauchy's integral formula: 

• Simplifies the calculation of complex integrals by reducing them to evaluating the function at a single
point

• Cauchy's integral formula can be used to evaluate integrals of the form , where  and  are
polynomials and  has simple zeros inside 

• The result is a sum of residues at the zeros of , given by
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, where  are the zeros of  inside 

• The derivative of an analytic function  can be computed using Cauchy's integral formula:

• Higher-order derivatives can be obtained by differentiating under the integral sign:

• Allows for the calculation of derivatives without the need for explicit differentiation

Residue Theorem
• The residue theorem is a powerful application of Cauchy's integral formula for evaluating integrals of
the form , where  and  are analytic functions and  has isolated zeros inside 

• The residue of  at a zero  of  is defined as ,
where  is the multiplicity of the zero

• The residue theorem states that

, where  are the zeros of  inside 

• The residue theorem simplifies the evaluation of complex integrals by reducing them to the calculation
of residues

• Particularly useful for integrals involving rational functions, logarithms, and trigonometric functions

• Finds applications in various fields, such as physics (Laplace transforms, Fourier analysis) and
engineering (control theory, signal processing)

Properties of Analytic Functions

Mean Value Property
• The mean value property states that for an analytic function  in a disk , the value  is
equal to the average of  over any circle  centered at  with radius :

• To prove the mean value property, apply Cauchy's integral formula to the circle  and use the
parametrization 

• Demonstrates the smoothness and regularity of analytic functions

• The mean value property can be generalized to higher dimensions (harmonic functions) and
non-circular domains (convex domains)

• Plays a crucial role in the study of partial differential equations and potential theory
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Maximum Modulus Principle
• Cauchy's integral formula can be used to prove the maximum modulus principle, which states that if

 is analytic and non-constant in a domain , then  cannot attain its maximum value at any
interior point of 

• If  attains its maximum at an interior point , then by the mean value property,  must be
constant in a neighborhood of , contradicting the assumption that  is non-constant

• Implies that the maximum value of  must be attained on the boundary of 

• The maximum modulus principle has important consequences for the behavior of analytic functions

• Liouville's theorem: A bounded entire function must be constant

• Fundamental theorem of algebra: Every non-constant polynomial has a root

• Open mapping theorem: A non-constant analytic function maps open sets to open sets

Uniqueness and Continuity
• Cauchy's integral formula implies the uniqueness of analytic functions: If two analytic functions 
and  agree on a set with a limit point in a domain , then they agree everywhere in 

• Follows from the fact that the difference  is analytic and vanishes on a set with a limit point,
so it must be identically zero by the identity theorem

• Allows for the extension of local properties of analytic functions to global properties

• Analytic functions are infinitely differentiable, and their derivatives are also analytic

• The continuity and differentiability of analytic functions follow from the Cauchy-Riemann equations
and the existence of the complex derivative

• Higher-order derivatives can be computed using the generalized Cauchy integral formula:

• Analytic functions possess a high degree of smoothness and regularity

Generalizations of Cauchy's Integral Formula

Higher-Order Derivatives and Integrals
• The generalized Cauchy integral formula expresses the -th order derivative of an analytic function

 at a point  in terms of an integral: 

• Derived by differentiating Cauchy's integral formula  times under the integral sign

• Allows for the evaluation of higher-order derivatives without the need for explicit differentiation

• The generalized Cauchy integral formula can also be extended to integrate analytic functions: If  is
analytic in a simply connected domain  and  is a simple closed contour in , then

, where the inner integral is taken along a path from a fixed point to 

• Allows for the evaluation of integrals of analytic functions using contour integration techniques

• Useful for computing definite integrals of real-valued functions by converting them to complex contour
integrals (e.g., using the residue theorem)



Fiveable archived study guides Page 52

Cauchy's Integral Formula for Unbounded Domains
• Cauchy's integral formula can be extended to unbounded domains by considering contours that
extend to infinity

• For an analytic function  in an unbounded domain , choose a contour  that consists of a large
circle  of radius  and a path  connecting a point  inside  to infinity

• Apply Cauchy's integral theorem to the region bounded by  and , and take the limit as 

• The resulting formula is , where the integral is taken along the path  from
infinity to 

• The extension of Cauchy's integral formula to unbounded domains is particularly useful for studying
the behavior of analytic functions at infinity

• Allows for the classification of singularities (poles, essential singularities) and the computation of
residues at infinity

• Finds applications in complex analysis, such as the study of entire functions and meromorphic
functions

5.4 Liouville's theorem and the fundamental theorem of algebra
Complex integration reveals powerful theorems about entire functions. Liouville's theorem states that
bounded entire functions must be constant, limiting their behavior. This result has far-reaching implications
in complex analysis.

One major application is proving the fundamental theorem of algebra. This theorem guarantees that every
non-constant polynomial has at least one complex root, a cornerstone result in mathematics with
wide-ranging consequences.

Liouville's Theorem for Entire Functions

Definition and Properties of Entire Functions
• An entire function is a function that is holomorphic (complex differentiable) on the whole complex
plane

• Examples of entire functions include polynomials, exponential functions (e^z), and trigonometric
functions (sin(z), cos(z))

• The sum, product, and composition of entire functions are also entire functions

• Entire functions have a power series representation that converges everywhere in the complex plane

Bounded Functions and Liouville's Theorem
• A bounded function is a function f for which there exists a real number M such that |f(z)| ≤ M for all z in
the domain of f

• Liouville's theorem states that every bounded entire function must be constant

• The theorem severely constrains the behavior of bounded entire functions, as they cannot have any
variation in their values
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• Non-constant analytic functions, such as polynomials and exponential functions, cannot be bounded
on the entire complex plane

• Liouville's theorem is a powerful result with many applications in complex analysis, including proofs of
other important theorems (Picard's little theorem, Casorati-Weierstrass theorem)

Proof of Liouville's Theorem
• The proof of Liouville's theorem uses the Cauchy integral formula to show that the derivative of a
bounded entire function is zero everywhere, implying the function is constant

• The proof proceeds by contradiction, assuming a non-constant bounded entire function f exists

• Using the Cauchy integral formula, it can be shown that |f'(z)| ≤ M / R for any radius R, where M is the
bound on |f(z)|

• As R approaches infinity, the right-hand side approaches zero, implying that f'(z) = 0 for all z in the
complex plane

• By the complex analogue of the mean value theorem, a function with zero derivative everywhere must
be constant, contradicting the assumption that f is non-constant

Liouville's Theorem and the Fundamental Theorem of Algebra

Statement and Significance of the Fundamental Theorem of Algebra
• The fundamental theorem of algebra states that every non-constant polynomial with complex
coefficients has at least one complex root

• Equivalently, the theorem states that the field of complex numbers is algebraically closed, meaning
every polynomial equation has a solution in the complex numbers

• The theorem is a cornerstone of algebra and has far-reaching implications in mathematics and its
applications

• It guarantees that a polynomial of degree n has exactly n complex roots, counted with multiplicity

Proving the Fundamental Theorem of Algebra using Liouville's Theorem
• The proof using Liouville's theorem proceeds by contradiction, assuming a non-constant polynomial
p(z) with no roots exists

• The function 1/p(z) is then shown to be a bounded entire function, as |p(z)| approaches infinity as |z|
approaches infinity

• By Liouville's theorem, 1/p(z) must be constant, implying p(z) is constant, contradicting the
assumption that p(z) is a non-constant polynomial

• This proof demonstrates the power of Liouville's theorem in establishing a fundamental result in
algebra using complex analysis techniques
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Implications of Liouville's Theorem for Analytic Functions

Constraints on the Behavior of Analytic Functions
• Liouville's theorem severely constrains the behavior of bounded entire functions, as they must be
constant

• Non-constant analytic functions, such as polynomials, exponential functions, and trigonometric
functions, cannot be bounded on the entire complex plane

• This implies that non-constant analytic functions must have singularities or approach infinity at some
points in the complex plane

• Liouville's theorem helps characterize the possible behavior of analytic functions and their singularities

Applications of Liouville's Theorem in Complex Analysis
• Liouville's theorem is used in proofs of Picard's little theorem, which states that a non-constant entire
function takes on every complex value, with at most one exception, infinitely many times

• The Casorati-Weierstrass theorem, which states that the image of any neighborhood of an essential
singularity under an analytic function is dense in the complex plane, also relies on Liouville's theorem

• These theorems further characterize the behavior of analytic functions and their singularities, building
upon the constraints established by Liouville's theorem

• Liouville's theorem finds applications in many areas of complex analysis, including the study of
meromorphic functions, Riemann surfaces, and value distribution theory

Factorization of Polynomials in the Complex Plane

Factoring Polynomials using the Fundamental Theorem of Algebra
• The fundamental theorem of algebra guarantees that a polynomial of degree n has exactly n complex
roots, counted with multiplicity

• This allows the polynomial to be factored as a product of n linear terms of the form (z - zᵢ), where zᵢ are
the roots

• For example, a quadratic polynomial az^2 + bz + c can be factored as a(z - z₁)(z - z₂), where z₁ and z₂
are the roots

• Factoring polynomials is useful for analyzing their behavior, solving equations, and finding roots

Methods for Finding Polynomial Roots
• Finding the roots of a polynomial is equivalent to solving the polynomial equation p(z) = 0

• Methods for finding roots include factoring, graphing, the rational root theorem, and numerical
approximation techniques like Newton's method

• Factoring is effective for low-degree polynomials with integer coefficients, while graphing can provide
visual insights into the location of roots

• The rational root theorem helps identify potential rational roots of a polynomial with integer coefficients
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• Newton's method is an iterative numerical technique that approximates roots by successively
improving an initial guess

• Once the roots are found, the polynomial can be written in factored form, which is useful for analyzing
its behavior and solving related problems
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Unit 6 – Analytic Function Series
Representations
6.1 Sequences and series of complex numbers
Complex sequences and series are fundamental to understanding analytic functions. They extend real
number concepts to the complex plane, allowing us to explore convergence and divergence in two
dimensions. These tools are crucial for representing functions as power series.

Convergence tests for complex series build on real series techniques. The comparison, ratio, and root tests
help determine if a series converges absolutely or conditionally. Geometric and telescoping series provide
important examples of convergent complex series with known sums.

Sequences and series in the complex domain

Complex sequences and series definitions
• A complex sequence maps natural numbers to complex numbers, denoted as  where 
represents the nth term

• The limit  of a complex sequence  satisfies  for all , given any real number
 and some natural number 

• A complex series, denoted as , adds the terms of a complex sequence

• The nth partial sum of a complex series , denoted as , equals 

• A complex series  converges when its partial sum sequence  approaches a complex
number , called the series sum

Convergence properties of complex sequences and series
• A complex sequence  converges if and only if its real part  and imaginary part

 sequences converge

• The absolute value sequence  of a convergent complex sequence  with limit  converges
to 

• A complex series  converges if and only if its real part series  and imaginary part series
 converge

• The term sequence  of a convergent complex series  must approach 0

• The Cauchy criterion states that  converges if and only if for every , there exists  such that
 for all  and all 

Convergence of complex sequences and series

Limits and convergence of complex sequences
• A complex sequence  converges to a limit  if for any , there exists an  such that

 for all 
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• Convergence of complex sequences requires both the real and imaginary parts to converge as real
sequences (  and )

• If a complex sequence  converges to , then the sequence of its absolute values 
converges to 

• Examples of convergent complex sequences include  (converges to 0) and 
(converges to 0 for any real )

Convergence of complex series
• A complex series  converges if and only if both its real part series  and imaginary part
series  converge as real series

• For a complex series  to converge, the sequence of its terms  must converge to 0

• The Cauchy criterion for complex series states that  converges if and only if for every , there
exists an  such that  for all  and all 

• Examples of convergent complex series include  and 

Tests for convergence of complex series

Comparison and absolute convergence tests
• The comparison test states that if  for all , where  is a convergent real series, then

 converges

• Absolute convergence of a complex series  implies its convergence, but a series may converge
conditionally without absolute convergence

• Examples of applying the comparison test include comparing  with  (convergent) and 
with  (divergent)

Ratio and root tests for complex series
• The ratio test states that if , then  converges absolutely for , diverges for

, and is inconclusive for 

• The root test states that if , then  converges absolutely for , diverges for
, and is inconclusive for 

• Examples of applying the ratio test include  (converges) and  (diverges)

• Examples of applying the root test include  (converges) and  (diverges)

Sum of convergent geometric and telescoping series

Complex geometric series and their sums
• A complex geometric series has the form , where  and  are complex
numbers

• A complex geometric series converges if and only if , and its sum equals 
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• The sum of a finite geometric series with  terms and common ratio  is given by , where
 is the first term

• Examples of complex geometric series include  (converges to ) and  (diverges)

Telescoping series and their sums
• A telescoping series has most terms cancel out, leaving only a finite number of terms contributing to
the sum

• The partial sums of a telescoping series can be written as
, where each  cancels with the  term, except for

the first and last terms

• The sum of a convergent telescoping series equals the limit of its partial sums, found by evaluating the
remaining terms after cancellation

• Examples of telescoping series include  (converges to 1) and  (converges to
)

6.2 Power series
Power series are a fundamental tool in complex analysis, allowing us to represent functions as infinite
sums of complex terms. They're like a supercharged version of polynomials, letting us describe complex
functions with incredible precision within specific regions.

Understanding power series convergence is crucial. The radius of convergence tells us where a series
behaves nicely, converging absolutely inside a disc and potentially diverging outside. This concept is key to
working with and manipulating power series effectively.

Power series and convergence

Definition and properties of power series
• A power series is an infinite series of the form

, where  are complex coefficients,  is a complex number called the center of the series, and  is a
complex variable

• Power series can be used to represent complex functions in a specific domain around the center 

• The convergence of a power series depends on the values of  and the behavior of the coefficients 

Radius and domain of convergence
• The radius of convergence  is a non-negative real number or infinity that determines the largest open
disc centered at  in which the power series converges

• Inside the disc of convergence ( ), the power series converges absolutely

• On the boundary of the disc ( ), the series may converge conditionally, diverge, or
converge absolutely

• Outside the disc ( ), the series diverges
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• The radius of convergence can be determined using the ratio test or the root test on the coefficients
 of the power series

• Ratio test: , then  (if , then ; if , then )

• Root test: , then  (if , then ; if , then )

Domain of convergence

Finding the domain of convergence
• The domain of convergence is the set of all complex numbers  for which the power series converges

• For a power series centered at  with radius of convergence , the domain of convergence is the
open disc 

• To find the domain of convergence:

1. Determine the radius of convergence  using the ratio test or the root test on the coefficients 

2. Investigate the behavior of the power series at the boundary points ( ) to determine if they
should be included in the domain of convergence

3. Express the domain of convergence using set notation or interval notation, depending on whether the
boundary points are included

Examples of finding the domain of convergence
• Example 1: For the power series

, the ratio test yields , so the domain of convergence is  (the entire complex plane)

• Example 2: For the power series

, the root test yields , and the series converges at the boundary points. The domain of
convergence is  or  in interval notation

Manipulating power series

Addition and multiplication of power series
• Power series can be added and multiplied term by term within their common domain of convergence

• To add two power series with the same center , add their corresponding coefficients:

. The resulting series has the same center  and a radius of convergence at least equal to the smaller
of the two original radii

• To multiply two power series with the same center , use the Cauchy product:
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. The resulting series has the same center  and a radius of convergence at least equal to the smaller
of the two original radii

Division of power series
• To divide two power series with the same center , use long division of power series

• The resulting series has the same center  and a radius of convergence at least equal to the smaller
of the two original radii, excluding any zeros of the denominator series

• Example: To divide

by

, perform long division to obtain

, with a radius of convergence 

Differentiation and integration of power series

Term-by-term differentiation
• Power series can be differentiated term by term within their domain of convergence

• To differentiate a power series

term by term, multiply each coefficient  by  and decrease the exponent of  by 1:

. The resulting series has the same center  and radius of convergence as the original series

• Example: Differentiating the geometric series

yields

, with the same radius of convergence 
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Term-by-term integration
• Power series can be integrated term by term within their domain of convergence

• To integrate a power series

term by term, divide each coefficient  by  and increase the exponent of  by 1:

. The resulting series has the same center  and radius of convergence as the original series

• Example: Integrating the geometric series

yields

, with the same radius of convergence 

6.3 Taylor and Laurent series
Taylor and Laurent series are powerful tools for representing complex functions. They allow us to express
analytic functions as infinite sums of powers, providing insights into their behavior and properties.

These series expansions are crucial for understanding singularities, convergence, and analytic
continuation. They form the foundation for many important theorems and applications in complex analysis,
bridging the gap between local and global function properties.

Taylor Series Expansions

Power Series Representation of Analytic Functions
• A function  is analytic at a point  if it has a power series expansion in some neighborhood of 

• This power series representation is called the Taylor series of  centered at 

• The Taylor series of an analytic function  centered at  is given by

, where  denotes the th derivative of  evaluated at 

• The coefficients of the Taylor series, , are uniquely determined by the function  and the center
point 

• They can be found by repeatedly differentiating  and evaluating at 
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Convergence and Representation of Taylor Series
• The radius of convergence of the Taylor series is the largest radius  such that the series converges
for all  satisfying 

• Within this radius, the Taylor series represents the original function 

• If a function is analytic at every point within a disk centered at , then its Taylor series centered at 
converges to the function at every point in the disk

• Example: The Taylor series of  centered at  converges to  for all  in the complex plane

• Example: The Taylor series of  centered at  converges to  for all  in the complex
plane

Taylor Series for Elementary Functions

Exponential, Trigonometric, and Logarithmic Functions
• The Taylor series of the exponential function  centered at  is given by

• This series converges for all  in the complex plane

• The Taylor series of the sine function  centered at  is given by

• This series converges for all  in the complex plane

• The Taylor series of the cosine function  centered at  is given by

• This series converges for all  in the complex plane

• The Taylor series of the logarithmic function  centered at  is given by

• This series converges for 

Binomial Function
• The Taylor series of the binomial function  centered at  is given by

, where 

• This series converges for 

• Example: The Taylor series of  centered at  is given by
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Laurent Series Expansions

Representation and Convergence of Laurent Series
• A Laurent series is a generalization of a Taylor series that allows for negative powers of 

• It is used to represent functions in annular domains, which are regions bounded by two concentric
circles

• The Laurent series of a function  in an annular domain centered at  is given by

, where the coefficients  are complex numbers

• The Laurent series of a function  converges in an annular domain , where 
and  are the inner and outer radii of convergence, respectively

Calculating Laurent Series Coefficients
• The coefficients  of the Laurent series can be found using the integral formula:

, where  is any closed path within the annular domain that encircles  once
counterclockwise

• If a function has a Laurent series with no negative powers of , then the Laurent series
reduces to a Taylor series, and the function is analytic in the annular domain

• Example: The function  has a Laurent series expansion in the annular domain
 given by

Singular Point Classification

Types of Singular Points
• Singular points are points where a function is not analytic

• The behavior of a function near a singular point can be characterized using its Laurent series
expansion

• An isolated singular point  is a removable singularity if the Laurent series of  at  has no
negative power terms (i.e.,  for all )

• In this case, the function can be made analytic at  by defining 

• Example: The function  has a removable singularity at 

• An isolated singular point  is a pole of order  if the Laurent series of  at  has a finite number
of negative power terms, with the lowest power being 

• The function approaches infinity as  approaches 

• A pole of order 1 is called a simple pole

• Example: The function  has a pole of order 2 at 
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• An isolated singular point  is an essential singularity if the Laurent series of  at  has an infinite
number of negative power terms

• The function exhibits complex behavior near , such as oscillating rapidly or approaching different
limits along different paths

• Example: The function  has an essential singularity at 

Residues and the Residue Theorem
• The residue of a function  at an isolated singular point  is the coefficient  of the 
term in the Laurent series expansion of  at 

• Residues are used in the residue theorem for evaluating complex integrals

• The residue theorem states that if  is analytic in a simply connected domain  except for a finite
number of isolated singular points , then

, where  is a closed path in  that does not pass through any of the singular points and 
denotes the residue of  at 

6.4 Zeros and poles
Zeros and poles are crucial concepts in complex analysis, revealing key behaviors of analytic functions.
They help us understand where functions vanish or become unbounded, providing insights into their
overall structure and properties.

Exploring zeros and poles connects to the broader study of series representations. By analyzing these
special points, we can develop Laurent series expansions, which generalize Taylor series and allow us to
represent functions with singularities.

Zeros and Poles of Functions

Defining Zeros and Poles
• A zero of an analytic function  is a complex number  that satisfies the equation 

• A pole of an analytic function  is a complex number  where the function becomes unbounded
(approaches infinity) as  approaches 

• Zeros and poles are isolated singularities of analytic functions (points where the function is not
analytic)

• If an analytic function  has a zero at , then  is a root of the equation  (  has
a zero at )

• If an analytic function  has a pole at , then  is a root of the equation  (
has poles at )

Finding Zeros and Poles of Rational Functions
• The zeros and poles of a rational function (a function that can be written as the ratio of two
polynomials) can be found by factoring the numerator and denominator



Fiveable archived study guides Page 65

• The zeros are the roots of the numerator polynomial

• The poles are the roots of the denominator polynomial

• Example: For the rational function 

• Zeros:  and 

• Poles:  and 

Order of Zeros and Poles

Order of Zeros
• The order (or multiplicity) of a zero  of an analytic function  is the smallest positive integer 
such that the th derivative of  at  is non-zero

•  and 

• If  has a zero of order  at , then  can be written as , where  is
analytic and non-zero at 

• Example:  has a zero of order 2 at  and a zero of order 1 at 

Order of Poles
• The order (or multiplicity) of a pole  of an analytic function  is the smallest positive integer 
such that the limit of  as  approaches  is non-zero and finite

• If  has a pole of order  at , then  can be written as , where  is
analytic and non-zero at 

• Example:  has a pole of order 2 at  and a pole of order 1 at 

Function Behavior Near Singularities

Types of Isolated Singularities
• Isolated singularities are classified as removable singularities, poles, or essential singularities based
on the behavior of the function near the singularity

• A removable singularity is a point  where the function is undefined, but the limit of the function as 
approaches  exists and is finite

• The function can be redefined at  to make it analytic (  has a removable
singularity at )

• A pole is a point  where the function becomes unbounded as  approaches 

• The order of the pole determines the rate at which the function grows (  has a pole of order
2 at )

• An essential singularity is a point  where the function exhibits complicated behavior as 
approaches , and the limit does not exist or is infinite

• The function cannot be defined at  to make it analytic (  has an essential singularity at )
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Casorati-Weierstrass Theorem
• The Casorati-Weierstrass theorem states that in any neighborhood of an essential singularity, an
analytic function takes on all possible complex values, with at most one exception, infinitely often

• This theorem illustrates the complex behavior of functions near essential singularities

• Example: In any neighborhood of the essential singularity at  for , the function takes
on all possible complex values, except possibly one value, infinitely often

Laurent Series Expansions for Poles

Laurent Series Definition
• A Laurent series is a generalization of a Taylor series that allows for negative powers of  and
is used to represent functions with poles

• The Laurent series of a function  centered at  is given by

, where  and  are complex coefficients

• The principal part of the Laurent series consists of the terms with negative powers of  and
represents the behavior of the function near the pole

• Example: The Laurent series expansion of  centered at  is

Residues and the Residue Theorem
• The residue of a function  at a pole  is the coefficient  of the  term in the Laurent
series expansion

• The residue can be calculated using the formula: ,
where  is the order of the pole

• The residue theorem relates the residues of a function to the integral of the function along a closed
contour and is a powerful tool for evaluating complex integrals

• Example: For , the residues at the poles  are  and

6.5 Residues
Residues are powerful tools in complex analysis, helping us evaluate tricky integrals. They're the secret
sauce in the Laurent series expansion of functions with singularities. By finding residues, we can tackle
complex contour integrals that seemed impossible before.

The residue theorem connects the dots between singularities and contour integrals. It's like a cheat code
for solving real-world problems in physics and engineering. Mastering residues opens up a whole new
world of problem-solving techniques in complex analysis.
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Residues of functions

Definition and properties of residues
• The residue of a function  at an isolated singular point  is the coefficient  of the term

 in the Laurent series expansion of  about 

• Residues are only defined for isolated singular points, which can be poles (of any order) or essential
singularities

• Poles are characterized by a finite number of negative power terms in the Laurent series expansion

• Essential singularities have an infinite number of negative power terms in the Laurent series
expansion

• The residue is independent of the choice of contour around the singular point, as long as the contour
encloses no other singularities

• This property allows for flexibility in choosing contours when applying the residue theorem

• Residues can be used to evaluate complex contour integrals and real integrals using the residue
theorem

• The residue theorem relates the sum of residues within a contour to the value of the contour integral

Types of isolated singular points
• Simple poles (poles of order 1)

• A simple pole occurs when the Laurent series expansion has only one negative power term,

• The residue at a simple pole can be calculated using the limit: 

• Poles of order 

• A pole of order  occurs when the Laurent series expansion has  negative power terms, up to

• The residue at a pole of order  can be calculated using the formula:

• Essential singularities

• An essential singularity occurs when the Laurent series expansion has an infinite number of negative
power terms

• The residue at an essential singularity must be determined from the Laurent series expansion by
identifying the  coefficient

Calculating residues with Laurent series

Expanding functions as Laurent series
• To find the residue at a singular point , expand the function  as a Laurent series centered at 

• The Laurent series expansion is of the form:
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• The coefficients  can be determined using the formula: , where  is a
contour enclosing 

• Identify the coefficient  of the term  in the Laurent series expansion

• The coefficient  is the residue of  at 

• For a simple pole,  can be found using the limit formula: 

Calculating residues at poles and essential singularities
• For a pole of order , use the formula: 

• This formula involves taking the -th derivative of  and evaluating the limit as 
approaches 

• Example: For  at , 

• For an essential singularity, determine the residue from the Laurent series expansion by identifying
the  coefficient

• Example: For  at , the Laurent series expansion is ,
so the residue is 

Evaluating integrals with the residue theorem

Statement and conditions of the residue theorem
• The residue theorem states that for a meromorphic function  and a simple closed contour 
enclosing isolated singular points , the contour integral  equals  times the
sum of the residues of  at those singular points

• In mathematical notation:

• The contour  must be simple (non-self-intersecting) and closed

• The contour can be a circle, a rectangle, or any other simple closed curve

• The function  must be meromorphic (analytic except for isolated poles) within and on the contour

• The residue theorem does not apply to functions with branch cuts or other non-isolated singularities
within the contour

Applying the residue theorem to contour integrals
• To apply the residue theorem, follow these steps:

1. Identify the isolated singular points within the contour

2. Calculate the residues at each singular point using the appropriate method (limit formula for simple
poles, derivative formula for higher-order poles, or Laurent series for essential singularities)
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3. Sum the residues multiplied by  to obtain the value of the contour integral

• Example: Evaluate , where  is the circle 

1. The isolated singular points within the contour are  and 

2.  and 

3. 

Residue theorem applications for contour and real integrals

Evaluating real integrals using the residue theorem
• Real integrals of the form , where  is a rational function, can be evaluated using the
residue theorem by considering a complex contour integral and applying the theorem

• To evaluate real integrals using the residue theorem:

1. Express the real integral as a complex contour integral by extending the integrand into the complex
plane

2. Choose an appropriate contour (e.g., a semicircle in the upper or lower half-plane) that encloses the
poles of the integrand and avoids branch cuts, if present

3. Apply the residue theorem to the contour integral, calculating the residues at the enclosed poles

4. Relate the contour integral to the original real integral using techniques such as the Cauchy principal
value or by considering the limit as the radius of the contour approaches infinity

• Example: Evaluate 

1. Express the integral as a contour integral: , where  is a semicircle in the upper half-plane
with radius 

2. The contour encloses a single pole at 

3. , so 

4. As , the integral along the circular arc vanishes, and the contour integral equals twice the real
integral, so 

Other applications of the residue theorem
• The residue theorem can also be used to evaluate integrals involving trigonometric functions,
logarithms, and other transcendental functions by expressing them in terms of complex exponentials
and applying the theorem

• Example: Evaluate , where 

1. Express the integral in terms of complex exponentials: , where  is the unit circle

2. The integrand has simple poles at , but only  lies within the unit
circle
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3. , so 

4. The contour integral equals the original real integral, so 

• Contour integration using the residue theorem can be applied to solve problems in various fields, such
as physics, engineering, and applied mathematics

• Examples include calculating Fourier transforms, solving differential equations, and evaluating
improper integrals arising in quantum mechanics and fluid dynamics
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Unit 7 – Residue Theory and Applications
7.1 Residue theorem
The residue theorem is a powerful tool in complex analysis for evaluating integrals. It connects the value of
a contour integral to the residues of a function's singularities inside the contour. This theorem simplifies
complex calculations and has wide-ranging applications.

Residues are crucial for solving real-world problems in physics and engineering. By transforming difficult
real integrals into complex ones, we can use the residue theorem to find solutions that would be
challenging or impossible with traditional calculus methods.

Residues in Complex Analysis

Definition and Role of Residues
• A residue is a complex number associated with an isolated singularity of a complex function

• Residues are used to evaluate complex integrals, especially those where the integral cannot be
computed using standard methods (Fundamental Theorem of Calculus)

• The residue of a function  at an isolated singularity  is defined as the coefficient  in the
Laurent series expansion of  around 

• Cauchy's residue theorem relates the value of a complex line integral around a closed contour to the
sum of the residues at the singularities enclosed by the contour

Applications of Residues
• Residues provide a powerful tool for evaluating real definite integrals by transforming them into
complex contour integrals

• This technique is particularly useful when the original real integral is difficult or impossible to evaluate
using standard methods (integration by parts, substitution)

• By extending the integrand to the complex plane and choosing an appropriate contour, the residue
theorem can be applied to simplify the evaluation process

• Residues also find applications in various fields of physics and engineering, such as:

• Quantum mechanics: Calculating transition amplitudes and energy levels

• Electromagnetism: Solving boundary value problems and determining field distributions

• Signal processing: Analyzing the frequency response of systems and designing filters

Residue Theorem for Simple Poles

Statement of the Theorem
• The residue theorem for simple poles states that if  is analytic inside and on a simple closed
contour  except for a finite number of isolated singularities  inside , then:
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where  denotes the residue of  at 

• A simple pole is an isolated singularity  of a function  such that  is finite and
nonzero

Proof of the Residue Theorem for Simple Poles
1. Consider a simple closed contour  and a function  analytic inside and on  except for a finite
number of isolated singularities  inside 

2. Construct small circles  around each singularity  and connect them with line segments to form a
new contour 

3. Apply Cauchy's integral theorem to the function  on the contour , noting that the integral along
 is equal to the integral along 

4. Evaluate the integrals along the small circles  using the definition of residue for simple poles:

5. Show that the integrals along the line segments connecting the small circles vanish as the radii of the
circles approach zero

6. Combine the results to obtain the residue theorem:

Evaluating Complex Integrals with Residues

Steps for Applying the Residue Theorem
1. Identify the isolated singularities of the integrand within the contour

2. Classify the singularities as simple poles, poles of higher order, or essential singularities

3. Calculate the residues at each singularity using the appropriate method based on the type of
singularity - For simple poles:  - For poles of order :

4. Apply the residue theorem by summing the residues multiplied by  to obtain the value of the
integral

Evaluating Real Definite Integrals
1. Express the real integral as a complex contour integral by extending the integrand to the complex
plane

2. Choose an appropriate contour (semicircle, rectangle) that encloses the singularities of the integrand

3. Apply the residue theorem to evaluate the complex contour integral

4. Use the result to determine the value of the original real definite integral - Often, the real part of the
complex integral corresponds to the value of the real definite integral - Techniques such as Jordan's
lemma and the estimation lemma can be used to show that certain integrals along the contour vanish
as the contour grows larger
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Residue Theorem for Higher-Order Poles

Definition of Higher-Order Poles
• A pole of order  is an isolated singularity  of a function  such that:

•  is finite and nonzero

•  for all 

• The residue of a function  at a pole of order  is given by:

Extending the Residue Theorem
1. Identify the poles of the integrand and their orders within the contour

2. Calculate the residues at each pole using the formula for higher-order poles

3. Apply the residue theorem by summing the residues multiplied by  to obtain the value of the
integral - The residue theorem remains valid for integrands with poles of any order, providing a general
method for evaluating complex integrals in the presence of isolated singularities

4. When dealing with higher-order poles, carefully evaluate the limit and the derivatives to determine
the residue accurately - The process may involve using L'Hôpital's rule or expanding the function using
Taylor series

7.2 Evaluating real integrals using residues
Residue theory is a powerful tool for evaluating tricky real integrals. By converting real integrals to complex
ones, we can use contour integration and the residue theorem to solve problems that would be difficult or
impossible with traditional methods.

This section focuses on applying residue theory to different types of real integrals. We'll learn how to
choose the right contours, convert trigonometric integrals, and handle improper integrals with singularities.
It's a game-changer for tackling tough integration problems.

Real integrals using residues

Types of real integrals evaluated using residues
• Evaluate real integrals of the form , where  is a rational function, using residues
when certain conditions are met

• Calculate real integrals of the form  or  using residues under specific

conditions

• Convert trigonometric integrals of the form  into complex integrals and evaluate

using residues

• Evaluate improper real integrals with singularities using residues by choosing an appropriate contour
(semicircular, quarter-circular)
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Conditions for applying residue theory to real integrals
• Rational function  must satisfy certain conditions for residue theory to be applicable

• Degree of denominator must be at least 2 higher than the degree of the numerator

• Rational function must have no poles on the real axis

• Trigonometric integrals must be convertible into complex integrals using substitution ( )

• Improper real integrals must have singularities that can be enclosed by an appropriate contour in the
complex plane

Converting real to complex integrals

Replacing real variables with complex variables
• Convert real integrals into complex integrals by replacing the real variable with a complex variable (

)

• Choose an appropriate contour in the complex plane based on the type of real integral

• For integrals of the form , use a semicircular contour in the upper or lower half-plane,
depending on the poles of 

• For integrals of the form  or , use a quarter-circular contour in the appropriate

quadrant of the complex plane

Choosing appropriate contours for trigonometric and improper integrals
• Convert trigonometric integrals into complex integrals using the substitution  and a unit circle
contour

• Rewrite trigonometric functions in terms of complex exponentials ( , )

• Choose a contour that encloses all the singularities of the integrand in the complex plane for improper
real integrals

• Singularities can include poles, branch points, or essential singularities

• Contour choice depends on the location and type of singularities

Evaluating real integrals with residues

Applying the residue theorem
• Use the residue theorem to evaluate complex integrals: , where  is a
simple closed contour, and  are the poles of  enclosed by 

• Identify the poles of the complex integrand and calculate their residues

• For simple poles, use the formula: 

• For poles of order , use the formula: 
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Calculating the value of the real integral
• Sum the residues multiplied by  to obtain the value of the original real integral

• Ensure that the chosen contour encloses all the relevant poles

• Verify that the integrand decays sufficiently quickly along the contour for the integral to converge

Interpreting results from residue theory

Analyzing the complex result
• Interpret the result of a real integral evaluated using residues, which is a complex number

• For a well-defined real integral, the imaginary part should be zero

• A non-zero imaginary part may indicate that the original integral is not convergent or that the chosen
contour is not appropriate

Principal value integrals and convergence
• In some cases, interpret the real part of the result as a principal value integral, which assigns a finite
value to an otherwise divergent integral

• Use the residue theorem to prove the convergence or divergence of certain improper real integrals by
analyzing the behavior of the integrand at its singularities

• If the integrand decays sufficiently quickly at infinity, the integral converges

• If the integrand grows or oscillates at infinity, the integral may diverge

7.3 Summation of series
Residue theory offers a powerful method for summing complex series. By expressing series terms as
coefficients of Laurent expansions for meromorphic functions, we can leverage contour integrals and the
residue theorem to find closed-form solutions.

This approach is particularly useful for power series, trigonometric series, and series involving rational
functions. We'll explore how to identify suitable series, use generating functions, and apply residue
calculations to solve challenging summation problems.

Series Summation with Residues

Identifying Series Suitable for Residue Theory
• Residue theory is applicable when series terms can be expressed as coefficients of a Laurent series
for a meromorphic function

• Power series, trigonometric series (Fourier series), and series involving rational functions are
commonly summed using residue theory

• The generating function of a series is a formal power series with coefficients equal to the terms of the
original series

• Generating functions can often be expressed as complex functions

• Residue theorem is applicable if the generating function has poles (isolated singularities)
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Generating Functions and Complex Integrals
• Generating functions express series as complex contour integrals

• Contour integrals take the form 

•  represents the generating function

•  is a suitable function chosen to extract desired series coefficients

• Contours are typically closed curves enclosing the origin (circles or keyhole contours)

• The choice of  depends on the specific series and desired result form

•  is common for power series

•  is common for trigonometric series

Series as Complex Integrals

Residue Theorem Application
• The residue theorem equates the contour integral of a meromorphic function  over a closed
contour  to  times the sum of the residues of  at its poles inside 

• Applying the residue theorem involves identifying the poles of the integrand (product of generating
function and chosen ) inside the contour

• Residues are calculated at each pole using appropriate methods

• Formula for simple poles

• Laurent series expansion for higher-order poles

• Summing the residues and multiplying by  yields the contour integral value

Contour Integral Evaluation
• The contour integral result obtained using the residue theorem equals the sum of the original series

• Series coefficients are extracted from the contour integral result to obtain a closed-form expression for
the series sum

• The closed-form expression may involve well-known constants ( , ) or special functions (Bernoulli
numbers, polygamma functions)

• Simplifying the closed-form expression leads to a more concise or insightful representation of the
series sum

Evaluating Complex Integrals with Residues

Residue Calculation Methods
• Simple poles: The residue at a simple pole  of a function  is given by 

• Higher-order poles: For a pole of order  at , the residue is the coefficient of  in the
Laurent series expansion of  around 
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• The coefficient can be found using the formula 

• Residues at infinity: If  has a pole at infinity, the residue can be calculated by considering the
residue at zero of the function 

Contour Selection and Deformation
• The choice of contour depends on the location of the poles and the desired form of the result

• Circular contours are commonly used for series with poles at the origin or evenly spaced poles

• Keyhole contours (indented circles) are useful for series with poles near the origin or on the real axis

• Contour deformation techniques, such as indenting the contour or using branch cuts, are employed to
avoid singularities or to simplify the integral

Closed-Form Expressions for Series Sums

Interpreting Contour Integral Results
• The contour integral result represents the sum of the original series

• Extracting series coefficients from the contour integral result leads to a closed-form expression for the
series sum

• The closed-form expression may involve constants, special functions, or finite sums

• Examples of constants: , , Euler's constant ( )

• Examples of special functions: Bernoulli numbers ( ), polygamma functions ( )

Verifying and Applying Series Summation Results
• Closed-form expressions can be simplified to obtain more concise or insightful representations of the
series sum

• Results can be verified by comparing with known series summation formulas or numerically evaluating
the series for specific parameter values

• Series summation results have applications in various fields

• Evaluating infinite sums in mathematical analysis

• Deriving closed-form expressions for special functions

• Solving problems in physics and engineering (Fourier series, generating functions)

7.4 Argument principle and Rouché's theorem
The argument principle and Rouché's theorem are powerful tools in complex analysis. They help count
zeros and poles of functions without finding them directly. These methods connect the behavior of
functions on boundaries to their properties inside regions.

These theorems build on earlier concepts in residue theory. They offer practical ways to analyze complex
functions, proving the fundamental theorem of algebra and locating zeros of polynomials. Understanding
these principles is key to mastering complex analysis.
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The Argument Principle

Explanation and Formulation
• The argument principle relates the number of zeros and poles of a meromorphic function inside a
region to the change in the argument of the function along the boundary of the region

• For a meromorphic function  in a region  bounded by a simple closed curve , the argument
principle states that , where  is the number of zeros and  is the
number of poles of  inside , counted with their multiplicities

• The argument principle is based on the fact that the argument (or phase) of a meromorphic function
changes by  when going around a simple zero in the positive direction, and by  when going
around a simple pole

• For a meromorphic function with multiple zeros or poles, the change in the argument is multiplied by
the multiplicity of the zero or pole

Applications and Insights
• The argument principle can be used to determine the number of zeros and poles of a meromorphic
function inside a given region without explicitly finding them

• It provides a powerful tool for analyzing the behavior of meromorphic functions and understanding the
distribution of their zeros and poles

• The argument principle has applications in various areas of complex analysis, such as:

• Proving the fundamental theorem of algebra

• Studying the zeros of polynomials and rational functions

• Investigating the properties of entire and meromorphic functions

• Solving problems in applied mathematics, such as control theory and signal processing

Counting Zeros and Poles

Applying the Argument Principle
• To apply the argument principle, first identify the meromorphic function  and the region  bounded
by a simple closed curve 

• Evaluate the contour integral  using techniques such as parameterization,
residue theorem, or numerical integration

• The result of the contour integral gives the difference between the number of zeros ( ) and poles ( )
of  inside the region 

• If the number of poles inside  is known, the number of zeros can be determined by adding the
number of poles to the result of the contour integral

• Conversely, if the number of zeros inside  is known, the number of poles can be found by
subtracting the result of the contour integral from the number of zeros
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Examples and Problem Solving
• The argument principle can be used to solve problems involving the number of zeros and poles of
meromorphic functions, such as:

• Locating zeros: By choosing appropriate contours and applying the argument principle, one can
determine the number of zeros in specific regions of the complex plane

• Determining the existence of zeros or poles: The argument principle can help prove the existence or
non-existence of zeros or poles in a given region

• Proving statements about the number of zeros and poles: The argument principle can be used to
establish relationships between the number of zeros and poles of meromorphic functions satisfying
certain conditions

• Example: Consider the function  and the unit circle . Evaluate the
contour integral  to determine the number of zeros and poles of  inside the
unit circle.

Rouché's Theorem

Statement and Proof
• Rouché's theorem states that if  and  are analytic functions inside and on a simple closed
curve , and  on , then  and  have the same number of zeros inside 

• To prove Rouché's theorem:

• Consider the function , where  is a real parameter varying from 0 to 1

• Show that  is a continuous function of both  and , and analytic in  for each fixed 

• Prove that  on the curve  for all  by assuming  for some  on  and
deriving a contradiction using the condition  on 

• Apply the argument principle to the function  and show that the number of zeros of 
inside  remains constant for all 

• Conclude that  at  and  at  have the same number of zeros
inside 

Intuition and Interpretation
• Rouché's theorem provides a way to compare the number of zeros of two analytic functions inside a
region by comparing their magnitudes on the boundary of the region

• The condition  on  means that  dominates  on the boundary, and the
perturbation caused by adding  to  does not change the number of zeros inside the region

• Rouché's theorem can be seen as a consequence of the argument principle, as it relies on the fact
that the number of zeros of an analytic function inside a region is determined by the change in its
argument along the boundary

• The theorem has important applications in complex analysis, such as proving the fundamental
theorem of algebra and studying the zeros of polynomials and analytic functions
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Locating Zeros with Rouché's Theorem

Application Procedure
• To apply Rouché's theorem, identify two analytic functions  and  and a simple closed curve 
such that  on 

• Choose  and  strategically so that the number of zeros of  inside  is known or easily
determined

• Use the fact that  and  have the same number of zeros inside  to determine the
number of zeros of 

• To locate the zeros:

• Subdivide the region inside  into smaller regions and apply Rouché's theorem to each subregion to
narrow down the possible locations of the zeros

• Alternatively, use other methods such as the argument principle or numerical techniques to
approximate the locations of the zeros

Examples and Applications
• Rouché's theorem can be used to prove statements about the number of zeros of analytic functions
satisfying certain conditions, such as the fundamental theorem of algebra

• Example: Prove that the polynomial  has exactly  zeros
inside the disk  if .

• Rouché's theorem can be applied to locate zeros of functions in specific regions, such as:

• Proving that a polynomial has a certain number of zeros in a given disk or annulus

• Determining the number of zeros of an analytic function near a point or inside a contour

• Estimating the locations of zeros using iterative methods based on Rouché's theorem

• The theorem is also useful in studying the behavior of zeros of analytic functions under perturbations
or parameter variations, which has applications in stability analysis and bifurcation theory.
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Unit 8 – Conformal Mappings
8.1 Conformal mappings and their properties
Conformal mappings are complex functions that preserve angles locally. They're a powerful tool in complex
analysis, allowing us to transform complicated problems into simpler ones while maintaining key geometric
properties.

These mappings have unique characteristics that set them apart. They preserve angles and local shapes,
but not necessarily distances or global shapes. Understanding these properties is crucial for applying
conformal mappings effectively in various mathematical and physical problems.

Conformal Mappings: Definition and Properties

Definition and Key Characteristics
• A conformal mapping is a complex function that preserves angles locally between curves in the
complex plane

• Conformal mappings are angle-preserving transformations but not necessarily distance-preserving
(e.g., a mapping that doubles distances while preserving angles)

• The real and imaginary parts of a conformal mapping satisfy the Cauchy-Riemann equations

• Conformal mappings are analytic functions meaning they are differentiable at every point in their
domain

• The composition of two conformal mappings is also a conformal mapping (e.g., if  and  are
conformal, then  is also conformal)

• The inverse of a conformal mapping, if it exists, is also a conformal mapping (e.g., if  is conformal
and has an inverse, then  is also conformal)

Properties of Conformal Mappings
• Conformal mappings preserve the local shape of infinitesimal figures such as small circles or squares

• Conformal mappings preserve the orientation of angles meaning that if a curve is mapped to its
image, the orientation of the angle between the tangent vectors at corresponding points remains the
same

• Conformal mappings preserve the ratio of the magnitudes of tangent vectors at corresponding points

• Conformal mappings do not necessarily preserve distances, areas, or global shapes of figures (e.g., a
conformal mapping may distort the shape of a large circle into an ellipse)

Geometric Preservation under Conformal Mappings

Angle Preservation
• Conformal mappings preserve angles between curves at their point of intersection

• If two curves intersect at an angle  in the domain, their images under a conformal mapping will also
intersect at the same angle 
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• This angle preservation property holds for any number of intersecting curves at a point

Local Shape Preservation
• Conformal mappings preserve the local shape of infinitesimal figures such as small circles or squares

• An infinitesimal circle in the domain will be mapped to an infinitesimal circle in the codomain, although
the size may change

• An infinitesimal square in the domain will be mapped to an infinitesimal square in the codomain, with
the same orientation and possibly a different size

Non-Preservation of Global Properties
• Conformal mappings do not necessarily preserve distances between points (e.g., a mapping that
scales distances by a factor of 2)

• Conformal mappings do not necessarily preserve areas of figures (e.g., a mapping that doubles areas
while preserving angles)

• Conformal mappings do not necessarily preserve the global shapes of figures (e.g., a mapping that
maps a large circle to an ellipse)

Effects of Conformal Mappings on Functions

Local Behavior
• Locally, conformal mappings behave like rotations and dilations, preserving angles and the shape of
infinitesimal figures

• The local behavior of a conformal mapping at a point is determined by its complex derivative at that
point

• The magnitude of the complex derivative at a point represents the local scaling factor, while the
argument of the complex derivative represents the local rotation angle

• For example, if , then the mapping locally scales distances by a factor of 2 and rotates
angles by  radians (45 degrees) counterclockwise

Global Effects
• Globally, conformal mappings can drastically alter the appearance of a function's graph, as they do
not necessarily preserve distances or global shapes

• Conformal mappings can be used to simplify the geometry of a problem by mapping a complicated
domain to a simpler one (e.g., mapping the upper half-plane to the unit disk)

• Conformal mappings can be used to study the behavior of complex functions by mapping their
domains to more tractable regions (e.g., mapping the exterior of the unit disk to the upper half-plane)

Conformal Mappings vs Cauchy-Riemann Equations

Cauchy-Riemann Equations as a Criterion for Conformality
• The Cauchy-Riemann equations are a necessary and sufficient condition for a complex function to be
analytic and, consequently, conformal
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• For a complex function , the Cauchy-Riemann equations are:

• 

• 

• If the Cauchy-Riemann equations are satisfied at every point in the domain of the function, then the
mapping is conformal

• If the Cauchy-Riemann equations are not satisfied at some point, then the mapping is not conformal in
any neighborhood of that point

Determining Conformality using Cauchy-Riemann Equations
• To determine if a mapping is conformal, calculate the partial derivatives of the real and imaginary
parts and check if they satisfy the Cauchy-Riemann equations

• For example, consider the function . Here,  and
. Checking the Cauchy-Riemann equations:

• , 

• , 

• Since the Cauchy-Riemann equations are satisfied for all  and , the mapping  is conformal
everywhere in the complex plane

8.2 Möbius transformations
Möbius transformations are powerful tools in complex analysis, mapping circles and lines to circles and
lines. They're defined as complex functions of the form (az + b) / (cz + d), where a, b, c, d are constants
and ad - bc ≠ 0.

These transformations form a group under composition and are uniquely determined by their action on any
three distinct points. They can be classified as elliptic, parabolic, or hyperbolic based on their parameters,
each type having distinct geometric behaviors and fixed point properties.

Möbius Transformations: General Form and Properties

Definition and Basic Properties
• A Möbius transformation is a complex function of the form , where , , , 
are complex constants and 

• The condition  ensures that the transformation is invertible and well-defined

• Example:  is a Möbius transformation with , , , and 

• Möbius transformations are conformal mappings, preserving angles and shapes of infinitesimal figures
in the complex plane

• Conformality implies that Möbius transformations preserve the local geometry of the complex plane

• Example: If two curves intersect at a right angle, their images under a Möbius transformation will also
intersect at a right angle
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Group Properties and Mapping Characteristics
• Möbius transformations form a group under composition, meaning the composition of two Möbius
transformations is another Möbius transformation, and the inverse of a Möbius transformation is also a
Möbius transformation

• The group of Möbius transformations is called the Möbius group or the linear fractional group

• Example: If  and , then  and  are
also Möbius transformations

• Möbius transformations map circles and lines to circles and lines in the complex plane, including the
extended complex plane (the complex plane with the point at infinity)

• Lines can be considered as circles passing through the point at infinity

• Example: The Möbius transformation  maps the unit circle  to the real line plus the
point at infinity

• Möbius transformations are uniquely determined by their action on any three distinct points in the
extended complex plane

• Given any three distinct points , , and  in the extended complex plane and any three distinct
points , , and , there exists a unique Möbius transformation that maps  to ,  to , and

 to 

• Example: The Möbius transformation that maps  to ,  to , and  to  is 

Möbius Transformations: Types and Parameters

Classification by Parameters
• A Möbius transformation is called a linear fractional transformation (LFT) if  and a homographic
transformation if 

• LFTs have a more general form and can represent a wider range of transformations

• Homographic transformations are a special case of LFTs and include linear transformations and
translations

• Example:  is an LFT, while  is a homographic transformation

• A Möbius transformation is called elliptic if , parabolic if , and hyperbolic if
, where  and  are the coefficients of the transformation

• The type of a Möbius transformation determines its geometric behavior and fixed point properties

• Example:  is elliptic,  is parabolic, and  is hyperbolic

Geometric Interpretation of Types
• Elliptic transformations have two fixed points in the complex plane and no fixed points at infinity,
representing a rotation around a fixed point

• The two fixed points are conjugate to each other and lie inside the unit circle

• Example:  represents a rotation by 90° around the origin
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• Parabolic transformations have one fixed point in the extended complex plane, representing a
translation or a rotation combined with a dilation

• The fixed point can be either in the complex plane or at infinity

• Example:  represents a translation by 1 unit to the right

• Hyperbolic transformations have two fixed points, one in the complex plane and one at infinity,
representing a dilation or a combination of translation and dilation

• The fixed points are real and lie on opposite sides of the unit circle

• Example:  represents a dilation by a factor of 2 centered at the origin

Special Cases
• Special cases of Möbius transformations include the identity transformation ( , ),
pure rotations ( , , ), and pure dilations ( , , )

• The identity transformation maps every point to itself

• Pure rotations preserve distances and rotate the complex plane around a fixed point

• Pure dilations scale the complex plane by a constant factor centered at a fixed point

• Example:  is the identity transformation,  is a pure rotation by 45°, and
 is a pure dilation by a factor of 3

Composing and Decomposing Möbius Transformations

Composition of Möbius Transformations
• The composition of two Möbius transformations  and

 is another Möbius transformation , where
, , , and 

• The coefficients of the composed transformation can be found by multiplying the matrices
representing the individual transformations

• Example: If  and , then

• The order of composition matters for Möbius transformations, as they are generally not commutative

• In general,  for Möbius transformations  and 

• Example: For  and , , while 

Decomposition of Möbius Transformations
• Any Möbius transformation can be decomposed into a sequence of simpler transformations, such as
translations, rotations, dilations, and inversions

• Translations, rotations, and dilations are special cases of Möbius transformations, while inversions are
Möbius transformations of the form 

• Example: The Möbius transformation  can be decomposed into a translation
by 3, followed by an inversion, a dilation by 2, another translation by 1/2, and finally another inversion
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• The decomposition of a Möbius transformation can help analyze its geometric effect on the complex
plane and understand its fixed points and critical points

• Each component of the decomposition has a specific geometric interpretation, and the overall effect
can be understood by combining these interpretations

• Example: The decomposition of  reveals that it maps the point at infinity to
-1/2, the point 3 to infinity, and has a critical point at z = 1

Fixed Points and Critical Points of Möbius Transformations

Fixed Points
• A fixed point of a Möbius transformation  is a complex number  such that . Fixed
points can be found by solving the equation  for 

• The fixed points are the roots of the quadratic equation 

• Example: For , the fixed points are 

• A Möbius transformation has either one or two fixed points in the extended complex plane, depending
on its type (elliptic, parabolic, or hyperbolic)

• Elliptic transformations have two fixed points in the complex plane, parabolic transformations have
one fixed point in the extended complex plane, and hyperbolic transformations have one fixed point in
the complex plane and one at infinity

• Example: The elliptic transformation  has fixed points at  and , the parabolic
transformation  has a fixed point at , and the hyperbolic transformation  has
fixed points at  and 

• The fixed points of a Möbius transformation can be classified as attractive, repulsive, or indifferent
based on the behavior of nearby points under iteration of the transformation

• An attractive fixed point "attracts" nearby points under iteration, a repulsive fixed point "repels" nearby
points, and an indifferent fixed point has a neutral behavior

• Example: For the hyperbolic transformation ,  is an attractive fixed point, and  is a
repulsive fixed point

Critical Points
• A critical point of a Möbius transformation  is a complex number  such that . The
derivative of a Möbius transformation is given by 

• Critical points occur where the denominator of the derivative vanishes, i.e., where 

• Example: For , the critical point is 

• Critical points of a Möbius transformation correspond to the points where the transformation has the
greatest local distortion or where the mapping is not conformal

• At a critical point, angles and shapes are not preserved, and the transformation may map infinitesimal
circles to infinitesimal ellipses

• Example: The critical point  of  is mapped to infinity, indicating a
significant distortion near this point
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• The number and location of critical points provide information about the geometric properties of the
Möbius transformation and its effect on the complex plane

• The number of critical points is related to the type of the transformation (elliptic, parabolic, or
hyperbolic) and its fixed point structure

• Example: Elliptic transformations have no critical points in the complex plane, parabolic
transformations have one critical point, and hyperbolic transformations have two critical points (one in
the complex plane and one at infinity)

8.3 Schwarz-Christoffel transformation
The Schwarz-Christoffel transformation is a powerful tool for mapping the upper half-plane or unit disk onto
simple polygons. It's derived by considering the behavior of the mapping function at polygon vertices, with
interior angles determining the formula's exponents.

This transformation is crucial for solving boundary value problems in polygonal domains. By transforming
complex geometries into simpler ones, it simplifies problem-solving in electrostatics, fluid dynamics, and
heat conduction, making it a key technique in conformal mapping.

Schwarz-Christoffel Formula Derivation

Conformal Mapping and Polygon Vertices
• The Schwarz-Christoffel formula maps the upper half-plane or unit disk conformally onto the interior of
a simple polygon

• The formula is derived by considering the behavior of the mapping function at the vertices of the
polygon

• The interior angles of the polygon determine the exponents in the Schwarz-Christoffel formula

• Example: A square with interior angles of 90° (π/2 radians) at each vertex

Derivative and Integration of the Mapping Function
• The derivative of the mapping function is expressed as a product of power functions

• Each factor in the product corresponds to a vertex of the polygon

• The exponents in the formula are related to the interior angles of the polygon by the equation
, where  is the interior angle at the k-th vertex

• The mapping function is obtained by integrating the derivative and introducing appropriate constants
to ensure the desired correspondence between the domain and the polygon

• Example: For a triangle with interior angles , , and , the derivative of the mapping function is

Schwarz-Christoffel Parameter Calculation

Prevertices and Multiplicative Constant
• The Schwarz-Christoffel parameters include the prevertices (points in the upper half-plane or unit disk
that map to the vertices of the polygon) and the multiplicative constant
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• The prevertices are typically chosen to simplify the calculations, such as placing them at convenient
points like 0, 1, and ∞ for a triangle

• The multiplicative constant is determined by ensuring that the mapping function takes on the correct
values at specific points, such as mapping the prevertices to the corresponding vertices of the polygon

• Example: For a square, the prevertices can be chosen as -1, 0, 1, and ∞, with the multiplicative
constant determined by the side length of the square

Solving Nonlinear Equations and Numerical Methods
• For polygons with more than three vertices, the prevertices and multiplicative constant are often
determined by solving a system of nonlinear equations

• Numerical methods, such as the Schwarz-Christoffel toolbox in MATLAB, can be used to calculate the
parameters for complex polygons

• These methods typically involve iterative algorithms that minimize the error between the desired
polygon and the one obtained by the current set of parameters

• Example: The Schwarz-Christoffel toolbox in MATLAB can compute the parameters for polygons with
arbitrary number of vertices and interior angles

Mapping with Schwarz-Christoffel Transformation

Applying the Transformation
• The Schwarz-Christoffel transformation is applied by substituting the calculated parameters into the
general formula

• For the upper half-plane, the transformation maps the real axis to the boundary of the polygon and the
upper half-plane to the interior of the polygon

• For the unit disk, the transformation maps the unit circle to the boundary of the polygon and the
interior of the disk to the interior of the polygon

• Example: For a polygon with vertices  and prevertices , the
Schwarz-Christoffel transformation is given by

Properties of the Mapping
• The mapping preserves angles (conformal) and is one-to-one inside the domain, ensuring that each
point in the upper half-plane or unit disk corresponds to a unique point in the polygon

• The behavior of the mapping function near the vertices of the polygon is determined by the exponents
in the formula

• Smaller interior angles result in a more severe crowding of the preimages near the corresponding
prevertex

• Example: In a rectangle, the preimages of the vertices with 90° angles are more evenly distributed
compared to those of a thin triangle with small angles
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Boundary Value Problems with Schwarz-Christoffel Transformation

Transforming and Solving Boundary Value Problems
• The Schwarz-Christoffel transformation is a powerful tool for solving boundary value problems in
polygonal domains

• The problem is first transformed from the polygonal domain to the upper half-plane or unit disk using
the Schwarz-Christoffel mapping

• In the transformed domain, the boundary value problem often becomes simpler to solve, as the
boundary conditions are now imposed on the real axis or unit circle

• Techniques such as the Poisson integral formula, the Cauchy integral formula, or the method of
images can be applied to solve the transformed problem

• Example: Solving Laplace's equation with Dirichlet boundary conditions in a polygonal domain

Applications of Schwarz-Christoffel Transformation
• The Schwarz-Christoffel transformation is particularly useful for problems involving Laplace's
equation, such as electrostatics, fluid flow, and heat conduction, where the geometry of the domain
plays a crucial role in determining the solution

• In electrostatics, the transformation can be used to find the electric potential and field in polygonal
conductors

• In fluid dynamics, the transformation can be applied to study the flow around polygonal obstacles or
through polygonal channels

• In heat conduction, the transformation can be employed to analyze the temperature distribution in
polygonal plates or rods

• Example: Determining the electric field around a polygonal conductor with a fixed potential on its
boundary

8.4 Applications of conformal mappings
Conformal mappings are powerful tools for solving complex problems in fluid dynamics and electrostatics.
By preserving angles and local geometry, they transform tricky domains into simpler ones, making it easier
to find solutions for velocity potentials, stream functions, and electric fields.

These mappings shine in aerodynamics, where they're used to design airfoils and analyze lift. They also
simplify geometry in heat transfer and electromagnetics, turning complicated shapes into manageable
ones. This versatility makes conformal mappings essential across many fields.

Conformal Mappings for Problem Solving

Fluid Dynamics Applications
• Conformal mappings preserve angles and local geometry, making them useful for solving problems in
fluid dynamics where the geometry of the domain is important

• Transform a complicated flow domain into a simpler one using conformal mappings (mapping the flow
around a cylinder to the flow around a flat plate)
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• Employ conformal mappings to solve for the velocity potential and stream function in fluid flow
problems, which are harmonic functions satisfying the Laplace equation

• The Joukowski transformation, a specific conformal mapping, is particularly useful in aerodynamics for
designing airfoils and analyzing their lift properties

Electrostatics Applications
• Utilize conformal mappings to solve for the electric potential and field lines in electrostatics problems
involving complicated geometries (capacitors, charged conductors)

• Conformal mappings preserve angles and local geometry, making them valuable for solving
electrostatics problems where the geometry of the domain is crucial

• Employ conformal mappings to transform complex geometries into simpler ones, facilitating the
analysis of electrostatic systems

• Solve for the electric potential and field lines in problems with complicated geometries using conformal
mappings, simplifying the solution process

Conformal Mappings for Geometry Simplification

Transforming Complex Geometries
• Use conformal mappings to transform complex geometries into simpler ones (mapping a polygon to a
disk or a half-plane)

• The Schwarz-Christoffel transformation is a powerful tool for mapping polygonal domains to the upper
half-plane, simplifying the analysis of physical systems with such geometries

• Apply conformal mappings to simplify the geometry of heat transfer problems (mapping a finned
surface to a flat plate)

• Employ conformal mappings to transform complicated boundary conditions into simpler ones in
electromagnetics, facilitating the solution of the governing equations

Simplifying Potential Flow Problems
• Utilize conformal mappings to simplify the geometry of potential flow problems (mapping flow around a
sharp corner to flow in a straight channel)

• Transform complex flow domains into simpler ones using conformal mappings, enabling easier
analysis and solution of potential flow problems

• Employ conformal mappings to map complicated flow geometries to canonical domains, such as the
upper half-plane or a straight channel

• Simplify the analysis of potential flow problems with intricate geometries by applying conformal
mappings to transform the domain into a more manageable form

Conformal Mappings for Aerodynamic Design

Airfoil Design and Analysis
• Use the Joukowski transformation to design airfoils by mapping a circle to an airfoil shape, allowing for
the control of the airfoil's thickness and camber
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• Enforce the Kutta condition, which states that the velocity at the trailing edge of an airfoil must be
finite, using conformal mappings to ensure physically realistic flow patterns

• Analyze the pressure distribution and lift generated by an airfoil using conformal mappings, providing
insights into its aerodynamic performance

• Employ the Karman-Trefftz transformation to design and analyze airfoils with a finite trailing edge
angle, which is more representative of real airfoils

Optimization of Aerodynamic Surfaces
• Apply conformal mappings to optimize the shape of other aerodynamic surfaces (turbine blades, wind
turbine profiles) to improve their efficiency and performance

• Use conformal mappings to design and analyze the geometry of aerodynamic components, such as
wings, propellers, or turbomachinery blades

• Employ conformal mappings to study the flow patterns and pressure distributions around aerodynamic
surfaces, enabling the optimization of their shape for improved performance

• Utilize conformal mappings to transform the geometry of aerodynamic surfaces into simpler forms,
facilitating the analysis and design process

Importance of Conformal Mappings

Widespread Applications
• Conformal mappings have widespread applications in various fields, including fluid dynamics,
aerodynamics, electrostatics, heat transfer, and electromagnetics

• In engineering design, use conformal mappings to optimize the shape and performance of various
components (airfoils, heat exchangers, antenna profiles)

• Employ conformal mappings in the numerical simulation of physical systems to simplify the
computational domain and improve the accuracy of the results

• Apply conformal mappings in physics to study the behavior of quantum systems (quantum Hall effect,
properties of two-dimensional electron gases)

Interdisciplinary Significance
• Conformal mappings have found applications in computer graphics, image processing, and computer
vision for image warping, texture mapping, and shape analysis

• Utilize conformal mappings in the design and analysis of microwave and antenna systems, where the
geometry of the components plays a crucial role in their performance

• Apply conformal mappings in the study of conformal field theories, which have important implications
in theoretical physics and string theory

• Recognize the significance of conformal mappings in advancing our understanding of complex
physical systems and their behavior across various disciplines



Fiveable archived study guides Page 92

Unit 9 – Harmonic Functions
9.1 Properties of harmonic functions
Harmonic functions are the backbone of complex analysis, bridging the gap between real and imaginary
parts of analytic functions. They're smooth, satisfy Laplace's equation, and have no local extrema inside
their domain. These properties make them crucial in physics and engineering.

The mean value property and maximum principle are key features of harmonic functions. They tell us that a
harmonic function's value at a point equals the average on a surrounding sphere, and that it can't have
internal maxima or minima. This leads to unique solutions for boundary value problems.

Harmonic functions and their properties

Definition and key characteristics
• A harmonic function is a twice continuously differentiable, real-valued function that satisfies Laplace's
equation: , where  is the Laplace operator

• Harmonic functions are infinitely differentiable (smooth) and analytic, meaning they can be
represented by a convergent power series in a neighborhood of every point in their domain

• The sum, difference, and constant multiples of harmonic functions are also harmonic, making the set
of harmonic functions a vector space over the real numbers

• If  is an analytic function, then both its real and imaginary parts,  and , are
harmonic functions

Properties and implications
• Harmonic functions have no local maxima or minima within their domain, except at boundary points or
points where the function is constant

• This property is a consequence of the maximum principle, which states that a non-constant harmonic
function cannot attain its maximum or minimum value within its domain

• Harmonic functions satisfy the mean value property, which states that the value of a harmonic function
at the center of a ball is equal to the average of its values on the surface of the ball

• Harmonic functions are uniquely determined by their boundary values on a bounded domain, as
stated by the uniqueness theorem for the Dirichlet problem

• The properties of harmonic functions make them useful in various applications, such as in the study of
electrostatics, fluid dynamics, and heat conduction

Mean value property for harmonic functions

Statement and formulation
• The mean value property states that the value of a harmonic function at the center of a ball is equal to
the average of its values on the surface of the ball

• For a harmonic function  defined on a ball  with center  and radius , the mean value
property is expressed as:  where  is the surface area of the ball
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and  is a unit vector

Proof and implications
• The proof of the mean value property involves using Green's identities and the divergence theorem to
transform the surface integral into a volume integral

• The volume integral simplifies to the value of the function at the center due to the harmonicity of , as

• The mean value property is a characteristic property of harmonic functions and can be used to prove
other properties, such as the maximum principle and Harnack's inequality

• The mean value property also has practical applications, such as in the numerical solution of
Laplace's equation using finite difference methods

Maximum principle for harmonic functions

Statement and consequences
• The maximum principle states that if a harmonic function attains its maximum or minimum value within
its domain, then the function must be constant throughout the domain

• A consequence of the maximum principle is that a non-constant harmonic function cannot attain its
maximum or minimum value within its domain; extrema can only occur on the boundary of the domain

• The strong maximum principle states that if two harmonic functions agree at an interior point of a
connected domain and one dominates the other on the domain, then the functions are identical
throughout the domain

Applications and extensions
• The maximum principle is useful for proving uniqueness theorems and for deriving estimates and
bounds for harmonic functions

• For example, the maximum principle can be used to show that a harmonic function is bounded by its
maximum and minimum values on the boundary of its domain

• The maximum principle can be extended to subharmonic and superharmonic functions, which are
functions that satisfy inequalities related to the Laplace operator

• The maximum principle also has analogues for other elliptic partial differential equations, such as the
heat equation and the Schrödinger equation

Uniqueness of harmonic functions with boundary conditions

Dirichlet problem and uniqueness theorem
• The Dirichlet problem seeks to find a harmonic function on a domain that satisfies given boundary
conditions

• The uniqueness theorem for the Dirichlet problem states that if a harmonic function satisfies given
continuous boundary conditions on a bounded domain, then it is the unique solution to the Dirichlet
problem
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Proof and extensions
• The proof of uniqueness relies on the maximum principle: if two harmonic functions satisfy the same
boundary conditions, their difference is a harmonic function that vanishes on the boundary, implying
that the difference is identically zero throughout the domain

• Uniqueness results can be extended to unbounded domains under suitable growth conditions on the
harmonic functions, such as requiring the functions to be bounded or have a certain asymptotic
behavior (e.g., vanishing at infinity)

• Uniqueness theorems also hold for other boundary value problems, such as the Neumann problem,
which specifies the normal derivative of the function on the boundary instead of the function values
themselves

9.2 Poisson integral formula
The Poisson integral formula is a powerful tool for solving harmonic function problems on the unit disk. It
lets us find harmonic functions inside the disk using their values on the boundary. This connects to earlier
topics on harmonic functions and their properties.

The formula uses the Poisson kernel to weight boundary values and integrate them. This gives us a way to
solve Dirichlet problems, finding harmonic functions with specific boundary conditions. It's a key technique
for working with harmonic functions in complex analysis.

Poisson Integral Formula for Unit Disk

Derivation of Poisson Integral Formula
• Represents a harmonic function on the unit disk using its boundary values

• Assumes u(z) is a harmonic function on the unit disk D and continuous on the closure of D

• Expresses u(z) as an integral of its boundary values weighted by the Poisson kernel P(r, θ)

• r is the distance from the origin to z

• θ is the angle between the positive real axis and the line segment from z to a boundary point

• Poisson kernel formula: P(r, θ) = 

• Derivation steps:

• Express u(z) as the real part of a holomorphic function f(z)

• Use Cauchy's integral formula to represent f(z) using its boundary values

• Obtain the imaginary part of f(z), the harmonic conjugate of u(z), using the Cauchy-Riemann
equations

• Relate boundary values of f(z) to boundary values of u(z): , where v is the
harmonic conjugate of u

Poisson Integral Formula and Its Properties
• Final form of Poisson integral formula: 

•  represents the boundary values of u
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• Properties of Poisson kernel:

• Non-negative and integrates to 1 over the boundary, making it a probability density function

• As a point approaches the boundary, the Poisson kernel converges to a Dirac delta function centered
at the boundary point

• Mean value property: The value of a harmonic function at any point is the average of its values on any
circle centered at that point

• Behavior under harmonic conjugation: The Poisson integral of the boundary values of a harmonic
function yields its harmonic conjugate (up to a constant)

Applying Poisson Integral to Boundary Problems

Solving Dirichlet Boundary Value Problems
• Dirichlet boundary value problem: Find a harmonic function on a domain that takes prescribed values
on the boundary

• To solve a Dirichlet problem on the unit disk using Poisson integral:

• Obtain the boundary values of the desired harmonic function

• Compute the Poisson integral of the boundary values: , where

 represents the given boundary values

• The resulting function u(z) is guaranteed to be harmonic on the unit disk and takes the prescribed
boundary values

• Example: Find a harmonic function on the unit disk that takes the boundary values 

Practical Considerations and Techniques
• Evaluating the Poisson integral may involve:

• Numerical integration techniques (trapezoidal rule, Simpson's rule)

• Series expansions of the boundary values (Fourier series)

• Accuracy and efficiency of the solution depend on the complexity of the boundary values and the
chosen integration method

• Example: Solve the Dirichlet problem on the unit disk with boundary values  using a
Fourier series expansion

Generalizing Poisson Integral to Other Domains

Poisson Integral for Upper Half-Plane
• Represents a harmonic function on the upper half-plane using its boundary values on the real line

• Poisson kernel for the upper half-plane: , where (x, y) is a point in the upper
half-plane
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• Poisson integral formula for the upper half-plane: , where f(t)
represents the boundary values on the real line

• Example: Find a harmonic function on the upper half-plane that takes the boundary values

Poisson Integral for Ball in Higher Dimensions
• Represents a harmonic function on a ball using its boundary values on the sphere

• Poisson kernel for a ball in n dimensions: , where r is a point inside the ball
and θ is a point on the boundary sphere

• Poisson integral formula for a ball: 

•  is the surface area of the unit sphere in n dimensions

• S is the boundary sphere

•  represents the boundary values

• Example: Find a harmonic function on the unit ball in 3D that takes the boundary values

Poisson Integral and Harmonic Functions

Connection between Harmonic Functions and Boundary Values
• Every harmonic function on a domain can be represented by the Poisson integral of its boundary
values

• Conversely, the Poisson integral of any continuous function on the boundary yields a harmonic
function on the interior

• Poisson kernel is a harmonic function in the interior of the domain

• As a point approaches the boundary, the Poisson kernel converges to a Dirac delta function centered
at the boundary point, allowing the Poisson integral to recover the boundary values

• Example: Show that the Poisson integral of the boundary values  on the unit disk
yields the harmonic function 

Relationship to Other Integral Formulas and Green's Function
• Poisson integral formula is a special case of the more general Schwarz integral formula, which
represents a holomorphic function on a domain using its real part on the boundary

• Poisson integral is closely related to the Green's function for the Laplace equation

• Green's function is a fundamental solution that can be used to solve inhomogeneous boundary value
problems

• The Poisson kernel can be obtained by taking the normal derivative of the Green's function on the
boundary

• Example: Derive the Green's function for the Laplace equation on the unit disk and show its
relationship to the Poisson kernel
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9.3 Dirichlet problem
Harmonic functions are the stars of Unit 9, and the Dirichlet problem is their big showcase. It's all about
finding a special harmonic function that matches given values on the edge of a shape.

The Dirichlet problem is super important in math and physics. It helps us understand things like heat flow,
electric fields, and fluid motion. We'll learn how to solve it and why the solutions are unique.

The Dirichlet Problem for Harmonic Functions

Formulation and Laplace's Equation
• The Dirichlet problem is a boundary value problem in partial differential equations that seeks to find a
harmonic function satisfying given boundary conditions

• A function  is harmonic if it satisfies Laplace's equation: 

• Laplace's equation is a second-order partial differential equation that describes the behavior of
harmonic functions

• Harmonic functions have important properties, such as the mean value property and the maximum
principle

• The Dirichlet problem is formulated as follows: Given a bounded domain  with a continuous
boundary  and a continuous function  on , find a harmonic function  on  such that  on 

Applications and Boundary Data
• The function  is called the boundary data, and the solution  is called the harmonic extension of 

• The boundary data determines the values of the harmonic function on the boundary of the domain

• The harmonic extension is the unique harmonic function that agrees with the boundary data on the
boundary

• The Dirichlet problem has applications in various fields, such as electrostatics, heat conduction, and
fluid dynamics

• In electrostatics, harmonic functions describe the electric potential in a charge-free region

• In heat conduction, harmonic functions represent the steady-state temperature distribution

• In fluid dynamics, harmonic functions can model the velocity potential of an irrotational flow

Existence and Uniqueness of Solutions

Maximum Principle and Uniqueness
• The existence and uniqueness of solutions to the Dirichlet problem can be proven using the maximum
principle and the Dirichlet energy functional

• The maximum principle states that a harmonic function attains its maximum and minimum values on
the boundary of its domain

• Consequence: If two harmonic functions agree on the boundary, they must agree everywhere in the
domain, proving uniqueness
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• The maximum principle is a powerful tool for analyzing the behavior of harmonic functions and their
solutions

• The uniqueness of the solution follows from the maximum principle

• If there were two different solutions to the Dirichlet problem with the same boundary data, their
difference would be a harmonic function that vanishes on the boundary

• By the maximum principle, this difference must be identically zero, implying that the two solutions are
the same

Dirichlet Energy Functional and Existence
• The Dirichlet energy functional  measures the "smoothness" of a function 

• Minimizing the Dirichlet energy functional among all functions with the same boundary data leads to
the existence of a harmonic solution

• The Dirichlet energy functional is a non-negative quantity that vanishes only for constant functions

• The proof of existence relies on the direct method in the calculus of variations, which involves showing
that a minimizing sequence converges to a solution

• The direct method consists of the following steps: (1) Show that the Dirichlet energy functional is
bounded below, (2) Extract a convergent subsequence using compactness arguments, (3) Prove that
the limit of the subsequence is a harmonic function satisfying the boundary conditions

• The existence of a minimizer for the Dirichlet energy functional guarantees the existence of a
harmonic solution to the Dirichlet problem

Solving the Dirichlet Problem

Poisson Integral Formula
• The Poisson integral formula provides an explicit solution to the Dirichlet problem in the unit disk

• For a continuous function  on the unit circle , the Poisson integral of  is given by:
 where  are polar coordinates in 

• The Poisson integral  is the unique harmonic function on  that extends continuously to 
and agrees with  there

Poisson Kernel and Mean Value Property
• The Poisson kernel  is a fundamental solution to Laplace's equation in the unit
disk

• The Poisson kernel is a positive, radially symmetric function that integrates to 1 on the unit circle

• The Poisson kernel can be interpreted as the probability density function of the exit position of a
Brownian motion starting at  and hitting the unit circle

• The Poisson integral formula can be derived using the mean value property of harmonic functions and
the Fourier series expansion of the boundary data
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• The mean value property states that the value of a harmonic function at a point is equal to the average
of its values on any circle centered at that point

• The Fourier series expansion of the boundary data allows expressing the solution as a convolution
with the Poisson kernel

Regularity of Solutions

Continuity and Hölder Continuity
• The regularity of solutions to the Dirichlet problem refers to the smoothness properties of the harmonic
extension  in terms of the smoothness of the boundary data 

• If  is continuous on , then the solution  is continuous on the closure of  ( )

• The continuity of the solution follows from the continuity of the Poisson integral and the properties of
the Poisson kernel

• If  is Hölder continuous with exponent  on , then  is Hölder continuous with the same
exponent  on the closure of 

• Hölder continuity is a stronger condition than continuity and implies a uniform bound on the modulus
of continuity

• Hölder continuity of the solution can be proven using estimates on the derivatives of the Poisson
kernel

Higher-Order Regularity and Importance
• If  is  times continuously differentiable ( ) on , then  is  times continuously differentiable
( ) on 

• The higher-order regularity of the solution follows from the smoothness properties of the Poisson
kernel and the differentiation of the Poisson integral formula

• The gain of one degree of differentiability is a consequence of the smoothing effect of the Poisson
integral

• The regularity of solutions can be proven using the Poisson integral formula, the properties of the
Poisson kernel, and estimates on the derivatives of harmonic functions

• Understanding the regularity of solutions is important for analyzing the behavior of harmonic functions
and their applications in various fields

• The regularity results provide insight into the smoothness and differentiability properties of harmonic
functions

• The regularity of solutions is crucial for studying the qualitative behavior of harmonic functions and
their role in modeling physical phenomena

9.4 Green's functions
Green's functions are powerful tools in complex analysis, solving Poisson's equation with point sources.
They're key to tackling inhomogeneous differential equations and converting them into integral equations,
making them essential for solving boundary value problems.
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Constructing Green's functions varies based on the domain. In unbounded spaces, we use fundamental
solutions and the method of images. For bounded domains, techniques like eigenfunction expansion come
into play. These methods help us solve Dirichlet problems and understand harmonic functions better.

Green's functions: Definition and properties

Definition and fundamental properties
• Green's functions solve Poisson's equation with a point source, represented by the Dirac delta
function: 

• Exhibit symmetry: , allowing the interchange of variables without changing the
function value

• Unique up to the addition of a harmonic function, providing flexibility in their construction

• Normal derivative vanishes on the boundary: , ensuring compatibility with boundary
conditions

Applications to differential equations
• Solve inhomogeneous differential equations with specified boundary conditions

• Inhomogeneous term represents a source or sink in the problem domain

• Green's function acts as a fundamental solution, capturing the response to a point source

• Enable the conversion of a differential equation problem into an integral equation

• Integral equation involves the Green's function and the inhomogeneous term

• Solution obtained by integrating the product of the Green's function and the source term

Constructing Green's functions

Green's functions in unbounded domains
• Whole space :

• For : 

• For : , where  is the volume of the unit -sphere

• Half-space: Obtained using the method of images

• , where  is the reflection of  across the boundary

•  is the fundamental solution in the unbounded domain

Green's functions in bounded domains
• Ball: Constructed using the Poisson integral formula and the method of images

• Poisson integral formula expresses the solution in terms of the boundary values

• Method of images accounts for the boundary conditions by introducing virtual sources

• Rectangle: Obtained using the method of eigenfunction expansion
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• Express  as a series of eigenfunctions of the Laplacian operator

• Eigenfunctions satisfy the boundary conditions and form a complete basis

• Coefficients determined by imposing the point source condition

Green's functions for Dirichlet problems

Dirichlet problem formulation
• Find a harmonic function  in a domain  with prescribed boundary values  on 

• Harmonic functions satisfy Laplace's equation:  inside the domain

• Boundary condition:  on , specifying the function values on the boundary

Green's function solution
• Solution expressed using the Green's function: 

• Normal derivative  taken with respect to  in the outward direction on the boundary

• Green's function captures the influence of boundary values on the solution at interior points

• Boundary integral represents a weighted average of the boundary values, with weights determined by
the Green's function

Numerical implementation
• Discretize the boundary integral by dividing the boundary into segments or elements

• Approximate the Green's function and its normal derivative using numerical methods (finite
differences, boundary element method)

• Solve the resulting linear system to obtain the solution at interior points

• Refine the discretization to achieve desired accuracy and convergence

Green's functions vs Poisson kernel

Poisson kernel as a special case
• Poisson kernel is a Green's function for specific domains: unit disk and upper half-plane

• Unit disk: Poisson kernel in polar coordinates : 

• Upper half-plane: Poisson kernel in Cartesian coordinates  with : 

Poisson integral formula
• Dirichlet problem solution on the unit disk: 

• Expresses the solution as a convolution of the boundary values with the Poisson kernel

• Poisson kernel acts as a weight function, determining the influence of boundary values on interior
points
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Relationship between Green's functions and Poisson kernels
• Green's functions can be used to derive the Poisson kernel and the Poisson integral formula

• Poisson kernel obtained by taking the normal derivative of the Green's function on the boundary

• Poisson integral formula derived by applying Green's identity and using the properties of the Green's
function

• Poisson kernels provide explicit formulas for solving Dirichlet problems in specific domains

• Green's functions offer a more general framework for solving boundary value problems in various
geometries
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Unit 10 – Entire and Meromorphic
Functions
10.1 Entire functions and their properties
Entire functions are complex-valued functions that are holomorphic on the entire complex plane. They're
infinitely differentiable everywhere, making them smooth and well-behaved. Polynomials and exponential
functions are classic examples of entire functions.

These functions have fascinating properties, like Liouville's theorem, which states that bounded entire
functions must be constant. The maximum modulus principle also applies, helping us understand their
behavior and growth rates. These properties are key to grasping entire functions' role in complex analysis.

Entire functions and their properties

Definition and key characteristics
• Entire functions are complex-valued functions holomorphic (complex differentiable) on the entire
complex plane

• Entire functions have derivatives of all orders at every point in the complex plane, making them
infinitely differentiable

• The sum, product, and composition of entire functions also yield entire functions

• Polynomials (e.g., ) and the exponential function ( ) are examples of entire
functions

• Liouville's theorem states that if an entire function is bounded on the complex plane, it must be
constant

Maximum modulus principle and its implications
• The maximum modulus principle asserts that the maximum value of the modulus of an entire function
on a closed disk is attained on the disk's boundary

• This principle has important consequences for the behavior of entire functions, such as the existence
of zeros and the growth rate of the function

• The maximum modulus principle can be used to prove various results in complex analysis, including
Liouville's theorem and the fundamental theorem of algebra

• Applying the maximum modulus principle helps in understanding the global properties of entire
functions and their behavior on the complex plane

Analyzing entire functions with Liouville's theorem

Statement and consequences of Liouville's theorem
• Liouville's theorem asserts that if an entire function is bounded on the complex plane, it must be
constant
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• A consequence of Liouville's theorem is that non-constant entire functions are unbounded on the
complex plane

• This theorem has important implications for the behavior of entire functions at infinity and the
existence of certain types of functions

• Liouville's theorem can be used to prove that certain functions, such as non-constant rational
functions ( ), cannot be entire

Applications and examples
• Liouville's theorem can be applied to prove the fundamental theorem of algebra, which states that
every non-constant polynomial has at least one complex root

• The theorem is also used in the proof of Picard's little theorem, which states that a non-constant entire
function takes on every complex value, with at most one exception

• Liouville's theorem helps in understanding the growth rate of entire functions, which can be
characterized by their order and type

• Examples of applying Liouville's theorem include proving that the function  is unbounded and
that the function  is not constant

Classifying entire functions by order and type

Definitions of order and type
• The order of an entire function  is the infimum of all positive real numbers  such that

 for sufficiently large 

• The type of an entire function  of order  is the infimum of all positive real numbers  such that
 for sufficiently large 

• The order and type of an entire function characterize its growth rate at infinity and help in classifying
entire functions into different categories

• Examples of entire functions with different orders and types include polynomials (finite positive order),
exponential functions (order 1), and the Mittag-Leffler function (arbitrary order and type)

Categories of entire functions based on order
• Entire functions can be classified into three main categories based on their order:

1. Constant functions (order 0)

2. Polynomial functions (finite positive order)

3. Transcendental functions (infinite order)

• Constant functions, such as , have order 0 and are the simplest entire functions

• Polynomial functions, like , have finite positive order equal to their degree

• Transcendental functions, such as  or , have infinite order and exhibit more
complex behavior than polynomials
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Applying the fundamental theorem of algebra to entire functions

Statement and consequences of the fundamental theorem of algebra
• The fundamental theorem of algebra states that every non-constant polynomial function has at least
one complex root (zero)

• As a consequence, every non-constant polynomial function can be factored into linear terms, each
corresponding to a root of the polynomial

• The fundamental theorem of algebra implies that a non-constant polynomial function of degree  has
exactly  roots (counting multiplicities)

• This theorem has important implications for the structure and behavior of polynomial functions, which
are a special case of entire functions

Extending the fundamental theorem of algebra to entire functions
• While the fundamental theorem of algebra applies specifically to polynomial functions, some of its
ideas can be extended to entire functions

• Entire functions that are not polynomials may have infinitely many roots, as in the case of the sine
function (  for ) and cosine function (  for )

• The Weierstrass factorization theorem generalizes the idea of factorization to entire functions, stating
that every entire function can be represented as a product involving its zeros

• The study of the distribution and density of zeros of entire functions is an important topic in complex
analysis, with connections to the growth rate and other properties of these functions

10.2 Meromorphic functions
Meromorphic functions are like complex-valued functions with a few hiccups. They're smooth sailing
everywhere except for some isolated points called poles. These functions are crucial in complex analysis,
helping us understand how functions behave in the complex plane.

In this part, we'll dive into the nitty-gritty of meromorphic functions. We'll look at their poles, residues, and
how they behave at infinity. Plus, we'll see how the residue theorem can help us solve tricky integrals. It's
all about understanding these functions' quirks and using them to our advantage.

Meromorphic functions and their domain

Definition and properties
• A meromorphic function is a function that is holomorphic on a domain except for a set of isolated
points, which are poles of the function

• Meromorphic functions can be expressed as the ratio of two holomorphic functions, where the
denominator has isolated zeros

• The set of poles of a meromorphic function is a discrete subset of the domain

• Meromorphic functions are analytic on their domain except at the poles
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Domain and singularities
• The domain of a meromorphic function is the set of all points in the complex plane where the function
is defined, excluding the poles

• Poles are isolated singularities where the function is undefined but can be made defined by multiplying
the function by a suitable power of , where  is the pole

• Examples of meromorphic functions include rational functions ( , where  and  are
polynomials) and trigonometric functions ( , )

Poles and residues of meromorphic functions

Poles and their order
• A pole of a meromorphic function is a point where the function is undefined but can be made defined
by multiplying the function by a suitable power of , where  is the pole

• The order of a pole is the smallest positive integer  such that  has a finite, non-zero limit
as  approaches 

• Simple poles have order 1, while higher-order poles have order greater than 1

• Examples of functions with poles include  (simple poles at ) and 
(pole of order 3 at )

Residues and their calculation
• The residue of a meromorphic function at a pole is the coefficient of the  term in the Laurent
series expansion of the function around the pole

• For a simple pole (order 1), the residue can be calculated using the limit:

• For higher-order poles, the residue can be found using the formula:
, where  is the order of the pole

• Examples of residue calculations include  (residues  at  and  at ) and
 (residue  at )

Residue theorem for integral evaluation

Statement and application of the theorem
• The residue theorem states that the integral of a meromorphic function  along a closed contour 
is equal to  times the sum of the residues of  at the poles enclosed by 

• To apply the residue theorem, identify the poles of the meromorphic function within the contour and
calculate their residues

• If a pole lies on the contour, the contour should be deformed to exclude the pole or include it
completely, depending on the problem's requirements
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Examples and techniques
• When evaluating real integrals using the residue theorem, choose a suitable contour (e.g., a
semicircle) and use the theorem to simplify the integral

• The residue theorem can be used to evaluate integrals of rational functions, trigonometric functions,
and other meromorphic functions over closed contours

• Examples of integrals that can be evaluated using the residue theorem include  (using a

semicircular contour in the upper half-plane) and  (using the unit circle as the contour)

Meromorphic functions at infinity

Behavior at infinity
• The behavior of a meromorphic function at infinity can be studied by considering the function 
and examining its behavior near 

• A meromorphic function has a pole at infinity if , and the order of the pole is the order of
the zero of  at 

• A meromorphic function has a removable singularity at infinity if  exists and is finite, and
 has a removable singularity at 

• A meromorphic function has an essential singularity at infinity if  does not exist, and 
has an essential singularity at 

Residue at infinity and its applications
• The residue at infinity can be calculated using the residue at  for the function  multiplied by

• The behavior of a meromorphic function at infinity is crucial when applying the residue theorem over
unbounded contours or when studying the global properties of the function

• Examples of functions with poles at infinity include  (pole of order 2 at infinity) and 
(simple pole at infinity)

• The residue at infinity can be used to evaluate integrals over unbounded contours, such as 

(using a semicircular contour in the upper half-plane and the residue at infinity)

10.3 Weierstrass factorization theorem
The Weierstrass factorization theorem is a powerful tool in complex analysis. It shows that any entire
function can be written as a product of its zeros and an exponential factor, giving us deep insights into the
structure of these functions.

This theorem connects to the broader study of entire and meromorphic functions by providing a way to
represent and analyze them. It helps us understand their growth, distribution of zeros, and overall behavior,
forming a foundation for many important results in complex analysis.
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Weierstrass Factorization Theorem

Statement and Components
• The Weierstrass factorization theorem states that every entire function  can be represented as a
product involving its zeros

• If  is an entire function with zeros  (listed according to multiplicity), then there exist an
entire function  and a sequence of non-negative integers  such that

for all 

• The factors  are the Weierstrass primary factors, defined as
 for 

• Examples of Weierstrass primary factors include  and 

• The sequence  satisfies

, ensuring the convergence of the infinite product

• This condition guarantees that the product converges uniformly on compact subsets of 

Special Cases and Variations
• If , the Weierstrass factorization can be written as

, where  is the multiplicity of the zero at 

• This variant accounts for the case when the function has a zero at the origin

• If  is a polynomial of degree , the Weierstrass factorization reduces to a finite product
, where  is a constant and 

• Polynomials have finitely many zeros, so the infinite product becomes a finite product

• The Weierstrass factorization can be generalized to meromorphic functions by including factors for
poles in addition to zeros

• Meromorphic functions have poles, which are accounted for by introducing factors of the form
, where  are the poles and  their multiplicities

Representing Entire Functions

Constructing Infinite Product Representations
• To represent an entire function as an infinite product using the Weierstrass factorization, first identify
the zeros of the function and their multiplicities

• For example, consider the entire function , which has simple zeros at all integers 
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• Determine the appropriate Weierstrass primary factors  for each zero  based on its
multiplicity and the chosen sequence 

• In the case of , the zeros are simple, so we can choose  for all  and use the primary
factors 

• Multiply the primary factors together in an infinite product, ensuring that the sequence  satisfies
the convergence condition

• For , we have

• Include the exponential factor , where  is an entire function, to account for any additional
factors or behaviors not captured by the zeros

• In this example, no additional exponential factor is needed, as the zeros fully determine the behavior
of 

Handling Zeros at the Origin
• If the function has a zero at , include the factor  in the representation, where  is the
multiplicity of the zero at the origin

• Consider the entire function , which has a double zero at 

• The Weierstrass factorization of  is , where the factor  accounts for the double zero
at the origin

• When a function has no zeros, its Weierstrass factorization consists only of the exponential factor

• For example, the entire function  has no zeros, so its Weierstrass factorization is simply

Genus of Entire Functions

Definition and Properties
• The genus of an entire function is the smallest non-negative integer  such that

, where  are the non-zero zeros of the function

• Intuitively, the genus measures the growth and complexity of the entire function

• Given the Weierstrass factorization of an entire function, the genus can be determined by examining
the sequence  in the primary factors

• The genus is equal to the smallest non-negative integer  such that  for all but finitely many 

• If  for all but finitely many , the function has genus 0. If  for all but finitely many , the
function has genus 1, and so on

• Polynomials have genus 0, as they have finitely many zeros and  for all 
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• The exponential function  has genus 0, as it has no zeros and its Weierstrass factorization consists
only of the exponential factor

Relation to Growth and Complexity
• The genus provides information about the growth and complexity of the entire function, with higher
genus indicating faster growth or more complex behavior

• Functions of genus 0, such as polynomials and the exponential function, have relatively slow growth
and simple behavior

• Functions of genus 1, such as the sine and cosine functions, have faster growth and more oscillatory
behavior

• The genus is related to the order and type of an entire function, which are measures of growth based
on the maximum modulus 

• Functions of genus 0 have order at most 1, while functions of genus 1 have order at most 2

• The type of a function of genus 0 is determined by the degree of its exponential factor 

Applications of Weierstrass Factorization

Proving Properties of Entire Functions
• Use the Weierstrass factorization to prove properties of entire functions, such as the fundamental
theorem of algebra (every non-constant polynomial has at least one zero)

• The fundamental theorem of algebra follows from the Weierstrass factorization, as a polynomial of
degree  has a factorization with  linear factors, each corresponding to a zero

• Apply the factorization to study the growth and distribution of zeros of entire functions, such as the
Hadamard factorization theorem for functions of finite order

• The Hadamard factorization theorem states that an entire function of finite order  can be written as

, where  is a polynomial of degree at most  and 

Deriving Other Representations
• Utilize the Weierstrass factorization to derive other representations of entire functions, such as the
Mittag-Leffler theorem or the Borel theorem

• The Mittag-Leffler theorem states that for any sequence of complex numbers  with ,
there exists an entire function with simple zeros at precisely the points 

• The Borel theorem asserts that for any sequence of complex numbers , there exists an entire
function  such that  for all 

• These theorems rely on the Weierstrass factorization to construct entire functions with prescribed
zeros or Taylor coefficients
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Solving Complex Analysis Problems
• Employ the factorization to investigate the behavior of entire functions near their zeros or to analyze
the convergence properties of infinite products

• The Weierstrass factorization can be used to study the local behavior of an entire function near its
zeros, such as the order of a zero or the residue at a pole

• Convergence properties of infinite products can be analyzed using the Weierstrass M-test, which
relies on the convergence condition for the sequence 

• Combine the Weierstrass factorization with other techniques, such as the maximum modulus principle
or the Phragmén-Lindelöf principle, to solve problems in complex analysis involving entire functions

• The maximum modulus principle states that if an entire function is not constant, then its modulus
 cannot attain a maximum value at any point in the complex plane

• The Phragmén-Lindelöf principle provides conditions under which an entire function must be constant
or have a certain growth rate based on its behavior in angular regions

10.4 Hadamard factorization theorem
Entire functions are complex functions that are analytic everywhere in the complex plane. The Hadamard
factorization theorem provides a way to represent these functions as products involving their zeros,
offering insights into their growth and behavior.

This theorem connects an entire function's zeros to its growth rate, revealing how the distribution of zeros
relates to the function's order and type. It's a powerful tool for understanding the structure and properties of
entire functions in complex analysis.

Hadamard Factorization Theorem

Statement and Implications
• The Hadamard factorization theorem asserts that any entire function of finite order can be expressed
as a product involving its zeros

• Provides a canonical representation of entire functions in terms of their zeros, order, and type

• The factorization includes a polynomial factor, a product over the function's non-zero roots, and an
exponential factor

• Establishes a connection between the growth of an entire function and the distribution of its zeros

• Functions with similar growth properties often have similar zero distributions

• Rapid growth of an entire function typically implies a high density of zeros

Components of the Factorization
• The polynomial factor  accounts for any zero at the origin

•  is the multiplicity of the zero at 

• The infinite product  incorporates the non-zero roots  of the function

• Each factor corresponds to a single non-zero root
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• The product converges due to the exponential factors 

• The exponential factor  involves a polynomial  of degree 

• The degree of  is determined by the order and type of the entire function

•  captures the growth behavior not accounted for by the zeros

Entire Functions as Products

Hadamard Factorization Formula
• The Hadamard factorization expresses an entire function  as:

•  is a non-negative integer

•  is a polynomial of degree 

•  are the non-zero roots of 

•  is the genus of , related to its order

• The genus  is the smallest integer such that the series  converges

• Convergence of this series is necessary for the infinite product to converge

• The exponential factors in the product ensure convergence of the infinite product

• Without these factors, the product might diverge even if the series  converges

Examples and Applications
• The Hadamard factorization of the sine function  is: 

• Roots at non-zero integers, genus , order 

• The Gamma function  has Hadamard factorization: 

• Roots at non-positive integers, genus , order 

• Hadamard factorizations are used in the study of zeta functions and L-functions in number theory

Order and Type of Entire Functions

Determining Order and Type
• The order  of an entire function  is related to the genus  in its Hadamard factorization:

• The genus  is the smallest integer such that the series  converges, where  are the

non-zero roots of 

• Larger values of  correspond to faster growth of 

• The type  of an entire function is determined by the degree of the polynomial  in its Hadamard
factorization
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• If , then  is of minimal type

• If , then  is of normal type, and 

• If , then  is of maximal type

• The order and type provide information about the growth rate of the entire function

• Higher order implies faster growth as 

• Within an order, higher type implies faster growth

Examples and Implications
• The exponential function  has order  and type 

• Grows faster than any polynomial but slower than 

• The function  has order  and type 

• Grows faster than  and any function of order 

• Functions of the same order can have different types, e.g.,  and 

• Both have order , but  has type  and grows faster

• The order and type can help classify entire functions and understand their asymptotic behavior

Analyzing Growth and Zeros of Entire Functions

Relationship between Growth and Zeros
• The Hadamard factorization relates the growth of an entire function to the distribution of its zeros

• The order  of an entire function determines the rate of growth of the function as 

• Functions of order  grow roughly like 

• The type  provides a more precise characterization of growth within the order

• Functions of order  and type  grow roughly like 

• The distribution of zeros is encoded in the infinite product and the convergence of the series 

• Faster growth typically implies a higher density of zeros

• The convergence rate of the series is related to the density of zeros

Applications and Examples
• The Hadamard factorization can be used to estimate the number of zeros in a given region using the
Jensen formula

• Relates the number of zeros in a disk to the growth of the function on the boundary

• The factorization helps analyze the asymptotic behavior of entire functions and their derivatives

• Differentiation of the Hadamard product can provide information about the growth and zeros of
derivatives



Fiveable archived study guides Page 114

• Comparing the Hadamard factorizations of two entire functions can provide insights into their relative
growth and zero distributions

• Functions with similar factorizations often have similar growth and zero properties

• Example: The Riemann zeta function  is related to the prime numbers and has zeros at the
negative even integers and non-trivial zeros in the critical strip 

• The Hadamard factorization of  encodes information about the
distribution of these zeros
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Unit 11 – Riemann Surfaces
11.1 Multivalued functions and branch points
Complex Analysis introduces multivalued functions, which assign multiple values to points in their domain.
These functions challenge our understanding of well-defined functions and require special techniques for
analysis. Branch points are crucial in studying multivalued functions.

Branch points are where a function isn't single-valued or analytic. They indicate multiple branches of the
function and are classified by order. Understanding branch points is key to grasping the behavior of
multivalued functions in the complex plane.

Multivalued Functions and Properties

Definition and Characteristics
• Multivalued functions assign more than one value to each point in their domain

• Violate the uniqueness property of well-defined functions

• Arise when inverting non-injective complex functions (complex logarithm)

• Occur when considering functions with multiple branches (square root function, inverse trigonometric
functions)

• The values of a multivalued function at a given point form a set called the function's value set at that
point

• Value sets containing more than one distinct value indicate the function is multivalued at that point

Comparison to Well-Defined Functions
• Multivalued functions do not satisfy the definition of a well-defined function

• Well-defined functions must assign a unique value to each point in their domain

• Multivalued functions violate this uniqueness property by assigning multiple values to points

• Understanding the differences between multivalued and well-defined functions is crucial for analyzing
their properties

• Well-defined functions are easier to study due to their uniqueness property

• Multivalued functions require special techniques (branch cuts, Riemann surfaces) to analyze
effectively

Branch Points in Complex Analysis

Definition and Significance
• Branch points are points in the complex plane where a multivalued function is not analytic or not
single-valued

• Function's value set at a branch point contains more than one distinct value
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• Function cannot be defined as a single-valued analytic function in any neighborhood of the branch
point

• Branch points are classified as isolated singularities of a function

• Differ from poles and essential singularities in their properties and behavior

• The presence of branch points indicates the function has multiple branches

• Each branch represents a different "copy" of the function with distinct values

Classification and Examples
• Branch points are classified by their order and the number of distinct branches they generate

• The order of a branch point is the smallest positive integer  such that the function's value set remains
unchanged after traversing a closed path around the point  times

• The number of distinct branches at a branch point is equal to the order of the branch point

• Common examples of functions with branch points include:

• Logarithmic functions (branch point at the origin)

• Root functions (branch points at zeros of the argument inside the radical)

• Inverse trigonometric functions (branch points at critical values)

Behavior Around Branch Points

Monodromy and Value Set Changes
• Analyzing the behavior of a multivalued function near a branch point involves considering the
function's value set as one traverses a closed path around the point

• If the function's value set changes after completing a closed path, it indicates the presence of multiple
branches

• The change in the function's value set upon completing a closed path is called the monodromy of the
function at the branch point

• The monodromy can be used to determine the number of distinct branches of the function at the
branch point

• Each distinct value in the function's value set after completing a closed path corresponds to a different
branch

Visualization with Riemann Surfaces
• Riemann surfaces are used to visualize the behavior of multivalued functions around branch points

• Each branch of the function is represented as a separate sheet on the Riemann surface

• The sheets are connected at the branch points, allowing for a continuous representation of the
function

• Traversing a closed path around a branch point on the Riemann surface involves moving between the
sheets
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• The number of sheets and their connectivity reflect the number of branches and the monodromy of the
function

Branch Point Determination

Algebraic Functions
• For functions defined by algebraic expressions, branch points often occur at zeros of the argument
inside a radical or logarithm

• Example: The function  has a branch point at  because the argument inside the
square root vanishes

• Rational functions can only have branch points at poles and zeros of the denominator

• Example: The function  has a branch point at  because it is a zero of the denominator

Transcendental Functions
• Logarithmic functions have a branch point at the origin and, in some cases, at infinity

• Example: The complex logarithm  has a branch point at 

• Root functions have branch points at zeros of the argument inside the radical

• Example: The cube root function  has branch points at  and 

• Inverse trigonometric functions have branch points at their critical values

• Example: The function  has branch points at 

11.2 Riemann surfaces
Riemann surfaces are like magical maps for complex functions. They turn tricky multivalued functions into
smooth, single-valued ones by creating extra dimensions. This lets us explore these functions without
getting lost in their twists and turns.

By connecting different "sheets" of the complex plane, Riemann surfaces give us a clear picture of how
functions behave. They're key to understanding complex analysis, helping us navigate the intricate world of
multivalued functions with ease.

Riemann Surfaces: Concept and Construction

Definition and Local Structure
• A Riemann surface is a one-dimensional complex manifold, a surface equipped with a complex
structure that makes it locally similar to the complex plane

• Riemann surfaces are locally homeomorphic to the complex plane, meaning that small neighborhoods
on the surface can be mapped to open sets in the complex plane using a continuous and invertible
function

• Every point on a Riemann surface has a local coordinate chart that maps a neighborhood of the point
to an open set in the complex plane, preserving the complex structure
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Construction Process
• Riemann surfaces are constructed by gluing together copies of the complex plane, known as sheets,
along branch cuts in a way that preserves the complex structure

• The construction of a Riemann surface involves identifying and connecting the branches of a
multivalued function, ensuring that the function is single-valued and analytic on the resulting surface

• The process of constructing a Riemann surface can be visualized as taking a multivalued function
defined on the complex plane and "unfolding" it into a single-valued function on a higher-dimensional
surface

• The number of sheets in a Riemann surface corresponds to the number of branches of the
multivalued function (square root function has two sheets, logarithm function has infinite sheets)

• Branch points on the complex plane are the points where the sheets of the Riemann surface are
connected, and the function is not single-valued (branch point at z = 0 for square root and logarithm
functions)

Properties and Structure of Riemann Surfaces

Topological Properties
• Riemann surfaces are orientable, meaning that a consistent notion of "clockwise" and
"counterclockwise" can be defined on the surface

• The genus of a Riemann surface is a topological invariant that measures the number of "holes" or
"handles" in the surface

• The genus is related to the degree of the multivalued function and the number of branch points

• A sphere has genus 0, a torus has genus 1, and a double torus has genus 2

• Compact Riemann surfaces, those that are closed and bounded, have a well-defined genus and can
be classified up to homeomorphism based on their genus

• Non-compact Riemann surfaces, such as the complex plane itself or the Riemann surface of the
logarithm function, have infinite genus and cannot be classified in the same way as compact surfaces

Analytic Structure
• The complex structure on a Riemann surface allows for the definition of analytic functions on the
surface

• Analytic functions on a Riemann surface are locally given by power series expansions in the local
coordinate charts

• The global analytic structure of a Riemann surface is determined by the transition functions between
the local coordinate charts, which must be analytic functions themselves

• Meromorphic functions on a Riemann surface are analytic functions that may have poles, points
where the function approaches infinity

• The study of meromorphic functions on Riemann surfaces is a central topic in complex analysis and
algebraic geometry
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Riemann Surfaces and Multivalued Functions

Resolving Multivaluedness
• Multivalued functions are functions that assign multiple values to each point in their domain, such as
the square root function ( ) or the logarithm function ( )

• Riemann surfaces provide a way to "resolve" the multivalued nature of these functions by creating a
higher-dimensional surface on which the function becomes single-valued and analytic

• Each branch of a multivalued function corresponds to a sheet on the Riemann surface, and the branch
cuts on the complex plane correspond to the connections between the sheets

• The Riemann surface of a multivalued function can be thought of as the natural domain of the
function, where it behaves as a single-valued and analytic function

Function Properties and Surface Structure
• The properties of the Riemann surface, such as its genus and the number of sheets, are determined
by the properties of the multivalued function, such as its degree and the location of its branch points

• For example, the Riemann surface of the square root function has two sheets and genus 0, while the
Riemann surface of the logarithm function has infinitely many sheets and infinite genus

• The branch points of a multivalued function determine the connectivity of the sheets on the Riemann
surface and the structure of the branch cuts

• Understanding the relationship between the properties of a multivalued function and its Riemann
surface is crucial for studying the function's behavior and for solving problems involving integration and
path-dependence

Constructing Riemann Surfaces for Multivalued Functions

Square Root and Logarithm Functions
• For the square root function, , there is a single branch point at , and the branch cut is
typically chosen along the negative real axis

• The Riemann surface consists of two sheets connected along the branch cut

• One sheet corresponds to the principal square root, while the other corresponds to the negative of the
principal square root

• For the logarithm function, , there is a single branch point at , and the branch cut is
typically chosen along the negative real axis

• The Riemann surface consists of an infinite number of sheets, each corresponding to a different
branch of the logarithm

• Each sheet is connected to the next sheet by adding or subtracting , representing the periodicity of
the exponential function

Complex Power and More General Functions
• For the complex power function, , where  is a non-integer, there is a branch point at ,
and the branch cut is typically chosen along the positive real axis
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• The Riemann surface consists of a finite number of sheets determined by the value of 

• For example, if , the Riemann surface will have  sheets, each corresponding to a different 
-th root of unity

• More complex multivalued functions may have multiple branch points and require more intricate
branch cuts and sheet structures in their Riemann surfaces

• The choice of branch cuts is not unique, and different choices can lead to homeomorphic but distinct
Riemann surfaces for the same multivalued function

• Constructing Riemann surfaces for general multivalued functions involves careful analysis of the
function's branch points, branch cuts, and the connectivity of the sheets

• Understanding the construction of Riemann surfaces for specific multivalued functions provides insight
into their properties and behavior, and serves as a foundation for more advanced topics in complex
analysis and algebraic geometry

11.3 Analytic continuation
Analytic continuation is a powerful technique in complex analysis that extends functions beyond their
original domains. It's like giving a function superpowers, allowing it to explore new territories while staying
true to its analytic nature.

This topic connects to Riemann surfaces, which are the playgrounds where multivalued functions can roam
freely. By understanding analytic continuation, we unlock the secrets of these mysterious surfaces and
gain deeper insights into complex functions.

Analytic Continuation

Definition and Properties
• Analytic continuation is a technique used to extend the domain of a complex function beyond its
original domain of definition while preserving the function's analyticity

• The extended function, called the analytic continuation, is unique if it exists and agrees with the
original function on the original domain

• Analytic continuation is based on the idea that two analytic functions that agree on an open subset of
their domains must agree on the intersection of their domains

• The process of analytic continuation involves finding a chain of overlapping disks or regions, each
containing a power series representation of the function, to extend the domain (e.g., extending the
complex logarithm function to a Riemann surface covering the entire complex plane)

Geometric Interpretation and Applications
• Analytic continuation can be used to define functions on larger domains, such as the Riemann
surface, which is a geometric representation of the domain of a multivalued function

• Riemann surfaces provide a way to visualize and study the properties of multivalued functions, such
as branch points and branch cuts (e.g., the Riemann surface of the complex square root function)

• Analytic continuation is a powerful tool in complex analysis, with applications in various fields such as
quantum mechanics, statistical mechanics, and number theory
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• Many special functions, such as the gamma function, zeta function, and hypergeometric functions, can
be defined on larger domains using analytic continuation, extending their applicability and revealing
their deeper properties

Extending Function Domains

Process of Analytic Continuation
• To perform analytic continuation, start with a complex function defined on an open disk or region and
find its power series representation

• Use the power series to define the function on a larger disk or region that overlaps with the original
domain, ensuring that the series converges on the new domain

• Repeat the process of finding power series representations and extending the domain until the desired
domain is covered or no further continuation is possible

• The choice of the path along which analytic continuation is performed can affect the final result,
especially in the presence of singularities or branch points (path dependence)

Examples and Applications
• The complex exponential function, , can be analytically continued to the entire complex plane using
its power series representation,

• The complex logarithm function, initially defined on the slit plane , can be analytically
continued to a Riemann surface that covers the entire complex plane

• Analytic continuation can be used to extend the domain of special functions, such as the gamma
function, zeta function, and hypergeometric functions, beyond their original domains of definition

• In physics, analytic continuation is used to study the behavior of correlation functions and partition
functions in different regimes, such as the continuation from Euclidean to Minkowski spacetime

Uniqueness and Existence

Uniqueness Theorem
• The uniqueness theorem for analytic continuation states that if two analytic functions agree on an
open subset of their domains, then they must agree on the intersection of their domains

• As a consequence of the uniqueness theorem, if an analytic continuation of a function exists, it is
unique

• The uniqueness theorem highlights the rigidity of analytic functions and the strong constraints
imposed by analyticity

Existence and Obstacles
• The existence of an analytic continuation is not always guaranteed and depends on the properties of
the original function and the desired extended domain
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• Obstacles to the existence of analytic continuation include singularities (poles, essential singularities),
branch points, and natural boundaries of the function

• The presence of singularities or branch points can lead to the need for Riemann surfaces to properly
define the analytic continuation (e.g., the Riemann surface of the complex logarithm)

• Natural boundaries are curves or regions beyond which a function cannot be analytically continued,
often arising from the accumulation of singularities (e.g., the unit circle as a natural boundary for the
Taylor series of )

Monodromy Group of Multivalued Functions

Multivalued Functions and Monodromy
• A multivalued function is a function that assigns multiple values to each point in its domain, arising
from the presence of singularities or branch points

• The monodromy group of a multivalued function describes how the function's values permute when
analytically continued along closed paths around singularities or branch points

• The monodromy group provides insight into the structure and properties of the Riemann surface
associated with the multivalued function

• Understanding the monodromy group is crucial for studying the global behavior of multivalued
functions and their analytic continuations

Determining the Monodromy Group
• To determine the monodromy group, identify the singularities and branch points of the multivalued
function

• Perform analytic continuation along closed paths that encircle the singularities or branch points,
keeping track of how the function's values change along the path

• The permutations of the function's values obtained from analytic continuation along all possible closed
paths form the monodromy group

• The generators of the monodromy group correspond to the analytic continuations along fundamental
loops around the singularities or branch points

• The monodromy group is a subgroup of the permutation group acting on the function's values and
reflects the connectivity and structure of the Riemann surface

11.4 Riemann mapping theorem
The Riemann mapping theorem is a game-changer in complex analysis. It says any simply connected
domain (except the whole complex plane) can be mapped onto the unit disk. This opens up a world of
possibilities for studying functions on tricky domains.

While the theorem guarantees a mapping exists, finding it can be tough. Still, knowing there's a way to
transform complex domains into the familiar unit disk is super helpful. It's like having a secret passageway
in the maze of complex analysis.
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Riemann Mapping Theorem

Overview and Implications
• The Riemann mapping theorem states that any simply connected domain in the complex plane, other
than the entire complex plane itself, can be conformally mapped onto the open unit disk

• The theorem implies that all simply connected domains in the complex plane, except for the entire
plane, are conformally equivalent to the open unit disk (e.g., a square, a half-plane, or an annulus with a
slit)

• The Riemann mapping theorem is a powerful tool in complex analysis, as it allows for the study of
complex functions on arbitrary simply connected domains by mapping them to the well-understood unit
disk

• The theorem has important applications in various fields, such as conformal field theory (studying
quantum field theories on curved spacetimes), fluid dynamics (modeling fluid flow around obstacles),
and electrostatics (analyzing electric fields in complex geometries), where the geometry of the domain
plays a crucial role in the behavior of the system

Proof and Constructiveness
• The proof of the Riemann mapping theorem is non-constructive, meaning that it does not provide an
explicit method for finding the conformal mapping between a given simply connected domain and the
unit disk

• The proof relies on the concept of normal families and the Montel's theorem to establish the existence
of the conformal mapping without explicitly constructing it

• The non-constructive nature of the proof makes it challenging to find the explicit conformal mapping in
practice, requiring advanced techniques or numerical methods

• Despite the non-constructive proof, the Riemann mapping theorem guarantees the existence of a
unique conformal mapping (up to a Möbius transformation) between any simply connected domain and
the unit disk, which is crucial for many applications in complex analysis

Mapping Domains to Unit Disk

Application Steps
• To apply the Riemann mapping theorem, first identify the simply connected domain in the complex
plane that needs to be mapped to the unit disk (e.g., a polygon, a half-plane, or a domain bounded by a
Jordan curve)

• Choose a point inside the simply connected domain to be mapped to the origin of the unit disk. This
choice is arbitrary and does not affect the existence of the conformal mapping

• The chosen point is called the "center" of the mapping and can be selected based on convenience or
symmetry considerations

• The conformal mapping guaranteed by the Riemann mapping theorem will map the chosen point to
the origin and the simply connected domain to the open unit disk

• The mapping will be one-to-one and onto, preserving the orientation of the domain and the angles
between curves
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Mapping Properties
• The conformal mapping preserves angles between curves and the orientation of the domain, but it
may not preserve distances or shapes of objects within the domain

• Angles between intersecting curves are preserved both in magnitude and orientation, a property
known as "conformal invariance"

• The mapping may distort distances and areas, as it is not necessarily an isometry (a
distance-preserving mapping)

• In practice, finding the explicit conformal mapping between a given simply connected domain and the
unit disk can be challenging and may require advanced techniques, such as the Schwarz-Christoffel
mapping (for polygonal domains) or numerical methods (such as the Zipper algorithm or the CRDT
method)

• The Schwarz-Christoffel mapping provides a formula for the conformal mapping between the upper
half-plane and a polygonal domain, which can be composed with a Möbius transformation to map the
polygon to the unit disk

• Numerical methods often involve discretizing the domain and solving a system of equations to
approximate the conformal mapping

Conformal Mappings: Uniqueness and Existence

Uniqueness
• The conformal mapping guaranteed by the Riemann mapping theorem is unique up to a composition
with a Möbius transformation of the unit disk onto itself, which preserves the unit disk and its orientation

• Möbius transformations are conformal mappings of the form , where , and
they form a group under composition

• The uniqueness of the conformal mapping can be ensured by specifying three points on the boundary
of the simply connected domain that should be mapped to three distinct points on the unit circle

• This additional condition fixes the degrees of freedom associated with the Möbius transformations and
leads to a unique conformal mapping

• In practice, the three points are often chosen based on symmetry considerations or to simplify the
resulting mapping

Existence and Limitations
• The Riemann mapping theorem guarantees the existence of a conformal mapping between any
simply connected domain (except the entire complex plane) and the open unit disk

• Simply connected domains are domains where any closed curve can be continuously deformed to a
point within the domain without leaving the domain

• Examples of simply connected domains include disks, half-planes, and polygons, while annuli and
punctured disks are not simply connected

• If the simply connected domain is the entire complex plane, the Riemann mapping theorem does not
apply, and there is no conformal mapping from the plane onto the unit disk
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• The entire complex plane is not conformally equivalent to the unit disk, as it is not bounded and has a
different topology

• The existence and uniqueness of conformal mappings provided by the Riemann mapping theorem are
essential in the study of complex analysis and its applications, as they allow for the comparison and
classification of simply connected domains based on their conformal equivalence

• Conformally equivalent domains share many properties, such as the behavior of analytic functions and
the structure of harmonic functions, which can be studied more easily on the unit disk

Applications of Riemann Mapping Theorem

Problem-Solving Techniques
• When solving problems involving conformal mappings and the Riemann mapping theorem, first
identify the simply connected domain and the target domain (usually the unit disk)

• If the conformal mapping is not explicitly given, use the Riemann mapping theorem to argue the
existence of a conformal mapping between the simply connected domain and the unit disk

• The theorem guarantees the existence of the mapping without providing an explicit formula, which
may be sufficient for some problems

• If the problem requires finding specific points or curves in the target domain, use the properties of
conformal mappings, such as preservation of angles and orientation, to determine the corresponding
points or curves in the original domain

• For example, if a curve in the original domain intersects the boundary at a right angle, the mapped
curve in the unit disk will also intersect the unit circle at a right angle

Advanced Techniques and Limitations
• When working with explicit conformal mappings, utilize the properties of analytic functions, such as the
Cauchy-Riemann equations and the preservation of harmonic functions, to solve problems related to
the behavior of the mapping

• The Cauchy-Riemann equations characterize the relationship between the real and imaginary parts of
an analytic function, which can be used to study the properties of the conformal mapping

• Harmonic functions (functions satisfying Laplace's equation) are preserved under conformal
mappings, which can be used to analyze physical systems in different geometries

• In some cases, the problem may involve composing multiple conformal mappings or using the
Riemann mapping theorem in conjunction with other results in complex analysis, such as the Schwarz
lemma (a result on bounded analytic functions) or the Riemann sphere (the extended complex plane),
to derive the desired result

• Composing conformal mappings allows for the study of more complex domains and the transfer of
properties between different regions

• The Schwarz lemma provides bounds on the growth of analytic functions and can be used to estimate
the behavior of conformal mappings near specific points

• Be aware of the limitations of the Riemann mapping theorem, such as its non-applicability to the entire
complex plane or domains that are not simply connected, when solving problems involving conformal
mappings



Fiveable archived study guides Page 126

• For non-simply connected domains, such as annuli or multiply connected regions, other techniques,
such as the Koebe uniformization theorem or the theory of Riemann surfaces, may be required to study
conformal mappings and the behavior of analytic functions



Fiveable archived study guides Page 127

Unit 12 – Special Topics and Applications
12.1 Elliptic functions
Elliptic functions are complex-valued functions with two independent periods. They're crucial in complex
analysis, appearing in various mathematical and physical problems. These functions have unique
properties that make them powerful tools for solving equations and modeling phenomena.

Understanding elliptic functions opens doors to advanced topics in complex analysis. They connect to
elliptic integrals, have applications in physics and engineering, and provide insights into the behavior of
doubly periodic functions in the complex plane.

Elliptic Functions and Properties

Definition and Characteristics
• Elliptic functions are meromorphic functions doubly periodic in the complex plane

• Possess two complex periods ω1 and ω2, satisfying f(z + mω1 + nω2) = f(z) for any integers m and n

• The periods ω1 and ω2 are linearly independent over the real numbers, meaning mω1 + nω2 ≠ 0
unless m = n = 0

• Elliptic functions have a finite number of poles in each period parallelogram, a fundamental region
bounded by the periods

• The sum of the residues at the poles in a period parallelogram equals zero

Symmetry and Parity
• Elliptic functions satisfy the property of being even or odd, depending on their specific definition

• Even functions: f(-z) = f(z) (Weierstrass ℘ function)

• Odd functions: f(-z) = -f(z) (derivative of Weierstrass ℘ function)

• Symmetries are related to the periods and the location of poles and zeros within the fundamental
period parallelogram

Elliptic Integrals and Functions

Elliptic Integrals
• Elliptic integrals are integrals of the form ∫R(t, √(P(t))) dt, where R is a rational function and P is a
polynomial of degree 3 or 4 with no repeated roots

• Three types of elliptic integrals:

1. Incomplete elliptic integral of the first kind: F(φ, k) = ∫(0 to φ) (1 - k^2 sin^2 θ)^(-1/2) dθ

2. Incomplete elliptic integral of the second kind: E(φ, k) = ∫(0 to φ) √(1 - k^2 sin^2 θ) dθ

3. Incomplete elliptic integral of the third kind: Π(n; φ, k) = ∫(0 to φ) (1 - n sin^2 θ)^(-1) (1 - k^2 sin^2
θ)^(-1/2) dθ

• Complete elliptic integrals are obtained by setting φ = π/2 in the incomplete elliptic integrals
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Relation to Elliptic Functions
• Elliptic functions can be expressed in terms of elliptic integrals using the inverse function theorem

• Jacobi elliptic functions (sn, cn, dn) are defined as inverses of the incomplete elliptic integral of the first
kind

• Weierstrass ℘ function can be expressed in terms of elliptic integrals

• Jacobi elliptic functions have specific periodicity and symmetry properties depending on their modulus
k and the quarter periods K and iK'

Elliptic Functions in Complex Analysis

Applications
• Parametrize and study elliptic curves, cubic equations of the form y^2 = x^3 + ax + b

• Solve certain types of differential equations

• Pendulum equation

• Korteweg-de Vries equation

• Addition theorem allows for the composition of two elliptic functions with the same periods, useful in
solving complex analysis problems

Weierstrass ℘ Function
• Weierstrass ℘ function and its derivative ℘' satisfy the differential equation (℘')^2 = 4℘^3 - g2℘ - g3,
where g2 and g3 are constants related to the periods

• Even function: ℘(-z) = ℘(z)

• Derivative ℘' is an odd function: ℘'(-z) = -℘'(z)

Periodicity and Symmetry of Elliptic Functions

Fundamental Period Parallelogram
• Periodicity characterized by two complex periods ω1 and ω2

• Fundamental period parallelogram is a region in the complex plane that, when translated by integer
multiples of the periods, covers the entire plane without overlapping

• Specific symmetries related to the periods and the location of poles and zeros within the fundamental
period parallelogram

Applications of Periodicity and Symmetry
• Simplify calculations and prove identities involving elliptic functions

• Reduction of arguments using periodicity

• Exploiting even or odd symmetry to evaluate functions at specific points

• Determine the behavior and properties of elliptic functions based on their periodicity and symmetry
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12.2 Gamma and zeta functions
The gamma and zeta functions are powerful tools in complex analysis. They extend familiar concepts like
factorials and infinite series to the complex plane, revealing deep connections between different areas of
mathematics.

These functions have far-reaching applications in physics, probability theory, and number theory. Their
properties and behavior offer insights into prime numbers, infinite series, and even unsolved mathematical
problems like the Riemann hypothesis.

The Gamma Function

Definition and Properties
• The gamma function, denoted as , is defined as an integral from 0 to infinity of ,
where  is a complex number with a positive real part

• Extends the factorial function to complex numbers, satisfying the property  for
positive integers 

• Satisfies the functional equation , which allows for the calculation of the gamma
function for complex numbers with negative real parts

• Has simple poles at non-positive integers (0, -1, -2, ...) with residues of  at 

Analytic Properties
• The gamma function is a meromorphic function, analytic everywhere except at its poles

• Converges absolutely for all complex numbers  with a positive real part

• Diverges for complex numbers with a non-positive real part, except at the poles where it is undefined

• Can be used to evaluate certain improper integrals involving exponential and power functions (e.g.,
)

• Appears in the solution of certain differential equations, such as the Bessel equation and the
hypergeometric equation

The Zeta Function and Prime Numbers

Definition and Properties
• The Riemann zeta function, denoted as , is defined as the infinite series sum from  to infinity
of , where  is a complex number with a real part greater than 1

• Can be analytically continued to a meromorphic function defined for all complex numbers , with a
simple pole at 

• Has a deep connection to prime numbers through the Euler product formula: ,
where the product is over all prime numbers 

• The value of the zeta function at specific points has significance in various areas of mathematics (e.g.,
 and )
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The Riemann Hypothesis
• The Riemann hypothesis, a famous unsolved problem in mathematics, states that all non-trivial zeros
of the zeta function have a real part equal to 

• If proven true, the Riemann hypothesis would have significant implications for the distribution of prime
numbers and the efficiency of certain algorithms in number theory

• The zeta function is used in the study of the distribution of prime numbers, such as in the prime
number theorem and the Riemann hypothesis

Convergence and Divergence of Gamma and Zeta Functions

Convergence Properties
• The gamma function converges absolutely for all complex numbers  with a positive real part

• The zeta function converges absolutely for complex numbers  with a real part greater than 1

• The zeta function converges conditionally for complex numbers  with a real part between 0 and 1,
excluding  where it diverges

Divergence Properties
• The gamma function diverges for complex numbers with a non-positive real part, except at the poles
where it is undefined

• The zeta function diverges for complex numbers  with a real part less than or equal to 0, except at
the negative even integers where it has trivial zeros

Applications of Gamma and Zeta Functions in Complex Analysis

Evaluation of Infinite Series and Integrals
• The zeta function can be used to calculate the sum of certain infinite series, such as the sum of the
reciprocals of squares (Basel problem, ) or the alternating harmonic series ( )

• The gamma function can be used to evaluate certain improper integrals involving exponential and
power functions (e.g., )

Applications in Physics and Other Fields
• The gamma and zeta functions have applications in various areas of physics, such as quantum field
theory, statistical mechanics, and string theory

• In quantum field theory, the zeta function regularization technique is used to assign finite values to
seemingly divergent expressions (e.g., the Casimir effect)

• The gamma function appears in the probability density functions of certain continuous probability
distributions, such as the gamma distribution and the chi-squared distribution

12.3 Fourier and Laplace transforms
Fourier and Laplace transforms are powerful tools in complex analysis. They convert functions between
time and frequency domains, making it easier to analyze signals and solve differential equations.
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These transforms have wide-ranging applications in physics, engineering, and signal processing. They
help us understand frequency content, system stability, and transient responses, simplifying complex
problems in various fields.

Fourier and Laplace Transforms

Definition and Properties of Fourier Transform
• Expresses a function as a complex-valued function of frequency

• Decomposes a function into its constituent frequencies

• Defined as , where  is the angular frequency and  is the imaginary unit

• Inverse Fourier transform is given by 

Definition and Properties of Laplace Transform
• Converts a function of a real variable  to a function of a complex variable 

• Used to solve differential equations and analyze linear time-invariant systems

• Defined as , where  is a complex number

• Inverse Laplace transform is given by , where  is a real number chosen

such that the contour path of integration is in the region of convergence of 

Properties of Fourier and Laplace Transforms
• Linearity:  has Fourier transform  and Laplace transform

, where  and  are constants

• Time shifting:  has Fourier transform  and Laplace transform 

• Frequency shifting:  has Fourier transform  and Laplace transform 

• Differentiation:  has Fourier transform  and Laplace transform 

• Integration:  has Fourier transform  and Laplace transform ,

assuming  for 

• Convolution:  has Fourier transform  and Laplace transform 

Computing Transforms of Functions

Fourier Transforms of Common Functions
• Rectangular pulse:  has Fourier transform 

• Gaussian function:  has Fourier transform 

• Signum function:  has Fourier transform 
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Laplace Transforms of Common Functions
• Exponential function:  has Laplace transform 

• Sine function:  has Laplace transform 

• Cosine function:  has Laplace transform 

• Step function:  has Laplace transform 

• Dirac delta function:  has Laplace transform 

Inverse Transforms
• Techniques for computing inverse Fourier or Laplace transforms include partial fraction
decomposition, completing the square, or consulting a table of known transforms

• Inverse transforms allow for the recovery of the original function from its transformed representation

Solving Differential Equations with Transforms

Solving Ordinary Differential Equations with Laplace Transforms
1. Take the Laplace transform of both sides of the differential equation, using the properties of the
Laplace transform to handle derivatives and initial conditions

2. Solve the resulting algebraic equation for the Laplace transform of the solution, 

3. Apply the inverse Laplace transform to  to obtain the solution  in the time domain

Solving Partial Differential Equations with Fourier Transforms
• Fourier transforms can be used to solve partial differential equations, such as the heat equation and
the wave equation

• Transform the equation into an ordinary differential equation in the frequency domain

• Spatial derivatives are transformed into algebraic expressions involving the frequency variable, while
the time derivative remains unchanged

• Solve the resulting ordinary differential equation and apply the inverse Fourier transform to obtain the
solution in the time and space domains

Physical Significance of Transforms

Frequency Content and Spectra
• Fourier transforms reveal the frequency content of a signal or function

• Magnitude of the Fourier transform, , represents the amplitude spectrum, showing the relative
strength of each frequency component

• Phase of the Fourier transform, , represents the phase spectrum, showing the relative phase
shift of each frequency component

• Spectra provide insight into the composition and characteristics of signals (audio signals,
electromagnetic waves)
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Stability and Transient Response of Systems
• Laplace transforms analyze the stability and transient response of linear time-invariant systems
(electrical circuits, control systems)

• Poles of the Laplace transform, values of  for which  is undefined, determine the stability of the
system

• A system is stable if all poles have negative real parts

• Zeros of the Laplace transform, values of  for which , affect the transient response of the
system

• Pole-zero analysis helps design and optimize system performance

Convolution and System Analysis
• Convolution property of Fourier and Laplace transforms allows for the analysis of the output of a linear
time-invariant system given its input and impulse response

• In the time domain, the output is the convolution of the input and the impulse response

• In the frequency or complex domain, the output is the product of the Fourier or Laplace transforms of
the input and the impulse response, respectively

• Convolution simplifies the analysis of complex systems by transforming the problem into the frequency
or complex domain

Applications in Various Fields
• Signal processing: filtering, denoising, compression, and feature extraction

• Communications: modulation, demodulation, channel equalization, and multiplexing

• Control systems: stability analysis, controller design, and system identification

• Quantum mechanics: wave function analysis, energy spectra, and time evolution of quantum states

12.4 Applications in physics and engineering
Complex analysis is a powerhouse in physics and engineering. It's the secret sauce that helps us tackle
tricky problems in electromagnetism, quantum mechanics, and signal processing. Without it, we'd be stuck
scratching our heads at some seriously mind-bending math.

This topic shows us how complex analysis isn't just abstract math. It's a practical tool that engineers and
physicists use every day to solve real-world problems and design cool stuff like antennas, quantum
computers, and control systems.

Complex Analysis in Physics and Engineering

Importance and Applications of Complex Analysis
• Complex analysis is a powerful mathematical tool widely used in various branches of physics and
engineering to model and solve complex problems

• Many physical systems (electric and magnetic fields, fluid dynamics, quantum mechanics) are
naturally described by complex-valued functions and equations
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• Complex analysis provides a framework for understanding and manipulating these complex-valued
functions, enabling scientists and engineers to gain deeper insights into the behavior of physical
systems

• The techniques of complex analysis (contour integration, residue theorem, conformal mapping) offer
elegant and efficient methods for solving problems that would be difficult or intractable using real
analysis alone

• The applications of complex analysis extend beyond pure mathematics and have practical
implications in the design and optimization of real-world systems (electrical circuits, communication
networks, aerospace structures)

Benefits and Techniques of Complex Analysis
• Complex analysis allows for the representation of physical quantities as complex numbers, simplifying
mathematical operations and providing a unified framework for analyzing diverse phenomena

• Contour integration is a powerful technique that simplifies the evaluation of integrals by exploiting the
properties of complex functions and their derivatives

• The residue theorem relates the integral of a complex function along a closed contour to the sum of its
residues, enabling the efficient calculation of integrals and the solution of differential equations

• Conformal mapping is a technique that preserves angles and shapes while transforming complex
domains, facilitating the analysis of problems with irregular geometries or boundary conditions

• Complex analysis provides a rigorous foundation for the study of analytic functions, which have
desirable properties such as differentiability and integrability, making them suitable for modeling
physical systems

Applications of Complex Analysis in Electromagnetism

Representation of Electromagnetic Fields
• Electromagnetism deals with the interactions between electric and magnetic fields, and complex
analysis plays a crucial role in solving electromagnetic problems

• The electric and magnetic fields can be represented as complex-valued functions, with the real part
corresponding to the electric field and the imaginary part corresponding to the magnetic field

• Maxwell's equations, which govern the behavior of electromagnetic fields, can be expressed in terms
of complex-valued functions, making complex analysis an essential tool for solving these equations

• The complex representation of electromagnetic fields simplifies the mathematical formulation and
allows for the application of powerful complex analysis techniques

Solving Electromagnetic Problems with Complex Analysis
• The technique of conformal mapping can be used to transform complex electromagnetic problems into
simpler, more tractable forms, facilitating their solution

• Complex analysis can be applied to solve problems related to electromagnetic waves (wave
propagation, reflection, transmission) and to analyze the behavior of antennas and waveguides

• The study of electromagnetic fields in the presence of complex geometries and boundary conditions
often requires the use of complex analysis techniques (method of images, Green's functions)
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• Complex analysis enables the derivation of analytical solutions for electromagnetic problems,
providing insights into the behavior of fields and guiding the design of electromagnetic devices and
systems

Complex Analysis for Signal Processing and Control Systems

Signal Representation and Transforms
• Signal processing and control systems rely heavily on complex analysis for the analysis and design of
systems that process and manipulate signals

• Signals (audio, video, communication) can be represented as complex-valued functions in the time or
frequency domain, allowing for the application of complex analysis techniques

• The Fourier transform, based on complex exponentials, enables the transformation of signals between
the time and frequency domains, facilitating signal analysis and processing

• The Laplace transform, an extension of the Fourier transform to complex frequencies, is used to
analyze the stability and response of linear time-invariant systems

System Analysis and Design
• Complex analysis is used to design and analyze filters, which are essential components in signal
processing systems for removing noise, enhancing desired signal components, and separating multiple
signals

• In control systems, complex analysis is used to study the stability and performance of feedback
systems (root locus method, Nyquist stability criterion)

• Complex-valued transfer functions and frequency response techniques are employed to characterize
the input-output relationships of linear systems

• Complex analysis provides a framework for the design of optimal controllers and the synthesis of
robust control systems that can handle uncertainties and disturbances

Complex Analysis in Quantum Mechanics

Wave Functions and Schrödinger Equation
• Quantum mechanics describes the behavior of matter and energy at the atomic and subatomic scales,
and complex analysis is an indispensable tool in the formulation and solution of quantum mechanical
problems

• The wave function, a central object in quantum mechanics, is a complex-valued function that encodes
the probability amplitude of a quantum system

• The Schrödinger equation, which governs the time evolution of a quantum system, is a
complex-valued partial differential equation that requires complex analysis techniques for its solution

• Complex analysis is used to study the energy eigenvalues and eigenfunctions of quantum systems,
essential for understanding the quantized nature of energy levels and the behavior of particles in
potential wells
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Advanced Topics in Quantum Mechanics
• The study of quantum tunneling, where a particle can penetrate a potential barrier that it classically
could not surmount, relies on complex analysis techniques (WKB approximation)

• Complex analysis is also used in the study of quantum field theory, which combines quantum
mechanics and special relativity to describe the behavior of subatomic particles and their interactions

• The path integral formulation of quantum mechanics, developed by Richard Feynman, employs
complex analysis to represent the probability amplitudes of quantum transitions

• Complex analysis plays a role in the study of quantum entanglement, quantum information theory, and
the development of quantum computing algorithms


