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Unit 1 — Intro to Probability & Statistics

1.1 Overview of probability and statistics in engineering

Engineers rely on probability and statistics to analyze data, make predictions, and solve complex
problems. These tools help quantify uncertainty, assess reliability, and optimize designs across various
engineering fields, from structural analysis to quality control.

Probability models random events, while statistics analyzes data to draw conclusions. Together, they
enable engineers to design experiments, test hypotheses, and make data-driven decisions. This powerful
combination enhances product quality, safety, and efficiency in engineering projects.

Probability and statistics in engineering

Essential tools for data analysis and interpretation

+ Probability and statistics are essential tools for analyzing and interpreting data in various engineering
fields (mechanical, electrical, civil, chemical)

* Engineers use probability to model and predict the likelihood of different outcomes in systems or
processes that involve uncertainty or randomness

* Example: Assessing the probability of a structural component failing under a given load
» Example: Predicting the likelihood of a manufacturing defect occurring in a production line

« Statistics enables engineers to collect, organize, analyze, and draw meaningful conclusions from data
to inform decision-making and problem-solving

« Example: Analyzing sensor data to optimize the performance of a control system

* Example: Conducting a survey to gather customer feedback on a new product design

Applications in engineering design and assessment

* Probability and statistics help engineers to assess the reliability, performance, and safety of products,
systems, or processes

* Example: Calculating the mean time between failures (MTBF) for a piece of equipment
* Example: Determining the probability of a bridge withstanding a certain magnitude of earthquake

* Engineers employ probability and statistics to design experiments, test hypotheses, and validate
models or simulations

« Example: Conducting a factorial experiment to optimize the parameters of a manufacturing process

» Example: Using hypothesis testing to compare the effectiveness of two different materials in a product
design
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Common statistical methods for engineering

Descriptive and inferential statistics

* Descriptive statistics (mean, median, mode, standard deviation) are used to summarize and
characterize data sets in engineering applications

» Example: Calculating the average tensile strength of a batch of steel samples
* Example: Determining the variability in the dimensions of a manufactured component

« Inferential statistics (hypothesis testing, regression analysis) enable engineers to make predictions or
draw conclusions about a population based on sample data

* Example: Testing whether a new manufacturing process significantly reduces defect rates compared
to the current process

* Example: Developing a regression model to predict the energy consumption of a building based on its
size and occupancy

Specialized techniques for engineering problems

* Analysis of Variance (ANOVA) is used to compare means across multiple groups or treatments in
engineering experiments

» Example: Comparing the fuel efficiency of three different engine designs
* Example: Evaluating the effect of different heat treatment methods on the hardness of a metal alloy

« Statistical process control (SPC) methods (control charts) are employed to monitor and maintain the
quality and consistency of manufacturing processes

* Example: Using X-bar and R charts to detect shifts or trends in the diameter of a machined part

» Example: Implementing a CUSUM chart to identify sudden changes in the viscosity of a chemical
product

 Time series analysis is used to model and forecast patterns or trends in data collected over time
(sensor readings, equipment performance metrics)

* Example: Forecasting the demand for a product based on historical sales data
» Example: Analyzing vibration data from a rotating machine to predict potential failures

+ Reliability analysis involves using statistical methods to assess the probability of a product or system
functioning properly over a specified period

» Example: Estimating the reliability function for a electronic component based on failure time data

» Example: Conducting accelerated life testing to determine the expected lifespan of a new product
design

Data analysis for engineering decisions

Identifying patterns, trends, and relationships

+ Data analysis helps engineers to identify patterns, trends, and relationships in complex data sets,
enabling them to gain insights and make informed decisions
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« Example: Analyzing historical maintenance records to identify common failure modes and their root
causes

» Example: Examining customer complaint data to uncover trends in product performance issues

* By analyzing data from experiments, simulations, or real-world observations, engineers can optimize
designs, processes, or systems for improved performance, efficiency, or cost-effectiveness

* Example: Using finite element analysis (FEA) results to optimize the shape of a structural component
for reduced weight and improved strength

» Example: Analyzing process data to identify bottlenecks and implement lean manufacturing principles

Facilitating problem-solving and decision-making

» Data analysis allows engineers to detect and diagnose problems or anomalies in products, systems,
or processes, facilitating timely corrective actions

» Example: Analyzing vibration data from a rotating machine to diagnose imbalance or misalignment
issues

» Example: Examining quality control data to identify the source of defects in a manufacturing process

» Engineers use data analysis to evaluate the feasibility and potential risks associated with different
design alternatives or solutions

» Example: Comparing the cost, performance, and environmental impact of different materials for a
product design

» Example: Assessing the risk of failure for different design options based on simulation results or
historical data

+ Data-driven decision-making in engineering leads to more objective, evidence-based choices that can
enhance product quality, safety, and customer satisfaction

» Example: Using customer feedback data to prioritize features in a new product development project

« Example: Basing maintenance schedules on data-driven predictive models to minimize downtime and
extend equipment life

Descriptive vs inferential statistics

Summarizing and presenting data

+ Descriptive statistics involve methods for summarizing and presenting data in a meaningful way
(measures of central tendency: mean, median, mode; measures of dispersion: range, variance,
standard deviation)

» Example: Calculating the average and standard deviation of the tensile strength for a batch of steel
samples

» Example: Presenting the distribution of particle sizes in a powder using a histogram or box plot

* Descriptive statistics provide a concise description of the main features of a data set (distribution,
shape, spread)

» Example: Describing the skewness and kurtosis of a data set to characterize its distribution
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* Example: Using a scatter plot to visualize the relationship between two variables (pressure and
temperature)

Making generalizations and predictions

« Inferential statistics involve methods for making generalizations or predictions about a population
based on a sample of data

» Example: Estimating the mean strength of a concrete mix based on tests performed on a sample of
specimens

« Example: Predicting the expected lifetime of a light bulb based on accelerated life testing data

« Inferential statistics enable engineers to test hypotheses, estimate parameters, and quantify the
uncertainty associated with their conclusions

» Example: Testing whether the mean yield strength of a new alloy is significantly higher than that of the
current alloy

« Example: Constructing confidence intervals for the proportion of defective items in a production lot

» While descriptive statistics are used to summarize and describe the characteristics of a specific data
set, inferential statistics allow engineers to draw conclusions that extend beyond the immediate data
available

» Example: Using descriptive statistics to characterize the properties of a specific batch of materials,
while employing inferential statistics to make predictions about future batches or the entire population of
materials

1.2 Types of data and variables

Data types and variables are crucial in engineering statistics. They determine how we collect, analyze, and
interpret information. Understanding the differences between qualitative and quantitative data, as well as
discrete and continuous variables, is key to choosing the right statistical methods.

Measurement scales and variable relationships shape our approach to data analysis. Knowing whether
we're dealing with nominal, ordinal, interval, or ratio scales, and identifying dependent and independent
variables, helps us design better experiments and draw more accurate conclusions in engineering
applications.

Qualitative vs Quantitative Data

Types and Characteristics

+ Qualitative data is non-numerical and descriptive, often involving characteristics or categories that
cannot be measured or counted (colors, textures, opinions)

» Quantitative data is numerical and can be measured or counted
« Further classified as discrete or continuous
* Qualitative data is typically analyzed using non-statistical methods

» Quantitative data is analyzed using statistical methods
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Applications in Engineering
* In engineering contexts, quantitative data is more commonly used for analysis and decision-making
* Qualitative data may be used for initial observations or descriptions
* Provides context and understanding of the problem or situation
* Helps guide the selection of quantitative variables to measure and analyze

» Combining qualitative and quantitative data can provide a more comprehensive understanding of
engineering problems and solutions

Discrete vs Continuous Variables

Definitions and Examples

* Discrete variables have a finite or countable number of possible values, often represented by whole
numbers or integers

» Number of defective products in a batch
* Number of customers served per day
* Number of components in a system

+ Continuous variables can take on any value within a specified range and are typically measured rather
than counted

» Temperature
* Weight
* Time

» Some variables that appear continuous may be treated as discrete if they are measured or recorded in
discrete units (time measured in whole seconds)

Implications for Data Analysis

* Discrete variables are often analyzed using methods such as frequency distributions, bar charts, or
pie charts

« Continuous variables are typically analyzed using methods such as histograms, scatter plots, or
regression analysis

» Understanding the nature of variables is essential for selecting appropriate statistical methods and
tools

+ Discrete variables may require different probability distributions (binomial, Poisson) than continuous
variables (normal, exponential)

« Continuous variables may require techniques such as integration or differentiation, while discrete
variables may involve summation or counting
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Measurement Scales: Nominal, Ordinal, Interval, Ratio

Nominal Scales

* Use labels or names to categorize data into distinct groups without any inherent order or numerical
value

+ Colors
* Types of materials
+ Customer satisfaction ratings (poor, fair, good, excellent)

* Nominal data can be analyzed using frequency distributions or mode

Ordinal Scales

» Rank data in a specific order but do not have consistent intervals between values
» Survey responses (strongly disagree, disagree, neutral, agree, strongly agree)
* Performance ratings (low, medium, high)

* Ordinal data can be analyzed using median or percentiles

Interval Scales

* Have consistent intervals between values but no true zero point

» Temperature measured in Celsius or Fahrenheit (zero does not represent the absence of
temperature)

» Dates on a calendar

* Interval data can be analyzed using mean, standard deviation, or correlation

Ratio Scales

» Have consistent intervals between values and a true zero point, allowing for meaningful ratios
between values

* Length
* Weight
* Time (zero represents the absence of the measured attribute)

* Ratio data can be analyzed using all arithmetic operations and statistical methods
Dependent vs Independent Variables in Engineering

Definitions and Roles

* Independent variables are manipulated or controlled by the researcher or engineer to observe their
effect on the dependent variable

* Typically the input or cause in experiments
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« Examples: material properties, process parameters, design features

» Dependent variables are measured or observed to determine the effect of the independent variable
* Typically the output or effect in experiments

» Examples: product performance, efficiency, customer satisfaction

« Identifying dependent and independent variables is crucial for designing experiments, analyzing data,
and making informed decisions in engineering contexts

Confounding Variables

« Additional factors that may influence the dependent variable, making it difficult to establish a clear
cause-and-effect relationship between the independent and dependent variables

» Examples: environmental conditions, operator skill, measurement error

* Engineers must identify and control for confounding variables to ensure the validity of their
experiments and analyses

* Randomization: randomly assigning subjects or samples to different treatment groups to minimize the
impact of confounding variables

* Blocking: grouping subjects or samples with similar characteristics to reduce variability and isolate the
effect of the independent variable

* Replication: repeating the experiment multiple times to assess the consistency of results and identify
potential confounding variables

1.3 Descriptive statistics: measures of central tendency and dispersion

Descriptive statistics help us understand data's central tendency and spread. Measures like mean, median,
and mode show typical values, while range, variance, and standard deviation reveal how data points are
distributed.

These tools are crucial for analyzing engineering data. They allow us to summarize complex datasets,
compare different systems, and make informed decisions based on typical values and variability in our
measurements.

Mean, Median, and Mode

Calculating and Interpreting Measures of Central Tendency

« Calculate the mean by summing all values and dividing by the number of data points
» The mean is sensitive to extreme values or outliers (unusually high or low values)
» Example: For the dataset {5, 7, 9, 11, 13}, the meanis (5+7+9+11+13)/5=9

» Determine the median by arranging the dataset in ascending or descending order and selecting the
middle value

* For an even number of data points, the median is the average of the two middle values
* The median is less affected by outliers compared to the mean

* Example: For the dataset {5, 7, 9, 11, 13}, the median is 9
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* Identify the mode as the most frequently occurring value in a dataset

* A dataset can have no mode (no repeating values), one mode (unimodal), or multiple modes (bimodal
or multimodal)

* Example: For the dataset {5, 7, 7, 9, 11, 13}, the mode is 7

Selecting the Appropriate Measure of Central Tendency

» Use the mean for normally distributed data (data that follows a bell-shaped curve)
* Prefer the median for skewed distributions (data that is asymmetrical) or data with outliers
+ Consider the mode for categorical or discrete data (data with distinct categories or values)

* Example: For a dataset of household incomes, the median may be more appropriate than the mean
due to the presence of high-income outliers

Range, Variance, and Standard Deviation

Calculating Measures of Dispersion

* Calculate the range by subtracting the minimum value from the maximum value in a dataset

* The range provides a simple measure of data spread

» Example: For the dataset {5, 7, 9, 11, 13}, therange is 13-5=8

 Determine the variance by calculating the average squared deviation from the mean

* For population variance, divide the sum of squared deviations by the number of data points

 For sample variance, divide the sum of squared deviations by the number of data points minus one

» Example: For the dataset {5, 7, 9, 11, 13}, the population variance is ((5-9)"2 + (7-9)"2 + (9-9)"2 +
(11-9)"2 + (13-9)22) /| 5=8

+ Calculate the standard deviation by taking the square root of the variance

» The standard deviation expresses the dispersion in the same units as the original data

« Example: For the dataset {5, 7, 9, 11, 13}, the population standard deviation is V8 = 2.83
Interpreting Measures of Dispersion

* A larger variance or standard deviation indicates greater dispersion of data points from the mean
* A smaller variance or standard deviation suggests the data is more tightly clustered around the mean

» Example: A dataset with a standard deviation of 2 has less dispersion than a dataset with a standard
deviation of 10

Central Tendency and Dispersion

Properties and Limitations of Measures

* The mean is affected by extreme values and may not accurately represent the central tendency for
skewed distributions
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* The mean is most appropriate for normally distributed data

» Example: In a dataset of test scores with a few very low scores, the mean may be pulled down and not
accurately represent the typical performance

* The median is robust to outliers and is a better measure of central tendency for skewed distributions
» The median does not take into account the actual values of the data points

» Example: In a dataset of house prices with a few extremely expensive houses, the median price may
be a more representative measure than the mean

» The mode is useful for categorical or discrete data but may not exist or may not be unique for
continuous data

» Example: In a survey of favorite colors, the mode can identify the most popular color choice

* The range is easy to calculate but is sensitive to outliers and does not provide information about the
distribution of data between the minimum and maximum values

» Example: Two datasets with the same range may have very different distributions of data points

« Variance and standard deviation are more informative measures of dispersion but are sensitive to
outliers and may not be easily interpretable for non-normal distributions

» Example: In a dataset with a few extreme values, the variance and standard deviation may be inflated
and not accurately represent the dispersion of the majority of the data

Descriptive Statistics for Engineering Data

Summarizing and Communicating Key Characteristics

» Use measures of central tendency to describe typical or representative values in a dataset

« Example: The average performance of a system or the most common failure mode

* Employ measures of dispersion to assess the variability and consistency of data

* Example: The spread of material properties or the precision of measurement devices

» Compare different datasets using descriptive statistics to identify similarities, differences, or trends
» Example: Comparing the performance of two different designs or materials

« Identify outliers or anomalies in engineering data using descriptive statistics

* Example: Detecting unusual measurements that may indicate sensor malfunction or process issues

Applying Descriptive Statistics in Engineering Contexts

« Consider the nature of the data (e.g., normal vs. skewed distribution) when selecting appropriate
measures

* Example: Using the median instead of the mean for highly skewed data on component lifetimes
» Be aware of the presence of outliers and their potential impact on descriptive statistics
« Example: Investigating extreme values to determine if they are genuine outliers or data entry errors

» Choose descriptive statistics that are appropriate for the given context and the intended audience
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* Example: Using the mode to describe the most common failure type in a reliability report for
non-technical stakeholders

* Visualize data through graphs and charts, along with descriptive statistics, to provide a more
comprehensive understanding

» Example: Presenting a histogram of tensile strength measurements along with the mean and standard
deviation

+ Use descriptive statistics to make informed decisions based on data analysis

» Example: Selecting a material with the lowest variability in properties for a critical application

1.4 Graphical representations of data

Graphical representations are essential tools for visualizing and analyzing data in statistics. From
histograms and bar charts to scatter plots, these visual aids help us understand distributions, compare
categories, and explore relationships between variables.

Each type of graph serves a specific purpose and has its own strengths and limitations. By choosing the
right graph and interpreting it correctly, we can uncover patterns, trends, and insights that might otherwise
be hidden in raw data.

Histograms, Bar Charts, and Pie Charts

Constructing and Interpreting Histograms, Bar Charts, and Pie Charts

* Histograms display the distribution of a continuous variable

* The area of each bar represents the frequency or relative frequency of data points falling within a
specific range or bin (age distribution, test scores)

* Bar charts compare categorical data

» The height or length of each bar represents the frequency, relative frequency, or measurement for
each category (product sales by region, survey responses)

* Pie charts display the relative proportions of different categories within a whole
« Each slice represents a percentage of the total (market share, budget allocation)

» When interpreting these charts, consider the shape of the distribution, the presence of outliers, and
any apparent trends or patterns in the data

» Be aware of common misinterpretations
* Assuming equal spacing between bars in a bar chart

» Comparing the areas of pie slices instead of their angles

Limitations and Considerations in Using Histograms, Bar Charts, and
Pie Charts

+ Histograms are suitable for continuous data, while bar charts are appropriate for categorical data

* Pie charts should be used sparingly and only when the total of the categories is meaningful
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» Graphs can be misleading if scales, labels, or proportions are distorted, or if data is aggregated or
omitted in a way that obscures important patterns

* The choice of bin width in histograms or the number of categories in bar charts and pie charts can
affect the interpretation of the data

* Too few bins may obscure important features of the distribution

» Too many bins may make the histogram appear noisy and difficult to interpret

Scatter Plots and Relationships

Creating and Analyzing Scatter Plots

« Scatter plots display the relationship between two continuous variables
+ Each data point is represented by a dot on a Cartesian plane (height vs. weight, price vs. demand)

» The independent variable (predictor) is typically plotted on the x-axis, while the dependent variable
(response) is plotted on the y-axis

* Positive correlation occurs when the dependent variable tends to increase as the independent
variable increases, resulting in an upward-sloping pattern (study time vs. test scores)

* Negative correlation occurs when the dependent variable tends to decrease as the independent
variable increases, resulting in a downward-sloping pattern (product price vs. sales volume)

* No correlation is indicated by a seemingly random scatter of points with no apparent pattern

* The strength of a correlation can be visually assessed by the tightness of the clustering around an
imaginary line of best fit

« Outliers, or data points that deviate significantly from the overall pattern, should be identified and
investigated as they may have a disproportionate influence on the correlation (anomalous
measurements, data entry errors)

Limitations of Scatter Plots in Interpreting Relationships

« Scatter plots do not imply causation between variables, only potential association

* Other variables or factors not included in the plot may influence the relationship (confounding
variables)

» The presence of a correlation does not necessarily indicate a meaningful or significant relationship
* The correlation may be spurious or driven by a small number of influential data points
« Scatter plots may not reveal non-linear relationships or interactions between variables

+ Transforming the data (logarithmic scales) or using more advanced visualization techniques may be
necessary to uncover complex relationships

Graphical Representations: Purpose and Limitations

Purposes of Different Graphical Representations

* Histograms, bar charts, and pie charts are used to display and compare distributions or proportions of
a single variable
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* Histograms show the distribution of continuous data (test scores, product dimensions)

* Bar charts compare values across categories (sales by region, survey responses)

« Pie charts show relative proportions within a whole (market share, budget allocation)

« Scatter plots are used to explore relationships between two variables

« Identify potential correlations or associations (temperature vs. pressure, advertising spend vs. sales)

* Investigate the strength and direction of relationships (positive, negative, or no correlation)

Limitations and Considerations in Using Graphical Representations

* Graphs can be misleading if scales, labels, or proportions are distorted, or if data is aggregated or
omitted in a way that obscures important patterns

« Truncated or inconsistent scales can exaggerate or minimize differences
» Aggregating data into categories or bins can hide underlying patterns or outliers

* The choice of graphical representation should be based on the type of data and the purpose of the
visualization

* Using an inappropriate graph type can lead to misinterpretation or confusion

* Graphical representations should be accompanied by clear titles, labels, and legends to ensure
accurate interpretation

* Lack of context or missing information can lead to misunderstandings or incorrect conclusions

Selecting Graphs for Engineering Data

Choosing Appropriate Graphs for Different Types of Engineering Data

+ Consider the type of data (continuous, categorical, or proportional) and the purpose of the
visualization (comparison, distribution, or relationship) when choosing a graph

* Use histograms to display the distribution of a single continuous variable

* Measurements or test results (material strength, product dimensions)

* Process data (cycle times, flow rates)

* Use bar charts to compare values across different categories

* Performance of different materials or designs

* Frequency of various failure modes or defects

+ Use pie charts sparingly to show the relative proportions of categories within a whole
 Breakdown of a project budget or resource allocation

» Composition of a material or sample

Effectively Communicating Engineering Data and Findings with Graphs

» Use scatter plots to explore potential relationships between two continuous variables
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« Effect of temperature on the strength of a material
« Correlation between two performance metrics (efficiency vs. power output)

» Ensure that graphs are clearly labeled, have appropriate scales and units, and are visually appealing
to effectively communicate the intended message to the target audience

» Use meaningful and concise titles and axis labels

» Choose appropriate colors, patterns, or markers to distinguish different data series

* Provide legends or keys to explain the meaning of different elements in the graph

+ Consider the technical background and expertise of the audience when designing graphs
» Use simple, easy-to-understand graphs for non-technical audiences

* Provide more detailed or specialized graphs for expert audiences
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Unit 2 — Probability Distributions

2.1 Discrete probability distributions

Discrete probability distributions are the backbone of statistical analysis for events with distinct outcomes.
They help us understand and predict the likelihood of specific results in scenarios like coin flips, product
defects, or customer arrivals.

This section dives into key discrete distributions like binomial and Poisson. We'll explore their
characteristics, how to calculate probabilities, and their practical applications in engineering and everyday
life.

Discrete Random Variables

Definition and Characteristics

« A discrete random variable is a function that assigns a probability to each possible outcome in a
sample space of a random experiment

« It can only take on a finite or countably infinite number of distinct values (integers, whole numbers)
» The sum of the probabilities for all possible values of a discrete random variable must equal 1
+ This ensures that the total probability of all outcomes is 100%

* The probability mass function (PMF) gives the probability that a discrete random variable is exactly
equal to a specific value

* PMF is denoted as P(X = x), where X is the random variable and x is a specific value

* The cumulative distribution function (CDF) is the probability that a random variable X takes a value
less than or equal to x, for every value x

* CDF is denoted as F(x) = P(X £ x)

Calculating Probabilities

* To find the probability of a specific value of a discrete random variable, use the probability mass
function (PMF) to identify the probability associated with that value

* Example: If P(X = 3) = 0.2, then the probability of the random variable X taking the value 3 is 0.2 or
20%

* To find the probability that a discrete random variable falls within a range of values, add the
probabilities of each individual value within the range using the PMF

* Example: To find P(1 < X £ 4), calculate P(X=1) + P(X=2) + P(X = 3) + P(X = 4)

* To find the probability that a discrete random variable is less than or equal to a specific value, use the
cumulative distribution function (CDF) to identify the cumulative probability up to and including that
value

» Example: If F(5) = 0.8, then P(X £ 5) = 0.8 or 80%
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Probability Distributions for Discrete Variables

Common Discrete Probability Distributions

* The binomial distribution models the number of successes in a fixed number of independent trials,
each with the same probability of success

* Its PMF is given by the formula P(X = k) = C(n, k) * p*k * (1-p)*(n-k)

* n is the number of trials

* k is the number of successes

* p is the probability of success on each trial

* C(n, k) is the number of ways to choose k items from n items (binomial coefficient)

* The Poisson distribution models the probability of a given number of events occurring in a fixed

interval of time or space if these events occur with a known constant mean rate and independently of

the time since the last event

* Its PMF is given by the formula P(X = k) = (Ak * e”-A) / k!

* A is the average number of events per interval

* e is Euler's number (approximately 2.71828)

« k! is the factorial of k

» The geometric distribution models the number of Bernoulli trials needed to get the first success
* Its PMF is given by the formula P(X = k) = (1-p)*(k-1) * p

* k is the number of trials until the first success

* p is the probability of success on each trial

Applying Discrete Probability Distributions

+ Binomial distribution example: The probability of getting exactly 3 heads in 5 coin tosses, with a fair

coin (p = 0.5)

«P(X = 3) = C(5, 3) * 0.5"3 * (1-0.5)(5-3) = 0.3125 or 31.25%

+ Poisson distribution example: The probability of 2 customers arriving in a 10-minute interval at a store

where the average arrival rate is 3 customers per hour (A = 0.5 customers per 10 minutes)
*P(X=2)=(0.5"2*e"0.5) /2! = 0.0758 or 7.58%

» Geometric distribution example: The probability of needing 4 attempts to get the first success in a
game with a 20% chance of winning each time (p = 0.2)

« P(X = 4) = (1-0.2)*(4-1) * 0.2 = 0.1024 or 10.24%
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Binomial and Poisson Distributions

Binomial Distribution

* The binomial distribution is a discrete probability distribution that models the number of successes in a
fixed number of independent trials, each with the same probability of success

* The trials must be independent, meaning the outcome of one trial does not affect the outcome of
another

* The probability of success (p) must remain constant across all trials

» The PMF of the binomial distribution is given by the formula P(X = k) = C(n, k) * p*k * (1-p)*(n-k)
* n is the number of trials

* k is the number of successes

* p is the probability of success on each trial

» C(n, k) is the binomial coefficient, calculated as n! / (k! * (n-k)!)

« Examples of situations that can be modeled by the binomial distribution include:

» The number of defective items in a batch of products

» The number of successful free throws in a basketball game

» The number of correct answers on a multiple-choice exam

Poisson Distribution

» The Poisson distribution is a discrete probability distribution that expresses the probability of a given
number of events occurring in a fixed interval of time or space if these events occur with a known
constant mean rate and independently of the time since the last event

» The events must be independent of each other

» The average rate of occurrence (A) must remain constant over the interval

» The PMF of the Poisson distribution is given by the formula P(X = k) = (Mk * e”-A) / k!
* A is the average number of events per interval

* e is Euler's number (approximately 2.71828)

* k! is the factorial of k

* Examples of situations that can be modeled by the Poisson distribution include:

» The number of phone calls received by a call center per hour

» The number of defects per unit area in a fabric

» The number of accidents at an intersection per month
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Expected Value and Variance of Discrete Distributions

Expected Value (Mean)

» The expected value (or mean) of a discrete random variable is the sum of the products of each
possible value and its probability

* It represents the average value of the random variable over a large number of trials

» The expected value is calculated using the formula E(X) = Z[x * P(X=x)]

* x represents each possible value of the random variable X

» P(X=x) is the probability of X taking on the value x

* For the binomial distribution with parameters n and p, the expected value is E(X) = np
* Example: Ifn=10and p = 0.4, then E(X) =10*04 =4

* For the Poisson distribution with parameter A, the expected value is equal to A

* Example: If A = 3.5, then E(X) = 3.5

Variance and Standard Deviation

* The variance of a discrete random variable measures the average squared deviation from the
expected value

* It quantifies the spread or dispersion of the random variable's values around the mean
 The variance is calculated using the formula Var(X) = E(X*2) - [E(X)]*2

» E(X"2) is the expected value of the squared random variable

* [E(X)]*2 is the square of the expected value

* The standard deviation is the square root of the variance and measures the average distance of the
values from the mean

- It is denoted as g(X) or SD(X) and calculated as g(X) = v(Var(X))

* For the binomial distribution with parameters n and p, the variance is Var(X) = np(1-p)
* Example: If n =10 and p = 0.4, then Var(X) =10 *0.4 * (1-0.4) = 2.4

* For the Poisson distribution with parameter A, the variance is equal to A

* Example: If A = 3.5, then Var(X) = 3.5

2.2 Continuous probability distributions

Continuous probability distributions are a crucial part of probability theory. They describe random variables
that can take on any value within a range, unlike discrete distributions that deal with specific outcomes.
Understanding these distributions is key to modeling real-world phenomena.

Normal and exponential distributions are two common continuous distributions. The normal distribution,
with its bell-shaped curve, is widely used in statistics. The exponential distribution models time between
events. Both have unique properties that make them useful in various applications.
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Continuous Random Variables

Definition and Probability Density Function

» Continuous random variables can take on any value within a specified interval or range

* The probability density function (PDF) describes the relative likelihood of a continuous random
variable taking on a specific value within its range

* The area under the PDF curve between two points represents the probability of the random variable
falling within that interval

* The total area under the PDF curve is always equal to 1, as the probability of a continuous random
variable taking on any value within its range is 1 (certain event)

Comparison to Discrete Random Variables

« Continuous random variables differ from discrete random variables, which can only take on specific,
countable values

* The probability of a continuous random variable taking on any single specific value is 0, as there are
infinitely many possible values within any interval

* In contrast, discrete random variables have a positive probability of taking on each possible value

Properties of Continuous Distributions

Cumulative Distribution Function

» The cumulative distribution function (CDF) gives the probability that a continuous random variable
takes on a value less than or equal to a specific value

» The CDF is the integral of the PDF from negative infinity to the specific value

« It is a non-decreasing function that approaches 0 as the value approaches negative infinity and 1 as
the value approaches positive infinity

» The CDF can be used to calculate probabilities for intervals by finding the difference between the CDF
values at the interval's endpoints

Probability of Specific Values

* The probability of a continuous random variable taking on any single specific value is 0

* This is because there are infinitely many possible values within any interval, and the probability is
distributed across all of these values

* To find the probability of a continuous random variable falling within an interval, one must integrate the
PDF over that interval

Common Continuous Distributions

Normal Distribution

* The normal distribution, also known as the Gaussian distribution, is a symmetric, bell-shaped
distribution
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« It is characterized by its mean (p) and standard deviation (o)

» The mean determines the center of the distribution, while the standard deviation determines the
spread

» The standard normal distribution is a special case with a mean of 0 and a standard deviation of 1
« It is often used for standardization and calculation of probabilities

« Z-scores represent the number of standard deviations a value is from the mean and can be used to
calculate probabilities

Exponential Distribution

» The exponential distribution models the time between events in a Poisson process, where events
occur continuously and independently at a constant average rate

« It is characterized by its rate parameter (A), which represents the average number of events per unit of
time

» The mean and standard deviation of an exponential distribution are both equal to 1/A

» The exponential distribution is often used to model waiting times, such as the time between customer
arrivals or the time until a machine failure

Probabilities with Continuous Distributions

Integration of PDF

* To calculate probabilities using continuous probability distributions, one must integrate the PDF over
the desired interval

* The integral of the PDF between two points gives the probability of the random variable falling within
that interval

* This is equivalent to finding the area under the PDF curve between the two points

* Integration can be performed using various techniques, such as substitution, integration by parts, or
numerical methods

Examples with Normal and Exponential Distributions

* For the normal distribution, probabilities can be calculated using the standard normal distribution and
Z-scores

* The Z-score formula is Z = (X - y) / g, where X is the value of interest, p is the mean, and o is the
standard deviation

« Standard normal distribution tables or software can be used to find probabilities associated with
Z-scores

* For the exponential distribution, the probability of an event occurring within a specific time interval can
be calculated using the CDF: P(X < x) = 1 - eA(-Ax), where X is the time interval and A is the rate
parameter
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Expected Value and Variance

Expected Value

* The expected value (E(X)) of a continuous random variable X is the average value of the variable over
its entire range, weighted by the probabilities of each value occurring

* It is calculated by integrating the product of the random variable and its PDF over the entire range:
E(X) = [ (xf(x)dx), where f(x) is the PDF

* For the normal distribution, the expected value is equal to the mean ()

* For the exponential distribution, the expected value is equal to 1/A, where A is the rate parameter

Variance and Standard Deviation

* The variance (Var(X)) of a continuous random variable X measures the spread of the distribution,
calculated as the average squared deviation from the expected value

* It is calculated by integrating the product of the squared deviation from the expected value and the
PDF over the entire range: Var(X) = j((x - E(X))*2 * f(x)dx), where f(x) is the PDF

» The standard deviation (o) is the square root of the variance and is often used to describe the spread
of a distribution

* For the normal distribution, the variance is equal to the square of the standard deviation (g2)

+ For the exponential distribution, the variance is equal to 1/A*2, where A is the rate parameter

2.3 Joint probability distributions

Joint probability distributions are a key concept in understanding how multiple random variables interact.
They show the likelihood of different outcomes occurring together, helping us analyze complex scenarios
involving multiple uncertain events.

These distributions are crucial for calculating marginal and conditional probabilities, as well as covariance
and correlation. They're essential tools for engineers and statisticians working with interconnected random
variables in real-world applications.

Joint Probability Distributions

Definition and Representation

* A joint probability distribution gives the probability of each possible combination of outcomes for two or
more random variables

« Joint probability distributions are represented as a table, where each cell represents the probability of
a specific combination of outcomes for the random variables (rolling a die and flipping a coin)

» The sum of all probabilities in a joint probability distribution must equal 1, as it covers all possible
outcomes for the random variables

* This is because the joint probability distribution represents a complete set of mutually exclusive events

» Marginal probability distributions are derived from a joint probability distribution by summing the
probabilities of each outcome for a single random variable, across all possible outcomes of the other
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random variable(s)

« For example, in a joint distribution of two dice rolls, the marginal distribution of the first die is found by
summing the probabilities of each outcome of the first die, across all possible outcomes of the second
die

+ Conditional probability distributions are derived from a joint probability distribution by dividing the
probability of a specific combination of outcomes by the marginal probability of the conditioning variable

+ For instance, the conditional distribution of the second die given the first die roll is found by dividing
the joint probability of each combination of outcomes by the marginal probability of the first die roll

Properties of Joint Distributions

Axioms and Rules of Probability

« Joint probability distributions must satisfy the axioms of probability
* Non-negativity: all probabilities are non-negative (greater than or equal to zero)
* Normalization: the sum of all probabilities equals 1

* The probability of any specific combination of outcomes for the random variables is less than or equal
to the probability of each individual outcome, as per the multiplication rule of probability

* For example, the probability of rolling a 3 on a die and flipping a heads on a coin is less than or equal
to the probability of rolling a 3 or flipping a heads individually

« If two random variables are independent, their joint probability distribution is the product of their
individual (marginal) probability distributions

+ This means that the probability of any combination of outcomes for independent variables is equal to
the product of their individual probabilities

Covariance and Correlation

» The covariance between two random variables measures the degree to which the variables are
linearly related and is calculated using their joint probability distribution

* A positive covariance indicates that the variables tend to increase or decrease together, while a
negative covariance suggests an inverse relationship

* The correlation coefficient between two random variables is derived from their covariance and
individual standard deviations, providing a standardized measure of their linear relationship

* The correlation coefficient ranges from -1 to 1, with -1 indicating a perfect negative linear relationship,
1 indicating a perfect positive linear relationship, and 0 suggesting no linear relationship

* The correlation coefficient is calculated by dividing the covariance by the product of the individual
standard deviations

Probabilities with Joint Distributions

Finding Probabilities

+ To find the probability of a specific combination of outcomes for multiple random variables, locate the
corresponding cell in the joint probability distribution table and read off the probability
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* For example, in a joint distribution table for rolling a die and flipping a coin, the probability of rolling a 4
and flipping a tails would be found in the cell corresponding to those outcomes

* To find the probability of a range of outcomes for one or more random variables, sum the probabilities
of all cells in the joint probability distribution table that fall within the desired range

* For instance, to find the probability of rolling an even number on a die and flipping a heads, sum the
probabilities of all cells where the die outcome is even and the coin outcome is heads

* When working with continuous joint probability distributions, probabilities are calculated using double
or multiple integrals over the desired regions of the random variables' domains

* This involves integrating the joint probability density function over the specified ranges of the random
variables

Conditional Probabilities and Intersections

« Conditional probabilities are calculated from a joint probability distribution by dividing the probability of
a specific combination of outcomes by the marginal probability of the conditioning variable

 For example, the probability of flipping a heads given that a 3 was rolled on a die is found by dividing
the joint probability of rolling a 3 and flipping a heads by the marginal probability of rolling a 3

* The probability of the intersection of two events (both events occurring) is found by locating the cell in
the joint probability distribution that corresponds to both events occurring and reading off the probability

* For instance, the probability of rolling a prime number on a die and flipping a tails is the value in the
cell corresponding to those specific outcomes

Expected Value and Variance of Joint Distributions

Expected Value

» The expected value of a function of multiple random variables is calculated using the joint probability
distribution by multiplying each possible outcome of the function by its probability and summing these
products

 For example, the expected value of the sum of two dice rolls is found by multiplying each possible sum
by its probability (derived from the joint distribution) and summing these products

» The expected value of a single random variable is found by multiplying each possible outcome by its
marginal probability (derived from the joint distribution) and summing these products

* This is equivalent to calculating the expected value using the marginal distribution directly

Variance and Covariance

* The variance of a function of multiple random variables is calculated using the joint probability
distribution by subtracting the expected value of the function from each possible outcome, squaring
these differences, multiplying by the corresponding probabilities, and summing these products

* For instance, the variance of the sum of two dice rolls is found by subtracting the expected sum from
each possible sum, squaring these differences, multiplying by the joint probabilities, and summing

 The variance of a single random variable is found by subtracting its expected value (derived from the
joint distribution) from each possible outcome, squaring these differences, multiplying by the
corresponding marginal probabilities, and summing these products
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* This is equivalent to calculating the variance using the marginal distribution directly

* The covariance between two random variables is calculated using their joint probability distribution by
subtracting their individual expected values from each possible combination of outcomes, multiplying
these differences, further multiplying by the corresponding joint probabilities, and summing these
products

* A positive covariance indicates that the variables tend to deviate from their means in the same
direction, while a negative covariance suggests they deviate in opposite directions

2.4 Marginal and conditional probability distributions

Marginal and conditional probability distributions are essential tools for understanding relationships
between random variables. They help break down complex joint distributions, allowing us to focus on
specific variables or conditions. These concepts are crucial for analyzing data and making informed
decisions in various fields.

By deriving marginal distributions and calculating conditional probabilities, we can gain valuable insights
into the behavior of individual variables. This knowledge is fundamental for probability theory and forms the
basis for more advanced statistical techniques used in data analysis and machine learning.

Marginal and Conditional Distributions

Probability Distributions and Their Relationships

» A marginal probability distribution is the probability distribution of a single random variable, obtained
by summing or integrating the joint probability distribution over all possible values of the other random
variables

* A conditional probability distribution is the probability distribution of a random variable given the
occurrence of a specific event or the value of another random variable

» Marginal and conditional probability distributions are derived from joint probability distributions, which
describe the probabilities of all possible combinations of values for two or more random variables

« Example: In a joint distribution of two dice rolls, the marginal distribution of the first die would be the
probabilities of each outcome (1-6) regardless of the outcome of the second die

Applications and Importance

» Marginal and conditional distributions allow for a more focused analysis of individual variables within a
larger joint distribution

 They provide insights into the behavior and relationships between random variables

» Marginal distributions are useful for understanding the overall probability distribution of a single
variable, while conditional distributions help in analyzing the probability of one variable given specific
values of another

* Example: In a medical study, the marginal distribution of a disease prevalence can be derived from
the joint distribution of disease status and risk factors, while the conditional distribution of disease
status given a specific risk factor can help identify high-risk groups
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Deriving Marginal Distributions

Discrete Random Variables

* To obtain the marginal probability distribution of a random variable X from a joint probability
distribution P(X, Y¥), sum the joint probabilities over all possible values of Y for each value of X

» The marginal probability distribution for discrete random variables is calculated using the formula:
PX=x)=2P(X=x,Y=y)forally

* Example: In a joint distribution table of two binary variables X and Y, the marginal distribution of X is
obtained by summing the probabilities in each row corresponding to X=0 and X=1

Continuous Random Variables

+ For continuous random variables, the marginal probability distribution is calculated using the formula:
fix) = [ f(x, y)dy, where f(X, ¥) is the joint probability density function

* To derive the marginal probability density function, integrate the joint probability density function over
the range of the other variable

* The resulting marginal probability density function represents the probability distribution of the variable
of interest, independent of the other variable

« Example: In a bivariate normal distribution with joint probability density function fix, y), the marginal
distribution of X is obtained by integrating f(X, ¥) with respect to y over its entire range

Properties of Marginal Distributions

» The marginal probability distributions of all random variables in a joint distribution must sum to 1, as
they represent the total probability of each individual variable

» Marginal distributions provide a summary of the probability distribution of a single variable, without
considering the effects of other variables

» Marginal distributions can be used to calculate summary statistics (mean, variance) for individual
variables

« Example: The sum of the marginal probabilities of a discrete random variable X, ZP(X = x) for all x,
equals 1

Calculating Conditional Probabilities

Definition and Formula

 Conditional probability is the probability of an event A occurring given that another event B has
already occurred, denoted as P(A|B)

* For discrete rand?)r?( Yari\;’:@les, the conditional probability is calculated using the formula:
PX=x|Y=y)= (szxi;w_”, where P(X =X, Y =) is the joint probability and P(Y = Y) is the
marginal probability of Y

* For continuous random variables, the conditional probability density function is calculated using the

formula: fix|y) = f(,ff)',})/), where f(X, ¥) is the joint probability density function and f{¥) is the marginal

probability density function of Y
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Interpreting Conditional Probabilities

+ Conditional probabilities provide information about the relationship between random variables and
how the probability of one variable changes based on the value of another

* They allow for updating probabilities based on new information or evidence

 Conditional probabilities are useful in various fields, such as medical diagnosis (probability of a
disease given symptoms), machine learning (probability of a class given features), and decision-making
(probability of an outcome given a choice)

« Example: In a medical context, the conditional probability P(Disease|Positive Test) represents the
probability that a person has a disease given that they tested positive

Independence and Conditional Probability

» Two events A and B are considered independent if the occurrence of one does not affect the
probability of the other, i.e., P(A|B) = P(A) and P(B|A) = P(B)

* For independent events, the joint probability is equal to the product of the individual probabilities:
P(A,B) = P(A) X P(B)

* If events are not independent, conditional probabilities are used to describe their relationship and
update probabilities based on new information

* Example: In a deck of cards, drawing a king on the first draw and drawing a queen on the second
draw (without replacement) are not independent events, as the probability of drawing a queen on the
second draw is affected by the outcome of the first draw

Bayes' Theorem for Probability Updates

Bayes' Theorem Formula

* Bayes' theorem is a fundamental rule in probability theory that describes how to update the probability
of an event based on new information or evidence

» The theorem states that the posterior probability of an event A given evidence B is proportional to the
product of the prior probability of A and the likelihood of B given A: P(A|B) = w

« In Bayes' theorem, P(A) is the prior probability of event A, P(B|A) is the likelihood of evidence B given
event A, and P(B) is the marginal probability of evidence B

Components of Bayes' Theorem

« Prior probability: The initial probability of an event A before considering any new evidence, denoted as
P(A)

« Likelihood: The probability of observing evidence B given that event A has occurred, denoted as
P(B|A)

» Marginal probability: The overall probability of observing evidence B, calculated by summing or
integrating the joint probabilities of B and all possible events: P(B) = ZP(B|A;) X P(A;) for discrete
events, or P(B) = fP(B|A) X P(A)dA for continuous events

* Posterior probability: The updated probability of event A after considering the new evidence B,
denoted as P(A[B)
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Applying Bayes' Theorem

» To apply Bayes' theorem, first identify the prior probability, likelihood, and marginal probability based
on the given information

P(B|A) x P(A)
e

« Calculate the posterior probability using the formula: P(A|B) = B

* The posterior probability represents the updated belief or probability of event A after considering the
new evidence B

» Bayes' theorem is widely used in various fields, including statistics, machine learning, and
decision-making, to update beliefs or probabilities based on new data or observations

* Example: In a medical context, Bayes' theorem can be used to update the probability of a disease
given a positive test result, by considering the prior probability of the disease, the likelihood of a positive
test given the disease, and the marginal probability of a positive test result
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Unit 3 — Random Variables & Probability
Models

3.1 Concept of random variables

Random variables are the backbone of probability theory, turning uncertain outcomes into measurable
quantities. They're like magic wands, transforming chaotic events into numbers we can work with. Whether
discrete or continuous, these variables help us make sense of the world's randomness.

In engineering, random variables are our go-to tools for tackling uncertainty. From quality control to
reliability analysis, they're essential for modeling real-world problems. By choosing the right probability
distribution, we can predict outcomes and make informed decisions in various engineering fields.

Random Variables in Probability

Definition and Role of Random Variables

» Random variables are functions that assign numerical values to outcomes of random experiments or
processes

+ Used to quantify and analyze uncertainty in probability theory and statistics
» Domain is the set of all possible outcomes, range is the corresponding numerical values
» Denoted by uppercase letters (X, Y, Z), values denoted by lowercase letters (x, y, z)

* Probability distribution describes the likelihood of each possible value occurring

Probability Distributions and Functions

* Probability distribution function (PDF) for continuous or probability mass function (PMF) for discrete
random variables describes the likelihood of each possible value

« Cumulative distribution function (CDF), denoted by F(X), represents the probability that the random
variable is less than or equal to X

* For discrete, CDF is the sum of probabilities of all values < X
* For continuous, CDF is the integral of PDF from —® to X
« CDF is non-decreasing, ranges from 0 to 1, with F(—®) =0 and F(«) =1

* PDF or PMF can be derived from CDF by taking the derivative (continuous) or difference (discrete)

Discrete vs Continuous Random Variables

Discrete Random Variables

* Have a countable set of possible values, typically from experiments with finite outcomes (number of
defective items in a sample)

* Probability of taking a specific value can be non-zero

* Represented by probability mass functions (PMFs)
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Continuous Random Variables

* Have an uncountable, infinite set of possible values within a range, typically from measurements on a
continuous scale (weight of a randomly selected product)

* Probability of taking a specific value is always zero

* Represented by probability density functions (PDFs)

Probability Distributions for Random Variables

Well-known Probability Distributions

» Normal distribution: symmetric, bell-shaped curve; used for phenomena with values clustered around
the mean (heights, 1Q scores)

* Exponential distribution: models time between events in a Poisson process (time between customer
arrivals, component failures)

* Poisson distribution: models the number of events in a fixed interval of time or space (number of
defects in a product batch, calls to a call center per hour)

* Binomial distribution: models the number of successes in a fixed number of independent trials with
constant success probability (number of defective items in a sample of fixed size)

Choosing Appropriate Distributions
* Choice depends on the nature of uncertainty, available information, and desired accuracy
* Consider the characteristics of the problem and available data

» Some distributions have specific assumptions (independence, constant rate, etc.) that must be verified
Modeling Engineering Problems with Random Variables

Applications in Various Domains

+ Quality control: modeling the number of defective items in a production process
* Reliability engineering: modeling the time to failure of a system or component

« Signal processing: modeling noise in measurements or signals

« Structural engineering: modeling the strength of materials or loads on structures

* Transportation engineering: modeling traffic flow, travel times, or accident rates

Analysis and Decision-making

» Once a random variable model is established, use probability theory and statistical methods to:
* Analyze the system's behavior under uncertainty

* Estimate parameters of the distribution from data

» Make predictions or decisions based on the model

* Examples:
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* Determining the optimal inventory level based on demand variability
« Estimating the probability of a structure failing under random loads

+ Designing a quality control plan based on the expected number of defects

3.2 Expectation, variance, and moments

Expectation, variance, and moments are crucial concepts in understanding random variables. They help us
quantify the average behavior, spread, and shape of probability distributions. These tools are essential for
engineers to analyze uncertainty, make predictions, and design reliable systems.

In this section, we'll explore how to calculate and interpret these statistical measures. We'll also examine
their properties and applications in various engineering problems, from quality control to signal processing.
Understanding these concepts is key to mastering probability models in engineering.

Expected Value of a Random Variable

Calculation of Expected Value

+ Calculate the expected value, or mean, of a discrete random variable X using the formula
E(X) = ZxP(X = x) which represents the sum of the product of each possible value of X and its
corresponding probability

* For a continuous random variable X, calculate the expected value using the integral
E(X)= fxf(x)dx, where f(X) is the probability density function of X

» The expected value represents the average value of a random variable over a large number of trials or
observations (coin flips, dice rolls)

Properties of Expected Value

* The linearity of expectation property states that for any two random variables X and Y,
E(X+Y)=E(X)+ E(Y), evenif X and Y are not independent

« The expected value of a constant ¢ is the constant itself: E(c) = ¢

» The expected value of a linear function of a random variable X, such as aX + b, is given by
E(aX + b) = aE(X) + b, where a and b are constants

*» These properties allow for simplifying calculations when dealing with multiple random variables or
linear transformations of random variables (scaling, shifting)

Variance and Standard Deviation of a Random Variable

Calculation of Variance and Standard Deviation

« The variance of a random variable X, denoted as Var(X) or g2, measures the average squared
deviation from the expected value: Var(X) = E[(X — E(X))?]

* For a discrete random variable X, calculate the variance using the formula:
Var(X) = Z(x — E(X))*P(X = x)

* For a continuous random variable X, calculate the variance using the integral:
Var(X) = f(x — E(X))*f(x)dx, where f(X) is the probability density function of X
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» The standard deviation, denoted as 0, is the square root of the variance: g = / Var(X) . It measures
the average deviation from the expected value and has the same units as the random variable

Properties of Variance

* The variance and standard deviation provide a measure of the dispersion or spread of a probability
distribution (narrow vs. wide distribution)

« The variance of a constant c is zero: Var(c) =0

* For any two independent random variables X and Y, the variance of their sum is the sum of their
variances: Var(X +Y) = Var(X) + Var(Y)

* These properties help in understanding the behavior of random variables and simplifying calculations
involving multiple independent random variables

Moments and Probability Distributions

Definition and Types of Moments

+ Moments are mathematical quantities that describe the shape and characteristics of a probability
distribution

« The n-th moment of a random variable X about a value a is defined as E[(X — a)"]. When a =0, itis
called the n-th raw moment, and when @ = E(X), it is called the n-th central moment

« The first raw moment is the expected value, E(X), which represents the center or average value of the
distribution

« The second central moment is the variance, Var(X), which measures the dispersion or spread of the
distribution around the expected value

Higher-Order Moments

* The third central moment, when standardized by the cube of the standard deviation, is called
skewness. It measures the asymmetry of the distribution (positive skewness: longer tail on the right,
negative skewness: longer tail on the left)

* The fourth central moment, when standardized by the fourth power of the standard deviation, is called
kurtosis. It measures the peakedness or flatness of the distribution relative to a normal distribution
(higher kurtosis: more peaked with heavier tails, lower kurtosis: flatter with lighter tails)

* Higher-order moments provide additional information about the shape and characteristics of a
probability distribution beyond the expected value and variance

Expectation and Variance in Engineering Problems

Applications in Uncertainty Quantification

* In engineering applications, random variables can represent uncertain quantities such as material
properties (strength, stiffness), loads (wind, seismic), or measurement errors (sensor noise)

» The expected value can be used to estimate the average or long-term behavior of a system or
process, such as the average power output of a generator or the average time between failures of a
component
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* The variance and standard deviation can be used to quantify the uncertainty or variability in a system
or process, such as the variation in the strength of a material or the fluctuations in a sensor reading

Applications in Reliability and Quality Control

» Expectation and variance can be used in reliability analysis to calculate the probability of failure or the
mean time to failure of a system or component (failure rates, redundancy)

* In quality control, the expected value and variance can be used to set tolerance limits for product
specifications or to determine the sample size required for inspection (acceptable defect rates,
sampling plans)

* In risk analysis, the expected value and variance of a random variable representing a potential loss or
gain can be used to assess the risk associated with a decision or investment (financial portfolios,
insurance premiums)

« In signal processing, the expected value and variance of noise can be used to design filters or
estimate the signal-to-noise ratio (noise reduction, signal detection)

3.3 Moment-generating functions

Moment-generating functions are powerful tools in probability theory. They help us understand random
variables by capturing their key characteristics in a single function. MGFs can determine probability
distributions, calculate moments, and simplify the analysis of sums of random variables.

Using MGFs, we can easily find means, variances, and higher moments of random variables. They're
especially useful for working with sums of independent random variables, as the MGF of the sum is simply
the product of individual MGFs. This property makes MGFs invaluable in many statistical applications.

Moment-generating functions

Definition and existence

« The moment-generating function (MGF) of a random variable X is defined as Mx(t) = E[e¥X], where t
is a real number and E[*] denotes the expected value

* The MGF exists for all values of t for which the expected value is finite

« If the MGF exists in an open interval around t = 0, it uniquely determines the probability distribution of
the random variable

Properties and applications

* The MGF uniquely determines the probability distribution of a random variable
« If two random variables have the same MGF, they have the same probability distribution

» The MGF can be used to calculate the moments of a random variable by differentiating the MGF and
evaluating itatt=0

* The nth moment of a random variable X can be found by evaluating the nth derivative of the MGF at t
=0, ie., EIX"1=M{(0)

* The MGF of a linear transformation of a random variable X, such as aX + b, can be obtained by
Max 1 p(t) = ePt-Myx(at)
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Properties of moment-generating functions

MGFs for common probability distributions
« For the Bernoulli distribution with parameter p, the MGF is Mx(t) =1 — p + pe!
« For the Binomial distribution with parameters n and p, the MGF is Mx(t) = (1 — p + pe")"
» For the Poisson distribution with parameter A, the MGF is Mx(t) = exp(/\(et -1))
« For the Normal distribution with parameters y and 0”2, the MGF is Mx(t) = exp(ut + (0%t%)/2)
« For the Exponential distribution with parameter A, the MGF is Mx(t) =A/(A —t) fort <A

« For the Gamma distribution with parameters a and B, the MGF is Mx(t) = (1 — Bt)™® for t < 1/B

Properties of MGFs
* MGFs are uniquely determined by their probability distributions
« If two random variables have the same MGF, they have the same probability distribution
* MGFs are multiplicative for independent random variables
« If X and Y are independent random variables, then Mx + y(t) = Mx(t)-My(t)
* MGFs can be used to identify probability distributions based on their functional form

» Recognizing the MGF of a sum of random variables can help identify the resulting probability
distribution

Calculating moments with MGFs

Finding moments using derivatives of MGFs

* The first moment (mean) of a random variable X can be found by evaluating the first derivative of the
MGF att =0, i.e., ELX] = M;/(0)

« The second moment (E[X?]) can be found by evaluating the second derivative of the MGF att = 0,
i.e., ELX?]1=M}(0)

* Higher-order moments can be calculated by evaluating higher-order derivatives of the MGF att=0
« The nth moment of a random variable X is given by E[X"] = M)((n)(O)
Calculating variance using MGFs

* The variance of a random variable X can be calculated using the first and second moments

- Var(X) = E[X?] — (E[X])? = My(0) — (M,;(0))?

* This formula can be derived by expanding the definition of variance and substituting the moments
obtained from the MGF
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MGFs for sums of random variables

Independent random variables

* If Xand Y are independent random variables, the MGF of their sum Z = X + Y is the product of their
individual MGFs, i.e., Mz(t) = Mx(t)-My(t)

* This property can be extended to the sum of n independent random variables

fZ=X1+ X2+ ... +Xp, then Mz(t) = Mxl(t)'sz(t)'. -, 'Mxn(t)

Independent and identically distributed (i.i.d.) random variables

* The MGF of the sum of independent and identically distributed (i.i.d.) random variables can be
calculated by raising the MGF of a single random variable to the power of n

fZ=X1+ Xz + ... +Xpn and Xj are i.i.d., then Mz(t) = (Mx(t))"

* This property is particularly useful when working with sums of i.i.d. random variables, such as the sum
of Bernoulli trials (Binomial distribution)

Deriving probability distributions using MGFs

» The MGF can be used to derive the probability distribution of the sum of independent random
variables by recognizing the resulting MGF as belonging to a known distribution

» For example, if X and Y are independent Poisson random variables with parameters A_1 and A_2,
respectively, then the MGF of theirsumZ =X+ Y is

« Mz(t) = Mx(t)-My(t) = exp(A1(e' — 1))-exp(A,(e’ — 1)) = exp((A1 + Az)(e' — 1))

« This MGF is recognized as the MGF of a Poisson distribution with parameter A1 + A2, so Z follows a
Poisson distribution with parameter A1 + A2

3.4 Common probability models in engineering

Probability models in engineering help us understand and predict random events. This section covers key
distributions like Bernoulli, binomial, Poisson, uniform, exponential, and normal. Each model has unique
characteristics suited for different scenarios.

We'll learn how to choose the right model, estimate parameters, and apply these models to real
engineering problems. This knowledge is crucial for analyzing data, making predictions, and solving
complex engineering challenges involving uncertainty.

Discrete Probability Distributions in Engineering

Bernoulli and Binomial Distributions

» The Bernoulli distribution is a discrete probability distribution for a random variable that can take on
only two possible outcomes, typically labeled as success or failure, with a fixed probability of success
(p) for each trial

* The binomial distribution is a discrete probability distribution that describes the number of successes
in a fixed number of independent Bernoulli trials, where the probability of success remains constant
across all trials
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* The probability mass function (PMF) of a binomial random variable X with parameters n and p is given
by P(X = k) = C(n, k) * p¥* (1 — p){n — k), where C(n, k) represents the number of ways to choose
k items from a set of n items

» Example: The number of defective items in a sample of 10 products from a manufacturing process
with a 5% defect rate follows a binomial distribution with n = 10 and p = 0.05

» Example: The number of successful launches in 5 attempts, where each launch has a 90% success
rate, follows a binomial distribution withn=5and p = 0.9

Poisson Distribution

» The Poisson distribution is a discrete probability distribution that expresses the probability of a given
number of events occurring within a fixed interval of time or space, assuming these events occur with a
known constant mean rate and independently of the time since the last event

» The Poisson distribution is often used to model the number of occurrences of rare events, such as the
number of defects in a manufacturing process or the number of customers arriving at a service desk
within a specific time frame

* The probability mass function (PMF) of a Poisson random variable X with parameter A is given by
P(X = k) = (A¥*e(—=2))/k! , where A represents the average number of events per interval and e is
the base of the natural logarithm

» Example: The number of traffic accidents at a particular intersection per month follows a Poisson
distribution with an average of 2.5 accidents per month

* Example: The number of customer complaints received by a call center per hour follows a Poisson
distribution with an average of 4 complaints per hour

Continuous Probability Distributions

Uniform and Exponential Distributions

* The uniform distribution is a continuous probability distribution that describes a situation where all
values within a given range [a, b] are equally likely to occur

* The probability density function (PDF) of a uniform random variable X on the interval [a, b] is given by
fix) =1/(b — a) for a=x=b, and f(x) = O otherwise

» Example: The time a traffic light stays green follows a uniform distribution between 30 and 60 seconds

» Example: The position of a randomly dropped pin on a 10-meter line segment follows a uniform
distribution between 0 and 10 meters

» The exponential distribution is a continuous probability distribution that models the time between
events in a Poisson point process, i.e., a process in which events occur continuously and independently
at a constant average rate

» The probability density function (PDF) of an exponential random variable X with parameter A is given
by f{x) =A* e{=Ax) for x=0, and f(x) = 0 for x < 0, where A represents the average number of
events per unit time

» Example: The time between consecutive customer arrivals at a service desk follows an exponential
distribution with an average of 10 minutes between arrivals
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« Example: The lifetime of a light bulb follows an exponential distribution with an average lifetime of
2000 hours

Normal Distribution

» The normal distribution, also known as the Gaussian distribution, is a continuous probability
distribution that is symmetric about the mean and follows a bell-shaped curve

» The normal distribution is characterized by two parameters: the mean (u) and the standard deviation
(o), which determine the location and spread of the distribution, respectively

* The probability density function (PDF) of a normal random variable X with parameters p and o is given
by fix) = (1/(o*V(2m))) * e!—(x — 1)?/(20°)), where T is the mathematical constant pi
(approximately 3.14159)

» The standard normal distribution is a special case of the normal distribution with a mean of 0 and a
standard deviation of 1, often denoted as Z N(0, 1)

» Example: The heights of adult males in a population follow a normal distribution with a mean of 70
inches and a standard deviation of 3 inches

» Example: The measurement errors of a precision instrument follow a normal distribution with a mean
of 0 and a standard deviation of 0.01 units

Selecting Probability Models for Engineering

Identifying Key Characteristics and Assumptions

« Identify the key characteristics of the random variable or process under consideration, such as the
type of variable (discrete or continuous), the range of possible values, and any underlying assumptions
or constraints

* Determine whether the random variable or process exhibits memoryless property, which is a
characteristic of the exponential distribution and indicates that the future state of the system depends
only on the current state, not on the past

« Consider the physical or practical interpretation of the random variable or process to guide the
selection of an appropriate probability model

* For example, the Poisson distribution may be suitable for modeling the number of defects in a
manufacturing process, while the exponential distribution may be appropriate for modeling the time
between equipment failures

Assessing Data and Evaluating Goodness-of-Fit

* Assess the availability and quality of data related to the random variable or process, as this can
influence the choice of probability model and the estimation of its parameters

+ Evaluate the goodness-of-fit of the selected probability model using techniques such as probability
plots, hypothesis tests, or model selection criteria (e.g., Akaike information criterion or Bayesian
information criterion) to ensure that the model adequately describes the observed data

» Example: Use a chi-square goodness-of-fit test to determine whether the observed frequencies of
defects in a manufacturing process are consistent with a Poisson distribution
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* Example: Construct a normal probability plot to visually assess whether a dataset follows a normal
distribution

Analyzing Engineering Problems with Probability

Formulating Problems and Estimating Parameters

» Formulate the engineering problem in terms of random variables and probability distributions, clearly
defining the objectives, constraints, and performance metrics

« Identify the relevant probability models that best describe the random variables or processes involved
in the problem, based on the available data, domain knowledge, and the problem's characteristics

« Estimate the parameters of the selected probability models using techniques such as maximum
likelihood estimation, method of moments, or Bayesian inference, depending on the available data and
prior knowledge

* Example: Use maximum likelihood estimation to determine the parameter A of a Poisson distribution
based on the observed number of defects in a manufacturing process

» Example: Apply the method of moments to estimate the mean and standard deviation of a normal
distribution from a sample of measurements

Conducting Probabilistic Calculations and Interpreting Results

* Perform probabilistic calculations and derive key properties of the random variables or processes,
such as expected values, variances, and probabilities of specific events, using the chosen probability
models

» Conduct sensitivity analyses to assess the impact of parameter uncertainty or model assumptions on
the problem's solution and to identify the most influential factors or sources of uncertainty

* Interpret the results of the probabilistic analysis in the context of the original engineering problem,
communicating the findings, recommendations, and limitations of the analysis to stakeholders and
decision-makers

« Iterate and refine the probabilistic model as needed, incorporating new data, insights, or feedback to
improve the accuracy and reliability of the analysis and to support ongoing decision-making processes

* Example: Calculate the probability of observing at least 3 defects in a sample of 100 products, given a
Poisson distribution with an average of 1.5 defects per 100 products

» Example: Determine the 95th percentile of the time between equipment failures, modeled by an
exponential distribution with a mean of 500 hours, to establish a maintenance schedule that minimizes
downtime
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Unit 4 — Sampling & Estimation in
Statistics

4.1 Sampling techniques and sample size determination

Sampling techniques and sample size determination are crucial for gathering reliable data in engineering
studies. These methods help researchers select representative subsets of populations, ensuring accurate
insights and conclusions.

Understanding various sampling approaches, from simple random to stratified and cluster sampling, is
essential. Proper sample size calculation, considering factors like precision and confidence levels, ensures
statistically valid results while balancing resource constraints in engineering applications.

Probability vs Non-probability Sampling
Probability Sampling Techniques

* Involve random selection where each member of the population has a known, non-zero probability of
being selected

» Examples include simple random sampling, stratified sampling, and cluster sampling

+ Simple random sampling ensures each member of the population has an equal chance of being
selected

« Stratified sampling divides the population into homogeneous subgroups before sampling to ensure
representativeness

« Useful when there are distinct subgroups within the population that need to be represented
proportionally

* Requires knowledge of the population structure and characteristics of the subgroups

« Cluster sampling involves dividing the population into clusters, then randomly selecting entire clusters
to include in the sample

« Can be more efficient than simple random sampling for large, geographically dispersed populations

» Reduces travel and administrative costs by focusing on selected clusters

Non-probability Sampling Techniques
* Involve non-random selection based on convenience, judgment, or other criteria
* Examples include convenience sampling, purposive sampling, and snowball sampling
» Convenience sampling selects the most accessible members of the population
« Fast and inexpensive, but may introduce bias and limit generalizability to the larger population
« Useful for pilot studies or exploratory research

* Purposive sampling selects members based on specific characteristics or criteria relevant to the
research question
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* Ensures relevance to the research question, but relies on subjective judgments and may not be
representative

 Useful when specific expertise or perspectives are required

» Snowball sampling relies on initial participants to recruit additional participants from among their
acquaintances

* Useful for hard-to-reach or hidden populations (rare diseases, marginalized groups)

* May introduce bias due to the non-random selection process and limit generalizability

Sample Size Calculation

Factors Influencing Required Sample Size

+ Desired level of precision (margin of error) and confidence level

* Variability of the population and the sampling method used

* For a given margin of error and confidence level, a larger sample size will be required for:
» A more variable population

A smaller population size

* A higher confidence level (99% vs 95%)

« Stratified and cluster sampling can reduce the required sample size compared to simple random
sampling by leveraging population structure

Simple Random Sample Size Formula

* For a simple random sample from a large population, the required sample size can be calculated
using the formula:

cn=(z*p*(1—p))/e?

* 1 = required sample size

» Z = z-score corresponding to the desired confidence level

* 1.96 for 95% confidence level

+ 2.58 for 99% confidence level

- P = estimated proportion of the population with the characteristic of interest
* € = desired margin of error

« If population variability is unknown, a conservative estimate of P = 0.5 can be used to maximize the
required sample size

Sampling Methods in Engineering

Advantages and Disadvantages

 Simple random sampling
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* Unbiased and easy to implement

« Inefficient for large or geographically dispersed populations

» May not capture important subgroups

« Stratified sampling

* Ensures representativeness of important subgroups

» Can improve precision

» Requires knowledge of the population structure

* More complex to implement

* Cluster sampling

« Efficient for large, geographically dispersed populations

+ Can introduce bias if clusters are not representative of the overall population
» Convenience sampling

* Fast and inexpensive

» May introduce bias and limit generalizability to the larger population
* Purposive sampling

* Ensures relevance to the research question

* Relies on subjective judgments

» May not be representative of the larger population

» Snowball sampling

* Accesses hard-to-reach populations

* May introduce bias due to the non-random selection process

« Limits generalizability
Balancing Goals and Constraints

« Choice of sampling method should balance goals of representativeness, precision, efficiency, and
feasibility

+ Consider constraints of the engineering application (budget, timeline, access to population)

» Weigh the relative importance of bias, generalizability, and resource requirements for the specific
problem

Sampling Strategy Design
Guiding Principles

+ Choice of sampling strategy should be guided by:

» Research question and objectives
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 Characteristics of the population (size, distribution, subgroups)
+ Available resources (budget, time, personnel)
+ Consider the level of precision and confidence required for the engineering application

* Calculate the required sample size using the appropriate formula or software

Selecting a Sampling Method

« If the population is large and geographically dispersed, cluster sampling may be more efficient than
simple random sampling

« If there are important subgroups or strata within the population that need to be represented, stratified
sampling may be appropriate

« If the population is hard to reach or not well-defined, snowball sampling or purposive sampling may be
necessary

+ Consider the potential sources of bias and limitations of each sampling method

» Choose the method that best balances the goals of representativeness, precision, efficiency, and
feasibility

Documentation and Justification

* Document the sampling strategy, including:

* Population definition and sampling frame

» Sample size calculation and assumptions

* Selection method and procedure

« Justify the choices based on the specific engineering problem and constraints
* Discuss the limitations and potential biases of the chosen sampling strategy

* Plan for data quality checks and monitoring during implementation

4.2 Point estimation and properties of estimators

Point estimation is crucial in engineering statistics, helping us make educated guesses about population
parameters using sample data. This topic dives into the properties of estimators, like unbiasedness and
consistency, which are key to understanding their reliability.

We'll explore common estimators like sample mean and variance, and learn how to compare their
performance. This knowledge is essential for engineers to make informed decisions based on limited data
in real-world applications.

Point Estimators for Parameters

Definition and Interpretation

* A point estimator is a statistic used to estimate an unknown population parameter based on a sample
of data
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* Point estimators are single values that aim to provide the best approximation of the true population
parameter

*» The choice of a point estimator depends on the parameter of interest (mean, variance, proportion) and
the available data

* The quality of a point estimator is assessed based on its properties, such as unbiasedness,
consistency, and efficiency

* Interpreting a point estimate involves understanding the limitations and uncertainties associated with
the estimation process, such as sampling variability and potential biases

Assessing Estimator Quality

* The quality of a point estimator is determined by its statistical properties and performance
+ Desirable properties of point estimators include unbiasedness, consistency, efficiency, and robustness

» Unbiased estimators have an expected value equal to the true parameter value, while biased
estimators systematically over- or underestimate the parameter

* Consistent estimators converge to the true parameter value as the sample size increases, providing
more accurate estimates with larger samples

« Efficient estimators have the smallest possible variance among all unbiased estimators, resulting in
more precise estimates

Estimator Properties

Unbiasedness

» Unbiasedness is a property of an estimator where the expected value of the estimator is equal to the
true value of the population parameter being estimated

* An unbiased estimator, on average, provides estimates that are equal to the true parameter value

* Unbiasedness is a desirable property as it ensures that the estimator does not systematically over- or
underestimate the parameter

» The sample mean is an unbiased estimator of the population mean, while the sample variance is a
biased estimator of the population variance

Consistency

* Consistency is a property of an estimator where the estimator converges in probability to the true
value of the population parameter as the sample size increases

* Consistent estimators become more accurate and precise as more data is collected

« Consistency ensures that the estimator approaches the true parameter value in the long run, providing
reliable estimates for large sample sizes

* The sample mean and sample variance are both consistent estimators of their respective population
parameters
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Efficiency

« Efficiency is a property that compares the variance of an unbiased estimator to the variance of other
unbiased estimators, with the most efficient estimator having the smallest variance

« Efficient estimators provide the most precise estimates among all unbiased estimators

» The Cramér-Rao lower bound provides a theoretical limit for the variance of an unbiased estimator,
which can be used to assess the efficiency of an estimator

« Evaluating the efficiency of estimators helps in selecting the estimator with the smallest possible
variance, leading to more precise estimates

Common Point Estimators

Sample Mean and Variance

» The sample mean is a point estimator for the population mean, calculated as the sum of all
observations divided by the sample size

» The sample mean is an unbiased and consistent estimator of the population mean

» The sample variance is a point estimator for the population variance, calculated as the sum of squared

deviations from the sample mean divided by the sample size minus one

» The sample variance is a biased estimator of the population variance, but it is consistent and can be
adjusted to obtain an unbiased estimator (dividing by n-1 instead of n)

Derivation Methods

* The derivation of point estimators often involves the method of moments, which equates sample
moments to population moments to obtain estimators

» The method of moments provides a straightforward approach to deriving estimators based on the
relationship between sample and population moments

* Maximum likelihood estimation is another method for deriving point estimators, which involves
maximizing the likelihood function of the observed data given the parameter of interest

* Maximum likelihood estimators have desirable properties, such as consistency and asymptotic
efficiency, under certain regularity conditions

Application in Engineering

* Applying point estimators to engineering problems requires understanding the assumptions underlying

the estimators and the limitations of the available data

* Point estimators can be used to estimate parameters in various engineering applications, such as
quality control, reliability analysis, and process optimization

* The choice of point estimator depends on the specific engineering problem, the available data, and
the desired properties of the estimator

* Engineers should consider the trade-offs between the properties of different estimators and select the

most appropriate one for the given problem
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Comparing Estimator Performance

Criteria for Comparison

« Different point estimators may have varying properties and performance depending on the specific
engineering problem and the available data

 The choice of point estimator can be based on criteria such as unbiasedness, consistency, efficiency,
and robustness to outliers or model misspecification

» Unbiasedness ensures that the estimator does not systematically over- or underestimate the
parameter, while consistency guarantees convergence to the true value as the sample size increases

« Efficiency compares the precision of unbiased estimators, with the most efficient estimator having the
smallest variance

* Robustness refers to the estimator's ability to perform well under deviations from assumptions or in
the presence of outliers

Analytical and Simulation Methods

» Comparing the performance of point estimators can involve analytical methods, such as comparing
the variance or mean squared error of the estimators

+ Analytical comparisons provide theoretical insights into the properties and performance of estimators
under specific assumptions

« Simulation studies can be used to empirically compare the performance of point estimators under
different scenarios and sample sizes

« Simulation allows for the assessment of estimator performance in more complex settings, such as
non-normal distributions or presence of outliers

» Monte Carlo simulations can be used to generate multiple samples from a known population and
evaluate the performance of estimators based on the simulated data

Considerations in Engineering Applications

» The performance of point estimators may also be affected by the presence of confounding factors,
measurement errors, or violations of assumptions, which should be considered when comparing
estimators

* In engineering applications, the choice of point estimator should take into account the specific
characteristics of the problem, such as the type of data, sample size, and potential sources of bias or
variability

« Selecting the most appropriate point estimator for a given engineering problem requires balancing the
desired properties, computational complexity, and interpretability of the estimator

* Engineers should also consider the practical implications of using different estimators, such as the
cost of data collection, the required precision, and the consequences of estimation errors
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4.3 Interval estimation and confidence intervals

Interval estimation and confidence intervals are crucial tools in statistics for making informed decisions
based on sample data. They provide a range of likely values for population parameters, helping engineers
assess the reliability of their estimates and make sound judgments.

This section explores how to construct and interpret confidence intervals, determine appropriate sample
sizes, and balance confidence levels with interval widths. It also delves into practical applications in
engineering, emphasizing the importance of these techniques in real-world problem-solving and
decision-making processes.

Confidence Intervals for Parameters

Constructing Confidence Intervals

* A confidence interval is a range of values, derived from sample statistics, that is likely to contain the
true population parameter with a specified level of confidence

* The level of confidence, typically expressed as a percentage (95%), represents the probability that the
interval will contain the true population parameter if the sampling process is repeated many times

» The general formula for a confidence interval is: point estimate + margin of error, where the margin of
error is calculated using the standard error and a critical value from the appropriate distribution
(t-distribution or z-distribution)

* To construct a confidence interval for a population mean with a known population standard deviation,
use the z-distribution and the formula: X+z(a/2) * (0/Vn), where X is the sample mean, Z(@/2) is the
critical value from the standard normal distribution, O is the population standard deviation, and 1 is the
sample size

Interpreting Confidence Intervals

* To construct a confidence interval for a population mean with an unknown population standard
deviation, use the t-distribution and the formula: Xxt(a/2, n — 1) * (s/¥n), where S is the sample
standard deviation and t(@/2, n — 1) is the critical value from the t-distribution with n — 1 degrees of
freedom

« Confidence intervals can also be constructed for other population parameters, such as proportions,
variances, and differences between means or proportions, using appropriate formulas and distributions

* Interpreting a confidence interval involves understanding that the interval provides a range of plausible
values for the population parameter, and that the level of confidence represents the long-run probability
of the interval containing the true parameter value

+ For example, a 95% confidence interval for a population mean of 50 + 5 indicates that if the sampling
process were repeated many times, approximately 95% of the resulting intervals would contain the true
population mean

Sample Size for Confidence Intervals

Factors Influencing Sample Size

» The width of a confidence interval is influenced by the sample size, with larger sample sizes generally
resulting in narrower intervals and more precise estimates of the population parameter
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* To determine the required sample size for a desired confidence interval width, one needs to specify
the level of confidence, the desired margin of error (half the width of the interval), and an estimate of the
population standard deviation (if unknown)

* For example, to estimate a population mean with a margin of error of £3 units and a 95% confidence
level, a larger sample size would be required compared to a margin of error of £5 units at the same
confidence level

Calculating Required Sample Size

* The formula for calculating the required sample size for a confidence interval for a population mean
with a known population standard deviation is: n = (z(a/2) * 0/E)?, where E is the desired margin of
error

» When the population standard deviation is unknown, use an estimate from a pilot study or a similar
study, and replace z(a/2) with t(a/2, n — 1) in the sample size formula. An iterative approach may be
necessary to determine the final sample size

* For confidence intervals involving proportions, the required sample size formula is:
n=(z(a/2)>*p* (1 — p))/E?, where P is an estimate of the population proportion

* For instance, to estimate the proportion of defective items in a production process with a margin of
error of £0.05 and a 95% confidence level, assuming an estimated proportion of 0.1, the required
sample size would be: n = (1.96%*0.1*0.9)/0.05°~139

Confidence Level, Sample Size, and Interval Width

Relationship between Confidence Level and Interval Width

* Increasing the confidence level (from 90% to 95%) while keeping the sample size constant will result
in a wider confidence interval, as a higher level of confidence requires a larger margin of error to
account for the increased probability of capturing the true population parameter

* For example, a 90% confidence interval for a population mean may be 50 + 4, while a 95% confidence
interval with the same sample size may be 50 £ 5

Relationship between Sample Size and Interval Width

* Increasing the sample size while keeping the confidence level constant will result in a narrower
confidence interval, as a larger sample size reduces the standard error and, consequently, the margin
of error

» To maintain a desired confidence interval width while increasing the confidence level, one must
increase the sample size to compensate for the larger margin of error required by the higher confidence
level

* For instance, to maintain a margin of error of £3 units when increasing the confidence level from 90%
to 95%, the sample size would need to be increased to counteract the wider interval resulting from the
higher confidence level

Balancing Confidence Level, Sample Size, and Interval Width

* The relationship between confidence level, sample size, and interval width is crucial for designing
studies and determining the resources needed to obtain estimates with the desired level of precision
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* Researchers must strike a balance between the desired confidence level, the available resources for
sampling, and the acceptable width of the confidence interval

* In practice, this often involves iteratively adjusting the sample size and confidence level until a
satisfactory combination is found that meets the study's objectives and constraints

Interval Estimation in Engineering

Identifying Parameters and Collecting Data

« Identify the population parameter of interest (mean, proportion, variance) and determine whether the
population standard deviation is known or unknown

* Collect a representative sample from the population, ensuring that the sample size is sufficient for the
desired level of confidence and precision

 For example, when estimating the average tensile strength of a material, determine whether the
population standard deviation is known from previous studies or if it needs to be estimated from the
sample data

Constructing and Interpreting Confidence Intervals

« Calculate the appropriate sample statistics (sample mean, sample proportion, sample variance) and
use them to construct the confidence interval using the appropriate formula and distribution

« Interpret the confidence interval in the context of the engineering problem, considering the practical
implications of the range of plausible values for the population parameter

* For instance, a 95% confidence interval for the mean tensile strength of a material of 200 MPa + 10
MPa suggests that the true population mean is likely to fall within this range, which may help determine
if the material meets the required specifications

Decision Making and Further Analysis

* Use the confidence interval to make decisions or draw conclusions about the population, such as
determining whether a process meets specifications, comparing different designs, or assessing the
reliability of a system

* If necessary, use the confidence interval to guide further data collection or experimentation, such as
increasing the sample size to achieve a narrower interval or investigating factors that may influence the
variability of the parameter

 For example, if the confidence interval for the mean tensile strength of a material is too wide to make a
definitive conclusion about its suitability, additional samples may be collected to reduce the margin of
error and improve the precision of the estimate

Communicating Results

« Communicate the results of the interval estimation analysis to stakeholders, explaining the limitations
and assumptions of the approach and providing recommendations based on the findings

* Present the confidence interval along with its interpretation, the level of confidence, and any relevant
context or caveats

* For instance, when reporting the results of a study on the average efficiency of a new engine design,
present the confidence interval, explain the practical implications of the range of plausible values, and
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discuss any limitations or assumptions of the analysis, such as the representativeness of the sample or
the potential for measurement error

4.4 Maximum likelihood estimation

Maximum likelihood estimation is a powerful statistical method for finding the best-fit parameters of a
probability distribution. It works by maximizing the likelihood function, which measures how probable the
observed data is given different parameter values.

MLE is widely used in engineering and science due to its versatility and desirable properties. It provides
consistent, efficient estimates that improve with larger sample sizes, making it valuable for parameter
estimation across various statistical models and applications.

Maximum Likelihood Estimation

Concept and Principles

» Maximum likelihood estimation is a statistical method used to estimate the parameters of a probability
distribution by maximizing the likelihood function

* The likelihood function measures the probability of observing the data given the parameters of a
statistical model

» The maximum likelihood estimate is the set of parameter values that maximize the likelihood function,
making the observed data the most probable outcome

* MLE is based on the principle that the best estimate of the parameters is the one that makes the
observed data the most likely to occur

* MLE is a versatile and widely used method for parameter estimation in various fields (engineering,
economics, social sciences)

Applications and Advantages

* MLE is used to estimate parameters in a wide range of statistical models and probability distributions
« It provides a consistent framework for parameter estimation across different models and data types

» MLE estimators possess desirable statistical properties (consistency, asymptotic normality, efficiency)
under certain regularity conditions

* MLE can be used with both small and large sample sizes, although its performance improves as the
sample size increases

* MLE is often the foundation for other statistical inference techniques (hypothesis testing, confidence
intervals)

Likelihood Functions for Distributions

Formulation and Solving

* The likelihood function is formulated by expressing the joint probability density function (for continuous
random variables) or the joint probability mass function (for discrete random variables) of the observed
data in terms of the unknown parameters

Fiveable archived study guides Page 48



* For independent and identically distributed (i.i.d.) samples, the likelihood function is the product of the
individual probability density or mass functions

» Common probability distributions used in MLE include normal, binomial, Poisson, exponential, and
gamma distributions

» To find the maximum likelihood estimate, the likelihood function is often transformed into the
log-likelihood function, which simplifies the optimization process

» The maximum likelihood estimate is obtained by setting the first derivative of the log-likelihood
function with respect to each parameter equal to zero and solving the resulting system of equations

Analytical and Numerical Solutions

* In some cases, closed-form solutions for the maximum likelihood estimates can be derived analytically
(normal distribution with unknown mean and known variance)

* When analytical solutions are not available, numerical optimization techniques, such as gradient
descent or Newton's method, may be required to find the maximum likelihood estimates

* Numerical optimization techniques iteratively search for the parameter values that maximize the
log-likelihood function

* The choice of optimization technique depends on the complexity of the likelihood function, the number
of parameters, and the desired accuracy of the estimates

« Software packages and libraries (R, Python, MATLAB) often provide built-in functions for MLE, making
the implementation more convenient

Properties of MLE Estimators

Consistency and Asymptotic Normality

» Maximum likelihood estimators possess several desirable statistical properties, which make them
attractive for parameter estimation

+ Consistency: As the sample size increases, the maximum likelihood estimator converges in probability
to the true parameter value, meaning the estimator becomes more accurate as more data is collected

» Asymptotic normality: Under certain regularity conditions, the maximum likelihood estimator is
asymptotically normally distributed, allowing for the construction of confidence intervals and hypothesis
tests using the normal distribution

» The asymptotic normality property enables the use of standard statistical inference techniques based
on the normal distribution, even when the true distribution of the estimator is unknown

Efficiency and Invariance

« Efficiency: Maximum likelihood estimators are often the most efficient estimators, meaning they have
the smallest variance among all unbiased estimators

* The efficiency property implies that MLE makes the most use of the information contained in the data,
resulting in more precise estimates compared to other estimation methods

* Invariance: The maximum likelihood estimator is invariant under parameter transformations, meaning
that if a function of the parameter is estimated using MLE, the result is the same as applying the
function to the MLE of the original parameter
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* The invariance property allows for the estimation of transformed parameters without the need to
rederive the likelihood function or recalculate the estimates

MLE in Engineering Applications

Implementation Steps

« Identify the relevant probability distribution that best describes the data or the underlying process in
the engineering application (normal distribution for measurement errors, Poisson distribution for rare
events)

» Formulate the likelihood function by expressing the joint probability density or mass function of the
observed data in terms of the unknown parameters

* If necessary, transform the likelihood function into the log-likelihood function to simplify the
optimization process

* Determine the maximum likelihood estimates by setting the first derivative of the log-likelihood function
with respect to each parameter equal to zero and solving the resulting system of equations

« If closed-form solutions are not available, employ numerical optimization techniques, such as gradient
descent or Newton's method, to find the maximum likelihood estimates

Interpretation and Usage

* Assess the quality of the estimates by examining their statistical properties, such as consistency and
asymptotic normality, and by calculating confidence intervals or performing hypothesis tests

* Interpret the results in the context of the engineering application (estimated mean and variance of a
process, estimated failure rate of a component)

* Use the estimated parameters for further analysis, prediction, or decision-making in the engineering
application (process control, reliability analysis, system optimization)

» Consider the assumptions and limitations of the MLE approach, such as the correctness of the
assumed probability distribution and the sample size, when interpreting and using the results

* Validate the MLE results using other estimation methods or domain knowledge to ensure the
robustness and reliability of the estimates in the engineering context
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Unit 5 — Hypothesis Testing

5.1 Concepts of hypothesis testing

Hypothesis testing is a powerful tool in engineering statistics. It helps us make decisions about populations
based on sample data. By formulating hypotheses, choosing test statistics, and interpreting results,
engineers can draw meaningful conclusions about processes and products.

Understanding significance levels and test power is crucial for effective hypothesis testing. These concepts
help engineers assess the reliability of their conclusions and make informed decisions in various
engineering applications.

Hypothesis Testing in Engineering

Purpose and Process of Hypothesis Testing

* Hypothesis testing is a statistical method used to make decisions or draw conclusions about a
population parameter based on sample data

* The purpose of hypothesis testing in engineering is to assess the validity of claims, assumptions, or
theories about a process, product, or system using empirical evidence

* The process of hypothesis testing involves:

1. Formulating null and alternative hypotheses
2. Selecting an appropriate test statistic

3. Determining the critical region

4. Calculating the test statistic from sample data

5. Making a decision to reject or fail to reject the null hypothesis based on the test statistic and critical
region

* Hypothesis testing helps engineers make data-driven decisions, identify significant factors affecting a
process, compare alternative designs or treatments, and assess the reliability or quality of products

Significance Level and Power of Hypothesis Tests

* The significance level (a) represents the probability of rejecting the null hypothesis when it is actually
true, known as a Type | error

» Common significance levels are 0.01, 0.05, and 0.10

» The power of a hypothesis test is the probability of correctly rejecting the null hypothesis when the
alternative hypothesis is true

* It is related to the concept of a Type Il error (), which is the probability of failing to reject a false null
hypothesis

* Higher power indicates a greater ability to detect a true difference or effect
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Formulating Hypotheses for Engineering

Null and Alternative Hypotheses

» The null hypothesis (Ho) represents the default or status quo claim, usually stating that there is no
significant difference, effect, or relationship between variables or that a parameter equals a specific
value

» Example: The mean tensile strength of a new material (p) is equal to the current standard (po), Ho: p =
Mo

* The alternative hypothesis (H1 or Ha) represents the research claim or the statement that the engineer
wishes to prove, contradicting the null hypothesis

* Example: The mean tensile strength of a new material (u) is greater than the current standard (po), Ha:
M > Ho

« Alternative hypotheses can be one-tailed (directional) or two-tailed (non-directional), depending on the
specific claim being made

+ A one-tailed alternative hypothesis specifies the direction of the difference or effect (e.g., y > po or p <
Ho)

* A two-tailed alternative hypothesis only states that there is a difference, without specifying the
direction (e.g., Y # o)

Considerations for Formulating Hypotheses

» When formulating hypotheses, engineers should consider the practical significance of the difference
or effect they are testing, not just statistical significance

» Example: A statistically significant difference in the mean fuel efficiency of two engine designs may not
be practically significant if the difference is very small

» Hypotheses should be stated in terms of population parameters (e.g., population mean p, population
proportion p, or population variance g?) and not sample statistics

» Example: Hypotheses about the mean breaking strength of a cable should be stated using the
population mean (u), not the sample mean (x)

Choosing Test Statistics and Regions

Selecting Appropriate Test Statistics

* The test statistic is a value calculated from the sample data that is used to make a decision about the
null hypothesis

* The choice of test statistic depends on the type of data, the sample size, and the parameter being
tested

« Common test statistics include:
« z-statistic: For testing means with known population variance
« t-statistic: For testing means with unknown population variance

« x*-statistic: For testing variances or goodness-of-fit
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* F-statistic: For comparing variances or testing equality of means in ANOVA

Determining Critical Regions

* The critical region (or rejection region) is the range of test statistic values for which the null hypothesis
is rejected

« It is determined by the significance level (a) and the type of alternative hypothesis (one-tailed or
two-tailed)

* For a one-tailed test, the critical region is located entirely in one tail of the distribution, corresponding
to the direction of the alternative hypothesis

* For a two-tailed test, the critical region is divided equally between both tails of the distribution

« Critical values for the test statistic can be found using statistical tables or software, based on the
significance level and the appropriate degrees of freedom

* Example: For a one-tailed t-test with a = 0.05 and 20 degrees of freedom, the critical value is 1.725

Interpreting Hypothesis Test Results

Comparing Test Statistics to Critical Regions

* To interpret the results of a hypothesis test, compare the calculated test statistic to the critical value or
critical region

« If the test statistic falls within the critical region, reject the null hypothesis in favor of the alternative
hypothesis

« If the test statistic falls outside the critical region, fail to reject the null hypothesis

* The p-value is the probability of obtaining a test statistic as extreme as, or more extreme than, the one
observed, assuming the null hypothesis is true

* It represents the strength of evidence against the null hypothesis
« If the p-value is less than the significance level (a), reject the null hypothesis

« If the p-value is greater than or equal to the significance level, fail to reject the null hypothesis

Drawing Conclusions and Considering Limitations

» When interpreting the results, consider the practical significance of the findings in the context of the
engineering application, not just the statistical significance

» Example: A statistically significant difference in the mean yield strength of two alloys may not be
practically significant if the difference is small and does not affect the intended application

* Be cautious when drawing conclusions from hypothesis tests, as they are based on sample data and
are subject to sampling variability and potential errors (Type | and Type II)

+ Consider the limitations of the study design, sample size, and assumptions made when generalizing
the conclusions to the population or making decisions based on the hypothesis test results

* Example: A small sample size may limit the generalizability of the results to the entire population of
interest
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5.2 Types of errors and power of a test

Hypothesis testing involves making decisions based on sample data, but these decisions can lead to
errors. Type | errors occur when we reject a true null hypothesis, while Type Il errors happen when we fail
to reject a false null hypothesis. Understanding these errors is crucial for interpreting test results.

The power of a test is its ability to correctly reject a false null hypothesis. It's influenced by sample size,
significance level, and effect size. Higher power means a lower chance of Type |l errors. Balancing power
with the risk of Type | errors is key in designing effective studies.

Type | vs Type Il Errors

Understanding the Difference
* Type | error (false positive) occurs when the null hypothesis is rejected when it is actually true
« Significance level (a) represents the probability of making a Type | error
« Example: Concluding a drug is effective when it actually has no effect
* Type |l error (false negative) occurs when the null hypothesis is not rejected when it is actually false
* Probability of making a Type Il error is denoted by 3
« Example: Failing to detect a real difference between two treatment groups
» Consequences of Type | and Type Il errors depend on the context of the problem
« Carefully consider the implications when making decisions based on hypothesis testing results

* Example: In medical testing, a Type | error may lead to unnecessary treatment, while a Type Il error
may result in failing to provide necessary treatment

Factors Affecting Error Probabilities
« Significance level (a) chosen for the hypothesis test determines the probability of a Type | error
» Common significance levels are 0.01, 0.05, and 0.10
* Lower significance levels reduce the risk of Type | errors but may increase the risk of Type Il errors

* True value of the parameter being tested, sample size, and significance level (a) affect the probability
of a Type Il error (B)

« Larger sample sizes and larger true differences between the null and alternative hypotheses decrease
the probability of a Type Il error

* Higher significance levels (a) increase the probability of a Type Il error
Probability of Errors
Type | Error Probability

» Determined by the significance level (a) chosen for the hypothesis test
* Example: If a = 0.05, there is a 5% chance of rejecting the null hypothesis when it is true

» Researchers set the significance level based on the acceptable risk of a Type | error
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* Lower significance levels (e.g., 0.01) are more conservative and reduce the risk of Type | errors

+ Higher significance levels (e.g., 0.10) are less conservative and increase the risk of Type | errors

Type |l Error Probability

» Depends on the true value of the parameter being tested, sample size, and significance level (a)

« Larger differences between the true value and the null hypothesis value decrease the probability of a
Type Il error

+ Larger sample sizes decrease the probability of a Type Il error by reducing variability in sample
statistics

» Denoted by 8, the probability of a Type Il error is often unknown, as the true value of the parameter is
unknown

+ Can be estimated using power analysis or simulation studies

» Minimizing the probability of a Type Il error is important for ensuring the test can detect true
differences or effects

Power of a Test

Understanding Power

» Power is the probability of correctly rejecting the null hypothesis when it is false
+» Denoted by (1 - B), where B is the probability of a Type Il error
* Higher power indicates a lower probability of making a Type Il error

« Affected by sample size, significance level, and effect size (magnitude of the difference between null
and alternative hypotheses)

* Larger sample sizes, higher significance levels, and larger effect sizes increase power
* Researchers should consider the desired power when designing a study

» Power of 0.80 or higher is often considered desirable, indicating a high probability of detecting a true
effect

Factors Influencing Power

» Sample size: Increasing the sample size generally increases the power of a test
« Larger samples reduce variability in sample statistics, making it easier to detect true differences

* Example: A study with 500 participants will have higher power than a study with 100 participants,
assuming all other factors are equal

« Significance level (a): Higher significance levels increase power but also increase the risk of Type |
errors

* Example: A test with a = 0.10 will have higher power than a test with a = 0.01, but will also have a
higher risk of Type | errors

« Effect size: Larger differences between the null and alternative hypotheses (larger effect sizes)
increase power
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« Easier to detect larger differences or effects

« Example: A drug that reduces blood pressure by 20 mmHg will be easier to detect than a drug that
reduces blood pressure by 5 mmHg

Power and Decision-Making

Calculating and Interpreting Power

» Power can be calculated using statistical software or power tables
* Requires sample size, significance level, and effect size

» Example: For a sample size of 100, a = 0.05, and an effect size of 0.5, the power may be calculated
as 0.80

* Interpreting power alongside hypothesis testing results helps assess the reliability and practical
significance of findings

* High power and statistically significant results provide strong evidence for rejecting the null hypothesis

» Low power and non-significant results may indicate an insufficient sample size or a true lack of effect

Implications of Low Power

» Low power increases the risk of Type Il errors
* May result in failing to detect important differences or relationships

» Example: A study with low power may conclude that a new teaching method is not effective when it
actually is

* When power is low, researchers may need to:
* Increase the sample size to reduce variability and increase the ability to detect true effects
* Adjust the significance level (a) to balance the risks of Type | and Type Il errors

* Consider alternative study designs or more sensitive measures to improve the chances of detecting
true effects

Power and Decision-Making in Practice

» Researchers should consider the desired power, significance level, and expected effect size when
planning a study

» Conduct power analysis to determine the appropriate sample size

» Example: If a researcher wants to detect a medium effect size with a = 0.05 and power = 0.80, they
can calculate the required sample size

« Interpreting power and hypothesis testing results together informs decision-making
+ High power and significant results suggest the findings are reliable and practically significant

» Low power and non-significant results suggest caution in interpreting the findings and may indicate the
need for further research with larger sample sizes or more sensitive measures
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5.3 Parametric hypothesis tests (t-test, z-test, F-test)

Parametric hypothesis tests are powerful tools for comparing means, proportions, and variances in
engineering data. These tests, including t-tests, z-tests, and F-tests, rely on specific assumptions about the
underlying population distribution and use sample statistics to draw conclusions.

Choosing the right test depends on your research question, data type, and sample characteristics. By
understanding the assumptions and interpreting results correctly, you can make informed decisions about
engineering processes, product quality, and experimental outcomes.

Parametric Tests for Engineering

Selecting the Appropriate Parametric Test

» Parametric tests make assumptions about the underlying population distribution (normality, equal
variances) and use parameters (mean, standard deviation)

* The choice of parametric test depends on:

* Research question

« Data type (continuous, categorical)

* Number of groups or samples

* Whether the samples are independent or paired

» Common parametric tests:

* T-tests (comparing means of two groups)

« Z-tests (comparing proportions or means with known population variance)
* F-tests (comparing variances of two or more groups)
* Selecting the appropriate test requires:

« Identifying the null and alternative hypotheses

* Determining the level of measurement

» Checking assumptions (normality, homogeneity of variance)

Checking Assumptions and Data Requirements

» Parametric tests rely on assumptions about the data and population distribution
» Key assumptions:

* Normality: Data follows a normal distribution

 Equal variances: Homogeneity of variance across groups

* Independence: Observations are independent of each other

+ Data requirements:

+ Continuous data for t-tests and F-tests

« Categorical data (proportions) for z-tests
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» Adequate sample size (typically n > 30) for z-tests based on the Central Limit Theorem
« Violations of assumptions can lead to inaccurate results and invalid conclusions

+ Alternative non-parametric tests (Mann-Whitney U, Wilcoxon signed-rank, Kruskal-Wallis) can be
used when assumptions are violated

T-tests for Comparing Means

Independent Samples T-test

» Compares means between two independent groups (treatment vs. control, male vs. female)
* Assumptions:

* Normality: Data in each group follows a normal distribution

» Equal variances: Homogeneity of variance between the two groups

* Independence: Observations within and between groups are independent

* Test statistic (1) is calculated using:

* Sample means

« Standard deviations

» Sample sizes

* The test statistic is compared to a critical value from the t-distribution based on:
* Desired significance level (a)

« Degrees of freedom (df =Ny + nz — 2)

* The p-value associated with the test statistic determines whether to reject or fail to reject the null
hypothesis of equal means

Paired Samples T-test

» Compares means from the same group at different times or under different conditions (pre-test vs.
post-test, before vs. after treatment)

* Assumptions:

» Normality: Differences between paired observations follow a normal distribution
* Independence: Paired observations are independent of other pairs

* Test statistic (t) is calculated using:

* Mean difference between paired observations

« Standard deviation of the differences

» Sample size

* The test statistic is compared to a critical value from the t-distribution based on:

* Desired significance level (a)

Fiveable archived study guides Page 58



« Degrees of freedom (df =n — 1)

* The p-value associated with the test statistic determines whether to reject or fail to reject the null
hypothesis of zero mean difference

Effect Size and Power

« Effect size measures (Cohen's d) quantify the magnitude of the difference between means

o 4 = K1=X0]
+ Cohen's d = =——=—

, Where Sp is the pooled standard deviation

* Interpretation: 0.2 (small), 0.5 (medium), 0.8 (large)
» Power is the probability of correctly rejecting a false null hypothesis
» Depends on sample size, effect size, and significance level

« Higher power reduces the risk of Type Il errors (failing to reject a false null hypothesis)

Z-tests for Proportions and Means

Z-test for Proportions

» Compares the proportion of successes in a sample to a hypothesized population proportion or
between two independent samples

* Assumptions:

* Independence: Observations are independent of each other

* Large sample size: np = 10 and n(1-p) = 10, where n is the sample size and p is the sample proportion
* Test statistic (z) is calculated using:

» Sample proportion

» Hypothesized population proportion

» Standard error of the proportion (W)

* The test statistic is compared to a critical value from the standard normal distribution based on the
desired significance level (a)

» The p-value associated with the test statistic determines whether to reject or fail to reject the null
hypothesis

Z-test for Means

» Compares a sample mean to a hypothesized population mean or between two independent samples
when the population variance is known

» Assumptions:

» Normality: Data follows a normal distribution or sample size is large enough (n > 30) to assume
normality based on the Central Limit Theorem

« Known population variance

* Independence: Observations are independent of each other
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* Test statistic (z) is calculated using:

» Sample mean

* Hypothesized population mean

» Known population standard deviation
» Sample size

* The test statistic is compared to a critical value from the standard normal distribution based on the
desired significance level (a)

» The p-value associated with the test statistic determines whether to reject or fail to reject the null
hypothesis

Confidence Intervals for Proportions and Means

+ Confidence intervals provide a range of plausible values for the population parameter at a given
confidence level

+ For proportions: j + 7,/ =P

« For means with known population variance: X £ Za/Z%

» The confidence level (1-a) represents the probability that the interval contains the true population
parameter

» Wider intervals indicate greater uncertainty, while narrower intervals suggest more precise estimates

F-tests for Comparing Variances

One-way F-test
» Compares the variances of two populations, assuming the data follows a normal distribution
» Assumptions:
* Normality: Data in each population follows a normal distribution
* Independence: Observations within and between populations are independent
* Test statistic (F) is calculated as the ratio of the sample variances:

2
S 2. . 2. ,
«F= 5—% where S7 is the larger sample variance and S5 is the smaller sample variance
2

* The critical value is determined from the F-distribution based on:
* Desired significance level (a)

« Degrees of freedom for the numerator (dfi = n1 — 1)

« Degrees of freedom for the denominator (df; = n; — 1)

« If the test statistic exceeds the critical value, the null hypothesis of equal variances is rejected,
indicating a significant difference in the population variances
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Sensitivity to Departures from Normality

* The F-test is sensitive to departures from normality
» Non-normality can lead to inflated Type | error rates (rejecting a true null hypothesis)

+ Alternative non-parametric tests (Levene's test, Brown-Forsythe test) can be used when the normality
assumption is violated

* These tests are based on the absolute deviations from the group medians or trimmed means, making
them more robust to non-normality

Interpreting Parametric Test Results

Statistical Significance and P-values

* Interpreting the results of parametric tests involves determining whether to reject or fail to reject the
null hypothesis based on the p-value and the chosen significance level (a)

» A small p-value (typically < 0.05) indicates strong evidence against the null hypothesis, leading to its
rejection in favor of the alternative hypothesis

« Failing to reject the null hypothesis does not prove it to be true, but rather suggests insufficient
evidence to support the alternative hypothesis

* The significance level (a) represents the probability of making a Type | error (rejecting a true null
hypothesis)

» Commonly used significance levels: 0.05, 0.01, 0.001

Practical Significance and Effect Sizes

* Practical significance should be considered alongside statistical significance

« Statistically significant results may not always have meaningful implications in the engineering context
« Effect sizes quantify the magnitude of the difference between groups or the strength of the relationship
» Cohen's d for t-tests

* Correlation coefficients (r) for relationships between continuous variables

» Odds ratios or relative risk for categorical data

* Interpreting effect sizes depends on the research context and the specific field of study

Confidence Intervals and Precision

+ Confidence intervals provide a range of plausible values for the population parameter at a given
confidence level

* The confidence level (1-a) represents the probability that the interval contains the true population
parameter

» Wider intervals indicate greater uncertainty, while narrower intervals suggest more precise estimates

+ Confidence intervals can be used to assess the practical significance of the results
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« If the confidence interval includes values that are not practically meaningful, the results may be
statistically significant but not practically important

Communicating Results

* The results should be communicated clearly, stating:

* Research question and hypotheses

* Test used and assumptions checked

» Sample sizes and descriptive statistics

* Test statistic, p-value, and confidence intervals (if applicable)

* Conclusions in the context of the engineering problem

« Limitations of the study and potential sources of bias should be acknowledged

* Implications for future research or practical applications should be discussed

5.4 Non-parametric hypothesis tests (chi-square, Wilcoxon rank-sum)

Non-parametric tests are statistical methods used when data doesn't meet the assumptions of traditional
parametric tests. They're handy for analyzing ordinal or nominal data, dealing with small sample sizes, and
handling outliers more effectively than their parametric counterparts.

While non-parametric tests are versatile, they have some drawbacks. They're generally less powerful than
parametric tests when assumptions are met, and their results can be trickier to interpret. Still, they're
invaluable tools when dealing with non-normal distributions or categorical data.

Assumptions and limitations of non-parametric tests

When to use non-parametric tests

» Non-parametric tests are used when the assumptions of parametric tests, such as normality and equal
variances, are not met or when the data is ordinal (Likert scales) or nominal (categories)

» The sample size requirements for non-parametric tests are generally less stringent than those for
parametric tests, making them suitable for smaller datasets

» Non-parametric tests are more robust to outliers and extreme values compared to parametric tests, as
they rely on ranks or frequencies rather than actual values

Limitations of non-parametric tests

» Non-parametric tests are less powerful than parametric tests when the assumptions of parametric
tests are met, meaning they have a lower probability of rejecting the null hypothesis when it is false
(Type Il error)

» Non-parametric tests may be less efficient than parametric tests when the assumptions of parametric
tests are met, requiring larger sample sizes to achieve the same level of power

* The results of non-parametric tests are often more difficult to interpret and communicate compared to
parametric tests, as they do not provide estimates of effect sizes or confidence intervals
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Chi-square test for goodness-of-fit and independence

Chi-square goodness-of-fit test

* The chi-square goodness-of-fit test is used to determine whether an observed distribution of
categorical data fits a specified theoretical distribution (uniform, binomial, Poisson)

* The test statistic for the chi-square goodness-of-fit test is calculated as the sum of the squared
differences between the observed and expected frequencies, divided by the expected frequencies:

xz = Z(Of E,-Ei)z

» The degrees of freedom for the chi-square goodness-of-fit test are calculated as (number of
categories - 1), as the expected frequencies are determined by the theoretical distribution

* The p-value for the chi-square goodness-of-fit test is determined by comparing the calculated test
statistic to the chi-square distribution with the appropriate degrees of freedom

Chi-square test for independence

* The chi-square test for independence is used to determine whether two categorical variables are
independent or associated (gender and preference for a product)

* The test statistic for the chi-square test for independence is calculated using the same formula as the
goodness-of-fit test, but the expected frequencies are determined by the row and column totals

» The degrees of freedom for the chi-square test for independence are calculated as (number of rows -
1) x (number of columns - 1), as both variables contribute to the determination of expected frequencies

*» The p-value for the chi-square test for independence is determined by comparing the calculated test
statistic to the chi-square distribution with the appropriate degrees of freedom

Assumptions of the chi-square test

» The assumptions of the chi-square test include independence of observations, adequate sample size
(expected frequencies = 5 for each cell), and mutually exclusive and exhaustive categories

« If the assumptions are violated, alternative tests (Fisher's exact test for small sample sizes) or data
transformations (combining categories with low frequencies) may be necessary

Wilcoxon rank-sum test for comparing two samples

Overview of the Wilcoxon rank-sum test

» The Wilcoxon rank-sum test, also known as the Mann-Whitney U test, is a non-parametric alternative
to the independent samples t-test

* The test is used to compare the medians of two independent samples when the assumptions of the
t-test are not met or when the data is ordinal (Likert scales)

» The Wilcoxon rank-sum test assumes that the two samples are independent, and the distributions of
the two populations have the same shape and spread

Test procedure and calculation

* The test procedure involves combining the observations from both samples, ranking them from
smallest to largest, and calculating the sum of the ranks for each sample
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- The test statistic, U, is calculated as the smaller of the two rank sums: U = min(R1, R2), where R1
and Rz are the rank sums for the two samples

* The p-value is determined by comparing the test statistic to the appropriate reference distribution
(exact distribution for small sample sizes or normal approximation for larger sample sizes)

Interpreting the results

» A small p-value (typically < 0.05) indicates that there is a significant difference between the medians of
the two populations, while a large p-value suggests that there is no significant difference

» The Wilcoxon rank-sum test does not provide an estimate of the magnitude of the difference between
the medians, so additional measures (Hodges-Lehmann estimator) may be used to quantify the effect
size

Interpreting non-parametric hypothesis test results

Statistical significance and practical significance

* When interpreting the results of non-parametric tests, it is essential to consider the practical
significance of the findings in addition to the statistical significance

* A statistically significant result (small p-value) may not always be practically meaningful, especially if
the effect size is small or the sample size is large

* The context of the study and the domain knowledge should be used to determine the practical
implications of the findings

Drawing conclusions and reporting results

* The conclusions drawn from non-parametric tests should be stated in terms of the specific hypotheses
being tested and should not be generalized beyond the scope of the study

» When reporting the results of non-parametric tests, include the test statistic, degrees of freedom (if
applicable), p-value, and a clear interpretation of the findings

« Consider using visualizations (bar charts for chi-square tests, boxplots for Wilcoxon rank-sum test) to
help communicate the results effectively to the target audience
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Unit 6 — Regression Analysis in
Engineering Statistics

6.1 Simple linear regression

Simple linear regression models the relationship between two variables in engineering. It helps predict
outcomes, analyze trends, and make informed decisions by understanding how changes in one variable
affect another.

Engineers use this method to optimize processes and identify key factors in systems. By fitting a straight
line to data, they can estimate future values, establish targets, and assess how sensitive a system is to
input changes.

Simple Linear Regression in Engineering

Concept and Purpose

« Simple linear regression is a statistical method used to model the linear relationship between two
continuous variables, typically denoted as the independent variable (predictor) and the dependent
variable (response)

» The purpose of simple linear regression in engineering is to understand how changes in one variable
affect another variable, allowing for predictions, trend analysis, and informed decision-making

« The linear regression model is represented by the equation ¥ = Bo + Bix + & where ¥ is the
dependent variable, X is the independent variable, Bo is the y-intercept, B1 is the slope, and € is the
random error term

» Assumptions of simple linear regression include linearity, independence, homoscedasticity, and
normality of residuals

Applications in Engineering

« Common engineering applications of simple linear regression include modeling the relationship
between material properties, process parameters, and system performance

* Examples:

 Analyzing the effect of temperature on the strength of a metal alloy

* Investigating the relationship between the concentration of a chemical and the yield of a reaction
» Modeling the impact of vehicle weight on fuel efficiency

« Simple linear regression enables engineers to identify key factors influencing a system, optimize
processes, and make data-driven decisions

* By understanding the linear relationship between variables, engineers can predict outcomes, establish
target values, and assess the sensitivity of a system to changes in input variables
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Slope and Intercept Interpretation

Slope Coefficient (31)

* The slope coefficient (,31) represents the change in the dependent variable (¥) for a one-unit increase
in the independent variable (X), holding all other factors constant

* In engineering contexts, the slope can indicate the sensitivity or impact of the independent variable on
the dependent variable

* Examples:

* A slope of 0.5 in a model relating temperature to material strength suggests that for every 1°C
increase in temperature, the material strength increases by 0.5 units (MPa, kPa, etc.)

* A slope of -0.2 in a model relating process settings to product defects indicates that for every unit
increase in the process setting, the number of defects decreases by 0.2 units

* Interpreting the slope requires considering the units of measurement for both variables and
understanding the practical implications of the relationship within the specific engineering domain

Y-Intercept (o)

« The y-intercept (Bo) is the predicted value of the dependent variable when the independent variable is
zero, which may or may not have a meaningful interpretation depending on the engineering context

* In some cases, the y-intercept represents a baseline or initial value of the dependent variable in the
absence of the independent variable

* Example: In a model relating the concentration of a reactant to the reaction rate, the y-intercept may
represent the reaction rate when the concentration is zero (i.e., the intrinsic rate of the reaction)

* However, in other cases, the y-intercept may not have a practical interpretation, especially if the
independent variable cannot realistically take on a value of zero

« Example: In a model relating the height of a building to its construction cost, a y-intercept of $1 million
may not have a meaningful interpretation, as a building with zero height is not feasible

Goodness of Fit and Linear Relationship

Coefficient of Determination (R?)

* The coefficient of determination (R?) measures the proportion of variance in the dependent variable
that is predictable from the independent variable, ranging from 0 to 1, with higher values indicating a
better fit

* R? is calculated as the ratio of the explained sum of squares (SSR) to the total sum of squares (SST),
representing the percentage of variation in the dependent variable that is explained by the regression
model

* The adjusted R? accounts for the number of predictors in the model and is more suitable for
comparing models with different numbers of predictors
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Standard Error of the Estimate (SEE)

* The standard error of the estimate (SEE) measures the average distance between the observed
values and the predicted values, with smaller values indicating a better fit

» SEE is calculated as the square root of the mean squared residuals and provides an estimate of the
average prediction error in the same units as the dependent variable

A smaller SEE indicates that the regression model is more accurate in predicting the dependent
variable

Residual Analysis

* Residual plots, such as residuals vs. fitted values or residuals vs. independent variable, can visually
assess the assumptions of linearity, homoscedasticity, and independence

* Residuals should be randomly scattered around zero, with no discernible patterns or trends

+ A pattern in the residuals may suggest a violation of the linearity assumption or the presence of
outliers or influential observations

+ Heteroscedasticity (non-constant variance) in the residuals may indicate a violation of the
homoscedasticity assumption

+ Residual analysis helps identify potential issues with the model assumptions and guides model
refinement or the consideration of alternative modeling techniques

Predicting Outcomes with Linear Regression

Making Predictions

* Once a simple linear regression model is developed and validated, it can be used to predict the value
of the dependent variable for a given value of the independent variable within the range of the observed
data

» To make predictions, substitute the desired value of the independent variable into the regression
equation (Y = Bo + B1X) and calculate the corresponding predicted value of the dependent variable

 Example: If a linear regression model relating temperature (X) to material strength (¥) is given by

y =100 + 0.5x, the predicted material strength at a temperature of 50°C would be
y =100 + 0.5(50) = 125 ynits

+ Confidence intervals and prediction intervals can be constructed around the predicted values to
quantify the uncertainty associated with the predictions

Decision-Making and Limitations

+ In engineering decision-making, simple linear regression models can help identify critical factors,
optimize processes, and establish target values for key variables to achieve desired outcomes

« Example: A regression model relating process parameters to product quality can be used to determine
the optimal settings to maximize quality while minimizing costs

* It is essential to consider the limitations and assumptions of the regression model when making
predictions and decisions
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« Extrapolating beyond the range of observed data or violating assumptions can lead to unreliable
results

» The model's accuracy and predictive power should be assessed using appropriate validation
techniques (cross-validation, holdout sample, etc.) before relying on it for critical decisions

» Engineers should also consider the practical implications and feasibility of the predictions, taking into
account other factors such as resource constraints, safety considerations, and regulatory requirements

6.2 Multiple linear regression

Multiple linear regression is a powerful tool in engineering statistics. It helps predict a single dependent
variable using two or more independent variables, assuming linear relationships. This method is great for
developing predictive models and understanding how different factors influence system behavior.

When using multiple linear regression, it's crucial to check key assumptions like linearity, constant
variance, and normality. Interpreting coefficients, assessing model performance, and validating results are
essential steps in creating reliable predictive models for engineering applications.

Multiple Linear Regression for Engineering Data

Situations Appropriate for Multiple Linear Regression

* Multiple linear regression used when two or more independent variables predict or explain behavior of
a single dependent variable

» Assumes linear relationship between each independent variable and dependent variable when all
other independent variables held constant

* Appropriate when goal is to develop predictive model or understand relative importance of different
factors in explaining system behavior

» Can be used for both observational studies and designed experiments in engineering applications
(manufacturing processes, chemical reactions)

» Not appropriate when strong nonlinear relationships between variables, significant multicollinearity
among independent variables, or data violates key assumptions of the model

Key Assumptions and Limitations

* Linearity assumption: relationship between each independent variable and dependent variable is
linear when other independent variables held constant

+ Constant variance assumption: variability of dependent variable is constant across all levels of
independent variables

» Normality assumption: residuals (differences between observed and predicted values) are normally
distributed

* Independence assumption: observations are independent of each other (no autocorrelation)

+ Multicollinearity: high correlation among independent variables can lead to unstable coefficient
estimates and difficulty interpreting individual effects

* Influential observations: outliers or high-leverage points can have disproportionate impact on model
results
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Interpreting Regression Coefficients

Coefficient Interpretation

« Coefficients represent change in dependent variable associated with one-unit change in each
independent variable, holding all other independent variables constant

» Sign of coefficient indicates direction of relationship between independent variable and dependent
variable (positive or negative)

» Magnitude of coefficient represents strength of relationship between independent variable and
dependent variable (larger absolute values indicate stronger relationship)

» Example: In a model predicting car fuel efficiency (mpg) based on engine size (liters) and vehicle
weight (tons), a coefficient of -5.2 for vehicle weight indicates that, on average, a one-ton increase in
vehicle weight is associated with a 5.2 mpg decrease in fuel efficiency, holding engine size constant

Statistical Significance of Coefficients

* P-value associated with each coefficient tests null hypothesis that true value of coefficient is zero
(smaller p-values provide stronger evidence against null hypothesis)

« Standard error of each coefficient measures variability of estimated coefficient (smaller standard
errors indicate more precise estimates)

+ Confidence intervals for each coefficient provide range of plausible values for true coefficient, based
on observed data and desired level of confidence (95% confidence interval is common)

» Example: A p-value of 0.01 for the engine size coefficient suggests strong evidence that engine size
has a significant effect on fuel efficiency, while a p-value of 0.65 for the vehicle color coefficient
suggests that color does not have a significant effect on fuel efficiency, holding other variables constant

Evaluating Regression Model Performance

Goodness-of-Fit Measures

« Coefficient of determination (R-squared) measures proportion of variance in dependent variable
explained by independent variables in the model (values closer to 1 indicate better fit)

+ Adjusted R-squared adjusts R-squared value to account for number of independent variables in the
model (provides more conservative estimate of model's explanatory power)

» Example: An R-squared value of 0.85 indicates that 85% of the variability in the dependent variable is
explained by the independent variables in the model

Diagnostic Plots and Tests

* Residual plots (residuals vs. fitted values, residuals vs. each independent variable) assess linearity
and constant variance assumptions (random scatter around zero indicates good fit)

* Normal probability plots of residuals assess normality assumption (points falling close to a straight line
indicate good fit)

* Variance inflation factors (VIFs) measure degree of multicollinearity among independent variables
(values greater than 5 or 10 indicate potential problems)
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* Outlier diagnostics (leverage, Cook's distance) identify influential observations that may have
disproportionate impact on model results

» Example: A residual plot showing a clear curved pattern suggests that the linearity assumption may be
violated and a nonlinear term should be considered

Model Validation Techniques

* Cross-validation techniques (k-fold cross-validation) assess predictive performance of model on new
data (smaller prediction errors indicate more robust model)

+ Hold-out validation: split data into training and testing sets, fit model on training set, and evaluate
performance on testing set

» Example: Using 5-fold cross-validation, the model is trained and evaluated 5 times, each time using a
different 20% of the data for testing and the remaining 80% for training. The average performance
across the 5 folds provides an estimate of the model's predictive ability on new data

Predictive Modeling with Multiple Linear Regression

Developing Predictive Models

* Multiple linear regression can be used to develop predictive models that estimate value of dependent
variable based on values of multiple independent variables

* Predictive models can be used to make informed decisions (selecting optimal process settings,
predicting system performance under different conditions)

« Example: A multiple linear regression model that predicts product yield based on temperature,
pressure, and catalyst concentration can be used to identify optimal operating conditions that maximize
yield

Optimization and Process Improvement

* Multiple linear regression can be used with optimization techniques (response surface methodology)
to identify combination of independent variable values that maximizes or minimizes desired response
variable

* In engineering applications, multiple linear regression can model and optimize processes
(manufacturing, chemical reactions, energy systems)

* Example: In a chemical manufacturing process, a multiple linear regression model relating product
purity to reaction temperature, pressure, and reactant concentrations can be used to determine the
optimal settings that maximize purity while minimizing cost

Practical Considerations and Limitations

» When using multiple linear regression for prediction or optimization, important to validate model using
independent data and consider practical implications and limitations of model results

» Models should be interpreted in the context of the specific application and data used to develop them
« Extrapolating beyond the range of the observed data can lead to unreliable predictions

* Models should be updated periodically as new data becomes available to ensure continued accuracy
and relevance
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* Example: A multiple linear regression model developed using data from a particular manufacturing
facility may not generalize well to other facilities with different equipment or operating conditions, so it is
important to validate the model in each new context

6.3 Polynomial regression

Polynomial regression takes linear regression to the next level, modeling complex relationships between
variables as curved lines. It's a powerful tool for engineers dealing with nonlinear data that simple straight
lines can't capture.

This method shines in engineering applications, from predicting material behavior to optimizing machine
performance. By fitting curves to data, polynomial regression helps make better predictions and decisions
in various engineering fields.

Polynomial Regression in Engineering

Concept and Applications

* Polynomial regression models the relationship between independent and dependent variables as an
nth degree polynomial function

» Used when the relationship between variables is nonlinear and cannot be adequately captured by a
simple linear regression model

* Applied in engineering contexts to model complex relationships
+ Behavior of materials under different conditions

+ Performance of machines or systems

* Optimization of processes

» Employed for curve fitting, data interpolation, and extrapolation in various engineering domains
(mechanical, electrical, chemical, civil engineering)

Advantages and Uses
« Captures nonlinear patterns that cannot be adequately represented by a simple linear model
* Models complex behaviors in engineering systems
+ Performance of a machine under varying operating conditions
« Efficiency of a process at different parameter settings
* Response of a material to different stress levels

* Provides more accurate predictions and better fits the observed data compared to linear regression
models

« Aids in optimizing engineering designs, controlling processes, and making data-driven decisions

Polynomial Model Degree Selection

Factors Influencing Degree Choice

» The degree determines the complexity and flexibility of the regression curve
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* Higher degree allows for more complex relationships but may lead to overfitting

+ Choice depends on the nature of the data and underlying physical or engineering principles governing
the relationship between variables

* Visual inspection of data points plotted on a scatter plot provides an initial indication of appropriate
degree

* Clear curvature or multiple bends suggest a higher degree polynomial may be necessary

* Domain knowledge and understanding of the engineering system being modeled can guide the
selection

» Some relationships may have known theoretical foundations suggesting a specific degree

Model Selection Techniques

« Principle of parsimony (Occam's razor) suggests choosing the simplest model that adequately fits the
data

* Select the lowest degree polynomial that captures essential features without overfitting

+ Cross-validation techniques (k-fold cross-validation) assess performance of polynomial models with
different degrees

* Helps select the optimal degree balancing fit and generalization

+ Consider the range and distribution of independent variables to ensure the model is not extrapolating
beyond observed data

« Validate polynomial regression models using appropriate techniques

+ Cross-validation or holdout validation assess performance on unseen data and guard against
overfitting

Coefficient Interpretation in Polynomial Regression

Understanding Coefficients

+ Coefficients represent weights assigned to each term of the polynomial function
* Interpretation depends on the degree of the polynomial and scale of the variables

» Constant term (intercept) represents the predicted value of the dependent variable when all
independent variables are zero

« Coefficient of the linear term indicates the change in the dependent variable for a one-unit increase in
the independent variable, assuming all other terms are held constant

« Coefficients of higher-order terms (quadratic, cubic) represent the impact of corresponding powers of
the independent variable on the dependent variable

+ Capture nonlinear effects in the relationship

Assessing Coefficient Significance

« Significance of coefficients assessed using hypothesis testing and p-values
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* Low p-value (typically < 0.05) suggests coefficient is statistically significant and has a meaningful
impact on the dependent variable

» Magnitude and sign of coefficients provide insights into direction and strength of the relationship
* Positive coefficients indicate a positive relationship
* Negative coefficients indicate an inverse relationship

+ Choice of polynomial degree and inclusion of interaction terms based on domain knowledge, statistical
significance, and model performance metrics (mean squared error, R-squared)

Polynomial Regression for Nonlinear Relationships

Capturing Nonlinearity
« Particularly useful when the relationship between variables exhibits a nonlinear pattern
+ Captures complex behaviors in engineering systems
» Performance of a machine under varying operating conditions
« Efficiency of a process at different parameter settings
» Response of a material to different stress levels

* Provides more accurate predictions and better fits the observed data compared to linear regression
models

Application and Considerations

* Improved predictive accuracy aids in optimizing engineering designs, controlling processes, and
making data-driven decisions

+ Consider the range and distribution of independent variables to ensure the model is not extrapolating
beyond observed data

« Validate polynomial regression models using appropriate techniques

+ Cross-validation or holdout validation assess performance on unseen data and guard against
overfitting

+ Choice of polynomial degree and inclusion of interaction terms based on domain knowledge, statistical
significance, and model performance metrics (mean squared error, R-squared)

6.4 Logistic regression

Logistic regression is a powerful tool for predicting binary outcomes in engineering. It helps us figure out
what factors influence things like product defects or component failures, and how likely they are to happen.

By analyzing the relationships between different variables and the outcome we're interested in, logistic
regression gives us valuable insights. We can use these to make better decisions about design, quality
control, and risk management in engineering projects.
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Logistic Regression for Binary Outcomes

Concept and Purpose

* Logistic regression is a statistical modeling technique used to predict a binary (two-level) categorical
outcome variable based on one or more predictor variables

* In engineering, logistic regression commonly models the probability of success or failure, presence or
absence, or other binary outcomes of interest (defective or non-defective product, component failure or
survival)

* The logistic regression model estimates the logarithm of the odds (log-odds) of the binary outcome as
a linear combination of the predictor variables

* The logistic function, also known as the sigmoid function, transforms the log-odds into a probability
value between 0 and 1

* The logistic function has an S-shaped curve that maps any real-valued number to a value between 0
and 1

* The logistic function is defined as: 1 +le—z, where Z is the linear combination of predictor variables

* Logistic regression assumes a linear relationship between the predictor variables and the log-odds of
the outcome, but the relationship with the probability is non-linear due to the logistic transformation

Identifying Predictors and Making Predictions

*» The purpose of logistic regression in engineering is to identify the significant predictors, quantify their
impact on the binary outcome, and make predictions or support decision-making based on the model

« Significant predictors are the variables that have a strong influence on the probability of the binary
outcome

« Identifying significant predictors helps understand the factors that contribute to the occurrence of the
binary event (material properties, operating conditions, design parameters)

+ Quantifying the impact of predictors involves interpreting the coefficients and odds ratios associated
with each predictor variable

» Making predictions involves using the trained logistic regression model to estimate the probability of
the binary outcome for new instances based on their predictor variable values

* These predictions can be used to classify instances into binary categories (likely to fail or not likely to
fail) based on a chosen probability threshold

* The logistic regression model supports decision-making by providing insights into the factors
influencing the binary outcome and enabling "what-if* scenario analysis

Interpreting Coefficients and Odds Ratios

Coefficients and Log-Odds

* The coefficients in a logistic regression model represent the change in the log-odds of the outcome for
a one-unit increase in the corresponding predictor variable, holding other variables constant
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* A positive coefficient indicates that an increase in the predictor variable is associated with an increase
in the log-odds (and thus, the probability) of the outcome, while a negative coefficient indicates a
decrease

+ For example, if the coefficient for "temperature” is positive, it means that higher temperature values
are associated with a higher probability of the binary outcome (component failure)

» The magnitude of the coefficient represents the strength of the association between the predictor
variable and the log-odds of the outcome

« Larger coefficients (in absolute value) indicate a stronger influence of the predictor variable on the
log-odds

Odds Ratios

» The odds ratio is obtained by exponentiating the coefficient and represents the multiplicative change
in the odds of the outcome for a one-unit increase in the predictor variable

» An odds ratio greater than 1 indicates that the predictor variable is positively associated with the
outcome, while an odds ratio less than 1 indicates a negative association

+ For example, if the odds ratio for "pressure” is 1.5, it means that a one-unit increase in pressure is
associated with a 50% increase in the odds of the binary outcome

* The interpretation of odds ratios depends on the scale of the predictor variables, and it is important to
consider the practical significance of the change in odds

« For binary predictor variables (presence or absence of a condition), the odds ratio represents the
change in odds when the condition is present compared to when it is absent

» Confidence intervals for the coefficients and odds ratios provide information about the precision and
statistical significance of the estimates

« If the confidence interval for an odds ratio includes 1, it suggests that the association between the
predictor variable and the outcome may not be statistically significant

Logistic Regression Model Performance

Performance Metrics

* Model performance in logistic regression can be assessed using various metrics that quantify the
agreement between the predicted probabilities and the observed binary outcomes

* The confusion matrix summarizes the model's classification performance by comparing the predicted
and actual outcomes, including true positives, true negatives, false positives, and false negatives

* True positives (TP): correctly predicted positive instances

* True negatives (TN): correctly predicted negative instances

* False positives (FP): negative instances incorrectly predicted as positive
* False negatives (FN): positive instances incorrectly predicted as negative

» Accuracy measures the overall proportion of correct predictions but can be misleading when the
classes are imbalanced

- TP+TN
* Accuracy = Tpr TN + FP F FN
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* Sensitivity (or recall) quantifies the model's ability to correctly identify positive instances, while
specificity measures the ability to correctly identify negative instances

* Sensitivity = %

- Specificity = T7rp
Discrimination Ability

* The receiver operating characteristic (ROC) curve plots the sensitivity against the false positive rate
(1-specificity) at various probability thresholds, providing a visual assessment of the model's
discrimination ability

* The area under the ROC curve (AUC-ROC) is a single metric that summarizes the overall
discrimination performance of the model, with values closer to 1 indicating better discrimination

* An AUC-ROC of 0.5 indicates a model with no discrimination ability (random guessing), while an
AUC-ROC of 1 represents perfect discrimination

+ Other metrics, such as precision, F1-score, and log-loss, can provide additional insights into the
model's performance depending on the specific engineering application and the relative importance of
different types of errors

* Precision measures the proportion of true positive predictions among all positive predictions

* F1-score is the harmonic mean of precision and recall, providing a balanced measure of the model's
performance

* Log-loss quantifies the dissimilarity between the predicted probabilities and the actual binary
outcomes, with lower values indicating better performance

Logistic Regression Applications in Engineering

Application Steps

* Logistic regression can be applied to various engineering domains, such as quality control, reliability
analysis, fault diagnosis, and risk assessment, where binary outcomes are of interest

* The first step in applying logistic regression is to define the binary outcome variable and identify the
relevant predictor variables based on domain knowledge and data availability

* For example, in quality control, the binary outcome could be whether a product meets the quality
standards or not, and the predictor variables could include process parameters, material properties, and
operator factors

« Data preprocessing, including handling missing values, encoding categorical variables, and scaling
numerical variables, may be necessary to prepare the data for logistic regression modeling

* The logistic regression model is trained using a suitable optimization algorithm, such as maximum
likelihood estimation, to estimate the coefficients that best fit the data

» Model selection techniques, such as stepwise regression or regularization (L1 or L2 penalty), can be
used to identify the most informative predictor variables and prevent overfitting

« Stepwise regression iteratively adds or removes predictor variables based on their statistical
significance
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* Regularization techniques introduce a penalty term to the model's objective function to discourage
complex models and reduce overfitting

Prediction and Decision-Making

* The trained logistic regression model can be used to predict the probability of the binary outcome for
new instances based on their predictor variable values

» The predicted probabilities can be converted into binary predictions by setting a probability threshold,
which can be chosen based on the specific engineering application and the associated costs of different
types of errors

* For example, in a fault diagnosis application, a higher probability threshold may be used to minimize
false alarms, while a lower threshold may be used to ensure early detection of faults

* The logistic regression model can support decision-making by providing insights into the factors
influencing the binary outcome and enabling "what-if" scenario analysis by varying the predictor
variable values and observing the changes in predicted probabilities

« For instance, in reliability analysis, the model can help identify the critical components or operating
conditions that have the greatest impact on the probability of failure, guiding maintenance and design
decisions

« It is important to validate the logistic regression model using appropriate techniques, such as
cross-validation or holdout validation, to assess its generalization performance on unseen data and
ensure its reliability for decision-making in engineering applications

* Cross-validation involves partitioning the data into subsets, training the model on a subset, and
evaluating its performance on the remaining subsets

* Holdout validation involves splitting the data into separate training and testing sets, training the model
on the training set, and evaluating its performance on the testing set
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Unit 7 — Analysis of Variance (ANOVA) in
Statistics

7.1 One-way ANOVA

One-way ANOVA compares means of three or more groups to see if they're different. It's used in fields like
engineering to test if factors like material type affect outcomes. You'll need this to analyze experiments with
multiple groups.

One-way ANOVA assumes your data is normal, has equal variances, and is independent. If these aren't
met, you might need other tests. The results tell you if groups differ, but not which ones. That's where
post-hoc tests come in.

One-way ANOVA: Purpose and Application
Understanding One-way ANOVA

» One-way ANOVA (Analysis of Variance) is a statistical method used to compare the means of three or
more independent groups or levels of a categorical variable

* The purpose of one-way ANOVA is to determine whether there are any statistically significant
differences among the means of the groups being compared

* One-way ANOVA is used when the independent variable is categorical (nominal or ordinal) and the
dependent variable is continuous (interval or ratio)

* One-way ANOVA helps researchers and analysts draw conclusions about the effect of a categorical
variable on a continuous outcome

Applications of One-way ANOVA

» Examples of applications include comparing the effectiveness of different treatments (medication,
therapy, or educational interventions), evaluating the performance of various materials (different types
of concrete or alloys), or assessing the impact of different factors on a response variable (age groups,
income levels, or educational backgrounds)

* One-way ANOVA can be used in various fields, such as psychology, biology, engineering, and social
sciences, to analyze and compare group means

* In a manufacturing setting, one-way ANOVA can be employed to compare the quality of products
produced by different machines or production lines

+ In a marketing context, one-way ANOVA can be used to evaluate the effectiveness of different
advertising campaigns on consumer behavior or purchase intent

Assumptions and Requirements for One-way ANOVA

Data Requirements
» The dependent variable should be measured on a continuous scale (interval or ratio)

» The independent variable should consist of two or more categorical, independent groups
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* Observations within each group should be independent of each other, and the groups themselves
should be independent

* There should be no significant outliers in the data, as they can affect the results of the ANOVA

» The sample size for each group should be adequate to ensure sufficient statistical power

Assumptions of One-way ANOVA

* Normality: The dependent variable should be approximately normally distributed within each group

+ This assumption can be checked using histograms, Q-Q plots, or statistical tests like the Shapiro-Wilk
test

« If the normality assumption is violated, non-parametric alternatives like the Kruskal-Wallis test can be
considered

* Homogeneity of variances: The variances of the dependent variable should be equal across all groups
(homoscedasticity)

* This assumption can be assessed using Levene's test or Bartlett's test

« If the homogeneity of variances assumption is violated, alternative procedures like Welch's ANOVA or
non-parametric tests can be used

Interpreting One-way ANOVA Results
Key Components of ANOVA Output

» The F-statistic is the ratio of the between-group variability to the within-group variability. A larger
F-statistic indicates a greater difference between the group means relative to the variability within the
groups

* The p-value associated with the F-statistic determines the statistical significance of the differences
among the group means. A p-value less than the chosen significance level (e.g., 0.05) indicates that at
least one group mean is significantly different from the others

« Effect size measures, such as eta-squared (n?) or omega-squared (w?), quantify the magnitude of the
differences among the group means. These measures indicate the proportion of variance in the
dependent variable that is accounted for by the independent variable

Drawing Conclusions from ANOVA Results

« If the one-way ANOVA results are statistically significant (p-value < significance level), it suggests that
at least one group mean differs from the others. However, the ANOVA itself does not specify which
group means are significantly different from each other

* To determine which specific group means differ significantly, post-hoc tests or multiple comparison
procedures should be conducted

« If the one-way ANOVA results are not statistically significant (p-value > significance level), it indicates
that there is insufficient evidence to conclude that the group means are different from each other
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Post-hoc Tests for Group Mean Differences

Purpose of Post-hoc Tests

* Post-hoc tests, also known as multiple comparison tests, are used to identify which specific group
means differ significantly from each other when the one-way ANOVA results are statistically significant

* These tests help researchers and analysts pinpoint the source of the significant differences found in
the overall ANOVA

* Post-hoc tests control for the increased risk of Type | error (false positives) that arises when
conducting multiple pairwise comparisons

Common Post-hoc Tests

* Tukey's Honestly Significant Difference (HSD) test is widely used and controls the familywise error
rate, making it suitable for comparing all possible pairs of group means

* Tukey's HSD test is generally preferred when the sample sizes are equal and the number of groups is
not too large

» The Bonferroni correction adjusts the significance level for each comparison to control the overall
Type | error rate when conducting multiple comparisons

» The Bonferroni correction is more conservative than Tukey's HSD and is appropriate when the
number of comparisons is relatively small

* Scheffe's test is more conservative than Tukey's HSD and is appropriate when the sample sizes are
unequal or when testing complex contrasts

* Scheffe's test is suitable when the researcher wants to test not only pairwise comparisons but also
combinations of group means

* Dunnett's test is used when comparing each group mean to a control group mean, rather than
comparing all possible pairs of means

» Dunnett's test is useful when there is a specific control or reference group to which all other groups
are compared

The choice of post-hoc test depends on the specific research question, the number of groups being
compared, the assumptions met by the data, and the desired level of statistical power and control over
Type | error

7.2 Two-way ANOVA

Two-way ANOVA helps analyze the effects of two factors on an outcome. It's like examining how diet and
exercise impact weight loss, considering both separately and together. This method reveals if factors work
independently or interact.

Understanding interactions is key. If diet's effect on weight loss changes with exercise level, that's an
interaction. This impacts how we interpret results, as the influence of one factor may depend on the other's
level.
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Two-way ANOVA for Data Analysis

Situations Appropriate for Two-way ANOVA

» Two-way ANOVA is used when there are two independent variables (factors) and one dependent
variable in a study design

» Each independent variable must have at least two levels or groups, and the dependent variable must
be continuous and normally distributed

» Two-way ANOVA allows for the examination of main effects for each independent variable and the
interaction effect between the two independent variables on the dependent variable

» Examples of appropriate situations for two-way ANOVA include:
» Comparing the effects of different treatments and genders on a health outcome (blood pressure)

« Examining the impact of different teaching methods and student backgrounds on test scores (math
achievement)

Setting Up and Interpreting Two-way ANOVA

* To set up a two-way ANOVA, the data should be organized in a table with the levels of one
independent variable as rows and the levels of the other independent variable as columns, with the
dependent variable values in each cell

* The null hypothesis for main effects states that there is no difference in the means of the dependent
variable across the levels of each independent variable, while the alternative hypothesis suggests that
at least one level differs significantly from the others

 The null hypothesis for the interaction effect states that there is no interaction between the two
independent variables, meaning that the effect of one independent variable on the dependent variable
does not change across the levels of the other independent variable

Main and Interaction Effects in ANOVA
Main Effects

* Main effects in a two-way ANOVA represent the overall effect of each independent variable on the
dependent variable, ignoring the other independent variable

» For example, in a study examining the effects of different diets (low-carb, low-fat) and exercise levels
(low, moderate, high) on weight loss, the main effect of diet would compare the average weight loss
across all exercise levels for each diet type

« Similarly, the main effect of exercise would compare the average weight loss across all diet types for
each exercise level

Interaction Effects

« Interaction effects in a two-way ANOVA occur when the effect of one independent variable on the
dependent variable changes depending on the level of the other independent variable

* In the previous example, an interaction effect would be present if the effect of diet on weight loss
differed depending on the level of exercise
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* For instance, if the low-carb diet resulted in greater weight loss than the low-fat diet for those with low
exercise levels, but the opposite was true for those with high exercise levels

» The presence of a significant interaction suggests that the main effects should be interpreted with
caution, as the effect of one independent variable may depend on the level of the other independent
variable

Statistical Interaction and Implications

Understanding Statistical Interaction

« Statistical interaction occurs when the effect of one independent variable on the dependent variable is
different at different levels of the other independent variable

« Graphical representations, such as interaction plots or profile plots, can help visualize and interpret
the nature of the interaction between the two independent variables

« Parallel lines in an interaction plot indicate no interaction, while non-parallel or crossing lines suggest
the presence of an interaction

* When a significant interaction is found, it is important to examine simple main effects, which are the
effects of one independent variable at each level of the other independent variable, to better understand
the relationship between the variables

Implications for Interpreting Results

» The presence of a significant interaction suggests that the main effects should be interpreted with
caution, as the effect of one independent variable may depend on the level of the other independent
variable

+ In the presence of a significant interaction, focusing on simple main effects rather than overall main
effects provides a more accurate understanding of the relationships between the variables

* Interpreting results in the context of a significant interaction requires considering the specific
combinations of levels of the independent variables and their corresponding effects on the dependent
variable

 For example, in a study examining the effects of stress (low, high) and coping strategies
(problem-focused, emotion-focused) on mental well-being, a significant interaction might indicate that
problem-focused coping is more effective for managing low stress, while emotion-focused coping is
more beneficial for high stress situations

Post-hoc Tests for ANOVA Results

Purpose of Post-hoc Tests

* Post-hoc tests are used to determine which specific groups differ significantly from each other when a
main effect or interaction effect is found to be significant in a two-way ANOVA

* These tests help identify the specific differences between group means that contribute to the overall
significant effect

« Common post-hoc tests for two-way ANOVA include:

* Tukey's Honestly Significant Difference (HSD) test
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» Bonferroni correction

* Scheffe's test

Conducting Post-hoc Tests

* Post-hoc tests control for the familywise error rate, which is the probability of making at least one Type
| error (false positive) when conducting multiple comparisons

» When a significant interaction is present, post-hoc tests should be conducted on simple main effects
rather than overall main effects to accurately interpret the results

* This involves comparing the levels of one independent variable at each level of the other independent
variable

* Post-hoc tests provide adjusted p-values that account for the multiple comparisons being made,
ensuring that the overall Type | error rate remains at the desired level (usually 0.05)

Interpreting Post-hoc Test Results

* Interpreting post-hoc test results involves identifying which specific group differences are statistically
significant and discussing the practical implications of these differences in the context of the research
question and study design

* For example, in a study comparing the effectiveness of three different therapy approaches
(cognitive-behavioral, psychodynamic, and humanistic) for treating depression across age groups
(young adults, middle-aged adults, older adults), post-hoc tests might reveal that cognitive-behavioral
therapy is significantly more effective than the other two approaches for young adults, while all three
approaches are equally effective for older adults

* These results would suggest that tailoring therapy approaches based on age group may be beneficial
for optimizing treatment outcomes in depression

7.3 Factorial designs and interaction effects

Factorial designs are a powerful tool in engineering experiments, allowing us to study multiple factors and
their interactions simultaneously. They're more efficient than one-factor-at-a-time experiments, giving us a
fuller picture of how variables affect outcomes.

In this part of our ANOVA journey, we'll learn how to set up and analyze factorial designs. We'll explore
main effects, interaction effects, and how to interpret results to make better engineering decisions.

Factorial Designs for Experiments

Fundamentals of Factorial Designs

* Factorial designs involve two or more factors (independent variables), each with discrete possible
values or levels, to study the effect of the factors on a response variable

« In a full factorial design, experimental runs are performed at all combinations of the factor levels,
allowing estimation of the main effects and interactions between the factors

» The number of experimental runs required for a full factorial design is the product of the number of
levels of each factor

* A 27k design for k factors with 2 levels each (temperature and pressure)
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* Fractional factorial designs use a subset of the runs from a full factorial design, sacrificing some
higher-order interactions to reduce the number of runs while still estimating main effects and
lower-order interactions

Considerations in Factorial Design Selection

* The choice of factorial design depends on the number of factors, the number of levels for each factor,
the available resources, and the desired resolution (ability to estimate main effects and interactions)

+ Analysis of factorial designs involves fitting a regression model with terms for the main effects and
interactions, and using ANOVA to test the significance of these effects

* Factorial designs are more efficient than one-factor-at-a-time (OFAT) experiments, requiring fewer
total runs to estimate main effects and interactions

* Factorial designs provide information about the entire experimental space, while OFAT experiments
only explore a limited portion of the space

Main Effects and Interactions

Interpreting Main Effects

* A main effect is the direct effect of a factor on the response variable, averaged over the levels of the
other factors

* The significance of main effects can be assessed using ANOVA F-tests, with p-values indicating the
strength of evidence against the null hypothesis of no effect

» Main effects are estimated using all the data in a factorial design, making them less affected by
experimental error compared to OFAT experiments

Understanding Interaction Effects

* An interaction effect occurs when the effect of one factor on the response variable depends on the
level of another factor

* Interaction plots display the mean response for each combination of factor levels, with lines
connecting the means for each level of one factor

« Parallel lines indicate no interaction (additive effects)
* Non-parallel lines suggest an interaction (synergistic or antagonistic effects)

* The presence of a significant interaction can make the interpretation of main effects misleading, as the
effect of a factor may differ depending on the levels of other factors

+ Higher-order interactions involve three or more factors and can be more difficult to interpret

+ Often, only main effects and two-way interactions are considered in the analysis

Factorial vs One-Factor-at-a-Time

Limitations of OFAT Experiments

» One-factor-at-a-time (OFAT) experiments vary only one factor at a time, holding all other factors
constant, and do not allow the estimation of interaction effects
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* OFAT experiments only explore a limited portion of the experimental space, providing less information
than factorial designs

* OFAT experiments cannot detect interactions between factors, which can be critical in understanding
the behavior of a system

Advantages of Factorial Designs

* Factorial designs allow the estimation of interaction effects, providing a more comprehensive
understanding of the system

+ Factorial designs are more efficient than OFAT experiments, requiring fewer total runs to estimate
main effects and interactions

« Factorial designs are less affected by experimental error, as each main effect is estimated using all
the data, rather than just a subset as in OFAT experiments

Factorial Designs in Engineering

Applying Factorial Designs to Real-World Problems

« Identify the factors of interest and their levels based on the problem context and available knowledge
(material type, processing temperature)

» Choose an appropriate factorial design based on the number of factors, desired resolution, and
resource constraints

» Conduct the experiment, randomizing the run order to minimize the impact of uncontrolled factors

* Analyze the data using regression and ANOVA to estimate main effects and interactions, and assess
their significance

Interpreting and Utilizing Results

* Interpret the results in the context of the original problem, considering the practical significance of the
effects in addition to their statistical significance

* Use the results to make decisions or recommendations

« Selecting optimal factor levels (temperature and pressure settings for maximum yield)

« Identifying important interactions (synergistic effect of temperature and catalyst concentration)
* Suggesting further experiments to refine understanding or explore new factors

* Consider the limitations of the experiment

* Range of factor levels studied (extrapolation beyond studied ranges may be unreliable)

» Assumption of linearity (non-linear effects may require different models)

* Potential presence of uncontrolled factors or measurement error (confounding variables, sensor
accuracy)
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7.4 Analysis of covariance (ANCOVA)

Analysis of covariance (ANCOVA) combines ANOVA and regression to control for a continuous variable's
effect on the dependent variable. It's used when there's a categorical independent variable and a
continuous covariate related to the dependent variable but not the main focus.

ANCOVA adjusts means of the dependent variable for each level of the independent variable, accounting
for the covariate's effect. This allows for a more accurate assessment of the relationship between the
independent and dependent variables, increasing the analysis's power.

ANCOVA: Purpose and Application
Using ANCOVA to Control for Covariates

* Analysis of covariance (ANCOVA) is a statistical technique that combines features of analysis of
variance (ANOVA) and regression analysis to control for the effect of a continuous variable (covariate)
on the dependent variable

* ANCOVA is used when there is a categorical independent variable (with two or more levels) and a
continuous covariate that is related to the dependent variable but not of primary interest in the study

» The purpose of ANCOVA is to remove the effect of the covariate from the dependent variable,
allowing for a more accurate assessment of the relationship between the independent variable and the
dependent variable

+ ANCOVA adjusts the means of the dependent variable for each level of the independent variable,
taking into account the effect of the covariate, a process known as "controlling for" or "partialling out"
the effect of the covariate

Situations Where ANCOVA is Appropriate

» Comparing the effectiveness of different teaching methods on student performance while controlling
for students' prior knowledge (covariate)

* Assessing the impact of different diets on weight loss while controlling for participants' initial weight
(covariate)

« Evaluating the effect of different treatment options on patient outcomes while controlling for age
(covariate)

* Investigating the influence of different management styles on employee satisfaction while controlling
for years of experience (covariate)

ANCOVA: Assumptions and Requirements
Data Requirements for ANCOVA

* Independence: Observations within each group should be independent of each other

» Normality: The dependent variable should be normally distributed within each group of the
independent variable, at each level of the covariate

» Homogeneity of variance: The variance of the dependent variable should be equal across all groups of
the independent variable, at each level of the covariate (homoscedasticity)

Fiveable archived study guides Page 86



* Linearity: There should be a linear relationship between the covariate and the dependent variable
within each group of the independent variable

Additional Assumptions for ANCOVA

* Homogeneity of regression slopes: The relationship between the covariate and the dependent
variable should be the same (parallel) across all groups of the independent variable, meaning the
regression lines for each group should have the same slope

* Reliability of covariate measurement: The covariate should be measured reliably and without error to
ensure accurate adjustment of the dependent variable

« Covariate is not affected by the treatment: The covariate should not be influenced by the levels of the
independent variable (treatment) and should be measured before the treatment is applied to avoid
confounding effects

» No multicollinearity: If multiple covariates are used, they should not be highly correlated with each
other to avoid issues with interpreting the results

Interpreting ANCOVA Results
Key Output from ANCOVA

» The ANCOVA output provides an F-test for the main effect of the independent variable on the
dependent variable, after controlling for the effect of the covariate, with a significant F-test indicating
differences between the groups of the independent variable, after adjusting for the covariate

* Adjusted means (also called estimated marginal means or least squares means) represent the mean
values of the dependent variable for each group of the independent variable, after controlling for the
effect of the covariate, and are the means that would be expected if all groups had the same mean
value on the covariate

* The effect of the covariate on the dependent variable is represented by the regression coefficient
(slope) associated with the covariate in the ANCOVA model, with a significant regression coefficient
indicating that the covariate is related to the dependent variable, and the sign of the coefficient (positive
or negative) indicating the direction of the relationship

Effect Size in ANCOVA

« Partial eta-squared (n?) can be used to measure the effect size of the independent variable and the
covariate on the dependent variable

« Partial eta-squared represents the proportion of variance in the dependent variable that is explained
by each factor, after controlling for the other factors in the model

+ Guidelines for interpreting partial eta-squared:
» Small effect size: 0.01 < n?<0.06
* Medium effect size: 0.06 < n?<0.14

* Large effect size: n>= 0.14
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ANOVA vs ANCOVA
Comparing ANOVA and ANCOVA

+ ANOVA and ANCOVA are both used to compare means of a dependent variable across groups of an
independent variable, but ANCOVA includes a continuous covariate in the model to control for its effect
on the dependent variable, while ANOVA does not

* ANOVA is appropriate when the independent variable is categorical, and there are no continuous
variables that need to be controlled for, while ANCOVA is appropriate when there is a categorical
independent variable and a continuous covariate that is related to the dependent variable but not of
primary interest

Advantages of ANCOVA

* ANCOVA can increase the power of the analysis by reducing the unexplained variance in the
dependent variable, as it removes the effect of the covariate, which can be particularly useful when the
covariate is strongly related to the dependent variable

* ANCOVA allows for a more accurate assessment of the relationship between the independent
variable and the dependent variable by controlling for the effect of the covariate

* ANOVA is a special case of ANCOVA, where the regression coefficient for the covariate is equal to
zero, meaning when the covariate is not related to the dependent variable, ANCOVA reduces to
ANOVA

Choosing Between ANOVA and ANCOVA

» The choice between ANOVA and ANCOVA depends on the research question, the nature of the
variables (categorical or continuous), and the presence of potential covariates that may influence the
dependent variable

« If there are no continuous variables that need to be controlled for, ANOVA is the appropriate choice

« If there is a continuous variable that is related to the dependent variable but not of primary interest,
ANCOVA should be used to control for its effect and improve the accuracy of the analysis
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Unit 8 — Design of Experiments in
Engineering Stats

8.1 Principles of experimental design

Experimental design is crucial for engineers to systematically study factors affecting processes. By
applying key principles like randomization and replication, we can minimize bias and improve precision in
our experiments. This topic lays the foundation for conducting meaningful studies.

Understanding factors, levels, and responses is essential for effective experimental design. We'll explore
common designs like completely randomized and factorial, as well as advanced techniques like response
surface methodology. These tools help engineers optimize processes and make data-driven decisions.

Principles of Experimental Design

Key Principles and Terminology

* Experimental design is a systematic approach to planning and conducting experiments to obtain
meaningful and valid conclusions about the factors affecting a process or system

* The key principles of experimental design include randomization, replication, and blocking, which help
to minimize bias, reduce variability, and improve the precision of the experimental results

* Factors are the independent variables that are manipulated or controlled during the experiment to
observe their effect on the response variable (temperature, pressure, concentration)

* Levels are the specific values or settings of the factors at which the experiment is conducted (low,
medium, high)

* The response variable, also known as the dependent variable, is the measurable outcome of the
experiment that is affected by the factors (yield, purity, strength)

Experimental Units and Treatments

» Experimental units are the entities or subjects on which the experiment is performed, such as
materials, products, or processes (steel samples, chemical reactors, manufacturing lines)

* Treatments are the combinations of factor levels applied to the experimental units

* Proper selection and assignment of treatments to experimental units are crucial for obtaining reliable
and interpretable results

+ Treatments should be well-defined, reproducible, and representative of the conditions of interest
Importance of Randomization, Replication, and Blocking

Randomization

» Randomization is the process of randomly assigning treatments to experimental units, which helps to
minimize bias and ensure that any differences in the response variable are due to the factors being
studied
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* Randomization helps to distribute any unknown or uncontrollable factors evenly across the
treatments, reducing their impact on the experimental results

* Randomization can be achieved through the use of random number tables, computer-generated
random numbers, or physical methods (coin flips, dice rolls)

Replication and Blocking

* Replication involves repeating the experiment multiple times under the same conditions, which allows
for the estimation of experimental error and increases the precision of the results

+ Replication helps to distinguish between the true effects of the factors and the random variation
inherent in the experimental process

* Blocking is a technique used to reduce the variability in the response variable caused by known
sources of variation that are not of primary interest in the experiment (batch-to-batch variation, operator
differences)

* Blocking involves grouping similar experimental units together and assigning treatments within each
block, which helps to isolate the effect of the blocking factor from the main factors of interest

Factors, Levels, and Responses

Identifying Factors and Levels

+ To identify the factors in an experimental design, consider the variables that are believed to have an
effect on the response variable and can be manipulated or controlled during the experiment

+ Factors can be quantitative (temperature, pressure) or qualitative (material type, process method)

» Determine the levels for each factor by selecting a range of values or settings that cover the desired
experimental space and are practically feasible to implement

» The number of levels for each factor depends on the complexity of the relationship between the factor
and the response variable, as well as the available resources

Selecting Response Variables

« Identify the response variable by considering the measurable outcome that is relevant to the
objectives of the experiment and can be used to assess the effect of the factors

* Response variables can be quantitative (yield, strength) or qualitative (color, appearance)

+ Ensure that the response variable is quantifiable, reliable, and sensitive to changes in the factors
being studied

+ Multiple response variables may be necessary to fully characterize the performance of the system or
process under study

Experimental Designs and Applications

Common Experimental Designs

» Completely randomized design (CRD) is the simplest type of experimental design, where treatments
are randomly assigned to experimental units without any blocking or restrictions
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* Randomized complete block design (RCBD) is used when there is a known source of variation that
can be controlled through blocking, and treatments are randomly assigned within each block

« Latin square design is a special case of RCBD where the blocking is done in two dimensions (rows
and columns) to control for two sources of variation simultaneously

« Factorial design involves studying the effect of two or more factors simultaneously, where each factor
has two or more levels, and all possible combinations of factor levels are tested

« Full factorial design includes all possible combinations of factor levels, while fractional factorial design
uses a subset of the combinations to reduce the experimental effort

Advanced Experimental Designs

» Response surface methodology (RSM) is used to optimize a response variable by fitting a polynomial
model to the experimental data and identifying the optimal settings of the factors

* RSM designs, such as central composite designs and Box-Behnken designs, allow for the estimation
of quadratic effects and interactions between factors

* Split-plot design is used when some factors are harder to change than others, and the experiment is
divided into main plots (for hard-to-change factors) and subplots (for easy-to-change factors)

* Split-plot designs are useful in industrial settings where certain factors (oven temperature) are more
difficult or costly to change than others (product formulation)

8.2 Randomized block designs

Randomized block designs are a powerful tool in experimental statistics. They help control for known
nuisance factors while testing treatment effects. By dividing units into homogeneous blocks and randomly
assigning treatments within each block, these designs reduce variability and increase precision.

This approach is crucial in engineering applications where external factors can influence results. The
design allows for more accurate comparisons between treatments by accounting for block effects,
enhancing the reliability of experimental findings in various engineering contexts.

Randomized Block Designs: Purpose and Structure

Blocking to Control Nuisance Factors

+ Randomized block designs control for the effects of a known nuisance factor (blocking variable) while
testing for differences between treatment conditions

» Experimental units are divided into homogeneous groups (blocks) based on a blocking variable, and
treatments are randomly assigned within each block

* The blocking variable influences the response variable but is not of primary interest in the experiment
(e.g., soil type in an agricultural experiment, machine operator in a manufacturing process)

* Blocking reduces variability within treatment groups, increasing the precision of treatment
comparisons and the power of the experiment

Model and Design Structure

» The model for a randomized block design includes terms for the overall mean, treatment effects, block
effects, and random error: Yy =K + T+ B; + &
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« M represents the overall mean response

« Ti represents the effect of the j-th treatment

« Bj represents the effect of the J-th block

- &€jj represents the random error associated with the ij-th observation

* The total number of experimental units in a randomized block design is the product of the number of
treatments and the number of blocks (e.g., 4 treatments and 5 blocks require 20 experimental units)

ANOVA for Randomized Block Data
Partitioning Variability

» The analysis of variance (ANOVA) for a randomized block design partitions the total variability in the
response variable into components attributable to treatments, blocks, and random error

* The treatment sum of squares (SS_Treatments) measures the variability between treatment means
* The block sum of squares (SS_Blocks) measures the variability between block means

* The error sum of squares (SS_Error) represents the variability within treatment groups, after
accounting for block effects

* The total sum of squares (SS_Total) is the sum of SS_Treatments, SS_Blocks, and SS_Error

F-tests for Treatment and Block Effects

* The F-test for treatment effects compares the mean square for treatments (MS_Treatments) to the
mean square for error (MS_Error), testing the null hypothesis of no difference between treatment
means

— Ms
* Frreatments = —Jg?ﬁ":"ts

* The F-test for block effects compares the mean square for blocks (MS_Blocks) to the mean square for
error (MS_Error), testing the null hypothesis of no difference between block means

— MS
« FBiocks = ﬁ

Interpreting Randomized Block Results

Hypothesis Testing and Coefficient of Determination

* A significant F-test for treatment effects indicates that at least one treatment mean differs from the
others, rejecting the null hypothesis of no difference between treatments

* A non-significant F-test for treatment effects suggests insufficient evidence to conclude that the
treatment means differ, failing to reject the null hypothesis

* A significant F-test for block effects indicates that the blocking variable has a significant impact on the
response variable, justifying the use of a randomized block design

* The coefficient of determination (R*2) measures the proportion of total variability in the response
variable explained by the treatments and blocks
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Post-hoc Analysis and Residual Diagnostics

* Pairwise comparisons of treatment means, such as Tukey's HSD test or Fisher's LSD test, identify
which specific treatments differ significantly from each other (e.g., comparing different fertilizer
formulations in an agricultural experiment)

* Residual analysis assesses the assumptions of ANOVA, including normality, homogeneity of
variances, and independence of errors

* Residual plots (residuals vs. fitted values, residuals vs. order) can reveal patterns or trends that violate
assumptions

» Shapiro-Wilk or Anderson-Darling tests assess the normality of residuals

* Levene's test or Bartlett's test assess the homogeneity of variances across treatment groups

Randomized Block Design for Engineering Problems

Identifying Design Components

« Identify the response variable, factors of interest (treatments), and potential blocking variables
relevant to the engineering problem (e.g., response: tensile strength, treatments: different materials,
blocking variable: production batch)

» Determine the number of treatments and the number of blocks based on the experimental resources
available and the desired precision of the experiment

* Define the experimental units and the method for assigning them to blocks based on the blocking
variable (e.g., assigning steel samples to blocks based on the production batch)

Randomization and Data Collection

* Randomly assign treatments to experimental units within each block, ensuring that each treatment
appears an equal number of times within each block

* Specify the data collection procedures, including the measurement methods, instruments, and any
necessary standardization or calibration (e.g., using a calibrated tensile testing machine to measure the
strength of materials)

» Determine the appropriate sample size based on the desired power, significance level, and expected
effect size (e.g., using power analysis to determine the number of replicates required)

Controlling Confounding Factors

+ Consider any potential confounding factors or sources of bias and take measures to control or
minimize their impact on the experiment (e.g., ensuring consistent environmental conditions, using the
same operator for all measurements)

* Randomization helps to balance the effects of uncontrolled factors across treatment groups

* Blocking reduces the impact of known nuisance factors on the precision of treatment comparisons
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8.3 Factorial and fractional factorial designs

Factorial and fractional factorial designs are powerful tools for studying multiple factors in experiments.
They help researchers understand how different variables affect outcomes, both individually and in
combination. This approach is crucial for optimizing processes and products efficiently.

These designs are part of the broader field of experimental design. They allow scientists to gather
maximum information with minimal resources, making them invaluable in industries like manufacturing,
pharmaceuticals, and agriculture.

Factorial and Fractional Designs

Understanding Factorial and Fractional Factorial Designs

« Factorial designs simultaneously study multiple factors, each at two or more levels, to understand their
individual and combined effects on a response variable

« In a full factorial design, all possible combinations of factor levels are tested, allowing the estimation of
main effects and interaction effects

+ Fractional factorial designs are a subset of full factorial designs, where only a fraction of the total
possible treatment combinations is used to reduce the number of experimental runs while still obtaining
information on the most important factors and interactions

* Fractional factorial designs are based on the principle of confounding, where certain higher-order
interactions are assumed to be negligible and are used to estimate the main effects and lower-order
interactions

Special Cases and Considerations in Factorial Designs

* The resolution of a fractional factorial design indicates the degree to which main effects and
lower-order interactions are confounded with higher-order interactions

* Plackett-Burman designs are a special type of fractional factorial design used for screening a large
number of factors to identify the most important ones (chemical process optimization)

Full Factorial Designs for Experiments

Constructing Full Factorial Designs

» The number of runs in a full factorial design is calculated as the product of the number of levels for
each factor (e.g., a 2k design for k factors, each at two levels)

» The design matrix for a full factorial experiment is constructed by listing all possible combinations of
factor levels, typically using a standard order or a randomized order (223 design with factors A, B, and
C)

Analyzing Full Factorial Designs

» The main effects of factors are calculated by comparing the average response at the high level of a
factor to the average response at the low level of the factor

* Interaction effects are calculated by comparing the differences in the average response between
levels of one factor at different levels of another factor
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+ Analysis of variance (ANOVA) is used to determine the statistical significance of main effects and
interaction effects in a factorial design

* Residual analysis is performed to check the assumptions of ANOVA, such as normality, constant
variance, and independence of errors

* Graphical methods, such as main effects plots and interaction plots, are used to visualize and interpret
the results of a factorial experiment (Pareto chart, half-normal plot)

Fractional Factorial Designs for Reduced Runs

Constructing Fractional Factorial Designs

* Fractional factorial designs are constructed by selecting a subset of the runs from a full factorial
design, typically using a design generator that defines the confounding pattern

» The most common types of fractional factorial designs are 2/(k-p) designs, where k is the number of
factors and p is the degree of fractionation (e.g., half-fraction, quarter-fraction)

* The alias structure of a fractional factorial design determines which effects are confounded with each
other and helps in selecting the appropriate design resolution (resolution lll, IV, V)

Strategies for Fractional Factorial Designs

* Design resolution is denoted by Roman numerals (e.g., lll, IV, V) and indicates the degree of
confounding between main effects, two-factor interactions, and higher-order interactions

* Higher resolution designs (e.g., resolution V) are preferred when estimating both main effects and
two-factor interactions is important, while lower resolution designs (e.g., resolution Ill) are used for
screening purposes

+ Blocking can be used in fractional factorial designs to reduce the impact of nuisance factors and
improve the precision of effect estimates (day-to-day variation)

» Sequential experimentation strategies, such as fold-over designs and follow-up experiments, can be
employed to de-alias confounded effects and estimate additional effects of interest

Interpreting Effects in Factorial Designs

Main Effects and Interaction Effects

» Main effects represent the average change in the response variable when a factor is varied from its
low level to its high level, while holding other factors constant

* A significant main effect indicates that the factor has a substantial impact on the response variable
and should be considered in the optimization of the process or product (temperature in a chemical
reaction)

* Interaction effects occur when the effect of one factor on the response variable depends on the level
of another factor

» Two-factor interactions are the most common and often the most important type of interaction in
factorial designs (synergistic or antagonistic effects)
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Interpreting and Visualizing Effects

* A significant interaction effect suggests that the optimal level of one factor depends on the level of the
other factor involved in the interaction

* Interaction plots are used to visualize the presence and nature of interaction effects, with non-parallel
lines indicating the existence of an interaction (catalyst type and temperature interaction)

» When significant interactions are present, main effects should be interpreted with caution, as the
optimal factor settings may depend on the levels of the interacting factors

+ Higher-order interactions (three-factor or more) are less common and often more difficult to interpret,
but they can be important in some cases and should not be overlooked (complex systems with multiple
interacting factors)

8.4 Response surface methodology

Response surface methodology is a powerful tool for optimizing complex systems. It uses statistical
techniques to model how multiple factors affect a response variable, helping engineers find the best
settings for processes.

In engineering, RSM is crucial for improving product quality and efficiency. It's used in diverse fields like
manufacturing, chemical processes, and product development to optimize performance while minimizing
costs and resources.

Response Surface Methodology: Purpose and Applications

Modeling and Analyzing Complex Systems

* Response surface methodology (RSM) is a collection of mathematical and statistical techniques used
to model, analyze, and optimize processes or systems where the response of interest is influenced by
multiple variables

* RSM is particularly useful when the relationship between the response and the input factors is
complex, nonlinear, or unknown, and when conducting physical experiments is expensive or
time-consuming

» The primary goal of RSM is to efficiently explore the relationship between the response variable and
the input factors, and to determine the factor settings that optimize the response

* RSM involves designing experiments, fitting mathematical models, and applying optimization
techniques to identify the best operating conditions for a given system or process

Diverse Applications Across Industries

* RSM is widely applied in various fields, including engineering, manufacturing, and product
development, to improve process performance, product quality, and efficiency

* Typical applications of RSM include optimizing chemical processes (reaction conditions, catalyst
formulations), designing robust manufacturing systems (machining parameters, process control), and
developing new products with desired properties (material composition, formulation)

* In the engineering domain, RSM is used to optimize the design of complex systems (aircraft
components, automotive parts) by considering multiple performance criteria and constraints
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* RSM is also employed in the food industry to develop new products (flavors, textures) and optimize
processing conditions (temperature, pressure) to ensure quality and safety

Central Composite Designs for Experiments

Components and Properties of Central Composite Designs

* Central composite designs (CCDs) are a class of experimental designs commonly used in RSM to
estimate second-order (quadratic) models

» CCDs consist of three parts: a factorial or fractional factorial design, center points, and axial (star)
points

* The factorial points allow for the estimation of linear and interaction effects
* The center points provide information about the curvature and repeatability of the process
* The axial points allow for the estimation of quadratic effects

* The two main types of CCDs are circumscribed (CCC) and inscribed (CCl) central composite designs,
which differ in the location of the axial points

* The selection of the axial distance (a) in CCDs depends on the desired properties of the design, such
as rotatability and orthogonality

Designing and Analyzing Experiments with CCDs

» The number of runs in a CCD is determined by the number of factors, the type of CCD, and the
desired resolution of the design

* For example, a two-factor CCD with a full factorial design requires 9 runs (4 factorial points, 4 axial
points, and 1 center point), while a three-factor CCD requires 15 runs (8 factorial points, 6 axial points,
and 1 center point)

* To analyze data from a CCD, multiple linear regression is used to fit a second-order model, which
includes linear, interaction, and quadratic terms

* The general form of a second-order model for two factors is:
y = Bo+ B1x1 + Baxz + Braxaxz + Bllx-f + [322X§ t+é

+ Analysis of variance (ANOVA) is employed to assess the significance of the model terms and the
adequacy of the fitted model

* Residual analysis is performed to check the assumptions of normality, constant variance, and
independence of errors

Response Surface Models for Optimization

Developing and Evaluating Response Surface Models

» Response surface models are mathematical equations that relate the response variable to the input
factors, typically using a second-order polynomial function

* The coefficients of the model are estimated using least squares regression based on the experimental
data obtained from the designed experiments
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* Model selection techniques, such as backward elimination or stepwise regression, can be used to
identify the most significant terms and simplify the model

* For example, a backward elimination procedure starts with the full second-order model and iteratively
removes the least significant terms until all remaining terms are statistically significant

* Residual analysis is performed to assess the adequacy of the fitted model, checking for normality,
constant variance, and independence of residuals

« Diagnostic plots, such as normal probability plots and residual versus fitted plots, are used to visually
evaluate the model assumptions

Optimizing Process Conditions Using Response Surface Models

» Once a satisfactory model is obtained, optimization techniques, such as the method of steepest
ascent/descent or numerical optimization algorithms, are applied to determine the factor settings that
maximize or minimize the response

* The method of steepest ascent/descent is an iterative procedure that sequentially moves along the
path of the steepest gradient until no further improvement in the response is observed

» Numerical optimization algorithms, such as sequential quadratic programming (SQP) or genetic
algorithms (GA), can handle more complex optimization problems with multiple constraints and
objectives

« Constraints on the input factors or the response can be incorporated into the optimization problem to
ensure feasible and practical solutions

 For example, in a chemical process optimization, constraints may include upper and lower bounds on
reaction temperature and pressure to ensure safety and equipment limitations

* Sensitivity analysis can be conducted to evaluate the robustness of the optimal solution and to identify
the most influential factors

* This involves perturbing the factor settings around the optimal point and observing the change in the
response to assess the sensitivity of the solution to uncertainties in the factors

Visualizing Response Surfaces and Contour Plots

Graphical Representation of Response Surfaces

» Response surface plots and contour plots are graphical tools used to visualize the relationship
between the response variable and two input factors, while holding other factors constant

* Response surface plots are three-dimensional representations of the fitted model, showing the
response as a function of two factors

* The response surface plot provides a visual understanding of the shape of the response surface,
including the presence of curvature, ridges, or valleys

« Contour plots are two-dimensional representations of the response surface, where lines of constant
response (contours) are drawn in the plane of two factors

« Contour plots are useful for identifying the combinations of factor levels that yield a desired response
value or range
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Interpreting and Utilizing Response Surface Visualizations

* These plots help to identify the general shape of the response surface, such as the presence of
curvature, ridges, or valleys

* The optimal operating conditions can be determined by locating the regions on the plots where the
response is maximized, minimized, or meets a specific target value

* For example, in a contour plot of yield versus temperature and pressure, the optimal operating
conditions would be located at the center of the concentric contours, indicating the highest yield

+ Overlaying multiple contour plots can reveal the sensitivity of the optimal solution to changes in the
factor settings and aid in selecting robust operating conditions

« Interactive visualization tools allow for the exploration of the response surface by changing the levels
of the input factors and observing the corresponding changes in the response

* These tools enable decision-makers to perform what-if analyses and assess the impact of different
scenarios on the process performance

* Visualization techniques can also be used to communicate the results of the RSM study to
stakeholders and facilitate decision-making

« Effective visualizations help to convey the key findings, trade-offs, and recommendations in a clear
and concise manner, promoting a shared understanding of the optimization problem and solutions
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Unit 9 — Quality Control & Process
Capability

9.1 Statistical process control (SPC)

Statistical process control (SPC) is a key quality management tool. It uses statistical methods to monitor
and control processes, ensuring they operate at their full potential. SPC aims to reduce variability, detect
special causes, and maintain process stability over time.

SPC involves control charts, process capability analysis, and acceptance sampling. These tools help
distinguish between common and special cause variation, assess process capability, and determine
product acceptance. Implementing SPC leads to quality improvement, proactive problem-solving, and
data-driven decision-making.

Statistical Process Control Principles

Fundamentals and Objectives

« Statistical process control (SPC) is a methodology for monitoring and controlling processes to ensure
they operate at their full potential, reducing process variation and ensuring conformance to product or
service requirements

* SPC involves the use of statistical methods to monitor and control the quality of a product or service
during the manufacturing or service delivery process, rather than relying solely on post-production
inspection

» The main objectives of SPC are to reduce variability in the process, detect and eliminate special
causes of variation, improve process performance, and maintain process stability over time

Applications and Implementation

» SPC is applicable to a wide range of industries, including manufacturing (automotive, electronics),
healthcare (patient care, laboratory testing), finance (fraud detection, risk management), and service
sectors (call centers, logistics), where process consistency and quality are critical to success

» The implementation of SPC involves a systematic approach, including defining process
characteristics, establishing measurement systems, collecting and analyzing data, and taking corrective
actions when necessary

Components of an SPC System

Control Charts

+ Control charts are graphical tools used to monitor process performance over time, helping to
distinguish between common cause variation (inherent to the process) and special cause variation
(unusual or unexpected)

» The most common types of control charts are X-bar and R charts for variable data (measurements,
dimensions) and p, np, ¢, and u charts for attribute data (defects, nonconformities)
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« Control charts consist of a centerline representing the average value of the quality characteristic,
upper and lower control limits that define the range of expected variation, and plotted data points
representing individual measurements or subgroup averages

Process Capability Analysis

* Process capability analysis is a statistical method used to assess the ability of a process to meet
specified requirements or tolerances

* Process capability indices, such as Cp and Cpk, are used to quantify the relationship between the
natural variability of a process and the specified tolerances

* A process is considered capable if the natural variation is smaller than the specified tolerances,
indicating that the process can consistently produce conforming products or services

Acceptance Sampling

» Acceptance sampling is a quality control technique used to determine whether to accept or reject a
batch of products based on a sample inspection

 Acceptance sampling plans define the sample size, acceptance criteria, and the risks associated with
accepting defective products (consumer's risk) or rejecting conforming products (producer's risk)

+ The choice of acceptance sampling plan depends on factors such as the lot size, the acceptable
quality level (AQL), and the inspection level (normal, tightened, or reduced)

Benefits of SPC Implementation

Quality Improvement and Variability Reduction

» SPC helps to identify and eliminate sources of process variation, resulting in more consistent and
predictable process performance and improved product or service quality

* By reducing variability, SPC minimizes scrap, rework, and warranty costs associated with
non-conforming products or services, leading to increased efficiency and cost savings

Proactive Problem Solving and Continuous Improvement

* SPC enables early detection of process issues, allowing for proactive corrective actions to be taken
before large quantities of non-conforming products are produced, thus reducing waste and improving
overall process efficiency

» The use of SPC promotes a culture of continuous improvement, as process performance is constantly
monitored and opportunities for improvement are identified and addressed

» SPC provides a data-driven approach to decision-making, enabling organizations to make informed
decisions based on objective evidence rather than subjective opinions or assumptions

Common vs Special Causes of Variation

Common Cause Variation

» Common cause variation, also known as natural or inherent variation, refers to the random, inevitable
variation present in any process, even when it is operating under stable conditions
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« Common causes are inherent to the process and are the result of the cumulative effect of many small,
unavoidable factors, such as minor fluctuations in raw materials (slight differences in composition),
environmental conditions (temperature, humidity), or operator performance (natural variability in human
behavior)

* Processes subject to only common cause variation are considered to be in a state of statistical control
and are predictable within certain limits

Special Cause Variation

* Special cause variation, also known as assignable cause variation, refers to variation that arises from
factors that are not normally present in the process and can be attributed to a specific, identifiable
cause

+ Special causes are often the result of a sudden change in the process, such as a machine malfunction
(worn-out tool, sensor failure), a change in raw material quality (supplier change, contamination), or a
human error (incorrect setup, operator fatigue)

» The presence of special cause variation indicates that the process is out of statistical control and may
produce non-conforming products or services

Distinguishing Between Common and Special Causes

+ Control charts are used to distinguish between common and special causes of variation by comparing
the plotted data points against the control limits

+ Points falling within the control limits are considered to be the result of common cause variation, while
points falling outside the control limits or exhibiting non-random patterns (trends, cycles, or clusters) are
indicative of special cause variation

« Effective process improvement efforts focus on reducing common cause variation through systemic
changes to the process (redesign, standardization, or optimization), while special cause variation is
addressed by identifying and eliminating the specific root causes of the variation (troubleshooting,
corrective actions, or preventive measures)

9.2 Control charts for variables and attributes

Control charts are essential tools in quality control, helping monitor process stability and detect variations.
They come in two main types: charts for variables, which track measurable characteristics, and charts for
attributes, which monitor countable defects or nonconformities.

Variables control charts include X-bar and R charts, used to monitor process means and ranges. Attribute
control charts, like p, np, ¢, and u charts, track defects or nonconforming items. Both types help identify
out-of-control points, guiding process improvements and maintaining product quality.

Control charts for variables

X-bar and R charts

+ Construct and interpret X-bar charts to monitor the sample means over time and detect shifts in the
process mean

+ X-bar charts track the central tendency of a process by plotting the means of subgroups (samples)
taken at regular intervals
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+ Control limits on X-bar charts are typically set at £3 standard deviations from the centerline, which
represents the grand mean (X-double-bar) of the subgroup means

* Points falling outside the control limits or exhibiting non-random patterns (trends, cycles, or shifts)
indicate the presence of special causes of variation that require investigation and corrective action

» Example: An X-bar chart for the diameter of a manufactured part can detect if the process mean has
shifted above or below the target value

* Develop and analyze R charts to monitor the sample ranges and identify changes in process
variability

* R charts track the dispersion or spread of a process by plotting the ranges (difference between the
largest and smallest values) of subgroups over time

« Control limits on R charts are based on the average range (R-bar) and factors derived from the
sample size and desired false alarm rate

* Points outside the control limits or non-random patterns on the R chart suggest changes in process
variability, which may require adjustments to maintain consistent output

» Example: An R chart for the weight of packaged products can identify if the process variability has
increased, leading to more underweight or overweight packages

Interpreting control charts for variables

* Assess process stability by examining the distribution of points relative to the control limits and
centerline

* A stable process exhibits points that fluctuate randomly around the centerline within the control limits,
without any systematic patterns or trends

« Out-of-control points or non-random patterns indicate the presence of special causes of variation that
need to be investigated and addressed

* Example: A process is considered stable if approximately 99.7% of the points fall within the £3
standard deviation control limits on the X-bar and R charts

« Identify potential issues and determine the need for process adjustments or improvements based on
the control chart analysis

« Out-of-control points or patterns on the X-bar chart may suggest shifts in the process mean, requiring
adjustments to bring the process back on target

» Changes in variability detected on the R chart may necessitate improvements to reduce process
inconsistency and enhance product quality

« Interpreting control charts helps prioritize improvement efforts and guide decision-making for process
optimization

» Example: If an X-bar chart shows a trend of increasing means, the process may need to be adjusted
to prevent the production of out-of-specification parts
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Control charts for attributes

p and np charts

« Construct and interpret p charts to monitor the proportion of nonconforming items in a sample

* p charts track the fraction or percentage of defective items in subgroups of varying size, based on the
number of nonconforming items divided by the total number of items inspected

« Control limits on p charts are calculated using the average proportion of nonconforming items (p-bar)
and the binomial distribution, considering the sample size

* Points outside the control limits or non-random patterns on the p chart indicate shifts in the process
quality or the presence of special causes affecting the proportion of nonconforming items

» Example: A p chart for the proportion of defective circuit boards can help monitor the quality of the
manufacturing process and identify when corrective action is needed

* Develop and analyze np charts to monitor the number of nonconforming items in a sample of constant
size

* np charts track the count of defective items in subgroups of fixed size, plotting the number of
nonconforming items over time

+ Control limits on np charts are based on the average number of nonconforming items (np-bar) and the
binomial distribution, assuming a constant sample size

« Out-of-control points or patterns on the np chart suggest changes in the process quality or the
influence of special causes on the number of nonconforming items

* Example: An np chart for the number of defective tires in a batch of 100 can help identify when the
process is producing an unusually high or low number of nonconforming tires

¢ and u charts

* Construct and interpret ¢ charts to monitor the number of defects or nonconformities in a sample

« ¢ charts track the count of defects or nonconformities in subgroups of constant size, such as the
number of surface flaws on a painted car or the number of errors in a software module

« Control limits on ¢ charts are calculated using the average number of defects per subgroup (c-bar)
and the Poisson distribution, assuming a fixed sample size

* Points outside the control limits or non-random patterns on the c chart indicate changes in the process
quality or the presence of special causes affecting the number of defects

» Example: A c chart for the number of surface defects on a manufactured part can help monitor the
effectiveness of the finishing process and identify when improvements are needed

* Develop and analyze u charts to monitor the average number of defects per unit in a sample of
varying size

* u charts track the average number of defects or nonconformities per inspection unit in subgroups of
varying size, such as the number of defects per square meter of fabric or the number of errors per 1000
lines of code
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« Control limits on u charts are based on the average number of defects per unit (u-bar) and the Poisson
distribution, considering the sample size

« Out-of-control points or patterns on the u chart suggest changes in the process quality or the influence
of special causes on the average number of defects per unit

» Example: A u chart for the number of defects per 100 meters of cable can help assess the consistency
of the cable manufacturing process and identify when corrective action is necessary

Control limits and out-of-control points

Calculating control limits

+ Determine the appropriate formulas for calculating control limits based on the type of control chart and
the underlying statistical distribution

* For X-bar charts, control limits are calculated using the grand mean (X-double-bar) and the average
range (R-bar) or standard deviation (s-bar) of the subgroups, along with factors based on the sample
size

* For R charts, control limits are based on the average range (R-bar) and factors derived from the
sample size and desired false alarm rate, typically using D3 and D4 constants

« For attribute charts (p, np, ¢, and u), control limits are calculated using the average proportion or count
of nonconforming items or defects and the appropriate statistical distribution (binomial or Poisson)

» Example: The upper and lower control limits for an X-bar chart are calculated as UCL = X+ AzR and
LCL = X — A>R, where A3 is a factor based on the subgroup size

* Apply the appropriate factors and constants to compute the control limits for each type of control chart

* Factors such as A2, D3, and D4 are used in the calculation of control limits for variables charts, while
factors such as 3 and v'n are used for attribute charts

* The choice of factors and constants depends on the subgroup size, desired false alarm rate, and the
assumptions of the underlying distribution

« Example: For an R chart with a subgroup size of 5, the upper and lower control limits are calculated as
UCLg = D4R and L.CLg = D3R, where D3 and D4 are constants based on the subgroup size

Identifying out-of-control points

» Recognize out-of-control points as observations that fall outside the control limits or exhibit
non-random patterns

* Points beyond the upper or lower control limits indicate the presence of special causes of variation
that require investigation and corrective action

* Non-random patterns, such as trends, cycles, or shifts, also suggest the influence of special causes,
even if the points remain within the control limits

« Example: A point above the upper control limit on an X-bar chart indicates that the process mean has
shifted significantly higher than expected

* Investigate the root causes of out-of-control points and implement appropriate corrective actions
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* Analyze the process, equipment, materials, personnel, and environment to identify the factors
contributing to the out-of-control situation

* Develop and implement targeted corrective actions to eliminate the special causes of variation and
restore process stability

» Document the findings and actions taken to address out-of-control points for future reference and
continuous improvement

» Example: If an out-of-control point is caused by a malfunctioning machine, the corrective action may
involve repairing or replacing the equipment to prevent further process disruptions

Control chart performance evaluation

Assessing the effectiveness of control charts

« Evaluate the ability of control charts to detect process changes and distinguish between common and
special causes of variation

« Control charts should be sensitive enough to quickly identify significant process shifts or variations
while minimizing false alarms due to random fluctuations

* The effectiveness of control charts depends on factors such as sample size, sampling frequency, and
the magnitude of the change or variation to be detected

» Example: A well-designed X-bar chart should be able to rapidly detect a shift of 1.5 standard
deviations in the process mean while maintaining a low false alarm rate

« Consider the impact of Type | and Type Il errors on control chart performance and decision-making

* Type | errors (false alarms) occur when a point falls outside the control limits due to chance alone,
leading to unnecessary investigations and adjustments

*» Type Il errors (missed detections) occur when a process change goes undetected, allowing the
process to continue operating in an out-of-control state

* The choice of control limits and sample size affects the balance between Type | and Type Il errors,
and should be based on the costs and risks associated with each type of error

» Example: In a high-risk manufacturing process, it may be more important to minimize Type Il errors
(missed detections) to ensure product safety, even if it results in a higher rate of Type | errors (false
alarms)

Measuring control chart performance

» Use metrics such as the average run length (ARL) to quantify the performance of control charts in
detecting process changes

» The ARL represents the average number of samples required to detect a process shift of a given
magnitude, with a shorter ARL indicating better performance

» ARL values can be calculated for both in-control (ARLO) and out-of-control (ARL1) states, providing
insights into the chart's sensitivity and false alarm rate

» Example: An X-bar chart with an ARLO of 370 and an ARL1 of 5 for a 1.5-standard-deviation shift in
the mean indicates that, on average, the chart will signal a false alarm every 370 samples when the
process is in control, and detect the shift within 5 samples when it occurs
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* Assess the practical implications of control chart performance on process monitoring and
improvement efforts

« Consider the costs and benefits associated with the control chart's sensitivity, false alarm rate, and
detection speed in the context of the specific process and industry

« Evaluate the impact of control chart performance on the efficiency and effectiveness of process
monitoring, root cause analysis, and continuous improvement initiatives

» Example: In a high-volume manufacturing process, a control chart with a higher false alarm rate may
be acceptable if it ensures rapid detection of critical process shifts, as the cost of investigating false
alarms may be outweighed by the benefits of preventing defects and maintaining product quality

9.3 Process capability analysis

Process capability analysis is a key tool in quality control. It helps determine if a process can consistently
meet customer requirements by producing output within specified limits. This analysis uses indices like Cp
and Cpk to measure potential and actual process capability.

Understanding these indices is crucial for improving manufacturing processes. They show how well a
process performs compared to its specifications. By calculating and interpreting Cp and Cpk, engineers
can identify areas for improvement and estimate the likelihood of producing nonconforming items.

Process Capability Indices

Assessing Process Capability

* Process capability analysis is a statistical method used to determine if a process can consistently
produce output that meets customer requirements or specifications

* Process capability indices, such as Cp and Cpk, quantify the capability of a process relative to the
specification limits

* The process capability index Cp measures the potential capability of a process, assuming the process
mean is centered between the specification limits

- Cp is calculated as Cp = (USL — LSL)/(60)  where USL is the upper specification limit, LSL is the
lower specification limit, and g is the process standard deviation

» The process capability index Cpk measures the actual capability of a process, taking into account the
process mean's proximity to the specification limits

« Cpk is calculated as Cpk = min[(USL — w)/(30), (14 — LSL)/(30)], where p is the process mean

* A process is considered capable if the Cp and Cpk values are greater than or equal to 1.33, indicating
that the process can produce output within the specification limits with a high degree of consistency (Six
Sigma level)

Calculating Process Capability Indices

* To calculate Cp, first determine the upper specification limit (USL), lower specification limit (LSL), and
process standard deviation (o)

« For example, if USL = 10, LSL = 6, and ¢ = 0.5, then Cp = (10 — 6)/(6*0.5) = 1.33

* To calculate Cpk, additionally determine the process mean ()
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« Using the same example, if p = 8, then Cpk = min[(10 — 8)/(3*0.5), (8 — 6)/(3*0.5)] =1.33

» Compare the calculated Cp and Cpk values to the benchmark value of 1.33 to assess the process
capability

« If both Cp and Cpk are greater than or equal to 1.33, the process is considered capable
(manufacturing processes)

« If either Cp or Cpk is less than 1.33, the process may require improvement to consistently meet
specifications (service processes)

Interpreting Capability Indices
Understanding Cp and Cpk Values

* Process capability indices provide insights into a process's ability to consistently produce conforming
products

» A Cp value greater than 1 indicates that the process spread (60) is smaller than the specification width
(USL - LSL), suggesting that the process has the potential to produce conforming products if the
process mean is centered

* For example, if Cp = 1.5, the process spread is 1.5 times smaller than the specification width

* A Cpk value greater than 1 indicates that the process is capable of consistently producing conforming
products, as the process mean is sufficiently far from the specification limits

* For instance, if Cpk = 1.33, the process mean is at least 4 standard deviations away from the nearest
specification limit

* Cpk values less than 1 indicate that the process is not capable of consistently producing conforming
products, as the process mean is too close to or outside the specification limits

« If Cpk = 0.8, the process mean is only 2.4 standard deviations away from the nearest specification
limit, increasing the likelihood of nonconforming items

Relating Capability Indices to Process Performance

* The larger the Cp and Cpk values, the more capable the process is of producing conforming products
with minimal variation

* A process with Cp = 2 and Cpk = 1.5 is more capable than a process with Cp = 1.33 and Cpk = 1.33

» Cp and Cpk values can be related to the expected proportion of nonconforming items produced by the
process

« A process with Cpk = 1.33 is expected to produce no more than 63 nonconforming parts per million
(ppm) opportunities

* A process with Cpk = 1.67 is expected to produce no more than 0.6 nonconforming ppm (Six Sigma
level)

* Monitoring Cp and Cpk values over time can help track process performance and identify trends or
changes in capability

* A decreasing trend in Cpk values may indicate a need for process improvement or maintenance
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Nonconforming Items Estimation

Using Z-Scores and Standard Normal Distribution

* Process capability analysis can estimate the proportion of nonconforming items produced by a
process, assuming a normally distributed process

» The Z-score represents the number of standard deviations between the process mean and the
specification limit

« Z-score for the upper specification limit is calculated as £ = (USL — u)/o
« Z-score for the lower specification limit is calculated as £ = (4 — LSL)/o

» The area under the standard normal distribution curve beyond the Z-score represents the proportion
of nonconforming items

* For example, if Z = 3 for the upper specification limit, the area beyond Z = 3 is 0.00135, indicating that
0.135% of items are expected to exceed the USL

Estimating Nonconforming Items for Capable Processes

* For a capable process (Cpk = 1.33), the expected proportion of nonconforming items is less than
0.0063% (63 parts per million)

* This corresponds to a Z-score of 3 or more for both the upper and lower specification limits
* Processes with higher Cpk values have even lower expected proportions of nonconforming items

* A process with Cpk = 1.67 (Six Sigma level) has an expected nonconforming proportion of
0.00000057% (0.57 parts per billion)

« Estimating the proportion of nonconforming items helps set realistic quality goals and assess the
process's ability to meet customer requirements

« If the estimated proportion of nonconforming items is higher than the customer's acceptable quality
level (AQL), process improvement may be necessary

Process Improvement Opportunities

Identifying Areas for Improvement

* Process capability analysis helps identify opportunities for process improvement by revealing the
process's current performance relative to customer requirements or specifications

« If the process capability indices (Cp and Cpk) are less than 1.33, the process may require
improvement to reduce variation and ensure consistent production of conforming products

 For example, if Cp = 1.2 and Cpk = 0.9, the process has potential capability but is not centered,
resulting in a higher proportion of nonconforming items

* Investigating the causes of variation, such as common cause and special cause variation, can help
identify specific areas for improvement

« Common cause variation is inherent to the process and can be reduced through process optimization
and standardization
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* Special cause variation arises from external factors and can be eliminated by identifying and
addressing the root causes (operator errors, material inconsistencies, equipment malfunctions)

Implementing Process Improvement Strategies

* Opportunities for process improvement may include reducing common cause variation through the
implementation of statistical process control (SPC) techniques, such as control charts and process
optimization

« Control charts help monitor the process and detect any unusual variations or trends

* Process optimization involves adjusting process parameters to minimize variation and improve
performance

+ Centering the process mean between the specification limits can improve the Cpk value and reduce
the proportion of nonconforming items

* This can be achieved by adjusting the process settings or implementing process control systems

+ Continuously monitoring process capability indices and implementing improvement initiatives can help
maintain and enhance the process's ability to consistently meet customer requirements

* Regularly reviewing process data, conducting capability studies, and engaging in continuous
improvement activities (Lean Six Sigma) ensure ongoing process performance

* Collaborating with cross-functional teams, including quality assurance, production, and engineering,
can provide diverse perspectives and expertise for process improvement efforts

* Involving operators and front-line staff in improvement initiatives can also lead to more effective and
sustainable solutions

9.4 Acceptance sampling

Acceptance sampling is a crucial quality control technique used to decide if a batch of items meets quality
standards. By inspecting a sample, companies can make informed decisions about accepting or rejecting
entire lots, balancing quality assurance with cost-effectiveness.

This method involves single, double, or multiple sampling plans, each with its own pros and cons.
Operating characteristic curves help visualize a plan's performance, allowing companies to select the best
approach for their specific quality requirements and risk tolerance.

Acceptance Sampling Principles

Overview and Goals

* Acceptance sampling is a statistical quality control technique used to determine whether a batch or lot
of items should be accepted or rejected based on a sample inspection

» The main goal of acceptance sampling ensures that the quality of the accepted lots meets the
specified requirements while minimizing the inspection costs and time

 Acceptance sampling is widely used in various industries (manufacturing, pharmaceuticals, food
processing) to monitor and control the quality of incoming raw materials, in-process products, and
finished goods
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Decision Criteria and Quality Assessment

* The decision to accept or reject a lot is based on the number of defective items found in the sample,
which is compared to the acceptance and rejection criteria established by the sampling plan

» Acceptance sampling does not aim to estimate the actual quality level of the lot but rather determines
whether the lot quality is better than or worse than a specified acceptable quality level (AQL)

» The acceptable quality level (AQL) represents the maximum proportion of defective items that can be
considered satisfactory for a lot

* The limiting quality level (LQL) represents the minimum proportion of defective items that can be
considered unsatisfactory for a lot

Single vs Multiple Sampling Plans
Single Sampling Plans

+ Single sampling plans involve inspecting a single sample from a lot and making a decision to accept or
reject the entire lot based on the number of defective items found in that sample

» Advantages of single sampling plans:

+ Simple to implement

* Requires less inspection time and resources compared to double or multiple sampling plans
+ Disadvantages of single sampling plans:

« Higher risk of accepting bad lots or rejecting good lots (Type | and Type Il errors) compared to double
or multiple sampling plans

Double and Multiple Sampling Plans

* Double sampling plans involve inspecting a first sample and making a decision to accept, reject, or
take a second sample based on the number of defective items found in the first sample

« If a second sample is required, the results from both samples are combined to make the final decision

» Advantages: Reduces the average number of items inspected compared to single sampling plans,
provides a second chance for borderline lots

+ Disadvantages: More complex to implement than single sampling plans, may require more inspection
time and resources if a second sample is needed

* Multiple sampling plans extend the concept of double sampling by allowing for more than two samples
to be taken before making a final decision

* The decision to accept, reject, or take an additional sample is based on the cumulative number of
defective items found in all previous samples

» Advantages: Further reduces the average number of items inspected compared to single and double
sampling plans, provides multiple opportunities for borderline lots

+ Disadvantages: Most complex to implement among the three types of sampling plans, may require the
most inspection time and resources if multiple samples are needed
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Operating Characteristic Curves

Constructing and Interpreting OC Curves

* An operating characteristic (OC) curve is a graphical representation of the probability of accepting a
lot as a function of the lot's true quality level (proportion of defective items) for a given sampling plan

* To construct an OC curve, the probability of acceptance is calculated for various quality levels using
the sampling plan's parameters (sample size, acceptance number, rejection number) and the binomial
or Poisson distribution, depending on the lot size and defect rate

* The shape of the OC curve provides insights into the performance of the sampling plan:

+ A steeper OC curve indicates a more discriminating sampling plan that better distinguishes between
good and bad lots

+ A flatter OC curve indicates a less discriminating sampling plan that has a higher risk of accepting bad
lots or rejecting good lots

Risks and Quality Levels

» The OC curve can be used to determine the producer's risk (a, probability of rejecting a good lot) and
the consumer's risk (B, probability of accepting a bad lot) for a given sampling plan and specified
acceptable quality level (AQL) and limiting quality level (LQL)

» The producer's risk (a) is the probability of rejecting a lot with a quality level equal to or better than the
AQL

» The consumer's risk (B) is the probability of accepting a lot with a quality level equal to or worse than
the LQL

» Comparing OC curves of different sampling plans helps in selecting the most appropriate plan that
balances the desired quality levels, risks, and inspection costs

Sampling Plan Selection

Factors to Consider

* Selecting an appropriate sampling plan involves considering several factors:
+ Acceptable quality level (AQL)

+ Limiting quality level (LQL)

* Producer's risk (a)

» Consumer's risk (B)

* Inspection costs (sampling, testing, consequences of wrong decisions)

Selection Process

* To select an appropriate sampling plan:

» Determine the AQL and LQL based on the quality requirements and the consequences of accepting or
rejecting lots
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* Specify the desired producer's and consumer's risks based on the relative importance of avoiding
Type | and Type Il errors

« Evaluate different sampling plans (single, double, or multiple) using their OC curves and inspection
costs to find the one that best balances the desired quality levels, risks, and costs

* In general, sampling plans with larger sample sizes and stricter acceptance criteria provide better
protection against accepting bad lots but may result in higher inspection costs and a higher risk of
rejecting good lots

Examples

« Example 1: A manufacturing company wants to implement an acceptance sampling plan for incoming
raw materials. They set the AQL at 1% and the LQL at 5%, with a producer's risk of 5% and a
consumer's risk of 10%. After evaluating different sampling plans, they choose a double sampling plan
with a first sample size of 80 and a second sample size of 160, as it provides a good balance between
the desired quality levels, risks, and inspection costs.

* Example 2: A pharmaceutical company needs to select a sampling plan for finished drug products.
Given the critical nature of the products, they set a stringent AQL of 0.1% and an LQL of 1%, with a
producer's risk of 1% and a consumer's risk of 5%. They opt for a multiple sampling plan with three

stages, as it offers the best protection against accepting defective lots while minimizing the average
number of items inspected.
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Unit 10 — Reliability Analysis in
Engineering Statistics

10.1 Reliability concepts and measures

Reliability is crucial in engineering, measuring how well systems perform their intended functions over time.
This topic dives into key concepts like Mean Time to Failure, failure rates, and the bathtub curve, which
help engineers assess and improve system performance.

Understanding reliability metrics allows engineers to make informed decisions about design, maintenance,
and resource allocation. We'll explore probability distributions used in reliability calculations and discuss
the relationship between reliability and availability in engineering systems.

Reliability in Engineering Systems

Definition and Importance

+ Reliability is the probability that a system, component, or device will perform its intended function
under specified conditions for a given period

+ Directly impacts safety, performance, and cost-effectiveness of engineering systems
* Improved reliability reduces downtime, maintenance costs, and warranty claims
* Leads to increased customer satisfaction and brand reputation

* Reliability engineering applies various techniques and methods to assess, predict, and improve
reliability throughout a system's lifecycle

* Techniques include failure mode and effects analysis (FMEA), fault tree analysis (FTA), and reliability
block diagrams (RBD)

» Methods involve design for reliability, reliability testing, and reliability-centered maintenance (RCM)
Reliability Measures

Key Metrics

* Mean Time to Failure (MTTF) represents the average time until a non-repairable system or
component fails, assuming it was functioning properly at the start

* Applicable to systems that are replaced upon failure, such as light bulbs or single-use devices

* Mean Time Between Failures (MTBF) is the average time between failures of a repairable system or
component, including both the operating time and the repair time

* Relevant for systems that undergo repair and restoration, such as industrial machinery or vehicles

* Failure rate (A) expresses the frequency at which a system or component fails, as the number of
failures per unit time

* Reciprocal of MTTF for non-repairable systems and MTBF for repairable systems

+ Constant failure rate implies a random failure pattern, while increasing failure rate suggests wear-out
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Reliability Function and Bathtub Curve

* Reliability function R(t) represents the probability that a system or component will survive beyond a
specified time t without failure

» Mathematically expressed as R(t) = 1 - F(t), where F(t) is the cumulative distribution function (CDF) of
the time to failure

« Bathtub curve is a graphical representation of the failure rate over time, consisting of three distinct
phases

+ Infant mortality phase: high failure rate due to manufacturing defects or early-life failures, followed by
a rapid decrease

« Useful life phase: relatively constant and low failure rate, characterized by random failures

» Wear-out phase: increasing failure rate due to aging, fatigue, or degradation of components

Calculating Reliability
Probability Distributions

» Exponential distribution models the reliability of systems with a constant failure rate

* Reliability function given by R(t) = e*(-At), where A is the failure rate

» Memoryless property: the remaining time to failure is independent of the elapsed time
» Weibull distribution is versatile and can model various failure behaviors
 Characterized by the shape parameter (8) and the scale parameter (n)

» Shape parameter determines the failure rate behavior: < 1 (decreasing), 8 = 1 (constant), § > 1
(increasing)

» Normal distribution models the reliability of systems or components that fail due to wear-out

* Mean (u) represents the average time to failure, and standard deviation (o) represents the variability
» Assumes that the time to failure is symmetrically distributed around the mean

* Lognormal distribution is used when the logarithm of the time to failure follows a normal distribution

« Suitable for modeling the reliability of systems with multiple interacting components or failure modes

Interpretation and Decision Making

* Reliability calculations determine the probability of a system or component surviving beyond a
specified time

» Based on the chosen probability distribution and its parameters

» Example: calculating the probability of a bearing lasting more than 10,000 hours using the Weibull
distribution

* Interpreting the results helps engineers make informed decisions

» System design: selecting components with appropriate reliability levels to meet the overall system
requirements
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* Maintenance strategies: determining the optimal preventive maintenance intervals based on the
expected time to failure

* Resource allocation: prioritizing reliability improvement efforts based on the criticality and reliability of
different subsystems

Reliability vs Availability

Definitions and Differences

* Reliability focuses on the probability of a system or component functioning without failure for a
specified period

» Concerned with the time to failure and the failure rate

* Does not consider the time required to repair or restore the system

+ Availability considers both the reliability and the maintainability of the system

+ Probability that a system is operational and ready to perform its intended function at a given time

* Accounts for both uptime (reliable operation) and downtime (repair and maintenance)

Availability Metrics

* Inherent availability (Ai) is the steady-state availability when considering only the corrective
maintenance downtime

+ Calculated as Ai = MTBF / (MTBF + MTTR), where MTTR is the Mean Time to Repair

» Assumes that the system is always available for operation when not undergoing corrective
maintenance

* Operational availability (Ao) includes all sources of downtime
« Corrective maintenance, preventive maintenance, and logistics delay
* Provides a more realistic measure of the actual availability experienced by the users

+ Calculated as Ao = Uptime / (Uptime + Downtime), considering all relevant downtime factors

Applications and Trade-offs

* Reliability is crucial for safety-critical systems

 Aerospace, nuclear power, and medical devices, where failures can have severe consequences
» Emphasis on designing highly reliable components and systems to minimize the risk of failures
+ Availability is important for systems that require high uptime and minimal interruptions

¢ Production lines, telecommunications networks, and data centers, where downtime can lead to
significant economic losses

* Focus on designing maintainable systems and implementing effective maintenance strategies to
minimize downtime

+ Balancing reliability and availability involves considering various factors
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» System complexity: highly reliable systems may be more complex and require longer repair times,
reducing availability

» Maintenance strategies: preventive maintenance improves reliability but increases planned downtime,
affecting availability

* Cost-benefit analysis: investing in reliability improvements or redundancy to enhance availability, while
considering the associated costs

10.2 Failure time distributions

Failure time distributions are crucial in reliability analysis, modeling how long components or systems last
before breaking down. They help engineers predict when failures might occur and plan maintenance
accordingly. This topic covers common distributions like exponential, Weibull, and lognormal.

Understanding these distributions allows us to estimate reliability metrics, make predictions, and apply
them to real-world scenarios. We'll learn how to choose the right distribution, estimate parameters, and use
them to improve system reliability and maintenance strategies.

Common Failure Time Distributions

Exponential, Weibull, and Lognormal Distributions

* Failure time distributions model the time until a failure event occurs in a system or component

» The exponential distribution is characterized by a constant failure rate, where the probability of failure
remains the same throughout the life of the component

+ Often used for modeling random failures or when the failure rate is constant

» The Weibull distribution is a versatile distribution that can model increasing, decreasing, or constant
failure rates

 Characterized by the shape parameter (8) and the scale parameter (n)

» The shape parameter determines the behavior of the failure rate over time (increasing, decreasing, or
constant)

+ The lognormal distribution is used when the logarithm of the failure times follows a normal distribution

« Often applied when the failure process is the result of multiple multiplicative factors or when there is a
large variability in failure times

Other Common Failure Time Distributions

» The gamma distribution is a generalization of the exponential distribution

* Allows for more flexibility in modeling failure times compared to the exponential distribution

+ Useful when the failure rate is not constant but varies over time

 The normal distribution is symmetric and can be used when the failure times are normally distributed

» Assumes that the failure times are centered around a mean value and have equal probabilities of
being above or below the mean

« Suitable when the failure process is influenced by multiple additive factors that contribute to the overall
variability
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Selecting a Failure Time Distribution

Graphical and Statistical Methods

* Visual inspection of the failure data using probability plots can help determine the appropriate
distribution

» Weibull probability plot or lognormal probability plot

* A straight-line pattern on the probability plot indicates a good fit for the corresponding distribution
« Statistical goodness-of-fit tests assess the fit of different distributions to the failure data

* Anderson-Darling test or Kolmogorov-Smirnov test

» The distribution with the best fit is selected based on the test results

Domain Knowledge and Data Characteristics

* Domain knowledge and understanding of the failure mechanisms can guide the selection of the
appropriate distribution

« If the failure rate is known to be constant, the exponential distribution may be a suitable choice

« If the failure rate is expected to increase over time, the Weibull distribution with a shape parameter
greater than 1 can be considered

» Comparing the failure data with the properties and characteristics of different distributions helps in
determining the most appropriate one

* Analyzing the shape of the failure rate function (increasing, decreasing, or constant)
* Considering the presence of a wear-out period or infant mortality

« Evaluating the variability of failure times (low or high variability)

Estimating Failure Time Distribution Parameters

Graphical Methods

* Probability plotting can be used to estimate distribution parameters

* The slope and intercept of the straight line fitted to the probability plot provide estimates of the
distribution parameters

» Commonly used for the Weibull distribution (Weibull probability plot) and lognormal distribution
(lognormal probability plot)

» Rank regression on Y (RRY) is a graphical method specifically used for estimating the parameters of
the Weibull distribution

* Involves plotting the failure times against their corresponding ranks and fitting a straight line

* The slope and intercept of the fitted line provide estimates of the shape and scale parameters

Analytical Methods

* Maximum likelihood estimation (MLE) is a commonly used analytical method for parameter estimation
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* Finds the parameter values that maximize the likelihood function, which represents the probability of
observing the given failure data

* Provides accurate and efficient estimates of the distribution parameters

* Least squares estimation minimizes the sum of squared differences between the observed failure
times and the predicted failure times based on the distribution parameters

* Involves fitting a regression line to the failure data and estimating the parameters that minimize the
sum of squared residuals

+ Confidence intervals for the estimated parameters quantify the uncertainty associated with the
estimates

* Provide a range of plausible values for the true parameters based on the observed data

« Calculated using statistical techniques such as the likelihood ratio method or the Fisher information
matrix

Applying Failure Time Distributions for Reliability Analysis
Reliability Metrics

* Reliability function, R(t), represents the probability that the system or component will survive beyond a
specified time t

+ Calculated using the cumulative distribution function (CDF) of the failure time distribution
* Provides insights into the long-term reliability performance of the system

« Failure rate function, A(t), represents the instantaneous rate of failure at a given time t

+ Calculated as the ratio of the probability density function (PDF) to the reliability function
* Helps identify periods of high or low failure rates and guides maintenance strategies

* Mean time to failure (MTTF) is the expected value or average time until a failure occurs
* Calculated by integrating the reliability function over the entire time range

* Provides a single measure of the overall reliability performance

Reliability Predictions and Applications

* Percentiles, such as the median (B50) or the tenth percentile (B10), represent the time at which a
certain percentage of the population is expected to fail

+ Calculated using the inverse CDF of the failure time distribution
+ Useful for estimating warranty periods or planning spare parts inventory

* Predictions can be made about the future reliability performance of the system or component based
on the estimated failure time distribution

« Estimating the probability of failure within a specific time interval
 Determining the time at which a desired reliability level is achieved

* Reliability predictions are used for various purposes
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* Planning maintenance activities and optimizing maintenance intervals
« Estimating warranty costs and setting appropriate warranty policies
» Comparing different design alternatives to improve the overall reliability of the system

* Assessing the impact of reliability improvements on system availability and cost

10.3 Reliability testing and estimation

Reliability testing and estimation are crucial aspects of engineering design, helping assess product
performance and longevity. This section covers methods for planning tests, collecting failure data, and
analyzing results to estimate key reliability parameters.

The focus is on understanding different types of failure data, including censored and uncensored
observations. We'll explore techniques for estimating reliability metrics, creating informative plots, and
evaluating the goodness-of-fit of reliability models to real-world data.

Reliability Testing for Failure Data
Planning and Conducting Reliability Tests

* Reliability testing evaluates a product's ability to perform its intended function under specified
conditions for a specified period of time

* Identifies potential failure modes

« Estimates the reliability of the product

« Failure time data, also known as time-to-failure data, is collected during reliability testing
* Includes the time at which each unit or component fails

* Crucial for estimating reliability parameters and making decisions about product design and
maintenance

+ Censored data occurs when the exact failure time is unknown

* Right-censored: test terminated before all units failed

* Left-censored: units put into service at different times

» Uncensored data, or complete data, occurs when the exact failure time is known for all units

* Accelerated life testing (ALT) subjects units to increased stress levels to accelerate the failure process
and obtain failure time data more quickly

» Common stresses used in ALT: temperature, humidity, voltage, mechanical stress

+ Degradation testing measures the gradual deterioration of a product's performance over time, rather
than waiting for complete failure

* Provides more information about the failure process

» Enables earlier detection of potential issues
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Analyzing Censored and Uncensored Data
Analyzing Censored and Uncensored Data

Estimating Reliability Parameters

* Reliability parameters provide quantitative measures of a product's reliability
* Mean time to failure (MTTF)

* Mean time between failures (MTBF)

+ Failure rate

» Parameters can be estimated from failure time data using statistical methods

» The Kaplan-Meier estimator, also known as the product-limit estimator, is a non-parametric method for
estimating the survival function from censored or uncensored data

+ Calculates the probability of survival at each observed failure time
* Accounts for censored observations

» Maximum likelihood estimation (MLE) is a parametric method for estimating the parameters of a
specified probability distribution from failure time data

* Finds the parameter values that maximize the likelihood function, which measures the probability of
observing the given data

« Commonly used distributions: Weibull, lognormal

Quantifying Uncertainty and Modeling Relationships

+ Confidence intervals quantify the uncertainty in the estimated reliability parameters

* Provide a range of plausible values for the true parameters based on the observed data and the
desired level of confidence

» Regression analysis models the relationship between failure time and explanatory variables
» Explanatory variables: stress levels, environmental factors
* Helps identify the factors that have the greatest impact on reliability

+ Guides product design and testing decisions

Reliability Plots and Interpretations

Types of Reliability Plots
+ Reliability plots are graphical tools for visualizing and analyzing failure time data
* Assess the fit of a probability distribution
» Compare different populations
« Identify trends or patterns in the data

* Probability plots assess the fit of a specific probability distribution to the failure time data
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» Weibull probability plot
* Lognormal probability plot
« If data points follow a straight line, the chosen distribution is a good fit

» Hazard plots, also known as cumulative hazard plots or Nelson-Aalen plots, display the cumulative
hazard function over time

» Hazard function represents the instantaneous failure rate at a given time, conditional on survival up to
that time

+ Help identify trends in the failure rate (increasing or decreasing hazard over time)

Interpreting Reliability Plots

» The Weibull distribution is commonly used in reliability analysis due to its flexibility in modeling a wide
range of failure behaviors

» Shape parameter (B) determines the type of failure behavior
* B < 1: infant mortality

* B = 1: constant failure rate

* B > 1: wear-out failures

* The bathtub curve is a conceptual model of the hazard function that describes three distinct phases of
a product's life

* Infant mortality: decreasing hazard
* Useful life: constant hazard
» Wear-out: increasing hazard

» Understanding the shape of the hazard function can guide maintenance and replacement strategies

Reliability Model Goodness-of-Fit

Goodness-of-Fit Tests

» Goodness-of-fit tests assess how well a specified probability distribution or model fits the observed
failure time data

» Compare the observed data to the expected values under the assumed model

* Provide a measure of the discrepancy between them

» The Anderson-Darling test is widely used for assessing the fit of a probability distribution to the data
* Gives more weight to the tails of the distribution compared to other tests

» More sensitive to deviations in the extremes

» The Kolmogorov-Smirnov test measures the maximum vertical distance between the empirical
cumulative distribution function (CDF) of the data and the theoretical CDF of the assumed distribution

« Sensitive to deviations in the middle of the distribution
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» The chi-square test assesses the goodness-of-fit of a discrete probability distribution or a continuous
distribution that has been divided into bins

» Compares the observed frequencies in each bin to the expected frequencies under the assumed
distribution

Residual Analysis and Model Selection

» Residual analysis examines the differences between the observed failure times and the predicted
failure times under the assumed model

* Plotting residuals against predicted values or other variables can help identify patterns or trends
* Indicates a lack of fit or the presence of outliers

* Model selection techniques compare the relative goodness-of-fit of different models while accounting
for model complexity

* Akaike information criterion (AIC)
+ Bayesian information criterion (BIC)
« Balance the fit of the model with the number of parameters

+ Favor simpler models that still provide a good fit to the data

10.4 System reliability and redundancy

System reliability and redundancy are crucial concepts in engineering design. They focus on ensuring

systems function as intended, even when components fail. By understanding how components interact and

implementing redundancy, engineers can create more robust and dependable systems.

This section explores methods for analyzing system reliability using block diagrams and mathematical
calculations. It also covers redundancy strategies and their impact on overall system performance. These
concepts are essential for designing reliable systems in various engineering fields.

Reliability of Systems
Reliability Block Diagrams

* Reliability block diagrams graphically represent how components are connected in a system to
illustrate the logical interactions of failures within a system

« Series systems require all components to function for the system to function, with components
connected in series in the reliability block diagram (e.g., a string of Christmas lights)

« Parallel systems require at least one component to function for the system to function, with
components connected in parallel in the reliability block diagram (e.g., multiple pumps in a cooling
system)

» Complex systems combine series and parallel subsystems connected in the reliability block diagram
based on the functional relationships of the components (e.g., a car's electrical system)

* The structure of the reliability block diagram determines how the component reliabilities are
mathematically combined to calculate the overall system reliability
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Analyzing Reliability Block Diagrams

* Cut sets identify the sets of components that, when failed, cause the entire system to fail (e.g., in a
series system, each component is a cut set)

« Path sets identify the sets of components that, when functioning, ensure the system functions (e.g., in
a parallel system, each component is a path set)

 Analyzing cut sets and path sets helps identify critical components or subsystems that impact overall
system reliability

* Reliability block diagrams assume that component failures are independent and components are
either fully functional or completely failed

System Reliability Calculation
Calculating System Reliability

+ System reliability is the probability that a system will perform its intended function under specified
conditions for a specified period of time

* For a series system, the overall system reliability is calculated by multiplying the individual component
reliabilities: Rsystem =R1 X R2 X ... X R,

* For a parallel system, the overall system reliability is calculated using the complement of the product

of the complements of individual component reliabilities:
Rsystem=1—[(L —R1) X (L = R2) X ... X (1 —Rp)]

» For complex systems, the reliability block diagram is used to identify the series and parallel
subsystems, and the reliabilities of these subsystems are combined based on their configuration

Component Reliability Estimation and Applications

» Component reliabilities can be estimated using methods such as exponential distribution for constant
failure rate (e.g., electronic components) or Weibull distribution for time-dependent failure rate (e.g.,
mechanical components)

» The overall system reliability is used to assess the likelihood of system failure, determine warranty
periods, and compare different system designs

« System reliability calculations help in making decisions about system design, maintenance strategies,
and risk management (e.g., determining the required reliability for a spacecraft's critical systems)

Redundancy and System Reliability
Types of Redundancy

» Redundancy improves system reliability by providing backups in case of component failures

* Active redundancy involves all redundant components operating simultaneously, with the system able
to continue functioning if one or more components fail, represented by parallel components in the
reliability block diagram (e.g., multiple engines in an aircraft)

« Standby redundancy involves redundant components that are inactive until needed to replace a failed
component, represented by switches or sensing devices in the reliability block diagram (e.g., a backup
generator in a power system)
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Optimizing System Design with Redundancy

* The reliability of a system with redundancy is higher than that of a system without redundancy, as the
probability of all redundant components failing simultaneously is lower than the probability of a single
component failing

» The improvement in system reliability due to redundancy depends on factors such as the reliability of
individual components, the number of redundant components, and the type of redundancy (active or
standby)

* Redundancy allocation determines the optimal number and arrangement of redundant components to
maximize system reliability while considering constraints such as cost, weight, and space

* Reliability-redundancy allocation problems can be solved using optimization techniques, such as
Lagrange multipliers or dynamic programming, to find the optimal system design (e.g., determining the
optimal number of backup servers in a data center)

Reliability of Repairable Systems
Availability and Maintainability Concepts

* Repairable systems can be restored to an operational state after a failure occurs, through
maintenance actions such as repair or replacement of failed components

* Availability is the probability that a system is operating satisfactorily at any given time, considering
both the reliability of the system and its maintainability

* Inherent availability (A_i) considers only the system's inherent reliability and maintainability
characteristics, assuming ideal support

+ Achieved availability (A_a) considers the system's inherent reliability and maintainability
characteristics, as well as the actual maintenance support system

+ Operational availability (A_o) considers all factors that contribute to system downtime, such as
logistics delay time and administrative downtime

+ Maintainability is the probability that a failed system will be restored to an operational state within a
specified period of time, given the necessary maintenance resources

* Mean Time To Repair (MTTR) is the average time required to repair a failed system and return it to an
operational state, which is a key measure of maintainability

Analyzing Repairable Systems

« The relationship between availability, reliability, and maintainability is given by: A = %,

where MTTF is the Mean Time To Failure

* Reliability, availability, and maintainability (RAM) analysis assesses the performance of repairable
systems and optimizes maintenance strategies to improve system effectiveness

* RAM analysis helps determine the optimal balance between system reliability, maintenance
resources, and operational requirements (e.g., determining the required availability for a manufacturing
plant's production line)

* Repairable systems can be modeled using techniques such as Markov analysis or Monte Carlo
simulation to predict system performance and optimize maintenance strategies (e.g., predicting the
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availability of a fleet of vehicles based on their maintenance schedule)
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Unit 11 — Time Series Analysis &
Forecasting

11.1 Components of time series

Time series analysis is all about breaking down data collected over time into its key parts. This chapter
dives into the four main components: trend, seasonality, cyclical, and irregular. Understanding these
pieces helps us make sense of patterns and predict future trends.

By learning to spot and separate these components, we can build better forecasting models. This skill is
super useful for businesses dealing with changing demand or long-term industry shifts. It's like having a
crystal ball for your data!

Time series components

Definition and characteristics of time series data

« A time series is a sequence of data points collected at regular time intervals (daily, weekly, monthly, or
yearly)

+ Time series data consists of four main components: trend, seasonality, cyclical, and irregular
components

» These components can be identified and analyzed to better understand the underlying patterns and
drivers of the data

Types of time series components
* The trend component represents the long-term increase or decrease in the data over time
« Often described by a straight line or a smooth curve
» Can be assessed by examining the overall direction of the data (upward or downward movement)
» Seasonality refers to patterns that repeat at fixed intervals (daily, weekly, monthly, or yearly cycles)
* Influenced by factors like weather, holidays, or business practices
+ Can be detected by observing regular, repeating patterns within a fixed time frame
» The cyclical component captures patterns that repeat over longer periods, typically several years
« Often related to economic or business cycles
» Can be identified by looking for patterns that repeat over longer periods, spanning several years
« Irregular or random components are unpredictable fluctuations in the data
» Caused by random events or measurement errors

* Recognized as random fluctuations or outliers that do not follow any discernible pattern
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Decomposing time series data

Methods for identifying time series components

* Visual inspection of time series plots can help identify the presence of trend, seasonality, and cyclical
components

» Examine the overall direction of the data over time (trend)
» Observe regular, repeating patterns within a fixed time frame (seasonality)
* Look for patterns that repeat over longer periods, spanning several years (cyclical component)

» Recognize random fluctuations or outliers that do not follow any discernible pattern (irregular
components)

« Statistical tests can help confirm the presence of these components
* Mann-Kendall test for trend

* Kruskal-Wallis test for seasonality

Techniques for decomposing time series data

» Decomposition techniques separate the components of a time series

+ Classical decomposition

* X11

* STL (Seasonal and Trend decomposition using Loess)

* Isolating the trend component can reveal other patterns in the data (seasonality or cyclical behavior)
* May be obscured by the long-term trend

* Separating the irregular component allows for a clearer assessment of the underlying patterns

* Helps identify outliers or anomalies that may require further investigation

Importance of decomposition for forecasting

Benefits of decomposing time series data

* Allows for a better understanding of the underlying patterns and drivers of the data
+ Enables the development of more accurate and targeted forecasting models
* By isolating the trend, seasonality, cyclical, and irregular components

» Accounting for seasonality is crucial for businesses that experience regular fluctuations in demand
(retail or tourism)

+ Understanding the cyclical component can help organizations plan for long-term changes in their
industry or the economy

Improved forecasting accuracy

» Decomposing a time series into its constituent components leads to more accurate forecasting models
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* Trend component: captures long-term growth or decline

» Seasonal component: accounts for regular, periodic fluctuations

* Cyclical component: incorporates longer-term patterns related to economic or business cycles
* Irregular component: identifies and separates random fluctuations or outliers

* By considering each component separately, forecasting models can better capture the complex
dynamics of the data

* Results in more reliable and precise predictions

11.2 Autocorrelation and partial autocorrelation

Time series analysis is all about understanding patterns in data over time. Autocorrelation and partial
autocorrelation are key tools for uncovering these patterns. They help us see how past values influence
future ones, which is crucial for forecasting.

By looking at autocorrelation and partial autocorrelation plots, we can figure out what kind of model best fits
our data. This helps us make better predictions and understand the underlying factors driving our time
series.

Autocorrelation and Partial Autocorrelation Functions

Defining Autocorrelation and Partial Autocorrelation

* Autocorrelation measures the linear relationship between a time series and a lagged version of itself
over successive time intervals

+ Quantifies the similarity between observations as a function of the time lag between them (e.g.,
correlation between today's stock price and yesterday's price)

» The autocorrelation function (ACF) is a plot of the autocorrelation coefficients against the lag

» Shows the correlation between a time series and its past values at different lags (e.g., ACF plot for
daily temperature data)

« Partial autocorrelation measures the correlation between a time series and a lagged version of itself,
while controlling for the values of the time series at all shorter lags

» Removes the influence of intermediate correlations (e.g., partial autocorrelation between today's stock
price and the price two days ago, while accounting for yesterday's price)

* The partial autocorrelation function (PACF) is a plot of the partial autocorrelation coefficients against
the lag

» Shows the correlation between a time series and its past values at different lags, while accounting for
the correlations at lower-order lags (e.g., PACF plot for monthly sales data)

Role of ACF and PACF in Time Series Analysis

* ACF and PACF are essential tools in time series analysis for identifying the presence of
autocorrelation

+ Determine the order of autoregressive and moving average terms (e.g., identifying an AR(1) or MA(2)
process)
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+ Select appropriate models for forecasting (e.g., choosing between an ARIMA and an exponential
smoothing model)

* ACF and PACF help uncover the underlying structure and dynamics of a time series

* Reveal seasonal patterns, trends, and cycles (e.g., identifying a monthly seasonality in retail sales
data)

* ACF and PACF guide the model selection process by providing insights into the required model
components

» Suggest the need for differencing to achieve stationarity (e.g., taking the first difference of a
non-stationary series)

* Indicate the presence of long-term or short-term dependencies (e.qg., distinguishing between
long-memory and short-memory processes)

Interpreting Autocorrelation and Partial Autocorrelation Plots

Identifying the Order of Autoregressive Terms

 For an AR(p) process, the ACF decays gradually or has a sinusoidal pattern, while the PACF cuts off
after lag p

» The number of significant spikes in the PACF suggests the order of the AR term (e.g., a significant
spike at lag 3 indicates an AR(3) process)

« Significant partial autocorrelation coefficients beyond the 95% confidence interval indicate the
presence of autocorrelation

* The need to include appropriate AR terms in the model (e.g., including AR(1) and AR(2) terms for
significant spikes at lags 1 and 2)

Identifying the Order of Moving Average Terms

» For an MA(q) process, the ACF cuts off after lag q, while the PACF decays gradually or has a
sinusoidal pattern

» The number of significant spikes in the ACF suggests the order of the MA term (e.g., a significant
spike at lag 2 indicates an MA(2) process)

« Significant autocorrelation coefficients beyond the 95% confidence interval indicate the presence of
autocorrelation

* The need to include appropriate MA terms in the model (e.g., including an MA(1) term for a significant
spike at lag 1)

|dentifying the Orders of ARMA Terms

* For an ARMA(p, q) process, both the ACF and PACF decay gradually or have a sinusoidal pattern,
with no clear cut-off point

* The orders of the AR and MA terms are determined by examining the patterns and considering the
principle of parsimony (e.g., selecting an ARMA(1, 1) model for gradually decaying ACF and PACF)

» The shape and pattern of the ACF and PACF plots provide insights into the underlying structure of a
time series
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* Help determine the order of autoregressive (AR) and moving average (MA) terms in a model (e.g., an
exponentially decaying ACF suggests an AR process, while a cut-off in the ACF suggests an MA
process)

Box-Jenkins Methodology for Time Series Modeling

Model Identification Stage

» The Box-Jenkins methodology is a systematic approach to building time series models, consisting of
three main stages: model identification, parameter estimation, and model validation

+ In the model identification stage, the ACF and PACF plots are used to determine the tentative orders
of the AR and MA terms in the model

* The goal is to find a parsimonious model that adequately captures the autocorrelation structure of the
data (e.g., identifying an ARIMA(1, 1, 1) model for a non-stationary series with significant spikes at lag 1
in both ACF and PACF)

« Stationarity is assessed using visual inspection of the time series plot and statistical tests like the
Augmented Dickey-Fuller (ADF) test

« If the series is non-stationary, differencing is applied to achieve stationarity before examining the ACF
and PACF (e.g., taking the first difference of a trending series)

Model Selection and Estimation

* Multiple candidate models may be identified based on the patterns observed in the ACF and PACF
plots, considering the cut-off points, decay patterns, and significance of the coefficients

» The best model is selected based on criteria such as the Akaike Information Criterion (AIC) or the
Bayesian Information Criterion (BIC), which balance model fit and complexity (e.g., choosing the model
with the lowest AIC value)

* The selected model is then estimated using maximum likelihood or least squares methods to obtain
the parameter estimates

* The significance of the estimated parameters is assessed using t-tests or confidence intervals (e.g.,
estimating the coefficients of an ARMA(1, 1) model using maximum likelihood estimation)

Model Validation

* The estimated model is validated by examining the residuals for independence, normality, and
homoscedasticity

« If the model is deemed adequate, it can be used for forecasting and inference (e.g., checking if the
residuals of an ARIMA model are uncorrelated and normally distributed)

* Diagnostic tests, such as the Ljung-Box test, are used to assess the adequacy of the model in
capturing the autocorrelation structure of the data

« If the model fails the diagnostic tests, the process is repeated by re-examining the ACF and PACF
plots and considering alternative model specifications (e.g., including additional AR or MA terms, or
considering a different class of models)
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11.3 ARIMA models

ARIMA models are powerful tools for analyzing and forecasting time series data. They combine
autoregressive, integrated, and moving average components to capture complex patterns in data.
Understanding ARIMA models is crucial for making accurate predictions in various fields.

ARIMA models require careful selection of parameters and thorough evaluation. By examining
autocorrelation functions, achieving stationarity through differencing, and analyzing residuals, we can
develop robust models for forecasting future values in time series data.

ARIMA Model Components

Autoregressive (AR) Term
* Captures the relationship between an observation and a certain number of lagged observations
» The order of the AR term (p) specifies the number of lag observations included in the model
 Determined by examining the partial autocorrelation function (PACF) plot

» The PACF measures the correlation between an observation and its lag, while controlling for the
intermediate lags

* The lag at which the PACF cuts off or becomes statistically insignificant suggests the appropriate AR
order

Integrated (l) Term
* Represents the degree of differencing applied to the time series to achieve stationarity
* The order of the | term (d) indicates the number of times the series needs to be differenced
« Stationarity is a prerequisite for ARIMA modeling

» Determined by applying statistical tests (Augmented Dickey-Fuller test) or visual inspection of the
series and its autocorrelation function (ACF)

» Used to remove the trend and make the series stationary through differencing

Moving Average (MA) Term

* Models the relationship between an observation and a residual error from a moving average model
applied to lagged observations

» The order of the MA term (q) specifies the number of lagged forecast errors in the model
* Determined by examining the autocorrelation function (ACF) plot
» The ACF measures the correlation between an observation and its lagged values

* The lag at which the ACF cuts off or becomes statistically insignificant suggests the appropriate MA
order

ARIMA Model Notation

* The general notation for an ARIMA model is ARIMA(p,d,q)

* p, d, and q are non-negative integers representing the orders of the AR, |, and MA terms, respectively
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* Example: ARIMA(1,1,2) represents a model with an autoregressive term of order 1, differencing of
order 1, and a moving average term of order 2

ARIMA Model Development

Stationarity and Differencing

« Stationarity is a prerequisite for ARIMA modeling

* The integrated () term is used to remove the trend and make the series stationary through
differencing

* The order of differencing (d) is determined by applying statistical tests (Augmented Dickey-Fuller test)
or visual inspection of the series and its ACF

« Differencing involves computing the differences between consecutive observations to remove the
trend

» Example: First-order differencing calculates the differences between adjacent observations, while
second-order differencing calculates the differences of the differences

Order Selection

« Identifying the appropriate orders for AR, I, and MA terms is crucial for developing an effective ARIMA
model

» The ACF and PACEF plots, along with the Akaike Information Criterion (AIC) or Bayesian Information
Criterion (BIC), can be used to compare and select the best ARIMA model among different candidate
models

» The AR order (p) is determined by examining the PACF plot and identifying the lag at which the PACF
cuts off or becomes statistically insignificant

* The MA order (q) is determined by examining the ACF plot and identifying the lag at which the ACF
cuts off or becomes statistically insignificant

* The | order (d) is determined by achieving stationarity through differencing

« Example: If the PACF shows a significant spike at lag 1 and the ACF decays exponentially, an AR(1)
model may be appropriate

ARIMA Model Parameter Estimation
Maximum Likelihood Estimation (MLE)

* MLE is a common method for estimating the parameters of ARIMA models

* Finds the parameter values that maximize the likelihood function, which measures how well the model
fits the observed data

* The likelihood function is based on the assumption that the residuals follow a normal distribution with
mean zero and constant variance

* Involves iteratively searching for the parameter values that maximize the log-likelihood function

» Numerical optimization algorithms, such as the BFGS algorithm or the Nelder-Mead simplex
algorithm, are commonly used for MLE
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Other Estimation Methods

* Least squares estimation or conditional least squares estimation can also be used to estimate the
parameters of ARIMA models

» These methods aim to minimize the sum of squared residuals between the observed values and the
model's predicted values

» The estimated parameters include the coefficients of the AR and MA terms, as well as the variance of
the residuals

» The estimated parameters are used to make predictions and assess the model's performance

* Example: The coefficients of an AR(1) model represent the relationship between the current
observation and the previous observation

ARIMA Model Evaluation

Residual Analysis

» Residuals are the differences between the observed values and the model's fitted values

* A well-fitted model should have residuals that are uncorrelated, normally distributed, and have
constant variance

» The ACF and PACEF of the residuals can be examined to check for any remaining autocorrelation

« If the residuals are uncorrelated, the ACF and PACF should not show any significant spikes beyond
the confidence intervals

» The normality of the residuals can be assessed using graphical tools (histograms, Q-Q plots) or
statistical tests (Shapiro-Wilk test, Jarque-Bera test)

* Heteroscedasticity (non-constant variance) in the residuals can be detected using plots of residuals
against fitted values or time

Diagnostic Tests

* The Ljung-Box test assesses the overall randomness of the residuals and tests the null hypothesis
that the residuals are independently distributed

* A p-value greater than the significance level (0.05) indicates that the residuals are not significantly
autocorrelated

» The Durbin-Watson test checks for autocorrelation in the residuals
 The Breusch-Pagan test checks for heteroscedasticity in the residuals

« If the diagnostic tests reveal inadequacies in the model, such as significant autocorrelation or
non-normality of residuals, the model may need to be modified or alternative models may need to be
considered

* Example: A Ljung-Box test p-value of 0.8 suggests that the residuals are independently distributed
and the model is adequate
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11.4 Forecasting techniques

Time series forecasting is a crucial tool for predicting future values based on historical data. ARIMA
models, combining autoregressive, integrated, and moving average components, are powerful for
analyzing and forecasting time series data. They offer flexibility in capturing various patterns and trends.

Forecasting techniques like ARIMA have limitations, including assumptions of stationarity and linearity.
They may struggle with sudden changes or external factors. Evaluating forecast accuracy is essential,
using metrics like MSE, MAE, and MAPE to compare model performance and choose the most suitable
approach for specific forecasting needs.

Point and Interval Forecasting with ARIMA
ARIMA Models for Time Series Forecasting

» ARIMA (Autoregressive Integrated Moving Average) models analyze and forecast time series data by
combining autoregressive (AR) terms, differencing (l) terms, and moving average (MA) terms

* Autoregressive (AR) terms represent the relationship between an observation and a certain number of
lagged observations (previous values in the series)

« Differencing (I) terms remove the trend and make the time series stationary (constant mean and
variance over time)

* Moving average (MA) terms model the relationship between an observation and a residual error from
a moving average model applied to lagged observations

* The order of an ARIMA model is specified as (p, d, q), where p is the number of autoregressive terms,
d is the number of differencing operations, and q is the number of moving average terms

* For example, an ARIMA(1,1,0) model has one autoregressive term, one differencing operation, and no
moving average terms

Generating Point and Interval Forecasts

+ Point forecasts are single-valued predictions for future time periods, while interval forecasts provide a
range of plausible values with a specified level of confidence (95% confidence interval)

- Point forecast example: The predicted sales for next month is $100,000

« Interval forecast example: The 95% confidence interval for next month's sales is [$90,000, $110,000]
* To generate forecasts using an ARIMA model:

1. Estimate the model parameters using historical data

2. Use the fitted model to make predictions for future time periods - The historical data is used to learn
the patterns and relationships in the time series - The learned model is then applied to generate
forecasts for upcoming periods

Limitations of Time Series Forecasting

Assumptions and Constraints

* Time series forecasting techniques assume that the future will behave similarly to the past and rely on
historical patterns and trends to make predictions
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« Stationarity assumption: Many techniques, including ARIMA models, assume that the statistical
properties of the time series (mean, variance, and autocorrelation) remain constant over time

« If the time series is non-stationary, differencing or other transformations may be required to achieve
stationarity

* Linearity assumption: Some forecasting techniques, such as ARIMA models, assume a linear
relationship between the variables

« If the relationship is nonlinear, alternative techniques like machine learning-based approaches may be
more appropriate

Challenges in Capturing Sudden Changes and External Factors

+ Time series forecasting techniques may struggle to accurately predict sudden changes, outliers, or the
impact of external factors not captured in the historical data

» Sudden change example: A natural disaster disrupting supply chains and affecting sales
« External factor example: A new competitor entering the market and influencing demand

« Sensitivity to the length of the historical data: The accuracy of time series forecasts can be influenced
by the amount of available historical data

« Insufficient data may lead to less reliable forecasts

« Difficulty in handling multiple seasonality: Some forecasting techniques may have limitations in
handling time series with multiple seasonal patterns

» Multiple seasonality example: Daily and weekly seasonality in retail sales data

Evaluating Forecast Accuracy

Metrics for Measuring Forecast Accuracy

* Forecast accuracy metrics quantify the difference between the forecasted values and the actual
observed values

* Mean Squared Error (MSE) measures the average squared difference between the forecasted and
actual values

» Penalizes larger errors more heavily due to the squared term

* Mean Absolute Error (MAE) measures the average absolute difference between the forecasted and
actual values

* Treats all errors equally regardless of their magnitude

* Mean Absolute Percentage Error (MAPE) expresses the average absolute error as a percentage of
the actual values

* Provides a scale-independent measure of forecast accuracy

* Root Mean Squared Error (RMSE) is the square root of the MSE and measures the standard deviation
of the forecast errors
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Comparing Forecast Performance

* Theil's U statistic compares the accuracy of the forecasting model to a naive forecast (using the last
observed value as the forecast)

* A value less than 1 indicates that the forecasting model outperforms the naive forecast

« It is important to choose an appropriate accuracy metric based on the specific requirements and
characteristics of the forecasting problem

« Different metrics may be more suitable depending on the scale of the data, the presence of outliers,
and the desired interpretation of the errors

Forecasting Techniques: ARIMA vs Others
Exponential Smoothing Methods

» Exponential smoothing methods assign exponentially decreasing weights to past observations, giving
more importance to recent observations

« Simple exponential smoothing is suitable for time series without trend or seasonality
» Smoothing parameter @ controls the weight given to recent observations

* Holt's linear trend method handles time series with trend

» Separate smoothing parameters for level and trend components

* Holt-Winters' seasonal method handles time series with both trend and seasonality
+ Additional smoothing parameter for the seasonal component

* Exponential smoothing methods are relatively simple, computationally efficient, and can adapt to
changes in the level, trend, or seasonality of the time series

Machine Learning-Based Approaches

» Machine learning techniques, such as neural networks and decision trees, can be applied to time
series forecasting

» Machine learning models can capture complex nonlinear relationships and interactions between
variables

* Neural networks example: Long Short-Term Memory (LSTM) networks for sequence prediction
* Decision tree example: Random Forest for regression-based forecasting

» These models often require a larger amount of historical data and computational resources compared
to traditional statistical methods

* Machine learning approaches may provide improved accuracy in some cases but can be more
challenging to interpret and explain compared to statistical models

Choosing the Appropriate Forecasting Technique

* The choice of forecasting technique depends on various factors:

 Characteristics of the time series (trend, seasonality, autocorrelation)
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* Presence of external factors influencing the time series
» Amount of available historical data
+ Desired level of interpretability and computational efficiency

* ARIMA models are flexible and can handle a wide range of time series patterns but require stationarity
assumptions and may involve a more complex model selection process

» Exponential smoothing methods are simpler and efficient but may not capture complex patterns as
effectively as ARIMA or machine learning approaches

* Machine learning techniques can handle nonlinear relationships but may require more data and
computational resources and may be less interpretable
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Unit 12 — Multivariate Analysis In
Engineering Stats

12.1 Principal component analysis (PCA)

PCA transforms correlated variables into uncorrelated principal components, capturing maximum variance
with fewer dimensions. It's a powerful tool for data compression, noise reduction, and visualizing
high-dimensional data in lower-dimensional spaces.

In multivariate analysis, PCA helps identify patterns in complex datasets. It's widely used in fields like
image processing, bioinformatics, and finance, making it easier to analyze and interpret large,
multidimensional datasets.

Data Dimensionality Reduction with PCA
Principal Component Analysis (PCA) Basics

* Principal Component Analysis (PCA) transforms a set of correlated variables into a new set of
uncorrelated variables called principal components

» PCA captures the maximum variance in the data using the fewest number of principal components,
effectively reducing the dimensionality of the dataset while retaining the most important information

* The first principal component captures the largest amount of variance in the data, and each
subsequent component captures the remaining variance in decreasing order

* PCA is useful for data compression (reducing storage requirements), noise reduction (removing
irrelevant information), and visualization of high-dimensional data in lower-dimensional spaces (2D or
3D plots)

Benefits and Applications of PCA

» PCA helps identify patterns and relationships in high-dimensional data by projecting it onto a
lower-dimensional space

* It can be used as a preprocessing step for other machine learning algorithms, improving their
performance and reducing computational complexity

* PCA is widely applied in fields such as image processing (face recognition), bioinformatics (gene
expression analysis), and finance (stock market analysis)

* By reducing the number of variables, PCA can help mitigate the curse of dimensionality, where the
number of samples required for accurate modeling grows exponentially with the number of features

Transforming Correlated Variables with PCA

Data Standardization and Covariance Matrix

* The first step in PCA is to standardize the data by subtracting the mean and dividing by the standard
deviation for each variable, ensuring all variables have zero mean and unit variance
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« Standardization ensures that variables with larger scales do not dominate the analysis and that all
variables contribute equally to the principal components

» The covariance matrix or correlation matrix of the standardized data is computed to measure the
relationships between the variables

» The covariance matrix captures the pairwise covariances between variables, while the correlation
matrix captures the pairwise correlations (normalized covariances)

Eigendecomposition and Principal Component Selection

« Eigenvalues and eigenvectors of the covariance or correlation matrix are calculated, where
eigenvectors represent the directions of the principal components, and eigenvalues represent the
amount of variance explained by each component

» The eigenvectors are orthogonal (perpendicular) to each other, ensuring that the principal
components are uncorrelated

* The eigenvectors are sorted in descending order based on their corresponding eigenvalues, and the
top k eigenvectors are selected to form the principal components

* The original data is projected onto the selected principal components to obtain the transformed
dataset with reduced dimensionality

* The transformed data points, called principal component scores, represent the original data in the new
coordinate system defined by the principal components

Interpreting Principal Components and Variance

Principal Component Loadings and Interpretation

« Each principal component is a linear combination of the original variables, with coefficients called
loadings that indicate the importance of each variable in the component

* The loadings can be interpreted to understand the relationships between the original variables and the
principal components, helping to identify the underlying structure of the data

« Variables with high absolute loadings (positive or negative) on a principal component have a strong
influence on that component

« Variables with similar loadings on a principal component are positively correlated, while variables with
opposite signs are negatively correlated

» Domain knowledge is crucial for interpreting the principal components and assigning meaningful
labels to them

Variance Explained and Scree Plots

* The eigenvalues associated with each principal component represent the amount of variance
explained by that component, and their sum equals the total variance in the data

* The proportion of variance explained by each principal component can be calculated by dividing its
eigenvalue by the sum of all eigenvalues, providing insight into the relative importance of each
component

* Scree plots, which display the eigenvalues in descending order, can be used to visually assess the
contribution of each principal component to the total variance and help determine the optimal number of
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components to retain

* The scree plot typically shows a sharp drop in eigenvalues, followed by a leveling off, and the "elbow"
point indicates the number of components that capture the majority of the variance in the data

Selecting Optimal Principal Components

Criteria for Retaining Principal Components

* Retaining too few principal components may result in loss of important information, while retaining too
many components may include noise and hinder interpretation

» The cumulative proportion of variance explained by the selected principal components is a key
criterion in determining the optimal number of components to retain

» A common rule of thumb is to retain principal components that cumulatively explain a certain
percentage (e.g., 70% or 80%) of the total variance in the data

» The elbow method involves plotting the eigenvalues or the cumulative proportion of variance
explained against the number of components and identifying the "elbow" point where the curve starts to
level off, indicating the optimal number of components

» The Kaiser-Guttman criterion suggests retaining components with eigenvalues greater than 1, as they
explain more variance than an average single variable

Cross-Validation and Interpretability

* Cross-validation techniques, such as k-fold cross-validation, can be used to assess the performance
of PCA with different numbers of retained components and help select the optimal number based on a
chosen evaluation metric (reconstruction error or classification accuracy)

* The interpretability and practicality of the retained principal components should also be considered,
ensuring that the selected components align with the domain knowledge and research objectives

* In some cases, retaining a smaller number of easily interpretable components may be preferred over
a larger number of components that explain slightly more variance but are harder to interpret

* The choice of the optimal number of principal components depends on the specific dataset, research
goals, and the trade-off between dimensionality reduction and information retention

12.2 Factor analysis

Factor analysis is a powerful statistical tool that simplifies complex data by identifying underlying factors.
It's like finding the hidden themes in a jumble of information, helping us understand the relationships
between variables more easily.

In this section, we'll explore the goals and types of factor analysis, how to prepare data, extract factors, and
interpret results. We'll also learn about evaluating factor models and making sure our findings are reliable
and meaningful.

Factor analysis goals and principles

Fundamental concepts and assumptions

+ Factor analysis is a statistical technique used to identify a smaller set of unobserved (latent) variables
or factors that explain the covariance among a larger set of observed variables
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» The primary goal of factor analysis is to reduce the dimensionality of a dataset by identifying common
factors that underlie the observed variables, thereby simplifying complex data and revealing hidden
patterns or structures

« Factor analysis assumes that the observed variables are linear combinations of the underlying factors
plus unique factors (error terms) specific to each variable

» The common factor model in factor analysis partitions the total variance of each observed variable into
common variance (explained by the factors) and unique variance (specific to each variable)

Exploratory vs. confirmatory approaches

* Factor analysis can be exploratory (EFA) or confirmatory (CFA)
» EFA is used to discover the underlying factor structure without prior assumptions
» CFA tests a prespecified factor structure based on theory or previous research

* EFA is typically used in the early stages of research when the relationships between observed
variables and latent factors are not well-established

» CFA is used when researchers have a priori hypotheses about the factor structure based on
theoretical or empirical grounds and want to confirm the hypothesized model's fit to the data

Exploratory factor analysis

Data preparation and suitability assessment

* The steps in conducting EFA include data preparation, factor extraction, factor rotation, and
interpretation of the factor solution

+ Data preparation involves checking assumptions and assessing the suitability of the data for factor
analysis

« Sample size: Adequate sample size is crucial for stable factor solutions (e.g., at least 5-10
observations per variable)

» Normality: Multivariate normality is assumed, although EFA is relatively robust to moderate violations
of normality

* Linearity: Linear relationships are assumed between variables; nonlinear relationships can distort
factor solutions

» Absence of outliers: Outliers can unduly influence factor solutions and should be identified and
addressed

* The suitability of the data for factor analysis is assessed using the Kaiser-Meyer-Olkin (KMO)
measure and Bartlett's test of sphericity

+ KMO measure: Indicates the proportion of variance in the variables that might be caused by
underlying factors (values > 0.6 are considered acceptable)

* Bartlett's test of sphericity: Tests the null hypothesis that the correlation matrix is an identity matrix
(significant p-value suggests that the data are suitable for factor analysis)
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Factor extraction and rotation methods

* Factor extraction determines the number of factors to retain based on criteria such as eigenvalues
(Kaiser's criterion), scree plot, parallel analysis, or a priori theory

» Common extraction methods include:

* Principal component analysis (PCA): Aims to explain the maximum amount of total variance in the
observed variables

* Principal axis factoring (PAF): Focuses on explaining the common variance among the observed
variables

» Maximum likelihood (ML): Estimates factor loadings that maximize the likelihood of observing the
sample correlation matrix

« Factor rotation aims to simplify the factor structure and enhance interpretability by maximizing high
loadings and minimizing low loadings

+ Orthogonal rotation (e.g., varimax): Assumes uncorrelated factors and maintains the independence of
the factors

+ Oblique rotation (e.g., promax): Allows factors to be correlated, which may better reflect the reality of
many psychological constructs

* The final factor solution is obtained by examining the rotated factor matrix, which contains the factor
loadings (correlations between observed variables and factors) and the communalities (proportion of
each variable's variance explained by the factors)

Interpreting factor loadings

Assessing the strength and significance of loadings

* Factor loadings represent the correlations between the observed variables and the extracted factors,
indicating the strength and direction of the relationship

+ Higher absolute factor loadings suggest a stronger association between the variable and the factor,
while lower loadings indicate a weaker relationship

* A common rule of thumb is to consider factor loadings of £0.30 or greater as significant, although
higher cutoffs (e.g., £0.40 or £0.50) may be used for better interpretability

* The squared factor loading represents the proportion of variance in the observed variable explained
by the factor (i.e., the variable's communality)

Labeling factors and handling cross-loadings

* Variables with high loadings on a factor are used to interpret and label the factor based on their
common conceptual meaning or underlying construct

 For example, if variables related to anxiety, worry, and fear load highly on a factor, it might be labeled
as "Anxiety" or "Negative Affect”

+ Cross-loadings occur when a variable has significant loadings on multiple factors, making
interpretation more challenging
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* Researchers may consider removing such variables or using oblique rotation to allow for correlated
factors

« If cross-loadings are theoretically meaningful and do not hinder interpretation, they can be retained in
the model

* The labeling of factors should be based on the conceptual meaning of the variables that load highly on
each factor, considering the theoretical framework and previous research in the field

Evaluating factor analysis models

Goodness-of-fit indices and their interpretation

» Goodness-of-fit indices assess how well the factor model reproduces the observed correlation or
covariance matrix

* The chi-square test compares the observed and model-implied covariance matrices, with a
non-significant result indicating good fit

* However, the chi-square test is sensitive to sample size and may reject well-fitting models in large
samples

* Alternative fit indices provide additional information about model fit:

* Root mean square error of approximation (RMSEA): Measures the discrepancy between the observed
and model-implied covariance matrices, adjusted for model complexity (values < 0.06 indicate good fit)

« Standardized root mean square residual (SRMR): Represents the average difference between the
observed and model-implied correlations (values < 0.08 suggest good fit)

» Comparative fit index (CFI) and Tucker-Lewis index (TLI): Compare the fit of the hypothesized model
to a null model, with values = 0.95 indicating good fit

Model modification and validation

* Modification indices suggest potential changes to the factor model (e.g., allowing residual covariances
or cross-loadings) that could improve fit

» However, modifications should be made sparingly and only when theoretically justifiable to avoid
overfitting the model to the sample data

« If the initial factor model shows poor fit, researchers may consider removing problematic variables,
changing the number of factors, or using a different rotation method to improve the model's fit and
interpretability

* The final factor model should be validated using independent samples or cross-validation techniques
to ensure its generalizability and stability

* Split-sample validation: The sample is divided into two subsamples, with one used for model
development and the other for validation

* Bootstrap validation: Repeated samples are drawn from the original data with replacement to assess
the stability of the factor solution across different samples
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12.3 Discriminant analysis

Discriminant analysis is a powerful tool for classifying data into groups. It finds the best way to separate
classes using predictor variables, assuming they follow a normal distribution. This technique is super
useful when classes are distinct and you have enough data.

In multivariate analysis, discriminant analysis shines for classification problems. It creates linear functions
to separate classes, evaluates model performance, and has wide applications in quality control, medical
diagnosis, and customer segmentation. It's a key player in data-driven decision-making.

Discriminant Analysis for Classification

Purpose and Concepts

« Discriminant analysis is a supervised learning technique used for classification problems, where the
goal is to assign observations to predefined groups or classes based on a set of predictor variables

« It aims to find a linear combination of predictor variables that maximally separates the different classes
or groups

+ Discriminant analysis assumes that the predictor variables follow a multivariate normal distribution
within each class and that the covariance matrices of the classes are equal

* The technique is particularly useful when the classes are well-separated (distinct clusters) and the
assumptions of normality and equal covariance matrices are reasonably met

Assumptions and Considerations

* The predictor variables should be continuous or quantitative in nature

* The classes or groups should be mutually exclusive and exhaustive, meaning each observation
belongs to exactly one class

» The sample size for each class should be sufficiently large to estimate the parameters of the
multivariate normal distribution reliably

« Discriminant analysis is sensitive to outliers and multicollinearity among the predictor variables, which
can affect the stability and interpretability of the results

Linear Discriminant Functions

Derivation and Interpretation

* Linear discriminant functions are derived from the predictor variables to create decision boundaries
that separate the classes in the feature space

» The number of discriminant functions is equal to the minimum of the number of classes minus one or
the number of predictor variables

« Fisher's linear discriminant analysis seeks to find a projection of the data that maximizes the
between-class variance relative to the within-class variance, effectively maximizing class separability

* The coefficients of the linear discriminant functions are determined by solving an eigenvalue problem
involving the between-class and within-class covariance matrices
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Classification and Decision Rules

* The discriminant scores for each observation are calculated by applying the linear discriminant
functions to the predictor variables

» The observation is assigned to the class with the highest discriminant score

* Decision rules can be established based on the discriminant scores, such as assigning an observation
to the class with the highest posterior probability (Bayes' rule) or using a threshold value to determine
class membership

+ In the case of two classes, a single discriminant function is sufficient, and the decision boundary is a
hyperplane that separates the two classes in the feature space

Discriminant Analysis Model Performance

Evaluation Metrics

*» The performance of a discriminant analysis model is evaluated by assessing its ability to correctly
classify observations into their respective classes

» The confusion matrix is a useful tool for evaluating classification accuracy, as it summarizes the true
positive, true negative, false positive, and false negative classifications

« Overall classification accuracy is the proportion of correctly classified observations out of the total
number of observations

+ Class-specific accuracy measures, such as sensitivity (true positive rate) and specificity (true negative
rate), provide insights into the model's performance for each individual class

Validation Techniques

* Cross-validation techniques, such as k-fold cross-validation or leave-one-out cross-validation, can be
used to obtain more robust estimates of the model's classification accuracy

* In k-fold cross-validation, the data is divided into k subsets, and the model is trained and evaluated k
times, each time using a different subset as the validation set

* Leave-one-out cross-validation is a special case of k-fold cross-validation where k equals the number
of observations, providing an unbiased estimate of the model's performance

« Validation techniques help assess the model's generalization ability and identify potential overfitting or
underfitting issues

Discriminant Analysis Applications

Quality Control and Fault Diagnosis

* Discriminant analysis is widely applied in various domains, including quality control, fault diagnosis,
and pattern recognition

* In quality control, discriminant analysis can be used to classify products as defective or non-defective
based on a set of quality characteristics (dimensions, weight), helping to identify and isolate defective
items
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« Fault diagnosis in industrial systems or machinery can benefit from discriminant analysis by classifying
different types of faults (mechanical, electrical) based on sensor measurements or process variables,
enabling quick identification and corrective actions

Medical Diagnosis and Customer Segmentation

+ Discriminant analysis can be applied to medical diagnosis, where patient characteristics (age, gender)
and test results (blood pressure, cholesterol levels) are used to classify individuals into disease or
non-disease groups, aiding in early detection and treatment planning

* In marketing and customer segmentation, discriminant analysis can help classify customers into
different segments (high-value, low-value) based on their demographic, behavioral, or purchasing
characteristics (income, purchase frequency), facilitating targeted marketing strategies

12.4 Cluster analysis

Cluster analysis is a powerful tool for grouping similar data points without prior labels. It's used in various
fields, from marketing to image processing. This technique helps uncover hidden patterns and structures in
complex datasets.

In this section, we'll explore different clustering algorithms, methods for determining the optimal number of
clusters, and techniques for interpreting results. Understanding these concepts is crucial for effectively
applying cluster analysis in real-world scenarios.

Cluster Analysis Principles

Objectives and Techniques

« Cluster analysis groups similar objects or data points together based on their inherent characteristics
or features without prior knowledge of group labels or categories

« Similarity between objects is measured using distance metrics (Euclidean distance, Manhattan
distance, cosine similarity) depending on the nature of the data and the problem

* Clustering algorithms maximize the similarity within clusters (intra-cluster similarity) and minimize the
similarity between different clusters (inter-cluster dissimilarity)

Applications

« Cluster analysis has various applications

» Customer segmentation groups customers with similar purchasing behavior or demographics for
targeted marketing campaigns

» Anomaly detection identifies unusual or outlier data points that deviate significantly from the norm
(fraudulent transactions, network intrusions)

» Image segmentation partitions an image into multiple segments or regions based on pixel similarity for
object recognition or medical image analysis

» Document clustering organizes a large collection of text documents into coherent groups based on
their content similarity (news articles, research papers)
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Clustering Algorithms

Hierarchical Clustering

* Hierarchical clustering creates a tree-like structure called a dendrogram, which represents the nested
grouping of objects at different levels of similarity

» Agglomerative hierarchical clustering starts with each object as a separate cluster and iteratively
merges the closest clusters until a desired number of clusters is reached or all objects are in a single
cluster

« Divisive hierarchical clustering starts with all objects in a single cluster and recursively splits the
clusters into smaller subgroups until each object forms its own cluster or a desired number of clusters is
reached

Partitional Clustering

» K-means clustering partitions the data into a specified number of clusters (k) by minimizing the sum of
squared distances between objects and their cluster centroids

* The algorithm iteratively assigns objects to the nearest centroid, updates the centroids based on the
mean of the assigned objects, and repeats until convergence or a maximum number of iterations is
reached

* Other partitional clustering algorithms include:

* Fuzzy c-means clustering allows objects to belong to multiple clusters with varying degrees of
membership

* Mini-batch k-means is a variant of k-means that uses subsets of the data to update the centroids,
making it more efficient for large datasets

Density-based and Model-based Clustering

* Density-based clustering (DBSCAN) groups objects based on the density of their neighborhood

* Objects in high-density regions are considered part of the same cluster, while objects in low-density
regions are treated as noise or outliers

* Model-based clustering (Gaussian mixture models) assumes that the data is generated from a mixture
of probability distributions

* The algorithm estimates the parameters of the underlying distributions and assigns objects to clusters
based on their likelihood of belonging to each distribution

Optimal Cluster Number

Evaluation Metrics

+ Selecting the appropriate number of clusters is crucial for the quality and interpretability of the
resulting clusters

+ Evaluation metrics for determining the optimal number of clusters include:

* Elbow method plots the within-cluster sum of squares (WCSS) against the number of clusters and
looks for an "elbow" point where the rate of decrease in WCSS slows down significantly
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« Silhouette score measures the compactness and separation of clusters, with higher values indicating
better-defined clusters

» Gap statistic compares the within-cluster dispersion to a null reference distribution and selects the
number of clusters that maximizes the gap between the observed and expected dispersion

Domain Knowledge Considerations

» Domain knowledge and the specific context of the problem should be considered when determining
the appropriate number of clusters

* The optimal number may depend on the desired level of granularity and the practical implications of
the resulting clusters

* In customer segmentation, a business may prefer a smaller number of distinct segments for targeted
marketing strategies

* In anomaly detection, a larger number of clusters may be necessary to capture subtle variations in
normal behavior and accurately identify outliers

Cluster Interpretation

Cluster Profiling and Visualization

« Cluster profiles are created by examining the distribution of features or attributes within each cluster to
identify distinct patterns or characteristics that define each group

* In customer segmentation, clusters may be characterized by demographics (age, income), purchasing
behavior (frequency, average order value), or product preferences

« Visualization techniques aid in understanding the separation and structure of the clusters in a
lower-dimensional space

« Scatter plots display the distribution of objects in a two-dimensional space, with different colors or
markers representing different clusters

» Heatmaps show the intensity or magnitude of features across clusters, highlighting similarities and
differences

* Principal component analysis (PCA) projects the high-dimensional data onto a lower-dimensional
subspace while preserving the most important patterns

Practical Implications and Validation

* The interpretation of clusters should consider the practical implications and actionable insights that
can be derived from the identified groups

* In customer segmentation, clusters can inform targeted marketing campaigns, personalized
recommendations, or loyalty programs

* In anomaly detection, clusters can guide the development of risk assessment models or trigger alerts
for potential threats

* The stability and robustness of the clustering results should be assessed by applying different
clustering algorithms, varying the number of clusters, or using resampling techniques
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« Consistent and reproducible clusters across different settings indicate the reliability and
generalizability of the findings

» Domain expertise and subject matter knowledge should be leveraged to validate the meaningfulness
and coherence of the clusters

» Clusters should align with the underlying phenomena or business objectives and provide valuable
insights for decision-making
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Unit 13 — Nonparametric Statistical
Methods

13.1 Advantages and limitations of nonparametric methods

Nonparametric methods offer a flexible approach to statistical analysis, free from strict distributional
assumptions. They're particularly useful for small samples, ordinal data, or when dealing with outliers,
providing robust results in situations where parametric methods might falter.

However, nonparametric methods have limitations. They often require larger sample sizes for equivalent
statistical power and can be less efficient than parametric methods when assumptions are met.
Interpretation can be trickier, and communicating results to a broader audience might require more

explanation.

Nonparametric vs Parametric Assumptions

Distributional Assumptions

* Nonparametric methods do not rely on assumptions about the underlying probability distribution of the
data

» Parametric methods assume a specific distribution (normal distribution)
» Parametric methods require the data to meet certain assumptions

* Normality

* Homoscedasticity

* Independence

» Nonparametric methods have fewer or no distributional assumptions

Data Characteristics and Sensitivity

» Nonparametric methods are based on ranks or order statistics, rather than the actual values of the
data points

» Makes them less sensitive to outliers and extreme values

» Nonparametric methods are generally less powerful than parametric methods when the assumptions
of the parametric methods are met

» More robust when the assumptions are violated
Choosing Nonparametric Methods

Sample Size and Distribution Considerations

» When the sample size is small (typically less than 30) and the distribution of the data is unknown or
cannot be assumed to be normal, nonparametric methods are preferred
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* Nonparametric methods are more appropriate when the data are ordinal or categorical, rather than
continuous or interval-scaled

Outliers and Research Questions

* When the presence of outliers or extreme values in the data is a concern, nonparametric methods can
provide more robust results

« In situations where the research question focuses on differences in medians or ranks, rather than
means, nonparametric methods are more suitable

» Example: Comparing the median income between two groups (men and women)

» Example: Analyzing the ranks of customer satisfaction ratings across different product categories

Robustness vs Efficiency Trade-offs

Defining Robustness and Efficiency

* Robustness refers to the ability of a statistical method to perform well even when the assumptions are
not fully met

« Efficiency refers to the ability to provide the most precise estimates with the least amount of data

Comparing Nonparametric and Parametric Methods

* Nonparametric methods are generally more robust than parametric methods
* Less affected by violations of assumptions and the presence of outliers

» Parametric methods are typically more efficient than nonparametric methods when the assumptions
are met

» Require smaller sample sizes to achieve the same level of statistical power

Decision-Making Considerations

* The choice between parametric and nonparametric methods should be based on a careful
consideration of the trade-off between robustness and efficiency

+ Take into account the nature of the data, the research question, and the potential consequences of
violating assumptions

» Example: If the data is skewed and contains outliers, a nonparametric method like the Mann-Whitney
U test may be more appropriate than a t-test

« Example: If the sample size is large and the data is approximately normally distributed, a parametric
method like ANOVA may be more efficient than the Kruskal-Wallis test

Nonparametric Method Limitations

Sample Size and Statistical Power

* Nonparametric methods generally require larger sample sizes than parametric methods to achieve the
same level of statistical power, especially when the underlying distribution is close to normal

Fiveable archived study guides Page 152



* Example: The Wilcoxon signed-rank test may require a larger sample size to detect a significant
difference compared to a paired t-test when the data is approximately normal

Interpretation and Effect Sizes

* The interpretation of results from nonparametric methods is often less straightforward than that of
parametric methods

* Focus is on ranks or medians rather than means and standard deviations
» Nonparametric methods may not provide estimates of effect sizes or confidence intervals

* Makes it more difficult to assess the practical significance of the results

Limitations in Group Comparisons and Interaction Effects

» Some nonparametric methods, such as the Kruskal-Wallis test, do not allow for the direct comparison
of specific groups or the estimation of interaction effects

+ Can limit the depth of the analysis

» Example: The Kruskal-Wallis test can determine if there are significant differences among three or
more groups, but it does not provide information on which specific groups differ from each other

Familiarity and Communication Challenges
* Nonparametric methods may not be as widely used or well-understood as parametric methods
» Can make it more challenging to communicate the results to a broader audience

* Example: Researchers may need to provide more detailed explanations when presenting results from
a Mann-Whitney U test compared to a t-test, as the latter is more commonly encountered in scientific
literature and education

13.2 Rank-based tests

Rank-based tests are powerful tools for analyzing data when traditional parametric methods fall short.
They use data ranks instead of actual values, making them ideal for non-normal distributions or when
dealing with outliers.

These tests, like the Wilcoxon signed-rank and Mann-Whitney U, compare samples and assess
relationships between variables. They're especially useful in situations where assumptions of normality or
equal variance aren't met, providing reliable results in diverse scenarios.

Rank-Based Tests for Comparisons

Wilcoxon Signed-Rank Test for Paired Observations

» The Wilcoxon signed-rank test compares two related samples or repeated measurements on a single
sample

» Assesses whether the population mean ranks of the paired observations differ
* Calculates the differences between each set of paired observations

» Ranks the absolute differences
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* Sums the positive and negative ranks separately

» Example: Comparing pre-test and post-test scores for a group of students

Mann-Whitney U Test for Independent Samples

» The Mann-Whitney U test, also known as the Wilcoxon rank-sum test, compares two independent
samples

* Determines if the samples come from the same population
» Combines and ranks the data from both samples
* Calculates the sum of ranks for each group

* Example: Comparing the exam scores of students from two different schools

Applicability of Rank-Based Tests

» Rank-based tests are non-parametric statistical methods that use the ranks of the data instead of the
actual values

» Suitable for ordinal data or when the assumptions of parametric tests are not met
» Assumptions include normality and homogeneity of variance

* Rank-based tests are less sensitive to outliers and can handle non-normal distributions

Rank Correlation and its Application

Spearman's Rank Correlation Coefficient (p)

» Spearman's rank correlation coefficient (p) measures the strength and direction of the monotonic
relationship between two variables

* Ranges from -1 to +1, with 0 indicating no association

* Values closer to -1 indicate a stronger negative association, while values closer to +1 indicate a
stronger positive association

« Calculates the correlation based on the ranks of the data rather than the actual values

* Example: Assessing the relationship between students' study time and their exam scores

Kendall's Tau (1)

+ Kendall's tau (1) is another rank correlation coefficient that measures the ordinal association between
two variables

* Ranges from -1 to +1, with a similar interpretation to Spearman's rank correlation coefficient
+ Considers the number of concordant and discordant pairs in the data
* Less sensitive to outliers compared to Spearman's rank correlation coefficient

» Example: Evaluating the agreement between two judges' rankings of contestants in a competition
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Usefulness of Rank Correlation

* Rank correlation is useful when the relationship between variables is monotonic but not necessarily
linear

* Applicable when the data contains outliers or is not normally distributed
* Provides a non-parametric alternative to Pearson's correlation coefficient

* Helps identify the presence and strength of associations between variables based on their ranks

Interpreting Rank-Based Test Results

P-Values and Statistical Significance

 The p-value in rank-based tests indicates the probability of obtaining the observed results or more
extreme results if the null hypothesis is true

+ A small p-value (typically < 0.05) suggests that the observed differences or associations are unlikely to
have occurred by chance alone

« Statistical significance does not necessarily imply practical significance

« Consider the research question, sample size, and the nature of the data when interpreting p-values

Effect Sizes for Rank-Based Tests

« Effect sizes provide a standardized measure of the magnitude of the difference or association
between groups or variables

* Rank-biserial correlation is used for the Mann-Whitney U test
» Matched-pairs rank-biserial correlation is used for the Wilcoxon signed-rank test
« Effect sizes help quantify the practical significance of the findings

« Interpret effect sizes in the context of the research domain and previous studies

Practical Significance and Interpretation

+ Consider the practical significance of the findings in addition to the statistical significance indicated by
the p-value

+ Evaluate the magnitude of the differences or associations in the context of the research question
« Take into account the sample size, the nature of the data, and the limitations of the study design
* Interpret the results in light of previous research and theoretical frameworks

* Discuss the implications of the findings for future research and practical applications

Assumptions and Limitations of Rank-Based Tests

Independence of Observations

* Rank-based tests assume that the observations within each group or variable are independent of each
other
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« Violation of this assumption may lead to biased results and invalid conclusions
 Ensure that the study design and data collection methods meet the independence assumption

» Be cautious when applying rank-based tests to data with dependencies or clustering

Impact of Ties

» The presence of ties (equal values) in the data can affect the calculation and interpretation of
rank-based tests

+ Ties are typically assigned the average rank of the tied positions
* A large number of ties may reduce the power of the test and influence the p-value
» Consider the proportion of ties in the data and their potential impact on the results
» Some rank-based tests, such as the Wilcoxon signed-rank test, have specific methods for handling
ties
Limitations in Interpreting Magnitudes

* Rank-based tests do not provide information about the magnitude of the differences between groups
or the strength of the association between variables beyond the ranks

+ Additional measures, such as effect sizes or confidence intervals, may be needed to fully understand
the practical significance of the results

» Rank-based tests focus on the relative positions of the observations rather than the actual values
* Interpretation of rank-based test results should be done cautiously, acknowledging the limitations in
quantifying magnitudes

Comparison with Parametric Tests

* Rank-based tests may be less powerful than their parametric counterparts when the assumptions of
the parametric tests are met

* Particularly for small sample sizes, parametric tests may have higher power to detect significant
differences or associations

* However, rank-based tests are more robust to violations of assumptions and can be applied in a wider
range of situations

+ Consider the trade-off between robustness and power when choosing between rank-based and
parametric tests

» Conduct sensitivity analyses or use multiple methods to assess the consistency of the results

13.3 Goodness-of-fit tests

Goodness-of-fit tests help us figure out if our data matches a specific probability distribution. These tests
compare what we see in our data to what we'd expect if it followed a certain pattern. They're super useful in
many fields, from quality control to social sciences.

There are different types of goodness-of-fit tests for different kinds of data. The chi-square test works well
for categorical stuff, while the Kolmogorov-Smirnov test is great for continuous data. Knowing which test to
use and how to interpret the results is key to understanding your data better.
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Goodness-of-Fit Tests: Purpose and Application

Understanding Goodness-of-Fit Tests

» Goodness-of-fit tests are statistical methods used to determine how well a hypothesized probability
distribution fits a set of observed data

» Compare the observed frequencies of data points in different categories or intervals with the expected
frequencies based on the hypothesized distribution

» The null hypothesis states that the observed data follow the specified distribution, while the alternative
hypothesis suggests that the data do not follow the distribution

* Used in various fields (quality control, biology, social sciences) to assess the agreement between
empirical data and theoretical models

Choosing the Appropriate Goodness-of-Fit Test

* The choice of the appropriate goodness-of-fit test depends on the nature of the data and the
hypothesized distribution

* For categorical data, the chi-square goodness-of-fit test is commonly used
* For continuous data, the Kolmogorov-Smirnov (K-S) test is a suitable choice

+ Consider the assumptions of each test, such as the independence of observations and the minimum
expected frequency in each category (chi-square test)

+ Ensure that the hypothesized distribution's parameters are fully specified or estimated from the data
using a separate method (K-S test)

Chi-Square Test for Categorical Data
Calculating the Chi-Square Test Statistic

* The chi-square goodness-of-fit test assesses the agreement between observed categorical data and a
hypothesized discrete probability distribution

» Calculate the test statistic as the sum of the squared differences between the observed and expected
frequencies, divided by the expected frequencies for each category

* The test statistic follows a chi-square distribution with degrees of freedom equal to the number of
categories minus one, assuming the hypothesized distribution is fully specified

Interpreting the Chi-Square Test Results

« Calculate the p-value by comparing the test statistic to the chi-square distribution with the appropriate
degrees of freedom

« If the p-value is less than the chosen significance level (0.05), reject the null hypothesis, indicating that
the observed data do not follow the hypothesized distribution

+ Consider the practical significance of the findings and the assumptions of the test, such as the
independence of observations and the minimum expected frequency in each category
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« If the null hypothesis is rejected, consider alternative distributions or models that may better describe
the observed data

Kolmogorov-Smirnov Test for Continuous Data

Applying the Kolmogorov-Smirnov Test

» The Kolmogorov-Smirnov (K-S) test is a nonparametric goodness-of-fit test used to assess the
agreement between observed continuous data and a hypothesized continuous probability distribution

» Compare the empirical cumulative distribution function (ECDF) of the observed data with the
cumulative distribution function (CDF) of the hypothesized distribution

* The test statistic for the K-S test is the maximum absolute difference between the ECDF and the CDF,
denoted as D

Determining the Critical Values and Interpreting Results

* The critical values for the K-S test are based on the sample size and the desired significance level,
and they can be obtained from tables or statistical software

« If the test statistic D exceeds the critical value, reject the null hypothesis, indicating that the observed
data do not follow the hypothesized distribution

* The K-S test is sensitive to differences in both the location and shape of the distributions, making it a
versatile goodness-of-fit test for continuous data

* When the null hypothesis is rejected, consider alternative distributions or models that may better
describe the observed data

Limitations of Goodness-of-Fit Tests

Sample Size and Power Considerations

» The power of goodness-of-fit tests increases with sample size, meaning that even small deviations

from the hypothesized distribution may be detected as statistically significant when the sample size is
large

» Conversely, small sample sizes may lack the power to detect meaningful differences between the
observed data and the hypothesized distribution, leading to a failure to reject the null hypothesis even
when the fit is poor

+ Consider the effect of sample size when interpreting the results and drawing conclusions

Binning and Ties in Data

* For the chi-square goodness-of-fit test, the choice of binning (the number and width of categories) can
influence the test results

« If the bins are too narrow, the expected frequencies may be too small, violating the assumption of a
minimum expected frequency of 5 in each category

« If the bins are too wide, the test may fail to detect deviations from the hypothesized distribution within
the bins
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* The K-S test is sensitive to ties in the data, which can occur when there are multiple observations with
the same value

* Ties can affect the calculation of the test statistic and the critical values

+ Consider the presence of ties when applying the K-S test and interpreting the results

Interpreting Rejected Null Hypotheses

» Goodness-of-fit tests do not provide information about the specific nature of the deviation from the
hypothesized distribution or the underlying reasons for the lack of fit

* When a goodness-of-fit test rejects the null hypothesis, consider alternative distributions or models
that may better describe the observed data

* Investigate the practical implications of the lack of fit and explore potential explanations for the
discrepancy between the observed data and the hypothesized distribution

13.4 Nonparametric regression and density estimation

Nonparametric regression and density estimation are flexible techniques for modeling relationships and
probability distributions without strict assumptions. These methods allow data to shape the analysis,
capturing complex patterns that traditional approaches might miss.

In this section, we'll explore kernel regression, local polynomial regression, and kernel density estimation.
We'll also discuss the crucial role of smoothing parameters and the balance between bias and variance in
these nonparametric methods.

Nonparametric Regression: Concept and Purpose

Modeling Relationships Without Assumptions

* Nonparametric regression flexibly models relationships between variables without strong assumptions
about the functional form (linear, quadratic, exponential)

« Allows the data to determine the shape of the relationship, capturing complex, nonlinear, or not
well-understood relationships

« Particularly useful when the relationship between variables is intricate or lacks a clear functional form

Estimating Conditional Expectation

» Goal is to estimate the conditional expectation of the response variable given the predictor variable(s)
without imposing a rigid functional form

» Nonparametric regression methods include:
» Kernel regression
* Local polynomial regression

* Spline-based methods

Fiveable archived study guides Page 159



Kernel Density Estimation: Probability Density

Estimating Probability Density Function

* Kernel density estimation (KDE) is a nonparametric method for estimating the probability density
function (PDF) of a random variable from a finite sample of data

* Places a kernel function (Gaussian, Epanechnikov) centered at each data point and sums the
contributions from all kernels to estimate the PDF at any given point

* Choice of kernel function and bandwidth parameter (h) determines the smoothness of the estimated
density

* Larger bandwidth results in a smoother estimate

» Smaller bandwidth captures more local features

Mathematical Formulation and Bandwidth Selection

* Kernel density estimator is defined as:

« K is the kernel function

« h is the bandwidth

« X are the observed data points

» KDE is sensitive to the choice of bandwidth

 Optimal bandwidth selection methods (cross-validation, plug-in methods) balance the bias-variance
trade-off

+ Can be extended to multivariate density estimation using multivariate kernel functions and appropriate
bandwidth selection techniques

Interpreting Nonparametric Results: Smoothing Parameter and
Bias-Variance Tradeoff

Smoothing Parameter and Bias-Variance Tradeoff

» Smoothing parameter (bandwidth in KDE) controls the balance between bias and variance in the
estimates

« Larger smoothing parameter results in a smoother estimate, reducing variance but potentially
increasing bias

» Smaller smoothing parameter captures more local features but may introduce higher variance
* Bias-variance trade-off is a fundamental concept in nonparametric methods

* Goal is to find an optimal smoothing parameter that minimizes the mean squared error (MSE), the
sum of squared bias and variance
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* Cross-validation techniques (leave-one-out cross-validation (LOOCV), k-fold cross-validation) assess
performance and select the optimal smoothing parameter

Interpreting Results and Uncertainty

* Interpreting nonparametric regression and density estimation results requires considering:
* Smoothness of the estimates

* Presence of local features or patterns

» Uncertainty associated with the estimates

* Confidence intervals or bands can be constructed around the nonparametric estimates to quantify
uncertainty and assess the reliability of the results

Nonparametric vs Parametric Methods: Advantages and Limitations

Advantages of Nonparametric Methods

* Flexibility: Capture complex and nonlinear relationships between variables without assuming a
specific functional form

* Robustness: Less sensitive to outliers and violations of distributional assumptions compared to
parametric methods

+ Adaptability: Adapt to the local structure of the data, capturing local features and patterns

Limitations of Nonparametric Methods

» Higher computational complexity: Require more computational resources compared to parametric
methods, especially for large datasets

+ Curse of dimensionality: Performance tends to deteriorate as the number of predictor variables
increases, requiring larger sample sizes to maintain accuracy

* Interpretability: May be less interpretable compared to parametric methods, as they do not provide
explicit functional forms or coefficients

Comparison to Parametric Methods

» Parametric methods (linear regression) are simpler and more interpretable when assumptions are met
but may be less flexible and robust to violations of assumptions

* Choice between nonparametric and parametric methods depends on:
* Nature of the data

* Underlying relationships

* Available sample size

* Specific goals of the analysis
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Unit 14 — Bayesian Methods

14.1 Bayes' theorem and Bayesian inference

Bayes' theorem is a powerful tool for updating beliefs based on new evidence. It allows us to combine prior
knowledge with observed data to make more informed decisions and predictions. This approach is
particularly useful in situations where we have limited data or complex models.

Bayesian inference offers a flexible framework for tackling real-world problems. By incorporating prior
information and quantifying uncertainty, it provides a more nuanced understanding of probabilities. This
method is especially valuable in fields like medicine, finance, and scientific research.

Bayesian Inference Fundamentals

Key Concepts and Differences from Frequentist Inference

+ Bayesian inference updates the probability of a hypothesis as more evidence or data becomes
available

* Incorporates prior knowledge or beliefs about a parameter into the estimation, represented by the prior
distribution

« Contrasts with frequentist inference which estimates parameters based on the frequency of data over
repeated experiments and typically relies solely on the data at hand

» The updated probability after observing data is the posterior distribution, which combines the prior
distribution with the likelihood of the data

* Focuses on the probability of a hypothesis given the data, P(hypothesis|data)
* Frequentist inference focuses on the probability of the data given a hypothesis, P(datalhypothesis)

+ Allows for the incorporation of subjective information and provides a more intuitive interpretation of
probability as a degree of belief

* Frequentist inference emphasizes objective, repeatable experiments and interprets probability as
long-run frequencies

Advantages and Appropriate Situations for Bayesian Inference

* Particularly useful when there is prior information or expert knowledge available about the parameters
of interest

* Allows for the incorporation of this information into the analysis through the prior distribution

» Can provide more stable and reliable estimates compared to frequentist methods when the sample
size is small or the data is limited

* Leverages the prior information to compensate for the lack of data
» Advantageous when dealing with complex, hierarchical, or high-dimensional models

* Provides a principled way to estimate and quantify uncertainty in the parameters and to perform model
selection and averaging

 Appropriate when the goal is to make probabilistic predictions or decisions under uncertainty
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* Naturally produces posterior predictive distributions that quantify the uncertainty in the predictions
« Suitable for online learning or sequential updating

* Posterior distribution from one analysis can be used as the prior distribution for the next analysis as
new data becomes available, allowing for continuous updating of beliefs

Updating Beliefs with Bayes' Theorem
Applying Bayes' Theorem

+ Bayes' theorem is a mathematical rule that describes how to update the probability of a hypothesis
(prior belief) based on new evidence or data, resulting in the posterior probability

« The formula for Bayes' theorem is: P(A|B) = (P(B|A) * P(A))/P(B)

* A is the hypothesis

« B is the observed data

« P(A) is the prior probability

« P(BJA) is the likelihood of the data given the hypothesis

« P(B) is the marginal likelihood of the data

» To apply Bayes' theorem:

1. Identify the prior probability of the hypothesis based on existing knowledge or beliefs
2. Calculate the likelihood of the observed data given the hypothesis

3. Compute the posterior probability by multiplying the prior probability by the likelihood and normalizing
by the marginal likelihood

* The posterior probability represents the updated belief in the hypothesis after considering the
observed data

» Can be used as the new prior probability for future iterations of Bayesian updating (sequential
updating)

Bayesian Updating Process
« Start with a prior probability distribution over the possible hypotheses or parameter values
* Represents the initial beliefs or state of knowledge before observing any data
+ Collect new data or evidence relevant to the hypotheses or parameters of interest
« Calculate the likelihood of the observed data under each hypothesis or parameter value
» Quantifies how well each hypothesis or parameter value explains the observed data
* Apply Bayes' theorem to compute the posterior probability distribution
» Updates the prior beliefs by combining them with the evidence provided by the data

* Posterior distribution represents the revised beliefs or state of knowledge after taking the data into
account
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* The posterior distribution can then be used for inference, decision making, or as the prior distribution
for the next iteration of Bayesian updating when new data becomes available

Components of Bayes' Theorem

Prior Probability and Likelihood

« The prior probability, P(A), represents the initial belief or knowledge about the probability of the
hypothesis before observing any data

» Can be based on previous experiences, domain knowledge, or subjective judgment

* Example: In a medical diagnosis context, the prior probability could be the prevalence of a disease in
a population based on historical data

« The likelihood, P(B|A), quantifies the probability of observing the data given that the hypothesis is true
» Determined by the statistical model or the assumed distribution of the data

» Example: In a coin flipping experiment, the likelihood of observing a specific sequence of heads and
tails given a hypothesized probability of heads

Marginal Likelihood and Posterior Probability

« The marginal likelihood, P(B), is the total probability of observing the data

+ Calculated by summing or integrating the product of the prior probability and the likelihood over all
possible hypotheses

* Acts as a normalizing constant in Bayes' theorem to ensure that the posterior probabilities sum to one

« The posterior probability, P(A|B), represents the updated belief in the hypothesis after taking into
account the observed data

» Combines the prior information with the evidence provided by the data

* Proportional to the product of the prior probability and the likelihood, with the marginal likelihood acting
as a scaling factor

« Example: In a parameter estimation problem, the posterior probability distribution summarizes the
updated knowledge about the parameter values after observing the data

Bayesian Inference Applications

Parameter Estimation and Hypothesis Testing

» Bayesian parameter estimation involves updating the prior distribution of a parameter to obtain the
posterior distribution after observing data

* The posterior distribution summarizes the uncertainty and provides point estimates (e.g., mean,
median) and interval estimates (e.g., credible intervals) for the parameter

» Example: Estimating the success probability of a new medical treatment based on clinical trial data
and prior information from previous studies

« Bayesian hypothesis testing compares the posterior probabilities of competing hypotheses to
determine which hypothesis is more likely given the observed data
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 Bayes factors can be used to quantify the relative evidence in favor of one hypothesis over another

» Example: Testing whether a new drug is more effective than a placebo by comparing the posterior
probabilities of the null and alternative hypotheses

Prediction and Decision Making

 Bayesian prediction involves using the posterior predictive distribution to make probabilistic forecasts
or predictions for future observations

* The posterior predictive distribution combines the uncertainty in the parameters with the variability in
future data

» Example: Predicting the demand for a product based on historical sales data and expert opinions,
taking into account the uncertainty in the demand model parameters

+ Bayesian decision theory provides a framework for making optimal decisions under uncertainty by
combining the posterior distribution with a utility or loss function

» The optimal decision is the one that maximizes the expected utility or minimizes the expected loss
over the posterior distribution

» Example: Deciding whether to launch a new product based on the posterior distribution of its potential
market share and the costs and benefits associated with each decision

14.2 Prior and posterior distributions

Bayesian methods use prior and posterior distributions to update beliefs about parameters. Priors
represent initial knowledge, while posteriors combine priors with observed data. This approach allows for
flexible incorporation of existing information and uncertainty into statistical inference.

Choosing appropriate priors, computing posteriors using Bayes' theorem, and interpreting results are key
steps in Bayesian analysis. Understanding these concepts helps in making informed decisions and
drawing meaningful conclusions from data in various fields.

Prior Distributions in Bayesian Inference

Role and Importance of Prior Distributions

* Represent initial beliefs or knowledge about parameters before observing data
* Quantify uncertainty and prior information available

+ Choice of prior can significantly impact resulting posterior distribution, especially with small sample
sizes or informative priors

« Informative priors incorporate domain knowledge or previous findings (expert opinions, physical
constraints)

* Non-informative priors minimize influence on posterior distribution (uniform distribution, Jeffreys prior)
« Allow incorporation of subjective beliefs and external information into inference process

» Make Bayesian inference more flexible and adaptable to different contexts
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Choosing Prior Distributions

Types of Prior Distributions

» Choice depends on nature of parameter and available prior information
» Common types include uniform, normal, beta, gamma, and Dirichlet distributions

+ Conjugate priors result in posterior distributions belonging to same family as prior, simplifying
computation (beta prior with binomial likelihood, gamma prior with Poisson likelihood)

« Informative priors used when reliable prior knowledge is available, helping guide inference process
and improve precision of estimates

* Non-informative priors used when little or no prior information available, letting data speak for itself

Assessing Sensitivity to Prior Choice

« Sensitivity of posterior distribution to prior choice should be assessed through robustness checks and
sensitivity analyses

* Ensures stability and reliability of inferences
* Helps identify cases where prior has undue influence on posterior

* Allows for transparent reporting of the impact of prior assumptions on results

Computing Posterior Distributions

Bayes' Theorem

* Posterior distribution obtained by updating prior distribution with information from observed data using
Bayes' theorem

* Posterior distribution proportional to product of prior distribution and likelihood function
* Likelihood function quantifies probability of observing data given parameter values

+ Determined by assumed statistical model for data (normal distribution for continuous data, binomial
distribution for binary data)

Numerical Methods for Computation

* Posterior distribution typically computed using numerical methods when analytical solution is
intractable

* Markov Chain Monte Carlo (MCMC) algorithms simulate samples from posterior distribution
(Metropolis-Hastings algorithm, Gibbs sampling)

« Variational inference approximates posterior distribution with a simpler, tractable distribution

* Resulting posterior distribution represents updated beliefs about parameters after incorporating
observed data

» Combines prior knowledge with evidence provided by data
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Interpreting Posterior Distributions

Summarizing Posterior Distributions
* Posterior distribution summarizes uncertainty and knowledge about parameters after observing data
* Provides complete characterization of plausible parameter values
+ Point estimates summarize central tendency of posterior distribution (posterior mean, median)
* Provide single "best guess" for parameter values
* Credible intervals quantify uncertainty associated with parameter estimates

* Provide range of plausible values with certain probability coverage (95% credible interval)

Making Inferences and Decisions

* Posterior probabilities assess probability of specific hypotheses or events based on posterior
distribution (probability of parameter exceeding a threshold)

« Visualizations display shape, spread, and key features of posterior distribution (density plots,
histograms, boxplots)

* Facilitate communication and interpretation of results

+ Posterior distribution used for decision-making by comparing actions or interventions based on
expected utilities or costs

* Takes into account uncertainty captured by posterior distribution

14.3 Bayesian estimation and hypothesis testing

Bayesian estimation and hypothesis testing are powerful tools in statistics, blending prior knowledge with
observed data. This approach provides a comprehensive view of parameter uncertainty and allows for
more nuanced decision-making in complex scenarios.

Compared to frequentist methods, Bayesian techniques offer unique advantages in handling complex
models and incorporating prior information. However, they can be computationally intensive and require
careful consideration of prior distributions to ensure robust results.

Bayesian Parameter Estimation

Posterior Distributions and Estimation

+ Bayesian estimation combines prior information about parameters with observed data to update
beliefs and obtain posterior distributions for the parameters

*» The posterior distribution is proportional to the product of the prior distribution and the likelihood
function, which represents the probability of the observed data given the parameter values

» The posterior mean is a point estimate of the parameter, calculated as the weighted average of the
parameter values, where the weights are determined by the posterior probabilities

« For example, if the posterior distribution of a parameter 8 is a normal distribution with mean H and
variance g2, the posterior mean would be X
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* Credible intervals are ranges of parameter values that contain a specified probability mass of the
posterior distribution, typically 95%

* They represent the uncertainty in the parameter estimates

« For instance, a 95% credible interval for 8 might be [4 — 1.960, u + 1.960], assuming a normal
posterior distribution

Priors and Computational Methods

» Bayesian estimation allows for the incorporation of prior knowledge, which can be informative or
non-informative, depending on the available information and the researcher's beliefs

« Informative priors are based on previous studies, expert opinion, or theoretical considerations and can
help to guide the estimation process

* Non-informative priors (flat priors) are used when there is little or no prior information available and
aim to minimize the influence of the prior on the posterior distribution

» Markov Chain Monte Carlo (MCMC) methods, such as the Gibbs sampler and the Metropolis-Hastings
algorithm, are commonly used to sample from the posterior distribution when it is not analytically
tractable

* MCMC methods generate a large number of samples from the posterior distribution, which can be
used to estimate posterior quantities (means, credible intervals) and make inferences about the
parameters

* For example, the Gibbs sampler iteratively samples from the conditional posterior distributions of each
parameter, given the current values of the other parameters, to obtain a Markov chain that converges to
the joint posterior distribution

Bayesian vs Frequentist Estimation

Differences in Approach and Interpretation

* Frequentist estimation relies on the sampling distribution of the estimator and uses point estimates,
such as maximum likelihood estimates (MLE) or method of moments estimates (MME)

* MLEs are the parameter values that maximize the likelihood function, which represents the probability
of the observed data given the parameters

* MMEs are obtained by equating sample moments (mean, variance) to their population counterparts
and solving for the parameters

* Frequentist methods do not incorporate prior information and treat parameters as fixed unknown
constants, while Bayesian methods treat parameters as random variables with prior distributions

 Bayesian estimation provides a full posterior distribution for the parameters, allowing for a more
comprehensive understanding of the uncertainty, while frequentist methods typically provide point
estimates and confidence intervals

+ Confidence intervals in frequentist estimation have a long-run frequency interpretation (95%
confidence interval would contain the true parameter value in 95% of repeated samples), while credible
intervals in Bayesian estimation have a probability interpretation conditioned on the observed data
(95% credible interval contains 95% of the posterior probability mass)
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Strengths and Weaknesses

» Bayesian methods can handle complex models and prior information more easily, while frequentist
methods may struggle in such scenarios

 For example, hierarchical models with many parameters can be more easily estimated using Bayesian
methods, as the prior distributions can help to regularize the estimates and improve convergence

* Frequentist methods are often more computationally efficient and have well-established theoretical
properties, while Bayesian methods may require more computational resources and rely on the choice
of prior distributions

* Frequentist estimators, such as MLEs, often have closed-form solutions or can be obtained using
efficient optimization algorithms

» Bayesian methods, particularly MCMC, can be computationally intensive and may require careful
tuning of the sampling algorithms to ensure convergence and mixing

Bayesian Hypothesis Testing

Bayes Factors and Evidence

 Bayesian hypothesis testing compares the evidence in favor of competing hypotheses or models
based on the observed data and prior information

» The Bayes factor is a ratio of the marginal likelihoods of two competing hypotheses, quantifying the
relative evidence in favor of one hypothesis over the other

» The marginal likelihood is the probability of the observed data under a given hypothesis, averaged
over the prior distribution of the parameters

* For exelz:ngpi_lle, if H1 and H2 are two competing hypotheses, the Bayes factor in favor of H1 over Hz is
Bf1; = PED—iHi;’ where D represents the observed data

A Bayes factor greater than 1 indicates evidence in favor of the numerator hypothesis, while a Bayes
factor less than 1 indicates evidence in favor of the denominator hypothesis

* Interpretation of Bayes factors can be based on established thresholds, such as those proposed by
Jeffreys (1961), which provide guidelines for the strength of evidence

* For instance, a Bayes factor between 1 and 3 is considered weak evidence, between 3 and 10 is
substantial evidence, and above 10 is strong evidence for the numerator hypothesis

Posterior Probabilities and Model Selection

* Posterior probabilities of hypotheses can be calculated using the Bayes factor and the prior
probabilities of the hypotheses, providing a measure of the updated beliefs after observing the data

P(D|H1)P(H
« The posterior probability of H1 given the data D is P(H1|D) = P(D|H1)p((HJ) i)P((DTf)"z)P(Hz)’ where P(H1)

and P(H2) are the prior probabilities of the hypotheses

 Bayesian hypothesis tests can be used for model selection, where the competing hypotheses
represent different models, and the Bayes factor or posterior probabilities are used to choose the best
model
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* For example, when comparing linear and quadratic regression models, the Bayes factor can be used
to determine which model is more strongly supported by the data, considering the complexity of the
models and the prior information about the parameters

Interpreting Bayesian Results

Practical Significance and Sensitivity Analysis

* The interpretation of Bayes factors and posterior probabilities should consider the context and the
practical significance of the results

+ A Bayes factor strongly favoring one hypothesis over another provides compelling evidence for that
hypothesis, but the strength of evidence should be assessed in light of the prior information and the
consequences of the decision

* For instance, in a medical context, a Bayes factor of 5 in favor of a new treatment might be considered
sufficient evidence to adopt the treatment, while in a legal context, a higher threshold might be required

* Posterior probabilities close to 0 or 1 indicate strong evidence for or against a hypothesis,
respectively, while values near 0.5 suggest inconclusive evidence

* The interpretation should also consider the sensitivity of the results to the choice of prior distributions
and the robustness of the conclusions to alternative priors

« Sensitivity analysis can be performed by varying the prior distributions and assessing the impact on
the posterior quantities and the strength of evidence

« If the conclusions are highly sensitive to the choice of priors, caution should be exercised in
interpreting the results, and the sensitivity should be clearly communicated

Decision Making and Further Considerations

* Decision-making based on Bayesian hypothesis tests should incorporate the costs and benefits
associated with different actions, as well as the decision-maker's risk preferences

» For example, in a medical setting, the decision to adopt a new treatment should consider the potential
benefits (improved patient outcomes) and the costs (side effects, financial costs) associated with the
treatment, as well as the decision-maker's willingness to accept risk

* In some cases, additional data collection or sensitivity analyses may be necessary to reach a
conclusive decision, especially when the evidence is weak or the consequences of the decision are
significant

« If the Bayes factor or posterior probabilities are close to the decision threshold, collecting more data or
conducting a more extensive sensitivity analysis may help to clarify the strength of evidence and inform
the decision-making process

« Additionally, if the decision has significant consequences (high costs or irreversible effects), a higher
level of evidence may be required before taking action, and further research may be warranted

14.4 Markov chain Monte Carlo (MCMC) methods

Markov chain Monte Carlo (MCMC) methods are powerful tools for sampling from complex probability
distributions in Bayesian inference. They work by constructing a Markov chain that converges to the
desired distribution, allowing us to generate representative samples even in high-dimensional spaces.
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MCMC algorithms like Metropolis-Hastings and Gibbs sampling enable us to estimate posterior
distributions, compute credible intervals, and perform model comparison. Proper implementation requires
assessing convergence and mixing through diagnostic tools to ensure reliable results in Bayesian analysis.

Markov Chain Monte Carlo Principles

MCMC Motivation and Overview

* MCMC methods are a class of algorithms used to generate samples from complex probability
distributions, particularly in Bayesian inference

» The motivation behind MCMC is to enable sampling from high-dimensional and intractable
distributions, which are common in Bayesian inference and other statistical applications

* MCMC methods rely on constructing a Markov chain that has the desired probability distribution as its
stationary distribution, allowing for sampling from the target distribution

Markov Chain Properties and Sampling

* MCMC methods rely on the Markov chain property, where the next state of the chain depends only on
the current state and not on the entire history of the chain

» The samples generated by MCMC methods are correlated, but as the chain runs for a sufficient
number of iterations, the samples become representative of the target distribution

+ MCMC methods construct a Markov chain by defining a transition kernel that specifies the probability
of moving from one state to another

* The transition kernel must satisfy certain properties, such as irreducibility and aperiodicity, to ensure
that the Markov chain converges to the target distribution

Implementing MCMC Algorithms
Metropolis-Hastings Algorithm

 The Metropolis-Hastings algorithm is a general MCMC method that proposes a new state based on a
proposal distribution and accepts or rejects the proposal based on an acceptance probability

» The acceptance probability in Metropolis-Hastings is calculated as the ratio of the product of the target
density and the proposal density at the proposed state to the product of the target density and the
proposal density at the current state

* The proposal distribution in Metropolis-Hastings can be chosen flexibly, but it should be easy to
sample from and have a sufficiently large overlap with the target distribution

» Common choices for proposal distributions include normal distributions centered at the current state or
uniform distributions within a certain range of the current state

Gibbs Sampling

* Gibbs sampling is a special case of the Metropolis-Hastings algorithm where the proposal distribution
is the full conditional distribution of each variable given the current values of all other variables

* In Gibbs sampling, the variables are updated sequentially by sampling from their full conditional
distributions, which can be easier to derive and sample from compared to the joint distribution
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* Gibbs sampling is particularly useful when the full conditional distributions have a known form
(conjugate priors) or can be easily sampled from

* Implementing Gibbs sampling involves partitioning the variables into subsets and iteratively sampling
from the full conditional distribution of each subset given the current values of the other subsets

MCMC Convergence Diagnostics

Assessing Convergence and Mixing

» Convergence refers to whether the MCMC chain has reached its stationary distribution and is
sampling from the target distribution

» Mixing refers to how well the MCMC chain explores the entire support of the target distribution and
how quickly it moves between different regions of the parameter space

+ Assessing convergence and mixing is crucial to ensure that the MCMC samples are reliable and
representative of the target distribution

» Multiple diagnostic tools and visual inspections are used to evaluate convergence and mixing of
MCMC simulations

Diagnostic Tools for MCMC

* Trace plots visualize the sampled values of each parameter over the iterations of the MCMC chain,
helping to assess convergence and mixing

» Convergence is indicated by trace plots that show random fluctuations around a stable level
(stationarity)

» Good mixing is indicated by trace plots that quickly explore different regions of the parameter space
without getting stuck in certain areas

+ Autocorrelation plots show the correlation between samples at different lags, indicating the level of
dependence between successive samples and the efficiency of mixing

+ High autocorrelation suggests slow mixing and inefficient exploration of the parameter space
» Low autocorrelation indicates good mixing and more independent samples

* The Gelman-Rubin diagnostic compares multiple MCMC chains starting from different initial values to
check if they converge to the same distribution

~

» The Gelman-Rubin statistic (R) compares the between-chain variance to the within-chain variance

« Values of R close to 1 indicate convergence, while values significantly larger than 1 suggest lack of
convergence

* The effective sample size (ESS) estimates the number of independent samples that would provide the
same level of information as the correlated MCMC samples, helping to assess the efficiency of the
MCMC algorithm

* Higher ESS values indicate more efficient sampling and less autocorrelation

* A common rule of thumb is to aim for an ESS of at least 1000 for reliable posterior inference
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Bayesian Inference with MCMC

Posterior Estimation and Inference

* MCMC methods are widely used in Bayesian inference to estimate the posterior distribution of model
parameters given observed data and prior distributions

* In complex models with high-dimensional parameter spaces or non-conjugate prior distributions,
MCMC methods provide a practical approach to sample from the posterior distribution

* MCMC samples from the posterior distribution can be used to compute posterior summaries, such as
means, medians, and credible intervals, for the model parameters

* Posterior means and medians provide point estimates of the parameters

* Credible intervals (highest posterior density intervals) quantify the uncertainty in the parameter
estimates

+ MCMC methods enable Bayesian model comparison and selection by estimating marginal likelihoods
or Bayes factors, which quantify the relative evidence for different models

» Marginal likelihoods can be estimated using methods like the harmonic mean estimator or bridge
sampling

+ Bayes factors compare the marginal likelihoods of two competing models to assess their relative
support from the data

Applications and Considerations

* MCMC techniques can be applied to various types of models, including hierarchical models, mixture
models, and models with latent variables, allowing for flexible and expressive modeling in Bayesian
inference

* Hierarchical models (multilevel models) can account for nested data structures and borrowing of
information across groups

» Mixture models can capture heterogeneity and identify subpopulations within the data

« Latent variable models (factor analysis, item response theory) can infer underlying constructs from
observed data

» When applying MCMC methods, it is important to assess the convergence and mixing of the chains,
tune the algorithm parameters if necessary, and run multiple chains to ensure reliable posterior
estimates

« Thinning the MCMC samples (keeping every k-th sample) can be used to reduce autocorrelation and
storage requirements, but it is not always necessary or beneficial

* Prior sensitivity analysis should be conducted to assess the impact of prior choices on the posterior
inferences and ensure robustness of the results
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Unit 15 — Engineering Stats: Applications
& Cases

15.1 Reliability engineering

Reliability engineering is crucial in product development, focusing on equipment functioning without failure.
It addresses reliability, availability, maintainability, and safety throughout a product's lifecycle. From design
to service, it ensures products meet reliability requirements and maintain performance in the field.

This topic connects to the broader chapter on engineering applications by showcasing how statistical
techniques are applied in real-world scenarios. It demonstrates how engineers use tools like FMEA,
reliability testing, and maintenance strategies to improve product reliability and safety in various industries.

Reliability Engineering in Product Development

Role of Reliability Engineering

+ Reliability engineering is a subspecialty of systems engineering that emphasizes the ability of
equipment to function without failure

* Focuses on four key elements: reliability, availability, maintainability, and safety (RAMS)
« Identifies and manages asset reliability risks that could adversely affect plant or business operations

» The primary role is to identify and manage asset reliability risks that could adversely affect plant or
business operations

« Important in all phases of the product lifecycle, from design and development through testing,
manufacturing, and service life

Importance Throughout Product Lifecycle

* Reliability engineering is critical during the design and development phase to ensure the product is
designed for reliability from the start

* Involves selecting reliable components, designing redundancy and fault tolerance into the system, and
conducting reliability analyses

« During testing, reliability engineering helps validate the reliability of the product through various testing
methods (accelerated life testing, HALT, stress-strength analysis)

* In manufacturing, reliability engineering ensures the production processes are capable of consistently
producing products that meet the reliability requirements

» Throughout the service life of the product, reliability engineering supports maintenance and repair
activities to sustain the reliability of the product in the field

* Includes developing preventive maintenance schedules, troubleshooting guides, and spare parts
provisioning
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Failure Modes and Effects Analysis

FMEA Process

* Failure mode and effects analysis (FMEA) is a step-by-step approach for identifying all possible
failures in a design, a manufacturing or assembly process, or a product or service

* A common process analysis tool used in reliability engineering to identify potential failure modes,
determine their effect on the operation of the product, and identify actions to mitigate the failures

» The purpose is to take actions to eliminate or reduce failures, starting with the highest-priority ones
1. Identify potential failure modes

2. Assess the severity, occurrence, and detection of each failure mode

3. Calculate the risk priority number (RPN) for each failure mode

4. Develop action plans to mitigate the high-priority failure modes

5. Implement the actions and re-assess the RPN

Statistical Techniques in FMEA

* Key statistical techniques used in FMEA:

* Pareto analysis to identify the most common failures

* Helps prioritize which failure modes to address first based on their frequency of occurrence
» Weibull analysis to model time-to-failure and predict reliability over time

« Estimates the probability of a failure occurring within a specific timeframe

« Fault tree analysis (FTA) is another technique used to analyze the undesired states of a system using
boolean logic to combine a series of lower-level events

« Starts with a top event (system failure) and works backward to identify all the possible ways the failure
could occur

* Uses logical gates (AND, OR) to show the relationship between events

Reliability Testing Methods
Types of Reliability Tests

+ Reliability testing is the process of testing a system or component under stated conditions for a
specified period of time to determine the probability that it will perform its intended function adequately
for the specified period of time, under the specified environmental conditions

* Accelerated life testing uses increased stress levels to shorten the life of the product or quicken the
degradation of the product's performance to obtain reliability data more quickly

« Common stresses include temperature, voltage, vibration, and humidity

* Highly accelerated life testing (HALT) is a stress testing methodology used to expose design and
process weaknesses, allowing engineers to improve them prior to product launch
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* Applies a combination of stresses (thermal cycling, vibration, voltage margining) to rapidly find
weaknesses

« Stress-strength analysis is a methodology used to assess the reliability of a component or system in
terms of the stress it experiences and its ability to resist that stress (its strength)

 Estimates the probability that the strength exceeds the stress

» Degradation testing is used to measure the performance of a product over time under normal
operating conditions to estimate its expected lifetime under those conditions

* Tracks key performance parameters (output voltage, flow rate, etc.) over time to model the
degradation

Analyzing Reliability Test Data
* Reliability test data is analyzed using statistical methods to estimate key reliability metrics:
* Mean time to failure (MTTF) for non-repairable systems
* Mean time between failures (MTBF) for repairable systems
* Failure rate over time (bathtub curve)
+ Probability of failure within a specific time (reliability function)

+ Confidence intervals are used to quantify the uncertainty in the reliability estimates based on the
sample size and variability of the test data

* Acceleration factors are used to extrapolate the reliability estimates from the accelerated test
conditions to the normal use conditions

+ Arrhenius equation for temperature acceleration

* Inverse power law for voltage and mechanical stress acceleration

Strategies for Reliability Improvement

Design for Reliability

* Reliability strategies focus on reducing the likelihood of failure through robust design, redundancy, and
fault tolerance

* Robust design involves selecting components and materials that are insensitive to variation in
manufacturing and environmental conditions

» Redundancy involves including backup components or systems that can take over if the primary
component fails

« Fault tolerance involves designing the system to continue operating, possibly at a reduced level, in the
presence of faults

« Safety strategies focus on minimizing the consequences of failure through fail-safe designs, protective
devices, and warning systems

* Fail-safe designs ensure the system remains in a safe state in the event of a failure (elevator brakes)

* Protective devices prevent unsafe conditions (pressure relief valves, circuit breakers)
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* Warning systems alert operators to unsafe conditions (alarms, fault indicators)

Maintenance and Logistics Support

» Maintainability strategies focus on reducing the time to repair or replace failed components through
modularity, standardization, and diagnostic tools

* Modularity involves designing the system as a set of easily replaceable modules to facilitate repair

« Standardization involves using common components and interfaces to reduce the variety of spare
parts and tools required

* Diagnostic tools help technicians quickly identify and isolate faults to speed up repair time

+ Availability strategies focus on maximizing the uptime of the system through preventive maintenance,
condition-based maintenance, and rapid repair capabilities

* Preventive maintenance involves regularly scheduled servicing and replacement of wear-out items to
prevent failures

+ Condition-based maintenance involves monitoring the system for signs of impending failure and taking
action before the failure occurs

* Rapid repair capabilities involve having trained technicians, spare parts, and tools readily available to
minimize downtime when failures do occur

* Reliability centered maintenance (RCM) is a process to ensure that systems continue to do what their
users require in their present operating context by combining various maintenance strategies

» Focuses maintenance resources on the most critical functions of the system

« Utilizes preventive, predictive, and reactive maintenance tasks as appropriate based on the failure
modes and consequences

15.2 Quality engineering

Quality engineering is all about making stuff better. It's like being a product detective, using stats and
science to find ways to improve things. This topic dives into the key principles and tools that help engineers
create top-notch products.

From control charts to experiments, quality engineering has a whole toolkit for solving problems. We'll
explore how these methods work together to boost product quality, cut down on defects, and keep
customers happy. It's all about making things work smoother and smarter.

Principles of Quality Engineering

Fundamentals and Importance

* Quality engineering applies statistical and engineering methods to improve product quality, reduce
defects, and enhance customer satisfaction

+ Main principles include continuous improvement, customer focus, data-driven decision making, and
process optimization

« Crucial in manufacturing as it helps reduce costs, improve efficiency, and maintain a competitive edge
in the market
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» Implementing quality engineering principles throughout the product lifecycle (design, production,
post-sales support) ensures consistent and reliable product performance

Key Tools and Techniques

« Statistical process control monitors and improves processes by reducing variability and maintaining
consistency

* Design of experiments optimizes product quality and process efficiency by identifying influential
factors and interactions

* Failure mode and effects analysis identifies potential failure modes, assesses risks, and prioritizes
corrective actions

+ Quality management systems document processes, procedures, and responsibilities for achieving
quality objectives and complying with standards (ISO 9001)

Statistical Process Control for Improvement

Monitoring and Control

« Control charts (X-bar and R charts for variables data, p and c charts for attributes data) monitor
process stability and detect out-of-control conditions

* Process capability indices (Cp and Cpk) measure the ability of a process to meet customer
specifications and identify areas for improvement

* Implementing SPC involves defining critical-to-quality characteristics, selecting appropriate control
charts, establishing control limits, and training personnel

Analysis and Corrective Actions

* Analyzing control chart patterns (trends, shifts, cycles) helps identify root causes of process variations

* Root cause analysis techniques (5 Whys, Ishikawa diagrams) investigate the underlying reasons for
process deviations

« Corrective actions (process adjustments, equipment maintenance, operator training) address the
identified root causes and improve process performance

+ Continuous monitoring and review ensure the effectiveness of implemented corrective actions and
sustain process improvements

Experiment Design for Optimization

Planning and Execution

* Define the problem, select response variables and factors, choose an appropriate experimental
design, conduct the experiment, analyze the data, and interpret the results

« Common experimental designs include full factorial, fractional factorial, response surface, and
Taguchi methods, each with its own advantages and limitations based on the number of factors and
desired level of detail

* Randomization, replication, and blocking techniques help reduce bias, estimate experimental error,
and improve the precision of the results
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Analysis and Optimization

* Analysis of variance (ANOVA) determines the statistical significance of factors and their interactions
on the response variables, identifying the most critical factors to control

» Main effects plots, interaction plots, and contour plots visualize the relationships between factors and
response variables, guiding the optimization process

* Optimization techniques (response surface methodology, robust design) determine the best
combination of factor levels to achieve the desired product quality and process performance

+ Confirmation runs validate the optimized settings and ensure the reproducibility of the results in the
actual production environment

Quality Management Systems for Compliance

Development and Implementation

+ Define quality policies, objectives, and metrics; map processes; establish documentation and
record-keeping procedures; and assign roles and responsibilities

* Implement the QMS by training personnel, conducting internal audits, monitoring performance
indicators, and taking corrective and preventive actions to address nonconformities

* Integrate the QMS with other management systems (environmental, health and safety) to ensure a
holistic approach to quality and compliance

Continuous Improvement

* Regularly review and update the QMS based on changes in customer requirements, industry
standards, and organizational goals to ensure its continued effectiveness and relevance

» Conduct management reviews to assess the performance of the QMS, identify opportunities for
improvement, and allocate resources for quality initiatives

» Engage employees in continuous improvement activities (Kaizen events, suggestion programs) to
foster a culture of quality and encourage innovation

* Benchmark quality practices against industry leaders and adopt best practices to stay competitive and
meet evolving customer expectations

15.3 Process optimization

Process optimization is all about making things run smoother and better. It's like fine-tuning a machine to
get the best performance. Engineers use data and special techniques to find ways to improve how things
work.

This topic dives into the tools and methods used to optimize processes. From lean manufacturing to
simulation modeling, we'll explore how engineers tackle efficiency challenges and boost quality while
keeping costs in check.
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Process Improvement with Data

Data-Driven Decision Making for Process Optimization

+ Data-driven decision making (DDDM) involves making decisions backed up by hard data rather than
intuition or observation alone

* Process improvement is the proactive task of identifying, analyzing and improving existing business
processes to optimize performance, meet best practice standards or improve quality and user
experience for customers and end-users

+ Key performance indicators (KPIs) are quantifiable measures used to evaluate the success of a
process in meeting objectives for performance

* Selecting appropriate process KPlIs is critical for identifying improvement opportunities

Data Collection and Analysis Techniques

+ Data collection techniques for process improvement include:
» Check sheets

* Histograms

+ Pareto charts

» Cause-and-effect diagrams

* Defect concentration diagrams

* Scatter diagrams

+ Control charts

* Process mining techniques can be used to analyze event logs and discover process inefficiencies,
bottlenecks, deviations, and opportunities for improvement

Optimization Techniques for Efficiency

Lean Manufacturing and Six Sigma Methodologies

* Lean manufacturing principles, focused on eliminating waste and non-value added activities, can be
applied to optimize manufacturing processes

» The 7 wastes include transport, inventory, motion, waiting, overproduction, over-processing, and
defects

« Six Sigma methodologies use the DMAIC phases to improve process capability and reduce variation:
* Define

* Measure

* Analyze

* Improve

« Control
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Simulation Modeling and Mathematical Optimization

* Process optimization is the discipline of adjusting a process to optimize specified parameters without
violating constraints

* The most common goals are minimizing cost and maximizing throughput and/or efficiency

» Simulation modeling can be used to virtually represent a process, understand process behavior, and
optimize performance

* Discrete-event simulation is commonly used for manufacturing process optimization

» Mathematical optimization techniques can be used to find optimal process parameters that maximize
or minimize an objective function subject to constraints:

* Linear programming
* Non-linear programming

+ Stochastic optimization

Impact of Process Changes on Quality and Costs

Evaluating Effect on Product Quality

* Design of Experiments (DOE) is a systematic method to determine the relationship between process
input factors and key output variables

* DOE can be used to evaluate the effect of process changes on product quality

* Process capability indices, such as Cp and Cpk, can be used to assess the ability of a process to
produce output within specification limits

» Comparing capability before and after process changes quantifies the impact on quality

* The cost of quality (COQ) represents the total cost of all efforts to achieve and maintain quality,
including:

* Prevention costs

* Appraisal costs

* Internal failure costs
+ External failure costs

* Process optimization should consider impacts on COQ

Analyzing Manufacturing Cost Drivers

« Activity-based costing (ABC) is a costing methodology that identifies activities and assigns the cost of
each activity to products based on actual consumption

» ABC can provide insights into manufacturing cost drivers and the cost impact of process changes

Fiveable archived study guides Page 181



Continuous Improvement Strategies

Iterative Improvement Cycles

 Continuous improvement, sometimes called continual improvement, is the ongoing improvement of
products, services or processes through incremental and breakthrough improvements

» The PDCA (Plan-Do-Check-Act) cycle is an iterative four-step management method used for
continuous improvement

* Also known as the Deming Cycle, Shewhart Cycle, or Deming Wheel

« Kaizen, meaning "change for better", refers to activities that continuously improve all functions and
involve all employees

« Kaizen aims to eliminate waste in all systems of an organization through improving standardized
activities and processes

Organizational Approaches and Culture

+ Total Quality Management (TQM) is an organization-wide approach focused on continuous quality
improvement, customer focus, process centering, and total participation

* Optimized processes are maintained through TQM

* A culture of continuous improvement, supported by employee engagement, teamwork, and change
management strategies, is necessary for realizing and sustaining the long-term benefits of process
optimization efforts

15.4 Simulation and modeling

Simulation and modeling are powerful tools for analyzing complex engineering systems. They use
statistical techniques to represent real-world processes, allowing engineers to study scenarios that are
hard to test in reality.

These methods help optimize system performance and make informed decisions. From discrete-event
simulations to agent-based modeling, engineers can tackle a wide range of problems and gain valuable
insights for improving designs and operations.

Simulation Modeling for Engineering Systems

Statistical Models for Simulating Complex Systems

« Statistical models are mathematical representations of real-world systems or processes that use
probability distributions and other statistical techniques to simulate their behavior and performance

« Simulation models can be used to study complex engineering systems that are difficult or impossible
to analyze analytically (manufacturing processes, transportation networks, supply chain systems)

* Discrete-event simulation (DES) represents the system as a sequence of events occurring at specific
points in time

+ Continuous simulation models the system using differential equations
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Techniques for Modeling and Simulating Complex Systems

* Monte Carlo simulation uses random sampling and statistical analysis to estimate the probability of
different outcomes in a complex system or process

* Queuing theory is a branch of mathematics that can be used to model and analyze waiting lines or
queues in various settings (customer service centers, manufacturing systems, computer networks)

» Agent-based modeling (ABM) models the behavior and interactions of individual agents or entities
within a system (customers, vehicles, machines)

Model Validation and Sensitivity Analysis

Assessing the Accuracy of Simulation Models

* Model validation is the process of assessing whether a simulation model accurately represents the
real-world system or process it is intended to simulate

* Face validity involves comparing the model's behavior and output to the expectations and knowledge
of subject matter experts familiar with the real-world system

« Statistical validation techniques (hypothesis testing, confidence intervals) can be used to compare the
model's output to historical data or experimental results from the real-world system

Conducting Sensitivity Analysis and Design of Experiments

* Sensitivity analysis is a technique for assessing how changes in the model's input parameters affect
its output and performance

* Helps identify the most critical factors and sources of uncertainty in the system

* Design of experiments (DOE) is a systematic approach for planning and conducting simulation
experiments to efficiently explore the model's parameter space and identify optimal settings

Data-Driven Optimization with Simulations

Evaluating System Performance with Simulation Models

« Simulation models can be used to evaluate the performance of different system designs,
configurations, or operating policies under various scenarios and conditions

» Key performance indicators (KPIs) are quantitative measures that can be used to assess and
compare the performance of different simulation scenarios (throughput, cycle time, utilization, cost)

Optimization Techniques for Simulation-Based Decision Making

» Optimization techniques (linear programming, genetic algorithms, simulated annealing) can be used to
find the best combination of input parameters or decision variables that maximize or minimize a specific
performance objective

» Simulation-based optimization is an iterative process that involves running multiple simulation
experiments, analyzing the results, and adjusting the model parameters until a satisfactory solution is
found

* Robust optimization seeks to find solutions that perform well across a range of possible scenarios or
uncertainties, rather than just optimizing for a single point estimate
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Communicating Simulation Results

Effective Visualization and Presentation of Simulation Findings

« Effective communication of simulation results is critical for gaining buy-in and support from
stakeholders and decision-makers who may not have technical expertise in simulation modeling

« Data visualization techniques (charts, graphs, animations) can be used to present simulation results in
a clear and compelling way that highlights key insights and trends

» Dashboards and interactive tools can allow users to explore and analyze simulation results on their
own, and test different scenarios or assumptions

Documenting Assumptions, Limitations, and Recommendations

« Sensitivity analysis results should be presented in a way that emphasizes the most critical factors and
sources of uncertainty in the system, and their potential impact on performance

« Simulation reports should include a clear description of the model's assumptions, limitations, and
validation results

* Reports should also provide recommendations for further analysis or implementation based on the
simulation findings
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