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Unit 1 — Introduction to Logic and Proofs

1.1 Propositional Logic and Truth Tables

Propositional logic is the foundation of logical reasoning in discrete math. It deals with statements that are
either true or false, and uses symbols to represent complex ideas. This topic introduces the building blocks
you'll use throughout logical arguments and proofs.

Truth tables are the main tool for working with propositional logic. They show every possible combination of
truth values for a set of statements, which lets you see exactly how logical operators behave. Getting
comfortable with truth tables now will pay off when you move into analyzing arguments and writing proofs.

Propositional Basics

Fundamental Components of Propositional Logic

A proposition is a declarative statement that is either true or false, with no middle ground. "The sky is blue"
is a proposition (it has a definite truth value). A question like "What time is it?" is not a proposition, because
it can't be true or false.

« Simple propositions express a single, complete thought: "5 is a prime number" (true), "Toronto is in
France" (false)

» Compound propositions combine multiple simple propositions using logical connectives like and, or,
not, if-then, and if and only if

« Propositions are typically represented by lowercase letters like P, 9, and r

These simple and compound propositions form the building blocks of every logical argument you'll
encounter in this course.

Constructing and Interpreting Truth Tables

A truth table is a systematic way to determine the truth value of a compound proposition for every possible
combination of its components. Here's how to build one:

1. Identify all the distinct simple propositions (P, 9, r, etc.)

2. Calculate the number of rows: 2", where 1 is the number of distinct propositions. Two propositions
give you 4 rows; three give you 8

3. Create columns for each simple proposition, then additional columns for each sub-expression and
the final compound proposition

4. Fill in truth values for the simple propositions first, using T (true) and F (false). A standard pattern for
two propositions is TT, TF, FT, FF

5. Evaluate the compound expression column by column, applying one connective at a time, working
from the innermost grouping outward

You read the finished table row by row. Each row tells you: "Given this combination of inputs, the
compound statement evaluates to this."

Truth tables are especially useful for verifying whether two expressions are logically equivalent and for
checking whether an argument is valid.
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Logical Operators

Fundamental Logical Connectives

Each logical connective has a precise definition that determines how it combines truth values.

Negation (NOT) reverses the truth value of a single proposition. The symbol is ™, so 7P reads "not p." If P
is true, 7P is false, and vice versa.

Conjunction (AND) combines two propositions and is true only when both are true. The symbol is A, so
P A q reads "p and q." Think of it as a strict requirement: both parts must hold.

Disjunction (OR) combines two propositions and is true when at least one is true. The symbol is V, so
P V g reads "p or q." This is the inclusive or, meaning it's also true when both are true.

Implication (IF-THEN) connects a hypothesis P to a conclusion 9. The symbol is =, so P = 4 reads "if p,
then q." The tricky part: an implication is false in only one case, when P is true and 9 is false. If the
hypothesis is false, the implication is automatically true regardless of 9. This "vacuous truth" trips up a lot
of students, so watch for it.

Biconditional (IF AND ONLY IF) is true exactly when both propositions share the same truth value (both
true or both false). The symbol is < , so P < 9 reads "p if and only if g."

Truth Table Representations of Logical Operators

plalpaq
TIT| T
T|F| F
FIT| F
FIF| F
plalpvaq
TIT| T
TIFI T
FIT| T
FIF| F
pl-p

T|F

FIT

plalp-q
TIT| T
T|F| F
FIT| T
FIF| T
plalpeq
TIT| T
T|F| F
FIT| F
FIF| T

A helpful way to remember implication: the only "broken promise" is when you say "if p then q," p happens,
and q doesn't. In every other scenario, the promise holds.
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Truth Table Outcomes

Special Types of Compound Propositions

Once you've filled out a truth table, look at the final column. The pattern there tells you what type of
compound proposition you're dealing with:

« A tautology is always true, no matter what truth values the components take. The final column is all
T's. Classic example: P V 7P ("p or not p"). Every row evaluates to true.

* A contradiction is always false, regardless of the components. The final column is all F's. Classic
example: P A 7P ("p and not p"). No combination of values can make it true.

* A contingency is everything else: sometimes true, sometimes false, depending on the input values.
Most compound propositions you'll encounter, like P = 9, are contingencies.

Analyzing and Applying Truth Table Outcomes

These three categories matter because they show up constantly in proofs and logical reasoning.

Tautologies are guaranteed truths, so they're used to establish logical laws. If you can show that an
argument's structure is a tautology, you've proven the argument is valid. Contradictions signal logical
inconsistency. If your reasoning leads to a contradiction, something in your assumptions must be wrong
(this is the basis of proof by contradiction, which you'll see later). Contingencies remind you that a
statement's truth depends on context; you can't assume it's always true or always false without more
information.

When you're asked to classify a compound proposition, build the truth table and check the final column. All

T's means tautology, all F's means contradiction, and a mix means contingency.

1.2 Predicate Logic and Quantifiers

Predicate logic and quantifiers take logic to the next level. They let us make statements about groups of
things, not just individual facts. This is super useful in math and computer science.

We'll learn about predicates, which are like functions that return true or false. We'll also dive into quantifiers

like "for all" and "there exists". These tools help us express complex ideas clearly.

Predicates and Quantifiers

Understanding Predicates and Basic Quantifiers
* Predicate functions as a statement about a variable, returning true or false
* Predicates denoted by capital letters (P, Q, R) followed by parentheses containing variables
* Universal quantifier symbolized by V, meaning "for all" or "for every"
* Universal quantifier used to make statements about all elements in a domain
« Existential quantifier represented by 3, signifying "there exists" or "for some"
« Existential quantifier asserts the existence of at least one element satisfying a condition

+ Quantifiers bind variables, transforming predicates into propositions
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Negation and Manipulation of Quantifiers

* Negation of universal quantifier (-Vx P(x)) equivalent to existential quantifier with negated predicate
(Ix 7P(x))

» Negation of existential quantifier (-3x P(x)) equivalent to universal quantifier with negated predicate
(Vx 7P(x))

» De Morgan's laws for quantifiers help in manipulating and simplifying logical expressions

+ Quantifier negation often used in proofs and logical reasoning

Applying Quantifiers in Real-world Scenarios

* Universal quantifier applied in mathematics (all integers greater than 1 have a prime factor)
« Existential quantifier used in computer science (there exists a path between two nodes in a graph)
» Combination of quantifiers employed in defining mathematical concepts (continuity of functions)

+ Quantifiers crucial in formal specification of algorithms and systems

Variables and Domains

Defining Domains and Variable Types

» Domain represents the set of all possible values a variable can take

» Domains can be finite (set of playing cards) or infinite (set of real numbers)
* Specifying domain essential for interpreting quantified statements correctly
* Free variables occur in predicates without being bound by quantifiers

* Free variables allow for open-ended statements or formulas

» Bound variables linked to quantifiers, scope limited to quantified expression

* Binding of variables affects the meaning and interpretation of logical statements

Manipulating Variables in Logical Expressions

» Same variable can be free in one part of an expression and bound in another
* Renaming bound variables (alpha conversion) preserves the meaning of expressions
* Substitution of free variables must avoid variable capture

* Proper handling of variables crucial in automated theorem proving and formal verification
Advanced Quantification

Working with Nested Quantifiers

* Nested quantifiers involve multiple quantifiers applied to the same predicate
* Order of nested quantifiers significantly impacts the meaning of statements

« Statements with nested quantifiers often describe complex relationships or properties
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* Interpreting nested quantifiers requires careful analysis of variable dependencies
» Common in mathematical definitions (continuity of multivariable functions)
» Used in computer science for specifying complex algorithms or data structures

» Nested quantifiers appear in formal logic for expressing intricate philosophical concepts

Translating Between Natural Language and Nested Quantifiers

 Natural language statements often contain implicit nested quantification

* Translating between natural language and formal logic with nested quantifiers requires practice
» Ambiguities in natural language resolved through precise quantifier ordering

* Examples of nested quantifiers in mathematics (Ve > 0, 36 > 0 such that...)

» Computer science applications (Vx 3y such that y is accessible from x in a graph)

1.3 Rules of Inference and Validity

Rules of inference are the building blocks of logical reasoning. They allow us to draw valid conclusions
from given premises. Understanding these rules is crucial for constructing sound arguments and identifying
flaws in reasoning.

Validity and soundness are key concepts in evaluating arguments. A valid argument has a structure where
true premises guarantee a true conclusion. Sound arguments are valid and have true premises, ensuring a
true conclusion.

Propositional Logic Rules of Inference

Fundamental Rules of Inference

* Modus ponens involves inferring the conclusion q from the premises p - g and p
* Represented symbolically as: [(p > q) Ap] = q

Applied in everyday reasoning (If it rains, the ground will be wet. It's raining. Therefore, the ground is wet)
Modus tollens allows inferring p from the premises p —» g and ~q
» Symbolically expressed as: [(p - q) A q] » 7p

Used in contrapositive reasoning (If the alarm is on, the door is locked. The door is not locked. Therefore,
the alarm is not on)

Hypothetical syllogism combines two conditional statements to form a new one

» Represented as: [(p~> q)A(Q—-1] - (p—~T)
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Helps in creating longer chains of logical reasoning (If A implies B, and B implies C, then A implies C)
Disjunctive syllogism infers a proposition from a disjunction and the negation of one disjunct
» Symbolically: [([p v a) A 7p] - q

* Useful in decision-making processes (Either we go to the beach or the mountains. We're not going to
the beach. Therefore, we're going to the mountains)

Additional Inference Rules

+ Addition allows introducing a disjunction by adding any proposition to an existing one
* Represented as: p - (p Vv Q)

Expands logical possibilities in arguments (It's sunny, therefore it's either sunny or cloudy)
Simplification extracts a single conjunct from a conjunction
» Symbolically expressed as: (p A Q) — p

Helps focus on specific parts of complex statements (It's raining and windy. Therefore, it's raining)
Conjunction combines two separate propositions into a single conjunction
* Represented as: [pA Q] > (pAQ)

Useful for consolidating multiple pieces of information (It's cold. It's snowing. Therefore, it's cold and
snowing)

Resolution combines disjunctive syllogism with other rules to resolve complex logical statements
* Involves the principle: [([pva)A(Cpv )] -(qVr)

* Applied in automated theorem proving and artificial intelligence reasoning systems

Argument Validity and Soundness

Evaluating Argument Structure

* Valid arguments maintain a structure where if all premises are true, the conclusion must be true
* Does not guarantee the truth of the premises or conclusion

* Focuses on the logical relationship between premises and conclusion
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Identified by examining the form of the argument (All men are mortal. Socrates is a man. Therefore,
Socrates is mortal)

Sound arguments combine validity with true premises
* Ensures both the logical structure is correct and the premises are factually accurate
* Results in a true conclusion

Rare in everyday arguments due to difficulty in establishing absolute truth of premises

Fallacies represent common errors in reasoning that render arguments invalid
* Include formal fallacies (errors in logical structure) and informal fallacies (errors in content or context)
* Recognizing fallacies improves critical thinking skills

« Common fallacies include ad hominem (attacking the person instead of the argument), false dilemma
(presenting only two options when more exist), and appeal to authority (accepting an argument based
solely on the source's authority)

Analyzing Argument Strength

« Valid arguments can have different degrees of strength based on the support provided by premises
« Strong valid arguments have premises that make the conclusion highly probable

Weak valid arguments have premises that provide minimal support for the conclusion
Inductive arguments aim for strong validity rather than deductive validity
« Conclusions are probable rather than certain

Strength depends on the quality and quantity of evidence provided
Counterexamples can be used to disprove the validity of an argument
» Demonstrate a scenario where the premises are true but the conclusion is false

« Effective tool for identifying flaws in logical reasoning

1.4 Methods of Proof

Methods of Proof are essential tools for building logical arguments in mathematics. They help us establish
the truth of statements, from simple equations to complex theorems. These techniques form the backbone
of mathematical reasoning and problem-solving.
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Direct proofs, contradiction, and induction are key strategies for proving mathematical claims. Existence
and uniqueness proofs show whether solutions exist and if they're one-of-a-kind. These methods empower
us to tackle a wide range of mathematical challenges with confidence and precision.

Direct Proofs

Fundamental Direct Proof Strategies

+ Direct proof establishes a conclusion by logically deducing it from given premises or axioms
« Starts with known facts and uses valid inference rules to reach the desired conclusion

« Commonly used in mathematics and formal logic to demonstrate the truth of a statement

* Proof by contraposition transforms the original statement into its contrapositive form

+ Original statement: If P, then Q

« Contrapositive: If not Q, then not P

« Contraposition proof assumes the negation of the conclusion and derives a contradiction with the
hypothesis

Advanced Proof Techniques

* Proof by contradiction assumes the negation of the statement to be proved

* Derives a logical contradiction from this assumption

+ Concludes that the original statement must be true

+ Often used when direct proofs are difficult or impossible to construct

* Proof by cases divides the problem into exhaustive, mutually exclusive scenarios
* Proves the statement holds true for each case separately

* Concludes the statement is true for all possible situations

« Useful when dealing with complex statements that have multiple conditions or variables

Existence and Uniqueness Proofs

Demonstrating Existence

* Existence proof shows that at least one element satisfying a given property exists

« Constructive existence proof provides a specific example or algorithm to find the element

» Non-constructive existence proof demonstrates existence without explicitly identifying the element
+ Often used in mathematics to establish the presence of solutions to equations or problems

* Existence proofs can involve techniques such as:

* Direct construction of an example

* Proof by contradiction

* Use of known theorems or properties
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Establishing Uniqueness and Counterexamples

* Uniqueness proof demonstrates that only one element satisfies a given property

« Often combined with existence proofs to show there is exactly one solution

* Typically involves assuming two elements satisfy the property and proving they must be identical
» Counterexample disproves a general statement by providing a specific instance where it fails

« Effective for disproving universal statements or conjectures

+ Single counterexample suffices to invalidate a general claim

+ Useful in mathematics and logic for refining theories and identifying limitations of propositions

Induction Proofs

Basic Mathematical Induction

» Mathematical induction proves statements that hold for all natural numbers

* Consists of two main steps:

* Base case: Prove the statement holds for the smallest value (usually n = 1 or n = 0)
* Inductive step: Assume the statement is true for some k, prove it holds for k + 1

* Principle of mathematical induction states if both steps are valid, the statement is true for all natural
numbers

« Commonly used to prove formulas, inequalities, and divisibility properties

* Induction can be extended to prove statements about other well-ordered sets

Strong Induction and Its Applications

« Strong induction (complete induction) is a more powerful variant of mathematical induction
» Assumes the statement is true for all values less than or equal to k, not just k itself

* Inductive step proves the statement for k + 1 using the stronger assumption

* Particularly useful for problems involving recursion or complex dependencies

* Applications include:

* Proving correctness of algorithms

« Establishing properties of number sequences

» Demonstrating structural induction in computer science

« Strong induction can simplify proofs that would be more complex using regular induction
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Unit 2 — Set Theory

2.1 Set Operations and Properties

Set operations are the building blocks of set theory, allowing us to combine and manipulate sets in various
ways. They're crucial for understanding relationships between different groups of elements and solving
complex problems in mathematics and computer science.

This section covers basic operations like union and intersection, as well as more advanced concepts like
power sets and De Morgan's laws. These tools help us analyze and work with sets efficiently, forming the
foundation for more complex set theory applications.

Set Operations

Basic Set Operations

* Union (A U B) combines elements from two sets A and B, creating a new set containing all unique
elements from both

* Intersection (A n B) identifies common elements between two sets A and B, forming a new set with
only shared elements

* Complement (A") includes all elements in the universal set that are not in set A
« Difference (A - B) creates a new set with elements from A that are not in B

» Symmetric difference (A 2 B) produces a set containing elements in either A or B, but not in both

Visualizing Set Operations

* Venn diagrams graphically represent relationships between sets using overlapping circles
» Two-circle Venn diagrams illustrate basic operations like union and intersection
* Three-circle Venn diagrams depict more complex relationships among multiple sets

» Shading in Venn diagrams indicates specific regions corresponding to set operations (union shaded
area covers both circles)

Properties of Set Operations

» Commutative property applies to union and intersecton AUB=BUA,AnB=BnA)
* Associative property holds for union and intersection (AuB)uC=Au (BuC))

* Distributive property relates union and intersection (Au(BnC)=(AuB)n (AuC))

« Identity elements exist for union (empty set) and intersection (universal set)

» Complement of complement returns the original set (A" = A)

Set Relationships
Subset and Proper Subset

» Subset (A € B) indicates every element of A is also an element of B
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* Proper subset (A € B) means A is a subset of B, but A # B
* Empty set is a subset of all sets
* A set is always a subset of itself

» Subset notation uses symbols < (subset) and < (proper subset)

Power Set and Universal Set

» Power set P(A) contains all possible subsets of set A, including the empty set and A itself

* Number of elements in a power set equals 2*n, where n is the number of elements in the original set
* Universal set U encompasses all possible elements under consideration for a given context

» Complement of a set is defined relative to the universal set

* Universal set varies depending on the problem or situation being analyzed

Set Equality and Cardinality
» Two sets are equal if they contain exactly the same elements (A=Bif A€ Band B € A)
* Cardinality |A|] represents the number of elements in set A
+ Finite sets have a countable number of elements
* Infinite sets contain an unlimited number of elements (natural numbers, real numbers)

« Cardinality of the power set [P(A)| = 2MA|
Set Representations and Laws

Set Notation and Representation

« Set-builder notation describes sets using a property or rule (A = {x | x is an even number less than 10})
* Roster notation lists all elements of a set within curly braces (B ={1, 2, 3, 4, 5})
* Empty set represented by {} or &

« Interval notation describes continuous ranges of numbers ([0, 1] represents all real numbers between
0 and 1, inclusive)

De Morgan's Laws
* First law states (AU B)'= A'n B’
» Second law states (AnB)'=A"U B’
* These laws relate complements of unions and intersections
« Useful for simplifying complex set expressions

» Can be extended to more than two sets (AUBUC)' =A'nB'nC')

Distributive and Other Set Laws

« Distributive law of union over intersection: AU(BnC)=(AuB)n(AuC)
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* Distributive law of intersection over union: An (BuC)=(AnB)uU(AnC)
* Absorption laws: AU(AnB)=AandAn(AuB)=A
* I[dempotent laws: AUA=AandAnA=A

* Complementlaws: AUA'=Uand AnA'=g

2.2 Functions on Sets

Functions on sets are the backbone of mathematical relationships. They define how elements from one set
map to another, establishing crucial connections in various mathematical and real-world scenarios.

This topic explores different types of functions, their properties, and operations. Understanding these
concepts is essential for grasping more complex mathematical ideas and solving problems in fields like
computer science and data analysis.

Function Basics

Understanding Domain and Codomain

» Domain represents the set of all possible input values for a function

+ Consists of all valid x-values that can be used in the function

» Codomain encompasses all possible output values of a function

* Includes every y-value that could potentially result from the function

» Domain and codomain form the foundation for defining a function's behavior

+ Can be finite or infinite sets depending on the function's nature

Range and Its Relationship to Codomain

* Range constitutes the set of actual output values produced by a function

* Always a subset of the codomain, may be equal to or smaller than the codomain
 Determined by applying the function to every element in the domain

* Helps identify which codomain elements are actually used by the function

* Range analysis reveals important characteristics of the function's behavior

Identity Function and Its Properties

* Maps each element of a set to itself

+ Defined as f(x) = x for all x in the domain

« Serves as a neutral element in function composition

* Preserves the structure and properties of the input set

» Often used as a reference point in mathematical proofs and constructions

« Identity function for real numbers: f(x) = x, where x is any real number

Fiveable archived study guides Page 13



Function Types

Injective Functions (One-to-One)

» Each element of the codomain is mapped to by at most one element of the domain
* No two distinct elements in the domain map to the same element in the codomain
+ Can be visualized as each input having a unique output

* Horizontal line test used to determine if a function is injective

* Ensures reversibility of the function within its range

» Example: f(x) = 2x for real numbers is injective, as each output corresponds to a unique input

Surjective Functions (Onto)

» Every element in the codomain is mapped to by at least one element in the domain
» Range of the function equals its codomain

+ Ensures that the function covers the entire codomain

» Can have multiple elements in the domain mapping to the same codomain element
* Vertical line test used to determine if a function is surjective

» Example: f(x) = x2 for real numbers to non-negative real numbers is surjective

Bijective Functions and Their Significance

» Combines properties of both injective and surjective functions

» Each element in the codomain is mapped to by exactly one element in the domain
» Establishes a one-to-one correspondence between domain and codomain

» Guarantees the existence of an inverse function

* Crucial in establishing isomorphisms between mathematical structures

» Example: f(x) = 3x + 1 for real numbers is bijective, as it's both injective and surjective

Function Operations

Inverse Functions and Their Properties

* Reverses the effect of the original function

« Exists only for bijective functions

* Denoted as f'(x) for a function f(x)

+ Switches the roles of domain and codomain

» Composition of a function with its inverse yields the identity function

* Finding inverse involves solving for x in terms of y and then swapping x and y
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» Example: If f(x) = 2x + 3, then f'(x) = (x - 3) / 2
Function Composition and Its Applications

» Combines two or more functions to create a new function

* Denoted as (f ° g)(x) or f(g(x)), where g is applied first, then f

» Domain of g must be compatible with the codomain of f

* Not always commutative: (f o g) # (g ° f) in general

* Associative property applies: (feg)eh=f<(ge°h)

* Used extensively in mathematical modeling and computer programming

* Example: If f(x) = x2and g(x) = x + 1, then (fc g)(x) = (x + 1)?
2.3 Cardinality and Countability

Set theory explores the nature of collections and their sizes. Cardinality and countability are key concepts
in understanding infinite sets. These ideas help us compare and categorize different types of infinities.

Finite sets have a specific number of elements, while infinite sets go on forever. Countable sets can be
listed, but uncountable sets can't. This distinction leads to fascinating discoveries about the nature of
infinity and its various sizes.

Finite and Infinite Sets

Understanding Set Cardinality
* Finite sets contain a specific number of elements that can be counted
« Infinite sets contain an endless number of elements that cannot be fully counted
« Cardinality measures the size or number of elements in a set
* Denoted by vertical bars around the set name (|A|)
« For finite sets, cardinality equals the number of unique elements

* Infinite sets have cardinality greater than any natural number

Characteristics of Finite Sets

* Can list all elements within curly braces (1, 2, 3, 4, 5)
» Have a definite last element
 Can be put into one-to-one correspondence with a subset of natural numbers

» Examples include sets of playing cards (52 elements), alphabet letters (26 elements), and days of the
week (7 elements)

Properties of Infinite Sets

+ Cannot list all elements within curly braces

* No definite last element
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» Subsets can have the same cardinality as the original set
* Types include countably infinite (integers, rational numbers) and uncountably infinite (real numbers)

» Examples include set of all natural numbers, set of all even numbers, and set of all prime numbers

Countable and Uncountable Sets

Defining Countable Sets
» Can be put into a one-to-one correspondence with natural numbers
* Includes all finite sets and some infinite sets
* Elements can be arranged in a sequence or list
 Countably infinite sets have the same cardinality as natural numbers

« Examples include integers, rational numbers, and algebraic numbers

Exploring Uncountable Sets

» Cannot be put into a one-to-one correspondence with natural numbers
* Have a larger cardinality than countable sets

» Elements cannot be arranged in a sequence or list

* Proved using diagonalization argument or Cantor's theorem

* Examples include real numbers, complex numbers, and power set of natural numbers

Aleph Numbers and Cardinality
* Aleph numbers represent different sizes of infinity
* Aleph-null (RXo) represents the cardinality of countably infinite sets
* Aleph-one (X1) represents the next larger infinity (continuum hypothesis)
» Continuum hypothesis states that there is no set with cardinality between RXo and X

+ Higher aleph numbers (X2, N3, etc.) represent increasingly larger infinities

Important Theorems

Cantor's Theorem and Power Sets

« States that the power set of any set has a strictly greater cardinality than the original set
* Applies to both finite and infinite sets

* For a set with n elements, its power set has 2*n elements

* Proves the existence of multiple infinities of different sizes

* Led to the development of transfinite numbers and modern set theory
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Schroder-Bernstein Theorem and Set Equivalence

« If there are injective functions f: A - B and g: B - A, then there exists a bijective function h: A - B
« Establishes that two sets have the same cardinality if they can be embedded in each other

« Simplifies proofs of set equivalence

* Applies to both finite and infinite sets

* Used in various branches of mathematics, including topology and measure theory

Bijection Principle and Set Comparison

» Two sets have the same cardinality if and only if there exists a bijection between them
* Bijection is a one-to-one and onto function

* Used to compare sizes of infinite sets

* Allows for the creation of a precise definition of "same size" for infinite sets

+ Examples include bijection between natural numbers and integers, or between rational numbers and
natural numbers
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Unit 3 — Functions and Relations

3.1 Function Types and Properties

Functions are the backbone of mathematical relationships, connecting inputs to outputs. They're
everywhere in math and real life, from simple equations to complex models. Understanding different
function types helps us analyze and solve problems more effectively.

This section dives into various function types and their properties. We'll explore injective, surjective, and
bijective functions, as well as function operations like inverses and composition. These concepts are
crucial for grasping how functions behave and interact.

Function Basics

Understanding Functions and Their Components

* Function represents a relationship between inputs and outputs

* Domain encompasses all possible input values for a function

» Codomain includes all potential output values of a function

* Range consists of the actual output values produced by a function

* Subset of the codomain

» Determined by applying the function to all elements in the domain

« Function notation typically expressed as f(x) = y, where x is the input and y is the output
* Vertical line test determines if a graph represents a function

+ Passes the test if no vertical line intersects the graph more than once

Visualizing Functions and Their Properties

* Function graphs provide visual representations of relationships between variables

+ Continuous functions have unbroken curves on a graph

* Discrete functions consist of individual points rather than continuous lines

* Piecewise functions defined by different equations over different intervals of the domain
» Monotonic functions consistently increase or decrease across their entire domain

* Periodic functions repeat their values at regular intervals
Function Types

Exploring Injective Functions

» One-to-one (injective) functions map each element of the domain to a unique element in the codomain

 Characterized by the property that no two different elements in the domain map to the same element
in the codomain
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* Horizontal line test determines if a function is one-to-one

* Passes if no horizontal line intersects the graph more than once

 Ensures each element in the codomain is paired with at most one element from the domain
« Strictly increasing or strictly decreasing functions are always one-to-one

* Applications in cryptography and data encoding where unique mappings are crucial

Understanding Surjective and Bijective Functions

+ Onto (surjective) functions have their range equal to their codomain

» Every element in the codomain is mapped to by at least one element in the domain
* Surjective functions "cover" the entire codomain

* Bijective functions combine properties of both injective and surjective functions

* One-to-one correspondence between domain and codomain elements

» Each element in the codomain is paired with exactly one element from the domain

* Bijections play crucial roles in set theory and establishing equivalence between sets

* Used in various mathematical proofs and constructions

Function Operations

Exploring Inverse Functions and Composition

« Inverse function reverses the effect of the original function

« Exists only for bijective functions

* Denoted as fA(-1)(x) for a function f(x)

» Composition of functions combines two or more functions to create a new function
* Denoted as (f ° g)(x) = f(g(x))

* Order matters in function composition

* Associative property applies to function composition

*(feg)eh=fe(geh)

* Inverse functions and composition are related

o f o fA(-1) = fA(-1) ° f = identity function
Understanding Special Functions and Their Properties

« Identity function maps each element to itself
* Denoted as f(x) = x
« Serves as the neutral element in function composition

+ Constant functions always produce the same output regardless of input
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* Even functions symmetric about the y-axis

« f(-x) = f(x) for all x in the domain

+ Odd functions rotationally symmetric about the origin

* f(-x) = -f(x) for all x in the domain

* Polynomial functions expressed as sums of terms with integer exponents

+ Rational functions defined as ratios of polynomials

3.2 Relations and Their Properties

Relations are the building blocks of mathematical connections. They define how elements in sets relate to
each other, forming the foundation for functions and more complex structures. Understanding relation
types and properties is crucial for modeling real-world scenarios and solving mathematical problems.

Representing relations visually or with matrices helps analyze their characteristics. From reflexive to
asymmetric, each relation type has unique properties that shape how elements interact. Mastering these
concepts opens doors to advanced mathematical thinking and problem-solving techniques.

Relation Types

Reflexive, Symmetric, and Transitive Relations

+ Reflexive relation holds for every element in the set with itself
+ Characterized by (a, a) being in the relation for all a in the set
* Represented in a matrix by having 1s along the main diagonal

Includes equality (=) on real numbers
Symmetric relation maintains consistency when elements are swapped
« If (a, b) is in the relation, then (b, a) must also be in the relation
* Represented in a matrix by being symmetric about the main diagonal

Encompasses relationships like "is a sibling of" or "is equal to"

Transitive relation extends relationships through intermediate elements
« If (a, b) and (b, c) are in the relation, then (a, c) must also be in the relation
+ Creates chains of related elements

* Includes "greater than" on real numbers
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Antisymmetric, Irreflexive, and Asymmetric Relations
» Antisymmetric relation allows only one direction for distinct elements
« If (a, b) and (b, a) are both in the relation, then a must equal b
+ Distinct from symmetric relations

Encompasses "less than or equal to" on real numbers

Irreflexive relation excludes elements being related to themselves
* (a, a) is never in the relation for any a in the set
* Opposite of reflexive relations

Includes "less than" on real numbers

Asymmetric relation combines antisymmetric and irreflexive properties
« If (a, b) is in the relation, then (b, a) cannot be in the relation
« Stronger condition than antisymmetric

* Encompasses "less than" on real numbers

Relation Representations

Binary Relations and Set Theory
* Binary relation defines connections between elements of two sets
* Subset of the Cartesian product of two sets
» Can be represented as a set of ordered pairs

Includes functions as a special case of relations

Domain consists of all first elements in the relation's ordered pairs
* Represents the set of elements that are related to something
* May be a subset of the first set in the Cartesian product

Critical for understanding the scope of the relation
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Range encompasses all second elements in the relation's ordered pairs
* Represents the set of elements that something is related to
» May be a subset of the second set in the Cartesian product

* Helps identify the output or result set of the relation

Visual and Matrix Representations

« Directed graph representation visualizes relations as arrows between nodes
» Nodes represent elements of the sets
* Arrows indicate the direction of the relation

Allows for easy identification of properties like reflexivity or symmetry
Matrix representation encodes relations in a two-dimensional array

* Rows and columns correspond to elements of the sets

* 1 indicates a relation exists, 0 indicates no relation

* Facilitates efficient computation and analysis of relation properties

Relation Fundamentals

Basic Concepts and Definitions

* Relation establishes connections or associations between elements
» Generalizes the concept of functions to allow multiple outputs
» Can be defined on a single set or between different sets

Foundational for modeling various mathematical and real-world relationships
Ordered pair groups two elements with a specific order
» Written as (a, b) where a is the first element and b is the second
 Order matters: (a, b) is not the same as (b, a)

» Forms the building blocks of relations and functions

Properties and Operations on Relations

* Inverse relation reverses the order of each pair in the original relation
« If R is a relation, its inverse R”(-1) contains (b, a) for every (a, b) in R

+ Useful for analyzing bidirectional relationships
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Symmetric relations are equal to their own inverses

Composition of relations combines two relations to form a new one
 [f R is a relation from A to B, and S from B to C, then S Ris from Ato C
*(a, ¢)isin S o R if there exists b such that (a, b) isin Rand (b, c)isin S

+ Allows for chaining multiple relationships together

3.3 Equivalence Relations and Partitions

Equivalence relations are special connections between things that are alike in some way. They group
similar items together, creating neat categories called equivalence classes. This helps us organize and
understand complex sets of information.

These relations are crucial in math and everyday life. They're used in modular arithmetic, which powers
things like clocks and computer systems. Understanding equivalence relations helps us see patterns and
solve problems more easily.

Equivalence Relations

Defining Equivalence Relations

+» Equivalence relation constitutes a binary relation that exhibits reflexivity, symmetry, and transitivity
properties

* Reflexivity ensures every element relates to itself (2 ~ @)
« Symmetry property states if @ relates to b, then b relatesto @ (a ~b=b ~ a)

« Transitivity property dictates if @ relates to b and b relates to €, then @ relates to € (& ~ b and
b~c=a~c)

« Common equivalence relations include equality (=), congruence modulo n (=), and similarity in
geometric shapes

» Equivalence relations partition a set into disjoint subsets called equivalence classes

Equivalence Classes and Quotient Sets

» Equivalence class of an element @ encompasses all elements related to @ under the equivalence
relation

+ Denoted as [a] or [a] -, where ~ represents the equivalence relation

 Elements within the same equivalence class relate to each other but not to elements in other classes
* Quotient set comprises all distinct equivalence classes of a set under an equivalence relation

« Represented as A/ ~ , where A denotes the original set and ~ the equivalence relation

+ Quotient set partitions the original set into disjoint subsets, each forming an equivalence class

« Cardinality of the quotient set equals the number of distinct equivalence classes
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Partitions and Congruence

Understanding Partitions
« Partition of a set divides it into non-empty, disjoint subsets whose union equals the original set
» Each element in the set belongs to exactly one subset in the partition
« Partitions and equivalence relations exhibit a one-to-one correspondence
« Every partition induces an equivalence relation, and every equivalence relation generates a partition
« Partition blocks correspond to equivalence classes in the associated equivalence relation

* Applications of partitions include categorizing data, organizing information, and solving counting
problems

Modular Arithmetic and Congruence Relations

* Modular arithmetic operates on integers with a fixed modulus, creating a cyclic number system

» Congruence relation in modular arithmetic defines an equivalence relation on integers

« Two integers @ and b are congruent modulo 1 if their difference is divisible by 1

+ Denoted as @ = b (mod n), read as "2 is congruent to » modulo N"

» Congruence classes in modular arithmetic form a partition of the integers

» Each congruence class contains integers with the same remainder when divided by the modulus
» Modular arithmetic applications include cryptography, computer science, and calendar systems

* Clock arithmetic (modulo 12 or 24) serves as a practical example of modular arithmetic in daily life

3.4 Partial Orders and Lattices

Partial orders and lattices are crucial concepts in understanding relationships between elements in sets.
They build on the foundation of binary relations, introducing hierarchical structures and special elements
that define order and boundaries.

Lattices take partial orders a step further, adding unique supremum and infimum operations. These
structures are essential in various fields, from abstract algebra to computer science, providing powerful
tools for analyzing and manipulating ordered sets.

Partial Orders
Understanding Partial Orders and Total Orders

« Partial order defines a binary relation that satisfies reflexivity, antisymmetry, and transitivity properties

« Establishes a hierarchical structure among elements in a set without requiring all elements to be
comparable

* Total order extends partial order by adding the comparability property

» Requires every pair of elements in the set to be comparable, creating a complete ranking
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Visualizing Partial Orders with Hasse Diagrams

» Hasse diagram graphically represents partial orders using nodes and edges

* Nodes symbolize elements in the set, while edges indicate the order relation between elements
» Omits reflexive and transitive relationships to simplify the diagram

* Arranges elements vertically with greater elements positioned above lesser ones

* Provides a clear visual representation of the partial order structure

Identifying Special Elements in Partial Orders

» Maximal element represents an element not less than any other element in the set
» Can have multiple maximal elements in a partial order

» Minimal element denotes an element not greater than any other element in the set
* Partial orders may contain several minimal elements

» Maximal and minimal elements play crucial roles in understanding the structure of partial orders

Bounds and Extrema

Exploring Upper and Lower Bounds

» Upper bound defines an element greater than or equal to all elements in a subset
» Set may have multiple upper bounds or none at all

» Lower bound represents an element less than or equal to all elements in a subset
+ Subset can have several lower bounds or no lower bounds

» Bounds help establish limits and ranges within partially ordered sets

Identifying Extreme Elements

* Greatest element serves as an upper bound for the entire set

» Unique when it exists and greater than or equal to all other elements
* Least element acts as a lower bound for the complete set

« Singular when present and less than or equal to all other elements

» Extreme elements provide important information about the overall structure of the partial order
Lattices

Defining Lattices and Their Properties

« Lattice consists of a partially ordered set where every pair of elements has a unique supremum and
infimum

» Combines partial order structure with additional algebraic properties
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« Satisfies associativity, commutativity, absorption, and idempotence laws
» Forms a fundamental structure in order theory and abstract algebra

* Appears in various mathematical and practical applications (Boolean algebras, computer science)

Understanding Supremum and Infimum Operations

» Supremum (Join) represents the least upper bound of a subset

* Denoted by v symbol and provides the smallest element greater than or equal to all elements in the
subset

« Infimum (Meet) signifies the greatest lower bound of a subset

* Represented by A symbol and yields the largest element less than or equal to all elements in the
subset

» These operations define the lattice structure and enable manipulation of partially ordered elements
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Unit 4 — Algorithms and Complexity

4.1 Algorithm Design and Analysis

Algorithms are the backbone of computer science, providing step-by-step solutions to problems. This
section dives into algorithm design and analysis, exploring how to create efficient solutions and evaluate
their performance. We'll look at various techniques and tools for crafting algorithms that solve complex
problems effectively.

Understanding algorithm complexity is crucial for optimizing software performance. We'll examine time and
space complexity, learning how to analyze and improve algorithms. This knowledge is essential for
developing efficient solutions to real-world computational challenges.

Algorithm Basics

Understanding Algorithms and Their Representations

* Algorithm defines a step-by-step procedure for solving a problem or performing a task

* Pseudocode provides a high-level description of an algorithm using natural language and simple
programming constructs

* Flowchart visually represents the logic and flow of an algorithm using standardized symbols and
shapes

« Correctness ensures an algorithm produces the desired output for all valid inputs

« Efficiency measures how well an algorithm utilizes computational resources (time and memory)

Developing and Analyzing Algorithms
+ Algorithms solve problems through a series of well-defined instructions
* Pseudocode bridges the gap between human language and formal programming code
+ Uses indentation to show structure
» Employs keywords like IF, ELSE, WHILE, and FOR to indicate control flow
* Flowcharts utilize symbols to represent different operations:
* Rectangles for processes
+ Diamonds for decisions
« Parallelograms for input/output
» Correctness verification involves:
* Testing with various inputs
* Proving the algorithm works for all possible cases
« Efficiency evaluation considers:

* Number of operations performed

Fiveable archived study guides Page 27



* Amount of memory used

« Scalability with increasing input size
Examples and Applications

« Sorting algorithm (Bubble Sort) demonstrates step-by-step problem-solving

» Pseudocode for calculating factorial: function factorial(n): if n <= 1: return 1 else: return n *
factorial(n-1)

* Flowchart for determining if a number is even or odd
* Correctness proof for binary search algorithm ensures it always finds the correct element

« Efficiency comparison between linear search and binary search algorithms
Complexity Analysis

Time Complexity Concepts

» Time complexity measures how execution time grows with input size

* Big O notation expresses the upper bound of an algorithm's growth rate

» Common time complexities include:

* O(1): Constant time

* O(log n): Logarithmic time

» O(n): Linear time

* O(n log n): Linearithmic time

» O(n"2): Quadratic time

» O(2"n): Exponential time

» Worst-case, average-case, and best-case scenarios affect time complexity analysis

» Asymptotic analysis focuses on the algorithm's behavior as input size approaches infinity

Space Complexity and Memory Usage
» Space complexity analyzes memory usage in relation to input size
* Includes both auxiliary space (extra space used) and input space
« Common space complexities:
* O(1): Constant space (fixed amount regardless of input size)
* O(n): Linear space (grows proportionally with input size)
* O(n*2): Quadratic space
* In-place algorithms minimize additional memory usage

* Trade-offs often exist between time and space complexity
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* Recursive algorithms may have higher space complexity due to call stack usage
Analyzing and Optimizing Algorithms

» Time complexity analysis techniques:

 Counting operations

* Identifying dominant terms

« Simplifying expressions

» Space complexity considerations:

* Variable declarations

+ Data structure choices

* Recursive call stack depth

+ Optimizing algorithms involves:

» Choosing efficient data structures

* Eliminating redundant calculations

* Applying mathematical properties to reduce operations

» Amortized analysis accounts for occasional expensive operations in data structures (dynamic arrays)

Algorithm Design Techniques
Divide and Conquer Approach

+ Divide and conquer breaks complex problems into smaller, manageable subproblems
* General steps in divide and conquer:

* Divide: Break the problem into smaller subproblems

» Conquer: Solve the subproblems recursively

» Combine: Merge the solutions of subproblems to solve the original problem
» Advantages include:

« Efficient solutions for large-scale problems

* Parallelization potential

 Improved algorithm analysis using recurrence relations

» Common divide and conquer algorithms:

* Merge Sort divides an array, sorts subarrays, and merges them

* Quick Sort partitions an array and recursively sorts the partitions

« Strassen's matrix multiplication algorithm for large matrices
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Greedy Algorithms and Optimization

* Greedy algorithms make locally optimal choices at each step

+ Characteristics of greedy algorithms:

+ Optimization problems

* Greedy choice property (local optimal choice leads to global optimal solution)
 Optimal substructure (optimal solution contains optimal solutions to subproblems)
» Advantages of greedy algorithms:

* Simple and intuitive

« Often efficient in terms of time complexity

» Work well for certain problem types

* Limitations include:

* Not always guaranteed to find the global optimum

* May require proof of correctness

* Applications of greedy algorithms:

+ Huffman coding for data compression

* Dijkstra's algorithm for finding shortest paths in graphs

* Fractional knapsack problem for maximizing value with weight constraints

Dynamic Programming and Memoization

* Dynamic programming solves complex problems by breaking them into simpler subproblems
» Key components of dynamic programming:

 Optimal substructure (optimal solution to a problem contains optimal solutions to subproblems)
* Overlapping subproblems (same subproblems solved multiple times)

» Approaches to dynamic programming:

» Top-down approach (memoization): Recursive with caching of subproblem solutions

+ Bottom-up approach (tabulation): Iterative building of solutions from smallest subproblems

* Memoization techniques:

* Use of hash tables or arrays to store computed results

+ Checking for previously solved subproblems before computation

» Dynamic programming applications:

* Fibonacci sequence calculation with improved time complexity

* Longest Common Subsequence problem in string matching
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+ 0/1 Knapsack problem for optimizing item selection with weight constraints

4.2 Complexity Classes and Big-O Notation

Complexity classes and big-O notation are key tools for analyzing algorithm efficiency. They help us
compare and categorize algorithms based on their performance as input size grows, without getting
bogged down in hardware specifics.

These concepts are crucial for designing efficient algorithms and understanding their limitations. By
mastering them, you'll be able to choose the right algorithm for a given problem and predict how it will
perform in different scenarios.

Asymptotic Notations

Notation Types and Their Purposes

* Big-O notation describes upper bound of growth rate for algorithm's running time or space usage
» Omega notation represents lower bound of algorithm's performance

» Theta notation provides both upper and lower bounds, indicating tight asymptotic behavior

* These notations help compare algorithms' efficiency without considering hardware specifics

» Asymptotic analysis focuses on input size's impact on runtime as it approaches infinity

Mathematical Representations and Interpretations

« Big-O notation expressed as O(g(n)) where g(n) is the upper bound function

« Omega notation written as €(9(N)), indicating algorithm performs no better than 9(n)

* Theta notation denoted by ©(g(n)), signifying algorithm's growth rate is proportional to g(n)
« Formal definitions involve limits and constant factors (€ and Mo)

« Big-O: fln)=c*g(n) for all N=No

« Omega: fln)=c* g(n) for all N=No

« Theta: €1 *g(n)<f(n)=c; *g(n) for all N=no

Common Growth Rates and Their Applications

« Constant time O(1) applies to array access or basic arithmetic operations

« Logarithmic time O(/ogn) often seen in binary search algorithms

+ Linear time O(n) common in simple loops or linear search

« Linearithmic time O(nlogn) characteristic of efficient sorting algorithms (quicksort, mergesort)
« Quadratic time O(n?) found in nested loops or simple sorting algorithms (bubble sort)

« Exponential time O(2") occurs in brute-force solutions to NP-hard problems

« Factorial time O(n! ) appears in permutation generation algorithms
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Complexity Cases

Defining Complexity Cases

» Worst-case complexity represents maximum time or space required for any input of size n

* Average-case complexity describes expected performance over all possible inputs

* Best-case complexity indicates minimum resources needed for most favorable input

» These cases provide comprehensive understanding of algorithm's behavior under various conditions

* Analyzing different cases helps in selecting appropriate algorithms for specific scenarios

Calculating and Interpreting Different Cases

» Worst-case analysis involves finding input causing maximum number of operations

* Average-case calculation requires probabilistic analysis of all possible inputs

* Best-case determined by identifying input leading to minimum number of operations

» Worst-case often used for guaranteed performance bounds in real-world applications

* Average-case provides insight into typical behavior, useful for practical performance estimates

+ Best-case rarely used alone, but valuable for understanding algorithm's potential efficiency

Practical Applications and Considerations

* Sorting algorithms demonstrate varying complexities across cases (quicksort: average O(nlogn),
worst 0(n?))

« Search algorithms exhibit different behaviors (binary search: worst and average O(logn), best 0(1))
» Database query optimization relies on understanding query complexity cases
* Cryptographic algorithms designed to maintain worst-case security guarantees

+ Real-time systems often require algorithms with predictable worst-case performance

Complexity Classes

Fundamental Complexity Classes

* P class contains problems solvable in polynomial time by deterministic Turing machines

* NP class encompasses problems verifiable in polynomial time by non-deterministic Turing machines
» NP-complete problems represent hardest problems in NP, all NP problems reducible to them

* NP-hard problems at least as hard as NP-complete, may not be in NP themselves

* These classes help categorize problems based on their computational difficulty

Relationships and Properties of Complexity Classes

* P € NP relationship holds, but P = NP remains an open problem in computer science
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* NP-complete problems serve as bridge between P and NP classes
« If any NP-complete problem solved in polynomial time, P = NP would be proven

* NP-hard problems not necessarily in NP, can be undecidable or require more than polynomial time to
verify

+ Reduction techniques used to prove NP-completeness by transforming known NP-complete problems

Examples and Implications for Algorithm Design

* P class problems include sorting, searching, and matrix multiplication

* NP class contains problems like Boolean satisfiability and Hamiltonian path

* Traveling Salesman Problem serves as classic NP-complete example

+ Graph coloring and subset sum represent other well-known NP-complete problems

* Halting problem classified as NP-hard but not in NP due to undecidability

» Understanding complexity classes guides algorithm selection and problem-solving approaches

* Heuristics and approximation algorithms often employed for NP-hard problems in practice

4.3 Searching and Sorting Algorithms

Searching and sorting algorithms are fundamental tools in computer science, helping us find and organize
data efficiently. These techniques range from simple linear searches to complex sorting methods like
quicksort, each with unique strengths and use cases.

Understanding these algorithms is crucial for optimizing data processing and problem-solving in various
applications. We'll explore how different search and sort methods work, their time complexities, and when
to use each one for maximum efficiency in different scenarios.

Search Algorithms

Linear and Binary Search Techniques

« Linear search sequentially checks each element in a list until a match is found
» Time complexity of O(n) in the worst case

+ Suitable for unsorted or small datasets

* lterates through the list from start to finish

« Stops when the target element is found or the end of the list is reached

* Binary search efficiently locates an item in a sorted list by repeatedly dividing the search interval in
half

* Time complexity of O(log n) in the worst case
* Requires a sorted dataset to function correctly
» Compares the target value to the middle element of the array

* Eliminates half of the remaining elements with each comparison
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» Comparison of linear and binary search algorithms
* Linear search works on both sorted and unsorted lists
* Binary search is significantly faster for large sorted datasets

* Linear search performs better for small datasets or frequent updates
Simple Sorting Algorithms

Bubble, Selection, and Insertion Sort

* Bubble sort repeatedly steps through the list, compares adjacent elements, and swaps them if they
are in the wrong order

» Time complexity of O(n*2) in the worst and average cases

* In-place algorithm with O(1) space complexity

+ Performs well on small datasets or nearly sorted lists

* Easiest sorting algorithm to implement and understand

* Selection sort divides the input list into two parts: sorted and unsorted

* Repeatedly selects the smallest element from the unsorted portion and moves it to the end of the
sorted portion

» Time complexity of O(n*2) in all cases

» Performs fewer swaps compared to bubble sort

+ Useful when memory writes are costly operations

* Insertion sort builds the final sorted array one item at a time

* Iterates through the input elements, growing a sorted output list
 Time complexity of O(n"2) in the worst and average cases

« Efficient for small datasets and partially sorted arrays

 Adaptive algorithm performs better on nearly sorted data

Efficient Sorting Algorithms
Merge, Quick, and Heap Sort

* Merge sort uses the divide-and-conquer approach to sort an array

* Recursively divides the input array into two halves, sorts them, and then merges the two sorted halves
» Time complexity of O(n log n) in all cases

« Stable sorting algorithm preserves the relative order of equal elements

* Requires additional O(n) space for merging

* Quick sort also employs the divide-and-conquer strategy

* Selects a pivot element and partitions the array around it
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* Recursively sorts the sub-arrays on either side of the pivot

* Average time complexity of O(n log n), worst-case O(n”2)

* In-place algorithm with O(log n) space complexity for the recursive call stack

» Widely used due to its efficiency and good cache performance

» Heap sort uses a binary heap data structure to sort elements

* Builds a max-heap from the input data

» Repeatedly extracts the maximum element and places it at the end of the sorted portion
* Time complexity of O(n log n) in all cases

* In-place algorithm with O(1) space complexity

» Combines the speed of quick sort with the reliability of merge sort

Sorting Algorithm Classifications

Comparison-based and Non-comparison Sorting

» Comparison-based sorting algorithms rely on comparing elements to determine their relative order
* Include bubble sort, insertion sort, selection sort, merge sort, quick sort, and heap sort
 Lower bound time complexity of O(n log n) for the average and worst cases

« Versatile and can sort any data type with a defined comparison operation

» Examples of comparison operations (less than, greater than, equal to)

» Non-comparison sorting algorithms do not use element comparisons to sort

* Exploit specific properties or characteristics of the data being sorted

+ Can achieve linear time complexity O(n) in certain scenarios

« Limited to specific data types or value ranges

» Counting sort uses key values as indexes in an auxiliary array

« Suitable for sorting integers within a known range

+ Time complexity of O(n + k), where k is the range of input values

» Radix sort sorts data with integer keys by grouping the keys by individual digits

* Processes each digit position from least significant to most significant

 Time complexity of O(d(n + k)), where d is the number of digits and k is the range of values

* Bucket sort distributes elements into a number of buckets, then sorts each bucket individually
« Effective when input is uniformly distributed over a range

* Average time complexity of O(n + k), where k is the number of buckets

Fiveable archived study guides Page 35



4.4 Graph Algorithms

Graph algorithms are essential tools for solving complex problems in computer science. They help us
navigate through interconnected data structures, finding optimal paths and uncovering hidden patterns.
From search techniques to shortest path calculations, these algorithms form the backbone of many
real-world applications.

This section dives into various graph algorithms, including depth-first and breadth-first search, topological
sorting, and shortest path algorithms. We'll explore their implementations, time complexities, and practical
applications, giving you a solid foundation in graph theory and its algorithmic solutions.

Graph Traversal Algorithms

Depth-First and Breadth-First Search

+ Depth-First Search (DFS) explores graph by going as deep as possible before backtracking
* Uses stack data structure to keep track of vertices

* Implemented recursively or iteratively

« Time complexity: O(V + E) where V is number of vertices and E is number of edges

Applications include maze solving, detecting cycles, and topological sorting

Breadth-First Search (BFS) explores graph by visiting all neighbors before moving to next level
* Uses queue data structure to keep track of vertices
» Always implemented iteratively
« Time complexity: O(V + E)

Applications include finding shortest path in unweighted graphs and social network analysis
Comparison between DFS and BFS:

* DFS uses less memory for deep graphs, BFS uses less for wide graphs

» DFS may not find shortest path, BFS always finds shortest path in unweighted graphs

* DFS better for decision trees, BFS better for finding nearby nodes

Advanced Graph Algorithms

* Topological sorting orders vertices in directed acyclic graph (DAG) such that for every edge (u, v), u
comes before v

» Uses modified DFS algorithm

« Time complexity: O(V + E)
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Applications include scheduling tasks, build systems, and resolving dependencies

Strongly Connected Components (SCC) are maximal subgraphs where every vertex is reachable from
every other vertex

+ Kosaraju's algorithm finds SCCs using two DFS passes
« Time complexity: O(V + E)

* Applications include analyzing social networks and simplifying complex graphs

Shortest Path Algorithms

Single-Source Shortest Path

« Dijkstra's algorithm finds shortest path from source to all other vertices in weighted graph with
non-negative edges

* Uses greedy approach and priority queue
« Time complexity: O((V + E)log V) with binary heap implementation
» Cannot handle negative edge weights

Applications include GPS navigation and network routing protocols

Bellman-Ford algorithm finds shortest path from source to all other vertices, even with negative edge
weights

* Uses dynamic programming approach
« Time complexity: O(VE)
» Can detect negative cycles

* Applications include currency exchange and arbitrage detection in financial markets

All-Pairs Shortest Path

* Floyd-Warshall algorithm finds shortest paths between all pairs of vertices in weighted graph
» Uses dynamic programming approach

« Time complexity: O(V3)

+ Can handle negative edge weights but not negative cycles

+ Applications include finding transitive closure of a graph and solving all-pairs shortest path problem in
small graphs
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Minimum Spanning Tree Algorithms

Fundamentals and Greedy Approaches

* Minimum Spanning Tree (MST) connects all vertices in weighted, undirected graph with minimum total
edge weight

* Properties include:

« Contains exactly V-1 edges for V vertices
* No cycles in the tree

* Unique if all edge weights are distinct

Applications include network design, clustering algorithms, and image segmentation
Prim's algorithm builds MST by iteratively adding cheapest edge that connects tree to a new vertex
* Uses priority queue to select cheapest edge
« Time complexity: O((V + E)log V) with binary heap implementation
« Efficient for dense graphs
Step-by-step process:
1. Start with arbitrary vertex
2. Add cheapest edge connecting tree to new vertex
3. Repeat until all vertices are in tree
Kruskal's algorithm builds MST by iteratively adding cheapest edge that doesn't create a cycle
* Uses disjoint-set data structure to detect cycles
« Time complexity: O(Elog E) or O(Elog V) (since E < V2)
« Efficient for sparse graphs
* Step-by-step process:
1. Sort all edges by weight
2. Add cheapest edge that doesn't create cycle

3. Repeat until V-1 edges are added
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Unit 5 — Number Theory and
Cryptography

5.1 Divisibility and Prime Numbers

Divisibility and Number Types

Number theory is the mathematical foundation behind modern cryptography. Divisibility and prime numbers
describe how integers relate to each other through division, and these relationships are what make
encryption algorithms possible. This section covers divisibility, prime factorization, GCD, LCM, and
methods for generating primes.

Fundamental Concepts of Divisibility and Prime Numbers

Divisibility occurs when one integer divides another with no remainder. You write this as & | b, which
means "a@ divides b." Formally, @ | b if there exists an integer k such that b = ak.

For example, 3 | 12 because 12 = 3 x 4. But 5 1 12 because there's no integer k where 12 = 5k.

Prime numbers have exactly two positive divisors: 1 and themselves. The first several primes are 2, 3, 5, 7,
11, 13, 17, 19. Notice that 2 is the only even prime, since every other even number is divisible by 2 and
therefore has at least three divisors.

Composite numbers have more than two positive divisors, meaning they can be written as a product of two
smaller positive integers. Numbers like 4, 6, 8, 9, 10, and 12 are composite. Note that 1 is neither prime nor
composite; it has exactly one positive divisor.

The Fundamental Theorem of Arithmetic states that every integer greater than 1 can be represented as a
product of primes in exactly one way (up to the order of the factors). This uniqueness is what makes prime
factorization so useful. For instance, 84 can only be expressed as 22 x 3 x 7. No other combination of
primes will produce 84.

Prime Factorization and Its Applications

Prime factorization is the process of breaking a number down into the primes that multiply together to form
it. Here's how to do it:

1. Divide the number by the smallest prime that divides it evenly.
2. Take the quotient and repeat step 1.
3. Continue until the quotient is 1.

Worked example with 60:

«60+2=30
+30+2=15
+15+3=5
«5+5=1

So60=22%x3x5.
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Prime factorization is the basis for computing GCDs and LCMs, simplifying fractions, and solving certain
Diophantine equations (equations where you need integer solutions).

Greatest Common Divisor and Least Common Multiple

Understanding and Calculating GCD

The Greatest Common Divisor (GCD) of two integers is the largest positive integer that divides both of
them. It's also called the Greatest Common Factor (GCF) or Highest Common Factor (HCF). For integers
a and b, you write it as gcd(a, b).

There are three standard methods to find the GCD:

Method 1: Listing factors. Write out all factors of each number and pick the largest one they share. This
works fine for small numbers but gets tedious fast.

Method 2: Prime factorization. Factor both numbers, then multiply together only the prime factors they have
in common, using the lowest power of each shared prime.

For example, to find 9cd(48,180): - 48 = 2% x 3 - 180 = 22 x 32 x 5 - Common primes: 2 (minimum
power 2) and 3 (minimum power 1) - gcd(48, 180) = 2?2x3=12

Method 3: Euclidean Algorithm. This is the most efficient approach, especially for large numbers. It works
by repeated division:

1. Divide the larger number by the smaller and note the remainder.
2. Replace the larger number with the smaller number, and the smaller number with the remainder.
3. Repeat until the remainder is 0.
4. The last non-zero remainder is the GCD.
Worked example: Find gcd(252, 105).
+252=105x2+42
+105=42x2+21
¢42=21%x2+0
The last non-zero remainder is 21, so 9cd(252, 105) = 21,

Key GCD properties to know: - gcd(a, b) = gcd(b, a) - gcd(a, 0) = |a| for any non-zero @ -
gcd(a, 1) =1 for any integer @ - If gcd(a, b) =1 then @ and b are called coprime (or relatively prime)

Least Common Multiple and Its Calculation

The Least Common Multiple (LCM) of two integers is the smallest positive integer divisible by both. For
integers @ and b, you write it as lcm(a, b).

Three methods to find the LCM:

Method 1: Listing multiples. Write out multiples of each number until you find the first one they share.
Again, only practical for small numbers.

Method 2: Prime factorization. Factor both numbers, then multiply all prime factors using the highest power
in which each appears.
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For example, lcm(48, 180): - 48 = 2% x 3 - 180 = 22 x 3% x 5 - Take the highest power of each
prime: 24,3%2,51 _Icm(48,180)=2*%x3?x5=720

Method 3: Using the GCD. This is often the fastest route:

b
lem(a, b) = g'jd;;,,'g)

This formula captures the key relationship between LCM and GCD: the product of the LCM and GCD of
two numbers equals the absolute value of their product.

lcm(a, b) X gcd(a, b) = |a X b|
You can verify with the example above: 720 X 12 = 8640 = [48 x 180|.

Common applications of LCM include finding common denominators for fractions, solving scheduling
problems (e.g., "two buses leave every 12 and 18 minutes; when do they depart together again?"), and
determining when periodic events coincide.

Prime Number Generation

Sieve of Eratosthenes and Prime Number Properties

The Sieve of Eratosthenes is an ancient algorithm for finding all primes up to a given limit n. It's named
after the Greek mathematician Eratosthenes of Cyrene.

Steps of the sieve:
1. Write out all integers from 2 to 1.
2. Starting with 2 (the smallest prime), mark all multiples of 2 greater than 2 as composite.
3. Move to the next unmarked number (which is 3). Mark all its multiples greater than 3 as composite.
4. Repeat for each successive unmarked number.

5. You can stop once you've processed all primes up to vV n, because any composite number =< N must
have a prime factor = v n.

All numbers that remain unmarked at the end are prime.

Why stop at V'n ? If a number M < n is composite, then m = a X b where at leastone of @ or bis <vn.
So by the time you've crossed off multiples of all primes up to V', every composite number has already
been marked.

The sieve runs in O(nlog log n) time with O(n) space, making it very efficient for generating all primes in
arange.

Important properties of prime numbers:

* There are infinitely many primes. Euclid proved this around 300 BCE. The proof works by
contradiction: assume there are finitely many primes, multiply them all together and add 1, and the
result isn't divisible by any prime on your list.

* Primes become less frequent as numbers grow. Among the first 100 integers, 25 are prime. Among
integers near 1,000,000, roughly 1 in 14 are prime.

» The Prime Number Theorem makes this precise: the number of primes less than or equal to N is
approximately -
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* In cryptography, large primes (hundreds of digits) are essential. The RSA algorithm relies on the fact
that multiplying two large primes is easy, but factoring their product back into those primes is
computationally infeasible.

5.2 Modular Arithmetic

Modular arithmetic is a system for working with remainders after division. It simplifies calculations involving
large numbers by confining everything to a fixed range of integers, and it's the mathematical foundation
behind cryptographic systems like RSA, clock arithmetic, and hashing algorithms.

Modular Arithmetic Fundamentals

Understanding Modular Arithmetic and Congruence

Think of a 12-hour clock. After 12 o'clock, you don't go to 13; you wrap back around to 1. That's modular
arithmetic in action: you work within a fixed range of integers, and when you hit the modulus, you wrap
around.

The formal notation uses the congruence symbol =. Two integers @ and b are congruent modulo M if m
divides their difference. You write this as:

a=b (modm)

This means @ and b leave the same remainder when divided by M. For example, 17 =5 (mod 12)
because 17 — 5 = 12, which is divisible by 12. Both 17 and 5 leave a remainder of 5 when divided by 12.

Modular addition and modular multiplication work the way you'd expect: perform the operation, then take
the remainder when dividing by the modulus.

« Addition: (7 +8) mod 12=15mod 12=3
« Multiplication: (7 X 8) mod 12 =56 mod 12 =8

A useful shortcut: you can reduce each operand mod m before you multiply or add. This keeps numbers
small throughout a calculation.

Properties and Applications of Modular Arithmetic

Modular arithmetic preserves the core properties you rely on from regular arithmetic:
« Commutative: a + b=b+aanda:b=b-a(modm)
- Associative: (a+ b)+c=a+ (b +c) (mod m)
+ Distributive: @ (b+c)=a-b+a-c(modm)

These properties mean you can rearrange and simplify modular expressions using the same algebraic
moves you already know.

Congruence classes group all integers that share the same remainder for a given modulus. For mod 3, the
congruence classesare {..., —3,0,3,6,...},{..., —-2,1,4,7,... } and
{..., —1,2,5,8,...} Every integer belongs to exactly one class.

Practical applications show up everywhere: hashing algorithms map data to fixed-size outputs using mod,
digital clocks display time mod 12 (or mod 24), and computer memory addressing uses mod to wrap
around available address space.
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Multiplicative Inverses in Modular Arithmetic

The multiplicative inverse of @ modulo M is a value a1 such that:
ara*=1(modm)

This inverse exists if and only if @ and M are coprime (i.e., 9cd(a, m) = 1)_|f they share a common factor
greater than 1, no inverse exists.

For example, the inverse of 3 mod 7: you need 3x = 1 (mod 7). Testing values,
3x5=15=1(mod 7),s03 =5 (mod 7).

For larger numbers, you compute the inverse using the extended Euclidean algorithm, which finds integers
X and Y satisfying @x + my = gcd(a, m). when gcd(a, m) =1 the coefficient X (reduced mod m) is
your inverse.

Multiplicative inverses are essential in cryptography for computing private keys and for guaranteeing
unique solutions to linear congruences of the form ax = b (mod m).

Modular Exponentiation and Theorems

Efficient Modular Exponentiation Techniques

Computing a® mod m directly by multiplying @ by itself b times is impractical when b is hundreds of digits
long. The square-and-multiply algorithm (also called binary exponentiation or repeated squaring) solves
this by using the binary representation of the exponent.

Here's the process for computing a® mod m:
1. Write b in binary. For example, b = 13 becomes 1101;.
2. Start with a result of 1.

3. Scan the binary digits from left to right. For each bit: - Square the current result (mod M). - If the bit is
1, multiply the result by @ (mod m).

4. After processing all bits, the result is a° mod m.

Worked example: Compute 312 mod 7. Binary of 13is 1101.

Step Bit Operation Result (mod 7)

1 1 Start with 1, multiply by 3 3

2 1 Square (9), multiply by 3(27) 27 mod 7 =6
3 0 Square (36) 36mod7=1
4 1 Square (1), multiply by 3 3

So 313 mod 7 = 3. (You can verify: by Fermat's Little Theorem, 3% = 1 (mod 7), so
313=312.3=(3%)2.3=1-3=3)

The time complexity is O(log b) multiplications, which makes this feasible even for the enormous
exponents used in RSA encryption.

Fermat's Little Theorem and Its Applications

Fermat's Little Theorem states: if P is prime and 9cd(a, p) =1 then
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aP~1=1 (modp)
An equivalent form that works for any integer @ (including multiples of P) is @” = a (mod p).
This theorem is useful in several ways:

- Simplifying large exponents: To compute 21°° mod 13, note that 2*2 = 1 (mod 13) by Fermat's
Little Theorem. Since 100 =12 x 8 + 4, you get 21°° = 2% =16 = 3 (mod 13).

-1 —

« Finding modular inverses: When P is prime, a aP~2 (mod p). This follows directly from the

theorem sincea-aP 2=aP~1=1.

« Probabilistic primality testing: If @” ~* = 1 (mod n) for some &, then N is definitely not prime. If the
congruence holds for many random values of @, then 1 is probably prime. (This is the basis of the
Fermat primality test, though Carmichael numbers can fool it.)

Euler's Totient Function and Related Concepts

Euler's totient function #(1) counts how many integers from 1 to h — 1 are coprime to N.
Key formulas for computing $(n):

« For a prime P: #(p) =p — 1 (every number from 1 to P — 1 is coprime to a prime)

« For a prime power: ¢(p¥) = p¥ —p¥~1=p* - Yp-1)

« For coprime integers @ and b: ¢(ab) = ¢(a) - ¢(b) (this is the multiplicative property)

For example, $(12) = ¢(4) - ¢(3) =2 -2 =4 The four integers coprime to 12 in the range 1-11 are: 1,
5,7, 11.

Euler's theorem generalizes Fermat's Little Theorem to any modulus: if gcd(a,n) =1, then
a%" =1 (mod n)
When h is prime, §(n) = n — 1 so this reduces to Fermat's Little Theorem exactly.

In the RSA cryptosystem, Euler's theorem is what makes decryption work. The public and private key
exponents € and d are chosen so that €d = 1 (mod @(n)), which guarantees that encrypting and then
decrypting a message returns the original.

Chinese Remainder Theorem

Fundamentals of the Chinese Remainder Theorem

The Chinese Remainder Theorem (CRT) says that if you have a system of congruences with pairwise
coprime moduli, there's a unique solution modulo the product of all the moduli.

More precisely: given X = a1 (mod m1), x = a2 (mod my), ..., x = ax (mod my), where every pair of
moduli satisfies 9cd(m;, m;) =1, there exists exactly one solution for X in the range 0 to M — 1, where
M=mi Mz Mg

The power of CRT is that it lets you break a problem with one large modulus into several smaller,
independent problems.

Solving Simultaneous Congruences with CRT

Here's the step-by-step method:
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1. Compute M = my - ma--my,
2. For each i, compute M; = M/m;.
3. Find the modular inverse ¥ of M; modulo M, so that M- yi = 1 (mod my)
4. Combine: X = a1M1y1 + azMay2 + -+ + akMiyx (mod M),
5. Verify by plugging X back into each original congruence.
Worked example: Solve X =2 (mod 3) x =3 (mod 5), x=2 (mod 7).
1.M=3x5x%x7=105
2.M; =105/3 =35 M, =105/5=21 M3=105/7 =15

3. Find inverses: - 35-y1=1(mod 3):35=2(mod 3),and2:2=4=1(mod 3), soy1=2 -
21:y>;=1(mod5):21=1(mod5) soy2=1-15"y3=1(mod7):15=1(mod 7), so
y3=1

4.x=2(35)(2) +3(21)(1) + 2(15)(1) =140+ 63 + 30 =233 =23 (mod 105)

5.Check:23 mod3=2v,23mod5=3/,23mod7=2 v

Applications and Extensions of Modular Equations

CRT and modular equations appear across several areas of discrete math and computer science:

* RSA optimization: CRT speeds up RSA decryption by splitting computation mod n into two smaller
computations mod P and mod 9 (the prime factors of /1), then combining results.

* Discrete logarithm problem: Given g*=h (mod p), finding X is computationally hard. This difficulty
underpins the security of Diffie-Hellman key exchange and ElIGamal encryption.

» Quadratic residues: An integer @ is a quadratic residue mod 1 if there exists some X with
x2 = a (mod n). Quadratic reciprocity describes when quadratic residues exist across different prime
moduli.

« Error-correcting codes: Modular arithmetic over finite fields is used to construct codes that detect and
correct transmission errors in digital communication.

These topics connect modular arithmetic to the broader landscape of cryptography and coding theory,
where the computational difficulty of certain modular problems is exactly what makes secure systems
possible.

5.3 Public Key Cryptography

Public key cryptography revolutionized secure communication, allowing people to exchange messages
without sharing secret keys. It uses two keys: a public one for encryption and a private one for decryption.
This system forms the backbone of modern digital security.

RSA, the most famous public key algorithm, relies on the difficulty of factoring large numbers. It's used for
encryption, digital signatures, and secure key exchange. Understanding public key cryptography is crucial
for grasping modern cybersecurity practices.
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Key Concepts
Fundamentals of Public Key Cryptography

* Public key cryptography enables secure communication over insecure channels without prior key
exchange

* Uses two distinct keys for encryption and decryption processes

* Private key remains secret and known only to the owner

* Public key distributed openly and used by anyone to encrypt messages

+ Encryption transforms plaintext into ciphertext using the recipient's public key

* Decryption converts ciphertext back to plaintext using the recipient's private key

» Asymmetric encryption allows secure communication without sharing secret keys

Key Management and Security

* Private key must be kept confidential to maintain system security

+ Public key can be freely shared without compromising the system

» Key generation involves complex mathematical operations to ensure security

* Key length directly impacts the system's resistance to attacks (longer keys provide stronger security)
« Public key infrastructure (PKI) manages the creation, distribution, and revocation of keys

« Certificate authorities (CAs) verify the authenticity of public keys

Mathematical Foundations

» Based on complex mathematical problems that are computationally infeasible to solve
* Relies on the difficulty of factoring large prime numbers

« Utilizes modular arithmetic and number theory concepts

+ Euler's totient function plays a crucial role in key generation

* Chinese Remainder Theorem often used to optimize computations in RSA

RSA Algorithm
RSA Key Generation and Operation

* RSA (Rivest-Shamir-Adleman) algorithm forms the basis of many public key cryptosystems

+ Key generation process: 1. Choose two large prime numbers, p and q 2. Compute n=p * q 3.
Calculate @(n) = (p-1) * (g-1) 4. Select public exponent e, coprime to ¢(n) 5. Compute private exponent
d, such thatd * e = 1 (mod @(n))

* Public key consists of (n, e)

* Private key consists of (n, d)
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* Encryption: ¢ = m*e (mod n), where m is the plaintext and c is the ciphertext

* Decryption: m = ¢d (mod n)

One-way and Trapdoor Functions in RSA
» One-way functions allow easy computation in one direction but difficult to reverse
* In RSA, modular exponentiation serves as a one-way function
« Computing m*e mod n is straightforward, but finding m given ¢ = m*e (mod n) is difficult
* Trapdoor functions incorporate a secret that makes the reverse computation easy
* RSA's trapdoor involves the private key d, which allows efficient decryption
 Without knowing d, reversing the encryption becomes computationally infeasible

« Security of RSA relies on the difficulty of factoring large composite numbers

RSA Security and Attacks

* RSA security depends on the hardness of the integer factorization problem

» Chosen-ciphertext attacks exploit weaknesses in implementation rather than the algorithm itself

* Timing attacks analyze the time taken for decryption to infer information about the private key

» Padding schemes (OAEP, PKCS#1 v1.5) enhance security against various attacks

* Key size recommendations evolve with increasing computational power (currently 2048 or 4096 bits)

» Quantum computers pose a theoretical threat to RSA security due to Shor's algorithm
Applications

Digital Signatures and Authentication

« Digital signatures provide authentication, integrity, and non-repudiation

* Process of creating a digital signature: 1. Generate a hash of the message 2. Encrypt the hash with
the sender's private key 3. Attach the encrypted hash to the message

« Verification of digital signatures: 1. Recipient generates a hash of the received message 2. Decrypts
the attached signature using the sender's public key 3. Compares the decrypted hash with the
generated hash

+ Used in various applications (email, software distribution, financial transactions)

* Provides legal validity in many jurisdictions

Secure Communication Protocols

» SSL/TLS protocols use public key cryptography for initial key exchange
* HTTPS employs public key cryptography to establish secure connections for web browsing
+ Secure Shell (SSH) utilizes public key authentication for remote server access

* Pretty Good Privacy (PGP) uses public key cryptography for email encryption and signing
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* Public key infrastructure (PKI) supports secure communication in various network environments

Key Exchange and Management

« Diffie-Hellman key exchange allows secure sharing of symmetric keys over insecure channels

* Certificate Authorities (CAs) issue digital certificates to verify the authenticity of public keys

* Public Key Infrastructure (PKI) manages the lifecycle of digital certificates

» Key escrow systems provide backup mechanisms for recovering lost private keys in organizations

« Hierarchical PKI models enable scalable key management for large-scale deployments

5.4 Cryptographic Protocols

Cryptographic protocols are the backbone of secure digital communication. They enable us to exchange
information safely, even when bad actors are lurking. From key exchanges to zero-knowledge proofs,
these protocols keep our data under wraps.

Advanced protocols take security to the next level. Secure multiparty computation lets us work together
without spilling secrets, while blockchain tech creates tamper-proof records. These cutting-edge methods
are shaping the future of digital trust and privacy.

Key Exchange and Certificates

Fundamentals of Key Exchange

» Key exchange enables secure communication between parties over insecure channels
* Allows two parties to agree on a shared secret key without directly transmitting it

* Protects against eavesdropping and man-in-the-middle attacks

* Forms the basis for many secure communication protocols (HTTPS, SSH)

* Relies on mathematical properties of certain algorithms to ensure security

Diffie-Hellman Key Exchange Protocol

+ Pioneering public-key cryptography method developed by Whitfield Diffie and Martin Hellman in 1976
» Enables two parties to establish a shared secret key over an insecure channel

» Based on the discrete logarithm problem in modular arithmetic

* Process involves:

 Agreeing on public parameters (prime number p and generator g)

» Each party generates a private key and computes a public key

* Exchanging public keys

» Computing the shared secret using their private key and the other party's public key

« Mathematical representation: (g2 mod p)° = (g° mod p)? = g% mod p

* Vulnerable to man-in-the-middle attacks if not combined with authentication mechanisms
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Digital Certificates and Certificate Authorities
« Digital certificates provide a way to verify the authenticity of public keys
+ Contain information about the key owner, public key, expiration date, and issuer
« Signed by a trusted third party called a Certificate Authority (CA)
* Certificate Authorities responsibilities include:
« Verifying the identity of certificate requestors
* Issuing and managing digital certificates
» Maintaining Certificate Revocation Lists (CRLSs)
* Providing Online Certificate Status Protocol (OCSP) services

* Public Key Infrastructure (PKI) encompasses the entire system of digital certificates, CAs, and
protocols

» Widely used in secure web browsing (HTTPS) and email encryption (S/MIME)

Advanced Cryptographic Protocols

Zero-Knowledge Proofs

* Cryptographic method allowing one party to prove knowledge of information without revealing the
information itself

* Three fundamental properties:

» Completeness: If the statement is true, an honest verifier will be convinced

» Soundness: A cheating prover cannot convince the verifier of a false statement
» Zero-knowledge: The verifier learns nothing about the secret information

* Applications include:

« Identity verification without revealing personal data

* Blockchain privacy (Zcash cryptocurrency)

* Secure voting systems

* Types of zero-knowledge proofs:

« Interactive (requires back-and-forth communication)

* Non-interactive (can be verified without further interaction)

Secure Multiparty Computation

* Allows multiple parties to jointly compute a function over their inputs while keeping those inputs private
* Ensures that no party learns more than what can be inferred from their own input and the final output
* Key properties:

* Privacy: Parties learn only the final result and nothing else
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* Correctness: The computed result is correct

+ Independence of inputs: Parties cannot choose their inputs based on others' inputs
* Fairness: All parties receive the output or no one does

* Applications include:

* Privacy-preserving data analysis

+ Secure auctions and voting systems

+ Collaborative machine learning on sensitive data

* Protocols often use techniques such as secret sharing and homomorphic encryption

Blockchain Technology

* Decentralized, distributed ledger technology that records transactions across multiple computers
* Key features:

+ Immutability: Once recorded, data cannot be altered without consensus

* Transparency: All transactions are visible to network participants

* Decentralization: No single authority controls the network

» Consensus mechanisms ensure agreement on the state of the blockchain (Proof of Work, Proof of
Stake)

» Smart contracts enable automated, self-executing agreements on blockchain platforms
* Applications beyond cryptocurrencies:

* Supply chain management

* Digital identity verification

* Decentralized finance (DeFi)

« Security considerations:

* 51% attacks

» Smart contract vulnerabilities

» Quantum computing threats to cryptographic algorithms
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Unit 6 — Induction and Recursion

6.1 Mathematical Induction

Mathematical induction is a powerful tool for proving statements about natural numbers. It's like a domino
effect: if you can knock down the first one and show that each falling domino knocks down the next, you've
proven it for all of them.

This method is crucial in discrete math, especially for proving formulas and algorithm correctness. It's built
on two key steps: the base case and the inductive step, which together create a chain of logical reasoning
for infinite sets.

Principle of Mathematical Induction

Understanding the Foundations of Induction

* Principle of Mathematical Induction establishes a method to prove statements for all natural numbers
* Resembles a mathematical version of falling dominoes, where proving one case leads to the next

* Consists of two main steps: base case and inductive step

* Base case verifies the statement for the initial value, typicallyn=1orn=0

* Inductive step assumes the statement holds for an arbitrary k and proves it for k + 1

* Inductive hypothesis forms the assumption that the statement is true for k

Constructing Proofs by Induction

* Proof by Induction follows a structured approach to demonstrate the validity of a statement

* Begins with clearly stating the proposition to be proved for all natural numbers

« Establishes the base case by showing the statement holds for the smallest value of n

» Formulates the inductive hypothesis, assuming the statement is true for some arbitrary k

* Proves the inductive step by showing that if the statement holds for k, it must also hold for k + 1
+ Concludes the proof by invoking the Principle of Mathematical Induction

» Requires careful attention to detail and logical reasoning throughout the process

Key Components and Concepts

» Base Case serves as the starting point of the induction process

* Demonstrates the truth of the statement for the initial value (n =1 or n = 0)

« Inductive Step forms the core of the proof, showing how the truth propagates
» Assumes the statement holds for an arbitrary k (inductive hypothesis)

* Proves that the statement must then hold for k + 1

* Inductive Hypothesis acts as a temporary assumption within the proof
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* Assumes the statement is true for some arbitrary k to prove it for k + 1

« Crucial for establishing the logical connection between consecutive cases

Applications and Validity

Practical Applications in Mathematics
» Summation Formulas can be elegantly proved using mathematical induction
* Includes proofs for arithmetic and geometric series formulas
* Demonstrates the sum of the first n positive integers:

nn+1)
2

M=

=

i=1

* Proves the formula for the sum of geometric series:

n

i l—fn+1
2 ar'=alyr
i=0

* Useful in proving properties of divisibility and inequalities
* Applies to computer algorithms, particularly in analyzing time complexity

* Helps in proving correctness of recursive algorithms (quicksort, merge sort)

Understanding the Power and Limitations

« Validity of Induction rests on the well-ordering principle of natural numbers

+ Ensures that every non-empty subset of natural numbers has a least element

* Provides a solid foundation for proofs involving countably infinite sets

* May not apply directly to uncountable sets or non-discrete mathematical structures
» Requires careful formulation of the inductive hypothesis to avoid circular reasoning
« Strong induction extends the principle to prove more complex statements

* Transfinite induction generalizes the concept to well-ordered sets beyond natural numbers

The Domino Effect Analogy
» Domino Effect serves as an intuitive visualization of mathematical induction
+ Imagine an infinite line of dominoes, each representing a natural number
* Base case corresponds to knocking down the first domino
* Inductive step ensures that if any domino falls, it will knock down the next one
* Principle of Mathematical Induction guarantees all dominoes will fall
« lllustrates how proving a statement for one case leads to its truth for all subsequent cases
* Helps in understanding the concept of infinity in a tangible way

» Demonstrates the power of induction in proving statements for all natural numbers
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6.2 Strong Induction and Well-Ordering
Strong Induction and Well-Ordering

Principles of Strong Induction

In ordinary (simple) induction, the inductive step assumes only that P(n) is true and uses that to prove
P(n + 1). Strong induction removes that restriction: you get to assume P()) is true for every value from the
base case up through N, and then you prove P(n + 1).

The structure looks like this:
1. Base case: Show P(1) is true (or whatever your starting value is).
2. Inductive step: Assume P(1), P(2), ..., P(k) are all true. Using that assumption, prove P(k + 1).

Why bother? Because many statements about P(n + 1) depend on more than just the immediately
preceding case. For example, the Fibonacci recurrence F(n) = F(n — 1) + F(n — 2) reaches back two
steps, so a proof about Fibonacci numbers naturally needs both P(n — 1) and P(n). Strong induction
hands you all previous cases at once, which often makes the argument shorter and more natural.

Despite the name, strong induction is logically equivalent to simple induction. Neither one can prove
something the other can't. Strong induction just gives you a more convenient assumption to work with in
certain proofs.

Well-Ordering Principle and Minimum Element

The Well-Ordering Principle says: every non-empty set of positive integers has a least (minimum) element.

This sounds obvious, but it's surprisingly powerful. It's one of the foundational properties of the natural
numbers, closely tied to the Peano axioms, and it turns out to be logically equivalent to both simple and
strong induction.

A key application is proof by contradiction. If you want to show some property holds for all positive integers,
you can assume it fails somewhere, collect all the counterexamples into a set, and then invoke
well-ordering to grab the smallest counterexample. Working with that smallest counterexample often
produces a contradiction.

One thing to watch: the well-ordering principle applies to sets that have a well-ordering, meaning every
non-empty subset has a least element. The positive integers and the non-negative integers are
well-ordered under their usual ordering. The rational numbers under their usual ordering are not
well-ordered (there's no smallest positive rational), so you can't blindly apply this principle to every number
system.

Second Principle of Induction

This is just another name for strong induction (also called complete induction). The phrasing differs slightly
from the version above but the idea is identical:

1. Base case: Show P(1) is true.
2. Inductive step: For an arbitrary positive integer k, assume P(m) is true for all m < k. Prove P(K).

Notice the subtle difference in indexing compared to the earlier formulation: here you assume everything
strictly less than k and prove P(K) itself, rather than assuming up through k and proving P(k + 1). Both
formulations are equivalent; different textbooks just prefer one or the other. Make sure you know which
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version your course uses so your proofs match the expected format.

Proof Techniques

Complete Induction Method
Here's a step-by-step template for writing a strong induction proof:

1. State the property. Write P(n) clearly. For example: "Every integer n = 2 can be written as a product
of primes."

2. Prove the base case. Verify P for the smallest relevant value. (For the example: 2 is itself prime, so
it's a product of one prime.)

3. State the inductive hypothesis. Assume P(/) holds for every integer | with 2 <j < K (orj <K,
depending on your formulation).

4. Prove the inductive step. Show P(k + 1) follows. This is where you get to use any of the assumed
cases, not just P(k). For the prime factorization example: if k + 1 is prime, you're done; if not,

k+ 1 =ab where 2 = a, b <k, and by the inductive hypothesis both @ and b have prime
factorizations, so k + 1 does too.

5. Conclude. By strong induction, P(n) is true for all integers n = 2.

Sometimes you need more than one base case. If your recurrence or argument reaches back I steps, you

typically need base cases for the first r values. The Fibonacci example mentioned earlier would need both
P(1) and P(2) verified.

Proof by Minimum Counterexample

This technique combines the Well-Ordering Principle with proof by contradiction. It's a clean alternative to
induction for many of the same problems.

1. Assume the statement fails. Suppose there exists some positive integer for which P(n) is false.

2. Form the set of counterexamples. Let S = {n € Z* : P(n) is false}. By your assumption, S is
non-empty.

3. Apply well-ordering. Since S is a non-empty set of positive integers, it has a least element. Call it 0.

4. Derive a contradiction. Use the fact that 0 is the smallest counterexample. This means P()) is true
for every positive integeri < No. Exploit that to show P(Nno) must actually be true as well, contradicting
the assumption that np € S.

5. Conclude. The set S must be empty, so P(n) holds for all positive integers.

This method is especially common in number theory. For instance, proving that every integer = 2 has a
prime divisor works neatly by minimum counterexample: the smallest integer = 2 that lacks a prime divisor
would itself have to be prime (contradiction) or factor into smaller pieces that do have prime divisors (also a
contradiction).

Comparison with Other Methods

Advantages and Limitations of Strong Induction

When strong induction helps most:
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* The inductive step naturally depends on multiple earlier cases, not just the immediate predecessor.
Recursive definitions (like Fibonacci) and divisibility arguments are classic examples.

* You want a cleaner proof structure. Some proofs that can be done with simple induction require an
awkward strengthening of the hypothesis; strong induction avoids that.

* You're proving correctness of a recursive algorithm whose recursive calls don't just reduce the input
by one.

Things to watch out for:

» Base cases. Because the inductive step can reach back to any earlier case, you may need to verify
several base cases, not just one. Missing a base case is a common mistake.

« Circular reasoning. Make sure your argument for P(k + 1) genuinely uses the assumption on smaller
values. If you accidentally assume P(k + 1) itself, the proof is circular.

+ Choosing the right method. Strong induction, simple induction, and minimum counterexample are all
logically equivalent for statements about positive integers. Pick whichever makes the argument
clearest. There's no bonus for using a fancier technique when simple induction works fine.

Strong induction, simple induction, and the well-ordering principle are three different proof strategies, but
they're all logically equivalent. Any statement you can prove with one, you can prove with the others. The
real question is always: which one gives the cleanest proof for this particular problem?

6.3 Recursive Definitions and Structural Induction

Recursive definitions and structural induction are powerful tools for describing and analyzing complex
structures. They allow us to define and prove properties of infinite sets, sequences, and data structures
using simple, elegant rules.

These concepts are crucial in computer science and mathematics. They form the foundation for
understanding algorithms, data structures, and formal proofs, connecting the abstract world of
mathematical reasoning to practical problem-solving in programming and system design.

Recursive Definitions

Understanding Recursive Definitions

* Recursive definitions describe objects or processes in terms of themselves

» Consist of two essential components base case and recursive step

* Base case defines the simplest form of the object or process without recursion

* Recursive step explains how to construct more complex instances using simpler ones
* Allows for concise representation of potentially infinite sets or structures

» Widely used in mathematics and computer science to define sequences, functions, and data
structures

Inductively Defined Sets and Their Applications

* Inductively defined sets built using recursive definitions

« Start with a set of initial elements (base case)
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* Apply rules recursively to generate new elements (recursive step)
« Can represent complex mathematical structures like natural numbers or binary trees
+ Useful in formal logic, programming language semantics, and algorithm design

* Facilitate proofs by mathematical induction on set elements

Examples of Recursive Definitions in Practice

* Natural numbers defined recursively 1 is a natural number, if n is a natural number, then n + 1 is also
a natural number
1 ifn=0

. i i | =
Factorial function n! = { nx(n—-1)! ifn>0

* Fibonacci sequence

0 ifn=0
Fr=A1 ifn=1
Fn_1+Fn_2 ifn>l

* Binary trees empty tree is a binary tree, if T1 and T2 are binary trees, then a tree with a root node and
T1, T2 as left and right subtrees is a binary tree

Structural Induction and Sequences

Principles of Structural Induction

* Proof technique based on the structure of inductively defined sets

» Extends mathematical induction to more complex structures

* Involves proving a property holds for all elements of an inductively defined set

+ Consists of two main steps base case and inductive step

* Base case proves the property holds for the simplest elements of the set

* Inductive step assumes the property holds for simpler elements and proves it for more complex ones

« Particularly useful for proving properties of recursive data structures and algorithms

Recursive Sequences and Their Properties

» Sequences defined by recurrence relations

» Each term expressed as a function of previous terms

« Initial terms specified as part of the definition

» Can model various real-world phenomena and mathematical patterns

« Examples include arithmetic sequences, geometric sequences, and the Fibonacci sequence
+ Analyzed using techniques like generating functions and characteristic equations

+ Often solved by finding closed-form expressions or studying asymptotic behavior
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Peano Axioms and Natural Numbers

« Set of axioms defining the natural numbers and their properties
* Developed by Giuseppe Peano in the late 19th century
* Provide a formal foundation for arithmetic and number theory

* Five key axioms zero is a natural number, every natural number has a successor, zero is not the
successor of any natural number, different natural numbers have different successors, mathematical
induction holds

* Allow rigorous proofs of basic arithmetic properties
+ Serve as a basis for constructing more complex number systems (integers, rationals, reals)

* Influenced the development of formal logic and foundations of mathematics

Recursive Data Structures

Tree Structures and Their Properties

* Hierarchical data structures with nodes and edges

* Root node at the top, child nodes branching out below

+ Various types binary trees, n-ary trees, balanced trees (AVL, Red-Black)
* Recursively defined each subtree is itself a tree

« Efficient for representing hierarchical relationships and organizing data

« Common operations include traversal (pre-order, in-order, post-order), insertion, deletion, and
searching

+ Applications file systems, organizational charts, XML/HTML parsing, decision trees

Linked Lists and Their Implementations

* Linear data structures with elements connected by pointers

» Each node contains data and a reference to the next node

* Recursively defined empty list is a linked list, a node pointing to a linked list is a linked list
* Types singly linked lists, doubly linked lists, circular linked lists

» Dynamic memory allocation allows for efficient insertion and deletion

« Useful for implementing stacks, queues, and symbol tables

» Advantages over arrays flexible size, efficient insertion/deletion at any position

+ Disadvantages random access is slower than arrays, extra memory for storing pointers

Graphs and Graph Algorithms

« Structures consisting of vertices (nodes) and edges (connections between nodes)

* Recursively defined empty graph is a graph, adding a vertex or edge to a graph creates a new graph
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* Types directed graphs, undirected graphs, weighted graphs, bipartite graphs
* Represented using adjacency matrices or adjacency lists

» Fundamental graph algorithms depth-first search (DFS), breadth-first search (BFS), shortest path
algorithms (Dijkstra's, Bellman-Ford)

* Applications social networks, transportation systems, computer networks, recommendation systems

+ Graph theory provides tools for analyzing complex relationships and solving optimization problems

6.4 Recursive Algorithms

Recursive algorithms are a powerful tool in programming, using self-referential functions to solve complex
problems. They break down tasks into smaller, manageable pieces, making solutions more elegant and
intuitive.

This section explores the fundamentals of recursion, including base cases, call stacks, and common
implementations. We'll see how recursive thinking applies to mathematical functions, divide-and-conquer
strategies, and optimization techniques like tail recursion.

Recursion Fundamentals

Understanding Recursive Programming

* Recursion involves a function calling itself to solve smaller instances of the same problem

* Breaks down complex problems into simpler, more manageable subproblems

* Enables elegant and concise solutions for certain types of problems (tree traversals, graph algorithms)
* Requires careful design to avoid infinite loops or excessive memory usage

» Commonly used in functional programming paradigms

* Consists of two main components: base case and recursive case

Base and Recursive Cases

» Base case defines the simplest instance of the problem that can be solved directly
+ Serves as the termination condition for the recursive function

* Prevents infinite recursion by providing a stopping point

« Often represents the smallest input or a trivial scenario

» Recursive case breaks down the problem into smaller subproblems

« Calls the function itself with modified input to progress towards the base case
 Gradually reduces the problem size until it reaches the base case

 Ensures the function eventually terminates and produces a result

Call Stack and Execution

« Call stack manages function calls and local variables during program execution
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 Each recursive call adds a new frame to the call stack

» Frame contains function parameters, local variables, and return address
« Stack grows with each recursive call and shrinks as calls complete

* Potential for stack overflow if recursion depth exceeds available memory
* Visualizing the call stack helps understand recursive function execution

» Demonstrates how recursive calls are nested and resolved

Recursive Algorithms

Fibonacci Sequence Implementation
+ Fibonacci sequence defined as F(n) = F(n-1) + F(n-2), with F(0) = 0 and F(1) =1

* Recursive implementation of Fibonacci: function fibonacci(n): if n <= 1: return n else: return
fibonacci(n-1) + fibonacci(n-2)

*Basecases:n=0andn=1
* Recursive case: sum of two preceding Fibonacci numbers
* Inefficient for large n due to redundant calculations

+ Can be optimized using memoization or dynamic programming techniques

Factorial and Mathematical Functions

+ Factorial of n (n!) defined as the product of all positive integers up to n

* Recursive implementation of factorial: function factorial(n): if n == 0 or n == 1: return 1 else: return n *
factorial(n-1)

 Base case: 0! and 1! both equal 1
* Recursive case: n multiplied by factorial of (n-1)
» Demonstrates how mathematical functions can be expressed recursively

+ Other examples include power functions and greatest common divisor (GCD) calculations

Divide and Conquer Strategies

+ Divide and conquer approach breaks problems into smaller subproblems
* Recursively solves subproblems and combines results to solve the original problem
« Common in sorting algorithms (Merge Sort, Quick Sort) and searching algorithms (Binary Search)

» Merge Sort example: function mergeSort(arr): if len(arr) <= 1: return arr mid = len(arr) // 2 left =
mergeSort(arr[:mid]) right = mergeSort(arr[mid:]) return merge(left, right)

* Divides the array, recursively sorts subarrays, and merges sorted subarrays

« Efficient for large datasets, with time complexity of O(n log n)
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Advanced Recursion Concepts

Analyzing Recursive Complexity
» Time complexity analysis considers number of recursive calls and work done in each call
» Space complexity accounts for call stack depth and additional memory usage
*» Recurrence relations describe time complexity of recursive algorithms
» Master Theorem provides a systematic approach to solve common recurrence relations
« Examples of recursive algorithm complexities:
* Binary search: O(log n) time complexity
* Merge sort: O(n log n) time complexity
* Recursive algorithms often have higher constant factors compared to iterative counterparts

* Trade-off between code simplicity and performance in some cases

Optimizing with Tail Recursion
« Tail recursion occurs when the recursive call is the last operation in the function
+ Allows compiler or interpreter to optimize the recursion into iteration
* Eliminates need for maintaining a large call stack
* Reduces memory usage and risk of stack overflow errors

» Example of tail-recursive factorial: function factorialTail(n, acc=1): if n == 0 or n == 1: return acc else:
return factorialTail(n-1, n * acc)

» Accumulator parameter (acc) stores intermediate results
* Not all recursive functions can be easily converted to tail-recursive form

» Supported by some programming languages and compilers for optimization
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Unit 7 — Counting and Probability

7.1 Basic Counting Principles

Counting principles form the foundation of combinatorics, helping us solve complex problems by breaking
them down into simpler parts. The sum rule, product rule, and multiplication principle are key tools for
calculating possibilities in various scenarios.

Advanced techniques like the inclusion-exclusion principle and pigeonhole principle tackle more intricate
counting problems. Factorials play a crucial role in permutations and combinations, enabling us to
calculate arrangements and selections in diverse situations.

Fundamental Counting Rules

Sum and Product Rules

» Sum Rule applies when counting events that cannot occur simultaneously

» Adds the number of ways each event can occur

* Used for mutually exclusive events or choices

* Product Rule multiplies the number of ways each event can occur

* Applies when events or choices are independent

* Multiplication Principle extends the Product Rule to more than two events

* Counting Principle combines Sum and Product Rules for complex scenarios

+ Useful for solving problems involving multiple steps or choices

Applications of Counting Rules

» Sum Rule helps calculate total outcomes in games of chance (dice rolls, card draws)
* Product Rule determines possible combinations in password creation

* Multiplication Principle calculates outfit combinations from separate clothing items

« Counting Principle solves problems involving both addition and multiplication steps

* Applies to real-world scenarios like menu combinations or travel itineraries

Advanced Counting Techniques

Inclusion-Exclusion Principle
* Calculates the size of the union of multiple sets
» Addresses overcounting when sets overlap
« Formula: JA U B| = |A] + |B| - ]A n B
+ Extends to three or more sets with additional terms

* Useful for solving problems involving overlapping categories or characteristics
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* Applications include calculating probabilities in complex events (team selections)

Pigeonhole Principle

« States that if n items are placed into m containers, and n > m, at least one container must contain
more than one item

* Also known as the Dirichlet drawer principle

* Helps prove the existence of certain conditions without explicitly constructing them
» Used in computer science for hash functions and data compression

* Applications in number theory, graph theory, and combinatorics

* Solves problems involving distributions, such as proving at least two people in a group have the same
birthday

Counting with Factorials

Factorial Definition and Properties

* Factorial of a non-negative integer n, denoted as n!, is the product of all positive integers less than or
equalton

* Definedasn!=n x (n-1) x (n-2) x ... x 3 x 2 x 1

+ 0! is defined as 1 by convention

» Grows rapidly as n increases, leading to very large numbers

* Used in permutations, combinations, and probability calculations

* Factorial function is not defined for negative numbers or non-integers

Applications of Factorials

* Calculates the number of permutations of n distinct objects
 Determines the number of ways to arrange n people in a line

» Used in Taylor series expansions in calculus

*» Appears in the formula for combinations (n choose k)

« Stirling's approximation provides an estimate for large factorials

« Factorial calculations play a crucial role in statistical analysis and data science

7.2 Permutations and Combinations

Permutations and combinations are essential tools for counting complex arrangements and selections.
They help us solve problems in various fields, from probability to computer science, by providing formulas
to calculate different types of arrangements and selections.

These concepts build on fundamental counting principles and extend to more advanced techniques.
Understanding permutations and combinations is crucial for tackling probability problems and developing
problem-solving skills in discrete mathematics and beyond.
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Permutations and Combinations

Fundamental Counting Principles

» Permutation arranges objects in a specific order
» Combination selects objects without regard to order
« Factorial notation n! represents the product of all positive integers up to n

* Multiplication principle calculates the number of ways to perform a sequence of choices

Types of Permutations

« Linear permutation calculates arrangements of n distinct objects using formula P(n) = n!
« Partial permutation arranges r objects from a set of n objects, computed as P(n, r) = ﬁ
« Circular permutation organizes n objects around a circle, given by C(n) = (n — 1)!

» Derangement counts permutations where no element appears in its original position, calculated using

n
_1\k
Dp=nt 3 5}
k=0

Combination Principles

» Combination formula selects r objects from n objects without order: Cln,nN=(7)= ﬁ

* Pascal's Triangle illustrates combinations and binomial coefficients
- Combination properties include symmetry: (7) = (,2 ;)

* Vandermonde's |dentity relates combinations:
.
(MEm =2 ()
k=0
Permutations and Combinations with Repetition

Permutations with Repetition

» Permutation with repetition allows objects to be used multiple times
 Formula for n objects into r positions: n"
+ Multinomial coefficient calculates permutations with multiple types of repeated objects: m

* Applications include generating passwords and license plate numbers

Combinations with Repetition

» Combination with repetition selects objects with replacement, allowing repeated selections
» Formula for selecting r objects from n types: (M) = (”,J{f_l l)
« Stars and bars method visualizes combinations with repetition

* Used in problems involving distributing identical objects into distinct containers
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Advanced Counting Techniques

Stirling Numbers and Their Applications

« Stirling numbers of the first kind count permutations with specific cycle structures

« Stirling numbers of the second kind partition a set into non-empty subsets

* Recursive formulas define both types of Stirling numbers

* Bell numbers sum Stirling numbers of the second kind to count total partitions of a set

* Applications include analyzing data structures and solving combinatorial problems in computer
science

7.3 Binomial Coefficients and Identities
Binomial Coefficients and Pascal's Triangle

Understanding Binomial Coefficients

A binomial coefficient counts the number of ways to choose k items from a set of n items, where order
doesn't matter and you don't replace items. It's denoted (%) (read "n choose k") or C(n,k), and calculated
with:

(%) = mimr

For example, (3) = 5257 = 222 = 10. There are 10 ways to pick 2 items from a set of 5.

Key properties to know:

* Symmetry: (B)=(,"0). Choosing which 2 items to take from 5 is the same as choosing which 3 to

leave behind, so (3) = (3) = 10.

- Boundary values: (o) = (7) = 1. There's exactly one way to choose nothing, and one way to choose
everything.

- Recursive formula (Pascal's Rule): (7) = (£21) + ("¢ ). This says: for any particular element,
either you include it in your selection (leaving you to choose k-1 from the remaining n—-1) or you
exclude it (leaving you to choose k from n—1).

« Binomial coefficients appear as the coefficients when you expand (x + y)".

Exploring Pascal's Triangle

Pascal's Triangle arranges binomial coefficients in a triangular grid. Row n contains the values

(0)r ()s e (%), and each entry equals the sum of the two entries directly above it (that's Pascal's Rule in
visual form).

Row 0: 1

Row 1: 11

Row 2: 121

Row 3: 1331
Row4: 14641

Row 4, for instance, gives the coefficients of (x + y)* = x* + 4x3y + 6x%y? + 4xy3 + y*.
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A few useful patterns hidden in the triangle:
+ Each row sums to a power of 2. Row n sums to 2" (e.g., row 3: 1+3+3+1 =8 = 23),
* The triangle is symmetric left-to-right, reflecting the symmetry property.

* The diagonals produce natural numbers, triangular numbers, and tetrahedral numbers as you move
deeper.

Beyond being a nice visual, Pascal's Triangle gives you a quick way to look up small binomial coefficients
without computing factorials.

Applying Combinatorial Proofs

A combinatorial proof shows that two expressions are equal by demonstrating they count the same thing in
different ways. Instead of algebraic manipulation, you argue about counting.

Steps for writing a combinatorial proof:
1. Identify a counting problem that one side of the identity answers.
2. Reinterpret the other side as a different way of counting the exact same set.
3. Conclude equality, since both sides count the same collection of objects.
For example, to prove Pascal's Rule (7) = (R21) + ("¢ 1):
* The left side counts the number of ways to choose k items from n.
* For the right side, single out one specific element (call it element #n). Every k-element subset either
contains element #n or it doesn't. If it does, you choose the remaining k-1 items from the other n-1

elements: (2: %) ways. If it doesn't, you choose all k items from the other n—-1 elements: (”; 1) ways.

* Both sides count the same subsets, so they're equal.

Combinatorial proofs often give you more intuition about why an identity is true than a purely algebraic
derivation would.

Binomial Theorem and Expansion

Exploring the Binomial Theorem

The Binomial Theorem tells you exactly how to expand (x + ¥)" for any non-negative integer n:

(x+y)= 3 ()x"ky*

k=0

Each term in the expansion has the form (ﬁ)Xn - "y". The exponents of x decrease from n to 0 while the
exponents of y increase from 0 to n, and the exponents in each term always sum to n.

Why does this formula work? When you multiply out (X + ¥)(Xx + ¥)---(X + ¥) (n copies), each term in the
product comes from picking either x or y from each factor. The coefficient (%) counts how many ways you
can pick y from exactly k of the n factors (and x from the rest).

Applying Binomial Expansion
To expand a specific binomial power, follow these steps:

1. Identify x, y, and n in your expression (X + y)".
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2. Write each term fork =0, 1, 2, ..., n using (ﬂ)X"_ky"_

3. Simplify each term's coefficient and powers.
Example: Expand (2a + 3)°.
Here x=2a,y=3,n=3.
-k=0: (3)(2a)?(3)°=1-8a°-1=8a>
:
=3-23-9=543

)
1: ( )(2a) (3)1=3-4a2-3=36a2

-k=2: (3)(2a
(3)(2a (3°=1-1-27=27

=
11

3:
Result: (2a + 3)3 = 8a% + 36a% + 54a + 27.

n—k

You can also find a single term without expanding everything. The (k+1)th term is ()X y", so if you

only need, say, the 32 term above, just compute the k=1 case.

Understanding Binomial Identities

Binomial identities are equations involving binomial coefficients that hold for all valid values of n. They're
useful for simplifying sums and solving counting problems. Here are the most important ones:

Sum of all coefficients:
n
pRUE
This follows directly from the Binomial Theorem by settingx=1andy =1: (L +1)" =2"

Alternating sum:

k=0

Set x = 1 and y = -1 in the Binomial Theorem: (1 — 1)"” = 0. This means the sum of coefficients at even
positions equals the sum at odd positions.

Pascal's Rule: (§)=(721)+ ("¢ 1)
Already discussed above. This is the recursive identity that builds Pascal's Triangle.

Each of these can be proved algebraically, by induction, or with a combinatorial argument. The substitution
approach (plugging specific values into the Binomial Theorem) is often the fastest.

Advanced Binomial Identities

Exploring Vandermonde's Identity
Vandermonde's Identity states:
;
2 (D)= (m¢m)
k=0
The combinatorial interpretation makes this intuitive. Suppose you have a group of m men and n women,

and you want to choose a committee of r people. The right side counts this directly: (7). The left side
splits by cases: for each k, choose k men from m and the remaining r-k women from n, then sum over all
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possible values of k.
Both sides count the same committees, so they're equal.

A useful special case: setting m = n =r gives

n

2 (W)=

k=0

,since (-2 «) = (7 «) = (¥) by symmetry. This identity comes up frequently in probability.
Applying Combinatorial Proofs to Advanced ldentities

The same proof strategy from earlier scales to harder identities. The challenge is finding the right counting
interpretation.

For the identity

> @7=0)

1. The right side counts ways to choose n items from a set of 2n.

2. Split the 2n items into two groups of n (call them Group A and Group B). To select n items total, you
can choose k from Group A and n—k from Group B, for any k from 0 to n.
3. The number of ways to do this for a given kis (7)(," ¢) = (7)°.

4. Summing over all k gives the left side.

When tackling these proofs, the key move is to find a concrete scenario (committees, paths, subsets)
where both sides naturally arise as different ways of organizing the count.

Exploring Additional Binomial Identities

A few more identities worth knowing:

Absorption/Extraction identity: (7) =2(%-1)

You can verify this directly from the factorial formula. It's handy for pulling a factor of n or k out of a
binomial coefficient during algebraic manipulation.

Weighted sum identity:

n

> k(gy=n-2"""

k=0

To see why, use the absorption identity: k(',l) = n(',l _ %) Substituting and re-indexing the sum gives

n-1
n z (n;l)=n,2n—1
j=0

Binomial series (generalized form):

2 (xk=(1+x)"
k=0
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This is just the Binomial Theorem with y = 1, written in summation form. It's the version you'll use most
often when working with generating functions.

These identities form a toolkit for simplifying combinatorial sums. When you encounter a complicated sum
involving binomial coefficients, check whether one of these standard identities (or a substitution into the
Binomial Theorem) applies before attempting a proof from scratch.

7.4 Introduction to Probability Theory

Probability theory forms the backbone of analyzing uncertain events and outcomes. It provides tools to
quantify chances, make predictions, and understand random phenomena. This section introduces key
concepts like sample spaces, events, and probability functions, laying the groundwork for more advanced
topics.

Conditional probability, independence, and Bayes' Theorem are explored, showing how events can
influence each other. Random variables are introduced, along with their properties like expected value and
variance. These concepts are crucial for modeling real-world scenarios and making informed decisions
under uncertainty.

Probability Basics
Fundamental Concepts of Probability Theory

» Sample Space represents all possible outcomes of an experiment (rolling a die)

 Event consists of a subset of outcomes from the sample space (rolling an even number)

* Probability Function assigns a value between 0 and 1 to each event in the sample space

* Probability of an event calculated by dividing favorable outcomes by total possible outcomes
» Complement of an event A denoted as A’ includes all outcomes not in A

« Probability of complement calculated as P(A’) = 1 — P(A)

Properties and Rules of Probability

» Axioms of Probability form the foundation of probability theory

* Probability of any event ranges from 0 to 1, inclusive

* Probability of the entire sample space equals 1

« For mutually exclusive events A and B, P(A U B) = P(A) + P(B)

+ Addition Rule for non-mutually exclusive events: P(A U B) = P(A) + P(B) — P(A n B)
« Multiplication Rule for independent events: P(A n B) = P(A) X P(B)

+ Law of Total Probability used for partitioned sample spaces

Conditional Probability and Independence

Understanding Conditional Probability

« Conditional Probability measures the likelihood of an event given another event has occurred

* Denoted as P(A|B), read as "probability of A given B"
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« Calculated using the formula: P(A|B) = %

* Useful in analyzing dependent events (drawing cards without replacement)
+ Conditional probability tree diagrams visually represent multiple conditional events

« Multiplication Rule for conditional probability: P(A n B) = P(A) X P(B|A)

Exploring Independence and Its Applications
* Independence occurs when the occurrence of one event does not affect the probability of another
« Two events A and B are independent if P(A|B) = P(A) or P(B|A) = P(B)
« For independent events, P(A n B) = P(A) X P(B)
* Independence crucial in many real-world applications (coin flips, dice rolls)
» Mutually exclusive events cannot be independent unless one has a probability of 0

« Pairwise independence does not guarantee mutual independence for three or more events
Applying Bayes' Theorem

» Bayes' Theorem relates conditional probabilities of events

- Formula: P(A|B) = w

» Used to update probabilities based on new information
* Applications include medical diagnosis, spam filtering, and machine learning
» Requires knowledge of prior probabilities and likelihoods

» Can be extended to multiple events using the law of total probability

Random Variables and Their Properties

Defining and Classifying Random Variables

* Random Variable assigns numerical values to outcomes in a sample space

+ Discrete Random Variables take on countable values (number of heads in coin flips)

+ Continuous Random Variables can take any value within a range (height of a person)

* Probability Mass Function (PMF) describes probability distribution for discrete random variables

* Probability Density Function (PDF) describes probability distribution for continuous random variables

» Cumulative Distribution Function (CDF) gives probability of a random variable being less than or equal
to a specific value

Calculating and Interpreting Expected Value

» Expected Value represents the average outcome of a random variable over many trials

« For discrete random variables, E(X) = gx X P(X = x)
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* For continuous random variables, E(X) = f_wx X f(x)dx

« Linearity of Expectation: E(aX + b) = aE(X) + b
* Used in decision-making and risk assessment (expected return on investment)

* Does not always represent a possible outcome (expected value of a die roll is 3.5)

Analyzing Variance and Standard Deviation
« Variance measures the spread of a random variable around its expected value
« Calculated as Var(X) = E[(X — E(X))?]
« Alternative formula: Var(X) = E(X?) — [E(X)]?
« Standard Deviation is the square root of variance, denoted as g = v Var(X)
« Properties of variance include Var(aX + b) = a?Var(X)
» Chebyshev's Inequality relates variance to probability of deviations from the mean

» Covariance measures the joint variability of two random variables
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Unit 8 — Graph Theory

8.1 Graph Fundamentals and Representations

Graphs are the backbone of network analysis, modeling relationships between objects. They consist of
vertices connected by edges, forming structures that can represent everything from social networks to
transportation systems.

Graph theory offers various ways to represent these structures, including adjacency matrices and lists.
These representations enable efficient algorithms for analyzing connectivity, finding shortest paths, and
solving complex network problems.

Graph Elements and Types

Basic Graph Components
* Vertex represents a node or point in a graph, often depicted as a circle or dot
» Edge connects two vertices, typically drawn as a line segment between them
* Directed graph contains edges with specific directions, indicated by arrows

 Undirected graph features edges without specific directions, allowing bidirectional connections

Specialized Graph Structures

» Weighted graph assigns numerical values (weights) to edges, representing distances, costs, or other
metrics

« Simple graph lacks self-loops and multiple edges between the same pair of vertices

+ Multigraph allows multiple edges between the same pair of vertices, useful for modeling complex
relationships

Vertex Properties

Connectivity Measures

* Degree of a vertex counts the number of edges connected to it

* In-degree measures incoming edges in directed graphs

» Out-degree counts outgoing edges in directed graphs

+ Adjacent vertices share a common edge, directly connected in the graph

* Incident edges connect to a specific vertex, forming its immediate connections

Vertex Relationships

» Neighboring vertices are directly connected by an edge
* Isolated vertices have no incident edges, disconnected from the rest of the graph

* Pendant vertices have only one incident edge, often found at the periphery of a graph
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Graph Representations

Matrix-Based Representation

» Adjacency matrix uses a 2D array to represent graph connections

* Rows and columns correspond to vertices

* Entry (i,j) indicates an edge between vertices i and j

* For undirected graphs, the matrix is symmetric

» Weighted graphs store edge weights instead of binary values

* Incidence matrix represents relationships between vertices and edges
* Rows correspond to vertices, columns to edges

« Entries indicate vertex-edge connections

List-Based Representation

« Adjacency list stores a list of adjacent vertices for each vertex
» More space-efficient for sparse graphs

* Facilitates quick access to a vertex's neighbors

» Can be implemented using arrays, linked lists, or hash tables
+ Edge list maintains a collection of all edges in the graph
 Each entry contains the two connected vertices

« Useful for algorithms that process edges sequentially

Graph Equivalence

* Isomorphic graphs have identical structures but may appear visually different
* Vertex labels can be rearranged to make the graphs identical
* Preserves adjacency relationships between vertices

* Determining graph isomorphism is computationally challenging

8.2 Graph Connectivity and Traversals

Graph connectivity and traversals are key concepts in graph theory, focusing on how vertices connect and
how we explore graphs. These ideas help us understand network structures and find efficient paths
through complex systems.

Connectivity looks at how parts of a graph link up, while traversals are methods for systematically visiting
all vertices. Both are crucial for solving real-world problems in areas like social networks, transportation,
and computer systems.
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Graph Connectivity

Understanding Connected and Disconnected Graphs

» Connected graph consists of a single component where every pair of vertices has a path between
them

* Disconnected graph contains two or more separate components with no paths connecting them

« Strongly connected component refers to a directed graph where every vertex can reach every other
vertex

 Connectivity plays a crucial role in analyzing network structures and communication pathways

Critical Elements in Graph Connectivity

« Bridge represents an edge whose removal increases the number of connected components
» Removing a bridge splits the graph into two disconnected subgraphs

« Articulation point (cut vertex) denotes a vertex whose removal increases the number of connected
components

« Identifying bridges and articulation points helps assess network vulnerability and robustness

Applications of Graph Connectivity

» Network reliability analysis uses connectivity concepts to evaluate system stability
« Social network analysis employs connectivity measures to identify influential nodes or communities
* Transportation planning utilizes graph connectivity to optimize route designs and minimize disruptions

« Computer network design incorporates connectivity principles to ensure fault tolerance and efficient
data flow

Graph Traversals

Depth-First Search (DFS) Exploration

» DFS algorithm explores a graph by going as deep as possible before backtracking

« Utilizes a stack data structure (either explicitly or through recursion) to keep track of vertices
+ Time complexity: O(V + E) where V is the number of vertices and E is the number of edges
* Applications include topological sorting, cycle detection, and maze solving

* DFS can be implemented recursively or iteratively using a stack

Breadth-First Search (BFS) Methodology

» BFS algorithm explores a graph level by level, visiting all neighbors before moving to the next level
* Employs a queue data structure to manage the order of vertex exploration

« Time complexity: O(V + E) where V is the number of vertices and E is the number of edges
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* Finds shortest paths in unweighted graphs and is used in social network analysis (finding degrees of
separation)

* BFS is typically implemented iteratively using a queue data structure

Comparison and Applications of Traversal Algorithms

* DFS often requires less memory than BFS for graphs with many branches

» BFS guarantees finding the shortest path in unweighted graphs, while DFS does not
+ Both algorithms can be used for connectivity checking and component labeling

* DFS is preferred for tasks like cycle detection and topological sorting

* BFS excels in shortest path problems and level-order traversals (web crawling, social network
analysis)

Special Graph Structures

Paths and Cycles in Graphs
« Path represents a sequence of vertices connected by edges with no repeated vertices
 Simple path contains no repeated vertices except possibly the first and last
* Cycle denotes a path that starts and ends at the same vertex
+» Simple cycle has no repeated vertices except the start/end vertex

« Paths and cycles play crucial roles in routing problems and circuit design

Trees and Forests as Special Graphs

* Tree constitutes a connected acyclic graph where any two vertices are connected by exactly one path
* Properties of trees include having n-1 edges for n vertices and no cycles

* Forest comprises a collection of disjoint trees (a disconnected acyclic graph)

* Trees find applications in hierarchical structures (file systems, organization charts)

* Spanning trees represent a subset of edges that form a tree including all vertices of a connected
graph

Applications of Special Graph Structures

« Shortest path algorithms utilize path concepts to find optimal routes (GPS navigation, network routing)

+ Cycle detection algorithms help identify deadlocks in operating systems and mutual dependencies in
software

* Tree structures optimize search operations and are fundamental in data structures (binary search
trees, heaps)

* Minimum spanning tree algorithms (Kruskal's, Prim's) find applications in network design and
clustering
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8.3 Euler and Hamiltonian Paths

Euler and Hamiltonian paths are key concepts in graph theory. They help us understand how to traverse
graphs efficiently, visiting edges or vertices exactly once. These ideas have real-world applications in route
planning, puzzle solving, and network design.

Euler paths focus on edges, while Hamiltonian paths deal with vertices. Both have specific conditions for
existence and algorithms for finding them. Understanding these paths is crucial for solving complex
problems in various fields, from logistics to computer science.

Euler Paths and Circuits

Fundamental Concepts of Euler Paths and Circuits

« Euler path traverses every edge in a graph exactly once
« Euler circuit forms a closed loop traversing every edge exactly once
* Eulerian graph contains an Euler circuit

» Semi-Eulerian graph contains an Euler path but not an Euler circuit

Conditions for Eulerian Graphs

» Necessary condition for Euler path requires all vertices except at most two have even degree
« Sufficient condition for Euler path ensures graph is connected with at most two odd-degree vertices

* Necessary and sufficient condition for Euler circuit mandates all vertices have even degree and graph
is connected

* Fleury's algorithm finds Euler circuits in Eulerian graphs

Practical Applications of Euler Paths

» Snow plow route optimization utilizes Euler paths to clear streets efficiently
» Mail delivery routes leverage Euler paths to minimize repeated travel
» Network design employs Euler circuits for efficient data transmission (token ring networks)

* Puzzle solving applies Euler paths in games like "draw without lifting your pencil”

Hamiltonian Paths and Cycles

Core Concepts of Hamiltonian Paths and Cycles
» Hamiltonian path visits every vertex in a graph exactly once
» Hamiltonian cycle forms a closed loop visiting every vertex exactly once
* Hamiltonian graph contains a Hamiltonian cycle

» Semi-Hamiltonian graph contains a Hamiltonian path but not a Hamiltonian cycle
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Conditions for Hamiltonian Graphs

* Necessary conditions for Hamiltonian graphs include connectivity and absence of articulation points

+ Dirac's theorem provides sufficient condition: graph with n = 3 vertices and minimum degree = n/2 is
Hamiltonian

* Ore's theorem offers another sufficient condition: sum of degrees of non-adjacent vertices = n for
graph with n = 3 vertices

* Bondy-Chvatal theorem generalizes sufficient conditions for Hamiltonian graphs

Complexity and Algorithms for Hamiltonian Problems

* Determining existence of Hamiltonian paths or cycles belongs to NP-complete class of problems
« Held-Karp algorithm solves Hamiltonian cycle problem in O(n?2") time
» Nearest neighbor algorithm provides heuristic approach for finding approximate Hamiltonian cycles

* Genetic algorithms offer alternative method for tackling Hamiltonian problems in large graphs

Applications
Optimization Problems in Graph Theory

« Traveling Salesman Problem seeks shortest Hamiltonian cycle in weighted graph
* Nearest Neighbor and 2-opt heuristics provide approximate solutions for Traveling Salesman Problem

» Branch and bound algorithm offers exact solution for smaller instances of Traveling Salesman
Problem

+ Vehicle routing problems extend Traveling Salesman Problem to multiple vehicles and constraints

Historical and Practical Graph Traversal Problems

+ Konigsberg Bridge Problem led to development of Euler path concept

» Seven Bridges of Konigsberg represented as multigraph with land masses as vertices and bridges as
edges

« Euler proved impossibility of traversing all bridges exactly once, establishing foundations of graph
theory

* Modern applications include optimizing routes for mail delivery and waste collection

Graph Theory in Scientific and Engineering Applications

« Utility graph traversal problem involves connecting houses to utilities without crossing lines
* K3,3 graph represents utility problem, proving its impossibility on a plane
* Molecular structure analysis uses graph theory to represent chemical bonds and atomic arrangements

» Graph isomorphism helps identify structurally equivalent molecules in chemistry
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8.4 Planar Graphs and Coloring

Planar graphs are a fascinating part of graph theory. They can be drawn on a plane without edge
crossings, making them useful in circuit design and map-making. Euler's formula and Kuratowski's theorem
help us understand their properties and identify non-planar graphs.

Graph coloring assigns colors to graph elements following specific rules. It has practical applications in
scheduling and frequency assignment. The chromatic number, coloring algorithms, and the Four Color
Theorem are key concepts in this area of study.

Planar Graphs

Planar Graphs and Faces
* Planar graph represents a graph drawn on a plane without any edge crossings
* Consists of vertices connected by edges that do not intersect except at their endpoints
* Face refers to a region bounded by edges in a planar graph
* Includes the infinite face, which is the unbounded region surrounding the graph

* Planar graphs have applications in circuit design, map making, and network topology

Euler's Formula and Graph Properties

* Euler's formula establishes a fundamental relationship between vertices (v), edges (e), and faces (f) in
a connected planar graph

» Formula states: v —e + f=2
* Applies to all connected planar graphs, including trees and simple cycles
* Helps determine if a graph is planar by checking if it satisfies the formula

» Can be used to derive other properties of planar graphs (maximum number of edges)

Kuratowski's Theorem and Non-Planar Graphs

 Kuratowski's theorem provides a characterization of non-planar graphs

« States that a graph is non-planar if and only if it contains a subgraph homeomorphic to Ks or Ks,s
* Ks represents a complete graph with 5 vertices

* Ks,3 denotes a complete bipartite graph with two sets of 3 vertices

* Helps identify non-planar graphs by looking for these specific substructures

* Useful in determining planarity without attempting to draw the graph

Graph Coloring

Graph Coloring Basics and Applications
+ Graph coloring assigns colors to graph elements (vertices, edges, or faces) following specific rules

*» Vertex coloring ensures no adjacent vertices have the same color
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« Edge coloring requires no two adjacent edges to share a color
« Face coloring assigns different colors to adjacent faces in a planar graph

* Has practical applications in scheduling, register allocation in compilers, and frequency assignment in
wireless networks

Chromatic Number and Coloring Algorithms

» Chromatic number represents the minimum number of colors needed to properly color a graph
* Denoted by x(G) for a graph G

* Determining the chromatic number is NP-hard for general graphs

* Greedy coloring algorithm provides an upper bound on the chromatic number

» Works by assigning the lowest available color to each vertex in a specific order

+ Other algorithms include Welsh-Powell algorithm and Dsatur algorithm

Four Color Theorem and Special Graph Classes

* Four Color Theorem states that any planar graph can be colored using at most four colors

* Applies to political maps, where adjacent regions must have different colors

* Proof of the theorem relies on computer-assisted verification

* Bipartite graphs are a special class of graphs that can be colored using only two colors
 Characterized by the ability to divide vertices into two disjoint sets with no edges within each set
* Includes trees, even cycles, and complete bipartite graphs (K_m,n)

» Chromatic number of a bipartite graph is always 2, unless it has isolated vertices
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Unit 9 — Trees and Applications

9.1 Tree Properties and Traversals

Trees are essential data structures in computer science, organizing information hierarchically. This section
explores tree properties, including components like roots, nodes, and edges, as well as relationships
between nodes such as parent-child and sibling connections.

We'll also dive into tree traversals, covering depth-first methods (pre-order, in-order, post-order) and
breadth-first (level-order) approaches. Understanding these concepts is crucial for efficiently navigating
and manipulating tree structures in various applications.

Tree Structure

Components of a Tree

* Root serves as the topmost node in the tree structure without any parent nodes

* Node represents a data point or element in the tree, containing information and connections to other
nodes

» Edge connects two nodes, establishing a parent-child relationship between them

* Leaf denotes a node without any children, located at the bottom of the tree structure

Relationships Between Nodes
« Parent node directly connects to and precedes one or more child nodes in the hierarchy
+ Child node directly connects to and follows a parent node in the tree structure

« Sibling nodes share the same parent node, existing at the same level in the hierarchy

Tree Properties

Measuring Tree Dimensions

* Depth indicates the number of edges from the root to a specific node, representing its distance from
the top

» Height measures the longest path from a node to a leaf in its subtree, with the tree's height being the
height of its root node

* Subtree consists of a node and all its descendants, forming a smaller tree within the larger structure

Additional Tree Characteristics

* Degree of a node refers to the number of children it has, indicating its branching factor
* Internal nodes have at least one child, contributing to the tree's structure and organization
+ External nodes (leaves) have no children, marking the endpoints of branches in the tree

* Level of a node represents its generation or depth within the tree, with the root at level 0
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Tree Traversals

Depth-First Traversals

* Pre-order traversal visits the root first, then recursively traverses the left subtree, followed by the right
subtree (used in creating a copy of the tree or prefix expression evaluation)

* In-order traversal recursively traverses the left subtree, visits the root, then recursively traverses the
right subtree (commonly used with binary search trees to retrieve nodes in sorted order)

* Post-order traversal recursively traverses the left subtree, then the right subtree, and visits the root
last (applied in deleting nodes and postfix expression evaluation)

Breadth-First Traversal

* Level-order traversal visits nodes level by level, from left to right, using a queue data structure to
process nodes in the order they are encountered

+ Breadth-first search (BFS) algorithm implements level-order traversal, exploring all neighbor nodes
before moving to the next level

* Applications of level-order traversal include finding the minimum depth of a binary tree and serializing
or deserializing a binary tree

Comparison and Applications

* Depth-first traversals (pre-order, in-order, post-order) use less memory for deep trees but may be
slower for wide trees

* Breadth-first traversal (level-order) uses more memory for wide trees but can be faster for shallow
trees

» Choosing the appropriate traversal method depends on the specific problem and tree structure (binary
search trees often use in-order traversal, while expression trees may use post-order traversal)

9.2 Spanning Trees and Minimum Spanning Trees
Spanning Trees

Fundamental Concepts of Spanning Trees

A spanning tree of a connected graph is a subgraph that reaches every vertex while containing no cycles.
Think of it as stripping a graph down to the bare minimum connections needed so that every vertex is still
reachable from every other vertex.

« A spanning tree of a graph with 1 vertices always has exactly n — 1 edges. Any fewer and some
vertex would be disconnected; any more and you'd create a cycle.

« It's acyclic by definition. If you ever add one more edge from the original graph to a spanning tree,
you'll form exactly one cycle.

+ A single graph can have many different spanning trees. A complete graph on 4 vertices, for example,
has 16 distinct spanning trees.

In a weighted graph, each edge carries a numerical value (its edge weight) representing a cost, distance,
capacity, or similar quantity. Spanning trees become especially interesting in weighted graphs because
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you can ask: which spanning tree has the smallest total weight?

Properties and Theorems of Spanning Trees

Two properties underpin every MST algorithm. Understanding them makes the algorithms feel logical
rather than arbitrary.

Cut Property. Take any cut of the graph (a partition of the vertices into two non-empty groups). The lightest
edge crossing that cut must belong to every MST (assuming that lightest edge is unique). This tells you
which edges to include.

Cycle Property. Look at any cycle in the graph. The heaviest edge in that cycle cannot appear in any MST
(again, assuming it's uniquely the heaviest). This tells you which edges to exclude.

Both properties assume distinct edge weights for the "must/cannot” guarantees. When weights tie, there
can be multiple valid MSTs, and the properties still guide correct choices even if they no longer force a
unique one.

Minimum Spanning Trees (MSTs)

Characteristics and Applications of MSTs

A minimum spanning tree is a spanning tree whose total edge weight is as small as possible. It connects all
vertices of a weighted, undirected graph at the lowest total cost.

« If all edge weights are distinct, the MST is unique. If some weights repeat, there may be several MSTs
with the same total weight.

+ MSTs show up in practical problems: designing cable or pipeline networks at minimum cost, clustering
data points (by removing the heaviest edges from an MST), and building approximation algorithms for
NP-hard problems like the Traveling Salesman Problem.

Greedy Approach in MST Construction

Both major MST algorithms are greedy: they build the solution one edge at a time, always picking the
locally best option, and never undoing a previous choice.

Why does greedy work here when it fails for so many other optimization problems? Because the cut and
cycle properties guarantee that each locally optimal edge choice is also globally safe. At every step, the
lightest edge that doesn't violate the spanning tree structure is provably part of some MST.

The greedy approach starts with no edges selected and adds them one by one. It runs in polynomial time,
which makes it practical even for large graphs.

MST Algorithms

Kruskal's Algorithm

Kruskal's algorithm takes a global view: sort every edge by weight, then greedily add edges from lightest to
heaviest, skipping any edge that would create a cycle.

Steps:
1. Sort all edges in non-decreasing order of weight.

2. Initialize a disjoint-set (union-find) data structure where each vertex is its own set.
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3. Walk through the sorted edge list. For each edge (U, V): - If U and V are in different sets, add the
edge to the MST and merge (union) their sets. - If U and V are already in the same set, skip the edge (it
would create a cycle).

4. Stop once you've added n — 1 edges.

Why the union-find structure matters: Checking whether two vertices are in the same set (and merging
sets) can be done in nearly constant time with path compression and union by rank. Without it, cycle
detection would be much slower.

Time complexity: O(Elog E), dominated by the sorting step. Since E < /2, this is equivalently O(Elog V).
Kruskal's tends to perform best on sparse graphs where E is much smaller than V2.

Prim's Algorithm

Prim's algorithm takes a local view: start from one vertex and grow the tree outward, always attaching the
cheapest edge that connects a vertex already in the tree to one that isn't.

Steps:
1. Pick any starting vertex and add it to the MST.
2. Insert all edges adjacent to that vertex into a priority queue (min-heap), keyed by weight.

3. While the MST has fewer than n — 1 edges: - Extract the minimum-weight edge from the priority
queue. - If it connects to a vertex not yet in the MST, add the edge and that vertex to the tree. Then
insert all edges from the newly added vertex into the priority queue. - If both endpoints are already in
the MST, discard the edge.

4. The MST is complete when it contains n — 1 edges.

Time complexity: O((V + E)log V) with a binary heap. Using a Fibonacci heap improves this to
O(E + Vlog V), which is better for dense graphs. Prim's tends to outperform Kruskal's on dense graphs
where E approaches V2.

Kruskal's vs. Prim's at a glance: Kruskal's sorts all edges globally and uses union-find; Prim's grows from a
single vertex using a priority queue. Both produce a valid MST. Choose Kruskal's for sparse graphs, Prim's
for dense ones.

9.3 Binary Trees and Binary Search Trees

Binary trees are hierarchical data structures with nodes connected by edges. They're fundamental in
computer science, offering efficient ways to organize and search data. This section explores various types
of binary trees, their properties, and common operations performed on them.

Binary search trees (BSTs) are specialized binary trees that maintain a specific order of elements. They
excel at searching, inserting, and deleting data efficiently. This section dives into BST operations,
algorithms, and their performance characteristics, highlighting their strengths and limitations.

Binary Trees

Structure and Terminology of Binary Trees

* Binary tree consists of nodes connected by edges, forming a hierarchical structure

» Each node in a binary tree contains data and can have up to two children
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« Left child branches to the left of its parent node, representing smaller or equal values
* Right child branches to the right of its parent node, representing larger values

* Root node serves as the topmost node in the tree, having no parent

* Leaf nodes are nodes without any children, located at the bottom of the tree

* Internal nodes have at least one child and are not leaf nodes

Properties and Types of Binary Trees
« Balanced tree maintains approximately equal height for all subtrees, optimizing search operations
* Full binary tree has every node with either zero or two children, maximizing node usage
» Complete binary tree fills all levels except possibly the last, which is filled from left to right
* Perfect binary tree has all internal nodes with exactly two children and all leaf nodes at the same level

» Degenerate tree resembles a linked list, with each node having only one child

Operations and Traversals in Binary Trees

* Preorder traversal visits the root, then the left subtree, and finally the right subtree
* Inorder traversal visits the left subtree, then the root, and finally the right subtree

* Postorder traversal visits the left subtree, then the right subtree, and finally the root
« Level-order traversal visits nodes level by level, from left to right

* Height of a binary tree measures the longest path from the root to a leaf node

* Depth of a node represents its distance from the root node
Binary Search Trees (BSTs)

Fundamentals and Properties of BSTs

* Binary search tree (BST) organizes data for efficient searching, insertion, and deletion

» BST property ensures all nodes in the left subtree have smaller values than the current node
* Right subtree of a BST contains nodes with larger values than the current node

* Inorder traversal of a BST produces a sorted list of elements

* BSTs support operations like search, insertion, and deletion with average time complexity of O(log n)

BST Operations and Algorithms

* Insertion in a BST compares the new value with nodes, moving left or right until finding the correct
position

» Searching a BST starts at the root and moves left or right based on comparisons with node values

+ Deletion in a BST involves three cases: deleting a leaf node, a node with one child, or a node with two
children
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* Successor of a node in a BST is the smallest value in its right subtree

* Predecessor of a node in a BST is the largest value in its left subtree

BST Performance and Limitations

+ Best-case time complexity for BST operations occurs in balanced trees, achieving O(log n)

» Worst-case time complexity degrades to O(n) when the BST becomes unbalanced or skewed
* BST performance depends on the order of insertion and deletion of elements

» Skewed BSTs can form when inserting elements in sorted order, reducing efficiency

« Self-balancing BSTs address the issue of unbalanced trees by maintaining balance during operations

Self-Balancing BSTs

AVL Trees: Structure and Balancing

» AVL tree maintains balance by ensuring the height difference between left and right subtrees is at
most 1

+ Balance factor of a node in an AVL tree is the height of its right subtree minus the height of its left
subtree

» AVL tree performs rotations to rebalance the tree after insertions or deletions

« Single rotation corrects imbalance when the insertion occurs in the outer grandchild of an unbalanced
node

* Double rotation corrects imbalance when the insertion occurs in the inner grandchild of an unbalanced
node

Red-Black Trees: Properties and Operations

» Red-black tree uses node coloring (red or black) and specific rules to maintain balance

» Every node in a red-black tree is either red or black

* Root node and null leaves (NIL) are always black

* Red nodes cannot have red children (red-red violation)

+ Every path from the root to a leaf contains the same number of black nodes (black height property)
* Insertion in a red-black tree may require recoloring and rotations to maintain balance

* Deletion in a red-black tree involves more complex cases and may require multiple recoloring and
rotations

Tree Rotations and Balancing Techniques

* Tree rotation alters the structure of a binary tree while preserving the binary search tree property
* Left rotation moves a node down and to the left, promoting its right child

* Right rotation moves a node down and to the right, promoting its left child
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* Rotations help redistribute nodes to balance the tree and maintain optimal height
» AVL trees use rotations to correct imbalances immediately after insertions or deletions

» Red-black trees use rotations in combination with recoloring to maintain balance and tree properties

9.4 Huffman Coding and Data Compression

Huffman coding is a clever way to compress data without losing information. It assigns shorter codes to
frequent symbols and longer codes to rare ones, creating a unique prefix code for each symbol. This
method is widely used in file compression and data transmission.

In the broader context of trees, Huffman coding demonstrates how binary trees can solve real-world
problems. By building a special tree based on symbol frequencies, we can create an efficient encoding
system that saves space and speeds up data transfer.

Huffman Coding Basics

Fundamentals of Data Compression

+ Huffman coding provides an efficient method for compressing data without losing information

» Data compression reduces the size of files or messages for more efficient storage and transmission
* Lossless compression allows for exact reconstruction of original data from compressed form

* Prefix code ensures no codeword is a prefix of another, enabling unambiguous decoding

« Variable-length coding assigns shorter codes to more frequent symbols and longer codes to less
frequent ones

Advantages and Applications

» Reduces storage requirements for large datasets (databases, archives)

* Improves transmission speeds for network communications (internet, satellite)
» Widely used in file compression formats (ZIP, GZIP)

* Employed in image and video compression algorithms (JPEG, MPEG)

» Enhances efficiency in data processing and analysis tasks

Huffman Encoding Process

Building the Frequency Table
* Create a frequency table by counting occurrences of each symbol in the input data
* Sort symbols by frequency in ascending order
+ Assign weights to symbols based on their frequency of occurrence
* Prepare leaf nodes for each symbol with its frequency as the weight

« Utilize the frequency table as the foundation for constructing the Huffman tree
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Constructing the Huffman Tree

« Start with leaf nodes representing individual symbols and their frequencies

* Repeatedly combine two nodes with lowest frequencies to form a new internal node

+ Assign the sum of child node frequencies as the weight of the new internal node

* Continue process until a single root node remains, forming the complete Huffman tree

* Label left branches with '0' and right branches with '1' for binary code assignment

Generating Huffman Codes

* Traverse the Huffman tree from root to leaf for each symbol

» Record the path of Os and 1s to create unique binary codes for each symbol

* Assign shorter codes to more frequent symbols, longer codes to less frequent ones
* Ensure prefix property holds for all generated codes

« Create a codebook mapping each symbol to its corresponding Huffman code

Huffman Decoding

Utilizing the Prefix Code Property
* Prefix code guarantees unique decodability of compressed data
* No codeword serves as the beginning of another codeword
 Enables bit-by-bit decoding without ambiguity or need for separators
« Allows for efficient and accurate reconstruction of original data

« Eliminates need for additional information to determine code boundaries

Navigating the Huffman Tree

« Start at the root of the Huffman tree for each decoding operation

* Read compressed data bits sequentially, moving left for '0' and right for '1'

« Continue traversing until reaching a leaf node, which represents a decoded symbol
* Return to the root after each symbol decoding to start the next decoding operation

» Repeat process until all compressed data has been processed

Reconstructing the Original Data

* Maintain a buffer to store decoded symbols as they are identified
» Append each decoded symbol to the output stream or data structure
» Handle any padding bits at the end of the compressed data if necessary

* Verify the integrity of the decoded data by comparing its length or checksum
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* Produce the fully reconstructed original data once all bits have been processed
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Unit 10 — Boolean Algebra

10.1 Boolean Functions and Expressions

Boolean functions and expressions are the building blocks of digital logic. They use binary values (0 and 1)
to represent true and false, forming the basis for computer operations and circuit design. Understanding
these concepts is crucial for anyone diving into the world of digital systems and logic.

In this section, we'll explore how Boolean functions map inputs to outputs, and how expressions combine
variables and operators. We'll also look at truth tables, logical operators, and normal forms, which are
essential tools for analyzing and simplifying Boolean logic in real-world applications.

Boolean Basics

Fundamental Concepts of Boolean Algebra
* Boolean algebra operates on binary values (0 and 1) representing true and false
* Boolean functions map input variables to output values, forming the basis of digital logic circuits
* Boolean expressions combine variables and operators to represent logical relationships
* Boolean variables act as inputs in Boolean functions, taking on values of either 0 or 1

« Literals refer to variables or their negations used in Boolean expressions

Practical Applications and Representations
* Boolean algebra finds extensive use in computer science, digital electronics, and logic design

* Truth tables provide a visual representation of Boolean functions, showing all possible input-output
combinations

« Circuit diagrams translate Boolean expressions into physical logic gate arrangements
» Karnaugh maps offer a graphical method for simplifying Boolean expressions

* Boolean functions can be implemented using various logic gates (AND, OR, NOT, NAND, NOR)
Truth Tables and Logical Operators
Understanding Truth Tables

« Truth tables display all possible combinations of input values and their corresponding outputs

* Constructing truth tables involves listing all input combinations and determining the output for each
* Truth tables help verify the equivalence of different Boolean expressions

» For n input variables, a truth table contains 2*n rows

« Truth tables serve as a fundamental tool for analyzing and designing digital circuits

Exploring Logical Operators

* AND operator (A) outputs true only when all inputs are true
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* OR operator (V) outputs true when at least one input is true

* NOT operator (™) inverts the input, changing true to false and vice versa

* XOR operator (&) outputs true when inputs have different values

* NAND and NOR operators function as universal gates, capable of implementing any Boolean function

» Combination of these operators allows the creation of complex logical expressions and circuits
Normal Forms

Disjunctive Normal Form (DNF)
» DNF expresses Boolean functions as a sum (OR) of products (AND) of literals
» Minterms represent specific input combinations that make the function true
» Any Boolean function can be expressed in DNF by ORing all its minterms
* DNF simplifies the process of implementing functions using OR and AND gates

+ Canonical DNF includes all variables in each term, providing a standardized representation

Conjunctive Normal Form (CNF)
* CNF expresses Boolean functions as a product (AND) of sums (OR) of literals
» Maxterms represent specific input combinations that make the function false
* Any Boolean function can be expressed in CNF by ANDing all its maxterms
» CNF facilitates certain logical operations and proofs in computer science

» Canonical CNF includes all variables in each clause, ensuring a unique representation

Conversion and Simplification Techniques

* Converting between DNF and CNF involves applying De Morgan's laws and distributive properties
» Karnaugh maps provide a visual method for simplifying Boolean expressions in either form

* Quine-McCluskey algorithm offers a systematic approach to minimizing Boolean functions

* Normal forms play a crucial role in logic synthesis and circuit optimization

» Understanding both DNF and CNF enhances problem-solving capabilities in digital design

10.2 Logic Gates and Circuits

Logic gates and circuits are the building blocks of digital systems. They process binary inputs to produce
outputs, enabling complex operations in computers and electronic devices. Understanding these
components is crucial for grasping how modern technology functions.

From basic AND, OR, and NOT gates to advanced NAND and NOR gates, logic circuits form the
foundation of digital logic. These gates combine to create more complex structures like adders, which are
essential for arithmetic operations in computers and other digital systems.
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Basic Logic Gates

Fundamental Logic Gate Operations

* Logic gates perform basic logical operations on binary inputs to produce binary outputs
* AND gate produces a high output only when all inputs are high
* OR gate generates a high output if at least one input is high

* NOT gate inverts the input, producing the opposite output

Truth Tables and Symbols

* Truth tables represent all possible input combinations and corresponding outputs for logic gates
* AND gate symbol resembles a D-shape with inputs on the flat side and output on the curved side

» OR gate symbol looks like a crescent moon with inputs on the curved side and output on the pointed
end

* NOT gate symbol appears as a triangle with a small circle at the output
Applications of Basic Gates

* AND gates find use in digital locks, requiring multiple conditions to be met
* OR gates commonly appear in alarm systems, triggering when any sensor detects an issue

* NOT gates serve as inverters in various circuits, including signal processing and memory systems

Advanced Logic Gates

Compound Logic Gates
* NAND gate combines AND and NOT operations, producing a low output only when all inputs are high
* NOR gate merges OR and NOT functions, yielding a low output if any input is high
* XOR (exclusive OR) gate outputs high when inputs differ, low when they match

* XNOR (exclusive NOR) gate produces the opposite output of an XOR gate

Universal Gates and Their Significance

* NAND and NOR gates are considered universal gates
* Any logical function can be implemented using only NAND gates or only NOR gates

* Universal gates simplify circuit design and reduce manufacturing costs

Advanced Gate Applications

* NAND gates often appear in computer memory circuits due to their simplicity and versatility
* NOR gates find use in flip-flop circuits, essential for sequential logic

» XOR gates play a crucial role in arithmetic operations, particularly in binary addition
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* XNOR gates help in error detection and correction in data transmission systems

Types of Logic Circuits

Combinational Circuits

« Combinational circuits produce outputs based solely on current inputs
* These circuits lack memory elements, so past inputs do not affect current outputs
* Design process involves creating truth tables, deriving Boolean expressions, and simplifying logic

» Common examples include multiplexers, decoders, and arithmetic circuits (adders, subtractors)

Sequential Circuits
« Sequential circuits incorporate memory elements, allowing past inputs to influence current outputs
* Flip-flops and latches serve as fundamental building blocks for sequential circuits
* Clock signals often control the timing of state changes in these circuits

* Applications include counters, registers, and finite state machines used in digital systems
Comparing Circuit Types
» Combinational circuits process data instantly, while sequential circuits introduce time-dependence

» Sequential circuits enable more complex operations, such as storing and manipulating data over time

» Many practical digital systems combine both combinational and sequential elements

Adder Circuits

Half Adder Design and Function
+ Half adder adds two single binary digits, producing a sum and a carry
* Consists of an XOR gate for the sum and an AND gate for the carry
* Truth table for a half adder shows four possible input combinations and their outputs

« Limitations include inability to process a carry-in from a previous addition

Full Adder Components and Operation

* Full adder adds three binary digits, typically two input bits and a carry-in
» Composed of two half adders and an OR gate
* Generates both a sum and a carry-out

» Can be cascaded to perform addition on larger binary numbers

Adder Applications in Computing

» Adders form the core of arithmetic logic units (ALUs) in processors

+ Used in various digital systems for tasks like address calculation and data manipulation
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* Serve as building blocks for more complex arithmetic circuits (multipliers, dividers)

 Performance of adders significantly impacts overall system speed in many digital designs

10.3 Minimization of Boolean Functions

Boolean function minimization is a crucial skill in digital circuit design. It simplifies complex logical
expressions, making them easier to implement and more efficient. This process is essential for creating
optimized circuits that use fewer gates and consume less power.

Techniques like Karnaugh maps and the Quine-McCluskey method are powerful tools for minimization.
They help identify prime implicants and essential terms, leading to the simplest possible representation of a
Boolean function. This optimization is vital in modern electronics and computer engineering.

Karnaugh Map and Quine-McCluskey

K-map Fundamentals and Applications

» Karnaugh map (K-map) functions as a graphical method for simplifying Boolean expressions

» K-maps organize Boolean function outputs in a grid format, facilitating visual identification of patterns
* Grid dimensions correspond to the number of variables (2x2 for 2 variables, 4x4 for 4 variables)

+ Adjacent cells in a K-map differ by only one variable, enabling easy recognition of common terms

» K-maps simplify Boolean functions by grouping adjacent 1s into larger rectangles or squares

« Larger groupings lead to simpler expressions, as they eliminate variables from the final minimized
form

» K-maps effectively handle functions with up to 4-6 variables, becoming unwieldy for more complex
functions

Quine-McCluskey Method and Prime Implicants

* Quine-McCluskey method provides a systematic, tabular approach to Boolean function minimization
« Suitable for functions with a large number of variables, where K-maps become impractical
* Process involves iteratively combining terms to find all prime implicants

* Prime implicant represents a product term that cannot be combined with any other term to form a
simpler expression

* Essential prime implicant covers at least one minterm not covered by any other prime implicant

* Quine-McCluskey method guarantees finding all prime implicants, unlike K-maps which rely on visual
inspection

» Method consists of two main steps: finding prime implicants and selecting essential prime implicants
Don't Care Conditions and Advanced Minimization Techniques

* Don't care condition refers to input combinations for which the output value can be either 0 or 1

* Represented by 'X' or '-' in truth tables and K-maps
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* Don't care conditions provide flexibility in function minimization, allowing for potentially simpler
expressions

» Can be treated as either 1 or 0 in K-maps to create larger groupings and simpler expressions
 Useful in scenarios where certain input combinations never occur or their outputs are irrelevant
* Incorporation of don't care conditions often leads to more efficient circuit designs

» Advanced minimization techniques combine K-maps or Quine-McCluskey with don't care conditions
for optimal results

Boolean Function Minimization

Simplification Techniques and Minimal Forms

+ Boolean function simplification aims to reduce the complexity of logical expressions

« Simplification techniques include algebraic manipulation, K-maps, and Quine-McCluskey method

* Minimal sum-of-products form represents the simplest expression using only AND and OR operations
» Obtained by grouping minterms in K-maps or selecting prime implicants in Quine-McCluskey method
» Minimal product-of-sums form expresses the function as a product of sum terms

* Derived by grouping maxterms in K-maps or using the dual of the sum-of-products form

* Both forms aim to minimize the number of literals and terms in the expression

Optimization Strategies and Practical Applications

* Boolean function minimization optimizes logic circuits by reducing gate count and complexity
« Simplified expressions lead to faster, more efficient, and less power-consuming digital circuits
* Optimization strategies include two-level and multi-level minimization techniques

» Two-level minimization focuses on AND-OR or OR-AND gate structures (sum-of-products or
product-of-sums)

* Multi-level minimization allows for more complex gate structures, potentially yielding even simpler
circuits

+ Practical applications include designing efficient digital circuits for computer processors, memory
units, and control systems

» Minimization techniques play a crucial role in VLSI (Very Large Scale Integration) design and FPGA
(Field-Programmable Gate Array) programming
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Unit 11 — Modeling Computation

11.1 Languages and Grammars
Fundamentals

Alphabets and Strings

An alphabet is a finite set of symbols used to build strings. You'll often see it written as . The symbols can
be letters, digits, or special characters. For example, £ = {a, b,¢} or Z={0, 1}.

A string is a finite sequence of symbols drawn from an alphabet. For instance, if Z = {0, 1}, then 0110 is
a string over that alphabet.

A few key definitions to know:
» The empty string, denoted €, contains no symbols. Its length is zero.
« The length of a string W, written |W/|, is the number of symbols it contains. So [0110| =4,

« Concatenation joins two strings end-to-end. If W1 = ab and W2 = cd, then W1wz = abcd.
Concatenating any string with € leaves it unchanged: W& = W,

+ ¥ " denotes the set of all strings over Z, including €. £ * is the same set but without €.

Languages and Their Properties

A language is any set of strings over a given alphabet. More precisely, a language L over % is a subset of
3 *. Allanguage can be finite (like L = {cat, dOQ}) or infinite (like the set of all binary strings that start with

1).

+ A formal language is defined by precise, unambiguous rules. This is what we study in discrete math
and computer science.

* A natural language is human language like English or Mandarin. Natural languages are full of
ambiguity, which is exactly why formal languages matter for computation.

Languages support set operations just like any other set:
+ Union: L1 U L3 contains all strings in either language.
+ Intersection: L1 N L2 contains only strings in both.
« Complement: L contains all strings in £ * that are not in L.

+ Kleene closure: L * is the set of all strings formed by concatenating zero or more strings from L.

Grammar Fundamentals

A grammar is a set of rules that specifies exactly which strings belong to a language. Instead of listing
every valid string (impossible for infinite languages), a grammar gives you a recipe for generating them.

Every formal grammar G has four components, written as G = (V, T, S, P):

« V/ (non-terminals): Variables that act as placeholders during string generation. Often written as
uppercase letters like S, A, B.
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« T (terminals): The actual symbols of the alphabet that appear in the final strings. Often lowercase
letters like @, b, €.

+ S (start symbol): A designated non-terminal where every derivation begins. S € V.

* P (production rules): Rules that tell you how to replace non-terminals with combinations of terminals
and non-terminals.

A derivation is the process of applying production rules starting from S until you have a string made entirely
of terminals. Each step replaces one non-terminal according to a production rule, and you write =
between steps.

Grammar Components

Production Rules and Their Application

Production rules have the form A = a, where A is a non-terminal on the left-hand side and & is a string of
terminals and/or non-terminals on the right-hand side.

Here's a concrete example. Consider the grammar with S = aSb and S = ab. A derivation of the string
aaabbb looks like this:

1. Start with S

2. Apply S—»aSb: S=asSb

3. Apply S—=aSb: aSb=aaSbhb

4. Apply S—ab: aaSbb=aaabbb

This grammar generates the language L = {a"b" | n=1}.

When a string has multiple non-terminals at some step, you have a choice about which one to replace first:
* Leftmost derivation: Always replace the leftmost non-terminal first.
* Rightmost derivation: Always replace the rightmost non-terminal first.

Both approaches produce the same final string, but the order of steps differs. This distinction becomes
important in parsing.

Chomsky Hierarchy and Language Classifications

The Chomsky hierarchy classifies grammars into four types based on the restrictions placed on their
production rules. Each type generates a corresponding class of languages, and each class is a proper
subset of the one above it.

Type Grammar Name Language Class Rule Restriction Recognizing Machine

3 Regular Regular languages A—aBoA—a Finite automaton

2 Context-free Context-free A - a (single Pushdown automaton
languages non-terminal on LHS)

1 Context-sensitive Context-sensitive aAB - ayP where Linear bounded
languages |Y| =1 automaton

0 Unrestricted Recursively No restrictions Turing machine
enumerable
languages
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The hierarchy goes: Regular © Context-Free < Context-Sensitive © Recursively Enumerable. As you
move from Type 3 to Type 0, the production rules become less restricted, the languages become more
expressive, and the machines needed to recognize them become more powerful.

Regular and Context-Free Languages

Regular languages are the simplest class in the hierarchy. Their production rules are tightly constrained:
every rule must have the form A = aB or A = a (right-linear), where A and B are non-terminals and 2 is a
terminal. You can also describe regular languages using regular expressions or recognize them with finite
automata.

Regular languages can handle patterns like "strings ending in 01" or "strings with an even number of @'s
but they cannot handle nested or matched structures.

Context-free languages (CFLs) are strictly more powerful. Their production rules have the form A = a,
where the left side is always a single non-terminal but the right side & can be any combination of terminals
and non-terminals. This extra freedom lets CFLs describe recursive, nested structures.

Examples of context-free languages: - Balanced parentheses: {(")" | n =0} - The language
{a"b" | n = 1} from the earlier example - The syntax of most programming languages (if-else blocks,
nested function calls)

The key distinction: regular languages can't "count” or match pairs, while context-free languages can.
That's why programming language syntax is defined with context-free grammars, not regular ones.

Language Processing

Parsing Techniques and Applications

Parsing is the process of analyzing a string to determine its structure according to a grammar. Given a
string and a grammar, a parser figures out how (or whether) the grammar can generate that string.

There are two main strategies:

« Top-down parsing starts from the start symbol S and tries to derive the input string by expanding
non-terminals. Recursive descent parsing is a common implementation, where each non-terminal gets
its own procedure that tries to match part of the input.

- Bottom-up parsing works in reverse: it starts with the input string and tries to reduce it back to S by
recognizing right-hand sides of production rules and replacing them with the corresponding left-hand
side. Shift-reduce parsing is a standard bottom-up technique that uses a stack to hold symbols as it
scans the input.

A successful parse produces a parse tree, which shows the hierarchical structure of the derivation. The
root is the start symbol, internal nodes are non-terminals, and leaves are terminals. An abstract syntax tree
(AST) is a simplified version of the parse tree that strips out unnecessary grammatical detail, keeping only
the structure that matters for processing.

Parsing is central to compiler design (turning source code into executable programs), natural language
processing, and processing structured data formats like XML and JSON.
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11.2 Finite-State Machines

Finite-state machines are crucial in modeling computation with limited memory. They use states and
transitions to process input, making them perfect for tasks like vending machines, traffic lights, and pattern
matching in text editors.

There are two main types: deterministic (DFA) and nondeterministic (NFA) finite automata. DFAs have
predictable behavior, while NFAs can be in multiple states at once. Both can be represented using state
diagrams or transition tables.

Finite-State Automata Fundamentals

Components and Structure of FSAs

* Finite-state automaton (FSA) models computation with a finite number of states and transitions
« States represent distinct conditions or situations within the system

« Transitions define rules for moving between states based on input

« State diagram visually represents FSA using circles for states and arrows for transitions

* Transition table provides alternative representation showing states, inputs, and resulting states

Practical Applications and Examples

* FSAs model vending machines tracking inserted coins and selected items
« Traffic light systems use FSAs to manage light sequences and timing
* Text editors employ FSAs for find-and-replace functionality

» Regular expression engines utilize FSAs for pattern matching in strings

Types of Finite-State Automata

Deterministic Finite Automaton (DFA)

* DFA has exactly one transition for each input symbol from every state

+ Deterministic nature ensures predictable behavior for given input

* DFA can be in only one state at a time during computation

» Formal definition includes set of states, alphabet, transition function, start state, and accept states

* DFA for recognizing binary strings ending in "01" consists of three states and transitions for "0" and "1"
inputs

Nondeterministic Finite Automaton (NFA)

* NFA allows multiple transitions for the same input symbol from a state
* Epsilon transitions permit state changes without consuming input
* NFA can be in multiple states simultaneously during computation

* NFAs offer more compact representations for certain languages compared to DFAs
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* NFA for recognizing strings containing "ab" uses epsilon transitions to simplify the state diagram

Regular Expressions and Language Recognition

Regular Expressions and Their Components

* Regular expression provides concise way to describe patterns in strings

« Basic building blocks include individual characters, concatenation, alternation, and repetition
* Kleene star (*) represents zero or more occurrences of preceding element

* Plus (+) denotes one or more occurrences of preceding element

* Question mark (?) indicates zero or one occurrence of preceding element

* Regular expression (a|b)*abb matches strings of a's and b's ending with "abb"

Language Recognition and Automata Equivalence

» Language recognition determines whether a given string belongs to a specified language

* FSAs and regular expressions have equivalent expressive power for defining regular languages
* Every regular expression can be converted to an equivalent NFA

* NFAs can be transformed into equivalent DFAs through subset construction algorithm

* Minimization algorithms reduce DFAs to their smallest equivalent form

* Pumping lemma provides method for proving certain languages are not regular

11.3 Turing Machines and Computability

Turing machines are abstract models of computation that simulate algorithmic logic. They consist of a tape,
read/write head, state register, and transition function, working together to process information and perform
calculations.

Computability and decidability are key concepts in computation theory. They explore which problems can
be solved algorithmically and which decision problems have algorithms that always terminate, with
implications for computer science and mathematics.

Turing Machine Components

Core Elements of a Turing Machine

* Turing machine functions as an abstract computational model designed to simulate algorithmic logic
* Tape serves as an infinite memory storage divided into discrete cells, each containing a symbol

* Read/write head moves along the tape, reading and writing symbols in cells

« State register stores the current state of the machine, determining its behavior

* Transition function dictates the machine's actions based on current state and symbol read
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Operational Mechanics

» Read/write head scans one cell at a time, interpreting the symbol present
» Head can move left or right on the tape, allowing non-sequential access to memory
« State register updates after each step, reflecting the machine's progress through computation

* Transition function maps current state and input symbol to new state, output symbol, and head
movement

» Machine continues operating until it reaches a designated halting state or runs indefinitely
Computability and Decidability

Fundamental Concepts in Computation Theory

» Computability refers to the ability of a problem to be solved algorithmically using a Turing machine

* Decidability determines whether a decision problem can be solved by an algorithm that always
terminates

» Church-Turing thesis posits that Turing machines can compute any function computable by an
algorithm

+ Halting problem demonstrates the existence of undecidable problems in computer science

Implications and Limitations
» Computable problems can be solved through a finite sequence of steps (sorting algorithms)
+ Decidable problems have algorithms that always produce a yes or no answer (primality testing)

 Church-Turing thesis unifies various models of computation, including lambda calculus and recursive
functions

+ Halting problem proves some problems are algorithmically unsolvable, impacting program verification
and analysis

Advanced Turing Machine Concepts

Extending the Turing Machine Model

* Universal Turing machine can simulate any other Turing machine, serving as a model for
general-purpose computers

* P vs NP problem explores the relationship between problem-solving difficulty and solution verification
 Multi-tape Turing machines use multiple tapes to enhance computational efficiency

* Non-deterministic Turing machines allow for multiple possible transitions at each step

Computational Complexity and Real-World Applications

* Universal Turing machine demonstrates the concept of stored-program computers

* P class includes problems solvable in polynomial time (matrix multiplication)
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* NP class contains problems with solutions verifiable in polynomial time (traveling salesman problem)

* P vs NP problem remains one of the most important unsolved problems in computer science and
mathematics

* Applications of Turing machine concepts extend to cryptography, artificial intelligence, and algorithm
design
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Unit 12 — Discrete Probability

12.1 Conditional Probability and Independence

Conditional probability and independence are key concepts in discrete probability. They help us
understand how events influence each other and calculate the likelihood of multiple events occurring
together. These ideas are crucial for analyzing real-world scenarios and making informed decisions based
on available information.

Bayes' theorem and the law of total probability build on these foundations. They allow us to update our
beliefs based on new evidence and consider all possible outcomes when calculating probabilities. These
tools are essential for solving complex problems in various fields, from medicine to machine learning.

Conditional Probability and Independence

Understanding Conditional Probability

+ Conditional probability measures the likelihood of an event occurring given that another event has
already occurred

» Denoted as P(A|B), represents the probability of event A occurring given that event B has already
occurred

« Calculated using the formula: P(A|B) = %

* Helps analyze relationships between events and make predictions based on known information
* Applies to various fields (medicine, finance, weather forecasting)

+ Can be visualized using Venn diagrams or tree diagrams to represent event relationships

Independence and Multiplication Rule

* Independence occurs when the occurrence of one event does not affect the probability of another
event

» Two events A and B are independent if P(A|B) = P(A) or P(B|A) = P(B)

* For independent events, P(A and B) = P(A) x P(B)

* Multiplication rule for dependent events: P(A and B) = P(A) x P(B|A)

+ Used to calculate probabilities of multiple events occurring together

* Applies to scenarios like coin flips, dice rolls, or card draws with replacement

« Identifying independent events crucial for accurate probability calculations

Joint Probability and Applications

« Joint probability represents the likelihood of two or more events occurring simultaneously
* Denoted as P(A n B) or P(A, B) for events A and B

* Calculated using the multiplication rule: P(A n B) = P(A) x P(B|A)
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« For independent events, joint probability simplifies to P(A n B) = P(A) x P(B)
» Used in decision trees, risk assessment, and data analysis
+ Helps in understanding complex systems with multiple interacting factors

* Applies to real-world scenarios (product defects in manufacturing, genetic inheritance)

Bayes' Theorem

Fundamentals of Bayes' Theorem

 Bayes' theorem provides a way to update probabilities based on new evidence or information

« Formula: P(A|B) = —P(Blﬁzspm)

* P(A|B) represents the posterior probability, the updated probability of A given B
* P(B|A) denotes the likelihood, the probability of observing B given A is true

* P(A) represents the prior probability, the initial belief about A before observing B
» P(B) acts as a normalizing constant, ensuring the probabilities sum to 1

» Widely used in machine learning, medical diagnosis, and spam filtering

Law of Total Probability

* Law of total probability allows calculation of the probability of an event by considering all possible
scenarios

« Formula: P(A) = P(A|B1)P(B1) + P(A|B2)P(B2) + ... + P(A|Bn)P(Bp)
* B4, By, ..., B, form a partition of the sample space

+ Useful when direct calculation of P(A) proves difficult

* Applies to problems involving multiple conditions or causes

* Helps in decision-making processes by considering all possible outcomes

» Used in risk analysis, reliability engineering, and epidemiology

Mutually Exclusive Events and Probability Calculations

» Mutually exclusive events cannot occur simultaneously

 For mutually exclusive events Aand B, P(AnB) =0

* Probability of either event occurring: P(A u B) = P(A) + P(B)

» Complement rule for mutually exclusive events: P(not A) = 1 - P(A)
« Used in probability calculations for disjoint sets or outcomes

* Applies to scenarios like rolling a die (odd or even outcomes)

* Helps simplify complex probability problems by breaking them into distinct cases
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12.2 Random Variables and Expectation

Random variables are the building blocks of probability theory, assigning numerical values to random
events. They come in two flavors: discrete (countable outcomes) and continuous (any value in a range).
Understanding random variables is crucial for analyzing uncertain phenomena.

Probability distributions describe the likelihood of outcomes for random variables. For discrete variables,
we use probability mass functions (PMFs) to assign probabilities to each possible value. These tools help
us model real-world scenarios and make predictions about uncertain events.

Random Variables

Types of Random Variables
* Random variable assigns numerical values to outcomes of random experiments

* Discrete random variable takes on countable number of distinct values (dice rolls, number of
customers)

» Continuous random variable assumes any value within a specified range (height, weight, temperature)

* Probability distribution describes likelihood of each possible outcome for a random variable

Properties and Applications
» Random variables enable mathematical analysis of uncertain events
» Used in various fields including statistics, physics, and finance
» Can be represented graphically using probability distributions
* Facilitate calculation of probabilities for complex events

+ Allow for modeling of real-world phenomena with inherent randomness

Probability Distributions

Probability Mass Function
* Probability mass function (PMF) defines probability distribution for discrete random variables
* Assigns probabilities to each possible value of the discrete random variable
* Must satisfy two conditions:
1. Probabilities are non-negative: P(X = x) = 0 for all x

2. Sum of all probabilities equals 1: ZP(X =x)=1

* Represented graphically as a bar chart or stem plot
* Used to calculate probabilities of specific outcomes or ranges of outcomes

» Cumulative distribution function (CDF) derived from PMF by summing probabilities
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Examples and Applications
* Binomial distribution models number of successes in fixed number of independent trials (coin flips)
+ Poisson distribution describes number of events occurring in fixed interval (customer arrivals)
» Geometric distribution represents number of trials until first success (attempts to win a game)
» Hypergeometric distribution models sampling without replacement (drawing cards from a deck)

* PMFs help analyze discrete phenomena in various fields (quality control, reliability engineering)

Expectation and Variance

Expected Value and Its Properties

 Expected value represents average outcome of a random variable over many trials

« Calculated as sum of each possible value multiplied by its probability: E[X]1= ZXP(X = X)

* Provides measure of central tendency for probability distribution
« Linearity of expectation states:

1. E[aX + b] = aE[X] + b for constants a and b

2. E[X + Y] = E[X] + E[Y] for random variables X and Y

» Used in decision-making, risk assessment, and financial modeling

Measures of Variability

* Variance quantifies spread of random variable around its expected value

- Calculated as expected value of squared deviations from mean: Var(X) = E[(X — E[X])?]
« Alternative formula: Var(X) = E[X?] — (E[X])?

« Standard deviation equals square root of variance: g = \/F(X)

* Provides measure of dispersion in same units as random variable

» Chebyshev's inequality relates standard deviation to probability of deviations from mean

+ Variance and standard deviation used in statistical inference, risk management, and quality control

12.3 Probability Distributions

Probability distributions are the backbone of discrete probability. They help us understand how random
events occur and predict outcomes. From coin flips to website traffic, these models give us a way to make
sense of uncertainty.

Bernoulli, binomial, geometric, and Poisson distributions tackle different scenarios in discrete probability.
Meanwhile, uniform and normal distributions handle continuous cases. Understanding these helps us solve
real-world problems and make informed decisions.
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Discrete Probability Distributions

Bernoulli and Binomial Distributions

* Bernoulli distribution models a single trial with two possible outcomes (success or failure)
+ Probability of success denoted as p, probability of failure as 1-p

* Random variable X takes value 1 with probability p and 0 with probability 1-p

« Probability mass function given by P(X = k) = pX(1 — p)* ~¥ for k = 0 or 1

* Mean (expected value) of Bernoulli distribution equals p

« Variance of Bernoulli distribution equals p(1-p)

» Binomial distribution extends Bernoulli to n independent trials

* Models number of successes in n trials with probability p of success on each trial
« Probability mass function given by P(X = k) = (',Z)Pk(l -p)" Xfork=0,1,...n
» Mean of binomial distribution equals np

« Variance of binomial distribution equals np(1-p)

* Applications include coin flips (Bernoulli) and number of heads in multiple coin flips (binomial)

Geometric and Poisson Distributions
» Geometric distribution models number of trials until first success
« Probability mass function given by P(X =k) = (1 —p)*~1pfork=1, 2, 3, ...
» Mean of geometric distribution equals 1/p
+ Variance of geometric distribution equals (1-p)/p"2
* Used in scenarios like number of attempts until passing an exam
* Poisson distribution models number of events in a fixed interval

» Parameter A represents average number of events in the interval

+ Probability mass function given by P(X = k) = e;:!"k fork=0,1,2, ...
* Mean and variance of Poisson distribution both equal A

* Applications include modeling rare events (radioactive decay, website traffic spikes)
Continuous Probability Distributions

Uniform and Normal Distributions

+ Uniform distribution represents constant probability over an interval [a,b]
« Probability density function given by f(x) = ﬁ forasx<b

* Mean of uniform distribution equals (a+b)/2
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+ Variance of uniform distribution equals (b-a)*2/12

+ Used in scenarios with equal likelihood (rolling a fair die)

» Normal distribution (Gaussian distribution) characterized by bell-shaped curve
* Defined by parameters py (mean) and g (standard deviation)

_x=p?

» Probability density function given by f(x) = ﬁe 20°

vV

« Standard normal distribution has p=0and o = 1

» Widely used in natural and social sciences (height distribution, measurement errors)

Cumulative Distribution Function

» Cumulative distribution function (CDF) gives probability of a random variable being less than or equal
to a value

* For discrete distributions, CDF is sum of probabilities up to that value

* For continuous distributions, CDF is integral of probability density function up to that value
* Properties of CDF:

» Monotonically increasing function

* Limits: F(-») = 0 and F(x) = 1

* Right-continuous for discrete distributions

* Relationship between probability density function (PDF) and CDF:

» For continuous distributions, PDF is derivative of CDF

X
+ CDF is integral of PDF: F(x) = [__f(t)dt

+ Applications include calculating probabilities for intervals and finding percentiles

12.4 Markov Chains

Markov chains are powerful tools in discrete probability, modeling systems that transition between states.
They're used in weather forecasting, finance, and even Google's PageRank algorithm, showing how past
events influence future outcomes.

Understanding Markov chains helps grasp real-world applications of probability. Key concepts include
states, transition probabilities, and the Markov property, which states that future outcomes depend only on
the current state, not past events.

Markov Chain Fundamentals

Key Components of Markov Chains

» Markov chain models a sequence of events where the probability of each event depends solely on the
state of the previous event

« State represents a possible condition or situation within the Markov chain system
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* Transition probability quantifies the likelihood of moving from one state to another in a single step

« Transition matrix organizes all transition probabilities into a square matrix, with rows and columns
corresponding to states

Probability and State Transitions

» Markov property dictates that future states depend only on the current state, not on the sequence of

events that preceded it

+ Each state in a Markov chain must have outgoing transitions that sum to 1, ensuring all possible
outcomes are accounted for

* Transition probabilities remain constant over time in a time-homogeneous Markov chain

« State space defines the set of all possible states in the Markov chain (finite or infinite)

Applications and Examples

» Weather forecasting uses Markov chains to predict future weather patterns based on current
conditions

* Financial modeling employs Markov chains to analyze stock market trends and price movements

» Google's PageRank algorithm utilizes Markov chains to rank web pages in search results

* Queueing theory applies Markov chains to model customer service systems and optimize resource

allocation

Markov Chain Properties

Stationary Distribution and Long-term Behavior

« Stationary distribution represents the long-term probabilities of being in each state, regardless of the

initial state

« Calculated by solving the equation 11 = 1P, where 1 is the stationary distribution and P is the transition

matrix

« Existence of a unique stationary distribution requires the Markov chain to be irreducible and aperiodic

» Convergence to the stationary distribution occurs as the number of steps approaches infinity

Special States and Chain Classifications

+ Absorbing state has a transition probability of 1 to itself and O to all other states

* Transient state has a probability of eventually leaving and never returning

* Recurrent state has a probability of 1 of returning to itself in finite time

+ Ergodic Markov chain can reach any state from any other state in a finite number of steps

» Reducible Markov chain contains at least one state that cannot be reached from some other state
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Analysis Techniques and Applications

» Fundamental matrix (/ — O)'1 used to calculate expected number of visits to transient states before
absorption

* Absorption probabilities determine the likelihood of ending up in specific absorbing states

* Mean first passage time measures the expected number of steps to reach a particular state for the first
time

« Limiting distribution describes the long-term behavior of the Markov chain as the number of steps
approaches infinity

» Markov Decision Processes extend Markov chains by incorporating actions and rewards for
decision-making in uncertain environments
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Unit 13 — Recurrence Relations

13.1 Linear Recurrence Relations

Linear recurrence relations are mathematical formulas that define each term in a sequence using previous
terms. They're essential in modeling real-world phenomena like population growth, financial calculations,
and computer algorithms.

In this section, we'll explore different types of recurrence relations, their mathematical representations, and
solving techniques. We'll also look at common sequences like Fibonacci and arithmetic, which are widely
used in various applications.

Recurrence Relations

Types of Recurrence Relations

* Recurrence relation defines each term of a sequence using previous terms

* Linear recurrence relation expresses each term as a linear combination of previous terms
* Homogeneous recurrence relation contains only terms of the sequence and constants

» Non-homogeneous recurrence relation includes additional terms not part of the sequence

* Order of recurrence determines the number of previous terms needed to calculate the next term

Mathematical Representation
« General form of a linear recurrence relation: @n = C18p-1+ C2an-2+ ... + Cka@n—x + f(n)
« Coefficients €1, €2, - - -, €k remain constant for all n
« Function f(n) represents the non-homogeneous part (equals zero for homogeneous relations)
* First-order recurrence relation uses only one previous term (Arithmetic sequence)
» Second-order recurrence relation uses two previous terms (Fibonacci sequence)
Applications and Examples
* Population growth models use recurrence relations to predict future populations
+ Financial calculations employ recurrence relations for compound interest
» Computer algorithms utilize recurrence relations for recursive functions
* Ecological systems model species interactions through recurrence relations

« Signal processing applies recurrence relations to filter design and analysis

Solving Recurrence Relations

Initial Conditions and Their Importance

« Initial conditions provide starting values for the sequence
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* Number of initial conditions required equals the order of the recurrence relation
- First-order relation needs one initial condition (0 or 1)
« Second-order relation requires two initial conditions (usually g0 and 91)

« Initial conditions ensure a unique solution to the recurrence relation

Characteristic Equation Method

 Characteristic equation helps solve homogeneous linear recurrence relations
 Form the characteristic equation by replacing @n with r” in the recurrence relation
* Solve the resulting polynomial equation to find characteristic roots

» General solution combines the characteristic roots based on their multiplicity

« Distinct roots yield solution of the form @n = C1ry + Cc2ry + ... + ckry

« Repeated roots introduce polynomial factors (nr", n?r", etc.)

Additional Solving Techniques
* lteration method solves recurrence relations by expanding terms repeatedly
» Generating functions transform recurrence relations into algebraic equations
» Matrix methods solve systems of linear recurrence relations efficiently
« Particular solutions for non-homogeneous relations found through undetermined coefficients

« Variation of parameters technique applies to more complex non-homogeneous relations

Common Sequences

Fibonacci Sequence

» Fibonacci sequence defined by recurrence relation Fn =Fn -1+ Fr -2
+ Initial conditions: Fo =0, F1 =1
« First few terms: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, ...

« Golden ratio (¢ = %) appears in the closed-form solution

* Applications include natural phenomena (spiral patterns in plants), art, and architecture

Arithmetic Sequence
« Arithmetic sequence has a constant difference (d) between consecutive terms
« Recurrence relation: @p = an-1+d
« Closed-form solution: ap = a1 + (n — 1)d
- Sum of arithmetic sequence: Sn = 5(a1 + an) = 5(2a1 + (n — 1)d)

* Applications include linear functions, arithmetic progressions in mathematics
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Geometric Sequence

* Geometric sequence has a constant ratio (r) between consecutive terms
« Recurrence relation: én = fan -1
« Closed-form solution: a, = a;r" !

 Sum of geometric sequence: S, = %_—Fr”) forr=1

* Applications include compound interest, exponential growth and decay models

13.2 Solving Recurrence Relations

Recurrence relations are mathematical tools that define sequences recursively. In this section, we'll
explore methods for solving these relations, including the characteristic root method and generating
functions. These techniques help us find closed-form solutions and understand sequence behavior.

Solving recurrence relations is crucial for analyzing algorithms, modeling growth patterns, and predicting
long-term behavior. We'll learn how to transform recursive definitions into explicit formulas, making it easier
to compute sequence terms and analyze their properties.

Solution Methods

Characteristic Root Method and Method of Undetermined Coefficients

« Characteristic root method solves homogeneous linear recurrence relations with constant coefficients
» Steps for characteristic root method:

1. Form the characteristic equation by replacing the sequence terms with powers of r

2. Solve the characteristic equation to find roots

3. Use roots to construct the general solution

» Method of undetermined coefficients applies to non-homogeneous recurrence relations

* Involves guessing the form of the particular solution based on the non-homogeneous term

» Combine particular solution with homogeneous solution for complete solution

* Useful for recurrence relations with polynomial, exponential, or trigonometric terms

Generating Functions and Iteration Method

» Generating functions transform recurrence relations into algebraic equations
» Steps for generating function method:

1. Define the generating function as a power series

2. Multiply both sides of the recurrence relation by x*n and sum over n

3. Manipulate the resulting equation to solve for the generating function

4. Extract the coefficients to obtain the closed-form solution

« Iteration method involves repeatedly applying the recurrence relation
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* Useful for simple recurrence relations or when seeking patterns
* Steps for iteration method:

1. Start with initial conditions

2. Apply the recurrence relation repeatedly

3. Observe patterns in the resulting sequence

4. Formulate a conjecture for the general term

5. Prove the conjecture using induction

Solution Components

Particular and General Solutions

* Particular solution satisfies the non-homogeneous part of a recurrence relation

* Depends on the specific form of the non-homogeneous term

 General solution combines homogeneous and particular solutions

* Homogeneous solution represents the solution to the associated homogeneous recurrence relation

» General solution formula: a, = a,(jh) + a,(,p)

. a,(,h) represents the homogeneous solution

. a,(,p) represents the particular solution

* Particular solution examples:
* For constant term: try a constant solution
* For polynomial term: try a polynomial of the same degree

* For exponential term: try an exponential with the same base

Closed-Form Solutions and Auxiliary Equations

+ Closed-form solution expresses the nth term of a sequence directly

+ Eliminates need for recursive calculations

* Auxiliary equation helps find the characteristic roots of a recurrence relation

» Formed by replacing a_n with r*n in the homogeneous part of the recurrence relation
+ Degree of auxiliary equation equals the order of the recurrence relation

* Roots of auxiliary equation determine the form of the homogeneous solution

« Auxiliary equation for second-order linear recurrence: ar® + br+ c =0

* a, b, c are coefficients from the recurrence relation

* r represents the characteristic root
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Root Types

Complex Roots and Their Applications

« Complex roots occur in conjugate pairs when solving the characteristic equation
* Lead to solutions involving trigonometric functions

« General form of solution with complex roots: an = r"(Acos(n6) + Bsin(n0))

* r represents the modulus of the complex root

* 0 represents the argument of the complex root

* A and B are constants determined by initial conditions

* Applications of complex roots:

* Modeling oscillatory behavior in sequences

* Describing periodic phenomena in discrete systems

+ Analyzing signal processing algorithms

Repeated Roots and Their Implications
» Repeated roots occur when the characteristic equation has multiple roots with the same value
* Lead to solutions involving polynomial factors
« For a root r with multiplicity k, the general solution term includes: p/r" forj=0, 1, ..., k-1
* Repeated roots indicate critical damping in physical systems
« Solution for double root r: @, = (A + Bn)r"
* A and B are constants determined by initial conditions
« Solution for triple root r: a, = (A + Bn + cn?)r"
* A, B, and C are constants determined by initial conditions
« Implications of repeated roots:
« Faster convergence or divergence compared to distinct roots
» Smoother transitions in sequence behavior

* Important in control systems and stability analysis

13.3 Divide-and-Conquer Recurrences

Divide-and-conquer recurrences are a key part of algorithm analysis. They break down complex problems
into smaller, manageable parts, solving them recursively and combining the results. This approach is
crucial for many efficient algorithms.

Understanding these recurrences helps us analyze the time complexity of important algorithms like merge
sort and binary search. We'll learn how to use tools like the Master Theorem and recursion trees to solve
and visualize these recurrences.
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Divide-and-Conquer Algorithms

Understanding Divide-and-Conquer Strategy
* Divide-and-conquer algorithm breaks down complex problems into smaller, manageable subproblems
* Consists of three main steps: divide, conquer, and combine
* Divides the original problem into smaller subproblems of the same type
* Recursively solves these subproblems
» Combines solutions of subproblems to create the final solution
» Widely used in computer science and mathematics for efficient problem-solving

» Reduces time complexity for many algorithms (logarithmic or linearithmic)

Implementing Merge Sort

* Merge sort applies divide-and-conquer strategy to sorting arrays

* Divides the unsorted array into two halves recursively until single-element subarrays remain
* Merges sorted subarrays to produce larger sorted arrays

« Time complexity of O(nlog n) for all cases (best, average, worst)

« Space complexity of O(n) due to temporary arrays used in merging

« Stable sorting algorithm preserves relative order of equal elements

« Efficient for large datasets and external sorting

Exploring Quick Sort and Binary Search
* Quick sort selects a pivot element and partitions the array around it
* Recursively sorts subarrays on either side of the pivot
« Average time complexity of O(nlog n) | worst-case O(n?)
« In-place sorting algorithm with O(/logn) space complexity
* Binary search locates an element in a sorted array by repeatedly dividing the search interval in half
» Compares the target value with the middle element of the array
« Time complexity of O(10g 1) makes it highly efficient for large datasets

* Requires a pre-sorted array to function correctly
Analyzing Divide-and-Conquer Algorithms
Applying the Master Theorem

» Master theorem provides a systematic approach to solve divide-and-conquer recurrences

« General form: T(n) = aT(n/b) + f(n), where 2 =1, b > 1, and f(n) is a given function
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« Three cases based on the relationship between f(n) and p'°9:2
« Case 1: If f(n) = O(n'°9*@ ~ €) for some constant € > 0, then T(n) = ©(n'°%?)
- Case 2: If f(in) = ©(n'°% ) then T(n) = ©(n'°%%log n)

« Case 3: If f(n) = Q(n'°9%3+€) for some constant € > 0, and af(n/b) = cf(n) for some constant
c <1, then T(n) = O(f(n))

« Simplifies analysis of many common divide-and-conquer algorithms

Using the Substitution Method

* Substitution method proves a guess for the solution of a recurrence by mathematical induction

« Steps include guessing the form of the solution, using induction hypothesis, and verifying the base
case

* Useful when the Master Theorem cannot be applied directly
» Can handle more complex recurrences and tight bounds
* Requires intuition and experience to make accurate initial guesses

+ Often used in conjunction with other methods to verify results

Analyzing Recurrence Relations and Asymptotic Notation

* Recurrence relation with full history considers all previous terms in the sequence

» Can be more challenging to solve than simple recursive relations

» Asymptotic notation describes the limiting behavior of functions

« Big O notation (O) provides an upper bound on the growth rate

+ Big Omega notation (Q) provides a lower bound on the growth rate

« Big Theta notation (©) provides both upper and lower bounds

« Little o notation (©) and little omega notation (W) provide strict upper and lower bounds respectively

* Helps compare algorithm efficiency without considering hardware-specific details
Visualizing Divide-and-Conquer Algorithms

Constructing and Analyzing Recursion Trees

* Recursion tree visually represents the recursive calls and work done at each level
* Root node represents the original problem

+ Child nodes represent subproblems created by the divide step

* Leaf nodes represent base cases where no further division occurs

 Each level of the tree corresponds to one recursive call

» Sum of node values at each level represents the work done at that level

+ Total work of the algorithm calculated by summing all levels
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* Helps identify patterns in the recurrence relation

Determining Time Complexity

» Time complexity analysis estimates the number of operations an algorithm performs

* For divide-and-conquer algorithms, considers work done in dividing, conquering, and combining steps
* Often expressed using big O notation to describe worst-case scenario

* Recursion trees help visualize the time complexity of divide-and-conquer algorithms

* Depth of the recursion tree relates to the number of recursive calls

 Width of the tree at each level represents the number of subproblems

* Total nodes in the tree correspond to the overall time complexity

+ Balancing the division of problems can lead to more efficient algorithms (binary search vs linear
search)
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Unit 14 — Generating Functions

14.1 Ordinary Generating Functions

Generating functions are powerful tools for solving counting problems and working with sequences. They
represent sequences as coefficients in formal power series, allowing for easier manipulation and analysis
of complex mathematical patterns.

In this section, we'll explore ordinary generating functions, their properties, and applications. We'll learn
how to use them to solve recurrence relations, extract coefficients, and simplify complex sequences into
manageable closed forms.

Generating Functions and Power Series

Understanding Generating Functions and Power Series

» Generating function represents a sequence as coefficients of a formal power series
» Formal power series consists of an infinite sum of terms with increasing powers of a variable
* Taylor series expansion approximates functions using polynomial terms

* Closed form expresses a generating function as a finite algebraic expression

Applications and Properties of Generating Functions

» Generating functions solve counting problems by encoding sequence information
» Formal power series manipulations include addition, multiplication, and composition
* Taylor series expansion centers around a specific point, often x =0

+ Closed form simplifies complex generating functions for easier analysis

Examples and Techniques

) . ) . 1

* Generating function for arithmetic sequence: (757 represents 1, 2, 3, 4, ...
« Formal power series for exponential function: € =1 + x + ;—f + )3(—.5 +...

« Taylor series for sine function: Sin(x) =x — £/ + & — ...

* Closed form for geometric series: ﬁ =l+x+x2+X3+...

Coefficient Extraction Techniques

Fundamentals of Coefficient Extraction
« Coefficient extraction retrieves specific terms from generating functions
« Partial fraction decomposition breaks complex rational functions into simpler forms

» Convolution combines two sequences to produce a third sequence
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Methods for Coefficient Extraction

* Use of square brackets notation [x*n] to denote the coefficient of x*n
« Partial fraction decomposition splits function into sum of simpler fractions

+ Convolution applies multiplication of generating functions

Practical Applications and Examples

* Extracting coefficients from 7 Xl_ ~2 Yields Fibonacci sequence
« Partial fraction decomposition of T=x)(1-2x) x)ﬁ —2x) into 1—EX - 1_—12x

 Convolution of sequences (1,1,1,...) and (1,2,3,...) produces (1,3,6,10,...)
Recurrence Relations

Fundamentals of Recurrence Relations
* Recurrence relation defines sequence terms using previous terms
* Linear recurrence relations involve linear combinations of previous terms
* Homogeneous recurrence relations have no constant term

» Inhomogeneous recurrence relations include a constant or function of n

Solving Recurrence Relations with Generating Functions

« Convert recurrence relation to an equation involving generating function
* Solve the resulting equation for the generating function

« Extract coefficients to obtain closed form of sequence terms

Examples and Applications
« Fibonacci recurrence: F_n=F_(n-1) + F_(n-2) with F_.0=0,F_1=1

» Generating function for Fibonacci: F(x) = 1_;—_,(2

« Closed form solution: Fn = V,%[(1 +2”E)" — (L _2@)”]
+ Catalan number recurrence: C_n=C_0C_(n-1) + C_1C_(n-2) + ... + C_(n-1)C_0
14.2 Exponential Generating Functions

Exponential Generating Functions

Exponential generating functions (EGFs) encode sequences using factorial denominators, which makes
them naturally suited for counting labeled structures like permutations, arrangements, and set partitions.
Where ordinary generating functions (OGFs) pair coefficients with plain powers of X, EGFs divide each
coefficient by n! , and that single change unlocks a different set of algebraic tools.

This section covers the definition and key properties of EGFs, the exponential formula for set partitions,
Bell and Stirling numbers, and connections to moment and probability generating functions.
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Exponential Generating Functions

Understanding Exponential Generating Functions

For a sequence @0: 91, 82, ---, the exponential generating function is defined as:
G(X)= 2 ankr
n=0

Compare this with the ordinary generating function Zanx”. The only structural difference is the ,%. factor,
but it changes what algebraic operations mean combinatorially.

Why the factorial denominator matters. When you multiply two OGFs, the coefficients combine via
convolution, which corresponds to choosing how many objects come from each structure (selections).
When you multiply two EGFs, the coefficients combine via exponential convolution, which corresponds to
choosing how to label objects across two structures. Concretely, if A(x) and B(x) are EGFs for sequences
an and bn, then the product A(x) - B(x) is the EGF for:

n

Ch = Z (R)akbn -«
k=0

That binomial coefficient is exactly what you need when you're splitting a labeled set of size 1 into a part of
size k and a part of size n — K.

Common EGFs to know:

e =

n

Xﬂ
nv
0

%K

is the EGF for the constant sequence @n = 1 (there's exactly 1 way to arrange N labeled items into a
single "all-in" structure).

«e*—1is the EGF forao =0, ap =1 for n = 1 (non-empty sets).

° T EX is the EGF for an = n! (the number of permutations of N elements).

EGFs also tend to converge more often than OGFs because the n! in the denominator tames rapid growth
in the sequence.

Factorial Powers and Their Role
The falling factorial (sometimes called the factorial power) is:
x2=x(x—-1)(x—-2)(x—n+1)

This is the product of N consecutive decreasing integers starting from X. It shows up constantly in
combinatorics because it directly counts the number of ways to choose and arrange 1 items from X items
(i.e., permutations): P(x, n) = xZ

A useful identity ties falling factorials to binomial coefficients:
x2=n!(X)

This means choosing n items from X (the binomial coefficient) is just the falling factorial divided by n! ,
which removes the ordering.
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Falling factorials play a role in EGFs because many sequences that arise from labeled counting problems
can be expressed neatly using them. They also appear in finite difference calculus, where they serve the
same role that ordinary powers x” serve in standard calculus.

Exponential Formula and Applications

The exponential formula is one of the most powerful results connecting EGFs to set partitions. Here's the
setup:

Suppose you have a notion of a "connected" or "block" structure on a non-empty labeled set, and B(x) is
the EGF counting the number of such structures by size. Then the EGF for the number of ways to partition
a labeled set into any number of these blocks is:

A(x) = eBX

Why does this work? Expanding the exponential gives:

B(x i
B(x)

The term =5~ counts ways to split a labeled set into exactly k blocks. The k! in the denominator accounts

for the fact that the blocks themselves are unordered (a partition doesn't care which block you list first).
Summing over all k gives the total count across all possible numbers of blocks.

Example: If each block is simply a non-empty set (one structure per size), then B(x) =e* — 1, and the
number of set partitions is counted by e~ 1. That's exactly the EGF for Bell numbers, as you'll see below.

Combinatorial Numbers

Bell Numbers and Set Partitions

The Bell number Bn counts the total number of ways to partition a set of N labeled elements into
non-empty, non-overlapping subsets. For example, the set {1, 2, 3} can be partitioned in 5 ways:

- {{1,2,3}}
- {{1,2}, {3}}
- {{1,3},{2}}
- {{2,3},{1}}
- {{1}, {2}, {3}}
SoB3=5.
The first several Bell numbers (starting at n = 0): 1, 1, 2, 5, 15, 52, 203, 877.

EGF for Bell numbers:

ZBn——e -

This follows directly from the exponential formula: each block is a non-empty set, and e* — 1 is the EGF
where every non-empty set has exactly one structure.

Recursive formula (Bell's recurrence):
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n

Brs1= 2 (7)Bxk
k=0

The idea: to build a partition of {1, 2, ..., n + 1}, decide which k of the elements {1, ..., N} share a
block with element n + 1, then partition the remaining n — k elements freely. That gives (#)Bn-«, and
re-indexing yields the formula above.

Bell numbers appear in clustering algorithms, information theory, and the analysis of equivalence relations.

Stirling Numbers and Their Types

Stirling numbers refine the counting that Bell numbers do in aggregate.

Stirling numbers of the second kind, S(n, k), count the number of ways to partition a set of N labeled
elements into exactly kK non-empty subsets. Since Bell numbers count partitions into any number of
subsets:

Bn= 2 S(n, k)
k=0

The EGF (with k fixed, summing over 1) is:

o0

> Sin, k)& =10
h=k

Again, this is the exponential formula at work: (e* — 1)¥ counts ordered sequences of k non-empty blocks,
and dividing by k! makes the blocks unordered.

Stirling numbers of the first kind, S(n, K) (or sometimes written with square brackets [ n ; k ]), count the
number of permutations of N elements that consist of exactly k disjoint cycles. These are sometimes called
signless Stirling numbers of the first kind (the signed version introduces a factor of (—1)" ~ k).

Quick comparison: - 5(n, k) (second kind) = partitions of a set into k subsets - 5(n, k) or |s(n, k)| (first
kind, unsigned) = permutations of N elements with k cycles

Both types of Stirling numbers satisfy useful recurrences and appear in problems involving recurrence
relations, polynomial basis conversion (between ordinary powers and falling factorials), and algorithm
analysis.

Probability and Statistics Applications

Moment Generating Functions
The moment generating function (MGF) of a random variable X is:
Mx(t) = E[e¥]

If you expand etX as a power series, you get:

M)((t) — z E[rﬁﬂ] tn
n=0

This is exactly an EGF for the sequence of moments E[X"]. That's the direct connection to this unit: the
MGEF is an exponential generating function whose coefficients are the moments of the distribution.

To extract the N-th moment, differentiate N times and evaluate at t = O:

E[X"]= LMx(t)|t=0
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Key properties of MGFs:

« If X and Y are independent, then Mx + y(t) = Mx(t) - My(t). This makes working with sums of
independent random variables straightforward.

* The MGF (when it exists in a neighborhood of 0) uniquely determines the distribution. Two
distributions with the same MGF are the same distribution.

- The variance can be found as Var(X) = My(0) — [M}(0)]%.

Probability Generating Functions and Their Uses

For a discrete random variable X taking non-negative integer values, the probability generating function
(PGF) is:

Gx(z) =E[z¥]= > P(X=k)z*
k=0

Notice this is actually an ordinary generating function for the probability sequence P(X = k). To recover
individual probabilities:

P(X = k) = £2L:Gx(2)]z=0
Useful properties:

« Gx(1) = 1 (probabilities sum to 1).

. Gl(1) = EIX],

«Var(X) = Gi(1) + G} (1) — [G(1)]2.

« For independent X and Y: Gx + v(2) = Gx(2) - Gy(2).

PGFs are widely used in queuing theory, branching processes, and other stochastic models where you
need to track distributions of counts. Their connection to EGFs comes through the relationship between
PGFs and MGFs: setting z = et in the PGF gives the MGF, which bridges the ordinary and exponential
generating function perspectives.

14.3 Applications of Generating Functions

Generating functions are powerful tools for solving complex counting problems and analyzing sequences.
They transform tricky recurrence relations into manageable algebraic equations, making it easier to find
closed-form solutions and study asymptotic behavior.

This section explores how generating functions tackle various applications. From Fibonacci numbers to
Catalan numbers, partition theory to probability distributions, we'll see how these functions simplify
complex problems across discrete math and beyond.

Solving Recurrences and Sequences

Recurrence Relations and Fibonacci Sequence
* Recurrence relations define sequences where each term depends on previous terms
* Solve recurrence relations using generating functions by converting to algebraic equations
« Fibonacci sequence follows the recurrence relation Fn = Fr -1 + Fpp - 2 with initial conditions Fo =0

andF1=1
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» Generate Fibonacci numbers using the generating function G(x) = ﬁ
« Expand G(x) as a power series to obtain coefficients representing Fibonacci numbers

_9"=(=¢)"n

» Closed-form expression for Fibonacci numbers: Fn = =—="—" where ¢ = 1-*3 (golden ratio)

Catalan Numbers and Asymptotic Analysis

« Catalan numbers appear in various counting problems (binary trees, parentheses matching)

« Catalan number recurrence relation:

n-1
Ch= 2 CiCnho1-i
=0
with Co =1
» Generating function for Catalan numbers: C(x) = 1=11=4x

« Closed-form expression for nth Catalan number: Cn = 5 1 1(2,7")
» Asymptotic analysis studies behavior of sequences as n approaches infinity
 Use generating functions to determine growth rates and asymptotic bounds

* Apply techniques like singularity analysis to extract asymptotic information from generating functions

Counting and Combinatorics

Counting Problems and Partition Theory

+ Counting problems involve determining number of ways to arrange or select objects

+ Use generating functions to solve complex counting problems by encoding information in coefficients
« Partition theory studies ways of representing integers as sums of positive integers

« Partition function p(n) counts number of ways to partition n

» Generating function for partition function:

P(x) =[]

— K
k=11 X

* Apply generating function techniques to derive properties of partition function

« Euler's pentagonal number theorem relates partition function to pentagonal numbers

Combinatorial Identities and Applications

+ Combinatorial identities express relationships between combinations and permutations
* Prove combinatorial identities using generating functions by comparing coefficients

* Binomial theorem:

n

(1+x)"= X (Rx*

k=0

 Use generating functions to prove identities like
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n
2
2 (1=
k=0
» Apply combinatorial identities to solve problems in discrete mathematics and computer science

« Stirling numbers of the first and second kind have generating functions useful in counting
permutations and partitions

* Explore connections between combinatorial identities and other areas of mathematics (number theory,
algebra)

Probability Generating Functions

Probability Distributions and Moment Generating Functions

+ Probability generating functions (PGFs) encode information about discrete probability distributions

 Define PGF for random variable X as

Gx(s) =E[s*]1= > P(X =k)s*
k=0

» Use PGFs to calculate moments of probability distributions

« Moment generating function (MGF) relates to PGF: Mx(t) = Gx(e?)

* Derive properties of probability distributions using PGFs (mean, variance, skewness)
* Analyze sums of independent random variables by multiplying their PGFs

*» Apply PGFs to solve problems in queueing theory and branching processes

Applications in Probability and Statistics
* Model discrete-time Markov chains using matrix generating functions
* Analyze random walks and gambler's ruin problem with generating functions
« Study branching processes in population dynamics using PGFs
+ Solve problems in statistical physics using partition functions (related to generating functions)
» Explore connections between PGFs and characteristic functions in continuous probability theory
* Use PGFs to analyze algorithms with random inputs or randomized algorithms

* Apply generating function techniques to problems in information theory and coding theory
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