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Unit 1 — Intro to Algebraic Geometry

1.1 Historical overview and fundamental concepts

Algebraic geometry blends algebra and geometry, tracing its roots to ancient Greek studies of conic
sections. It evolved through contributions from Descartes, Fermat, and others, culminating in modern
advancements by Grothendieck and Serre.

This field explores varieties, which are solution sets of polynomial equations. It uses concepts like ideals,
rings, and Zariski topology to study geometric objects algebraically, connecting to other math areas and
finding applications in physics, computer science, and biology.

History of algebraic geometry

Early developments in algebraic geometry

+ Algebraic geometry has its roots in ancient Greek mathematics, with the study of conic sections
(ellipses, parabolas, hyperbolas) and the work of Apollonius of Perga on the classification of curves

+ In the 17th century, René Descartes introduced the concept of coordinate geometry, laying the
foundation for the merger of algebra and geometry by representing geometric objects using algebraic
equations

* Pierre de Fermat and Blaise Pascal further developed analytic geometry, which allowed for the study
of geometric problems using algebraic methods

+ Joseph-Louis Lagrange and Leonhard Euler made significant contributions to the study of algebraic
curves and surfaces in the 18th century

Advancements in the 19th and 20th centuries

» The 19th century saw significant advancements in algebraic geometry, with contributions from
mathematicians such as Bernhard Riemann, who introduced the concept of Riemann surfaces, and
David Hilbert, who developed the theory of algebraic invariants

« Julius Plicker introduced the concept of homogeneous coordinates, which allowed for the study of
projective geometry and its connection to algebraic geometry

* In the 20th century, Oscar Zariski and André Weil made crucial contributions to the field, developing
the modern approach to algebraic geometry using abstract algebraic techniques such as commutative
algebra and algebraic topology

 Alexander Grothendieck revolutionized algebraic geometry in the 1960s with his development of
scheme theory, which provided a unified framework for studying geometric objects using commutative
algebra and category theory

+ Jean-Pierre Serre, Pierre Deligne, and others further developed and expanded upon Grothendieck's
ideas, leading to major advances in the field and its applications to other areas of mathematics
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Concepts in algebraic geometry

Varieties and their properties

* An affine variety is the set of solutions to a system of polynomial equations in a finite-dimensional
affine space over an algebraically closed field (complex numbers)

* A projective variety is the set of solutions to a system of homogeneous polynomial equations in a
projective space, which allows for the study of points at infinity and the intersection of varieties

* Varieties can be classified by their dimension, which is the maximum number of independent
parameters needed to describe points on the variety (curves have dimension 1, surfaces have
dimension 2)

» The singular points of a variety are those where the tangent space has a higher dimension than the
variety itself, while non-singular points are called smooth

« Birational equivalence is a key concept in algebraic geometry, where two varieties are considered
equivalent if there exists a rational map with a rational inverse between them

Algebraic objects and the Zariski topology

* Anideal is a subset of a ring that is closed under addition and multiplication by elements of the ring. In
algebraic geometry, ideals are used to define varieties as the zero sets of the polynomials in the ideal

+ A ring is an algebraic structure with addition, subtraction, and multiplication operations satisfying
certain axioms (associativity, distributivity, identity elements). Polynomial rings are commonly used in
algebraic geometry to define varieties and study their properties

 The Zariski topology is a topology on algebraic varieties defined by taking the closed sets to be the
algebraic subsets, which are the solutions to systems of polynomial equations

* Open sets in the Zariski topology are complements of algebraic subsets, and they form a basis for the
topology

* The Zariski topology is much coarser than the Euclidean topology, meaning that there are fewer open
sets, which allows for the study of global properties of varieties

Significance of algebraic geometry

Connections to other fields of mathematics

» Algebraic geometry provides a powerful framework for studying geometric objects using algebraic
techniques, allowing for the solution of complex problems in geometry and the discovery of new
connections between different areas of mathematics

* The tools and techniques of algebraic geometry have found applications in various branches of
mathematics, such as number theory (elliptic curves, Diophantine equations), complex analysis
(Riemann surfaces, Hodge theory), and topology (cohomology theories, intersection theory)

+ Algebraic geometry has also been used to prove major results in other fields, such as the Weil
conjectures in number theory and the Riemann-Roch theorem in complex analysis

Fiveable archived study guides Page 3



Applications to science and technology

* Algebraic geometry has played a crucial role in the development of modern theoretical physics,
particularly in the study of string theory and quantum field theory, where geometric concepts are used
to describe physical phenomena (Calabi-Yau manifolds, gauge theory)

* In computer science, algebraic geometry has applications in coding theory (algebraic-geometric
codes), cryptography (elliptic curve cryptography), and computer vision (3D reconstruction, camera
calibration), where geometric objects and their properties are used to develop efficient algorithms and
secure communication protocols

+ Algebraic geometry has also found applications in biology and chemistry, particularly in the study of
phylogenetics (evolutionary trees, statistical models) and the geometry of molecules (conformational
spaces, molecular docking), where geometric techniques are used to analyze and classify complex
biological and chemical structures

+ Other areas where algebraic geometry has been applied include robotics (motion planning, control
theory), economics (game theory, optimization), and engineering (computer-aided design, geometric
modeling)

1.2 Algebraic sets and geometric interpretation

Algebraic sets are the building blocks of algebraic geometry, representing solutions to polynomial
equations. They bridge algebra and geometry, allowing us to study geometric objects through their defining
equations and vice versa.

In this part of the chapter, we'll explore how algebraic sets are defined, their properties, and their geometric
interpretations. We'll see how these concepts lay the foundation for understanding more complex ideas in
algebraic geometry.

Algebraic sets and their properties

Definition and basic properties

* An algebraic set is the solution set of a system of polynomial equations over a field
* It is a subset of affine or projective space defined by the vanishing of a collection of polynomials

 The Zariski topology on affine or projective space is defined by taking algebraic sets as the closed
sets

* This topology is coarser than the Euclidean topology

Irreducibility and dimension

* An algebraic set is irreducible if it cannot be written as the union of two proper algebraic subsets

* Irreducible algebraic sets are the building blocks of algebraic geometry

» The dimension of an algebraic set is the maximum length of a chain of irreducible subsets

* Length is defined as the number of strict inclusions

* The dimension of an irreducible algebraic set equals the Krull dimension of its coordinate ring

* The singular locus of an algebraic set is the subset of points where the Jacobian matrix of the defining

equations does not have full rank
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* The complement of the singular locus is called the smooth locus

« Algebraic sets can be classified and studied based on properties such as reducibility, singularity, and
dimension

Geometric interpretation of algebraic sets

Visualization in various dimensions
* Algebraic sets in affine or projective space can be visualized as geometric objects
» The geometry of an algebraic set reflects the properties of its defining equations

+ In the affine plane (dimension 2), algebraic sets are curves defined by polynomial equations in two
variables

» Examples include lines, parabolas, ellipses, hyperbolas, and more complicated curves

« In affine 3-space, algebraic sets are surfaces defined by polynomial equations in three variables

» Examples include planes, spheres, cylinders, and other surfaces that can be described algebraically
* In higher dimensions, algebraic sets can represent hypersurfaces, curves, or other geometric objects

+ Visualization becomes more challenging, but techniques from algebraic geometry still apply

Singularities and smooth points

« Singular points of an algebraic set correspond to geometric singularities
* Examples include cusps, nodes, or self-intersections
* The smooth locus represents the non-singular part of the geometric object

» Techniques such as projections, intersections, and parametrizations can be used to study the
geometric properties of algebraic sets

* These techniques relate the algebraic descriptions to their geometric counterparts

Algebraic sets vs defining equations

Ideals and coordinate rings
* An algebraic set is defined by a collection of polynomial equations
* The structure of these equations determines the geometric properties of the algebraic set
* The ideal of an algebraic set is the set of all polynomials that vanish on the set
* This ideal captures the algebraic relations satisfied by the points of the set
* The coordinate ring of an algebraic set is the quotient of the polynomial ring by the ideal of the set

* It encodes the algebraic functions on the set and reflects its geometric properties

Nullstellensatz and operations on algebraic sets

» The Nullstellensatz establishes a correspondence between radical ideals and algebraic sets
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* Every radical ideal is the ideal of some algebraic set, and conversely, the ideal of an algebraic set is
always radical

* Operations on algebraic sets correspond to operations on their defining ideals
» Union corresponds to sum, intersection to intersection, and complement to quotient

* The prime decomposition of an ideal corresponds to the irreducible decomposition of the
corresponding algebraic set

« This allows studying reducible algebraic sets in terms of their irreducible components

Construction and manipulation of algebraic sets

Constructing algebraic sets

+ Constructing algebraic sets involves finding polynomial equations that define the desired geometric
object

* This can be done by using algebraic techniques or by geometric reasoning
» Parametrization is a technique for describing algebraic sets using rational functions

« It allows representing the points of an algebraic set in terms of a smaller number of parameters

Computational tools and techniques

* Elimination theory provides methods for eliminating variables from a system of polynomial equations

+ This can be used to project an algebraic set onto a lower-dimensional space or to compute the
intersection of algebraic sets

* The resultant and discriminant are algebraic tools for studying the common solutions of polynomial
equations

» They can be used to determine the existence and multiplicity of intersection points
» Grébner bases are a powerful computational tool for solving systems of polynomial equations

* They provide a systematic way to manipulate and simplify the defining equations of an algebraic set

Transformations and real algebraic sets

* Algebraic sets can be transformed using maps between affine or projective spaces

» These maps can be defined by polynomials and can be used to study the relationships between
different algebraic sets

* Real algebraic sets are algebraic sets defined over the real numbers

» They have additional geometric properties and can be studied using techniques from real algebraic
geometry

» Examples include the real Nullstellensatz and semi-algebraic sets
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1.3 Connections between algebra and geometry

Algebra and geometry intertwine in fascinating ways. Polynomial rings and ideals form the algebraic
foundation, while algebraic sets provide the geometric counterpart. This connection allows us to study
geometric objects using algebraic tools and vice versa.

The ideal-variety correspondence is key. It links algebraic ideals to geometric sets, enabling us to translate
between the two realms. This powerful relationship underpins many fundamental theorems and techniques
in algebraic geometry, bridging abstract algebra and concrete geometry.

Ideals and Algebraic Sets

Polynomial Rings and Ideals

* Polynomial rings are rings formed by polynomials in one or more variables with coefficients from a
field

+ The most common polynomial rings are K[X1, ..., Xn], where k is a field and X1, . . ., Xn are
variables

+ Ideals are subsets of rings that are closed under addition and multiplication by ring elements

* In polynomial rings, ideals can be generated by a finite set of polynomials, called generators

Algebraic Sets and the Ideal-Variety Correspondence

* Algebraic sets are subsets of affine or projective space that are defined by polynomial equations
+ An algebraic set V(/) is the set of all points that satisfy every polynomial equation in the ideal /
*» The correspondence between ideals and algebraic sets is as follows:

« Every ideal | in a polynomial ring K[X1, . .., Xn] defines an algebraic set V(/) in the affine space k" or
projective space P" (k)

+ Every algebraic set can be defined by an ideal

* The ideal-variety correspondence is a fundamental concept in algebraic geometry that allows the
study of geometric objects using algebraic tools and vice versa

Ideal Properties vs Geometric Properties

Hilbert Basis Theorem and Algebraic Set Definitions
 The Hilbert Basis Theorem states that every ideal in a polynomial ring over a field is finitely generated
* This implies that every algebraic set can be defined by a finite set of polynomial equations
» The radical of an ideal /, denoted by V!, is the set of all polynomials whose powers are in /

« The algebraic set V(/) is the same as V(V1), which means that the radical of an ideal captures the
geometric properties of the algebraic set

Prime and Maximal Ideals

* Prime ideals are ideals that have the property that if the product of two elements is in the ideal, then at
least one of the elements must be in the ideal

Fiveable archived study guides

Page 7



* Algebraic sets defined by prime ideals are irreducible, meaning they cannot be written as the union of
two proper subsets that are also algebraic sets

* Maximal ideals are prime ideals that are not strictly contained in any other prime ideal
* Algebraic sets defined by maximal ideals are points in the affine or projective space

+ The dimension of an algebraic set V(/) is related to the height of the ideal /, which is the length of the
longest chain of prime ideals containing /

Algebra for Geometry, Geometry for Algebra

Algebraic Techniques for Solving Geometric Problems

« Algebraic techniques, such as Grébner bases and elimination theory, can be used to solve systems of
polynomial equations that define algebraic sets

* These techniques involve finding a special generating set for the ideal that has desirable properties

* The Nullstellensatz (Hilbert's Nullstellensatz) is a fundamental theorem that relates the ideals in a
polynomial ring to their corresponding algebraic sets

« It states that if k is an algebraically closed field, then every maximal ideal in K[X1, .. ., Xn] is of the
form (X1 — a1, ..., Xn—an), where (a1, ..., an) is a point in the affine space k"

» Bézout's theorem is a classical result that uses algebra to solve a geometric problem

« It states that the number of intersection points of two plane curves (defined by polynomial equations)
is equal to the product of their degrees, counting multiplicity and points at infinity

Algebraic Methods for Studying Geometric Objects

* The study of algebraic curves and surfaces involves using algebraic techniques to classify and
understand their geometric properties

* This includes studying singularities, tangents, and intersection points

* Algebraic methods can be used to prove geometric theorems, such as Pascal's theorem and the
Cayley-Bacharach theorem

* This is done by translating the geometric statements into polynomial equations and using algebraic
manipulations

Fundamental Theorems of Algebraic Geometry

Hilbert's Nullstellensatz and its Formulations

» The Hilbert's Nullstellensatz is a fundamental theorem in algebraic geometry that establishes a
correspondence between ideals in polynomial rings and algebraic sets

« It has several equivalent formulations, including the weak and strong Nullstellensatz

- The weak Nullstellensatz states that if k is an algebraically closed field and / is an ideal in
klxa, ..., xn], then V(I) is empty if and only if / = k[X1, ..., Xn]

« The strong Nullstellensatz states that if k is an algebraically closed field and [ is an ideal in
klxa, ..., Xxn], then the ideal of all polynomials that vanish on V(/) is equal to the radical of /
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Other Fundamental Theorems

* The Hilbert's Basis Theorem states that every ideal in a polynomial ring over a field is finitely
generated

* This theorem is crucial for proving many other results in algebraic geometry, as it allows the use of
finite sets of generators to study ideals and algebraic sets

* The Zariski topology is a topology on algebraic sets that is defined using the properties of ideals

* The closed sets in the Zariski topology are the algebraic sets, and the open sets are the complements
of algebraic sets

 The Zariski topology is a fundamental tool in algebraic geometry that allows the use of topological
methods to study algebraic sets

* The Hilbert's Syzygy Theorem states that every finitely generated module over a polynomial ring has a
finite free resolution

* This theorem is used to study the structure of ideals and modules in polynomial rings and their
associated algebraic sets

* The Hilbert polynomial is a polynomial that encodes information about the dimensions of the graded
pieces of a finitely generated graded module over a polynomial ring

* The Hilbert polynomial is a powerful tool in algebraic geometry that allows the study of the growth and
structure of algebraic sets and their associated ideals
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Unit 2 — Affine Varieties and Ideals

2.1 Affine space and coordinate rings

Affine spaces and coordinate rings are the building blocks of algebraic geometry. They provide a way to
study geometric objects using algebraic tools, bridging the gap between algebra and geometry.

In this chapter, we explore how affine n-space represents points as n-tuples, while its coordinate ring
consists of polynomial functions on that space. This connection allows us to analyze geometric properties
through algebraic techniques.

Affine n-space and its coordinate ring

Definition and notation
- Affine n-space over a field K, denoted A"(K) or K", is the set of all n-tuples of elements from K

* For example, A?(R) represents the real plane, where each point is described by a pair of real
numbers (X, ¥)

* Similarly, A3(C) represents 3-dimensional complex space, where each point is described by a triplet
of complex numbers (21, 22, Z3)

» The coordinate ring of affine n-space over K is the polynomial ring K[X1, ..., Xn], where X1, --» Xn are
indeterminates

* The indeterminates X1, ---» Xn represent the coordinates of points in the affine space

* For instance, the coordinate ring of A2(R) is RIx, ¥] the ring of polynomials in two variables with real
coefficients

Properties and significance

» The elements of the coordinate ring are polynomial functions on the affine space

« Each polynomial f(x1, ..., Xn) € K[x1, ..., Xn] defines a function from A" (K) to K by evaluating the
polynomial at points in the affine space

* The coordinate ring is a commutative ring with identity

« The ring operations (addition, subtraction, and multiplication) of polynomials in K[X1, ..., Xn] are
performed component-wise, inheriting the commutativity and identity properties from the field K

* The affine space and its coordinate ring provide a foundation for studying algebraic geometry

* Algebraic geometry explores the connections between geometric objects (such as algebraic sets and
varieties) and their algebraic counterparts (such as ideals in coordinate rings)

* The interplay between affine spaces and their coordinate rings allows for the application of algebraic
techniques to geometric problems, and vice versa
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Polynomial rings and quotients

Constructing polynomial rings

+ A polynomial ring R[X1, ..., Xn] is formed by adjoining indeterminates X1, ---» Xn to a commutative
ring R

* The coefficients of the polynomials in R[X1, ..., Xn] come from the ring R
« If R is a field (such as @, R, or C), then R[x1, ..., Xn] is called a polynomial ring over a field

+ Elements of a polynomial ring are polynomials, which are finite sums of terms of the form
a(xfl)..,(xﬁ"), where @ € R and €1, ---» €n are non-negative integers

* The exponents €1, ---, €n determine the degree of each term, and the overall degree of the
polynomial is the maximum degree among its terms

« Polynomial rings are integral domains if the coefficient ring R is an integral domain

« An integral domain is a commutative ring with no zero divisors (i.e., if @b = 0, then either a = 0 or
b=0)

« Polynomial rings over fields, such as R, ¥] or C[X, ¥, Z] are always integral domains

Quotient rings and ideals

« An ideal / in a polynomial ring R[X1, ..., X1 is a subset closed under addition and multiplication by
elements of the ring

«1ff,g €1 then f+ g €/ (closure under addition)
«Iff€ I and h €R[x1, ..., Xn], then hf € I (closure under multiplication by ring elements)

« The quotient ring R[X1, ..., Xnl/l is formed by considering the equivalence classes of polynomials
modulo the ideal /

« Two polynomials f, g € R[X1, ..., Xa] are equivalent modulo / if their difference f — 9 belongs to the
ideal /

« The equivalence class of a polynomial f is denoted by f + / or [f]

* The quotient ring R[X1, ..., Xp1/l is a ring with zero element /| and operations induced by the
polynomial ring

« Addition: (F+ /) +(g+ 1) =(f+g) +/

« Multiplication: (f+ (g +1) = (fg) +1

* Quotient rings of polynomial rings are used to study algebraic sets and varieties
« Algebraic sets are defined as the zero sets of collections of polynomials

* Varieties are irreducible algebraic sets, which can be studied using the coordinate rings of their affine
open subsets
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Geometric meaning of polynomial functions

Zero sets and algebraic sets

* Polynomial functions on affine spaces are elements of the coordinate ring

« A polynomial function f€ K[x1, ..., X] assigns a value in K to each point in the affine space A" (K)
by evaluating the polynomial at that point

* The zero set of a polynomial f € K[x1, ..., Xn] is the set of points (a1, ..., @n) € A" (K) such that
flai,...,an)=0

» The zero set of a polynomial is the collection of points in the affine space where the polynomial
vanishes

« For example, the zero set of the polynomial f(x, y) = x% + y2 — 1 in RIx, ¥1is the unit circle in the
real plane A%(/)

* The zero set of a polynomial is an algebraic set in the affine space
* An algebraic set is the zero set of a collection of polynomials

* Algebraic sets are the basic closed sets in the Zariski topology on affine spaces

Ideals and coordinate rings of algebraic sets
* The zero set of an ideal | € K[x1, ..., Xp] is the intersection of the zero sets of all polynomials in /
« If V(1) denotes the zero set of the ideal /, then V(/) = ng(f), where V(f) is the zero set of the

polynomial f

+ The coordinate ring of an algebraic set V is the quotient ring K[X1, ..., Xxn1/I(V), where I(V) is the
ideal of all polynomials vanishing on V

+ The ideal /(V) consists of all polynomials that evaluate to zero at every point in the algebraic set V
« The coordinate ring K[x1, ..., Xnl/I(V) captures the algebraic properties of the algebraic set V

* The elements of the coordinate ring can be viewed as polynomial functions on V, as they are
equivalence classes of polynomials modulo the ideal of functions vanishing on V

Properties of coordinate rings

Noetherian property and Krull dimension
+ Coordinate rings are Noetherian rings, meaning that every ideal is finitely generated

» Aring is Noetherian if it satisfies the ascending chain condition: every ascending chain of ideals
Iy € 1> < ... eventually stabilizes (i.e., there exists an N such that In = Iy for all n = N)

» The Noetherian property implies that every ideal in a coordinate ring has a finite set of generators

* The Krull dimension of a coordinate ring is equal to the dimension of the corresponding affine space
* The Krull dimension of a ring is the supremum of the lengths of all chains of prime ideals in the ring

« For a coordinate ring K[ X1, ..., Xp], the Krull dimension is 1, which coincides with the dimension of

the affine space A”(K)
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Integral domain and units
+ Coordinate rings are integral domains, as they are quotient rings of polynomial rings over fields

+ Polynomial rings over fields are integral domains, and quotients of integral domains by prime ideals
are again integral domains

+ The coordinate ring of an algebraic set V is an integral domain because the ideal /(V) of polynomials
vanishing on V is a prime ideal

* The units in a coordinate ring are precisely the nonzero constant polynomials
* A unitin aring is an element that has a multiplicative inverse

« In a coordinate ring K[X1, ..., Xa1/I, the units are the equivalence classes of nonzero constant
polynomials (i.e., polynomials of degree 0)

* The units in a coordinate ring form a subgroup of the multiplicative group of the ring

Maximal ideals and local rings

» Maximal ideals in a coordinate ring correspond to points in the affine space
* A maximal ideal is an ideal that is not contained in any other proper ideal

« In a coordinate ring K[X1, ..., Xn1/l, maximal ideals are of the form (x1 — a1, ..., Xnp — @n)/l, where
(a1, ..., an) is a point in the algebraic set defined by the ideal /

* The localization of a coordinate ring at a maximal ideal yields the local ring at the corresponding point

« The localization of a ring R at a prime ideal ¥ is the ring Ry obtained by inverting all elements of R not
in P

« For a coordinate ring K[X1, ..., Xnl/l and a maximal ideal m = (X1 — a1, ..., Xn — an)/l  the
localization (K[X1, ..., Xn]/)w is the local ring at the point (a1, ..., @n)

* Local rings capture the local behavior of algebraic sets near a specific point

« Coordinate rings provide an algebraic approach to studying geometric properties of affine spaces and
algebraic sets

*» The algebraic properties of coordinate rings, such as their prime ideals, Krull dimension, and local
rings, correspond to geometric features of affine spaces and algebraic sets

* By studying coordinate rings and their associated algebraic objects, one can gain insights into the
geometry of algebraic sets and their singularities

2.2 ldeals and varieties correspondence

Ideals and varieties form a bridge between algebra and geometry. They connect polynomial equations to
geometric shapes, allowing us to study geometric objects using algebraic tools. This correspondence is
fundamental to algebraic geometry.

The Nullstellensatz is key to understanding this relationship. It establishes a bijection between radical
ideals and affine varieties, showing how algebraic and geometric objects are intimately linked in this field.
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Algebraic sets and affine varieties

Definition and notation

« An algebraic set is the set of solutions to a system of polynomial equations over a field k, denoted
V(S) where S is a set of polynomials in K[x1, ..., Xn]

+ An affine variety is an irreducible algebraic set, meaning it cannot be expressed as the union of two
proper algebraic subsets

Zariski topology and geometric interpretation

- The Zariski topology on affine N-space over k is defined by taking the closed sets to be the algebraic
sets

« Affine varieties are the building blocks of algebraic geometry, analogous to manifolds in differential
geometry (smooth manifolds, Riemannian manifolds)

Ideals and affine varieties

Correspondence between ideals and algebraic sets

« For any set S of polynomials in K[X1, ..., xal, the set [(S) = {f€K[xa, ..., xn]: f(p) =0 for all
PEV(S)} is an ideal, called the ideal of V(S)

« For any ideal / in k[x1, ..., Xn] the set V(I) = {(a1,...,an)€K" : f(as,...,an) =0 forall FEl} is
an algebraic set, called the zero set or vanishing set of /

» The correspondences /PV(/) and V+I(V) are inclusion-reversing: if 1S/ then V(/2)EV(/1), and if
V1€V: then I(V2)SI(V1)

Nullstellensatz and radical ideals

« The Nullstellensatz states that for any ideal /, /(V(/)) = Rad(l), where Rad(l) is the radical of /

« The radical of an ideal / is defined as Rad(l} = {f€klxa, ..., x»]: f"El for some MEN}

+ An ideal / is called a radical ideal if | = Rad(/)

» The Nullstellensatz establishes a bijective correspondence between radical ideals and affine varieties
« Every affine variety V corresponds to a unique radical ideal /(V)

« Every radical ideal I corresponds to a unique affine variety V(/)

Ideals of affine varieties

Definition and properties

« The ideal of an affine variety V, denoted /(V), is the set of all polynomials that vanish on every point of
v

« (V) is a radical ideal, meaning it is equal to its own radical: /(V) = Rad(/(V))

« The ideal /(V) captures all the algebraic relations satisfied by the points of V
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Computing generators for I(V)

« To find generators for /(V), one can use elimination theory techniques such as Grébner bases
» A Grobner basis is a particular generating set of an ideal with nice algorithmic properties
* Buchberger's algorithm is a method for computing Grébner bases

+ Elimination theory deals with the problem of eliminating variables from a system of polynomial
equations to obtain relations among the remaining variables

* Resultants and discriminants are classical tools from elimination theory that can be used to compute
generators for [(V)

Affine varieties from ideals

Definition and irreducibility

« The affine variety associated with an ideal /, denoted V(/), is the set of all points in affine space that
satisfy every polynomial in /

« V(1) is an algebraic set, and it is irreducible (hence an affine variety) if and only if / is a prime ideal
« An ideal I is called a prime ideal if whenever fg €/ for some polynomials f, g, then either FE/ or 9E!/

+ Geometrically, this means that V(/) cannot be decomposed as the union of two proper closed subsets

Dimension and explicit construction

« The dimension of V(/) is equal to the Krull dimension of the quotient ring K[x1, ..., Xal/l
« The Krull dimension of a ring R is the supremum of the lengths of all chains of prime ideals in R
* Intuitively, it measures the "size" or "complexity" of the ring

« Constructing V(/) explicitly involves solving a system of polynomial equations, which can be done
using techniques from computational algebraic geometry

» Grobner bases can be used to transform the system into a triangular form that is easier to solve

* Homotopy continuation methods numerically track solution paths from a simple start system to the
target system

* Resultants and eigenvalue methods can be used to reduce the problem to solving univariate
polynomials

2.3 Hilbert's Nullstellensatz

Hilbert's Nullstellensatz is a game-changer in algebraic geometry. It links algebraic varieties and ideals in
polynomial rings over algebraically closed fields. This connection lets us study geometric shapes using
algebra and vice versa.

The theorem comes in two flavors: weak and strong. Both versions help us understand when polynomial
equations have solutions and how varieties relate to ideals. This knowledge is key for solving problems in
algebra, geometry, and even robotics.
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Hilbert's Nullstellensatz

Statement and Interpretation

* Hilbert's Nullstellensatz establishes a correspondence between algebraic varieties and ideals in
polynomial rings over algebraically closed fields

- The weak Nullstellensatz states that if k is an algebraically closed field and / is an ideal in the
polynomial ring k[ X1, . .., Xn], then the variety V(/) is empty if and only if / = (1), meaning / contains a
nonzero constant polynomial

« The strong Nullstellensatz states that if k is an algebraically closed field and / is an ideal in

klxi, ..., Xn], then the ideal of all polynomials vanishing on the variety V(/) is equal to the radical of /,
e, I(V(I)=VI

» The radical of an ideal I, denoted by v/, is the set of all polynomials f such that some power of f lies in
/

» The Nullstellensatz establishes a bijective correspondence between the set of all radical ideals in
klx1, ..., xn] and the set of all algebraic varieties in the affine space k", where K is an algebraically
closed field (complex numbers)

Implications and Consequences

« The Nullstellensatz implies that every maximal ideal in K[X1, . .., Xn] is of the form
(X1 —a1,...,Xn— an) for some point (81, ..., @) in k", and every point in k" corresponds to a
maximal ideal

* The Nullstellensatz provides a method for determining the irreducibility of an algebraic variety by
examining the primality of its corresponding ideal

* The Nullstellensatz can be used to prove that a system of polynomial equations has a solution in an
algebraically closed field if and only if the ideal generated by the polynomials is not equal to (1)

* Example: The system x? + y2 =1 and X + ¥ = 0 has a solution in C? because the ideal
{x?+y?—1,x+y) does not equal (1)

* The bijective correspondence established by the Nullstellensatz allows for the study of geometric
properties of varieties using algebraic tools, and vice versa

Ideals and Varieties

Correspondence between ldeals and Varieties

+ Given an ideal / in K[X1, ..., Xn], the Nullstellensatz allows us to determine the corresponding
algebraic variety V(/) by finding the common zeros of all polynomials in /

« Example: For the ideal | = {x2 + y? — 1}, the corresponding variety V(/) is the unit circle in C2

- Conversely, given an algebraic variety V in k7, the Nullstellensatz allows us to determine the
corresponding ideal /(V) by finding all polynomials that vanish on every point of V/

« Example: For the variety V = {(x, ¥)EC?|x% + y? = 1}, the corresponding ideal
V)= (x*+y* 1)
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Operations on Ideals and Varieties

* The Nullstellensatz can be applied to study the intersection and union of algebraic varieties by
considering the sum and product of their corresponding ideals

« The intersection of varieties corresponds to the sum of ideals: V(/)nV(J) = V(I +))
+ The union of varieties corresponds to the product of ideals: V(/)uV(J)) = V(lf)

 The Nullstellensatz can be used to determine the dimension of an algebraic variety by examining the
height of its corresponding prime ideal

+ The dimension of a variety V is equal to the Krull dimension of its coordinate ring K[V], which is the
quotient ring k[x1, . .., xa]/I(V)

Proof of the Nullstellensatz

Weak Nullstellensatz

* The proof of the weak Nullstellensatz relies on the fact that in an algebraically closed field, every
non-constant polynomial has a root

« If 1#(1), then I does not contain a nonzero constant polynomial, and one can construct a maximal
ideal containing /, which corresponds to a point in the variety V(/)

* The construction of the maximal ideal uses Zorn's Lemma and the fact that every ideal in a polynomial
ring over a field is contained in a maximal ideal

Strong Nullstellensatz
« The proof of the strong Nullstellensatz involves showing that /(V(/))2VI and I(V(I))<VI
« To show /(V(1))2VI, use the fact that if fEV], then F" €/ for some m=1, and thus f vanishes on V(/)

« To show /{(V(1)) VI, use the Rabinowitsch trick, which introduces a new variable to reduce the
problem to the weak Nullstellensatz

« The Rabinowitsch trick involves considering the ideal / =1 + {1 — ¥f} in kK[x1, ..., Xn, ¥]1 where
fel(V(l)), and showing that /#(1) using the weak Nullstellensatz

Bijective Correspondence

* The proof of the bijective correspondence between radical ideals and algebraic varieties relies on the
properties of the operations V and /, such as V(/(V)) =V and I(V(I)) = VI

« To show that the correspondence is bijective, one must prove that the maps /=V(/) and V=/{V) are
inverses of each other when restricted to radical ideals and algebraic varieties

« This involves showing that for any radical ideal /, [(V(/)) = I, and for any algebraic variety V,
V(il(v) =V
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Applications of the Nullstellensatz

Solving Systems of Polynomial Equations

* The Nullstellensatz can be used to prove that a system of polynomial equations has a solution in an
algebraically closed field if and only if the ideal generated by the polynomials is not equal to (1)

* This has applications in computer algebra, robotics, and computer vision, where finding solutions to
polynomial equations is a fundamental problem

» Example: In robotics, the forward and inverse kinematics problems involve solving systems of
polynomial equations to determine the position and orientation of a robot's end effector

Studying Local Properties of Varieties

» The Nullstellensatz can be utilized to study the local properties of algebraic varieties, such as tangent
spaces and singularities, by examining the localization of their corresponding ideals

- The tangent space to a variety V at a point P corresponds to the kernel of the Jacobian matrix of the
generators of /(V) evaluated at P

« Singularities of a variety can be characterized by the properties of the localized ring K[V]p, such as its
dimension and regularity

Decomposition of Varieties

* The Nullstellensatz can be used to prove the correspondence between the irreducible components of
an algebraic variety and the minimal prime ideals containing its corresponding ideal

* An algebraic variety is irreducible if and only if its corresponding ideal is prime
+ The minimal prime ideals containing /(V) correspond to the irreducible components of V

* This correspondence allows for the study of the decomposition of varieties into irreducible
components using algebraic methods, such as primary decomposition of ideals

Dimension and Degree of Varieties

* The Nullstellensatz can be used to determine the dimension of an algebraic variety by examining the
height of its corresponding prime ideal

+ The dimension of a variety V is equal to the Krull dimension of its coordinate ring K[V], which is the
supremum of the lengths of chains of prime ideals in K[V1]

» The degree of a variety can be defined as the number of intersection points with a generic linear
subspace of complementary dimension

» The degree of a variety can be computed algebraically using the Hilbert polynomial of its
corresponding ideal

2.4 Operations on ideals and varieties

Operations on ideals and varieties are the bread and butter of algebraic geometry. They let us play with
shapes using math tricks. By adding, multiplying, or tweaking ideals, we can slice and dice geometric
objects in cool ways.
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These operations help us understand how different shapes fit together or break apart. It's like having a
Swiss Army knife for geometry, giving us tools to solve tricky problems and uncover hidden patterns in
algebraic structures.

Ideal Operations and Varieties

Defining and Performing Operations on Ideals

+ Define the sum of two ideals | and J in a ring R as the ideal generated by the union of | and J, denoted
byl +J

* It consists of all elements of the form f + g, where fisinland gisin J

* Define the product of two ideals | and J in a ring R as the ideal generated by all products of elements
from | and J, denoted by IJ

* It consists of all finite sums of elements of the form fg, where fisinland gisinJ

« Define the radical of an ideal | in a ring R, denoted by I or rad(l), as the set of all elements r in R such
that some power of r lies in |

- risin I if and only if there exists a positive integer n such that r*nis in |

* Define the quotient of two ideals | and J in a ring R, denoted by | : J, as the ideal consisting of all
elements r in R such that rJ is a subset of |

* It is the largest ideal K such that KJ is a subset of |

* Define the saturation of an ideal | with respect to another ideal J in a ring R, denoted by | : JA«~, as the
ideal consisting of all elements r in R such that r(J*n) is a subset of | for some positive integer n

Geometric Interpretation of Ideal Operations

* Interpret the sum of two ideals | and J as corresponding to the intersection of their corresponding
varieties V(l) and V(J)

* In other words, V(I + J) = V(I) n V(J)

« Example: If | = (X = 1) and J = (¥ — 2} in CLX, ¥], then V(I + J) is the point (1, 2)

* Relate the product of two ideals | and J to the union of their corresponding varieties V(I) and V(J)
 The exact relationship involves the concept of the Zariski closure of the union, denoted by V(I) u V(J)*-
« Example: If I = {x) and J = (¥) in C[X, ¥], then V(1J) is the union of the x-axis and y-axis

* Interpret the radical of an ideal | as corresponding to the smallest variety containing V()

* In other words, V(+I) is the Zariski closure of V(I)

« Example: If | = {x?) in C[x], then V(¥I) is the single point {0}

+ Relate the quotient of two ideals | and J to the difference of their corresponding varieties V(I) and V(J)

» The geometric interpretation involves the concept of ideal quotient and can be understood in terms of
the Zariski closure of the set-theoretic difference

« Example: If I = {(X¥) and J = {x) in CLX, ¥], then V(I : J) is the y-axis
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Correspondence of Ideals and Varieties

Zariski Correspondence

* Introduce the Zariski correspondence as a fundamental concept in algebraic geometry

« It establishes a bijection between the set of all radical ideals in a polynomial ring and the set of all
algebraic varieties in the corresponding affine or projective space

» Explain how the Zariski correspondence allows for the study of geometric properties of varieties using
algebraic tools and techniques from commutative algebra

* Under this correspondence, ideal operations such as sum, product, and radical have geometric
counterparts in terms of variety operations like intersection, union, and closure

* Example: The ideal (x? + y2 —1)in RIx,y] corresponds to the unit circle in the real plane

Studying Varieties through Ideal Operations

* Discuss how the correspondence between ideal operations and variety operations enables the study
of the structure and properties of algebraic varieties

* Properties such as dimension, irreducibility, and singularities can be studied using ideal operations

* Example: The dimension of a variety can be determined by the Krull dimension of its corresponding
ideal

« Highlight the importance of the Zariski correspondence in solving problems related to the
decomposition of varieties into irreducible components and the study of local properties of varieties at
specific points

« Ideal operations play a crucial role in the study of algebraic curves, surfaces, and higher-dimensional
varieties

« Example: The irreducible components of a variety can be found by decomposing its corresponding
ideal into primary components

Applications of Ideals in Algebraic Geometry

Solving Problems using Ideal and Variety Operations

* Demonstrate how ideal and variety operations can be used to study the structure and properties of
algebraic varieties

» These operations are essential in solving problems related to the decomposition of varieties into
irreducible components, the computation of the dimension of a variety, and the study of the local
properties of varieties at specific points

» Example: The singular points of a variety can be determined by computing the Jacobian ideal and its
corresponding variety

* Discuss the application of ideal and variety operations in various subfields of algebraic geometry, such
as computational algebraic geometry

» These operations are used to develop algorithms for solving polynomial systems and studying the
geometry of algebraic varieties
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* Example: Grébner basis algorithms use ideal operations to solve systems of polynomial equations

Classification of Algebraic Varieties

« Explain how ideal and variety operations play a crucial role in the classification of algebraic varieties
based on their geometric and algebraic properties

* Properties such as dimension, degree, and genus can be studied using ideal operations

» Example: The degree of a projective variety can be computed using the Hilbert polynomial of its
corresponding ideal

* Discuss the importance of ideal and variety operations in the study of specific classes of algebraic
varieties, such as algebraic curves and surfaces

» These operations are used to classify curves and surfaces based on their geometric properties and
invariants

* Example: The genus of an algebraic curve can be determined by the Hilbert polynomial of its
corresponding ideal

Fiveable archived study guides Page 21



Unit 3 — Polynomials and Rings in Algebra

3.1 Multivariate polynomials and polynomial rings

Multivariate polynomials are like mathematical superheroes, juggling multiple variables at once. They're
the building blocks of polynomial rings, letting us create complex mathematical structures. These
polynomials and rings are the dynamic duo of algebraic geometry.

Polynomial rings are where the magic happens. They're the playground for multivariate polynomials, with
rules for addition and multiplication. Understanding these rings helps us solve tricky equations and explore
geometric shapes in higher dimensions.

Multivariate Polynomials

Definition and Properties

+ Multivariate polynomials are polynomials in two or more variables, with coefficients typically drawn
from a field or ring (e.g., real numbers, complex numbers, or integers)

» The degree of a multivariate polynomial is the highest total degree of any term

* The total degree of a term is the sum of the exponents of all variables in that term (e.g., in the term
3x2y3, the total degree is 2 + 3 = 5)

 Multivariate polynomials can be added, subtracted, and multiplied using similar rules as
single-variable polynomials, with additional consideration for multiple variables

« Division of multivariate polynomials is more complex than single-variable polynomials due to the
notion of degree and the choice of monomial ordering affecting the outcome

+ Evaluating multivariate polynomials involves substituting values for the variables, with the resulting
value depending on the specific values chosen for each variable (e.g., evaluating
fix,y)=x>+2xy+y? at(1,2) gives f(1,2) =12+ 2(1)(2) + 22 = 9)

Operations and Evaluation

+ Addition and subtraction of multivariate polynomials involve combining like terms, considering the
coefficients and exponents of all variables (e.g., (2x2y + 3xy?) + (4x%y — xy?) = 6x%y + 2xy?)

+ Multiplication of multivariate polynomials follows the distributive law and involves multiplying each
term of one polynomial by each term of the other polynomial (e.g., (X + ¥)(x —y) = x? - y2)

« Division of multivariate polynomials requires choosing a monomial ordering, which affects the quotient
and remainder (e.g., dividing Xzy + xy2 + y by XY + 1 using lexicographic order gives quotient
Xy — ¥ + 1 and remainder y2)

+ Evaluating multivariate polynomials at specific points or sets of points is useful for understanding their
behavior and solving systems of polynomial equations (e.g., finding the zeros of a polynomial system
fix,y) =0 and 9(x, y) = 0)
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Polynomial Rings

Construction and Definition

* A polynomial ring is a ring formed by the set of all polynomials in one or more variables with
coefficients from a given ring or field (e.g., the polynomial ring RLX, ¥1 consists of all polynomials in
variables X and ¥ with real coefficients)

« The polynomial ring in N variables over a ring R is denoted as R[X1, X2, ..., Xn], where X1, X2, ..., Xn
are the variables and R is the coefficient ring

* Elements of a polynomial ring are multivariate polynomials, and the ring operations (addition and
multiplication) are defined as the usual addition and multiplication of polynomials

* Polynomial rings are commutative rings, meaning the multiplication operation is commutative:
fix1, ..., Xn) " g(x1, ..., Xn) = 9(X1, ..., Xn) * f(X1, ..., Xn) for any two polynomials f and 9

|deals and Quotient Rings

* Anideal in a polynomial ring is a subset closed under addition and multiplication by ring elements
(e.g., the set of all polynomials with constant term 0 forms an ideal in R[x])

* Principal ideals in a polynomial ring are ideals generated by a single polynomial (e.g., the ideal
(x2 + 1) in R[x] consists of all polynomials divisible by x2 + 1)

* Quotient rings of polynomial rings by ideals are rings obtained by "dividing out" the ideal, with
elements being equivalence classes of polynomials (e.g., R[x1/{x? + 1) is a quotient ring where
polynomials that differ by a multiple of x2 + 1 are considered equivalent)

* Ideals and quotient rings play a crucial role in studying the structure of polynomial rings and their
relation to algebraic varieties

Structure of Polynomial Rings

Integral Domains and Principal Ideal Domains

* Polynomial rings are integral domains, meaning they have no zero divisors: if
fix1, ... Xn) * g(X1, ..., Xn) = 0 then either f(X1, ..., Xn) =0 or g(X1, ..., Xp) =0

* Polynomial rings over a field are principal ideal domains (PIDs), meaning every ideal in the ring is
generated by a single element (e.g., CLX, ¥1is a PID, but Z[X, ¥1 is not)

* The Hilbert Basis Theorem states that every ideal in a polynomial ring over a field is finitely generated,
making polynomial rings Noetherian rings

Grobner Bases and Dimension

» Grobner bases are special sets of generators for ideals in polynomial rings that provide a way to solve
systems of polynomial equations and perform computations in quotient rings (e.g., the Grébner basis of
the ideal {x2 — y, x — z%) in @LX, ¥, Z] with lexicographic order is {x — 2%,y — z*})

» The dimension of a polynomial ring is the number of variables in the ring, affecting the geometric and
algebraic properties of the ring and its ideals (e.g., RIx, ¥, Z] has dimension 3, while R[X] has
dimension 1)
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» Dimension is related to the complexity of the ring and the geometric objects it represents, with
higher-dimensional rings often exhibiting more intricate behavior

Polynomials vs Rings

Relationship between Multivariate Polynomials and Polynomial Rings

* Multivariate polynomials are the elements of polynomial rings, and their properties determine the
structure and characteristics of the rings

* The choice of coefficient ring or field affects the properties of the multivariate polynomials and the
resulting polynomial ring (e.g., Z[X, ¥] has different properties than @[, ¥1 due to the difference in
coefficient rings)

* Ideals generated by multivariate polynomials in a polynomial ring correspond to algebraic varieties in
affine or projective space, linking the algebraic properties of the ring to geometric objects (e.g., the ideal
(x? + y? — 1) in RLx, y] corresponds to the unit circle)

* Quotient rings of polynomial rings by ideals generated by multivariate polynomials represent the rings
of functions on the corresponding algebraic varieties, connecting the ring-theoretic and geometric
perspectives

Applications in Algebraic Geometry

* The study of multivariate polynomials and polynomial rings is fundamental to algebraic geometry,
providing the algebraic foundation for investigating geometric properties of varieties and schemes

* Algebraic geometry uses the correspondence between ideals in polynomial rings and algebraic
varieties to study geometric objects using algebraic techniques (e.g., studying the solutions of
polynomial equations, intersections of varieties, and singular points)

» Techniques from commutative algebra, such as localization and completion of rings, are used to
analyze local properties of varieties and construct schemes as locally ringed spaces

* The interplay between multivariate polynomials, polynomial rings, and their geometric counterparts is
a central theme in algebraic geometry, with applications in various fields such as coding theory,
cryptography, and mathematical physics

3.2 Monomial orderings and division algorithm

Monomial orderings are crucial for comparing and manipulating polynomials. They provide a systematic
way to arrange terms, which is essential for algorithms like polynomial division. Understanding these
orderings helps us work with complex polynomials and solve equations.

The division algorithm for polynomials extends the familiar process of dividing numbers to the world of
polynomials. It allows us to break down complicated polynomials into simpler parts, making it easier to
solve equations and study algebraic structures.

Monomial Orderings

Definition and Properties

» A monomial ordering is a total order on the set of monomials in a polynomial ring, which is compatible
with the multiplication of monomials
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« Compatibility with multiplication means that if M1 = M2 then M1 * M = M2 * M for any monomial M

» A monomial ordering is called a well-ordering if every strictly decreasing sequence of monomials
eventually terminates

* This is a necessary condition for the division algorithm to work

Types of Monomial Orderings

* The three main types of monomial orderings are lexicographic order (lex), graded lexicographic order
(grlex), and graded reverse lexicographic order (grevlex)

* Lexicographic order (lex) compares monomials by comparing their exponents from left to right, similar
to how words are ordered in a dictionary

* Example: Xzy = Xy3 in lex order because 2 < 3

+ Graded lexicographic order (grlex) first compares the total degree of the monomials, and if the
degrees are equal, it then uses lexicographic order to break ties

» Example: xzy2 = xy3 in grlex order because 2 +2=4<1+3=4

» Graded reverse lexicographic order (grevlex) also compares the total degree of monomials first, but if
the degrees are equal, it uses reverse lexicographic order to break ties

* Example: Xzy2 < X3y in grevlex order because 2+ 2=4=3+1and 2 <3
Applying Orderings to Polynomials

Leading Terms, Coefficients, and Monomials

+ Given a monomial ordering, the leading term of a polynomial is the term with the highest monomial
according to the chosen ordering

* The leading coefficient of a polynomial is the coefficient of the leading term
* The leading monomial of a polynomial is the monomial part of the leading term

+ Example: For f= 3X2y + 2xy2 - y3, under lex order, the leading term is 3X2y, the leading
coefficient is 3, and the leading monomial is Xzy

Comparing Polynomials

» To compare two multivariate polynomials using a monomial ordering, compare their leading terms
according to the chosen ordering

- Example: Let f= 3x2y + 2xy? — y3 and g = x> — 2x?y + xy. Under lex order, f = 9 because
X’y < x>

* The choice of monomial ordering can affect the leading term, leading coefficient, and leading
monomial of a multivariate polynomial

» Example: For f= 3x2y + 2xy2 - y3, under grlex order, the leading term is —y3, the leading
coefficient is —1, and the leading monomial is y3
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Polynomial Division Algorithm

Algorithm Description

* The polynomial division algorithm is a generalization of the univariate polynomial division algorithm to
multivariate polynomials using a chosen monomial ordering

« The algorithm divides a polynomial f by a set of polynomials {91, ..., 9s} and returns a remainder r
and quotients {q1, ..., ds} such that f=g191 + ... + 9sgs + ' where r is reduced with respect to
{glr rery gs}

« A polynomial I is reduced with respect to a set of polynomials {91, .-, 9s} if no term of I"is divisible
by any of the leading terms of {91, ..., gs}

Algorithm Steps

« The division algorithm proceeds by iteratively canceling the leading term of f by the leading term of
one of the divisor polynomials until no further reduction is possible 1. Initialize the remainder r to f and
the quotients {91, ..+, s} to zero 2. While r # 0 and I is not reduced with respect to {91, ..., gs}:

- Choose a polynomial 9/ whose leading term divides the leading term of r

.= LT . LT ) ,
+Updateqi: =q; + T(gr,)) and/: =r-— LT((;)) *9i 3. Return the remainder I and quotients {g1, ..., s}

Monomial Ordering Choice

* The choice of monomial ordering determines the leading terms of the polynomials and thus affects the
outcome of the division algorithm

« Example: Dividing f= X2y + Xy2 + y3 by @ = X¥ — 1 yields different results under lex and grlex
orders:

« Under lex order: f= (xy + y2) g +y

« Under grlex order: f=(x+y)-g+y
Orderings Impact on Division

Remainder and Quotient Dependence

« Different monomial orderings can lead to different remainders and quotients in the polynomial division
algorithm

« Example: Dividing f= x2y + xy? + y3 by g1 =Xy — 1 and g2 = y? — 1 yields different results
under lex and grlex orders:

« Under lex order: f=(x+y) g1+ (1)-g2+2
« Under grlex order: f=(x) g1+ (y)-g2+x+y
Computational Efficiency

» The choice of monomial ordering can affect the efficiency of the division algorithm, as some orderings
may lead to fewer reduction steps than others
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» Graded reverse lexicographic order (grevlex) is often used in practice due to its computational
efficiency and desirable properties for Grobner basis computations

Grobner Bases

» Groébner bases, which are a key concept in computational algebraic geometry, depend on the choice
of monomial ordering used in the division algorithm

* The division algorithm with respect to a Grobner basis always yields a unique remainder, regardless of
the order in which the divisor polynomials are used

« Example: If {91, ..., gs} is a Grobner basis under a given monomial ordering, then dividing any
polynomial f by {91, ..., gs} will always result in the same remainder I, regardless of the order in
which the 9i are used in the division algorithm

3.3 Algebraic operations on polynomials

Algebraic operations on polynomials are the building blocks of polynomial manipulation. From adding and
subtracting to multiplying and finding greatest common divisors, these techniques are crucial for simplifying
expressions and solving equations.

Understanding these operations is key to mastering polynomial rings. By learning to factor, identify
irreducible polynomials, and apply these skills to real-world problems, you'll gain a deeper appreciation for
the power and versatility of polynomial algebra.

Operations on Multivariate Polynomials

Addition and Subtraction of Multivariate Polynomials

* Multivariate polynomials are polynomials with more than one variable (X, ¥, 2)

+ Addition of multivariate polynomials involves combining like terms, which are terms with the same
variables and exponents

- Example: 3x2y + 2xy? + x?y + 5xy? = 4x%y + Txy?

« Subtraction of multivariate polynomials involves distributing the negative sign to each term in the
subtrahend and then combining like terms

« Example: (4x3yz — 2x%y? + 6xyz) — (3x3yz + x?y? — 2xyz) = x3yz — 3x°y? + 8xyz

» When adding or subtracting multivariate polynomials, it is essential to identify and combine like terms
accurately to simplify the expression

Multiplication of Multivariate Polynomials

* Multiplication of multivariate polynomials follows the distributive property, where each term in one
polynomial is multiplied by each term in the other polynomial

* The resulting terms are then combined by adding like terms

* Example:
(2x2y = 3xy?)(3xy + 4y?) = 6x3y? — 9x?y> + 8x2y3 — 12xy? = 6x3y? — x%y3 — 12xy*

» The degree of the product of two multivariate polynomials is the sum of the degrees of the two
polynomials
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* Example: Multiplying a degree 2 polynomial by a degree 3 polynomial results in a degree 5 polynomial

* When multiplying multivariate polynomials, it is crucial to apply the distributive property correctly and
combine like terms to simplify the resulting expression

Greatest Common Divisor of Polynomials

Euclidean Algorithm for Finding the GCD

* The GCD of two or more multivariate polynomials is the polynomial of the highest degree that divides
each of the polynomials without a remainder

 The Euclidean algorithm involves dividing the polynomials and iterating the process with the divisor
and remainder until the remainder is zero

* The last non-zero remainder is the GCD

- Example: To find the GCD of f(x, ) = 3x%y? — 6xy> + 9y* and g(x, y) = 6xy? — 12y3, divide
fix,y) by g(x, ¥) and continue the process with the divisor and remainder until the remainder is zero.
The last non-zero remainder, 3y2, is the GCD

* The Euclidean algorithm is an efficient method for finding the GCD of multivariate polynomials,
especially when the polynomials have high degrees

Factoring Method for Finding the GCD

« Alternatively, the GCD can be found by factoring each polynomial and identifying the common factors
with the highest exponents

« Example: Consider the polynomials f(X, y) = 2x3y? — 4x?y? and g(x, y) = 3x%y — 6xy?.
Factoring each polynomial yields f(x, y) = 2xy?(x? — 2xy) and 9(X, ¥) = 3xy(x — 2y). The
common factor with the highest exponents is X¥, which is the GCD

» The GCD is unique up to a constant multiple and is important in simplifying fractions involving
multivariate polynomials

+ Finding the GCD by factoring is useful when the polynomials can be easily factored and have lower
degrees

Factorization of Multivariate Polynomials

Common Factoring Techniques

« Factoring a multivariate polynomial involves expressing it as a product of lower-degree polynomials
» Common factoring techniques for multivariate polynomials include:

* Factoring out the greatest common factor (GCF) from each term

« Example: 6x°y — 9xy? = 3xy(2x — 3y)

* Grouping terms to find common factors

« Example: 2x> + 3x°y — 4x — 6y = x(2x% + 3xy — 4) — 2(2x + 3y) = (x — 2)(2x% + 3xy — 2)
* Using polynomial long division to find factors

* Applying the sum or difference of cubes formulas
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- Example: X3 — ¥ = (x = y)(x? + xy + y?)
+ Using substitution to reduce the number of variables and factor the resulting polynomial

 Choosing the appropriate factoring technique depends on the structure of the multivariate polynomial
and the context of the problem

Irreducibility of Multivariate Polynomials

» A multivariate polynomial is considered irreducible if it cannot be factored into lower-degree
polynomials over the given field

* Example: The polynomial x2 + y2 + 1 is irreducible over the real numbers

« Factoring multivariate polynomials is useful in simplifying expressions, solving equations, and
identifying roots or solutions

* Recognizing irreducible polynomials is important in understanding the structure and properties of
multivariate polynomial rings

Solving Problems with Multivariate Polynomials

Modeling Real-World Problems

* Many real-world problems can be modeled using multivariate polynomials, such as in physics,
engineering, and economics

« Example: The volume of a rectangular box with dimensions X, ¥, and Z can be represented by the
polynomial V(X, ¥, 2) = xyz

* Solving problems involving multivariate polynomials often requires a combination of algebraic
operations, including addition, subtraction, multiplication, division, and factoring

* Translating real-world problems into mathematical expressions using multivariate polynomials is a
crucial skill in applied mathematics

Problem-Solving Steps
« Steps to solve problems using multivariate polynomials:
1. Identify the given information and the desired outcome
2. Create a multivariate polynomial equation or expression that represents the problem

« Example: If the surface area of a rectangular box is given by 2(xy + xz + ¥2) and the volume is
1000 cubic units, create the equation 2(xy + xz + yz) = 1000

3. Perform the necessary algebraic operations to simplify the equation or expression
4. Solve the equation or interpret the simplified expression to find the solution
« Example: Solve the equation 2(Xy + xZ + yZ) = 1000 for the dimensions X, ¥, and Z

» Checking the reasonableness of the solution in the context of the problem is crucial to ensure the
accuracy of the results

* Applying problem-solving strategies and algebraic operations to multivariate polynomials enables the
solution of complex real-world problems
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Unit 4 — Grobner Bases

4.1 Definition and properties of Grobner bases

Grobner bases are game-changers in polynomial math. They're special sets that represent polynomial
ideals in a unique way, making it easier to solve tricky equations and test if polynomials belong to an ideal.
It's like having a universal translator for polynomial problems.

These bases have some cool properties that make them super useful. They're generating sets for ideals,
provide a unique representation, and always lead to the same result when reducing polynomials. Plus, they
can tell us important stuff about algebraic varieties. Pretty neat, right?

Grobner bases in computational algebraic geometry

Definition and significance

» Groébner bases are a special type of generating set for a polynomial ideal that provides a canonical
representation of the ideal

* They allow for effective computation and manipulation of polynomial ideals, enabling the solution of
various problems in algebraic geometry

* The concept of Grobner bases was introduced by Bruno Buchberger in 1965 and has since become a
fundamental tool in computational algebraic geometry

Applications and computation

» Grébner bases have applications in:

« Solving systems of polynomial equations
* Ideal membership testing

* Elimination theory

* The computation of Grébner bases involves a process called Buchberger's algorithm, which
systematically generates the basis elements

Properties of Grobner bases

Generating set and uniqueness

» Grébner bases have the property of being a generating set for the ideal they represent, meaning that
every polynomial in the ideal can be expressed as a linear combination of the basis elements

» They provide a unique representation of the ideal with respect to a given monomial ordering
» The reduced Grébner basis is a minimal generating set for the ideal, where:
* The leading coefficient of each basis element is 1

* No monomial in any basis element is divisible by the leading monomial of any other basis element
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Confluence and Hilbert function

» Grobner bases have the property of being confluent, meaning that the reduction of any polynomial
with respect to the basis always leads to a unique normal form, regardless of the order in which the
reductions are applied

* The Hilbert function and Hilbert polynomial of an ideal can be determined from its Grobner basis,
providing information about:

» The dimension of the associated algebraic variety

» The degree of the associated algebraic variety

Monomial orderings for Grobner bases

Definition and types

» Monomial orderings play a crucial role in the definition and computation of Grébner bases

* A monomial ordering is a total order on the set of monomials in a polynomial ring, satisfying certain
compatibility conditions with multiplication

» Common monomial orderings include:
* Lexicographic order (lex)
* Graded lexicographic order (grlex)

» Graded reverse lexicographic order (grevlex)

Impact on Grébner bases

» The choice of monomial ordering can significantly impact the structure and properties of the resulting

Grobner basis

« Different monomial orderings may lead to different Grébner bases for the same ideal, and the choice

of ordering depends on the specific problem and desired properties of the basis

» Monomial orderings are used to determine the leading terms of polynomials, which are essential for:

» The Buchberger's algorithm

* The reduction process in Grébner basis computation
Grobner bases vs polynomial ideals

Canonical representation

» Grobner bases provide a canonical representation of polynomial ideals, establishing a fundamental
connection between the two concepts

* Every polynomial ideal has a unique reduced Grébner basis with respect to a given monomial ordering

» The Grobner basis of an ideal contains all the essential information about the ideal, such as:
* |ts structure

* Its properties
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* Its associated algebraic variety

Ideal operations and membership

* The ideal membership problem can be solved using Grébner bases: a polynomial belongs to an ideal
if and only if its normal form with respect to the Grébner basis is zero

» Grobner bases enable the computation of:

* The intersection of ideals

* The sum of ideals

* The product of ideals

* The elimination of variables from a system of polynomial equations

» The Buchberger's algorithm, used for computing Grébner bases, relies on the properties of polynomial
ideals and the concept of S-polynomials to systematically generate the basis elements

4.2 Buchberger's algorithm

Buchberger's algorithm is a game-changer in solving polynomial equations. It takes a set of polynomials
and churns out a Grébner basis, which is like a supercharged version of the original set. This basis makes
it way easier to solve equations and test if polynomials belong to an ideal.

The algorithm works by pairing up polynomials, creating special S-polynomials, and then reducing them. It
keeps doing this until it can't anymore. While it can be slow for complex problems, it's still the go-to method
for many math and engineering applications.

Buchberger's Algorithm Purpose and Functionality

Overview and Definition

* Buchberger's algorithm computes Groébner bases of polynomial ideals in multivariate polynomial rings
over fields

* Takes a finite set of polynomials generating an ideal as input and produces a Grébner basis for that
ideal as output

» Groébner bases are a particular kind of generating set for an ideal with desirable algorithmic properties
» Enable efficient ideal membership testing

+ Allow solving systems of polynomial equations

Key Steps and Techniques

» Works by repeatedly applying polynomial division (reduction) and the S-polynomial construction to
pairs of polynomials until certain criteria are met

* Ensures the resulting basis has the required properties of a Grobner basis
« Cornerstone of computational algebraic geometry and commutative algebra

* Numerous applications in mathematics, computer science, and engineering (cryptography, robotics,
computer vision)
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Applying Buchberger's Algorithm for Grobner Bases

Initialization and Setup

* Choose a monomial order, which is a total ordering on the monomials in the polynomial ring
compatible with multiplication

» Examples of monomial orders: lexicographic, graded lexicographic, graded reverse lexicographic
« Initialize a set of polynomials G with the input generating set

« Initialize a set of pairs of polynomials P with all pairs from G

Iterative Process

+ In each iteration, select a pair (f, g) from P and remove it

» Compute the S-polynomial S(f, g) by canceling the leading terms of f and g using their least common
multiple

» Reduce the S-polynomial with respect to G until it cannot be further reduced
* If the result is nonzero, add it to G and form new pairs with this polynomial and the elements of G

+ Continue the process until P is empty, at which point G is a Grébner basis for the input ideal

Implementation Considerations

» Requires careful bookkeeping and efficient polynomial arithmetic
» Multivariate polynomial division
* Greatest common divisor computations

* Applying the algorithm effectively relies on proper data structures and algorithms for polynomial
manipulation

Buchberger's Algorithm Computational Complexity

Factors Influencing Complexity

» Computational complexity depends on various factors

* Number of variables in the polynomial ring

* Degree of the input polynomials

+ Choice of monomial order

* In the worst case, the algorithm can have a doubly exponential running time and space complexity

« With respect to the number of variables and the degree of the input polynomials

Intermediate Expression Swell

+ High complexity arises from the potential for the degree and number of polynomials in the
intermediate basis to grow rapidly during the computation
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* Phenomenon known as intermediate expression swell
+ Choice of monomial order can significantly impact the performance of the algorithm
* Lexicographic order typically leads to slower computations

» Graded reverse lexicographic order often performs better

Optimizations and Practical Performance

« Various optimizations and improvements to Buchberger's algorithm have been developed to mitigate
its worst-case complexity

* F4 and F5 algorithms exploit linear algebra techniques to reduce the number of polynomial reductions

* Despite its high worst-case complexity, Buchberger's algorithm and its variations remain the most
widely used methods for Grobner basis computation in practice

* Many instances can be solved efficiently with proper implementation and optimizations

Implementing Buchberger's Algorithm in Computer Algebra Systems

Prerequisites and Tools

+ Solid understanding of polynomial arithmetic, data structures for representing polynomials and ideals,
and the core operations of the algorithm

» Computer algebra systems (Mathematica, Maple, SageMath) provide built-in functions for computing
Grobner bases

» Optimized implementations of Buchberger's algorithm and its variants

Key Components and Data Structures

* Define data structures for monomials, polynomials, and ideals

+ Implement functions for polynomial arithmetic operations

« Addition, multiplication, and division

* Implement the S-polynomial construction and reduction operations

* Maintain the set of pairs and the intermediate basis throughout the algorithm

Efficiency Considerations

« Efficient algorithms for computing monomial greatest common divisors, least common multiples, and
multivariate polynomial division are crucial

» Sparse representations and divide-and-conquer strategies can improve performance
» Handle corner cases, such as zero reductions and criteria for detecting when the basis is complete

Testing and Validation

* Test the implementation on a variety of input instances

» Compare with known results or other implementations
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* Analyze performance characteristics

« Validating the correctness and efficiency of the code is an important step in the implementation
process

4.3 Applications of Grobner bases

Grébner bases are powerful tools for solving polynomial equations and optimizing complex systems. They
transform tricky problems into simpler forms, making them easier to solve in fields like robotics, computer
vision, and engineering.

These bases also shine in computer algebra and optimization. They simplify expressions, solve equations,
and tackle integer programming challenges. Their versatility makes them essential for tackling real-world
math problems across various disciplines.

Applications of Grobner Bases

Solving Systems of Polynomial Equations

» Grébner bases have applications in solving systems of polynomial equations, which arise in various
fields such as:

* Robotics (kinematics and motion planning)
» Computer vision (3D reconstruction and camera calibration)
* Engineering (control systems and optimization)

* In algebraic geometry, Grébner bases are used to study ideals and varieties, providing a
computational approach to understanding their structure and properties

» Groébner bases can be used to determine the:

» Dimension of an algebraic variety

* Degree of an algebraic variety

* Other invariants of algebraic varieties

» The computation of Grobner bases allows for the effective computation of the:
* Intersection of ideals

* Union of ideals

« Difference of ideals

Applications in Computer Algebra and Optimization

» Grobner bases have applications in integer programming, where they can be used to solve certain
types of optimization problems

« Example: finding the optimal solution to a system of linear inequalities with integer constraints
* In computer algebra, Grébner bases are used for:
« Simplifying expressions involving polynomials

* Solving equations in polynomial rings

Fiveable archived study guides Page 35



* Performing computations in polynomial rings (ideal membership and equality testing)

Solving Polynomial Equations with Grobner Bases

Buchberger's Algorithm and Polynomial Division

» Grobner bases provide a systematic method for solving systems of polynomial equations by
transforming the system into a simpler, equivalent form

» The Buchberger's algorithm is used to compute Grobner bases, which relies on the concept of:

+ S-polynomials: formed by canceling the leading terms of two polynomials, used to ensure that the
Grébner basis is complete

* Polynomial division: used to reduce polynomials with respect to the Grobner basis, leading to a unique
remainder

» The choice of monomial ordering, such as lexicographic or graded reverse lexicographic, affects the:
» Structure of the Grébner basis

« Efficiency of its computation

Properties and Applications of Grobner Bases

» Grébner bases can be used to determine the number of solutions (finite or infinite) of a system of
polynomial equations

» The reduced Grébner basis, which is unique for a given ideal and monomial ordering, provides a
canonical representation of the ideal

+ Solving systems of polynomial equations using Grébner bases has applications in:
* Robotics (inverse kinematics and motion planning)
» Computer vision (3D reconstruction and pose estimation)

» Geometric theorem proving (automated reasoning in geometry)
Grdbner Bases for Optimization

Integer Programming and Semidefinite Programming

» Grobner bases can be used to solve certain types of optimization problems, particularly those
involving polynomial constraints

« In integer programming, Grébner bases can be used to find the optimal solution by reformulating the
problem as a system of polynomial equations

« Example: solving the knapsack problem using Grébner bases

» The Grdbner basis method can be applied to solve the feasibility problem in semidefinite
programming, which has applications in:

* Control theory (Lyapunov stability analysis)

» Combinatorial optimization (graph coloring and max-cut problems)

Fiveable archived study guides Page 36



Real-World Optimization and Combined Techniques

» Grébner bases can be used to compute the real radical of an ideal, which is useful in solving
real-world optimization problems with polynomial constraints

» Example: finding the global minimum of a polynomial function subject to polynomial inequality
constraints

» The Grébner basis approach can be combined with other optimization techniques to improve the
efficiency of solving complex optimization problems, such as:

* Branch-and-bound (for integer programming)

* Cutting planes (for convex optimization)
Grobner Bases in Coding Theory vs Cryptography
Applications in Coding Theory

» Grébner bases have applications in coding theory, particularly in the study of algebraic codes and
their decoding algorithms

* In coding theory, Grébner bases can be used to find the minimum distance of a linear code, which
determines its error-correcting capabilities

» Example: computing the minimum distance of a Reed-Solomon code

» Grébner bases can be used to decode algebraic codes, such as Reed-Solomon codes, by solving
systems of polynomial equations derived from the received codeword

* Example: decoding a corrupted Reed-Solomon codeword using Grébner bases
Applications in Cryptography

* In cryptography, Grobner bases are used to analyze the security of certain cryptographic systems,
such as multivariate public-key cryptography

» Grobner basis algorithms can be used to solve the systems of polynomial equations that arise in the
encryption and decryption processes of these cryptographic systems

» Example: attacking the Matsumoto-Imai cryptosystem using Grobner bases

» The complexity of computing Grébner bases can be used to estimate the security level of a
cryptographic system against algebraic attacks

» Example: assessing the security of the HFE (Hidden Field Equations) cryptosystem

» Grébner bases have been applied to the study of post-quantum cryptography, particularly in the
design and analysis of:

« Lattice-based cryptographic schemes (NTRU and LWE-based systems)

 Multivariate cryptographic schemes (UOV and Rainbow)
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4.4 Reduced Grdbner bases and uniqueness

Reduced Grdbner bases are the ultimate form of Grébner bases. They're unique for a given ideal and
monomial ordering, making them perfect for comparing ideals and solving equations. Plus, they're minimal,
so you're working with the leanest set possible.

These bases are like the superheroes of algebraic geometry. They provide a canonical representation of
ideals, simplify computations, and offer insights into solution sets. From optimization to studying algebraic
varieties, reduced Grobner bases are the go-to tool for tackling complex problems.

Reduced Grobner Bases

Properties of Reduced Grébner Bases

* A reduced Grdébner basis is a Grobner basis where the leading coefficient of each polynomial is 1
(monic)

* No monomial in any polynomial is divisible by the leading term of another polynomial in the basis

* This ensures that the polynomials in the basis are as "reduced" as possible with respect to each other
» Reduced Grdbner bases are minimal

* No polynomial can be removed from the basis without losing the Grébner basis property

* They contain the smallest number of polynomials necessary to generate the ideal

» The reduced Grébner basis of an ideal with respect to a given monomial ordering is unique up to the
order of the polynomials

Canonical Representation and Computations

* Reduced Grébner bases provide a canonical representation of an ideal
* Useful for comparing ideals and solving various problems in algebraic geometry
+ Allows for consistent and reproducible computations involving reduced Grébner bases

» Working with reduced Grébner bases can simplify the process of solving systems of polynomial
equations

* The structure of the basis can provide insights into the solution set
» Reduced Grébner bases are used in a variety of applications

* Solving optimization problems

« Studying the geometry of algebraic varieties

* Analyzing the structure of polynomial ideals

Uniqueness of Reduced Grébner Bases

Existence and Dependence on Monomial Ordering

+ For a given ideal and monomial ordering, there exists a unique reduced Grdbner basis

+ Different monomial orderings may lead to different reduced Grébner bases for the same ideal
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« Example: Consider the ideal | = (x? - ¥, Xy — 1). With lexicographic order (x>y), the reduced
Grobner basis is G = {y2 -1, x-— y3}, while with graded reverse lexicographic order, the reduced
Grobner basis is G = {x? =y, xy — 1}

Consequences and Importance

» The uniqueness property is a consequence of the properties of Grébner bases and the reduction
process

« It ensures that the results obtained using reduced Grobner bases are well-defined and independent of
the specific algorithm used to compute them

» The uniqueness property is essential for solving problems in computational algebraic geometry
« Allows for consistent and reproducible computations

* Provides a canonical representation of ideals

Converting to Reduced Form

Interreduction Process

* To convert a Grobner basis to its reduced form, a process called interreduction is applied

* Interreduction involves dividing each polynomial in the basis by the other polynomials and replacing it
with the remainder until no further reduction is possible

* This ensures that the leading term of each polynomial does not divide any term of the other
polynomials in the basis

* Interreduction also ensures that the leading coefficient of each polynomial is 1 by dividing the
polynomial by its leading coefficient

Termination and Uniqueness

* The interreduction process terminates in a finite number of steps

* This is because the monomial ordering ensures that the division algorithm always reduces the leading
term of the polynomial being divided

* The interreduction process yields the unique reduced Grébner basis

» The uniqueness property ensures that the result of the interreduction process is independent of the
order in which the polynomials are reduced

Advantages of Reduced Grobner Bases

Canonical Representation and Comparisons
* Reduced Grébner bases provide a canonical representation of an ideal
* Useful for comparing ideals and determining equality

+ Allows for the development of algorithms that manipulate ideals based on their reduced Grébner
bases
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» The uniqueness property ensures that the reduced Grébner basis is a well-defined invariant of an
ideal

» Two ideals are equal if and only if their reduced Grébner bases are equal (up to the order of the
polynomials)

Efficiency and Applications

* Reduced Grébner bases are minimal
* Contain the smallest number of polynomials necessary to generate the ideal
 Can lead to more efficient computations and storage

* The structure of reduced Grébner bases can provide insights into the properties of the ideal and the
associated algebraic variety

» Example: The shape of the leading terms in the reduced Grébner basis can reveal information about
the dimension and degree of the variety

» Reduced Grébner bases have numerous applications in various fields
+ Solving systems of polynomial equations

+ Studying the geometry of algebraic varieties

* Analyzing the structure of polynomial ideals

+ Optimization problems and computer algebra
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Unit 5 — Elimination Theory & Resultants

5.1 Elimination theory and its applications

Elimination theory is a powerful tool in algebraic geometry for simplifying polynomial systems. It helps us
find conditions for solvability and reduce the number of variables, making complex problems more
manageable. This is crucial for solving equations and studying algebraic varieties.

Resultants and Grébner bases are key techniques in elimination theory. They allow us to eliminate
variables and project algebraic varieties onto lower-dimensional spaces. These methods have
wide-ranging applications in computer algebra, geometric modeling, robotics, and computer vision.

Elimination theory fundamentals

Key concepts and goals

+ Elimination theory is a branch of algebraic geometry that deals with the problem of eliminating
variables from a system of polynomial equations to obtain a reduced system that is easier to solve

» The main goal of elimination theory is to find necessary and sufficient conditions for the solvability of a
system of polynomial equations, expressed in terms of the coefficients of the equations

« Elimination theory plays a crucial role in computational algebraic geometry, as it provides algorithmic
methods for solving polynomial systems and studying their solution sets (algebraic varieties)

* The fundamental idea behind elimination is to derive new equations that do not contain certain
variables, effectively reducing the dimensionality of the problem

Historical context and complexity

* Elimination theory has its roots in the works of mathematicians such as Bézout, Sylvester, and Cayley,
who developed early methods for eliminating variables from polynomial equations

» The complexity of elimination algorithms is a central concern in elimination theory, as the size of the
resulting equations can grow exponentially with the number of variables and the degree of the input
polynomials

* Developing efficient elimination algorithms and understanding their complexity is an active area of
research in computational algebraic geometry

* The choice of elimination method (resultants, Grébner bases, etc.) depends on the specific structure
of the polynomial system and the desired trade-offs between complexity and output size

Elimination techniques for polynomials

Resultants and their formulations

* Resultants are a fundamental tool in elimination theory, used to eliminate a variable from a pair of
polynomial equations in one variable

» The Sylvester resultant is a classic resultant formulation that expresses the resultant as the
determinant of a matrix constructed from the coefficients of the polynomials
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* The Bézout resultant is another formulation that uses the Bézout matrix, which is a smaller matrix
compared to the Sylvester matrix

* Resultants have the property that they vanish if and only if the polynomials have a common root,
providing a criterion for the existence of solutions

* Resultant formulations can be generalized to multivariate polynomials, leading to the concept of
multivariate resultants and their matrix representations

* Resultant-based elimination can be used to compute the projection of an algebraic variety onto a
lower-dimensional space

Grobner bases and elimination ideals

» Grobner bases, introduced by Bruno Buchberger, provide a powerful framework for eliminating
variables from polynomial systems with multiple variables

* A Grobner basis is a special generating set of an ideal in a polynomial ring, which allows for the
systematic elimination of variables using a multivariate division algorithm

* The choice of monomial ordering in the Grébner basis computation affects the elimination process and
the structure of the resulting equations

« Elimination ideals are ideals obtained by eliminating certain variables from a given ideal, and they play
a key role in studying the projection of algebraic varieties

» Grobner bases can be computed using algorithms such as Buchberger's algorithm or the F4/F5
algorithms, which are implemented in various computer algebra systems

» The computation of Grébner bases can be computationally expensive, especially for large polynomial
systems, and techniques such as modular methods and signature-based algorithms have been
developed to improve efficiency

Specialized elimination methods

« Elimination can also be performed using resultant matrices, which are constructed from the
coefficients of the polynomial equations and whose entries are polynomials in the remaining variables

* Specialized elimination methods, such as the Dixon resultant or the sparse resultant, have been
developed to handle polynomial systems with specific structures or sparse polynomials more efficiently

» The Dixon resultant is based on the Dixon matrix, which is constructed from the coefficients of the
polynomials and has a smaller size compared to the Sylvester matrix

* The sparse resultant takes advantage of the sparse structure of polynomials (polynomials with many
zero coefficients) to reduce the complexity of elimination

« Toric elimination theory is a branch of elimination theory that deals with polynomial systems defined
by toric varieties, which are algebraic varieties with a special combinatorial structure

* Homotopy continuation methods, such as polyhedral homotopy or monodromy, can be used to
numerically solve polynomial systems by deforming a simpler system into the target system, avoiding
the need for explicit elimination
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Geometric interpretation of elimination

Algebraic varieties and their projections

* Algebraic varieties are geometric objects defined as the solution sets of systems of polynomial
equations, and they are the central objects of study in algebraic geometry

« Elimination theory provides a bridge between the algebraic description of varieties (polynomial
equations) and their geometric properties

* The elimination of variables corresponds to projecting an algebraic variety onto a lower-dimensional
space, such as projecting a curve or surface onto a line or plane

* The closure of the projection of a variety is itself an algebraic variety, described by the elimination
ideal obtained from the original ideal defining the variety

Dimension, singularities, and degree

+ The dimension of an algebraic variety is related to the number of variables that cannot be eliminated
from its defining equations, and elimination theory helps in determining the dimension and other
geometric invariants of varieties

» The dimension of a variety can be computed by considering the Krull dimension of its coordinate ring
or by analyzing the structure of its defining equations

« Elimination theory provides tools for studying the dimension of projected varieties and understanding
the relationship between the dimensions of a variety and its projections

« Singularities of algebraic varieties, such as self-intersections or cusps, can be studied using
elimination theory by analyzing the structure of the eliminated equations and their multiplicities

« Singular points of a variety are points where the tangent space has a higher dimension than the
variety itself, and they can be detected by examining the Jacobian matrix of the defining equations

« Elimination theory helps in understanding the singularities of projected varieties and their relationship
to the singularities of the original variety

» The degree of an algebraic variety, which measures its complexity and intersection properties, can be
computed using elimination techniques and resultant formulas

» The degree of a variety is defined as the number of intersection points with a generic linear subspace
of complementary dimension

+ Resultant formulas, such as the Bézout theorem or the multihomogeneous Bézout theorem, provide
bounds and exact formulas for the degree of a variety in terms of the degrees of its defining equations

Real algebraic geometry and semi-algebraic sets

* Real algebraic geometry is the study of real solutions to polynomial equations and the properties of
semi-algebraic sets, which are subsets of real space defined by polynomial inequalities

« Elimination theory plays a role in real algebraic geometry by providing methods for projecting
semi-algebraic sets and studying their topological and geometric properties

* Real elimination methods, such as the cylindrical algebraic decomposition (CAD) algorithm, are used
to compute the projection of a semi-algebraic set onto a lower-dimensional space and to study the
topology of the projected set
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+ Quantifier elimination is a key problem in real algebraic geometry, which involves eliminating
quantifiers (such as "for all" or "there exists") from a formula involving polynomial inequalities, and
elimination techniques are used to solve this problem

Elimination theory applications

Computer algebra systems and symbolic computation

+ Elimination theory is a fundamental tool in computer algebra systems (CAS) for symbolically solving
polynomial systems and performing algebraic computations

» CAS such as Mathematica, Maple, and SageMath implement various elimination algorithms, including
Grobner bases and resultant methods, to manipulate polynomial equations efficiently

« Elimination techniques are used in CAS for simplifying expressions, solving equations, and studying
the properties of algebraic varieties

» Symbolic integration and summation algorithms often rely on elimination theory to compute
closed-form solutions or to determine the existence of elementary integrals or sums

« Elimination theory is used in the symbolic solution of differential equations, where the unknown
functions are represented as polynomials and the differential equations are transformed into algebraic
equations

Geometric modeling and computer-aided design

* In geometric modeling, elimination theory is used for implicitization, which is the process of converting
a parametric representation of a curve or surface into an implicit equation

« Implicitization is important for tasks such as intersection computation, boundary evaluation, and ray
tracing in computer graphics and CAD (computer-aided design) systems

« Elimination-based methods, such as the resultant or Grébner basis approach, are commonly used for
implicitization of rational curves and surfaces

« Elimination theory is also used in the computation of the topology and singularities of algebraic curves
and surfaces, which is important for robust geometric modeling and visualization

» Parametrization, the inverse problem of implicitization, can also be approached using elimination
techniques, such as the Grobner basis method for finding rational parametrizations of algebraic curves
and surfaces

Applications in other fields

« Elimination theory is applied in solving inverse kinematics problems in robotics, where the goal is to
determine the joint angles of a robot arm given the desired position and orientation of the end effector

* The inverse kinematics equations often form a system of polynomial equations, which can be solved
using elimination techniques to find the possible configurations of the robot arm

+ Elimination theory helps in understanding the singularities and reachable workspaces of robot
manipulators, which are important for motion planning and control

* In computer vision and image processing, elimination theory is used for tasks such as camera
calibration, 3D reconstruction, and object recognition
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* The equations describing the geometric constraints in these problems often involve polynomial
equations, which can be solved or simplified using elimination methods

« Elimination theory is used in the estimation of camera parameters, the computation of 3D point
correspondences, and the fitting of geometric models to image data

« Elimination theory also finds applications in other areas, such as:

* Cryptography: for solving polynomial systems arising from cryptographic protocols and analyzing the
security of cryptographic schemes

+ Coding theory: for decoding algebraic codes and studying the properties of error-correcting codes
based on algebraic curves and surfaces

+ Optimization: for solving polynomial optimization problems and studying the geometry of feasible sets
and optimal solutions

» Computational biology: for studying the algebraic structure of biological systems, such as gene
regulatory networks or biochemical reaction networks, and for parameter estimation and model
selection in systems biology

5.2 Resultants and discriminants

Resultants and discriminants are powerful tools in algebraic geometry. They help us understand how
polynomials intersect and behave, without solving equations directly. These concepts are key to
elimination theory, allowing us to simplify systems of equations and study their properties.

By computing resultants and discriminants, we can find common roots, analyze singularities, and eliminate
variables. This connects to the broader chapter by showing how we can extract valuable information from
polynomial systems without explicit solutions.

Resultants and Discriminants for Polynomials

Definition and Properties of Resultants

» The resultant of two univariate polynomials f(x) and g(x) is a polynomial expression in their
coefficients that vanishes if and only if f and 9 have a common root

« For multivariate polynomials f{X1, ..., Xn) and 9(X1, ..., Xn), the resultant with respect to a variable
Xi is a polynomial in the remaining variables that vanishes if and only if f and 9 have a common root
when considered as polynomials in Xi

- Treats the coefficients of f and 9 as polynomials in the other variables
* Allows for elimination of a variable from a system of polynomial equations
- Resultants are symmetric, meaning Res(f, g) = Res(g, f)

* The resultant of f and 9 is divisible by their greatest common divisor (GCD)

Definition and Properties of Discriminants

« The discriminant of a univariate polynomial f(X) is a polynomial expression in its coefficients that
vanishes if and only if f has a multiple root

* Provides information about the nature of the roots without explicitly solving the equation
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« If the discriminant is positive, f has distinct real roots; if it is zero, f has a multiple real root; and if it is
negative, f has complex conjugate roots

« For a multivariate polynomial f(x1, ..., Xp), the discriminant with respect to a variable Xi is a
polynomial in the remaining variables that vanishes if and only if f has a multiple root when considered
as a polynomial in Xi

- Treats the coefficients of f as polynomials in the other variables

« Gives information about the singularities of the hypersurface defined by f when projected onto the
hyperplane X; = 0

Computing Resultants and Discriminants

Sylvester's Matrix and Determinant

« Sylvester's matrix for two univariate polynomials f(x) and 9(X) of degrees M and N, respectively, is
an (M + n) X (M + n) matrix constructed from their coefficients

« The resultant of f and 9 is the determinant of Sylvester's matrix
« Example: For f(x) = a>x? + a1x + ag and 9(x) = b1x + bo, Sylvester's matrix is

a2 a1 a0 0
0 a a1 4ao
by by O 0
0 by by O

» The discriminant of a univariate polynomial f(X) can be computed using Sylvester's matrix of f and its
derivative f'

« The discriminant is the resultant of f and ' divided by the leading coefficient of f

Bezout's Determinant and Subresultants

« Bezout's determinant is another method for computing the resultant of two univariate polynomials f(x)
and 9(x)

« Involves constructing a matrix using the coefficients of f, 9, and their derivatives, and then calculating
the determinant of this matrix

» Can be more efficient than Sylvester's matrix for high-degree polynomials

» Subresultant sequences provide an efficient method for computing resultants

+ Based on the Euclidean algorithm for polynomial division

* Can also be used to compute the GCD of two polynomials

- Example: The subresultant sequence of f(x) = a2x2 + a1 x + ag and g(x)=bix+bgis

So=ax% +ai1x + ap
S1=bix+ by
S; =(ai1bo — aob1)x + (a2bo — aoh1)
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Multivariate Resultants and Discriminants

* For multivariate polynomials, resultants and discriminants can be computed by treating them as
univariate polynomials in one variable while considering the coefficients as polynomials in the remaining
variables

» The computation then proceeds using Sylvester's matrix, Bezout's determinant, or subresultant
sequences

« Example: For f(x, ¥) = a2(y)x? + a1(y)x + ao(y) and 9(X, ¥) = b1(y)x + bo(y), the resultant with
respect to X is a polynomial in ¥ obtained by computing the resultant of f and 9 as univariate
polynomials in X with coefficients in Clyl

» Grébner bases can be used to compute multivariate resultants and discriminants
* Provide a systematic way to eliminate variables from a system of polynomial equations

« Can be more efficient than direct computation using Sylvester's matrix or Bezout's determinant

Geometric Interpretation of Resultants and Discriminants

Intersection of Plane Curves

« For two plane curves defined by polynomial equations f(X, ¥) = 0 and g(x, ¥) = 0, the resultant of f
and 9 with respect to either X or ¥ vanishes if and only if the curves have a common point of
intersection

» The resultant with respect to X gives a polynomial in ¥ whose roots correspond to the ¥-coordinates of
the intersection points

+ The resultant with respect to ¥ gives a polynomial in X whose roots correspond to the X-coordinates of
the intersection points

« Example: The curves ¥ = X2 and ¥ = X + L intersect at (0, 1) and (—1, 0), which can be found by
computing the resultant of the polynomials f(x, y) =y — x2and g(x,y) =y —x =1 with respect to
either X or Y

Singularities of Plane Curves

* The discriminant of a plane curve fix, y) = 0 vanishes if and only if the curve has a singular point
where the partial derivatives of f vanish simultaneously

* A singular point can be a node (two branches intersecting), a cusp (two branches meeting
tangentially), or an isolated point

« The discriminant with respect to X gives a polynomial in ¥ whose roots correspond to the ¥
-coordinates of the singular points

« The discriminant with respect to ¥ gives a polynomial in X whose roots correspond to the X
-coordinates of the singular points

« Example: The curve ¥? = x> has a cusp at (0, 0), which can be found by computing the discriminant
of the polynomial f(x, ¥) = y? — x* with respect to either X or ¥
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Intersection and Singularities in Higher Dimensions

« In higher dimensions, the resultant of two hypersurfaces f(x1,...,Xn) =0 and g(X1,...,Xn) =0
with respect to a variable Xi vanishes if and only if the hypersurfaces intersect when projected onto the
hyperplane defined by X; = 0

 The resultant gives a polynomial in the remaining variables whose vanishing set corresponds to the
projection of the intersection

« The discriminant of a hypersurface f(x1, . . ., Xn) = O with respect to a variable Xi vanishes if and
only if the hypersurface has a singularity when projected onto the hyperplane defined by X; = 0

* The discriminant gives a polynomial in the remaining variables whose vanishing set corresponds to
the projection of the singular locus

* Example: The surface Z = x? + y2 has a singularity at (0, 0, 0), which can be found by computing
the discriminant of the polynomial f(x, y, z) =z — x2 — y2 with respect to either X, ¥, or Z

Applications of Resultants and Discriminants

Solving Polynomial Equations

* Resultants can be used to eliminate a variable from a system of polynomial equations, reducing the
problem to a single equation in fewer variables

* This technique is known as resultant-based variable elimination
* Example: To solve the system

x>+y’=1
x+y=1

, compute the resultant of the polynomials f(X, ¥) = x*> + y> — 1 and 9(x, ¥) = x + ¥ — 1 with respect
to X to obtain a quadratic equation in ¥, which can be solved to find the ¥-coordinates of the solutions

+ Discriminants can be used to determine the nature of the roots of a polynomial equation without
explicitly solving it

« Example: The discriminant of the quadratic equation ax? + bx + ¢ = 0 is A = b2 — 4ac, which
determines the nature of the roots: if A > O, there are two distinct real roots; if A = 0, there is a double
real root; and if A < 0, there are two complex conjugate roots

Analyzing Algebraic Varieties

+ Resultants and discriminants can be used to study the geometry of algebraic varieties, which are sets
of points defined by polynomial equations

* The resultant of two varieties gives information about their intersection
* The discriminant of a variety gives information about its singularities

* In combination with other algebraic techniques, such as Grébner bases and real root isolation,
resultants and discriminants can be used to solve systems of polynomial equations and analyze their
solutions

» Grébner bases provide a systematic way to eliminate variables and simplify polynomial systems
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* Real root isolation algorithms, such as Sturm sequences or Descartes' rule of signs, can be used to
locate the real solutions of a polynomial equation

* Example: To find the intersection points of the curves ¥ = x?andy=x+ 1, compute the resultant of
the polynomials f(x, y) =y — x2 and 9(X, ¥) =¥ — X — 1 with respect to ¥ to obtain a polynomial in X,
and then use real root isolation to find its real roots, which correspond to the X-coordinates of the
intersection points

Optimization and Constraint Satisfaction

* Resultants and discriminants can be applied to solve optimization problems involving polynomial
constraints

* The resultant of the objective function and the constraint polynomials can be used to eliminate
variables and reduce the problem to a single equation

* The discriminant of the reduced equation can provide information about the existence and nature of
the optimal solutions

» Example: To minimize x2+y? subject to the constraint XY = 1, compute the resultant of the
polynomials f(Xx, y) = x° + y2 and 9(X, ¥) = xy — 1 with respect to ¥ to obtain a polynomial in X, and
then find its minimum value using calculus or numerical methods

* In constraint satisfaction problems, resultants and discriminants can be used to determine the
feasibility of polynomial constraints and to find solutions that satisfy them

* The resultant of the constraint polynomials can be used to check if they have a common solution

* The discriminant of the constraint polynomials can be used to identify singular solutions or solutions
with specific properties

« Example: To find points (X, ¥) that satisfy the constraints
x2+y’<1
xy=0

, compute the resultant of the polynomials f(X, ¥) = x% + y% — 1 and 9(X, ¥) = Xy with respect to ¥ to
obtain a polynomial in X, and then find its real roots in the interval [—1, 1] using real root isolation

5.3 Solving polynomial systems using elimination

Solving polynomial systems is a crucial skill in computational algebraic geometry. It involves using
elimination techniques to simplify complex equations and find common solutions. This process connects
directly to the broader study of elimination theory and resultants.

Elimination methods like Grébner bases and resultants help tackle polynomial systems by reducing
variables and transforming equations. These techniques are essential for applications in various fields,
from computer graphics to robotics, where finding solutions to multiple equations is key.

Formulating polynomial systems

Defining polynomial systems

* A polynomial system is a set of polynomial equations in one or more variables

* The goal is to find the common solutions to all equations simultaneously
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* Polynomial systems arise in various applications, such as computer vision, robotics, and
computational biology

Identifying variables for elimination

* Variables in a polynomial system can be classified as either independent or dependent variables
* Dependent variables are the ones to be eliminated during the solving process

* The choice of variables to eliminate depends on the structure of the polynomial system and the
desired form of the solutions

« Identifying the variables to be eliminated is crucial for determining the appropriate elimination method
and the expected complexity of the solving process

* The number of variables and the degree of the polynomials in the system directly impact the
computational complexity of the elimination process

Choosing elimination methods

Factors influencing method selection

*» The selection of an appropriate elimination method depends on factors such as:
* Number of variables in the polynomial system

* Degree of the polynomials

* Desired form of the solutions

* The structure and complexity of the polynomial system guide the choice of the most suitable
elimination method

Grobner basis methods

» Grébner basis methods, such as Buchberger's algorithm, are well-suited for polynomial systems with
a large number of variables and high-degree polynomials

» Grébner bases provide a systematic way to eliminate variables and obtain a triangular form of the
polynomial system

* The choice of monomial ordering in Grobner basis computations can significantly impact the efficiency
of the elimination process

« Examples of monomial orderings include lexicographic order (lex) and degree reverse lexicographic
order (degrevlex)

Resultant-based methods

* Resultant-based methods, such as the Sylvester resultant or the Dixon resultant, are effective for
eliminating variables from polynomial systems with a small number of variables

* Resultants are determinants of matrices constructed from the coefficients of the polynomials in the
system

* Resultant-based methods eliminate variables by computing the determinant of the corresponding
matrix and setting it to zero
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» The Sylvester resultant is commonly used for bivariate polynomial systems, while the Dixon resultant
generalizes to multivariate systems

Hybrid methods

* Hybrid methods, combining Grébner bases and resultants, can be employed to balance the strengths
and weaknesses of individual approaches

» Hybrid methods leverage the efficiency of resultant-based methods for variable elimination and the
completeness of Grobner basis methods for obtaining the final solutions

» Examples of hybrid methods include the Grobner basis conversion method and the Rational
Univariate Representation (RUR) method

Implementing elimination algorithms

Grobner basis algorithms

» Grobner basis algorithms, such as Buchberger's algorithm, involve a series of polynomial divisions
and reductions to construct a Grébner basis for the given polynomial system

* The Buchberger's algorithm iteratively computes S-polynomials and reduces them using the current
basis until a Grobner basis is obtained

* Optimizations, such as the F4 or F5 algorithms, can be employed to improve the efficiency of Grébner
basis computations

« Efficient implementation of polynomial arithmetic, such as polynomial multiplication and division, is
crucial for the performance of Grébner basis algorithms

Resultant-based algorithms

* Resultant-based methods involve constructing a resultant matrix from the coefficients of the
polynomials and computing its determinant

* The Sylvester resultant is commonly used for bivariate polynomial systems and involves constructing
a Sylvester matrix from the coefficients of the polynomials

 The Dixon resultant generalizes the Sylvester resultant to multivariate polynomial systems and
involves constructing a Dixon matrix

« Efficient algorithms for matrix construction and determinant computation, such as the Bareiss
algorithm or the Gaussian elimination, are employed in resultant-based methods

Implementation considerations

* Implementing elimination algorithms requires efficient data structures and algorithms for polynomial
arithmetic, such as:

* Sparse polynomial representations (e.g., linked lists, hash tables)
* Fast polynomial multiplication algorithms (e.g., Karatsuba, FFT-based methods)

* The choice of coefficient field (e.g., rational numbers, finite fields) can impact the efficiency and
numerical stability of the elimination algorithms
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* Modular methods, which perform computations over finite fields and reconstruct the results using the
Chinese Remainder Theorem, can be employed to improve efficiency and handle large coefficients

Interpreting solutions and geometric properties

Extracting solutions from eliminated systems

+ Elimination methods produce a reduced polynomial system or a set of constraints on the variables,
from which the solutions to the original system can be extracted

* The solutions obtained from elimination can be interpreted as the points, curves, or
higher-dimensional objects that satisfy the polynomial equations in the system

*» Techniques such as back-substitution or root-finding algorithms are used to obtain the explicit values
of the variables from the eliminated system

Geometric interpretation of solutions

» The geometric properties of the corresponding algebraic varieties, such as dimension, singularities,
and irreducible components, can be inferred from the structure of the eliminated system

» The dimension of an algebraic variety is related to the number of independent variables in the
eliminated system

* A system with N variables and N equations typically defines a zero-dimensional variety (a finite set of
points)

* A system with N variables and M < n equations defines a positive-dimensional variety (curves,
surfaces, etc.)

« Singularities correspond to solutions where the Jacobian matrix of the polynomial system has a
reduced rank

« Singular points are points where the tangent space has a higher dimension than the variety itself

« Singularities can indicate the presence of self-intersections, cusps, or other special geometric features
* Irreducible components are the minimal algebraic subsets that make up the algebraic variety

+ An algebraic variety is irreducible if it cannot be decomposed into smaller algebraic subsets

* Irreducible decomposition provides insights into the structure and properties of the algebraic variety

Visualization and multiplicity

* Visualizing the solutions in the appropriate coordinate space can provide insights into the geometric
nature of the algebraic varieties

+ Plotting the solutions in 2D or 3D space helps in understanding their spatial arrangement and
relationships

+ Higher-dimensional varieties can be visualized through projections or slices in lower-dimensional
spaces

» The multiplicity of solutions, which indicates the number of intersections or the degree of tangency,
can be determined from the eliminated system

 Simple solutions have a multiplicity of 1, indicating a single intersection or a simple point
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» Multiple solutions have a multiplicity greater than 1, indicating repeated intersections or higher-order
contact between varieties

Efficiency and limitations of elimination

Complexity analysis

* The efficiency of elimination-based approaches depends on various factors, such as:
* Number of variables in the polynomial system

* Degree of the polynomials

* Sparsity of the polynomial system (number of non-zero coefficients)

» Groébner basis methods have a worst-case complexity that is doubly exponential in the number of
variables, making them computationally expensive for large systems

* The choice of monomial ordering and the degree of the intermediate polynomials generated during the
Grobner basis computation significantly impact the efficiency

* Techniques like modular methods and signature-based algorithms can be employed to improve the
efficiency of Grébner basis computations

* Resultant-based methods have a complexity that is polynomial in the degree of the polynomials but
exponential in the number of variables

* The size of the resultant matrix grows rapidly with the number of variables and the degree of the
polynomials, leading to high memory requirements

* Sparse resultant formulations and interpolation techniques can be used to mitigate the computational
burden of resultant-based methods

Extraneous solutions and missing solutions

« Elimination-based approaches may introduce extraneous solutions or miss certain solutions due to the
projection of the polynomial system onto a lower-dimensional space

» Extraneous solutions arise from the elimination process and do not correspond to true solutions of the
original system

 Extraneous solutions can be introduced by the algebraic manipulations performed during elimination

* Techniques like saturation or post-processing steps can be used to identify and remove extraneous
solutions

» Missing solutions can occur when the elimination process projects the system onto a space that does
not contain all the solutions

* This can happen when the elimination method introduces additional constraints that exclude certain
solutions

« Iterative refinement or subdivision methods can be employed to recover missing solutions
Numerical stability and hybrid methods

» The presence of numerical instability, especially when working with floating-point arithmetic, can
impact the accuracy and reliability of the computed solutions
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* lll-conditioned polynomial systems or near-singular matrices can lead to numerical errors and
inaccuracies

* Techniques like preconditioning, scaling, or using exact arithmetic can help mitigate numerical
instability

» Hybrid methods and iterative refinement techniques can be employed to address the limitations of
individual elimination approaches and improve the overall efficiency and robustness of the solving
process

» Hybrid methods combine the strengths of different elimination techniques to balance efficiency and
completeness

* lterative refinement methods, such as Newton's method or homotopy continuation, can be used to
improve the accuracy and convergence of the computed solutions
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Unit 6 — Polynomial System Solving
Algorithms

6.1 Symbolic methods for solving polynomial systems

Symbolic methods for solving polynomial systems are powerful tools in computational algebraic geometry.
They transform complex polynomial equations into simpler forms, making them easier to solve. Grébner
bases and multivariate polynomial division are key techniques in this approach.

These methods can be computationally intensive, especially for large systems. However, they're invaluable
for solving zero-dimensional systems and can be optimized through careful choice of monomial ordering
and leveraging system structure. Understanding their complexity is crucial for effective application.

Grobner Basis Methods

Fundamentals of Grobner Bases

» Grobner bases are special sets of polynomials associated with a given ideal in a polynomial ring that
have useful algorithmic properties for solving systems of polynomial equations

» The main method for computing Grébner bases is Buchberger's algorithm, which relies on a
generalization of polynomial long division in multiple variables

» Groébner bases allow transforming the problem of solving polynomial systems into the problem of
solving triangular systems, which can be solved more easily by back-substitution

* The elimination property of Grébner bases states that the intersection of the ideal with
lower-dimensional polynomial subrings can be found by taking certain subsets of the basis, which is key
for solving polynomial systems

Complexity and Suitability of Grébner Bases

* The choice of monomial ordering in Grobner basis computation greatly influences the form of the
basis and the efficiency of the algorithm with common orderings including lexicographic, graded
lexicographic, and graded reverse lexicographic order

» The complexity of Grobner basis computation can be doubly exponential in the number of variables in
worst case, and the choice of monomial ordering and polynomial structure impact practical efficiency

» Groébner bases are well-suited for solving zero-dimensional polynomial systems that have finitely
many solutions

* Positive-dimensional systems may require additional techniques like primary decomposition to be
solved using Grébner bases

Multivariate Polynomial Division

Multivariate Division Algorithms

+ Multivariate division algorithms like multivariate long division and reduction modulo a Grébner basis
generalize polynomial long division to the case of multiple variables
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« Multivariate long division of a polynomial f by a set of polynomials F = {f1, ..., fs} produces a
representation f = Za,-f,- =+ r where I is a "remainder" that cannot be further divided by the elements of
F

» Reduction modulo a Grébner basis G = {91, ..., 9t} of an ideal / allows writing any polynomial f as
f= Zb,-g,- + f where f is a unique remainder called the normal form of f modulo /

Applications of Polynomial Division

+ Reduction modulo a Grébner basis can be used to test ideal membership - f € I if and only if its
normal form modulo / is zero

* Polynomial division and reduction are the key operations underlying Buchberger's algorithm for
computing Grébner bases

» To solve a polynomial system f1 = - = fs = 0, first compute a Grébner basis G of the ideal
(f1, ..., fs), then use the elimination property and reduction to triangularize and back-substitute

Complexity of Symbolic Algorithms

Complexity Measures

» The complexity of Grébner basis algorithms is usually measured in terms of the Hilbert function or
Hilbert polynomial of the underlying ideal, which describe the size of the quotient ring

* In worst case, the degrees of polynomials during Grébner basis computation can grow doubly
exponentially in the number of variables, however, this is not typical for most systems in practice

» The most expensive operation in Buchberger's algorithm is the computation of S-polynomials, whose
number grows quadratically with the size of the basis, but criteria exist to avoid some S-polynomial
reductions

Algorithmic Improvements

» Faugeére's F4 and F5 algorithms improve on Buchberger by computing fewer S-polynomials and using
linear algebra to perform reductions more efficiently

» Complexity of Grébner basis computation is a benchmark for comparing symbolic algorithms, with
other important measures being memory usage and performance on classes of "structured" systems

» Grobner bases can be computed more efficiently if the system is known to have certain properties like
sparsity, homogeneity, or specific elimination structure, and algorithms should leverage this when
possible

* Modular and parallel computation techniques can be used to improve efficiency of Grébner basis
algorithms on large systems

Term Ordering Schemes

Monomial Ordering Fundamentals

+ Implementing Grébner basis algorithms requires efficient data structures and algorithms for working
with polynomials and monomials, e.g. distributed representations, linked lists, heaps

» Monomial orderings are defined as well-orderings on the set of monomials that are compatible with
multiplication and they determine how polynomials are represented and which terms are eliminated first
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* Lexicographic order (lex) eliminates variables one at a time and results in "triangular" bases, but often
causes explosive intermediate expression swell while graded orders like grevlex can help control this

» Graded reverse lexicographic order (grevlex) first compares total degrees and then does reverse lex
on variables, typically producing more compact bases and serving as a good default choice

Advanced Ordering Techniques

* Product or block orders combine different orderings for subsets of variables, e.g. eliminate some
variables with lex and others with grevlex, and they can be used to compute elimination ideals more
efficiently

» Weighted orderings assign different weights to variables and compare monomials by weighted
degree, allowing prioritization of elimination of certain variables or control over the shape of the basis

» Matrix term orderings represent monomials as matrices and compare them based on their Smith
normal form, exhibiting useful geometric and homological properties

* Implementing Grébner bases requires choosing appropriate monomial orderings for the problem at
hand and optimizing data structures for those orderings, with experimentation of different orderings
potentially greatly impacting performance

6.2 Numerical methods for polynomial system solving

Numerical methods for polynomial system solving are powerful tools for finding solutions to complex
equations. These techniques, like homotopy continuation and Newton's method, use clever mathematical
tricks to transform difficult problems into more manageable ones.

By tracking solution paths or iteratively refining guesses, these methods can find all solutions, even
complex or multiple ones. Understanding their strengths and limitations is crucial for tackling real-world
problems in engineering, physics, and other fields that involve polynomial systems.

Fundamentals of homotopy continuation

Basic concepts and formulation

* Homotopy continuation is a numerical method for solving systems of polynomial equations by
continuously deforming a simple start system into the target system

+ The basic idea is to construct a homotopy H(X, t) = (1 — t)F(x) + tG(x), where F(x) is the target
system, G(x) is a start system with known solutions, and t is a parameter varying from 0 to 1

« As t varies from 0 to 1, the solutions of H(X, t) = O trace out solution paths that connect the solutions
of G(x) = 0 to those of F(x) =0

» The solution paths are tracked numerically using predictor-corrector methods, such as Euler's method
for prediction and Newton's method for correction

» Homotopy continuation can be used to find all isolated solutions of a polynomial system, including
complex solutions and multiple solutions

Start systems and solution paths

* The start system G(X) is chosen to be easily solvable and to have at least as many solutions as the
target system F(x)
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« Common choices include the total degree homotopy and the polyhedral homotopy

« Total degree homotopy: G(X) is a system of polynomials with the same degrees as F(x) but with
random coefficients

« Polyhedral homotopy: G(X) is a system of monomials determined by the Newton polytopes of F(X)
« The solution paths defined by the homotopy H(X, t) have some important properties

» The paths are smooth curves parameterized by t € [0, 1]

« The paths do not intersect except possibly at the end points (t =0 or t = 1)

+ The number of paths is equal to the number of solutions of the start system G(x)

» The gamma trick is a technique for handling singular solutions by slightly perturbing the homotopy to
avoid singularities

« The homotopy is modified as H(x, t) = (1 — t)F(x) + yt(1 — t)G(x), where Y is a small random
complex number

* The gamma trick ensures that the solution paths avoid singular points and reach the target solutions

Newton's method for polynomial systems

Newton's iteration and its variants

* Newton's method is an iterative algorithm for finding roots of a system of equations, including
polynomial systems

* The basic idea is to start with an initial guess and iteratively refine it by solving a linear approximation
of the system at the current point

« For a polynomial system F(x) = 0 the Newton iteration is X+ 1 = Xk —j(xk)_lF(xk), where /(Xk) is
the Jacobian matrix of F at Xk

» The convergence of Newton's method is quadratic for simple roots but may be slower for multiple
roots or near singular solutions

+ Variants of Newton's method can improve convergence for multiple roots and singular solutions

» The modified Newton's method uses a higher-order approximation of the system to achieve better
convergence for multiple roots

* The iteration is modified as xx 11 = Xxx — (I — P(xk))j(xk)_lF(Xk), where P(Xx) is a projection matrix
that depends on the multiplicity structure of the root

* The deflation method successively eliminates found solutions to improve the conditioning of the
system and the convergence of Newton's method

« After finding a solution x *, the system is deflated by replacing F(x) with (x — x ") "1F(x) and solving
the deflated system for the remaining solutions

Globalization strategies

* Globalization strategies can be used to ensure convergence of Newton's method from poor initial
guesses
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* Line search methods choose the step size in the Newton direction to ensure sufficient decrease in the
norm of the system

« The step size is chosen as @k = arg TJQ IF(xk — af(xi) T F (x|

« Common line search conditions include the Armijo condition and the Wolfe conditions

* Trust region methods restrict the Newton step to a trusted region around the current iterate where the
linear approximation is accurate

« The trust region subproblem is mojn Wixi)d + Fixidll subject to ldll < Ak, where Ax is the trust
region radius

* The trust region radius is updated based on the ratio of actual to predicted reduction in the norm of the
system

Convergence and stability of algorithms

Conditioning and error analysis

» The convergence of numerical algorithms for polynomial system solving depends on factors such as
the conditioning of the system, the multiplicity of the roots, and the choice of initial guesses

* The condition number of a polynomial system measures its sensitivity to perturbations in the
coefficients or the solutions

» Systems with high condition numbers are ill-conditioned and may lead to numerical instability

» The condition number can be estimated using the Jacobian matrix or the higher-order derivatives of
the system

» Backward error analysis measures the stability of a numerical solution by computing the smallest
perturbation of the input data that makes the solution exact

* The backward error of a computed solution X is defined as
n(x) = min {&: F(x) + AF(x) =0, |AF|| = €||F]l, x = X}

A small backward error indicates that the computed solution is the exact solution of a nearby problem
» Forward error analysis measures the difference between the computed solution and the true solution
« The forward error of a computed solution X is defined as | X — X||, where X is the true solution

» The forward error can be bounded in terms of the backward error and the condition number of the
system

Convergence analysis and bifurcation

» The multiplicity of a root affects the convergence rate of iterative methods like Newton's method

* For a root of multiplicity m, the convergence rate of Newton's method is linear with a factor of
1-1/m

« Higher-order methods or deflation techniques may be necessary for multiple roots to achieve faster
convergence

* The basin of attraction of a root is the set of initial guesses that lead to convergence to that root under
an iterative method
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* The size and shape of the basins can provide insight into the stability and efficiency of the method

* Fractal boundaries between the basins can indicate sensitivity to initial guesses and potential
difficulties in convergence

« Bifurcation analysis can be used to study how the solution structure of a polynomial system changes
with respect to parameters

* A bifurcation occurs when the qualitative structure of the solutions changes as a parameter varies

« Examples of bifurcations in polynomial systems include fold bifurcations (creation or annihilation of
solutions) and Hopf bifurcations (birth of periodic solutions)

* Phenomena such as solution path jumping and divergence can occur near bifurcation points
Path-tracking strategies in homotopy methods

Predictor-corrector methods

« Path tracking is the core numerical procedure in homotopy continuation methods, responsible for
following the solution paths from the start system to the target system

* Predictor-corrector methods are commonly used for path tracking, where a predictor step estimates
the next point on the path and a corrector step refines it to lie on the path

* Euler's method and higher-order Runge-Kutta methods can be used for prediction, while Newton's
method is typically used for correction

* Euler's method: X,((Ol 1 =Xkt h%h: t., where h is the step size and % is the tangent vector to the
path

» Runge-Kutta methods: Higher-order approximations of the path using multiple evaluations of the
derivative

- The step size h and the tolerance for the corrector iteration are key parameters that control the
accuracy and efficiency of path tracking

» Adaptive step size control can be used to automatically adjust the step size based on the local path
geometry and the performance of the corrector iteration

* Error-based step size control: The step size is adjusted based on the estimated local truncation error
of the predictor

« Path curvature-based step size control: The step size is adjusted based on the estimated curvature of
the path to maintain a desired resolution

End games and singular solutions

» End-game strategies are used to accurately compute the solutions when approaching the end of the
paths, especially near singular or multiple solutions

« Fractional power series approximation is a technique for computing singular solutions with known
multiplicity structure

« The solution path is approximated by a fractional power series x(t) = xo + x1tYP + x,t2/P + ...,
where P is the multiplicity of the solution
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* The coefficients of the series are computed by solving a sequence of linear systems obtained by
substituting the series into the homotopy and equating coefficients

» The Cauchy integral method is a technique for computing singular solutions without prior knowledge of
the multiplicity structure

« The solution path is represented as a Cauchy integral x(t) = ﬁﬂ%ds, where I is a small loop

around t in the complex plane

« The integral is approximated numerically using quadrature rules and the values of X(S) on the loop
are obtained by solving a system of linear equations

« Path jumping can occur when the Jacobian matrix becomes ill-conditioned near singular solutions,
causing the path to jump to another solution

* Detection techniques, such as monitoring the condition number of the Jacobian or the size of the
Newton step, can be used to identify potential path jumping

« Correction techniques, such as the gamma trick (adding a small random perturbation to the homotopy)
and singular endgames (using specialized methods for singular solutions), can be used to handle path
jumping

Parallel and adaptive strategies

« Parallel path tracking can be used to exploit the inherent parallelism in homotopy continuation
methods, where multiple paths can be tracked independently on different processors or cores

* The paths are distributed among the available processors and tracked concurrently, with occasional
communication to share information and detect completed paths

* Load balancing strategies, such as dynamic work stealing or path redistribution, can be used to
ensure efficient utilization of the parallel resources

» Adaptive strategies can be used to dynamically adjust the path-tracking parameters or switch between
different path-tracking methods based on the characteristics of the problem and the performance of the
current method

+ Adaptive precision control: The precision of the arithmetic (e.g., double, multiple, or arbitrary precision)
is adjusted based on the numerical stability and accuracy requirements of the problem

» Adaptive method switching: Different path-tracking methods (e.g., predictor-corrector, Runge-Kutta, or
endgame methods) are used for different parts of the paths based on their suitability and efficiency

« Different path-tracking strategies can be compared in terms of their accuracy, efficiency, robustness,
and scalability

* Accuracy: The ability to compute the solutions to a desired level of precision and avoid path jumping
or other numerical artifacts

« Efficiency: The computational cost (time and memory) required to track the paths and find the
solutions

* Robustness: The ability to handle a wide range of problems, including ill-conditioned systems, singular
solutions, and high-degree polynomials

+ Scalability: The ability to scale to larger problems (in terms of the number of variables and equations)
and to exploit parallel computing resources
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6.3 Hybrid symbolic-numeric algorithms

Hybrid symbolic-numeric algorithms blend the best of both worlds in polynomial system solving. They use
symbolic methods for exact solutions and numeric techniques for efficiency. This combo tackles the
limitations of each approach alone.

These algorithms are game-changers in computational algebraic geometry. They offer a sweet spot
between accuracy and speed, making them ideal for complex problems. From RUR to NAG, these
methods are pushing the boundaries of what's possible in polynomial solving.

Symbolic vs Numeric Techniques

Motivation for Hybrid Algorithms

» Symbolic methods provide exact solutions but can be computationally expensive for large or complex
polynomial systems

» Examples of symbolic methods include Grébner bases and resultants

* Numeric methods are efficient and scalable but may suffer from numerical instability and lack of
guarantees on solution completeness

» Examples of numeric methods include homotopy continuation and Newton's method

* Hybrid algorithms aim to combine the strengths of both symbolic and numeric techniques to achieve a
balance between accuracy, efficiency, and robustness

Principles of Hybrid Algorithms
» Use symbolic preprocessing to simplify the problem
* Employ numeric methods to solve the simplified problem
» Use symbolic postprocessing to refine and validate the solutions

* Leverage the strengths of both symbolic and numeric methods to achieve optimal performance

Hybrid Algorithm Applications

Rational Univariate Representation (RUR) Algorithm

» Combines Grobner bases and eigenvalue computations to solve polynomial systems

» Computes a rational parameterization of the solutions, allowing for efficient numerical approximation
and exact representation of the solutions

* Leverages the exactness of Grébner bases and the efficiency of eigenvalue computations
Numerical Algebraic Geometry (NAG) Approach

» Combines homotopy continuation with symbolic preprocessing and postprocessing
+ Uses symbolic techniques to construct efficient homotopy functions and to analyze the solution set

* Employs homotopy continuation to numerically track solution paths and approximate the solutions

Fiveable archived study guides Page 62



* Leverages the global convergence properties of homotopy continuation and the analytical insights
from symbolic methods

Symbolic-Numeric Elimination (SNE) Method

» Combines resultant-based elimination with numerical root-finding techniques

« Computes a resultant matrix symbolically and then applies numerical linear algebra to find its
eigenvalues, which correspond to the solutions of the polynomial system

* Leverages the elimination power of resultants and the efficiency of numerical linear algebra

Trade-offs in Hybrid Algorithms

Accuracy Considerations

* Accuracy refers to the closeness of the computed solutions to the true solutions of the polynomial
system

» Symbolic methods generally provide exact solutions, while numeric methods may introduce
approximation errors

* Hybrid algorithms should balance the accuracy of symbolic techniques with the efficiency of numeric
methods

* Trade-offs between accuracy and efficiency should be carefully considered based on the application
requirements

Efficiency Considerations

« Efficiency refers to the computational complexity and scalability of the algorithm
» Symbolic methods often have high computational complexity, especially for large polynomial systems

* Numeric methods are generally more efficient but may require careful parameter tuning and multiple
runs to ensure convergence

* Hybrid algorithms should leverage the efficiency of numeric methods while using symbolic techniques
to reduce the problem complexity

* Trade-offs between efficiency and robustness should be balanced to achieve optimal performance

Robustness Considerations

* Robustness refers to the algorithm's ability to handle a wide range of polynomial systems and its
sensitivity to input perturbations

» Symbolic methods are generally more robust and provide guarantees on solution completeness but
may suffer from coefficient growth and memory limitations

* Numeric methods are more sensitive to input perturbations and may miss solutions or converge to
spurious solutions

* Hybrid algorithms should combine the robustness of symbolic techniques with the adaptability of
numeric methods to handle diverse polynomial systems
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* Trade-offs between robustness and efficiency should be carefully managed to ensure reliable and
efficient performance

Performance of Hybrid Algorithms

Implementation Considerations

* Implementing hybrid algorithms requires a combination of symbolic computation libraries (Singular,
Macaulay2) and numeric computation libraries (Numpy, Eigen)

* The choice of data structures and algorithms for symbolic and numeric computations can significantly
impact the performance of hybrid algorithms

« Efficient integration of symbolic and numeric components is crucial for optimal performance

« Careful design and implementation decisions should be made to leverage the strengths of both
symbolic and numeric libraries

Performance Evaluation Metrics

+ Accuracy: comparing the computed solutions with the true solutions or reference solutions obtained by
other methods

« Efficiency: measuring the computation time, memory usage, and scalability of the algorithm on
polynomial systems of increasing size and complexity

* Robustness: testing the algorithm on a diverse set of polynomial systems, including ill-conditioned
systems, systems with multiple solutions, and systems with special structures

* Sensitivity analysis: evaluating the impact of input parameters, such as tolerance thresholds, initial
guesses, and homotopy step sizes, on the algorithm's performance

Comparative Studies

 Performance evaluation should also consider comparative studies with state-of-the-art symbolic,
numeric, and hybrid algorithms

» Comparative studies can provide insights into the strengths and limitations of the implemented hybrid
algorithms

» Benchmarking against well-established algorithms can help identify the most suitable hybrid approach
for a given class of polynomial systems

» Comparative analysis can guide the selection and improvement of hybrid algorithms for specific
applications

Fiveable archived study guides Page 64



Unit 7 — Projective Varieties &
Homogenization

7.1 Projective space and homogeneous polynomials

Projective space and homogeneous polynomials are key concepts in algebraic geometry. They extend
Euclidean space to include points at infinity, allowing for a more complete study of geometric properties.
This framework is crucial for understanding projective varieties and their transformations.

Homogeneous polynomials have terms of equal total degree, making them invariant under scaling. This
property is essential when working with projective coordinates, where points are defined up to scalar
multiplication. Together, these concepts form the foundation for studying projective varieties and their
relationships to affine spaces.

Projective space and coordinates

Definition and properties of projective space
* Projective space is an extension of Euclidean space that includes points at infinity
* Allows for the study of geometric properties invariant under projective transformations

« The projective space of dimension n, denoted as P”, is defined as the set of equivalence classes of
(n + 1)-tuples (X0, X1, ..., Xn) of elements from a field K, not all zero

« Under the equivalence relation (Xo, X1, . . ., Xn) ~ (AXo, AX1, ..., AXp) for any non-zero A in K

+ Elements of projective space are called points, and coordinates (Xo, X1, . .., Xn) are called
homogeneous coordinates

* Projective space has the property that any two distinct points determine a unique line, and any two
distinct lines intersect in a unique point

Coordinate system in projective space
+ Points in projective space are represented by homogeneous coordinates (Xo, X1, . . ., Xn)
- Coordinates are defined up to scalar multiplication by a non-zero element of the field K
» The equivalence class of (Xo, X1, ..., Xn) is denoted by [Xo: X1:... : Xn]
« For example, in P2, the points [1:2:3],[2:4:6] and [—1: —2: —3] represent the same point
* The points with Xo = 0 form the hyperplane at infinity, denoted by Hw

+» These points represent the directions in which lines and curves approach infinity
Homogeneous polynomials

Definition and properties of homogeneous polynomials
* A polynomial is called homogeneous if all of its terms have the same total degree

* The total degree of a term is the sum of the exponents of its variables
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+ A homogeneous polynomial of degree d in n + 1 variables can be written as:

fo I i . . .
F(Xq, X1, ..., Xn) =Za,-0,,-1 XgX1...Xp,wherefo+i1+... +in=d

..... n

* Homogeneous polynomials are invariant under scaling of the variables

« For any non-zero A in K, F(Axo, AX1, ...,AXn) = A9F(Xq0, X1, . .., Xn)
Examples of homogeneous polynomials

* The polynomial F(X, y, z) = X% + y2 -2%is homogeneous of degree 2

« The polynomial G(x, y, z) = x> — 3xyz is homogeneous of degree 3

» The polynomial H(x, y, z) = x% + Xy =+ Z is not homogeneous, as its terms have different total
degrees

Projective varieties

Definition and properties of projective varieties

* A projective variety is a subset of projective space that is the zero set of a collection of homogeneous

polynomials

« Given a set of homogeneous polynomials {F1, F2,...,Fm} in K[xo, X1, ..., Xnl, the projective
variety V(F1, F2, ..., Fm) is defined as the set of points P in P” such that Fi(P) = O for all
i=1,2,...,m

» The dimension of a projective variety is the maximum number of algebraically independent linear
polynomials that vanish on the variety

» The degree of a projective variety is the number of points in the intersection of the variety with a
generic linear subspace of complementary dimension

Examples of projective varieties
« The projective variety V(xz — y2)  P? is a projective conic (a curve of degree 2)

- The projective variety V(xy, xz, yz) € P* is a set of three points: [1:0: 0], [0:1:0], and
[0:0:1]

» The projective variety V(x? + y2 +z%) cP?is empty, as the sum of squares is always non-negative
and can only be zero if all variables are zero, which is not allowed in projective space

Affine vs Projective spaces

Relationship between affine and projective spaces

« Affine space is a vector space without a fixed origin, while projective space is an extension of affine
space that includes points at infinity

« There is a natural embedding of affine space A" into projective space P", given by
(X1, ....xp)P[1:ix1:... 1 Xn]

«[X0:X1:...:Xn] denotes the equivalence class of (X0, X1, . . ., Xn) in projective space

» The complement of the image of A in P" is called the hyperplane at infinity, denoted by H«, and is
defined by the equation Xo =0
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Homogenization and dehomogenization of varieties

« Affine varieties can be homogenized to obtain projective varieties, and projective varieties can be
dehomogenized to obtain affine varieties

+ The homogenization of an affine variety V(fi, ..., fn) € A" is the projective variety
V(F1,...,Fm) cP"

« F; is the homogenization of f; obtained by introducing a new variable Xo and multiplying each term by
a power of Xo to make the polynomial homogeneous

+ The dehomogenization of a projective variety V(F1, . .., Fm) € P" with respect to Xi is the affine
variety V(f1, ..., fn) c A"

« fj is obtained from Fj by setting X; = 1

+ For example, the affine variety V(y — x%) € A? can be homogenized to obtain the projective variety
V(yz — x?) c P?

« Conversely, the projective variety V(yz — x?) € P? can be dehomogenized with respect to Z to obtain
the affine variety V(y — x?) € A?

7.2 Projective varieties and their properties

Projective varieties are the zero sets of homogeneous polynomials in projective space. They're closed
under projective transformations and have properties like dimension, irreducibility, and smoothness that
help us understand their geometry.

Projective varieties extend affine varieties to include points at infinity. This makes them compact and gives
us powerful tools like Bézout's theorem for studying intersections. Understanding projective varieties is key
to modern algebraic geometry.

Properties of Projective Varieties

Definition and Basic Properties

* Projective varieties are defined as the zero locus of a set of homogeneous polynomials in projective
space

* The zero locus is the set of points where all the polynomials vanish simultaneously
* Homogeneous polynomials have the same degree in each term (e.g., xzy + xXyz + 23)

* Projective varieties are closed under projective transformations, which are invertible linear
transformations of the homogeneous coordinates

* Projective transformations preserve the degree and homogeneity of the defining polynomials
» Examples of projective transformations include rotations, translations, and scaling in projective space

» The dimension of a projective variety is the maximum number of algebraically independent
homogeneous polynomials that vanish on the variety

+ Algebraic independence means that no polynomial can be expressed as a polynomial combination of
the others

» The dimension is also equal to the dimension of the tangent space at a smooth point on the variety
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Irreducibility and Smoothness

* Projective varieties are irreducible if they cannot be expressed as the union of two proper subvarieties
* Proper subvarieties have lower dimension than the original variety
« Irreducibility is a fundamental property that simplifies the study of varieties

» Smooth projective varieties are those without singular points, meaning the Jacobian matrix of the
defining polynomials has full rank at every point on the variety

» The Jacobian matrix contains the partial derivatives of the defining polynomials

« Singular points are where the tangent space has lower dimension than expected (e.g., cusps, nodes,
or self-intersections)

» The degree of a projective variety is the number of intersection points with a generic linear subspace
of complementary dimension

» The degree measures the complexity of the variety and is invariant under projective transformations

« For example, a plane curve of degree d intersects a generic line in d points (counted with multiplicity)

Projective vs Affine Varieties

Definitions and Relationships

« Affine varieties are defined by polynomial equations in affine space, while projective varieties are
defined by homogeneous polynomial equations in projective space

« Affine space is a vector space without a fixed origin, while projective space adds points at infinity
+ Polynomial equations in affine space have arbitrary degree terms (e.g., X%+ y—1=0)

* Projective space can be viewed as the union of affine spaces glued together along their hyperplanes
at infinity, with projective varieties extending affine varieties to include points at infinity

» The hyperplane at infinity consists of the points where the last homogeneous coordinate vanishes

* Projective varieties can have multiple affine patches, each corresponding to a different hyperplane at
infinity

« Affine varieties can be obtained from projective varieties by dehomogenizing the defining equations
with respect to one of the homogeneous coordinates

* Dehomogenization sets one of the homogeneous coordinates to 1 and eliminates it from the equations
* The resulting equations define an affine variety in the remaining coordinates

* Projective varieties can be obtained from affine varieties by homogenizing the defining equations and
considering the closure in projective space

* Homogenization introduces a new variable to make all terms have the same degree

* The closure adds limit points at infinity to the affine variety
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Invariant Properties

* Projective varieties are compact, meaning they are closed and bounded in the Euclidean topology,
while affine varieties are not necessarily compact

» Compactness is a topological property that is preserved under continuous maps
* Non-compact affine varieties can have points that "escape to infinity" in some direction

» Some geometric properties, such as degree and genus, are invariant under the correspondence
between affine and projective varieties

» The degree of an affine variety is equal to the degree of its projective closure

* The genus of a smooth curve is a topological invariant that measures the number of "holes" in the
curve

* For example, a circle has genus 0, while a torus has genus 1

Intersection of Projective Varieties

Basic Properties and Bézout's Theorem

* The intersection of two projective varieties is again a projective variety, defined by the union of the
defining equations of the original varieties

* The intersection inherits the properties of projective varieties, such as closure under projective
transformations

 The intersection may be reducible even if the original varieties are irreducible

» Bézout's theorem states that the degree of the intersection of two projective varieties is equal to the
product of their degrees, counting multiplicities

« Multiplicities account for the presence of multiple intersection points or higher-dimensional
components

» Bézout's theorem is a fundamental result in enumerative algebraic geometry

» The multiplicity of an intersection point is the local degree of the intersection at that point, which can
be computed using the Hilbert function or the multiplicity of the local ring

* The Hilbert function measures the growth of the dimension of the space of homogeneous polynomials
of a given degree

» The multiplicity of the local ring is the degree of the projectivized tangent cone at the point

Proper and Excess Intersections

* The intersection of two varieties is proper if their codimensions add up to the codimension of the
ambient space, and the intersection has the expected dimension

» The codimension is the difference between the dimension of the ambient space and the dimension of
the variety

* Proper intersections are the "generic" case and satisfy Bézout's theorem
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 Excess intersection occurs when the codimensions do not add up as expected, often due to the
presence of an irreducible component in the intersection with higher than expected dimension

» Excess intersections can be resolved by perturbing the varieties or by considering the intersection in a
higher-dimensional space

» The excess intersection formula relates the actual intersection to the expected intersection via the
Chern classes of the normal bundles

* The Euler characteristic of the intersection of two varieties can be computed using the Euler
characteristics of the original varieties and their intersection, via the inclusion-exclusion principle

* The Euler characteristic is a topological invariant that measures the alternating sum of the Betti
numbers

* The inclusion-exclusion principle relates the cardinality of the union of sets to the cardinalities of the
individual sets and their intersections

Projective Techniques for Algebraic Geometry

Curves and Surfaces

* Projective methods can be used to study the geometry of algebraic curves, such as determining their
genus, singularities, and rational points

» The genus of a curve can be computed using the degree-genus formula or the Riemann-Roch
theorem

« Singularities of curves can be resolved by blowing up the curve at the singular points
+ Rational points on curves can be found using the method of descent or the Mordell-Weil theorem

* The projective plane can be used to analyze the intersection of algebraic curves, including the
computation of intersection multiplicities and the resolution of singularities

* Intersection multiplicities can be computed using the resultant or the Puiseux expansion

« Singularities of plane curves can be resolved by a sequence of blow-ups, leading to the minimal
model of the curve

* Projective techniques can simplify the study of algebraic surfaces by considering their projective
embeddings and analyzing their hyperplane sections

* Projective embeddings realize a surface as a subvariety of projective space, often via the complete
linear system of a divisor

* Hyperplane sections are the intersections of the surface with hyperplanes in the ambient projective
space

» The geometry of the surface can be studied via the properties of its hyperplane sections (e.g., the
canonical class, the intersection form)

Higher Dimensions and Applications

* The projective space can be used to study the geometry of higher-dimensional varieties, such as the
classification of algebraic threefolds and the study of Calabi-Yau manifolds
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» The minimal model program aims to classify algebraic varieties up to birational equivalence by finding
their minimal models

+ Calabi-Yau manifolds are complex Kahler manifolds with trivial canonical class, which play a central
role in string theory and mirror symmetry

* Projective methods can be applied to solve enumerative problems in algebraic geometry, such as
counting the number of curves or surfaces satisfying certain conditions

» Enumerative problems often involve the intersection theory of the moduli spaces of curves or surfaces

» The Gromov-Witten invariants and the Donaldson-Thomas invariants are important enumerative
invariants that count curves on varieties

* Projective techniques can be used in computational algebraic geometry to efficiently represent and
manipulate algebraic varieties, such as in the computation of Grébner bases and the resolution of
singularities

» Grébner bases are special generating sets of ideals that provide a way to solve systems of polynomial
equations and to study the geometry of varieties

* Resolution of singularities is the process of finding a smooth variety that is birationally equivalent to a
given singular variety

* Projective methods can be used to simplify the computation and to provide explicit resolutions in many
cases (e.g., toric varieties, determinantal varieties)

7.3 Homogenization and dehomogenization

Homogenization and dehomogenization are key techniques for moving between affine and projective
spaces in algebraic geometry. They allow us to convert varieties and polynomials, bridging the gap
between these two fundamental settings.

These processes help simplify complex geometric problems by leveraging the advantages of projective
space. We can study behavior at infinity, apply powerful theorems, and gain deeper insights into the
structure of algebraic varieties.

Homogenization vs Dehomogenization

The Process of Homogenization

» Homogenization converts an affine algebraic variety into a projective algebraic variety by introducing
an additional variable

« Example: An affine variety V(x2 + y2 — 1) € A% can be homogenized to a projective variety
V(X2 + y? — z%) c p?

+ To homogenize a polynomial f(X1, ..., Xn), introduce a new variable X0 and multiply each monomial
by an appropriate power of X0 to make the degree of all monomials equal to the degree of f

« Example: The polynomial f(x, y) = x? + Xy + Yy is homogenized to
F* (X0, X1, X2) = X} + X1X2 + XoX2

« The homogenization of an affine variety V(fi1, ..., fs) € A” is the projective variety V(fl*. f;) cp”
where f,* is the homogenization of f;
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The Process of Dehomogenization

» Dehomogenization converts a projective algebraic variety into an affine algebraic variety by setting
one of the variables equal to 1

» Example: A projective variety V(x? + y? — %) € 2% can be dehomogenized to an affine variety
V(x? +y? — 1) S A? by setting z= 1

+ To dehomogenize a homogeneous polynomial F(Xo, X1, ..., Xn), set one of the variables (usually X0)
equal to 1 and simplify the resulting polynomial

+ Example: The homogeneous polynomial F(Xg, X1, X2) = Xf + X1X2 + XoX2 is dehomogenized to
fix,y) = x? + xy + y by setting Xo = 1

+ The dehomogenization of a projective variety V(F1, ..., Fs) € P" with respect to X0 is the affine
variety V(F1(1, X1, ..., Xn), ..., Fs(1, X1, ..., Xp)) € A"

Affine vs Projective Representations

Converting Affine Varieties to Projective Varieties

« To convert an affine variety V(f1, ..., fs) € A" to its projective closure, homogenize each polynomial f;
to obtain f; and consider the projective variety V(f; , ..., f. ) € P"

- Example: The affine variety V(x? + y? — 1) € A? has the projective closure V(x? + y? — z?) € p?

* The projective closure of an affine variety VV € A" is the smallest projective variety in /2" containing V

Converting Projective Varieties to Affine Varieties

« To convert a projective variety V(F1, ..., Fs) € P" to its affine part with respect to Xo, dehomogenize
each polynomial F; by setting Xo = 1 and consider the affine variety
V(Fl(llxll ---rxn). LKLY FS(]-IXlr --'IXH)) g/ﬂn

- Example: The projective variety V(x? + y? — z%) € 22 has the affine part V(x% + y% — 1) € A% with
respect to 2

« The affine part of a projective variety ¥ < 2" with respect to Xo is the intersection of V with the affine
space A", obtained by setting Xo = 1

* The affine part of a projective variety and the projective closure of an affine variety are related by the
operations of homogenization and dehomogenization

Applications of Homogenization

Simplifying the Study of Affine Varieties

* Homogenization can simplify the study of affine varieties by working in the projective setting, where
the geometry is more uniform and some computations are easier

* Example: Bézout's theorem, which states that the number of intersection points of two plane curves
(counting multiplicities) is equal to the product of their degrees, is more easily stated and proved in the
projective setting

» Homogenization can determine the behavior of an affine variety at infinity by studying the added
points in the projective closure

Fiveable archived study guides Page 72



+ Example: The affine variety V(xy — 1) A? has two branches that approach the lines x = 0 and
¥ = 0 at infinity, which can be seen in its projective closure V(xy — z%) c p?

Applying Projective Results to Affine Varieties
» Dehomogenization allows the application of results obtained in the projective setting to affine varieties
* Example: If a projective variety is irreducible, then its affine part is also irreducible

» Dehomogenization can analyze the local properties of a projective variety by considering its affine
parts

* Example: The singularities of a projective variety can be studied by examining the singularities of its
affine parts

* Homogenization and dehomogenization can establish a correspondence between affine and
projective varieties, enabling the transfer of properties and results between the two settings

Benefits of Projective Space

Uniform and Symmetric Setting

* Projective space provides a more uniform and symmetric setting for studying algebraic varieties, as it
treats points at infinity on an equal footing with finite points

» Example: In the projective plane, parallel lines always intersect at a point at infinity, whereas in the
affine plane, they do not intersect

» Many geometric properties and results are simpler and more elegant in the projective setting, such as
Bézout's theorem and the intersection theory of varieties

Compactness and Simplification

* Projective space is compact, which can simplify certain arguments and proofs involving algebraic
varieties

« Example: The compactness of projective space can be used to prove that every non-constant
polynomial map between projective varieties is surjective

* Some computations, such as the computation of degrees and the application of resultants, are more
straightforward in the projective setting

» Example: The degree of a projective variety can be computed using the Hilbert polynomial, which is
easier to work with than the degree of an affine variety

Analyzing Affine Varieties at Infinity

» Working in projective space allows for the study of the behavior of affine varieties at infinity, providing
a more complete understanding of their geometry

+ Example: The projective closure of the affine variety V(y — x?) € A? contains an additional point at
infinity, (0 : 1 :0), which corresponds to the vertical asymptote of the parabola

* Projective techniques, such as the use of homogeneous coordinates and the projective closure, can
be used to analyze and solve problems involving affine varieties
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* Example: The intersection of two affine varieties can be computed by homogenizing their defining
equations, computing the intersection of their projective closures, and then dehomogenizing the result
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Unit 8 — Rational Maps & Birational
Geometry

8.1 Rational maps between varieties

Rational maps between varieties are like secret passages in a maze. They're not always open, but when
they are, they connect different parts of the algebraic landscape. Think of them as flexible pathways that
sometimes hit dead ends.

These maps generalize morphisms, allowing for more freedom in how varieties relate. They're defined by
rational functions, which are like algebraic fractions. Understanding rational maps is key to navigating the
twists and turns of algebraic geometry.

Rational Maps Between Varieties

Definition and Domain
« A rational map between two algebraic varieties X and Y is a map defined by rational functions on X
« Rational functions are quotients of polynomial functions on X

+ The domain of definition of a rational map is an open dense subset U of X where all the defining
rational functions are regular (well-defined)

- A rational map f: X-»Y is denoted by a dotted arrow to emphasize that it may not be defined
everywhere on X

* The graph of a rational map f: X-»Y is the closure of the set {(x, fix))|x€U} in the product variety
XxXY

Generalization of Morphisms
+ Rational maps are a generalization of morphisms between varieties
* They allow for maps that are not necessarily everywhere defined
» Every morphism of varieties is a rational map, but not every rational map is a morphism

« A rational map f: X-»Y is a morphism if and only if it is defined everywhere on X, i.e., its domain of
definition is the entire variety X

Composition of Rational Maps

Definition and Existence

« The composition of two rational maps f: X-»Y and g : Y-»Z denoted by g°f: X-»>Z  is defined by
composing the corresponding rational functions

* For the composition g°f to exist, the image of the domain of definition of f should not be entirely
contained in the locus where 9 is undefined

* The domain of definition of the composition geofisthe preimage under f of the domain of definition of
g, intersected with the domain of definition of f
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Composition with Complete Varieties

«If f: X-»Y and 9 : Y-*Z are rational maps, and Y is a complete variety, then the composition
gef: X-Z always exists as a rational map

» Complete varieties include projective varieties and proper varieties

 The completeness of the intermediate variety Y ensures that the composition is always well-defined
as a rational map

Rational Maps vs Morphisms

Relationship and Differences

A morphism of varieties f: X—=Y is a continuous map that is locally given by polynomial functions

* The set of all morphisms between two varieties X and Y forms a subset of the set of all rational maps
between X and Y

* A rational map that is defined everywhere on its domain is a morphism, while a morphism is always a
rational map

Examples

» The projection map from a projective space to a lower-dimensional projective space is a morphism
and a rational map

* A birational map between two varieties (a rational map with a rational inverse) is not necessarily a
morphism, as it may not be defined everywhere

Behavior of Rational Maps at Undefined Points

Indeterminacy Locus

« The locus where a rational map f: X-»Y is not defined is called the indeterminacy locus of f, denoted
by /()

« The indeterminacy locus /(f) is a closed subvariety of X of codimension at least 2

« A rational map f: X-»Y can be extended to a morphism from an open subset U of X to Y if and only if
the indeterminacy locus /(f) has codimension at least 2 in X

Resolving Indeterminacy by Blowups

* The behavior of a rational map near a point in its indeterminacy locus can be studied by blowing up
the variety X at that point

* Blowing up a variety replaces a point with a projective space of directions emanating from that point

* The induced rational map on the blowup can provide insights into the geometry of the map and the
varieties involved

* Resolving the indeterminacy of a rational map by blowing up the variety can help understand the
map's behavior and extend it to a larger domain
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8.2 Birational equivalence and isomorphisms

Birational equivalence is a key concept in algebraic geometry, comparing varieties that are "almost
isomorphic." It allows for differences in lower-dimensional subsets, making it weaker than isomorphism but
still preserving important geometric properties.

Understanding birational equivalence helps us study varieties by relating them to simpler ones. It's crucial
for classification problems and gives insights into the structure of algebraic varieties, connecting to function
fields and rational maps in meaningful ways.

Birational Equivalence of Varieties

Definition and Implications

- Two algebraic varieties X and Y are birationally equivalent if there exist rational maps f: X = Y and
g:Y > Xsuchthatg ° f=idx and f° g = idy, where idx and idy are the identity maps on X and Y,
respectively

« Birational equivalence captures the idea that two varieties are "almost isomorphic," meaning they are
isomorphic except on lower-dimensional subsets (singular points, exceptional curves)

» The dimension of birationally equivalent varieties must be the same

« Birational equivalence is a weaker notion than isomorphism, as it allows for the varieties to differ on
subsets of lower dimension

Function Fields and Birational Equivalence

* The function fields of birationally equivalent varieties are isomorphic

« If X and Y are birationally equivalent, then K(X) = K(Y), where K(X) and K(Y) are the function fields
of X and Y, respectively

» The isomorphism between function fields induced by birational equivalence preserves the field
operations and the transcendence degree

 Conversely, if the function fields of two varieties are isomorphic, then the varieties are birationally
equivalent (Zariski's theorem)

Birational Equivalence as an Equivalence Relation

Reflexivity

» For any algebraic variety X, the identity map /dx : X = X is a birational map, and idx © idx = idx,
showing that X is birationally equivalent to itself

* The reflexive property holds trivially for any variety, as the identity map is always a birational
equivalence

Symmetry

«If X and Y are birationally equivalent with rational maps f: X = Y and 9 : Y = X satisfying 9  f = idx
and fo g =idy, then Y and X are also birationally equivalent

 The same maps f and 9 demonstrate the birational equivalence in the opposite direction
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» Symmetry follows from the definition of birational equivalence, as the roles of X and Y can be
interchanged

Transitivity

«If X and Y are birationally equivalent with rational maps f: X =Y and 9 :Y =X and Y and Z are
birationally equivalent with rational maps h: Y= Z and k: Z =Y, then X and Z are birationally
equivalent

« The composition of birational maps h o f: X = Z and 9 ° K : Z = X demonstrates the birational
equivalence between X and Z

* Transitivity allows for the "chaining" of birational equivalences to establish equivalence between
varieties not directly related by a single pair of birational maps

Constructing Birational Maps

Finding Birational Maps

» To construct a birational map between two algebraic varieties X and Y, find rational maps f: X =Y
and 9:Y =X suchthatg ° fand f° g are the identity maps on X and Y, respectively, outside of
lower-dimensional subsets

* The maps f and 9 may not be defined everywhere on the varieties, but they should be defined on
open dense subsets

« Techniques for constructing birational maps include using projections (projecting from a point or a
subvariety), blowups (resolving singularities or indeterminacies), and blowdowns (contracting
subvarieties)

Inverses of Birational Maps

« The inverse of a birational map f: X = Y is a rational map 9 : ¥ = X such that 9 ¢ f=1idx and
fo g =idy, where idx and idy are the identity maps on X and Y, respectively

« Birational maps and their inverses may not be defined everywhere on the varieties, but they are
defined on open dense subsets

+ To find the inverse of a birational map, one can solve for the pre-image of a general point under the
map and express the result as a rational function (e.g., using coordinate functions)

* The inverse of a birational map is unique up to equality on an open dense subset

Birational Equivalence vs Isomorphism

Comparing the Notions

« Isomorphism is a stronger notion than birational equivalence, as it requires the existence of
morphisms (regular maps) f: X =Y and 9 : Y = X such that g © f=idx and f ¢ g = idy everywhere on
the varieties

« Birationally equivalent varieties may have different local structures, such as singularities or different
numbers of irreducible components, while isomorphic varieties have the same local structure

* Isomorphic varieties have the same dimension and degree, while birationally equivalent varieties only
need to have the same dimension
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 Every isomorphism is a birational equivalence, but not every birational equivalence is an isomorphism

Examples lllustrating the Difference

» The projective line 21 and the affine line 4! are birationally equivalent but not isomorphic

« The map f: A - P! given by X+ [x: 1] and its inverse g : P! - A? given by [X : Y1 X/y (fory # 0
) demonstrate the birational equivalence

» However, there is no isomorphism between 1 and 41 because they have different global structures (
Pl is compact, while 41 is not)

* A singular cubic curve and a non-singular cubic curve are birationally equivalent but not isomorphic
 The normalization map from the non-singular curve to the singular curve is a birational equivalence

» The curves are not isomorphic because they have different local structures at the singular point

8.3 Blowing up and resolution of singularities

Blowing up and resolving singularities are crucial techniques in algebraic geometry. They allow us to
transform varieties by replacing subvarieties with new exceptional divisors, creating smoother versions of
our original objects. These methods help us study complex geometric structures more easily.

In the context of rational maps and birational geometry, blowing up and resolving singularities are powerful
tools. They enable us to find birational equivalences between varieties, simplify their structure, and
uncover hidden properties. This process is fundamental for understanding and classifying algebraic
varieties.

Blowing up varieties

Geometric interpretation and definition

* Blowing up is a fundamental operation in algebraic geometry that transforms a variety by replacing a
subvariety with a new exceptional divisor

* The blowup of a variety X along a subvariety Y is denoted by Bly(X) and is obtained by introducing
new projective coordinates along Y

» Geometrically, the blowup separates the points of Y and introduces new projective directions,
resulting in a new variety that is birational to the original one

« The exceptional divisor E introduced by the blowup is a projective bundle over the blown-up
subvariety Y, with fibers being projective spaces of dimension equal to the codimension of Y in X minus
one

« For example, blowing up a surface (2-dimensional variety) at a point (0-dimensional subvariety)
introduces an exceptional divisor that is a projective line (1-dimensional projective space)

Properties of the blowup map

* The blowup map 1 : Bly(X)=X is a birational morphism that is an isomorphism away from the
exceptional divisor and contracts E to the subvariety Y

» The blowup map is proper, which means that the preimage of a compact set is compact, and it is
surjective
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« The blowup map induces a bijection between the points of B/y(X) — E and the points of X — Y

« The fiber of the blowup map over a point P € Y is the projective space of dimension equal to the
codimension of Y in X minus one

Computing blowups

Blowing up at a point

+ To compute the blowup of a variety X at a point P, choose local coordinates (X1, . . ., Xn) around P
such that P is the origin (O, ..., 0)

« The blowup of X at P is given by the equations Xi * ¥; = X; * y; for all /, j in the product of X with
projective space 2"~ ! with homogeneous coordinates [¥1: ... : ¥nl

« For example, blowing up the affine plane 42 at the origin (0, 0) is given by the equation X * v =y *u
in A2 x P!, where [U : v] are homogeneous coordinates on !

« The exceptional divisor E is locally defined by the vanishing of the Xi coordinates in the blowup
equations, and it is isomorphic to the projective space p"—1

Blowing up along a subvariety

« For blowing up along a subvariety Y, choose local coordinates (X1, - - -, Xk, Y1, - - -, ¥1) such that Y is
defined by the vanishing of (X1, ..., Xk)

« The blowup of X along Y is given by the equations X; * Z; = X; * Z; for all /,J in the product of X with a
projective bundle over Y with fibers being projective spaces 2% — 1 with homogeneous coordinates
[Zl HE ZZk]

- For instance, blowing up a threefold (3-dimensional variety) along a curve (1-dimensional subvariety)
introduces an exceptional divisor that is a /21 -bundle over the curve

« The exceptional divisor E is locally defined by the vanishing of the Xi coordinates in the blowup
equations, and it is a projective bundle over the blown-up subvariety Y

Resolution of Singularities

Definition and existence

+ Resolution of singularities is the process of finding a smooth variety that is birational to a given
singular variety

« A resolution of singularities of a variety X is a proper birational morphism 17 : X'=X from a smooth
variety X' to X

* The existence of resolution of singularities is a fundamental result in algebraic geometry, proven by
Hironaka for varieties over fields of characteristic zero

* The proof is highly non-constructive and does not provide an explicit algorithm for finding a resolution

* Resolution of singularities is not known to exist in positive characteristic, and it is an active area of
research
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Significance and applications

* Resolution of singularities has numerous applications in algebraic geometry, including the study of
birational geometry, the minimal model program, and the classification of algebraic varieties

« It allows the study of singular varieties by relating them to smooth ones, which are easier to
understand and work with

* Resolution of singularities is used in the computation of invariants associated with singularities, such
as the canonical divisor, discrepancies, and log canonical thresholds

« It plays a crucial role in the minimal model program, which aims to find the "simplest" birational model
of a given variety

» The minimal model program involves a sequence of contractions and flips, which are birational
transformations that improve the singularities of the variety

Resolving Singularities with Blowups

Curves

- For algebraic curves (1-dimensional varieties), singularities can be resolved by a finite sequence of
blowups at singular points

» The multiplicity of a singular point determines the number of blowups required to resolve the
singularity

* Ordinary double points (nodes) require a single blowup, while higher multiplicity points may require
multiple blowups

» The genus of the smooth curve obtained by resolving the singularities is related to the genus of the
original singular curve and the number and types of singularities

» The genus formula for singular curves involves the delta invariants of the singularities, which measure
the difference between the genus of the singular curve and the genus of its normalization

Surfaces

« For algebraic surfaces (2-dimensional varieties), the resolution of singularities is more involved and
may require blowups along curves or singular points

* The resolution of surface singularities can be achieved by successively blowing up singular points or
curves until the resulting surface becomes smooth

» The exceptional divisors introduced by the blowups in the resolution process encode important
information about the singularities, such as their types and invariants (e.g., multiplicity, Milnor number)

* For example, the resolution of a rational double point (ADE singularity) on a surface introduces a
configuration of exceptional curves whose intersection graph is a Dynkin diagram of type A, D, or E

* The intersection graph of the exceptional divisors, known as the dual graph or resolution graph,
provides a combinatorial description of the resolution process and the singularity structure

 The dual graph encodes the self-intersections of the exceptional curves and their intersections with
each other
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» The canonical divisor of the resolved surface can be computed from the canonical divisor of the
original surface and the data of the exceptional divisors using the adjunction formula
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Unit 9 — Intersection Theory & Bezout's
Theorem

9.1 Intersection multiplicity and degree

Intersection multiplicity and degree are key concepts in understanding how curves interact. They help us
count and describe intersection points, revealing important geometric properties. These ideas are crucial
for Bézout's theorem, which connects the number of intersections to curve degrees.

The degree of a curve tells us about its shape and complexity, while intersection multiplicity shows how
curves meet at specific points. Together, they form the foundation for studying curve intersections and are
essential tools in algebraic geometry.

Intersection Multiplicity of Curves

Definition and Interpretation

« Intersection multiplicity measures the complexity of the intersection between two algebraic curves at a
given point

+ Simple intersections (transversal intersections) have multiplicity 1, while higher multiplicities indicate
tangency or more complex intersections

* Intersection multiplicity is defined using the local ring at the point of intersection

« It is the dimension of the local ring quotient by the ideal generated by the defining equations of the
curves

» The sum of intersection multiplicities at all intersection points equals the product of the degrees of the
curves (Bézout's theorem)

Relationship to Curve Properties

* Intersection multiplicity provides information about the local behavior of curves at their intersection
points

* It can detect tangency, singularities, and other special features of the intersection
* The total number of intersections (counting multiplicity) is determined by the degrees of the curves

* This is a consequence of Bézout's theorem, which relates intersection multiplicities to curve degrees

Computing Intersection Multiplicity

Using Resultants
» Resultants calculate intersection multiplicity without explicitly computing the local ring
* The resultant of two polynomials vanishes precisely when they have a common root

« For plane curves f(X, ¥) and 9(X, ¥), the intersection multiplicity at (a, b) is the order of vanishing of
the resultant of f(x, b) and g(x, b) at x = a
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* This reduces the problem to computing the multiplicity of a root of a univariate polynomial

Using Local Rings
* Local rings can be used directly to compute intersection multiplicities

* The local ring at a point is obtained by localizing the coordinate ring of the curve at the maximal ideal
corresponding to the point

* The intersection multiplicity is the dimension of the tensor product of the local rings of the curves
modulo the maximal ideal

* This involves working with the structure of the local rings and their modules

+ Local ring methods are more abstract but provide a general framework for intersection theory

Degree of an Algebraic Curve

Definition and Properties

» The degree of an algebraic curve is the degree of its defining polynomial equation
* For a plane curve fix,¥), the degree is the maximum of the degrees of the monomials in f
» The degree measures the complexity of the curve and determines its intersection properties

* Curves of degree 1 are lines, degree 2 are conics (ellipses, parabolas, hyperbolas), and higher
degrees produce more complicated shapes

* The degree is invariant under linear transformations of the coordinate system

Relationship to Intersection Theory

» The degree of a curve is closely related to its intersection properties

» Bézout's theorem states that the number of intersections of two curves (counting multiplicity) is equal
to the product of their degrees

* This is a fundamental result in intersection theory and provides a link between the algebraic and
geometric aspects of curves

» The degree also appears in the degree-genus formula, which relates the degree to the topological
genus of the curve

Genus of a Curve

Definition and Interpretation

* The genus of an algebraic curve is a topological invariant that measures the "holes" or "handles" in the
curve

« It is a non-negative integer that characterizes the topological complexity of the curve
* Curves of genus 0 are called rational curves and include lines and conics

» They have the simplest topology and are parameterizable by rational functions
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* Curves of genus 1 are called elliptic curves and have important applications in number theory and
cryptography

* Curves of higher genus appear in algebraic geometry and have connections to complex analysis and
topology

Degree-Genus Formula

+ The degree-genus formula relates the degree d and genus 9 of a smooth plane curve:
g=(d—-1)(d-2)/2

« For a singular curve, the formula generalizes to g = (d — 1)(d — 2)/2 — Zép, where Op is the delta
invariant measuring the singularity at each singular point P

» The degree-genus formula provides a way to calculate the genus of a curve from its degree and
singularities

« It highlights the interplay between the algebraic (degree) and topological (genus) properties of curves

» The genus is a birational invariant, meaning it is preserved under birational transformations (rational
maps with rational inverses) of the curve

9.2 Bézout's theorem and its applications

Bézout's theorem is a powerful tool in algebraic geometry, revealing the relationship between curve
degrees and intersection points. It states that two plane algebraic curves of degrees m and n intersect in
mn points, counting multiplicity. This result is crucial for understanding curve intersections and solving
polynomial systems.

The theorem has wide-ranging applications in computer graphics, robotics, and motion planning. It
provides an upper bound on solution counts for polynomial systems and helps analyze curve intersections.
However, it has limitations and generalizes to higher dimensions, connecting to broader mathematical
concepts.

Bézout's theorem for curves

Statement and proof

» Bézout's theorem asserts that if two plane algebraic curves of degree M and N intersect in a finite
number of points, then the number of intersection points, counted with multiplicity, equals the product
mn

» The degree of a plane algebraic curve is the highest degree of the terms in its defining polynomial
equation

* A line has degree 1 (linear equation)
* A conic has degree 2 (quadratic equation)
* A cubic curve has degree 3

* The intersection multiplicity of two curves at a point measures the order of contact between the curves
at that point

* A simple intersection point has multiplicity 1

+ A point of tangency has multiplicity 2 or higher
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* The proof of Bézout's theorem uses the concept of resultants from algebraic geometry

* The resultant of two polynomials is a polynomial expression in their coefficients that vanishes if and
only if the polynomials have a common root

* The proof considers the resultant of the defining polynomials of the two curves and shows that its
degree equals the product of the degrees of the curves

* The intersection points correspond to the roots of the resultant, counted with multiplicity

Counting intersections
 To apply Bézout's theorem, first identify the degrees of the two plane algebraic curves
* The product of these degrees gives an upper bound on the number of intersection points

« If the curves intersect in a finite number of points, Bézout's theorem guarantees that the actual
number of intersections, counted with multiplicity, will equal the product of the degrees

* When counting intersections, consider points at infinity and complex intersection points, as these also
contribute to the total count

« If the curves intersect in an infinite number of points (e.g., if they share a common component),
Bézout's theorem does not apply directly

* In such cases, the curves must be factored, and the theorem can be applied to the remaining
components

Intersections of curves

Algebraic and geometric aspects

* The intersection points of two plane algebraic curves correspond to the solutions of a system of two
polynomial equations in two variables

« The curves are defined by the polynomial equations (X, ¥) = 0 and g(X, y) =0
* The intersection points satisfy both equations simultaneously

» Geometrically, the intersection points are the points where the two curves cross or touch each other in
the plane

» The nature of the intersection (transversal, tangential, or of higher multiplicity) depends on the local
behavior of the curves near the intersection point

* The intersection multiplicity of two curves at a point can be computed using various algebraic
methods, such as resultants or local ring methods

» The multiplicity reflects the order of contact between the curves at the point

 Higher multiplicities indicate a deeper level of tangency or singularity

Examples and applications

« Consider the intersection of a line (¥ = MX + b) and a circle (X + y? = r?)
* The line has degree 1, and the circle has degree 2

* By Bézout's theorem, there are at most 2 intersection points
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* The actual number of intersections depends on the relative position of the line and the circle (2 points
for a secant line, 1 point for a tangent line, 0 points for a non-intersecting line)

* In computer graphics and CAD (Computer-Aided Design), Bézout's theorem is used to analyze the
intersections of curves and surfaces

* Intersection points are crucial for tasks such as curve and surface trimming, Boolean operations, and
collision detection

* In robotics and motion planning, Bézout's theorem helps determine the number of configurations
where a robot's path intersects with obstacle boundaries

* This information is used to design efficient collision avoidance strategies

Solving polynomial systems

Algebraic methods

* Resultants: The resultant of two polynomials is a polynomial expression in their coefficients that
vanishes if and only if the polynomials have a common root

+ Resultants can be used to eliminate one variable from a system of two polynomial equations, reducing
it to a single polynomial equation in one variable

* The roots of the resultant correspond to the x-coordinates of the intersection points

» Grébner bases: A Grobner basis is a special set of polynomials that generates the same ideal as the
original polynomial system

» Grobner bases have useful properties that simplify the solution of polynomial systems

* They can be used to eliminate variables, solve for one variable in terms of others, and determine the
dimension and structure of the solution set

» Homotopy continuation: A numerical method that deforms a simple polynomial system with known
solutions into the target system, tracking the solutions along the deformation path

» Homotopy methods are particularly effective for systems with many solutions or high degrees

* They can find all isolated complex solutions of a polynomial system

Existence and multiplicity of solutions

» Bézout's theorem provides an upper bound on the number of solutions to a polynomial system

« If the product of the degrees is odd, there must be at least one real solution (over an algebraically
closed field)

* The actual number of solutions may be less than the Bézout bound due to solution degeneracy or
solutions at infinity

» Degenerate solutions arise when the curves have common components or intersect with higher
multiplicity

+ Solutions at infinity correspond to the intersection points of the projective completions of the curves
» The multiplicity of a solution measures its order of tangency or singularity

« Simple solutions have multiplicity 1, while multiple solutions have higher multiplicities
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» The sum of the multiplicities of all solutions (including infinite and complex ones) equals the Bézout
bound

Limitations and generalizations of Bézout's theorem

Assumptions and restrictions

» Bézout's theorem assumes that the intersection points are finite in number

« If the curves intersect in an infinite number of points (e.g., if they share a common component), the
theorem does not apply directly

* In such cases, the curves must be factored, and the theorem can be applied to the remaining
components

» The theorem assumes that the curves are defined over an algebraically closed field, such as the
complex numbers

» Over non-algebraically closed fields, such as the real numbers, the actual number of intersections
may be less than the product of the degrees

* The missing intersections may be complex or occur at infinity

Higher dimensions and related results

» Bézout's theorem generalizes to higher dimensions, relating the number of intersection points of
hypersurfaces to the product of their degrees

+ In n-dimensional space, the intersection of N hypersurfaces of degrees d1, d2, ..., dn consists of
d1d,---d) points, counted with multiplicity

 The generalization requires more advanced tools from algebraic geometry, such as Chow rings and

intersection theory

» The theorem has connections to other areas of mathematics, such as topology and complex analysis

* The Euler characteristic of a complex projective plane curve can be computed using Bézout's theorem

and the degree-genus formula

» The number of solutions to a system of analytic equations can be estimated using the
Bernstein-Kushnirenko theorem, a generalization of Bézout's theorem to the toric setting

» Sharper bounds on the number of intersections can sometimes be obtained by considering the
specific geometry of the curves involved

« Singular points, tangencies, and other special features of the curves may reduce the number of
intersections below the Bézout bound

* Refined intersection formulas, such as the Chasles-Cayley-Brill formula, take these geometric aspects

into account

9.3 Intersection theory in projective space

Intersection theory in projective space is a powerful tool for understanding how geometric objects intersect.

It extends concepts from affine space, allowing us to analyze intersections more comprehensively. This
theory is crucial for solving complex geometric problems and counting intersections accurately.
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Bézout's theorem is a key result in this field, relating the degrees of varieties to their intersection behavior.
It's super useful for solving counting problems in geometry and has applications in various areas of math
and physics. Understanding this theorem is essential for mastering intersection theory.

Intersection Multiplicity and Degree in Projective Space

Measuring Intersection Complexity

« Intersection multiplicity measures the complexity of the intersection between two varieties at a point in
projective space

* Local invariant captures the number of times the varieties intersect, counted with appropriate
multiplicity

» Extends the concept of intersection multiplicity from affine space to projective space
+ Allows for a more comprehensive analysis of the intersection behavior of projective varieties

« Example: The intersection multiplicity of two projective curves at a point can be determined by
analyzing their local equations in a suitable coordinate chart

Computing and Properties of Degree

* The degree of a projective variety is the number of points of intersection between the variety and a
general linear subspace of complementary dimension

* Global invariant measures the size or complexity of the variety

» Can be computed using the Hilbert polynomial, which encodes information about the dimensions of
the homogeneous coordinate ring of the variety in each degree

« Satisfies properties such as additivity, multiplicativity, and invariance under linear transformations

» Example: The degree of a projective hypersurface (codimension 1 subvariety) is equal to the degree
of its defining homogeneous polynomial

* The projective version of Bézout's theorem relates the intersection multiplicity and degree of projective
varieties

« States that the sum of the intersection multiplicities of two varieties at all their points of intersection is
equal to the product of their degrees

* Provides a powerful tool for understanding the global intersection behavior of projective varieties
* Generalizes the affine version of Bézout's theorem to the projective setting

 Example: Two projective curves of degrees d and € intersect in de points counted with multiplicity,
assuming they intersect properly

Intersection Theory for Subvarieties

Subvarieties and Chow Ring

+ Subvarieties of projective space are locally closed subsets defined by homogeneous polynomial
equations
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* Include projective varieties (irreducible subvarieties) and schemes (possibly reducible subvarieties
with nilpotent elements)

* Provide a rich class of objects for studying intersection theory in projective space
« Allow for the development of a comprehensive intersection theory that goes beyond just varieties

» Example: A projective curve (1-dimensional subvariety) in projective 3-space can be defined by the
vanishing of two homogeneous polynomials

» The Chow ring of projective space is a graded ring that encodes information about the intersection
theory of subvarieties

* Elements are formal linear combinations of subvarieties modulo rational equivalence
* Product in the Chow ring corresponds to the intersection of subvarieties

* Provides an algebraic framework for studying intersections and their properties

* Allows for the computation of intersection products and intersection numbers

« Example: In the Chow ring of projective 2-space, the class of a line times the class of a point is equal
to the class of a point

Intersection Product and Functoriality

* The intersection product of subvarieties in projective space is a bilinear operation that associates to
two subvarieties another subvariety representing their intersection

» Well-defined on equivalence classes in the Chow ring and satisfies properties such as commutativity,
associativity, and the projection formula

« Allows for the computation of intersections between subvarieties of complementary codimension
» Can be used to study the geometry and topology of subvarieties through their intersection behavior
* Example: The intersection product of two distinct lines in projective 2-space is a single point

* The intersection multiplicity of two subvarieties at a point can be computed using the Serre
intersection formula

* Involves the Tor functor applied to the local rings of the subvarieties at the point
* Provides a way to compute intersection multiplicities in terms of algebraic invariants
* Generalizes the classical definition of intersection multiplicity for varieties

* Example: The intersection multiplicity of two curves at a point can be computed by analyzing their
local equations and applying the Serre intersection formula

* The intersection theory of subvarieties is functorial with respect to morphisms of projective varieties
* Intersections are preserved by proper pushforwards and pullbacks
+ Allows for the study of intersection theory in families and under morphisms

* Provides a powerful tool for understanding the behavior of intersections under geometric
transformations
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* Example: The pullback of the intersection of two subvarieties under a morphism is equal to the
intersection of their pullbacks

Bézout's Theorem in Projective Space

Statement and Applications

» Bézout's theorem in projective space states that the intersection of two projective varieties of degrees
d and € consists of de points counted with multiplicity, assuming the varieties intersect properly (i.e., in
the expected dimension)

* Provides a fundamental result in intersection theory relating the degrees of varieties to their
intersection behavior

» Can be used to determine the number of intersection points between two projective curves or surfaces
+ Allows for the solution of various enumerative geometry problems

» Example: Two projective plane curves of degrees 3 and 4 intersect in 12 points counted with
multiplicity, assuming they have no common components

» Bézout's theorem can be applied to solve enumerative geometry problems, such as:

» Counting the number of curves or surfaces satisfying certain geometric conditions (e.g., passing
through given points or tangent to given lines)

* Determining the number of lines that intersect four given lines in projective 3-space
* Calculating the number of conics tangent to five given lines in the projective plane

» Example: There are 2 conics passing through 5 given points in the projective plane, assuming the
points are in general position

Refinements and Generalizations

* In some cases, Bézout's theorem may overcount the number of intersection points due to the
presence of multiple components or non-reduced structure in the intersection

» Techniques such as excess intersection theory or the use of multiplicities can help refine the count
+ Allows for a more accurate analysis of the intersection behavior in degenerate situations

* Provides a way to handle intersections with higher-dimensional components or non-transversal
intersections

« Example: If two projective curves intersect non-transversely at a point, the intersection multiplicity at
that point may be greater than 1

» Bézout's theorem can be generalized to the intersection of more than two varieties using the
multi-homogeneous Bézout theorem

* Takes into account the multi-degrees of the varieties involved
« Allows for the study of intersections in multi-projective spaces or products of projective spaces
* Provides a more general framework for understanding the intersection behavior of multiple varieties

» Example: The multi-homogeneous Bézout theorem can be used to count the number of points in the
intersection of three or more hypersurfaces in a product of projective spaces
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Intersection Theory and Enumerative Geometry

Enumerative Problems and Schubert Calculus

* Enumerative geometry is the study of counting geometric objects satisfying certain conditions

» Examples include counting lines meeting four given lines in projective 3-space or conics tangent to
five given lines in the projective plane

* Intersection theory provides a powerful tool for solving enumerative geometry problems by translating
them into questions about the intersection of suitable subvarieties in projective space

* Allows for the systematic study and solution of a wide range of enumerative problems

« Example: The problem of counting lines on a cubic surface can be translated into a question about the
intersection of certain subvarieties in the Grassmannian of lines in projective 3-space

» Schubert calculus is a framework within enumerative geometry that uses intersection theory to count
geometric objects

* Introduces Schubert varieties, which are special subvarieties of Grassmannians (parametrizing linear
subspaces of a vector space)

« Studies the intersections of Schubert varieties to solve enumerative problems

» The Schubert calculus formula expresses the number of geometric objects satisfying given conditions
as the degree of a zero-dimensional intersection product of Schubert varieties in a Grassmannian

* Involves the cup product in the cohomology ring of the Grassmannian

* Example: The number of lines meeting four general lines in projective 3-space can be computed using
the Schubert calculus formula in the Grassmannian of lines

Modern Approaches and Connections

» The Gromov-Witten theory is a modern approach to enumerative geometry that counts curves in
algebraic varieties using intersection theory on moduli spaces of stable maps

* Has connections to string theory and quantum cohomology

* Provides a powerful framework for studying enumerative problems involving curves and their
deformations

+ Allows for the computation of invariants that capture the geometry and topology of the underlying
variety

» Example: The Gromov-Witten invariants of a quintic threefold count the number of rational curves of
given degree on the threefold and play a crucial role in mirror symmetry

» The Kontsevich formula is a celebrated result in enumerative geometry that counts the number of
rational curves of given degree passing through prescribed points in the projective plane

* Proved using intersection theory on the moduli space of stable maps
* Provides a beautiful and deep connection between enumerative geometry and intersection theory

 Has applications in various areas of mathematics, including mathematical physics and integrable
systems
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« Example: The Kontsevich formula can be used to count the number of rational cubic curves passing
through 8 general points in the projective plane, which is equal to 12

* Intersection theory and enumerative geometry have deep connections to other areas of mathematics,
such as:

* Algebraic topology: The cohomology ring of a variety encodes information about its intersection theory
and can be used to study enumerative problems

» Mathematical physics: Enumerative invariants, such as Gromov-Witten invariants, appear in the study
of mirror symmetry and string theory

» Representation theory: The intersection theory of flag varieties and Schubert varieties is closely
related to the representation theory of Lie groups and Lie algebras

* Example: The Schubert calculus in the Grassmannian is related to the representation theory of the
special linear group and the combinatorics of Young tableaux
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Unit 10 — Toric Varieties & Polytopes in
Geometry

10.1 Introduction to toric varieties

Toric varieties are a special class of algebraic varieties that combine geometry and combinatorics. They're
defined by a torus action and characterized by a fan, a collection of cones in a lattice. This connection
allows us to study complex geometric objects using simpler combinatorial tools.

Toric varieties are incredibly useful in algebraic geometry. They provide concrete examples for abstract
concepts and help us understand properties like smoothness and singularities. By manipulating the fan, we
can construct and modify toric varieties, making them valuable for exploring broader geometric ideas.

Toric Varieties: Definition and Properties

Definition and Characterization

* Define toric varieties as normal algebraic varieties containing a torus as a dense open subset, with the
torus action extending to the entire variety

+ Characterize toric varieties by a combinatorial object called a fan, consisting of a collection of cones in
a lattice satisfying specific properties

» Equate the dimension of a toric variety to the dimension of the lattice in which its fan is defined

« Classify toric varieties as rational, allowing parameterization by rational functions

Examples and Descriptions
* Provide examples of toric varieties, including projective spaces and weighted projective spaces

* Describe toric varieties using homogeneous coordinates and a set of binomial equations derived from
the combinatorial data of the fan

« lllustrate the construction of toric varieties by gluing affine toric varieties corresponding to the cones in
the fan

+ Explain the role of rays (1-dimensional cones) in determining coordinates and torus-invariant divisors
on the toric variety

Constructing Toric Varieties from Combinatorial Data

Fans and Cones

+ Define a fan as a collection of strongly convex rational polyhedral cones in a lattice, satisfying the
condition that faces of each cone are also in the fan and the intersection of any two cones is a face of
both

« Establish the correspondence between cones in the fan and affine toric varieties, with the fan itself
corresponding to the toric variety obtained by gluing these affine pieces together

« Highlight the significance of maximal cones in the fan as they correspond to the affine charts covering
the toric variety
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Construction Process

« Outline the process of constructing a toric variety from a fan by associating a variable to each ray,
determining relations among these variables from the combinatorial data of the fan, and gluing the
resulting affine pieces together

- Demonstrate the construction process with concrete examples, such as the projective space 2" or the
Hirzebruch surface 2

* Discuss the role of the orbit-cone correspondence in relating the orbits of the torus action on a toric
variety to the cones in its fan, providing a geometric interpretation of the combinatorial data

Toric Varieties in Algebraic Geometry

Examples and Counterexamples

» Emphasize the importance of toric varieties as a rich source of examples and counterexamples in
algebraic geometry, with many properties translating into combinatorial conditions on the fan

* Provide specific instances where toric varieties serve as illustrative examples or counterexamples for
concepts in algebraic geometry, such as the existence of non-projective varieties or the behavior of the
Picard group

Applications and Connections

+ Explore the use of toric varieties in studying the behavior of algebraic varieties under degenerations or
specializations, through the lens of toric degenerations

* Discuss the computation of invariants of toric varieties, such as the Picard group, the cone of effective
divisors, and cohomology groups, directly from the fan

* Highlight the role of toric varieties in the study of mirror symmetry, as they provide a setting for
constructing mirror pairs and investigating the relationship between the complex and symplectic
geometry of Calabi-Yau manifolds

Singularities and Smoothness of Toric Varieties

Characterization of Singularities

+ Characterize the smoothness of a toric variety in terms of its fan, stating that a toric variety is smooth if
and only if each cone in its fan is generated by a subset of a basis of the lattice

+ Describe singularities in toric varieties combinatorially using the cones in the fan, defining a singular
cone as one that is not generated by a subset of a basis of the lattice

 Explain the local structure of singularities in affine toric varieties corresponding to singular cones,
which resemble quotients of affine space by finite abelian groups

Resolution of Singularities

* Discuss the process of resolving singularities in toric varieties by subdividing the cones in the fan until
all cones are smooth, known as a toric resolution of singularities

« Highlight the non-uniqueness of toric resolutions and the relationship between different resolutions
through birational transformations called flips and flops
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« lllustrate the resolution process with examples, such as the resolution of the conifold singularity or the
resolution of singularities in weighted projective spaces

Applications in the Minimal Model Program

* Explore the use of toric varieties in constructing examples of varieties with specific types of
singularities, such as canonical or terminal singularities, which play a role in the minimal model program

* Discuss the implications of the toric description of singularities for the study of birational geometry and
the classification of algebraic varieties

* Provide examples of how toric methods have been used to resolve questions or conjectures in the
minimal model program, such as the existence of flips or the termination of certain birational processes

10.2 Polytopes and their connection to toric geometry

Polytopes are geometric objects that generalize polygons and polyhedra to higher dimensions. They're
crucial in toric geometry, serving as a bridge between combinatorics and algebraic geometry. Their
structure encodes important information about toric varieties.

The face lattice of a polytope corresponds to the orbit stratification of its associated toric variety. This
connection allows us to study complex algebraic varieties using simpler combinatorial objects, revealing
deep insights into both fields.

Polytopes and their properties

Definition and basic concepts

* A polytope is a generalization of polygons and polyhedra to higher dimensions defined as the convex
hull of a finite set of points in a real vector space

» The dimension of a polytope is the dimension of its affine hull, which is the smallest affine subspace
containing the polytope

* Faces of a polytope are its intersections with supporting hyperplanes, and they form a partially
ordered set (poset) under inclusion, called the face lattice

* Vertices, edges, and facets are faces of dimensions 0, 1, and d-1, respectively, where d is the
dimension of the polytope

Combinatorial properties

* The f-vector of a polytope counts the number of faces of each dimension, while the h-vector is a
transformation of the f-vector with combinatorial significance

* A polytope is simplicial if all its proper faces are simplices, and it is simple if each vertex is incident to
exactly d edges

» The Stanley-Reisner ring of a simplicial polytope is a graded algebra encoding its face numbers, and it
is isomorphic to the cohomology ring of the associated toric variety

» Combinatorial operations on polytopes, such as polar duality and Minkowski sums, have
corresponding operations on toric varieties (projective duality and fiber products)

» The g-theorem characterizes the possible f-vectors of simplicial polytopes and has deep connections
to the cohomology of toric varieties and the hard Lefschetz theorem
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* The generalized Dehn-Sommerville relations express linear dependencies among the face numbers of
a simplicial polytope, reflecting the Poincaré duality of the cohomology ring of the associated toric
variety

Polytopes vs Toric Varieties

Correspondence between polytopes and toric varieties

« Toric varieties are algebraic varieties that contain a torus as a dense open subset, with a natural
action of the torus on the variety

« Every rational polytope gives rise to a projective toric variety, where the polytope encodes the
combinatorial data of the variety

* The face lattice of the polytope corresponds to the orbit stratification of the toric variety under the torus
action

* The vertices of the polytope correspond to the fixed points of the torus action on the variety, and the
edges correspond to the invariant curves connecting these fixed points

» The dimension of the polytope equals the complex dimension of the associated toric variety

» Smooth polytopes (those where the primitive edge directions at each vertex form a basis) correspond
to smooth toric varieties

Constructing toric varieties from polytopes and vice versa

* Given a rational polytope, the associated toric variety can be constructed as a geometric quotient of
an open subset of affine space by a torus action determined by the polytope

» The homogeneous coordinate ring (Cox ring) of the toric variety is a polynomial ring with variables
corresponding to the lattice points of the polytope, quotiented by an ideal determined by the
combinatorics of the polytope

» Conversely, given a projective toric variety, one can recover the associated polytope as the convex
hull of the lattice points corresponding to the generators of the homogeneous coordinate ring

» The normal fan of the polytope encodes the torus orbits on the variety and their closures, with cones
corresponding to torus-invariant affine open subsets

« Toric morphisms between toric varieties correspond to lattice maps between the associated polytopes
that respect the face structures

Geometric and combinatorial invariants of polytopes

Volume and lattice point enumeration

* The volume of a polytope can be computed using the Euclidean volume of its faces, with alternating
signs based on the face dimensions (Euler-Poincaré formula)

» The Ehrhart polynomial of a rational polytope counts the number of lattice points in dilations of the
polytope

« Its coefficients encode geometric information about the polytope and the associated toric variety
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Cohomological invariants

» The Stanley-Reisner ring of a simplicial polytope is isomorphic to the cohomology ring of the
associated toric variety

» The g-theorem characterizes the possible f-vectors of simplicial polytopes and has connections to the
cohomology of toric varieties and the hard Lefschetz theorem

» The generalized Dehn-Sommerville relations express linear dependencies among the face numbers of
a simplicial polytope, reflecting the Poincaré duality of the cohomology ring of the associated toric
variety

10.3 Computational aspects of toric varieties

Toric varieties are a fascinating blend of algebra and geometry, connecting abstract math to real-world
shapes. They're like the Swiss Army knife of algebraic geometry, useful for tackling all sorts of problems.

In this chapter, we'll dive into the nitty-gritty of building and analyzing toric varieties using computers. We'll
explore how to construct them from basic shapes, study their properties, and see how they pop up in other
areas of math and science.

Toric Varieties from Combinatorial Data

Constructing Toric Varieties

« A toric variety is an algebraic variety containing an algebraic torus as a dense open subset, making it
a natural generalization of projective spaces (e.g., P")

« Toric varieties can be described using combinatorial data such as rational polyhedral fans, which
encode the gluing data of affine toric varieties

« A rational polyhedral fan is a collection of cones in a lattice that satisfies certain properties, such as
being closed under taking faces and intersections

* Algorithms for constructing toric varieties from combinatorial data involve computing the dual cone and
its associated semigroup algebra

« The dual cone of a cone O is the set 0¥ = {uU € My : {u, v) = 0 for all v € 0}, where M is the dual
lattice to the lattice N containing the fan

» The semigroup algebra associated to a cone O is the algebra generated by the lattice points in the
dual cone gV

« Toric varieties can also be constructed from polytopes, with the normal fan of the polytope giving the
combinatorial data of the corresponding toric variety

 The normal fan of a polytope P is the fan whose cones are the outer normal cones to the faces of P

Toric Coordinate Rings and Ideals

* The Cox ring, or total coordinate ring, of a toric variety can be computed from the combinatorial data
and encodes the homogeneous coordinates of the toric variety

* The Cox ring is the polynomial ring generated by the rays of the fan, with one variable per ray
*» The grading on the Cox ring is given by the divisor class group of the toric variety, which can be

computed from the fan
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» Groébner basis methods can be used to compute the defining ideal of a toric variety from its
combinatorial description

* The defining ideal of a toric variety is a prime ideal in the Cox ring that encodes the relations between
the homogeneous coordinates

» Groébner bases provide a computational tool for finding generators of the defining ideal and studying
its properties (e.g., Hilbert polynomial, primary decomposition)

Geometry of Toric Varieties

Orbit-Cone Correspondence

* Toric varieties have a rich geometric structure that can be studied using computational methods from
algebraic geometry and combinatorics

* The orbit-cone correspondence relates the orbits of the torus action on a toric variety to the cones in
its associated fan, providing a dictionary between geometry and combinatorics

« Each cone T in the fan corresponds to an orbit O¢ of the torus action, with dim Og = codim O
» The closure of an orbit Oy is itself a toric variety, corresponding to the star of the cone T in the fan

* Toric varieties are examples of normal varieties, and their singularities can be studied using the
combinatorics of their defining fans

* A toric variety is smooth if and only if each cone in its fan is unimodular (i.e., generated by a subset of
a lattice basis)

+ Singularities of a toric variety correspond to non-simplicial cones in the fan and can be resolved by
subdividing the fan

Toric Resolutions and Intersection Theory

« Toric resolutions, obtained by subdividing the fan, can be used to resolve singularities of toric varieties

* A toric resolution is a morphism of toric varieties that is an isomorphism over the smooth locus and
resolves the singularities

« Toric resolutions can be constructed by subdividing the fan into simplicial cones, which corresponds to
a sequence of blowups of the toric variety

* Intersection theory on toric varieties can be studied using the combinatorics of the fan, with the Chow
ring and cohomology ring having explicit descriptions in terms of the rays and cones

» The Chow ring of a toric variety is isomorphic to the Stanley-Reisner ring of the fan, which is a quotient
of a polynomial ring by monomials corresponding to non-faces of the fan

» The cohomology ring of a toric variety can be computed using the Jurkiewicz-Danilov theorem, which
gives a combinatorial description in terms of the rays and cones of the fan

Examples and Applications

» Toric varieties provide a rich source of examples in algebraic geometry, such as Fano varieties (e.g.,
/™), Calabi-Yau varieties, and varieties with positive Ricci curvature
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* A toric Fano variety is a toric variety whose anticanonical divisor is ample, which can be characterized
by the convexity of the support of its fan

* Toric Calabi-Yau varieties are toric varieties with trivial canonical bundle, which correspond to
reflexive polytopes

* Toric varieties have applications to other fields such as mathematical physics, where they arise
naturally in the study of mirror symmetry and string theory

» Mirror symmetry relates the complex geometry of a Calabi-Yau variety to the symplectic geometry of
its mirror, which can be constructed as a toric variety

* Toric geometry provides a computational framework for studying the geometry of Calabi-Yau varieties
and their mirrors, with applications to enumerative geometry and physics

Invariants of Toric Varieties

Software Packages

» There are several software packages available for computing invariants of toric varieties, such as
Macaulay2, Sage, and Polymake

* Macaulay? is a software system for computational algebraic geometry that includes a package for
toric varieties

» Sage is an open-source mathematical software system that includes a module for toric geometry

* Polymake is a software framework for polyhedral and polytope computations that includes
functionality for toric varieties

» These packages can compute the defining ideal, Hilbert polynomial, and Betti numbers of a toric
variety from its combinatorial data

* The defining ideal of a toric variety can be computed using Grébner basis methods, as implemented in
Macaulay2 and Sage

* The Hilbert polynomial of a toric variety encodes its dimension and degree, and can be computed from
the fan using the Ehrhart theory of polytopes

* The Betti numbers of a toric variety can be computed using the Stanley-Reisner ring of the fan and
algebraic techniques such as minimal free resolutions

Intersection Theory and Visualization

* The intersection theory of toric varieties can be studied computationally, with packages able to
compute the Chow ring, cohomology ring, and Chern classes

» The Chow ring and cohomology ring of a toric variety can be computed using the combinatorial
descriptions mentioned earlier, as implemented in Sage and Macaulay2

» The Chern classes of a toric variety can be computed using the combinatorial description of the
tangent bundle in terms of the fan

« Software can also be used to study the geometry of polytopes associated to toric varieties, such as
computing the volume, lattice points, and Ehrhart polynomial

» The volume of a polytope can be computed efficiently using triangulations and the Euclidean algorithm
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* The lattice points in a polytope can be enumerated using algorithms from computational geometry and
combinatorics

» The Ehrhart polynomial of a lattice polytope encodes the number of lattice points in dilations of the
polytope and can be computed using generating function techniques

* Toric varieties can be visualized using software packages, providing insight into their geometric
structure

* Polymake includes functionality for visualizing polytopes and fans, which can be used to visualize the
combinatorial data of toric varieties

+ Sage includes a module for plotting toric varieties and their associated polytopes, providing a way to
visualize the geometry of toric varieties

Toric Geometry Applications

Applications to Algebraic Geometry

* Toric geometry provides a bridge between algebraic geometry and combinatorics, allowing techniques
from one field to be applied to the other

* Toric varieties can be used to construct explicit examples of algebraic varieties with desired
properties, such as Fano varieties or varieties with positive Ricci curvature

« Toric Fano varieties can be classified using the combinatorics of polytopes, and provide a rich source
of examples in the study of Fano varieties

* Toric varieties with positive Ricci curvature can be constructed using the combinatorics of polytopes,
providing examples of Kahler-Einstein metrics and the Calabi conjecture

» The combinatorial structure of toric varieties can be used to study the geometry of more general
algebraic varieties, such as through toric degenerations or toric embeddings

* Toric degenerations are a technique for studying the geometry of a variety by degenerating it to a toric
variety, which can be studied using combinatorial methods

« Toric embeddings are a way of embedding a variety into a toric variety, which can be used to study
the geometry of the original variety using toric methods

Applications to Combinatorics and Other Fields

* Toric geometry can be used to study the intersection theory of algebraic varieties, with the
combinatorics of fans providing explicit formulas for intersection numbers

* The intersection numbers of divisors on a toric variety can be computed using the combinatorics of the
fan and the Bernstein-Kushnirenko theorem

» The combinatorics of fans can be used to study the enumerative geometry of curves on toric varieties,
such as counting rational curves of given degree

* Problems in combinatorics, such as counting lattice points in polytopes or studying the facial structure
of polytopes, can be approached using the geometry of toric varieties

» The Ehrhart theory of lattice polytopes can be studied using toric varieties, providing a geometric
approach to problems in enumerative combinatorics
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* The facial structure of a polytope can be studied using the toric variety associated to its normal fan,
providing a connection between the combinatorics of polytopes and the geometry of toric varieties

« Toric geometry has applications to mathematical physics, where toric varieties arise naturally in the
study of mirror symmetry and string theory

 Mirror symmetry relates the complex geometry of a Calabi-Yau variety to the symplectic geometry of
its mirror, which can be constructed as a toric variety

* Toric geometry provides a computational framework for studying the geometry of Calabi-Yau varieties
and their mirrors, with applications to enumerative geometry and physics
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Unit 11 — Sheaves and Cohomology in
Computation

11.1 Introduction to sheaf theory

Sheaves are like secret agents, attaching algebraic data to open sets of spaces. They follow strict rules of
locality and gluing, allowing us to study global properties by looking at local behavior. It's like piecing
together a puzzle!

Sheaves are crucial in algebraic geometry, helping us understand varieties and schemes. They're the
backbone of cohomology theories and provide a unified language for describing local and global
properties. It's like having a universal translator for geometry!

Sheaves in Algebraic Geometry

Definition and Basic Properties

+ Define sheaves as tools that attach algebraic data to open sets of a topological space compatibly with
restrictions

+ Specify that sheaves consist of a topological space X, a target category D (often abelian groups, rings,
or modules), and a contravariant functor F from the category of open sets of X to D

« State the two key properties satisfied by sheaves:
* Locality axiom: compatible sections on overlapping open sets agree on the intersection
* Gluing axiom: compatible sections on an open cover can be uniquely glued to a section on the union

 Explain that sheaves capture local-to-global phenomena, allowing the study of global properties by
analyzing local behavior

* Provide important examples of sheaves:
» Sheaf of regular functions on an algebraic variety
« Sheaf of continuous functions on a topological space

+ Sheaf of sections of a vector bundle (e.g., the tangent bundle or cotangent bundle)

Applications and Motivation

* Discuss how sheaves are used to study geometric properties of algebraic varieties by examining
algebraic data attached to open sets

+ Explain that sheaves provide a language to describe local and global properties of spaces in a unified
manner

« Highlight the role of sheaves in cohomology theories, such as sheaf cohomology and Cech
cohomology, which measure global properties of spaces

» Mention that sheaves are essential in the construction of schemes, the foundational objects of modern
algebraic geometry
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* Provide an example of how sheaves can be used to study the behavior of functions or sections near a
point or along a subvariety

Stalks and Sheafification

Stalks and Local Properties

* Define the stalk of a sheaf F at a point x as the direct limit (colimit) of the sections of F over all open
sets containing x, denoted Fx

» Explain that the stalk represents the germs of sections near x, capturing the local behavior of the
sheaf

+ Describe the stalk functor as a left adjoint to the functor that assigns to each sheaf its underlying
presheaf, providing a way to recover the sheaf from its stalks

+ Discuss how stalks allow the study of local properties of a sheaf at a specific point, such as:
» The dimension of the stalk as a vector space
» The maximal ideal of the stalk as a local ring

* Provide an example of computing the stalk of a sheaf at a point and interpreting its properties

Sheafification Process

« Explain the sheafification process as a way to construct a sheaf from a presheaf by ensuring that the
locality and gluing axioms are satisfied

* Describe the two-step process of sheafification:
1. Take the presheaf of stalks
2. Sheafify the resulting presheaf

« State that the sheafification functor is left adjoint to the forgetful functor from the category of sheaves
to the category of presheaves

» Emphasize that sheafification provides a universal way to turn presheaves into sheaves

» Give an example of a presheaf that is not a sheaf and demonstrate the sheafification process

Constructing and Manipulating Sheaves

Constructing Sheaves from Presheaves

+ Define a presheaf as a contravariant functor from the category of open sets of a topological space to a
target category D, without necessarily satisfying the locality and gluing axioms

« Explain that the sheafification functor can be applied to a presheaf to obtain an associated sheaf,
which is the "closest" sheaf to the given presheaf in a universal sense

* Provide an example of constructing a sheaf from a presheaf using sheafification, such as the sheaf of
continuous functions from the presheaf of locally constant functions
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Sheaf Operations

* Introduce sheaf operations, such as direct sums, tensor products, and sheaf Hom, as ways to
construct new sheaves from existing ones

* Describe the direct sum of sheaves as the sheaf obtained by taking the direct sum of the sections on
each open set

 Explain the tensor product of sheaves as the sheaf obtained by tensoring the sections on each open
set

* Define the sheaf Hom as the sheaf that assigns to each open set the set of morphisms between the
restrictions of two sheaves to that open set

* Discuss how sheaf Hom provides a way to study sheaf morphisms locally

* Give examples of computing sheaf operations, such as the direct sum or tensor product of the sheaf of
regular functions and the sheaf of differential forms on an algebraic variety

Sheaves and Locally Ringed Spaces

Ringed Spaces and Locally Ringed Spaces

+ Define a ringed space as a pair (X, OX) consisting of a topological space X and a sheaf of rings OX on
X, where OX is called the structure sheaf

« Introduce locally ringed spaces as ringed spaces (X, OX) where the stalks OX,x are local rings for all
points x in X

 Explain that locally ringed spaces provide a natural setting for studying geometric spaces with
algebraic structure

* Give examples of locally ringed spaces, such as:

» The prime spectrum of a ring A, denoted Spec(A), where X is the set of prime ideals of A and OX is
the sheaf of localizations of A at each prime ideal

* An algebraic variety with its sheaf of regular functions

Affine Schemes and Morphisms

+ Define affine schemes as the prime spectra of commutative rings, which serve as the building blocks
of algebraic geometry

 Explain that the category of affine schemes is equivalent to the opposite category of commutative
rings, providing a bridge between algebraic geometry and commutative algebra via the language of
sheaves and locally ringed spaces

* Introduce morphisms of locally ringed spaces as pairs consisting of:
* A continuous map between the underlying topological spaces
* A morphism of sheaves of rings, compatible with the local ring structure of the stalks

* Provide an example of a morphism between affine schemes induced by a ring homomorphism, and
describe its properties in terms of the associated sheaf morphism
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11.2 Cohomology of sheaves

Sheaf cohomology is a powerful tool in algebraic geometry, measuring how local properties of a sheaf
combine globally. It provides insights into geometric structures, helping solve problems related to gluing
sections and analyzing obstructions.

Computing sheaf cohomology involves techniques like Cech cohomology and derived functor methods.
These approaches allow us to calculate cohomology groups, which are crucial for understanding geometric
properties and proving important theorems in algebraic geometry.

Sheaf Cohomology in Algebraic Geometry

Definition and Properties

» Sheaf cohomology is a powerful tool for investigating the global characteristics of a sheaf on a
topological space or scheme, providing insights into the obstructions to resolving certain sheaf-related
problems

» Sheaf cohomology groups, denoted as H*i(X, F) for a sheaf F on a space X and i = 0, are constructed
as the right derived functors of the global sections functor

* The i-th cohomology group H%i(X, F) gauges the extent to which the sheaf condition for F fails in
degree i, with H*O(X, F) representing the global sections of F

 For example, H* (X, F) measures the obstruction to gluing local sections of F to obtain global sections

* In the context of algebraic geometry, sheaf cohomology is employed to analyze the geometric
properties of schemes, such as their dimension, smoothness, and singularities

* For instance, the dimension of a scheme can be determined by the vanishing of its cohomology
groups above a certain degree

Applications in Algebraic Geometry

» Sheaf cohomology plays a crucial role in the formulation and proof of significant theorems in algebraic
geometry

* The Riemann-Roch theorem, which relates the Euler characteristic of a coherent sheaf on a smooth
projective curve to its degree and the genus of the curve, relies on sheaf cohomology

« Serre duality, which establishes a duality between the cohomology groups of a coherent sheaf and its
dual on a smooth projective variety, is another important application of sheaf cohomology

+ For example, on a smooth projective curve X of genus g, Serre duality states that Hi(X, F) is dual to
HA(1-1)(X, FAv ® w_X), where F*v is the dual sheaf and w_X is the canonical sheaf

» The Hirzebruch-Riemann-Roch theorem, a generalization of the Riemann-Roch theorem to higher
dimensions, also heavily relies on sheaf cohomology for its statement and proof

Computing Sheaf Cohomology
Cech Cohomology

« Cech cohomology offers a computational approach to calculate sheaf cohomology, utilizing open
covers of the space and the associated Cech complex
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« Given an open cover U = {U_i} of a space X and a sheaf F, the Cech complex C*+(U, F) is constructed
using the sections of F on intersections of open sets in U

« The sections of F on an intersection U_i n U_j form the (i, j)-th term of the Cech complex

« The i-th Cech cohomology group HAi(U, F) is defined as the i-th cohomology of the Cech complex
Cr (U, F)

« For a sufficiently fine open cover, Cech cohomology is independent of the choice of cover and
computes the sheaf cohomology H"i(X, F)

« In practice, refining the open cover leads to isomorphic Cech cohomology groups

Derived Functor Cohomology

* Derived functor cohnomology provides another method to compute sheaf cohomology, leveraging the
theory of derived functors and injective resolutions

* An injective resolution of a sheaf F is an exact sequence 0 - F - I*0 - I - ..., where each I%i is an
injective sheaf

* Injective sheaves are analogous to injective modules and satisfy a similar universal property

* The i-th derived functor RAII(X, F) of the global sections functor I is defined as the i-th cohomology of
the complex I'(X, I*¢), where I+ is an injective resolution of F

* The derived functor cohomology groups RAIM(X, F) coincide with the sheaf cohomology groups H”i(X,
F), providing an alternative way to compute them

* This approach is more theoretical and relies on the machinery of homological algebra

Applications of Sheaf Cohomology

Long Exact Sequence of Cohomology

» The long exact sequence of cohomology is a powerful tool for relating the cohomology of different
sheaves in an exact sequence

* Given a short exact sequence of sheaves 0 - F - G - H - 0 on a space X, there is an associated
long exact sequence in cohomology: . .. =H'(X, F)=H'(X, G)=»H'(X, H)=H'i + 1)(X, F)~. ..

 The long exact sequence enables the computation of conomology groups of one sheaf in terms of the
cohomology groups of related sheaves

* For example, if two out of three sheaves in the short exact sequence have known cohomology, the
long exact sequence can be used to determine the cohomology of the third sheaf

Leray Spectral Sequence

* The Leray spectral sequence is a spectral sequence that relates the cohomology of a sheaf on a
space to the cohomology of its direct image sheaf under a continuous map

* For a continuous map f: X - Y and a sheaf F on X, the Leray spectral sequence is a spectral
sequence with E_2%(p,q) = H*p(Y, RAqf_F) converging to HA(p+q)(X, F), where RAqf_F is the g-th higher
direct image sheaf of F under f
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* The higher direct image sheaves R*qf_*F capture the cohomological information of F along the fibers
of f

» The Leray spectral sequence provides a way to compute the cohomology of a sheaf on a space in
terms of the cohomology of related sheaves on a simpler space

* This is particularly useful when the cohomology of sheaves on Y is easier to compute than on X

» The Leray spectral sequence has applications in various areas of algebraic geometry, such as the
study of sheaves on fibered spaces and the computation of the cohomology of sheaves on schemes

Sheaf Cohomology in Derived Categories

Derived Categories

* Derived categories offer a unified and abstract framework for studying cohnomology theories, including
sheaf cohomology

* The derived category D(X) of a space X is obtained by localizing the category of complexes of
sheaves on X with respect to quasi-isomorphisms

* Quasi-isomorphisms are morphisms of complexes that induce isomorphisms on cohomology

* Objects in the derived category are complexes of sheaves up to quasi-isomorphism, and morphisms
are obtained by formally inverting quasi-isomorphisms

* This allows for a more flexible and robust treatment of sheaf cohomology

Derived Functors

* Derived functors, such as the derived global sections functor RI" and the derived direct image functor
Rf_*, can be defined in the context of derived categories

* The derived global sections functor RI": D(X) -~ D(Ab) is defined by applying the global sections
functor I' to an injective resolution of a complex and taking the resulting complex in the derived category
of abelian groups D(Ab)

* This yields a functor that computes the sheaf cohomology of a complex of sheaves

* The derived direct image functor Rf_: D(X) — D(Y) for a continuous map f: X - Y is defined by applying
the direct image functor f_ to an injective resolution of a complex and taking the resulting complex in the
derived category D(Y)

* This functor computes the higher direct image sheaves and is related to the Leray spectral sequence

Sheaf Cohomology and Spectral Sequences

» Sheaf cohomology can be interpreted as the cohomology of the derived global sections functor R
applied to a sheaf, with H*i(X, F) = HA(RIT(F))

* This provides a conceptual understanding of sheaf cohomology in terms of derived functors

» The Leray spectral sequence and other cohomological spectral sequences can be naturally
interpreted in the framework of derived categories and derived functors

* The Leray spectral sequence arises from the derived direct image functor Rf_* and the derived global
sections functor R
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» The language of derived categories and derived functors allows for a more systematic and general
treatment of sheaf cohomology and related constructions

* This perspective has led to important developments in algebraic geometry, such as the theory of
perverse sheaves and the study of derived categories of coherent sheaves

11.3 Computational methods for sheaf conomology

Computational methods for sheaf cohomology are essential tools in algebraic geometry. They bridge local
and global properties of geometric objects, allowing us to extract crucial information about algebraic
varieties, curves, and surfaces.

These methods, including Cech and De Rham cohomology, use open covers and differential forms to
compute cohomology groups. Computational algebra systems like Macaulay2 and Singular implement
these algorithms, making complex calculations accessible to researchers and students alike.

Sheaf cohomology computation

Cech and De Rham cohomology

« Cech cohomology computes sheaf cohomology using an open cover of the topological space and the
corresponding Cech complex

« Obtained from the homology of the Cech complex

* Particularly useful for computing cohomology of sheaves on topological spaces

* De Rham cohomology computes sheaf cohomology using differential forms and the de Rham complex
« Utilizes the exterior derivative and the wedge product of differential forms

« Particularly useful for smooth varieties over the complex numbers (algebraic curves, surfaces)

Computational algebra systems

» Macaulay2, Singular, and CoCoA provide efficient implementations of algorithms for computing sheaf
cohomology

« Utilize techniques such as Grébner bases and free resolutions
* Allow for the computation of cohomology groups and their dimensions

* Choice of computational method depends on the specific problem and properties of the sheaf and
underlying space

+ Characteristic of the base field (finite fields, complex numbers)
* Regularity of the space (smooth, singular)

» Complexity of the sheaf (locally free, coherent)

Applications and importance

» Sheaf cohomology measures the global sections of a sheaf and their relations
* Provides a bridge between local and global properties of a geometric object

* Allows for the extraction of global information from local data
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» Powerful tool in algebraic geometry for studying various problems
« Classification of algebraic varieties (curves, surfaces)

» Computation of invariants (genus, Hodge numbers)

* Study of linear systems and divisors

» Cohomological techniques, such as Serre duality and Riemann-Roch theorem, rely on sheaf
cohomology

* Relate cohomology of a sheaf to its dual sheaf or Chern character

» Enable the computation of dimensions of spaces of global sections

Free resolutions and Grobner bases

Free resolutions

* Free resolutions represent a module using free modules and maps between them
+ Capture the essential homological properties of the module

* Minimal free resolution is unique up to isomorphism

» Ranks of free modules in the minimal free resolution encode Betti numbers

* Invariants of the module

* Provide information about the structure and complexity of the module

* BGG correspondence connects free resolutions of modules over the exterior algebra to sheaf
cohomology

» Enables the computation of sheaf cohomology using free resolutions

* Particularly useful for modules over the exterior algebra (holonomic D-modules)

Grobner bases

» Grobner bases provide a canonical representation of ideals in polynomial rings

+ Enable efficient computation of algebraic operations (ideal membership, elimination)
* Allow for the effective manipulation of polynomial equations

* Used to compute syzygies and free resolutions of modules

* Determine the relations between generators of a module

+ Crucial for computing sheaf cohomology via free resolutions

* Tate resolution generalizes the BGG correspondence

» Computes sheaf cohomology using a minimal free resolution of the structure sheaf

* Particularly useful for computing cohomology of coherent sheaves on projective spaces
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Interplay between free resolutions and Grobner bases

* Free resolutions and Grobner bases are fundamental tools in homological algebra and commutative
algebra

* Play a crucial role in computing sheaf cohomology

* Allow for the effective manipulation of algebraic objects and their relations

» Grobner bases are used to compute free resolutions and syzygies

* Provide a way to determine the relations between generators of a module

» Enable the computation of Betti numbers and other homological invariants

» The combination of free resolutions and Grébner bases is a powerful computational approach
* Allows for the efficient computation of sheaf cohomology in various settings

+ Enables the study of complex algebraic varieties and their properties

Cohomological techniques in algebra

Serre duality and Riemann-Roch theorem

« Serre duality relates the cohomology of a coherent sheaf to the cohomology of its dual sheaf

* Allows for the study of linear series and the classification of vector bundles

* Provides a powerful tool for understanding the geometry of algebraic varieties

» Riemann-Roch theorem relates the Euler characteristic of a coherent sheaf to its Chern character
» Enables the computation of the dimension of the space of global sections of a sheaf

» Has applications in the study of divisors and linear systems on algebraic curves and surfaces

Local cohomology and Koszul complex

+ Local cohomology captures the local properties of a module at a specific point or subvariety
* Useful for studying the depth and dimension of modules

* Allows for the computation of invariants such as the Castelnuovo-Mumford regularity

» Koszul complex relates the exterior algebra to the symmetric algebra

* Plays a crucial role in the study of regular sequences

+ Used in the computation of Tor functors, which are related to sheaf cohomology via the Kiinneth
formula

Applications in algebraic geometry
* Vanishing of certain sheaf cohomology groups provides insights into the geometry of a variety
* Vanishing of higher cohomology groups of an ample line bundle implies projective normality
* Vanishing theorems, such as the Kodaira vanishing theorem, have important consequences in the

classification of algebraic varieties
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» Cohomological techniques are used in the study of moduli spaces of sheaves and vector bundles
» Fundamental ingredient in the construction of moduli spaces

« Allow for the computation of dimensions and singularities of moduli spaces

Applications of sheaf cohomology

Algebraic curves and surfaces

» Cohomology of line bundles on algebraic curves relates to the geometry of the curve
» Computes the genus of the curve and determines the existence of special divisors

+ Used in the study of the moduli space of curves and their compactifications (Deligne-Mumford
compactification)

» Sheaf cohomology is crucial in the classification of algebraic surfaces and computation of their
invariants

* Hodge numbers and Picard group provide information about the geometry and topology of the surface

* Used in the study of linear systems and the resolution of singularities (blow-ups, minimal models)

Syzygies and free resolutions

» Sheaf cohomology is a key tool in the computation of syzygies and free resolutions of algebraic
varieties

+ Allows for the effective computation of invariants such as the Castelnuovo-Mumford regularity and
Betti numbers

* Provides insights into the structure and complexity of the variety

+ Syzygies and free resolutions are used in the study of projective embeddings and the minimal model
program

» Determine the equations and relations defining an algebraic variety

+ Play a role in the birational classification of algebraic varieties

Toric varieties and combinatorial algebraic geometry

» Sheaf cohomology is used in the study of toric varieties, which are algebraic varieties described by
combinatorial data

» Computes the cohomology of toric varieties and studies their geometric properties
* Used in the classification of toric varieties and the study of their fans and polytopes

» Combinatorial techniques, such as Stanley-Reisner theory and simplicial complexes, are closely
related to sheaf cohomology

* Provide a way to compute cohomology groups using combinatorial data

« Allow for the study of algebraic varieties with a combinatorial structure (toric varieties, Stanley-Reisner
rings)
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Integration with computational techniques

» Sheaf cohomology is often combined with other computational techniques in algebraic geometry
» Grobner bases and resultants are used in the computation of syzygies and free resolutions

* Numerical methods, such as homotopy continuation and Newton-Puiseux algorithms, are employed in
the study of algebraic curves and surfaces

* The interplay between sheaf cohomology and computational techniques allows for the development of
powerful algorithms

» Enables the solution of complex problems in algebraic geometry and commutative algebra

« Facilitates the study of high-dimensional algebraic varieties and their moduli spaces
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Unit 12 — Robotics & Vision in Algebraic
Geometry

12.1 Algebraic geometry in robot kinematics

Algebraic geometry is a powerful tool for solving robot kinematics problems. It combines algebra and
geometry to model robotic systems using polynomial equations, providing a systematic approach to
analyze complex geometric relationships and find closed-form solutions.

In robot kinematics, algebraic geometry techniques help solve forward and inverse kinematics equations.
These methods can determine end-effector positions, plan optimal trajectories, avoid singularities, and
analyze robot workspaces, ultimately improving robot design and performance.

Algebraic Geometry for Robot Kinematics

Combining Abstract Algebra and Geometry

+ Algebraic geometry combines abstract algebra with geometry to study geometric objects defined by
polynomial equations

+ Polynomial equations can be used to model the kinematics of robotic systems (robotic arms, mobile
robots)

* Algebraic geometry techniques, such as polynomial solving and elimination theory, can be used to
derive and solve the nonlinear equations that arise in robot kinematics problems

Systematic Approach to Robot Kinematics

* Robot kinematics is the study of the motion of robots, specifically the relationship between the joint
parameters and the position and orientation of the end-effector in space

» Forward kinematics uses the joint parameters (joint angles, link lengths) to determine the position and
orientation of the end-effector

* Inverse kinematics finds the joint parameters that achieve a desired end-effector pose (position and
orientation)

* Algebraic methods provide a systematic approach to analyze the complex geometric relationships in
robotic systems and find closed-form solutions for kinematics equations

» Grobner bases, a fundamental tool in computational algebraic geometry, can be used to simplify and
solve the polynomial equations that describe robot kinematics

Geometric Relationships in Robots
Robot Manipulator Components

» Robot manipulators consist of a series of links connected by joints, forming a kinematic chain

» The geometric relationships between these components (links, joints) determine the robot's motion
and workspace
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* Denavit-Hartenberg (DH) parameters are a standard convention used to describe the geometric
relationship between adjacent links in a robot manipulator

» The four DH parameters (a, a, d, 8) define the relative position and orientation of the coordinate
frames attached to each link

* DH parameters include link length (a), link twist (a), joint offset (d), and joint angle (0)

Algebraic Representation of Geometric Relationships

* Homogeneous transformation matrices, composed of rotation and translation components, can be
used to represent the spatial relationships between robot links and joints algebraically

* The product of the homogeneous transformation matrices for each link-joint pair in the kinematic chain
yields the overall transformation matrix, which relates the base frame to the end-effector frame

* Algebraic techniques, such as matrix multiplication and trigonometric identities, can be applied to
manipulate and simplify the transformation matrices, enabling the analysis of robot geometry and
motion

» Screw theory, an algebraic formalism that combines the concepts of linear and angular velocity, can
be used to describe the instantaneous motion of robot joints and links

Forward and Inverse Kinematics Equations

Forward Kinematics

» Forward kinematics equations express the position and orientation of the end-effector as a function of
the joint variables (joint angles for revolute joints, joint distances for prismatic joints)

 The forward kinematics equations can be derived by multiplying the homogeneous transformation
matrices for each link-joint pair in the kinematic chain, following the order from the base to the
end-effector

* The resulting forward kinematics equations are nonlinear, involving trigonometric functions of the joint
variables (sine, cosine)

» Forward kinematics equations enable the computation of the end-effector pose given the joint
configuration

Inverse Kinematics

* Inverse kinematics equations determine the joint variables required to achieve a desired end-effector
position and orientation

+ Deriving the inverse kinematics equations involves solving the nonlinear forward kinematics equations
for the joint variables, given the desired end-effector pose

« Algebraic methods, such as polynomial solving, resultants, and dialytic elimination, can be used to
derive closed-form solutions for the inverse kinematics equations

» These methods involve manipulating the polynomial equations to eliminate variables and find the roots
corresponding to the joint solutions

* Resultants and dialytic elimination are techniques for eliminating variables from polynomial equations
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* In some cases, the inverse kinematics problem may have multiple solutions (multiple robot
configurations reaching the same pose) or no solutions (unreachable poses), which can be determined
using algebraic geometry techniques

Robot Motion Optimization

Trajectory Planning and Singularity Avoidance

+ Algebraic geometry can be used to analyze and optimize various aspects of robot motion, such as
trajectory planning, singularity avoidance, and workspace determination

+ Polynomial optimization techniques, such as sum-of-squares programming and semidefinite
programming, can be applied to find optimal robot trajectories that minimize energy consumption,
reduce vibrations, or satisfy other performance criteria

« Algebraic methods can be used to identify and avoid kinematic singularities, which are configurations
where the robot loses one or more degrees of freedom, leading to reduced controllability

« Singularities correspond to the solutions of certain polynomial equations derived from the robot's
Jacobian matrix

 Groébner bases and resultants can be used to compute and analyze these singularity equations

Workspace Analysis and Mechanism Design

* The robot's workspace, defined as the set of all reachable end-effector poses, can be characterized
using algebraic geometry techniques

» The workspace can be represented as a semi-algebraic set, described by a system of polynomial
inequalities

+ Cylindrical algebraic decomposition (CAD) can be used to compute and visualize the robot's
workspace, enabling the identification of reachable and unreachable regions

* Algebraic methods can also be applied to design and optimize robot mechanisms, such as
determining the optimal link lengths and joint configurations to achieve desired performance
characteristics (payload capacity, speed, dexterity)

« Algebraic geometry provides a framework for analyzing the relationships between robot design
parameters and performance metrics, facilitating the development of efficient and effective robotic
systems

12.2 Computer vision problems and algebraic solutions

Computer vision problems often involve complex geometric relationships that can be elegantly modeled
using algebraic geometry. This powerful mathematical framework provides tools to represent and analyze
2D and 3D structures, enabling solutions to challenges like 3D reconstruction and camera calibration.

Algebraic methods offer a unified approach for tackling multi-view geometry issues, such as epipolar
geometry and trifocal tensor estimation. By formulating these problems as systems of polynomial
equations, researchers can leverage algebraic techniques to develop robust algorithms for tasks like
structure-from-motion and pose estimation.
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Algebraic Geometry in Computer Vision

Mathematical Tools for Modeling Geometric Structures

* Algebraic geometry provides mathematical tools and techniques to model and analyze geometric
structures and their properties using algebraic equations and inequalities

« Computer vision problems often involve geometric entities such as points, lines, curves, and surfaces
in 2D or 3D space, which can be represented and manipulated using algebraic methods

* The interplay between algebra and geometry in algebraic geometry enables the development of
robust and efficient algorithms for various computer vision tasks, such as 3D reconstruction, camera
calibration, and pose estimation

* Algebraic geometry allows for the formulation of computer vision problems in terms of polynomial
equations and constraints, enabling the application of powerful algebraic techniques for solving these
problems

Unified Framework for Analyzing Multiple Views

* Algebraic geometry provides a unified framework for representing and analyzing the relationships
between multiple views of a scene, which is fundamental to many computer vision applications

* The framework allows for the formulation of multi-view geometry problems, such as epipolar geometry
and trifocal tensor estimation, using algebraic equations and constraints

« Algebraic methods enable the estimation of geometric entities that relate multiple views, such as the
fundamental matrix, essential matrix, or trifocal tensor, which encode the geometric relationships
between camera views

* The unified algebraic framework facilitates the development of algorithms for tasks such as 3D
reconstruction, camera pose estimation, and structure-from-motion, by leveraging the algebraic
representations and constraints across multiple views

3D Reconstruction with Algebra

Formulating 3D Reconstruction as Polynomial Equations

+ 3D reconstruction involves recovering the 3D structure of a scene from multiple 2D images taken from
different viewpoints, which can be formulated as a system of polynomial equations using algebraic
geometry

» The pinhole camera model, which describes the mathematical relationship between 3D points in the
world and their 2D projections on the image plane, can be represented using algebraic equations
involving the camera matrix and projection matrix

* Epipolar geometry, which describes the geometric relationship between two views of a scene, can be
formulated using the fundamental matrix or essential matrix, which can be estimated using algebraic
techniques such as the eight-point algorithm or the five-point algorithm

« Algebraic methods, such as the direct linear transformation (DLT) algorithm, can be used to estimate
the camera projection matrix from corresponding 2D-3D point pairs, enabling the recovery of camera
pose and scene structure
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Camera Calibration as an Algebraic Optimization Problem

« Camera calibration aims to estimate the intrinsic and extrinsic parameters of a camera, such as focal
length, principal point, and camera pose, which can be formulated as an algebraic optimization problem

* Intrinsic camera parameters, such as focal length and principal point, can be estimated by solving a
system of algebraic equations derived from known 3D-2D point correspondences

» Extrinsic camera parameters, which describe the camera's position and orientation in the world
coordinate system, can be estimated by minimizing the algebraic error between the projected 3D points
and their corresponding 2D image points

+ Algebraic methods, such as the Zhang's method or the direct linear transformation (DLT) algorithm,
can be used to solve the camera calibration problem by leveraging the algebraic relationships between
3D points and their 2D projections

Camera Pose and Scene Structure Estimation

Perspective-n-Point (PnP) Problem

* The perspective-n-point (PnP) problem involves estimating the camera pose given a set of 2D-3D
point correspondences, which can be solved using algebraic methods such as the direct linear
transformation (DLT) or the efficient PnP (EPnP) algorithm

* The PnP problem can be formulated as a system of algebraic equations relating the 3D points in the
world coordinate system to their corresponding 2D projections in the image plane

* Algebraic methods for solving the PnP problem often involve minimizing the algebraic error between
the projected 3D points and their observed 2D image points, subject to the constraints imposed by the
camera model and the point correspondences

* The choice of algebraic parameterization and the handling of noise and outliers in the point
correspondences can significantly impact the accuracy and robustness of the PnP solution

Structure-from-Motion (SfM) and Multi-View Geometry

* The structure-from-motion (SfM) problem aims to simultaneously estimate the camera poses and 3D
structure of a scene from multiple images, which can be formulated as a nonlinear optimization problem
and solved using algebraic techniques such as bundle adjustment

« Algebraic methods, such as the eight-point algorithm or the normalized eight-point algorithm, can be
used to estimate the fundamental matrix between two views, which encodes the epipolar geometry and
enables the triangulation of 3D points from corresponding 2D features

* The trifocal tensor, which describes the geometric relationship between three views of a scene, can be
estimated using algebraic methods and provides additional constraints for 3D reconstruction and
camera pose estimation

« Algebraic techniques, such as the direct linear transformation (DLT) or the gold standard algorithm,
can be used to estimate the homography matrix between two planar views, enabling the recovery of
camera pose and planar scene structure
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Limitations of Algebraic Approaches

Sensitivity to Noise and Ouitliers

* Algebraic methods often rely on the assumption of noise-free measurements and perfect
correspondences between image features, which may not hold in real-world scenarios due to image
noise, occlusions, and outliers

» The presence of outliers and mismatches in feature correspondences can significantly affect the
accuracy and robustness of algebraic solutions, requiring the use of robust estimation techniques such
as RANSAC (Random Sample Consensus) to mitigate their impact

* Algebraic approaches may be sensitive to the choice of error metrics and the handling of noise in the
measurements, requiring careful consideration of the problem formulation and the statistical properties
of the data

Numerical Instability and Degenerate Configurations

+ Algebraic methods may suffer from numerical instability and degenerate configurations, such as
coplanar points or near-degenerate camera motions, which can lead to ill-conditioned systems of
equations and inaccurate solutions

» Degenerate configurations, such as points lying on a plane or cameras with parallel optical axes, can
cause algebraic methods to fail or produce ambiguous solutions

» Numerical instability can arise from the choice of algebraic parameterizations, the conditioning of the
equation systems, and the presence of measurement noise, requiring robust numerical techniques and
careful handling of special cases

* Algebraic approaches may require additional constraints or regularization techniques to handle
degenerate configurations and ensure the uniqueness and stability of the solutions

Computational Complexity and Scalability

» The nonlinearity and high dimensionality of many computer vision problems pose challenges for
algebraic methods, often requiring iterative optimization techniques and good initialization to converge
to accurate solutions

+ Algebraic approaches may not always provide the most efficient or scalable solutions for large-scale
computer vision problems, necessitating the development of specialized algorithms and data structures
to handle the computational complexity

+ The choice of algebraic representations and parameterizations can have a significant impact on the
accuracy and stability of the solutions, requiring careful consideration of the problem formulation and
numerical properties of the algebraic techniques used

* Algebraic methods may require additional computational resources, such as symbolic computation or
polynomial solvers, which can limit their applicability in real-time or resource-constrained scenarios

12.3 Motion planning and configuration spaces

Motion planning is a crucial aspect of robotics, allowing machines to navigate complex environments.
Configuration spaces provide a mathematical framework for representing robot positions and movements,
simplifying the planning process by transforming physical obstacles into abstract constraints.
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This topic connects to the broader chapter by showcasing how algebraic geometry applies to real-world
robotics challenges. It demonstrates how mathematical concepts can be used to solve practical problems
in robot motion, collision avoidance, and path planning.

Configuration space for motion planning

Concept and relevance

+ Configuration space (C-space) mathematically represents all possible configurations or poses of a
robot, considering its degrees of freedom and motion constraints

« Each point in C-space represents a unique robot configuration, encompassing all achievable
configurations

» C-space simplifies motion planning by reducing the problem to finding a path in a higher-dimensional
space, solvable using various algorithms

* Obstacles in the robot's workspace are mapped into C-space, creating regions the robot must avoid to
prevent collisions

* Motion planning in C-space involves finding a continuous collision-free path from the initial to the goal
configuration

Representation and mapping

* Robot configurations are represented using generalized coordinates (joint angles for articulated
robots, position and orientation for mobile robots)

+ Each robot degree of freedom corresponds to a C-space dimension, resulting in high-dimensional
spaces for complex robots

+ Obstacles are mapped into C-space by considering the robot's geometry and the obstacle's shape
and position

*» The free space in C-space, where the robot can move without collisions, is defined as the complement
of the obstacle regions

Representing robots and obstacles algebraically

Algebraic equations and inequalities
* Algebraic equations and inequalities define the boundaries and interior of obstacle regions in C-space
* Robot configurations can be represented using a set of generalized coordinates
+ Algebraic representations allow for efficient collision checking and path planning algorithms
* The free space in C-space is defined as the complement of the obstacle regions

* Algebraic representations enable the application of mathematical tools and techniques for motion
planning

Collision detection and avoidance

* Collision detection determines if a robot configuration intersects with any obstacle regions in C-space
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* Algebraic collision detection algorithms evaluate equations and inequalities representing the robot and
obstacles to check for intersections

« Common algebraic collision detection methods include the separating axis theorem,
Gilbert-Johnson-Keerthi (GJK) algorithm, and linear programming approaches

« Collision avoidance algorithms generate collision-free paths in C-space by modifying the robot's
trajectory or configuration

« Potential field methods create artificial potential functions in C-space (obstacles have repulsive
potentials, goal has an attractive potential) to guide the robot

Collision detection and avoidance algorithms

Sampling-based methods

» Sampling-based methods randomly sample configurations in C-space and connect them to create
collision-free paths

+ Rapidly-exploring Random Trees (RRT) incrementally build a tree of configurations by randomly
sampling points and extending the tree towards them

* Probabilistic Roadmaps (PRM) construct a graph of collision-free configurations and connect them
using local planning techniques

» Sampling-based methods are probabilistically complete, meaning the probability of finding a solution
approaches one as the number of samples increases

» These methods are effective in high-dimensional spaces and can handle complex robot geometries
and obstacle shapes

Optimization-based approaches

+ Optimization-based approaches formulate motion planning as an optimization problem, seeking to
minimize a cost function while satisfying constraints

+ Cost functions can include path length, energy consumption, smoothness, or other performance
metrics

« Constraints include collision avoidance, joint limits, velocity and acceleration bounds, and task-specific
requirements

» Convex optimization techniques (linear programming, quadratic programming) can efficiently solve
motion planning problems with linear or quadratic cost functions and constraints

* Nonlinear optimization methods (sequential quadratic programming, interior point methods) handle
more complex cost functions and constraints but may have higher computational complexity

Complexity and completeness of algebraic methods

Computational complexity

» Computational complexity refers to the time and space requirements of motion planning algorithms as
problem size increases

» Complexity depends on C-space dimensionality, number and complexity of obstacle regions, and
chosen algorithms
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+ Algebraic methods often have higher computational complexity compared to sampling-based
approaches, especially in high-dimensional spaces

* The trade-off between completeness and computational complexity should be considered when
selecting motion planning algorithms for specific applications

« Efficient implementations and approximations can help mitigate the computational burden of algebraic
methods

Completeness guarantees

» Completeness is a property of motion planning algorithms that guarantees finding a solution if one
exists or reporting that no solution exists

+ Algebraic motion planning methods can be resolution complete, finding a solution if one exists at a
given C-space resolution or discretization

* Resolution completeness depends on the granularity of the discretization and may require fine
resolutions for narrow passages or tight constraints

* Probabilistic completeness is another notion, where the probability of finding a solution approaches
one as the number of samples or iterations increases

» Sampling-based methods (RRT, PRM) are probabilistically complete, while some algebraic methods
may not provide completeness guarantees

» Completeness is important for mission-critical applications where finding a solution is crucial, but may
be relaxed for time-sensitive or approximate planning scenarios
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Unit 13 — Numerical Methods in Algebraic
Geometry

13.1 Numerical methods for algebraic varieties

Numerical methods for algebraic varieties bridge the gap between abstract algebra and computational
problem-solving. These techniques approximate solutions to complex polynomial systems when exact
methods fall short, using tools like homotopy continuation and subdivision algorithms.

Accuracy and efficiency are key concerns in numerical methods. Factors like problem conditioning,
approximation errors, and computational complexity all play a role. Software implementations leverage
specialized libraries and parallel computing to tackle challenging algebraic problems effectively.

Numerical Methods for Algebraic Varieties

Fundamental Concepts

« Algebraic varieties are geometric objects defined by systems of polynomial equations involving
concepts from algebra, geometry, and analysis

» Numerical methods approximate solutions to systems of equations when exact symbolic methods are
infeasible or impractical due to the size or complexity of the system

* Key techniques include:

» Homotopy continuation methods construct solution paths from a start system with known solutions to
a target system

« Subdivision methods recursively divide the domain to isolate solutions

+ Conditioning of a problem measures sensitivity of outputs to small changes in inputs
* lll-conditioned systems can amplify errors

* Well-conditioned systems are numerically stable

» Complexity of numerical algorithms is analyzed to understand their efficiency and scalability, including
concepts like arithmetic complexity, bit complexity, and parallel complexity

Certification Techniques

« Certification of solutions involves proving the existence, uniqueness, and approximation quality of
computed solutions

* Techniques for certification include:

* Interval arithmetic provides rigorous bounds on computed quantities
+ a-theory uses geometric invariants to certify solutions

» Exact linear algebra computes precise rational results

* Certification is important for reliability and trustworthiness of numerical methods
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Solving Polynomial Systems Numerically

Homotopy Continuation Methods

« Homotopy continuation finds isolated solutions by constructing a homotopy H(x, 1) between a start
system F(x) with known solutions and a target system G(x), then tracking solution paths from 1 =0 to
r=1

+ Polyhedral homotopies exploit monomial structure using the BKK bound on the number of solutions in
(C*)n

* Regeneration techniques avoid path-jumping by detecting and correcting divergent paths

« Example: solving the cyclic 7-roots problem using Bertini

Subdivision and Exclusion Methods

+ Subdivision methods like Bernstein's theorem and the Krawczyk operator recursively exclude regions
not containing solutions

* Interval arithmetic provides rigorous bounds for exclusion tests
» Example: isolating real solutions of the Wilkinson polynomial using INTLAB

» Grébner bases compute a canonical generating set of a polynomial ideal with nice algebraic
properties

» The Buchberger algorithm is the classical method for Grébner bases
* F4/F5 algorithms use linear algebra and signature techniques for efficiency

« Triangular decomposition converts a system into triangular form, where each equation introduces one
new variable

* Incremental solving generates a decomposition of the solution set

» Example: computing a triangular decomposition of the Katsura-5 system using RegularChains

Accuracy and Efficiency of Numerical Methods

Factors Affecting Accuracy

* Accuracy of numerical methods is affected by:

+ Conditioning of the problem and sensitivity to perturbations
 Approximation errors from truncation, discretization, or model reduction
» Round-off errors from finite precision arithmetic

*» These errors can compound across multiple stages of an algorithm

» Adaptive precision, using variable precision arithmetic with error bounds, can improve accuracy by
dynamically increasing precision as needed

Complexity and Efficiency

« Efficiency is measured by arithmetic and bit complexity
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« Arithmetic complexity counts the number of basic field operations (+, —, X, +)

* Bit complexity considers the size of integer coefficients and cost of multi-precision arithmetic

» Homotopy continuation scales exponentially with the number of solutions, but can be parallelized
* Polyhedral methods improve this by reducing the number of paths tracked

+ Subdivision methods have polynomial complexity in the size of the input, output, and reciprocal of the
accuracy €

* Pruning techniques and workload balancing optimizations can improve efficiency
» Sparse methods exploit monomial structure to improve complexity

 Faugeére's F4 and F5 algorithms for computing Grébner bases use linear algebra and signature
techniques for efficiency

* Benchmark problems are used to compare the performance of different implementations, including:
* The cyclic n-roots problems
» The Katsura systems

* The Chandra systems

Implementing Numerical Methods in Software

Homotopy Continuation Packages

* Homotopy continuation is implemented in packages like Bertini, PHCpack, and
HomotopyContinuation.j|

* These provide configurable, adaptive, and parallel path tracking algorithms

« Example: using Bertini to solve the cyclic 8-roots problem in parallel
Interval Arithmetic and Subdivision

+ Subdivision methods are available in the INTLAB package for MATLAB

* INTLAB provides rigorous interval arithmetic and polynomial exclusion tests

* Example: using INTLAB to isolate all solutions of a Chebyshev polynomial system
Computational Algebra Systems

» Grobner bases can be computed using systems like Singular, Macaulay2, or FGb

» These implement efficient algorithms like F4/F5 and exploit computational algebra techniques
* Triangular decomposition is implemented in the RegularChains library in Maple

+ Uses incremental solving and Hensel lifting for computations over Q

» Example: computing a Grobner basis for the cyclic 6-roots problem in Singular

Arbitrary Precision Libraries

* Arbitrary precision arithmetic is provided by libraries like GMP, MPFR, Arb, and FLINT
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» These use asymptotically fast algorithms for basic operations like multiplication and division

» Example: using MPFR to evaluate a ill-conditioned function with 1000-bit precision

Parallel Computation Frameworks

« Parallel computation can be performed using multithreading, MPI, or GPUs
* Frameworks like Cilk and CUDALIink enable parallelism at different granularities

* Example: using an NVIDIA GPU to accelerate path tracking in Bertini

13.2 Homotopy continuation methods

Homotopy continuation methods are a powerful tool for solving complex polynomial systems. They work by
gradually transforming a simple system with known solutions into the target system we want to solve. This
approach can find all isolated solutions, including complex and multiple ones.

These methods are globally convergent and don't need a good initial guess. They're used in various fields
like robotics, computer vision, and chemical engineering. By exploiting problem structure and using smart
algorithms, we can efficiently solve systems that would be tough to crack otherwise.

Homotopy Continuation Methods

Principles and Basic Concepts

* Homotopy continuation is a numerical method for solving systems of polynomial equations by
continuously deforming a simple system into the target system

« The basic idea of homotopy continuation is to construct a homotopy function H(X, t) that connects a
start system with known solutions to the target system to be solved

+ The homotopy function H(X, t) satisfies H(x, 0) = F(x) (start system) and H(x, 1) = G(X) (target
system), where F(x) and G(x) are polynomial systems

« Example: A linear homotopy function H(X, t) = (1 — t) * F(x) + t * G(x)

* The solution path is traced from the start system to the target system by varying the parameter t from
0 to 1, typically using predictor-corrector methods

* Predictor-corrector methods take small steps in t and correct the solution using Newton's method

Advantages and Applications

» Homotopy continuation methods can find all isolated solutions of a polynomial system, including
complex solutions and multiple solutions

* This is an advantage over local optimization methods that may only find a single solution

* Homotopy continuation methods are globally convergent, meaning they can find solutions starting
from any initial point

* In contrast, local optimization methods require a good initial guess close to the solution

* Applications of homotopy continuation include solving systems of polynomial equations arising in
various fields

* Robotics (inverse kinematics problems)
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» Computer vision (structure from motion)
» Chemical engineering (finding equilibrium states of reaction networks)

* Physics (solving equations of motion for mechanical systems)

Constructing Homotopy Functions and Paths

Homotopy Function Selection

» The choice of the homotopy function H(X, t) is crucial for the efficiency and convergence of the
continuation method

+ The start system F(X) should be chosen such that its solutions are known or easily computed, and the
solution paths from F(x) to G(X) are smooth and non-singular

» Example: Choosing a start system with the same monomial structure as the target system

+ A common homotopy function is the linear homotopy: H(x, t) = (1 — t) * F(x) + t * G(x), where F(x)
is the start system and G(x) is the target system

» The gamma-trick can be used to avoid singularities in the solution path by adding a random complex
number Y to the homotopy function: H(x, £) = (1 — t) * F(x) — t* y * G(x)

* This ensures that the solution paths avoid singular points with probability one

Exploiting Problem Structure

+ Polyhedral homotopies exploit the structure of sparse polynomial systems by constructing homotopy
functions based on the mixed volume of the Newton polytopes

» The mixed volume provides a tighter bound on the number of solutions than the total degree
 Exploiting problem structure can lead to more efficient homotopy continuation algorithms

» Fewer solution paths need to be traced

» The homotopy function can be chosen to have desirable properties (smoothness, non-singularity)

* Predictor-corrector methods, such as Euler's method or Runge-Kutta methods, are used to trace the
solution path by taking small steps in the parameter t and correcting the solution using Newton's
method

* The step size and order of the predictor-corrector method affect the accuracy and efficiency of path
tracking

Convergence and Complexity of Algorithms

Convergence Analysis

» The convergence of homotopy continuation methods depends on the regularity of the solution path
and the step size used in the predictor-corrector scheme

» The Jacobian matrix of the homotopy function plays a crucial role in the convergence analysis, as it
determines the local behavior of the solution path

* The condition number of the Jacobian matrix affects the accuracy and stability of the numerical
computations in the predictor-corrector steps
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» Adaptive step size control can be used to ensure convergence and efficiency
» Smaller steps are taken when the solution path is highly curved or near singular points

* Larger steps are taken when the solution path is relatively straight
Complexity Analysis

» The complexity of homotopy continuation algorithms is determined by the number of solution paths
that need to be traced and the cost of each predictor-corrector step

* The total degree homotopy has a complexity that depends on the product of the degrees of the
polynomials in the system, which can be exponential in the number of variables

« Example: A system of N quadratic equations has a total degree of 2"

* The polyhedral homotopy has a complexity that depends on the mixed volume of the Newton
polytopes, which is often much smaller than the total degree for sparse systems

* The mixed volume can be computed efficiently using algorithms from computational geometry

« Path tracking strategies, such as parallel path tracking or path merging, can be used to improve the
efficiency of homotopy continuation algorithms

* Parallel path tracking distributes the workload across multiple processors

+ Path merging avoids redundant computations by combining similar solution paths
Applications of Homotopy Continuation

Real-World Problems

* Homotopy continuation methods have been successfully applied to solve polynomial systems arising
in various fields

* Robotics (inverse kinematics problems)

» Computer vision (structure from motion)

» Chemical engineering (finding equilibrium states of reaction networks)
* Physics (solving equations of motion for mechanical systems)

*» The application of homotopy continuation to real-world problems often requires the formulation of the
problem as a system of polynomial equations and the selection of appropriate homotopy functions and
path tracking strategies

Problem Formulation and Solution Interpretation

» Formulating real-world problems as systems of polynomial equations is a crucial step in applying
homotopy continuation methods

+ This may involve introducing auxiliary variables or transforming the original equations
* The choice of variables and equations affects the sparsity and structure of the polynomial system

* The interpretation and validation of the solutions obtained by homotopy continuation methods are
important steps in the application process
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* The solutions may represent physically meaningful states or configurations of the system under study
» Domain knowledge is required to assess the feasibility and significance of the solutions

+ Visualization techniques can be used to gain insights into the solution space and the behavior of the
system

* Plotting the solution paths in the parameter space

+ Visualizing the solutions in the original problem space (joint angles, camera poses, chemical
concentrations)

13.3 Certification of numerical results

Numerical results in algebraic geometry can be tricky. Errors creep in due to finite precision and unstable
algorithms. That's where certification comes in. It's all about rigorously validating our computations to
ensure they're accurate and reliable.

Certification methods use techniques like interval arithmetic and error analysis to provide guaranteed
bounds on solutions. This lets us use numerical results confidently in proofs and applications. It's a crucial
step in making numerical algebraic geometry trustworthy and practical.

Certification in Algebraic Geometry

Importance and Challenges

» Numerical computations in algebraic geometry are prone to errors due to finite precision arithmetic,
ill-conditioning, and algorithmic instability

* Certification is the process of rigorously validating numerical results to ensure their correctness and
reliability

* Provides guarantees on the accuracy and completeness of numerical solutions
» Enables the use of certified results in proofs and applications

+ Challenges in certification include:

» Handling high-dimensional problems

* Dealing with complex algebraic structures

» Addressing singular or degenerate cases

Benefits and Applications

« Certified results provide guarantees on the accuracy and completeness of numerical solutions
* Allows for reliable use in proofs and applications
* Increases confidence in numerical computations

* Certification methods can be integrated into software libraries and tools for algebraic geometry
computations

* Enhances the reliability and usability of computational tools

* Facilitates the adoption of numerical methods in algebraic geometry research

Fiveable archived study guides Page 129



* Certified algorithms provide clear and interpretable output
* Includes bounds, error estimates, and reliability indicators

 Enables critical assessment of the quality and sensitivity of numerical results

Validation with Interval Arithmetic

Interval Representation and Propagation

* Interval arithmetic represents quantities as intervals containing the true value

* Accounts for uncertainties and errors in numerical computations

* Propagates errors through computations using interval operations

* Interval arithmetic can be used to enclose the solution set of algebraic systems
* Provides rigorous bounds on numerical results

» Guarantees that the true solution is contained within the computed intervals

Combining with A Posteriori Error Analysis

* A posteriori error analysis estimates the error in a computed solution by analyzing the residual or
backward error

* Assesses the quality of numerical solutions

* Provides a measure of the distance between the computed and exact solutions
« Error estimates can be used to adaptively refine numerical solutions

* Guides the iterative improvement of approximations

* Helps achieve desired accuracy and precision

» Combining interval arithmetic with a posteriori error analysis provides a comprehensive framework for
certifying numerical results

* Leverages the strengths of both approaches

» Enhances the reliability and efficiency of certification methods

Error Bounds for Numerical Computations

Rigorous Bounds on Solutions

* Rigorous bounds on solutions can be obtained using techniques such as:
» Krawczyk operator

» Newton-Kantorovich theorem

* Fixed-point theorems and contraction mapping principles

* These techniques provide guaranteed enclosures of the solution set

* Ensures that the true solution lies within the computed bounds
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« Offers a rigorous foundation for certifying numerical results

Error Estimates for Polynomial Systems and Linear Algebra

« Error estimates for polynomial system solving can be derived using:

+ Condition numbers

* Separation bounds

* Alpha-theory

» Bounds on the distance between approximate and exact solutions can be established
 Quantifies the accuracy of numerical solutions

* Helps assess the reliability of computed results

* Rigorous error analysis of numerical linear algebra operations is crucial for certifying results in
algebraic geometry

* Includes eigenvalue computations, matrix factorizations, and linear system solving

* Ensures the stability and accuracy of underlying numerical building blocks

Sharpness and Efficiency of Bounds

+ Developing sharp and efficient bounds requires a deep understanding of the underlying algebraic
structures and numerical algorithms

* Exploits problem-specific properties and structures

* Aims to minimize overestimation and computational overhead

» Sharp bounds provide tighter enclosures of the solution set

* Increases the precision and reliability of certified results

* Reduces the gap between computed approximations and exact solutions
« Efficient computation of bounds is essential for practical applicability

* Balances the trade-off between tightness and computational cost

* Enables certification of large-scale and complex problems

Implementation and Interpretation of Certification

Software Integration and Efficient Implementations

« Certification methods should be integrated into software libraries and tools for algebraic geometry
computations

» Enables seamless incorporation of certification capabilities
« Facilitates the use of certified algorithms by researchers and practitioners

« Efficient implementations of interval arithmetic and error analysis techniques are essential for practical
certification
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» Optimizes the performance and scalability of certification methods

» Minimizes the computational overhead associated with rigorous error bounds

Critical Interpretation and Comparison of Results

« Critical interpretation of certified results involves:

* Assessing the tightness of bounds

« Evaluating the sensitivity to input perturbations

+ Determining the overall confidence in the solutions

« Comparing and combining different certification approaches can enhance the reliability and efficiency
of numerical computations

+ Leverages the strengths of multiple techniques
* Provides cross-validation and increased assurance of correctness

* Developing user-friendly interfaces and visualization tools can facilitate the adoption and
understanding of certification methods

* Presents certified results in an accessible and interpretable manner

» Enables researchers to effectively utilize and communicate certified computations
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Unit 14 — Advanced Topics in
Computational Algebra

14.1 Tropical geometry and its applications

Tropical geometry is a fascinating field that bridges algebraic geometry and combinatorics. It replaces
classical arithmetic with tropical operations, transforming complex algebraic objects into simpler piecewise
linear structures. This shift allows for easier computation and analysis of geometric problems.

By studying tropical varieties, mathematicians gain insights into classical algebraic geometry and related
fields. Tropical methods have found applications in optimization, phylogenetics, game theory, and
mathematical physics, offering new perspectives on longstanding problems and opening up exciting
avenues for research.

Tropical Geometry Defined

Overview and Relation to Classical Algebraic Geometry

* Tropical geometry studies geometric objects defined by polynomial equations, replacing classical
arithmetic operations with tropical operations (minimum and addition)

* Solution sets of polynomial equations in tropical geometry are piecewise linear objects called tropical
varieties

* Tropical varieties can be viewed as combinatorial shadows of classical algebraic varieties

* Provides a way to study algebraic geometry over non-Archimedean fields (field of Puiseux series) by
considering valuations of coefficients

* Many classical algebraic geometry concepts have tropical analogues that are often easier to compute
and understand

» Bézout's theorem and intersection theory have tropical analogues

* Has connections to other areas of mathematics (combinatorics, polyhedral geometry, mathematical
physics)

Key Features and Advantages

* Tropical geometry offers a new perspective on algebraic geometry by replacing classical arithmetic
with tropical operations

* This change in operations leads to piecewise linear objects that are easier to study and compute
* Provides a bridge between algebraic geometry and combinatorics

* Tropical varieties have a strong combinatorial flavor and can be studied using combinatorial
techniques

* Allows for the study of algebraic geometry over non-Archimedean fields

» Non-Archimedean fields (Puiseux series) have a natural valuation that can be used to define tropical
varieties
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« Simplifies many classical algebraic geometry concepts and makes them more accessible

» Tropical analogues of Bézout's theorem and intersection theory are often easier to understand and
compute

Objects and Operations in Tropical Geometry

Tropical Semiring and Polynomials

* The tropical semiring (R U {=}, ®, ®) is the basic algebraic structure in tropical geometry
* @ denotes the minimum operation and ® denotes the addition operation

* Tropical polynomials are polynomials in the tropical semiring

* Coefficients are real numbers or infinity

* Operations are tropical addition and multiplication

» Example of a tropical polynomial: f(x, y) = 30xX°01lexy®4®y?

« In classical notation: f(X, ¥) =min(3+2x, 1+ x+y,4 + 2y)

Tropical Varieties and Morphisms

* The tropical hypersurface defined by a tropical polynomial is the set of points where the minimum of
the monomials is attained at least twice

* Forms a piecewise linear object

* Tropical varieties are the solution sets of systems of tropical polynomial equations
» Can be represented as the intersection of tropical hypersurfaces

« Example of a tropical line in R*2: defined by the equation X®y®0 =0

« In classical notation: min(x, y, 0) =0

* Tropical morphisms are piecewise linear maps between tropical varieties that preserve the tropical
structure

» Analogous to morphisms in classical algebraic geometry

Applications of Tropical Geometry

Optimization and Linear Programming

* Tropical geometry has applications in optimization, particularly in linear programming and the simplex
method

* The tropical semiring captures the essential properties of the min-plus algebra used in these areas
* The tropical version of the simplex method can be used to solve linear programming problems
* Provides a new perspective on the geometric aspects of linear programming

« Example: The tropical version of the assignment problem can be solved using tropical matrix
multiplication
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Phylogenetics and Evolutionary Biology

* In phylogenetics, tropical geometry is used to study the space of phylogenetic trees
* Phylogenetic trees represent evolutionary relationships among species

* Tropical varieties can be used to model the space of all possible phylogenetic trees satisfying certain
constraints

+ Allows for the study of the combinatorial and geometric properties of phylogenetic tree spaces

» Example: The Bergman fan of a matroid can be used to represent the space of phylogenetic trees with
a given set of splits

Game Theory and Economics

« Tropical geometry has connections to game theory and economics

* The tropical semiring can be used to model certain types of games and markets (bargaining problem,
housing market)

* Tropical methods can be used to study the equilibria and dynamics of these systems
* Provides a new perspective on the geometric aspects of game theory and economics

« Example: The tropical version of the Nash equilibrium can be studied using tropical polyhedra

Mathematical Physics and Integrable Systems

« In mathematical physics, tropical geometry has been applied to the study of integrable systems (KP
equation, ultradiscrete Toda lattice)

* Considers the tropical limit of these systems
* Tropical methods can be used to study the combinatorial and geometric aspects of integrable systems
* Provides a new perspective on the structure and dynamics of these systems

* Example: The tropical version of the KP equation can be studied using tropical Grassmannians and
the ultradiscrete Toda lattice can be studied using tropical Prym varieties

Tropical Geometry Connections

Combinatorics and Matroids

* Tropical geometry has deep connections to combinatorics
* Many combinatorial objects (matroids, polyhedra) can be studied using tropical methods

» The Bergman fan of a matroid is a tropical variety that encodes the combinatorial structure of the
matroid

* Provides a geometric perspective on matroid theory
* Tropical methods can be used to study the combinatorial properties of polyhedra

* The tropical version of a polytope is a polyhedral complex that retains many of the combinatorial
properties of the original polytope
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Toric Geometry and Convex Polytopes

* Tropical geometry is related to toric geometry, which studies algebraic varieties that arise from convex
polytopes

* The tropicalization of a toric variety is a tropical variety that retains many of the combinatorial
properties of the original toric variety

* Provides a way to study toric varieties using tropical methods

* Tropical methods can be used to study the combinatorial and geometric properties of convex
polytopes

* The tropical version of a polytope is a polyhedral complex that encodes the combinatorial structure of
the polytope

Non-Archimedean Geometry and p-adic Numbers

« Tropical geometry has applications in non-Archimedean geometry, which studies geometric objects
over fields with a non-Archimedean valuation (p-adic numbers)

* Tropical varieties can be used to study the structure of non-Archimedean analytic spaces
* Provides a way to study non-Archimedean geometry using combinatorial and polyhedral methods

* The tropicalization of a p-adic analytic space is a tropical variety that encodes the non-Archimedean
structure of the space

* Allows for the study of p-adic geometry using tropical methods

Mirror Symmetry and Enumerative Geometry

* Tropical geometry has connections to mirror symmetry, a conjectural duality between symplectic
geometry and complex geometry

* The tropical version of mirror symmetry relates tropical curves to Landau-Ginzburg models

* Has been used to study the enumerative geometry of rational curves

* Tropical methods can be used to study the combinatorial and geometric aspects of mirror symmetry
* Provides a new perspective on the structure and properties of mirror pairs

» Example: The tropical version of the Gromov-Witten invariants can be studied using tropical curves
and Landau-Ginzburg models

14.2 Derived algebraic geometry

Derived algebraic geometry takes algebraic geometry to the next level by adding homotopy theory and
higher categories. It's like giving your geometric objects superpowers, allowing them to handle tricky
situations like singularities and weird intersections with ease.

This advanced approach opens up new possibilities for studying complex mathematical structures. It's
particularly useful in areas like representation theory and mathematical physics, where these souped-up
geometric objects can reveal hidden insights and connections.
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Derived Algebraic Geometry

Introduction and Motivation

* Derived algebraic geometry extends classical algebraic geometry by incorporating homotopical and
higher categorical techniques to study geometric objects and their deformations

* Provides a unified framework for studying singular spaces, moduli spaces, and geometric objects with
non-trivial derived structures

* Allows for the study of intersections, fiber products, and quotients in a well-behaved manner, even in
the presence of singularities or non-transverse intersections

« Particularly well-suited for studying geometric objects that arise in representation theory, mathematical
physics, and other areas where derived phenomena play a crucial role

Key Concepts and Techniques

» Geometric objects are replaced by their derived enhancements, which are objects in a higher category
that capture additional homotopical information

» Main higher categorical structures used include simplicial sets, simplicial rings, and «~-categories,
which allow for the encoding of homotopical and derived data

* Homotopy limits and colimits, the homotopical analogues of ordinary limits and colimits, play a central
role in constructions and computations

* o-categories, which generalize ordinary categories by allowing morphisms in higher dimensions,
provide a natural framework for organizing and manipulating derived structures

Homotopy Theory in Derived Geometry
Role of Homotopy Theory

» Homotopy theory, which studies the properties of spaces up to continuous deformations, provides the
foundational language for derived algebraic geometry

» Homotopical techniques allow for the study of geometric objects and their deformations in a more
flexible and general setting

» Homotopy groups, homotopy limits, and homotopy colimits are essential tools in the formulation and
computation of derived geometric structures

Higher Category Theory

« Higher category theory, particularly the theory of »-categories, is a central organizing principle in
derived algebraic geometry

* o-categories generalize ordinary categories by allowing morphisms in higher dimensions, enabling the
encoding of homotopical and derived information

« Simplicial sets, simplicial rings, and other higher categorical structures provide the building blocks for
derived geometric objects

» Higher categorical constructions, such as homotopy limits and colimits, are used extensively in the
study of derived schemes, stacks, and moduli spaces
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Constructions in Derived Geometry

Derived Schemes and Stacks

* Derived schemes generalize the concept of a scheme in classical algebraic geometry, incorporating
additional homotopical and derived information

* Defined using the language of simplicial rings and »-categories, derived schemes provide a natural
setting for studying geometric objects with derived structures

* Derived stacks are derived analogues of algebraic stacks, allowing for the study of moduli problems
and quotients in the derived context

* Derived schemes and stacks have well-behaved notions of intersection, fiber product, and base
change, even in the presence of singularities or non-transversality

Cotangent Complex and Deformation Theory

» The cotangent complex is a derived version of the cotangent bundle, playing a fundamental role in the
deformation theory of derived schemes

« Captures the infinitesimal properties and deformations of derived geometric objects

» Enables the study of obstruction theories, virtual fundamental classes, and other important concepts in
derived algebraic geometry

» Deformation theory in the derived setting provides a powerful tool for understanding the local and
global structure of moduli spaces and their derived enhancements

Applications of Derived Geometry

Representation Theory and Geometric Langlands

* Derived algebraic geometry provides a natural framework for understanding the geometry of moduli
spaces of representations in geometric representation theory

* Has been used to formulate and prove important results in the geometric Langlands program, relating
representations of Galois groups to representations of algebraic groups

* Derived techniques have shed new light on the structure of character varieties, Hitchin systems, and
other objects of interest in representation theory

Mathematical Physics and Quantum Field Theory

* Derived algebraic geometry has found applications in the study of quantum field theories and their
associated moduli spaces, such as the moduli space of vacua in supersymmetric gauge theories

» Has been used to investigate the geometry of string theory and M-theory, particularly in the context of
mirror symmetry and the geometric Langlands correspondence

* Provides a mathematical framework for understanding topological quantum field theories (TQFTs) and
their categorification

* Derived methods have been employed to study the geometric and algebraic structures underlying
various physical theories, such as conformal field theories and sigma models
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14.3 Quantum computing and algebraic geometry

Quantum computing and algebraic geometry are joining forces, creating exciting new possibilities. By
applying geometric tools to quantum systems, we're uncovering deeper insights into entanglement, error
correction, and information processing.

This fusion is reshaping both fields. Quantum algorithms are speeding up algebraic geometry
computations, while geometric techniques are improving quantum error correction and state
reconstruction. It's a symbiotic relationship pushing the boundaries of both disciplines.

Quantum Computing Principles

Fundamentals of Quantum Computing

» Quantum computing utilizes the principles of quantum mechanics, such as superposition and
entanglement, to perform computations on quantum bits (qubits) instead of classical bits

+ Qubits can exist in a superposition of multiple states simultaneously, allowing for parallel computation
and the potential for exponential speedup over classical computers for certain problems

« Example: A qubit can be in a superposition of the states |0} and |1}, represented as @|0) + B|1),
where @ and B are complex amplitudes

» Quantum gates are the basic building blocks of quantum circuits, which are used to manipulate and
transform the states of qubits

-lExampIe: The Hadamard gate (H) creates a superposition by transforming a qubit from |0) to
-=(]0) +[1))
V2

Quantum Algorithms and Challenges

» Quantum algorithms, such as Shor's algorithm for factoring and Grover's algorithm for searching,
leverage the unique properties of quantum systems to solve specific problems more efficiently than
classical algorithms

» Example: Shor's algorithm can factor large integers in polynomial time, whereas the best known
classical algorithms require exponential time

» The measurement of a qubit collapses its superposition, yielding a definite classical state, which is a
fundamental aspect of extracting information from quantum computations

» Quantum decoherence and noise are significant challenges in building and maintaining stable
quantum systems, requiring error correction techniques to mitigate their effects

* Example: The lifetime of a qubit's superposition state is limited by interactions with the environment,
necessitating the use of quantum error correction codes

Quantum Computing and Algebraic Geometry

Algebraic Geometry as a Framework for Quantum Systems

* Algebraic geometry provides a mathematical framework for studying geometric objects defined by
polynomial equations, which can be used to model and analyze quantum systems

+ The Hilbert space of a quantum system can be viewed as an algebraic variety, with the quantum
states represented as points on the variety
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* Example: The Bloch sphere, which represents the state space of a single qubit, is an algebraic variety
known as the complex projective line (C/P1)

» Quantum entanglement and correlations can be studied using algebraic geometric tools, such as the
Segre embedding and the Veronese embedding

» Example: The Segre embedding maps the product of two projective spaces (representing two qubits)
into a higher-dimensional projective space, capturing the entanglement between the qubits

Applications of Algebraic Geometry in Quantum Information

* The algebraic geometric concept of a Grobner basis can be applied to solve systems of polynomial
equations that arise in quantum error correction and quantum state tomography

» Toric varieties, a special class of algebraic varieties, have been used to construct quantum
error-correcting codes and study the structure of quantum entanglement

« Example: The toric code, a type of topological quantum error-correcting code, can be described using
the language of toric varieties

* The intersection of algebraic geometry and quantum information theory has led to the development of
new quantum protocols, such as quantum secret sharing and quantum key distribution

» Example: Quantum secret sharing schemes based on algebraic geometric codes have been proposed
to securely distribute a secret among multiple parties

Algebraic Geometry in Quantum Information

Quantum Error Correction

» Quantum error correction is crucial for maintaining the integrity of quantum information in the presence
of decoherence and noise, and algebraic geometry provides powerful tools for constructing and
analyzing quantum error-correcting codes

« Stabilizer codes, a widely used class of quantum error-correcting codes, can be described using the
language of algebraic geometry, with the code space corresponding to a subvariety of the Hilbert space

» Example: The five-qubit code, a simple stabilizer code, can be represented as the intersection of two
quadric hypersurfaces in Cp*

» The Grébner basis technique can be employed to find the generators of the ideal associated with a
quantum error-correcting code, enabling the efficient decoding of quantum information

Quantum State Tomography

* Quantum state tomography is the process of reconstructing the quantum state of a system from
measurements, and algebraic geometric methods can be used to optimize the measurement process
and improve the efficiency of state reconstruction

* The algebraic geometric concept of a moment map can be utilized to design optimal measurement
schemes for quantum state tomography, minimizing the number of measurements required to
reconstruct the state

» Example: The moment map associated with the action of the unitary group on the space of density
matrices can be used to derive optimal measurement bases for quantum state tomography
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» The connection between algebraic geometry and tensor networks, which are used to represent and
simulate quantum systems, has been exploited to develop new algorithms for quantum state
tomography and entanglement characterization

« Example: Tensor network renormalization techniques, inspired by algebraic geometry, have been
applied to efficiently perform quantum state tomography for low-rank states

Quantum Computing for Algebraic Geometry

Quantum Algorithms for Algebraic Geometry

* Quantum algorithms, such as the quantum Fourier transform and the quantum wavelet transform, can
be applied to efficiently solve certain problems in algebraic geometry, such as computing the
cohomology of algebraic varieties

» Example: The quantum Fourier transform can be used to compute the Betti numbers of an algebraic
variety, which characterize its topological properties

* Quantum machine learning techniques, which leverage the power of quantum computing for data
analysis and pattern recognition, can be used to study the structure and properties of algebraic varieties

» Example: Quantum support vector machines can be employed to classify points on an algebraic
variety based on their geometric features

* Quantum algorithms for solving systems of polynomial equations, such as the quantum Grébner basis
algorithm, have the potential to significantly speed up computations in algebraic geometry compared to
classical methods

Quantum Simulation and Optimization in Algebraic Geometry

» Quantum simulation of physical systems described by algebraic geometric models, such as the
quantum Hall effect and topological insulators, can provide insights into the behavior of these systems
and guide the design of new materials

» Example: The fractional quantum Hall effect can be modeled using the language of algebraic
geometry, with the topological properties of the system encoded in the Chern numbers of vector
bundles

» The quantum adiabatic algorithm, which exploits the adiabatic evolution of a quantum system to solve
optimization problems, can be applied to find the global minima of polynomial functions and study the
geometry of algebraic varieties

* Example: The quantum adiabatic algorithm can be used to find the ground state of a many-body
system described by a polynomial Hamiltonian, which corresponds to a point on an algebraic variety

» Quantum algorithms for integer factorization and discrete logarithms, which have implications for
cryptography, can be used to study the arithmetic properties of algebraic curves and their Jacobians

» Example: Shor's algorithm for integer factorization can be applied to compute the order of a point on
an elliptic curve over a finite field, which is a fundamental problem in elliptic curve cryptography

14.4 Open problems and current research trends

Computational algebraic geometry is tackling big challenges. Open problems like efficient Grébner basis
algorithms and solving polynomial inequalities keep researchers busy. The field is evolving, with machine

learning and quantum computing offering new possibilities.
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Research trends are diverse and exciting. From algebraic statistics to quantum algorithms, the field is
expanding its reach. Interdisciplinary collaborations are pushing boundaries, applying algebraic geometry
to physics, data science, and beyond.

Open Problems in Computational Algebraic Geometry

Complexity and Efficiency
» The P vs NP problem has significant implications for computational algebraic geometry
* Relates to the efficiency of algorithms for solving systems of polynomial equations

* Finding efficient algorithms for computing Grobner bases of ideals in polynomial rings is a major open
problem

* Potential applications in solving systems of polynomial equations, elimination theory, and algebraic
coding theory

+ Finding efficient algorithms for computing the primary decomposition of ideals in polynomial rings is
another major open problem

* Applications in algebraic geometry, commutative algebra, and computer algebra

Topology and Inequalities
* Finding efficient algorithms for computing the topology of algebraic varieties is an open problem
» Connections to algebraic topology and computational geometry
* Involves computing Betti numbers and fundamental groups

* The real algebraic geometry problem of finding efficient algorithms for solving systems of polynomial
inequalities remains a major open problem

« Applications in optimization, control theory, and robotics

Research Trends in Computational Algebraic Geometry

Machine Learning and Symbolic-Numeric Methods

» Using machine learning techniques in computational algebraic geometry is a growing research trend
* Potential applications in algorithm design, model selection, and data analysis
* Techniques include deep learning and reinforcement learning

* Developing new symbolic-numeric algorithms that combine symbolic computation with numerical
approximation is a current research trend

» Aims to improve the efficiency and stability of algorithms for solving systems of polynomial equations
and inequalities

Interdisciplinary Applications
* Algebraic statistics applies algebraic geometry techniques to problems in statistics and data analysis

» Growing research area with applications in bioinformatics, social sciences, and machine learning
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» Applying computational algebraic geometry techniques to problems in physics is a current research
trend

* Intersects mathematics and theoretical physics
* Includes the study of string theory and quantum field theory

+ Developing new software tools and libraries for computational algebraic geometry is an ongoing
research effort

* Provides efficient and user-friendly implementations of algebraic geometry algorithms

» Examples include Macaulay2, Singular, and SageMath

Impact of New Techniques

Quantum Computing and Machine Learning

» Quantum algorithms for computational algebraic geometry have the potential to significantly speed up
certain computations

» Example: quantum algorithm for solving systems of linear equations
» Opens up new possibilities for tackling larger and more complex problems

* Integrating machine learning techniques into computational algebraic geometry algorithms could lead
to more efficient and adaptive algorithms

* Algorithms that can automatically tune their parameters and improve their performance based on the
input data

Symbolic-Numeric Methods and Software Development

* New symbolic-numeric algorithms could enable the solution of currently intractable problems
» Overcomes limitations of purely symbolic or purely numerical approaches
+ Leads to new applications in science and engineering

* The growth of algebraic statistics as a research field could lead to new insights and techniques for
analyzing large and complex datasets

* Potential impacts in bioinformatics, social network analysis, and recommendation systems

+ Continued development and improvement of software tools and libraries for computational algebraic
geometry could lower the barrier to entry

 Enables more widespread adoption of algebraic geometry techniques in various fields

Interdisciplinary Nature of Research

Mathematical Interconnectedness

» Computational algebraic geometry draws on ideas and techniques from a wide range of mathematical
fields

« Commutative algebra, algebraic geometry, topology, complex analysis, and numerical analysis

* Highlights the interconnectedness of modern mathematics
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Physics and Data Science Applications

* Applying computational algebraic geometry to problems in physics demonstrates the field's
interdisciplinary nature

» Advances understanding of fundamental physical theories
* Examples: studying string theory landscapes and the geometry of spacetime

+ Using computational algebraic geometry in algebraic statistics and machine learning showcases the
field's relevance to data science

* Provides new tools and insights for analyzing complex datasets across various domains

Quantum Computing and Collaboration

+ Developing quantum algorithms for computational algebraic geometry problems highlights the field's
connection to quantum computing

* Leverages the power of quantum technologies to solve complex mathematical problems

+ Collaboration between mathematicians, computer scientists, and domain experts from various fields
underscores the interdisciplinary nature of contemporary research

* Applies computational algebraic geometry techniques to real-world problems in biology, economics,
engineering, and more
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