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Unit 1 – Fluid properties and statics
1.1 Density and specific gravity

Definition of density
Density describes how much mass is packed into a given volume of a substance. It tells you how closely
packed the particles (atoms, molecules, or ions) are within a material, and it plays a central role in
understanding fluid behavior across nearly every application in this course.

Mass per unit volume
Density is defined as the ratio of an object's mass to its volume:

where  is density,  is mass, and  is volume. The greater the mass per unit volume, the higher the
density. Lead, for instance, has a much higher density than wood because its atoms are more massive and
more tightly packed into the same space.

Common units
• SI unit: kilogram per cubic meter ( )

• Also commonly used: gram per cubic centimeter ( ) and pound per cubic foot ( )

• A handy reference: water has a density of , which equals , at standard
temperature and pressure

• Converting between units is straightforward with the right factors (e.g., )

Factors affecting density
Density isn't a fixed number for a given substance. It shifts with changes in temperature and pressure, and
accounting for these variations matters when you need accurate predictions in fluid dynamics problems.

Temperature effects
For most substances, density decreases as temperature increases. Higher temperature means particles
gain kinetic energy and vibrate more, spreading apart and occupying more space. The thermal expansion
coefficient quantifies this relationship.

Water is a good example: its density drops from  at  to about  at . That
change seems small, but it matters in precision engineering and large-scale systems.

Pressure effects
Density increases with increasing pressure. Pressure forces particles closer together, reducing the volume
they occupy. How much the density changes depends on the substance's compressibility.

This effect is especially noticeable in gases. Air density increases with depth in the atmosphere because
the weight of the air above compresses the air below. For liquids, the effect is much smaller since liquids
are nearly incompressible.



Fiveable archived study guides Page 3

Density of liquids
Liquids have a fixed volume but take the shape of their container. Their density directly influences
phenomena like buoyancy and hydrostatic pressure, which you'll use throughout this course.

Water density
Water serves as the standard reference liquid in fluid dynamics. At , it reaches its maximum density of
approximately . This is actually an unusual property: most substances are densest in their
solid phase, but water is densest as a liquid just above freezing.

Dissolved substances change water's density. Seawater, for example, has an average density of about
 because of dissolved salts.

Other common liquids
Different liquids vary widely in density based on their molecular structure and composition. Some
approximate values:

• Ethanol: 

• Olive oil: 

• Mercury: 

These differences have practical consequences. In an oil-water separator, oil (less dense) naturally rises
above water (more dense), allowing the two liquids to separate into distinct layers without any energy input.

Density of gases
Gases have much lower densities than liquids or solids because their particles are spread far apart. Unlike
liquids, gas density is highly sensitive to both temperature and pressure.

Ideal gas law
The ideal gas law relates pressure, volume, temperature, and the amount of gas:

where  is pressure,  is volume,  is the number of moles,  is the universal gas constant, and  is
absolute temperature (in Kelvin).

You can rearrange this to get a density form. Since  (mass divided by molar mass) and :

This tells you gas density is proportional to pressure and inversely proportional to temperature. At standard
conditions (  and ), air has a density of approximately .

The ideal gas law assumes gas particles have negligible volume and don't interact with each other, which
works well at moderate temperatures and low pressures.

Real gas behavior
Real gases deviate from ideal behavior, especially at high pressures or low temperatures where
intermolecular forces and finite particle volume become significant. Equations of state like the van der
Waals equation account for these effects and give more accurate density predictions.
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Carbon dioxide ( ) at high pressures is a classic example: its measured density deviates significantly
from ideal gas law predictions because of intermolecular attractions between molecules.

Measurement techniques
Accurate density measurements are essential for characterizing fluids and validating theoretical
predictions. The methods fall into two categories.

Direct measurement methods
Direct methods involve measuring mass and volume separately, then calculating density:

1. Measure the mass of the sample using a balance or scale

2. Measure the volume using a graduated cylinder, pycnometer, or by liquid displacement

3. Calculate density: 

A pycnometer is a small glass flask with a precise, known volume. You weigh it empty, fill it with your liquid,
and weigh it again. The mass difference divided by the known volume gives you a very accurate density.

Indirect measurement methods
Indirect methods infer density from other physical properties:

• Hydrometer: A calibrated float that sinks to different depths depending on the liquid's density. The
denser the liquid, the higher the float rides.

• Oscillating U-tube densimeter: Measures how the vibration frequency of a fluid-filled tube changes
with density. Higher density lowers the frequency.

• Coriolis flow meter: Measures density of a flowing fluid based on the Coriolis effect on vibrating tubes.

Hydrometers are common in practical settings like breweries (measuring sugar content) and auto shops
(checking battery electrolyte concentration).

Definition of specific gravity
Specific gravity (SG) compares the density of a substance to a reference substance. It gives you a quick,
unitless way to express how dense something is relative to a familiar standard.

Ratio of densities
Specific gravity is defined as:

• For liquids, the reference is water at  ( )

• For gases, the reference is air at standard conditions

If a liquid has a density of , its specific gravity is . That immediately tells you
it's lighter than water and will float on it.
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Dimensionless quantity
Because specific gravity is a ratio of two densities with the same units, the units cancel out, making it
dimensionless. This is one of its main advantages: you can compare substances without worrying about
unit systems.

• : the substance is denser than the reference (it sinks in the reference fluid)

• : the substance is less dense than the reference (it floats)

Glycerin, with a specific gravity of about 1.26, is 1.26 times denser than water.

Specific gravity of liquids
Specific gravity is widely used in industrial and scientific settings to compare liquid densities in a
standardized way.

Water as reference
Water at  is the standard reference, with . Since water's density is , the specific
gravity of any liquid numerically equals its density in . This makes conversions very convenient.

Ethanol has a specific gravity of about 0.79, meaning it's less dense than water. Mercury has a specific
gravity of 13.6, meaning it's 13.6 times denser.

Hydrometers
Hydrometers are the go-to instrument for measuring liquid specific gravity. They consist of a weighted
glass float with a calibrated stem.

How they work: you lower the hydrometer into the liquid, and it sinks until the buoyant force equals its
weight. In a denser liquid, it doesn't sink as far, so the scale reading is higher. In a less dense liquid, it
sinks deeper.

Common applications include: - Brewing: measuring sugar concentration in wort - Petroleum:
characterizing crude oil and fuel grades - Battery maintenance: checking the electrolyte specific gravity to
assess charge level in lead-acid batteries

Specific gravity of gases
For gases, specific gravity compares a gas's density to that of air, which is useful in gas mixing, storage,
and safety applications (e.g., knowing whether a leaked gas will rise or settle).

Air as reference
Air at standard conditions ( , ) is the reference, with . Helium has a specific gravity of
about 0.14, which is why helium balloons float: helium is far less dense than the surrounding air.

Ideal gas approximation
For gases behaving close to ideal, you can estimate specific gravity using molecular weights alone:

where . This works because at the same temperature and pressure, equal volumes of
ideal gases contain the same number of molecules (Avogadro's principle), so density scales directly with
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molecular weight.

Methane ( ), with a molecular weight of , has . This means methane is
lighter than air and will rise if released, which is important for ventilation design and safety.

Relationship between density and specific gravity
These two properties are closely linked, and you'll often need to convert between them in fluid dynamics
problems.

Conversion factors
Converting is straightforward:

And in reverse:

If a liquid has  and the reference is water at , then the liquid's density is
.

Dimensionless analysis
The dimensionless nature of specific gravity makes it useful in scaling and comparing fluid systems.
Dimensionless numbers like the Reynolds number and Froude number incorporate density (or density
ratios) to characterize flow behavior, and using specific gravity simplifies comparisons across different
fluids.

Archimedes' principle is a direct application: the buoyant force on a submerged object equals the weight of
the displaced fluid, which depends on the fluid's density. Comparing specific gravities of the object and
fluid tells you immediately whether the object floats or sinks.

Applications in fluid dynamics
Density and specific gravity show up constantly in fluid dynamics. Here are the three most important
applications you'll encounter in this unit.

Buoyancy calculations
Buoyancy is the upward force a fluid exerts on an immersed object. It depends on the density difference
between the object and the fluid:

• If , the object floats

• If , the object sinks

Oil-water separators exploit this principle: oil droplets ( ) rise through water ( ) and
collect at the surface.

Hydrostatic pressure
Hydrostatic pressure is the pressure a fluid at rest exerts due to its own weight:
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where  is pressure,  is fluid density,  is gravitational acceleration ( ), and  is the depth
below the fluid surface.

This means denser fluids produce higher pressures at the same depth. Mercury ( )
generates 13.6 times more pressure per meter of depth than water, which is why mercury barometers can
be much shorter than water barometers.

Flow behavior predictions
Density influences how fluids flow in several ways:

• The Reynolds number ( ) depends on density and determines whether flow is laminar or
turbulent

• Density differences between fluid regions drive buoyancy-driven flows like natural convection in heat
transfer

• In pipe flow, pressure drop is proportional to fluid density, which directly affects pumping power
requirements

Understanding density's role in these calculations is foundational for the rest of the course.

1.2 Viscosity
Viscosity measures a fluid's resistance to flow under applied stress. It governs how fluids behave in
everything from blood vessels to oil pipelines, and it directly affects flow patterns, pressure drops, and
energy losses. This guide covers the definition and physical origin of viscosity, the factors that influence it,
how it's measured, and the key models used to predict it.

Definition of viscosity
Viscosity quantifies how strongly a fluid resists deformation when you apply a shear stress to it. Physically,
it arises from internal friction between adjacent fluid layers sliding past each other at different velocities.
Think of dragging your hand through honey versus water: honey has much higher viscosity, so it resists
your motion far more.

This property shows up everywhere in fluid dynamics. It determines the pressure drop in pipelines, the
drag on aircraft surfaces, and the energy lost to heat in bearings and other mechanical systems.

Factors affecting viscosity

Temperature effects on viscosity
Temperature is the single biggest factor controlling viscosity, but it works in opposite directions for liquids
and gases.

• Liquids: Rising temperature weakens the cohesive (attractive) forces between molecules, letting them
slide past each other more easily. Viscosity decreases with temperature. Motor oil, for example, flows
much more freely when hot than when cold.

• Gases: Higher temperature increases molecular kinetic energy and collision frequency, which actually
increases viscosity. Gas molecules transfer more momentum between layers, creating greater internal
friction.

This opposite behavior is one of the most common points of confusion, so keep it straight: liquids get
thinner when heated, gases get thicker.
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Pressure effects on viscosity
Pressure has a much smaller effect on viscosity than temperature does, especially under normal
conditions.

• Liquids: Viscosity increases slightly with pressure because compression reduces intermolecular
spacing, increasing friction between molecules. At extremely high pressures (like those in hydraulic
systems or gear contacts), this effect becomes significant and can raise viscosity by several orders of
magnitude.

• Gases: Under normal conditions, gas viscosity is essentially independent of pressure. The mean free
path between molecular collisions changes with pressure, but this is offset by a proportional change in
molecular density, so the net effect on viscosity is negligible.

Newtonian vs non-Newtonian fluids

Characteristics of Newtonian fluids
A Newtonian fluid has a constant viscosity regardless of how fast you shear it. The relationship between
shear stress and shear rate is perfectly linear:

where  is shear stress,  is dynamic viscosity, and  is shear rate. On a plot of  vs. , a Newtonian fluid
gives a straight line through the origin, and the slope equals .

Water, air, and most simple fluids under normal conditions behave as Newtonian fluids.

Types of non-Newtonian fluids
Non-Newtonian fluids have a viscosity that changes depending on the applied shear. There are several
categories:

• Shear-thinning (pseudoplastic): Viscosity decreases as shear rate increases. Ketchup is a classic
example: it resists flowing in the bottle, but once you shake it and apply shear, it flows easily. Blood and
polymer solutions also behave this way.

• Shear-thickening (dilatant): Viscosity increases with shear rate. A cornstarch-water mixture (oobleck)
is the go-to example: it flows when you handle it gently but stiffens when you hit it.

• Yield stress fluids (Bingham plastics): These require a minimum shear stress (the yield stress) before
they begin to flow at all. Below that threshold, they behave like a solid. Toothpaste and mayonnaise are
everyday examples. Once the yield stress is exceeded, they may flow as either Newtonian or
non-Newtonian fluids.

Shear rate vs shear stress
These two quantities are central to understanding viscosity:

• Shear rate  is the velocity gradient perpendicular to the flow direction. It tells you how quickly the fluid
is being deformed: 

• Shear stress  is the tangential force per unit area applied to the fluid: 

For Newtonian fluids, plotting  against  gives a straight line with slope . For non-Newtonian fluids, the
curve is nonlinear, and the slope at any point (the apparent viscosity) varies with shear rate.
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Measurement of viscosity

Viscometer types and principles
Several instrument types measure viscosity, each suited to different fluids and conditions:

• Capillary viscometers (Ostwald, Ubbelohde): The fluid flows through a narrow calibrated tube under
gravity. You measure the time it takes, then relate that to viscosity using the Hagen-Poiseuille equation.
Best for low-viscosity Newtonian fluids.

• Rotational viscometers (cone-and-plate, parallel plate, concentric cylinder): A known torque is applied
and the resulting angular velocity is measured (or vice versa). These can characterize both Newtonian
and non-Newtonian fluids because you can vary the shear rate.

• Falling sphere viscometers (Hoeppler): A sphere of known density and size falls through the fluid. You
measure its terminal velocity and calculate viscosity using Stokes' law.

Viscosity units and conversions
There are two types of viscosity, and mixing them up is a common mistake:

• Dynamic viscosity : SI unit is Pascal-seconds (Pa·s). In practice, centipoise (cP) is widely used,
where . Water at 20°C has a dynamic viscosity of about 1 cP.

• Kinematic viscosity : This is dynamic viscosity divided by density: . SI unit is , but
centistokes (cSt) is common, where .

To convert between them, you need the fluid's density at the relevant temperature and pressure: .

Viscosity in fluid dynamics equations

Navier-Stokes equations and viscosity
The Navier-Stokes equations govern the motion of viscous fluids. They account for viscosity, pressure
gradients, and body forces (like gravity). Within these equations, the viscous stress tensor is proportional to
velocity gradients in the fluid, with  as the proportionality constant.

One major consequence of viscosity in these equations is the formation of boundary layers: thin regions
near solid surfaces where the fluid velocity transitions from zero at the wall (the no-slip condition) to the
free-stream velocity farther away.

Reynolds number and viscous effects
The Reynolds number quantifies the ratio of inertial forces to viscous forces in a flow:

where  is fluid density,  is a characteristic velocity,  is a characteristic length, and  is dynamic
viscosity.

• Low Re (below ~2300 in pipes): Viscous forces dominate. The flow is laminar, with smooth, parallel
streamlines and predictable behavior.

• High Re (above ~4000 in pipes): Inertial forces dominate. The flow is turbulent, with chaotic velocity
fluctuations and enhanced mixing.
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• Transition region (Re ~2300 to 4000): The flow can be either laminar or turbulent depending on
disturbances, surface roughness, and geometry.

The Reynolds number is one of the most important dimensionless groups in fluid mechanics because it
tells you which flow regime to expect.

Viscous dissipation and energy loss
Viscous dissipation is the conversion of mechanical (kinetic) energy into heat due to internal friction during
fluid deformation. The rate of dissipation depends on viscosity and the square of velocity gradients,
described by the dissipation function:

• In laminar flow, viscous dissipation causes a steady pressure drop along the flow direction. The
Hagen-Poiseuille equation for pipe flow is a direct consequence of this.

• In turbulent flow, dissipation occurs primarily at the smallest scales of motion (Kolmogorov
microscales), where velocity gradients are steepest. This leads to significantly higher energy losses and
pressure drops compared to laminar flow at the same flow rate.

Applications of viscosity

Viscosity in lubrication and bearings
Lubrication depends on the viscosity of oils or greases to keep moving surfaces separated, reducing
friction and wear. In hydrodynamic lubrication (used in journal bearings and thrust bearings), the viscous
forces within the lubricant generate a pressure field that supports the applied load and maintains a thin fluid
film between the surfaces.

Choosing the right lubricant viscosity involves a trade-off: it must be high enough to maintain the
separating film under load, but low enough to minimize viscous dissipation and the associated energy
losses and heat generation.

Viscosity in pipe flow and pressure drop
Viscosity directly determines how much pumping power you need to move fluid through a pipe.

For laminar flow, the Hagen-Poiseuille equation gives the pressure drop:

where  is pipe length,  is volumetric flow rate, and  is pipe radius. Notice that pressure drop is directly
proportional to  and inversely proportional to , so even a small reduction in pipe radius dramatically
increases the required pressure.

For turbulent flow, the Darcy-Weisbach equation applies:

where  is the Darcy friction factor (which itself depends on Re and surface roughness),  is pipe diameter,
and  is average velocity. Here, both density and viscosity matter (viscosity enters through the friction
factor's dependence on Re).
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Viscosity in aerodynamics and drag reduction
Viscosity contributes to the skin friction drag on objects moving through fluids. The wall shear stress is:

This is the viscous shear stress right at the surface, and integrating it over the entire surface gives the total
skin friction drag.

Engineers use several boundary layer control techniques to reduce this drag:

• Laminar flow airfoils are shaped to delay the transition to turbulence, keeping the boundary layer
laminar (and lower drag) over a larger portion of the surface.

• Riblets are tiny grooved surfaces that reduce turbulent skin friction.

• Polymer additives injected into the flow can suppress turbulence and reduce drag in pipelines.

At very high speeds, viscous dissipation also causes aerodynamic heating, where kinetic energy converts
to heat and raises the surface temperature of the object (a major concern for re-entry vehicles and
hypersonic aircraft).

Viscosity of common fluids

Gases and vapors
Gases have viscosities roughly 1,000 times lower than typical liquids, usually in the range of  to 
Pa·s at standard conditions. Unlike liquids, gas viscosity increases with temperature.

Some reference values at 20°C and atmospheric pressure:

• Air:  Pa·s

• Helium:  Pa·s

• Steam (100°C):  Pa·s

Liquids and solutions
Liquids span a huge range of viscosities depending on molecular structure and intermolecular forces:

• Water at 25°C:  Pa·s (~1 cP)

• Glycerin at 20°C: ~1.41 Pa·s

• Honey: 2 to 10 Pa·s (varies with type and temperature)

For solutions, dissolved substances can either raise or lower viscosity. Dissolving sugar in water increases
viscosity (the sugar molecules interfere with flow), while adding alcohol to water decreases it.

Polymers and suspensions
Polymers and suspensions frequently exhibit non-Newtonian behavior because their microstructure
responds to shear.

• Polymer melts and solutions (molten plastics, DNA solutions) are typically shear-thinning. As shear
rate increases, long polymer chains align and disentangle, reducing resistance to flow.
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• Particle suspensions (blood, cement paste) can be shear-thinning or shear-thickening depending on
particle size, shape, concentration, and interactions.

These materials are often described using non-Newtonian models like the power law or Carreau model
(covered below).

Temperature and pressure dependence

Arrhenius equation for temperature
For many liquids, the temperature dependence of viscosity follows the Arrhenius form:

where  is a pre-exponential factor,  is the activation energy for flow,  is the universal gas constant,
and  is absolute temperature.

The physical picture: molecules need to overcome an energy barrier  to slide past their neighbors.
Higher temperature gives them more thermal energy to clear that barrier, so viscosity drops exponentially.
The value of  depends on the fluid's molecular structure; fluids with stronger intermolecular forces have
higher activation energies and are more sensitive to temperature changes.

Pressure-viscosity coefficient
The Barus equation describes how viscosity increases with pressure:

where  is viscosity at a reference pressure (usually atmospheric),  is gauge pressure, and  is the
pressure-viscosity coefficient.

For most liquids,  is positive, meaning viscosity rises with pressure. Under everyday conditions this effect
is small, but it becomes critical in elastohydrodynamic lubrication (EHL), such as in rolling element
bearings and gear teeth. Contact pressures in these applications can reach gigapascals, causing the
lubricant viscosity to increase by several orders of magnitude and enabling it to support enormous loads.

Viscosity models and correlations

Sutherland's formula for gases
Sutherland's formula predicts how gas viscosity varies with temperature:

where  is viscosity at reference temperature , and  is Sutherland's constant (specific to each gas).
The formula comes from kinetic theory, modeling intermolecular interactions as a combination of
hard-sphere collisions and a weak attractive potential.

It's accurate for most gases over a wide range, roughly 0°C to 1000°C, and is commonly used in
aerodynamic and heat transfer calculations.

Andrade equation for liquids
The Andrade equation is a simpler empirical model for liquid viscosity:
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where  and  are fluid-specific constants and  is absolute temperature. It has the same exponential
form as the Arrhenius equation but treats the activation energy as a single lumped constant . This works
well as a first approximation for liquids with simple molecular structures.

Power law and Carreau models for non-Newtonian fluids
Power law model:

where  is the consistency index,  is shear rate, and  is the flow behavior index.

• : shear-thinning

• : shear-thickening

• : Newtonian (reduces to )

The power law is simple and widely used, but it has a known limitation: it predicts infinite viscosity as 
and zero viscosity as , neither of which is physically realistic.

Carreau model:

where  is the zero-shear viscosity,  is the infinite-shear viscosity,  is a time constant, and  is the
flow behavior index.

The Carreau model fixes the power law's shortcomings. It predicts Newtonian plateaus at both very low
and very high shear rates, with a shear-thinning transition region in between. This makes it much more
realistic for polymers and complex fluids. The four parameters are determined by fitting to experimental
rheological data from steady-shear or oscillatory tests.

1.3 Surface tension

Fundamentals of surface tension
Surface tension is a property of liquids that causes their surfaces to behave like elastic sheets. It arises
from cohesive forces between liquid molecules and drives phenomena like capillary action, meniscus
formation, and the behavior of soap films and bubbles.

Understanding surface tension matters in fluid dynamics because it governs how fluids behave in narrow
spaces, at interfaces, and at small scales. You'll encounter its effects in microfluidics, inkjet printing,
respiratory physiology, and even insect locomotion on water.

Molecular origin of surface tension
Think about a molecule sitting deep inside a liquid. It's surrounded on all sides by other molecules pulling
on it equally, so the net force on it is zero. Now think about a molecule at the surface. It has neighbors
below and to the sides, but very few above (just air). That imbalance creates a net inward force on every
surface molecule.

This inward pull causes the liquid to minimize its surface area, which is why the surface behaves like a
stretched elastic membrane. A sphere has the smallest surface area for a given volume, which is exactly
why free-floating droplets are spherical.
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Cohesive vs. adhesive forces
• Cohesive forces are attractive forces between molecules of the same substance (liquid-liquid
interactions).

• Adhesive forces are attractive forces between molecules of different substances (liquid-solid or
liquid-gas interactions).

The balance between these two determines wetting behavior. When adhesive forces dominate (water on
clean glass), the liquid spreads out and wets the surface. When cohesive forces dominate (mercury on
glass), the liquid beads up and resists spreading.

Surface tension coefficient
The surface tension coefficient, denoted , is expressed in units of force per unit length (N/m) or
equivalently energy per unit area (J/m²). These two interpretations are physically identical but useful in
different contexts:

• As force per length,  represents the force required to stretch a liquid surface along a line of unit
length.

• As energy per area,  represents the energy needed to create a new unit area of surface.

Typical values at room temperature range from about 20 to 80 mN/m. Water has a relatively high surface
tension of about 72 mN/m due to strong hydrogen bonding, while ethanol sits around 22 mN/m.

Factors affecting surface tension
• Temperature: Surface tension decreases as temperature rises. Higher thermal energy means
molecules move more vigorously, weakening cohesive forces at the surface.

• Solutes: Surfactants (like soap) lower surface tension by accumulating at the interface and disrupting
cohesive interactions. Some inorganic salts slightly increase surface tension by strengthening the water
structure in the bulk.

• Electric fields: An applied electric field can redistribute charge at the surface, modifying the effective
surface tension. This is the basis of electrowetting.

• Surface contamination: Even trace impurities at the surface can significantly alter , which is why
clean surfaces are critical in measurement.

Capillary action
Capillary action is the ability of liquids to flow through narrow spaces without external forces, and
sometimes against gravity. It drives fluid transport in plants (water moving from roots to leaves), wicking in
paper towels, and flow in microfluidic devices.

Capillary rise in tubes
When you dip a narrow tube into a liquid, the liquid level inside the tube can spontaneously rise above (or
drop below) the surrounding liquid level. Whether it rises or falls depends on the contact angle:

• Wetting liquid (contact angle ): The liquid rises. Adhesive forces pull the liquid up the tube
wall, and surface tension sustains the column.
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• Non-wetting liquid (contact angle ): The liquid is depressed below the outside level. Cohesive
forces dominate, and the liquid resists climbing the wall.

The height of rise depends on the tube radius, the liquid's surface tension, and the contact angle.

Contact angle and wettability
The contact angle  is measured at the three-phase contact line where liquid, solid, and vapor meet. It's
the angle between the solid surface and the tangent to the liquid surface at that line.

• : Complete wetting (liquid spreads into a thin film)

• : Partial wetting (liquid spreads but forms a definite droplet edge)

• : Non-wetting (liquid beads up on the surface)

Two classic examples: water on clean glass has  (strong adhesion), while mercury on glass has
 (strong cohesion).

Jurin's law
Jurin's law gives the equilibrium height of a liquid column in a capillary tube:

where: -  = height of the liquid column -  = surface tension -  = contact angle -  = liquid density -  =
gravitational acceleration -  = tube radius

The key takeaway: height is inversely proportional to tube radius. Halve the radius, and the liquid rises
twice as high. This is why capillary effects become dominant at small scales and are negligible in wide
containers.

Capillary pressure
The Young-Laplace equation describes the pressure difference across any curved liquid-vapor interface:

where  and  are the two principal radii of curvature of the interface.

• A concave meniscus (wetting liquid) produces a positive capillary pressure that pulls liquid upward.

• A convex meniscus (non-wetting liquid) produces a negative capillary pressure that pushes liquid
downward.

This pressure difference is what drives liquid flow through porous media and maintains the stability of liquid
bridges and menisci.

Meniscus shapes
A meniscus is the curved liquid-vapor interface that forms where a liquid contacts a solid surface. Its shape
is set by the competition between surface tension (which curves the interface) and gravity (which flattens
it), along with the wetting properties of the liquid on the solid.
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Concave vs. convex menisci
• Concave menisci form with wetting liquids ( ). The liquid surface curves upward near the solid
wall. Water in a glass tube is the classic example.

• Convex menisci form with non-wetting liquids ( ). The liquid surface curves downward near the
wall. Mercury in a glass tube shows this behavior.

The meniscus shape directly determines the sign and magnitude of the capillary pressure, which in turn
controls how the liquid behaves in confined geometries.

Radius of curvature
The curvature of the interface at any point is described by two principal radii of curvature,  and ,
measured in two perpendicular planes. Smaller radii mean a more tightly curved surface and a larger
capillary pressure (per the Young-Laplace equation).

For a spherical interface (like a small bubble), , and the equation simplifies to .

Laplace pressure
Laplace pressure is the pressure difference across a curved interface, as given by the Young-Laplace
equation. A few important consequences:

• The pressure inside a soap bubble is higher than outside. A smaller bubble has a higher internal
pressure than a larger one (because  is smaller).

• Laplace pressure explains why small bubbles shrink and large ones grow when connected
(coarsening in foams).

• It also accounts for the pressure drop that drives capillary flow in narrow channels and porous
materials.

Surface tension effects

Soap films and bubbles
Soap molecules are surfactants: they have a hydrophilic (water-loving) head and a hydrophobic
(water-repelling) tail. When dissolved in water, they migrate to the surface and orient with their tails
pointing outward, reducing the surface tension.

A soap film is a thin water layer sandwiched between two layers of surfactant molecules. This structure is
what allows the film to be stable enough to form bubbles. Inside a bubble, the air pressure is slightly higher
than outside due to Laplace pressure. For a soap bubble with two surfaces (inner and outer), the pressure
difference is  rather than .

Marangoni effect
The Marangoni effect is fluid flow driven by gradients in surface tension along an interface. Whenever
surface tension varies from point to point (due to temperature differences, concentration differences, or
uneven surfactant distribution), liquid flows from regions of low surface tension toward regions of high
surface tension.

This effect shows up in many contexts: - Spreading of oil spills on water - Uneven drying patterns in paint
films - Behavior of the tear film on the eye's surface - Convection cells in thin liquid layers heated from
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below

Tears of wine phenomenon
After you swirl wine in a glass, you'll notice droplets ("tears") forming and running down the inside of the
glass. This is a direct consequence of the Marangoni effect.

1. A thin film of wine coats the glass above the bulk liquid.

2. Alcohol evaporates from this thin film faster than from the bulk (more surface area relative to
volume).

3. As alcohol leaves, the remaining liquid has a higher water fraction and therefore higher surface
tension.

4. The surface tension gradient pulls liquid upward from the bulk (lower surface tension) toward the film
(higher surface tension).

5. The accumulated liquid eventually forms droplets heavy enough to run back down under gravity.

This cycle repeats continuously, producing the characteristic "tears" or "legs."

Capillary waves
Capillary waves are small ripples on a liquid surface where the restoring force is surface tension rather
than gravity. They have short wavelengths (typically a few millimeters or less) and are quickly damped by
viscosity.

By contrast, gravity waves have longer wavelengths and are restored by gravitational forces. The
crossover between the two regimes occurs at a wavelength called the capillary length, ,
which is about 17 mm for water.

Capillary waves are relevant to light scattering from liquid surfaces, the formation of capillary bridges
between particles, and the breakup of liquid jets into droplets.

Measurement techniques
Several experimental methods exist for measuring surface tension, each suited to different situations.

Capillary rise method
This method measures the height a liquid climbs in a narrow tube and calculates  from Jurin's law. It's
simple and inexpensive, but accuracy depends on knowing the tube radius precisely and having a
well-defined contact angle. It works best for liquids with moderate to high surface tension.

Wilhelmy plate method
A thin plate (typically platinum or glass) is partially immersed in the liquid, and the downward force on the
plate due to the meniscus is measured with a sensitive balance. Surface tension is calculated from:

where  is the measured force,  is the wetted perimeter of the plate, and  is the contact angle. This
method is widely used for studying dynamic surface tension of surfactant solutions because measurements
can be taken continuously as the surface ages.
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Du Noüy ring method
A thin platinum or platinum-iridium wire ring is slowly pulled upward through the liquid surface. The
maximum force needed to detach the ring from the surface is recorded and converted to surface tension
using a correction factor that accounts for ring geometry and liquid density.

This method is quick and reliable, making it common in industrial quality control. However, results are
sensitive to ring cleanliness and alignment.

Pendant drop method
A droplet is formed at the tip of a needle and allowed to hang. Its shape results from the balance between
surface tension (which makes it spherical) and gravity (which elongates it). By capturing a high-resolution
image of the drop profile and fitting it to the Young-Laplace equation numerically, you can extract  with
high accuracy.

This method is non-invasive and works well for liquids with low surface tension or when only a small
sample volume is available. It does require a good imaging setup and stable drop formation.

Applications of surface tension

Microfluidics and lab-on-a-chip devices
At the microscale, surface tension dominates over gravity and inertia. This makes it a powerful tool for
controlling fluids in microchannels:

• Capillary forces can passively pump liquids without external pressure sources.

• Controlled surface chemistry allows precise droplet formation and stable two-phase interfaces.

• Surface tension-driven flows enable mixing, sorting, and separating particles or cells on chip.

Engineering the surface properties of microchannel walls (through electrowetting, chemical patterning, or
surface coatings) is central to designing functional microfluidic systems.

Inkjet printing technology
In inkjet printing, tiny ink droplets are ejected from a nozzle and deposited on a substrate. Surface tension
affects every stage of this process:

• Droplet formation: Surface tension determines the droplet size and stability as it detaches from the
nozzle.

• Flight: Surface tension keeps the droplet spherical during transit.

• Impact and spreading: The ink's surface tension relative to the substrate's surface energy controls
how much the droplet spreads, which directly affects print resolution.

Surfactants are commonly added to ink formulations to tune surface tension for optimal performance on
different substrates (paper, plastic, textiles).

Lung surfactants and respiratory disorders
The alveoli in your lungs are tiny air sacs lined with a thin layer of fluid. Without surfactant, the surface
tension of this fluid would cause the alveoli to collapse during exhalation (following Laplace pressure:
smaller alveoli would have higher pressure and empty into larger ones).
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Lung surfactant, a mixture of lipids and proteins, reduces alveolar surface tension and stabilizes the alveoli.
When surfactant is insufficient or dysfunctional, serious conditions can result:

• Neonatal respiratory distress syndrome (NRDS): Premature infants often lack sufficient surfactant.
Treatment involves administering exogenous surfactant directly into the lungs.

• Acute respiratory distress syndrome (ARDS): Surfactant dysfunction in adults due to lung injury or
infection.

Insect locomotion on water surfaces
Water striders and similar insects can walk on water because their weight is supported by surface tension
forces acting on their legs. This works because:

1. The insect's legs are coated with hydrophobic wax and covered in microscopic hairs (setae), making
them extremely water-repellent.

2. Each leg creates a dimple in the water surface without breaking through.

3. The upward component of the surface tension force along the dimple's perimeter supports the
insect's weight.

These insects also use surface tension for propulsion. Water striders row their legs to generate surface
waves and vortices that push them forward. Studying these mechanisms has inspired the design of
water-walking robots and novel aquatic propulsion systems.

1.4 Pressure and hydrostatic pressure
Pressure is a fundamental concept in fluid dynamics, quantifying force per unit area. It governs how fluids
behave at rest and in motion, and it shows up in nearly every problem you'll encounter in this course.

Hydrostatic pressure, caused by a fluid's weight, increases linearly with depth. The hydrostatic pressure
equation, , is the key tool for calculating pressure at various depths. This concept is vital for
designing fluid systems and analyzing submerged structures.

Definition of pressure
Pressure quantifies the force applied perpendicular to a surface per unit area. It's a scalar quantity, which
means it has magnitude but no direction. At any given point in a fluid, pressure acts equally in all directions.
This is a subtle but important distinction: even though force is a vector, pressure itself is not.

Pressure as force per unit area
The defining equation for pressure is:

where  is pressure,  is the force acting perpendicular to the surface, and  is the area over which that
force is distributed. The force can come from a solid object pushing on a fluid, from the weight of a liquid
column, or from gas molecules colliding with a container wall.

A quick example: if a 500 N force is spread over 0.25 m², the pressure is . Notice how
the same force over a smaller area produces higher pressure. That's why a sharp knife cuts better than a
dull one.
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Units of pressure measurement
The SI unit for pressure is the pascal (Pa), defined as one newton per square meter:

Other common units include:

• Pounds per square inch (psi): common in U.S. engineering applications

• Atmospheres (atm): convenient for referencing standard atmospheric conditions

• Bar: widely used in meteorology and industrial settings ( )

A useful conversion to memorize: .

Hydrostatic pressure
Hydrostatic pressure is the pressure exerted by a fluid at rest due to the weight of the fluid above a given
point. Any time you're dealing with a stationary fluid in a tank, pipe, reservoir, or hydraulic device,
hydrostatic pressure is at play.

Pressure at a depth in a fluid
In a fluid at rest, the only thing generating pressure at a given depth is the weight of the fluid column sitting
above that point. The deeper you go, the more fluid is stacked above you, and the greater the pressure.
This increase is perfectly linear for an incompressible fluid with constant density.

Pressure vs depth relationship
The relationship between hydrostatic pressure and depth is:

where:

•  = hydrostatic pressure (Pa)

•  = fluid density (kg/m³)

•  = acceleration due to gravity (9.81 m/s²)

•  = depth below the free surface (m)

The linear dependence on  means that doubling the depth doubles the pressure. The rate of increase
depends on the fluid: water ( ) produces about 9,810 Pa of pressure per meter of depth,
while mercury ( ) produces roughly 13.6 times more per meter.

Hydrostatic pressure equation
The equation  rests on two key assumptions:

1. The fluid is at rest (no flow).

2. The fluid density is constant throughout the column (incompressible fluid).

If either assumption breaks down, you'll need a different approach. For gases, where density changes with
pressure, the simple linear equation doesn't hold over large height differences. But for liquids under normal
conditions,  is extremely reliable.
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Pressure in different fluid states
The behavior of pressure in a fluid depends on whether that fluid is a liquid or a gas. The core principle that
pressure transmits in all directions applies to both, but the details differ significantly.

Pressure in liquids
Liquids are generally treated as incompressible, meaning their density stays constant regardless of the
pressure applied (under normal conditions). This is what makes  work so cleanly. Pressure in a
liquid is transmitted equally in all directions (Pascal's law) and increases linearly with depth.

For example, at 10 m depth in freshwater: . So every 10
meters of water adds roughly one atmosphere of pressure.

Pressure in gases
Gases are compressible, so their density changes as pressure changes. Pressure still transmits equally in
all directions, but the relationship between pressure and depth (or height) is no longer linear. Instead, it
follows an exponential decay with altitude.

The behavior of an ideal gas is governed by:

where  is pressure,  is volume,  is the number of moles,  is the universal gas constant, and  is
temperature. Because gas density depends on pressure and temperature, you can't simply use 
for a tall gas column without accounting for how  varies.

Incompressible vs compressible fluids
• Incompressible fluids (most liquids): density is essentially constant. Analysis is simpler, and 
applies directly.

• Compressible fluids (gases): density varies with pressure and temperature. Analysis requires
thermodynamic relationships.

In practice, even gases can be treated as incompressible over small height differences where the density
change is negligible.

Atmospheric pressure
Atmospheric pressure is the pressure exerted by the weight of the Earth's atmosphere on a surface. It
affects everything from weather patterns to how your pressure gauges read.

Definition of atmospheric pressure
Atmospheric pressure at any location equals the weight of the entire air column above that point, divided
by the area it acts on. At sea level, this air column extends roughly 100 km upward, though most of the
atmosphere's mass is concentrated in the lowest 10-15 km.

Standard atmospheric pressure
Standard atmospheric pressure is the defined reference value at sea level under normal conditions:

• 
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• 

• 

This value serves as the baseline for gauge pressure measurements and for comparing pressures across
different applications.

Atmospheric pressure vs altitude
Atmospheric pressure decreases with increasing altitude because there's less air above you. The
relationship is approximately exponential: pressure drops off more steeply at lower altitudes (where the air
is denser) and more gradually at higher altitudes.

A useful benchmark: at about 5,500 m (18,000 ft), atmospheric pressure is roughly half its sea-level value.
This is why aircraft cabins are pressurized and why cooking times change at high elevations.

Gauge pressure vs absolute pressure
Pressure measurements come in two flavors depending on the reference point, and mixing them up is a
common source of errors in calculations.

Definition of gauge pressure
Gauge pressure is measured relative to the local atmospheric pressure. A gauge pressure of zero means
the system is at atmospheric pressure. Most everyday pressure instruments (tire gauges, blood pressure
cuffs) read gauge pressure.

Gauge pressure can be positive (above atmospheric) or negative (below atmospheric, sometimes called
vacuum pressure).

Definition of absolute pressure
Absolute pressure is measured relative to a perfect vacuum (zero pressure). It's always a positive number.
Absolute pressure is what you need for thermodynamic equations like the ideal gas law.

Relationship between gauge and absolute pressure
The conversion is straightforward:

For example, if a tire gauge reads 200 kPa and atmospheric pressure is 101.3 kPa, the absolute pressure
inside the tire is .

When solving problems, always check whether the given pressure is gauge or absolute. If a problem says
"the pressure is 150 kPa" without specifying, look for context clues or ask.

Pascal's law
Pascal's law is one of the foundational principles of fluid statics and the basis for all hydraulic machinery.

Statement of Pascal's law
Pascal's law states: a change in pressure applied to an enclosed fluid is transmitted undiminished to every
portion of the fluid and to the walls of its container. The pressure change acts equally in all directions,
regardless of the container's shape or size.
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Applications of Pascal's law
Pascal's law is what makes hydraulic systems so powerful. A small force applied over a small area creates
a pressure that, when transmitted to a larger area, produces a much larger force.

The relationship is:

So if you apply 100 N to a piston with area 0.01 m², the pressure is 10,000 Pa. That same pressure acting
on a second piston with area 0.1 m² produces a force of 1,000 N. You've multiplied the force by a factor of
10.

Hydraulic systems and pressure transmission
Hydraulic systems use a fluid (typically oil) to transmit pressure from an input to an output. The basic
components are:

1. A pump or small piston that generates pressure

2. Fluid-filled lines (pipes or hoses) that carry the pressurized fluid

3. An actuator (cylinder or motor) that converts fluid pressure back into mechanical force

Hydraulic lifts, brakes, and presses all rely on this principle. The trade-off is that while force is multiplied,
the smaller piston must travel a greater distance than the larger piston, conserving energy.

Hydrostatic paradox
The hydrostatic paradox is a result that surprises most students the first time they encounter it.

Explanation of hydrostatic paradox
The pressure at the bottom of a container depends only on the height of the fluid and its density, not on the
shape or total volume of fluid in the container. A tall, narrow tube and a wide, open tank filled to the same
height with the same fluid will have identical pressures at their bases.

Pressure independence of container shape
This follows directly from . The equation contains no term for the container's cross-sectional area
or total fluid volume. Only  (depth),  (density), and  (gravity) matter. The container walls redirect the
weight of the fluid so that the base pressure depends solely on the vertical height of the fluid column.

Implications for fluid system design
This paradox has real engineering consequences. A thin vertical pipe connected to a large tank can
generate enormous pressure at the base if the pipe is tall enough, even though the pipe holds very little
fluid. Engineers designing dams, storage tanks, and sealed systems must account for the maximum fluid
height, not just the total volume stored. Ignoring this has led to actual structural failures.

Measuring pressure
Accurate pressure measurement is essential for monitoring and controlling fluid systems. Different devices
suit different applications.
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Types of pressure gauges
Common mechanical pressure gauges include:

• Bourdon tube gauges: A curved tube straightens under pressure, moving a needle. These are rugged
and widely used in industrial settings.

• Diaphragm gauges: A flexible membrane deflects under pressure. Good for low-pressure
measurements and corrosive fluids.

• Piezoresistive gauges: Use a material whose electrical resistance changes with applied pressure.
Common in electronic systems.

Manometers and pressure measurement
A manometer measures pressure by balancing it against a column of liquid (usually water or mercury). The
most common type is the U-tube manometer:

1. A U-shaped tube is partially filled with a manometer fluid.

2. One end connects to the system whose pressure you want to measure.

3. The other end is open to the atmosphere.

4. The height difference  between the two liquid columns gives the gauge pressure:
.

Manometers are simple, have no moving parts, and require no calibration, which makes them reliable
reference instruments.

Pressure transducers and sensors
Pressure transducers convert pressure into an electrical signal, making them ideal for automated systems
and data logging. Common types include strain gauge, capacitive, and piezoelectric transducers. They
offer high accuracy, fast response times, and easy integration with electronic control systems.

Pressure forces on submerged surfaces
When a surface is submerged in a fluid, the hydrostatic pressure distribution creates forces that engineers
must account for in structural design.

Pressure distribution on submerged planes
The pressure on a submerged plane surface varies linearly with depth, following . At the top of the
surface (closest to the free surface), pressure is lower; at the bottom, it's higher. The pressure always acts
perpendicular to the surface, regardless of whether the surface is horizontal, vertical, or inclined.

Resultant force and center of pressure
To find the total force on a submerged plane surface:

1. Determine the pressure at the centroid of the surface: , where  is the depth of the
centroid.

2. Multiply by the surface area: .
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The center of pressure is the point where this resultant force effectively acts. For a vertical or inclined
surface, the center of pressure is always below the centroid because pressure increases with depth,
weighting the force distribution toward the bottom.

Buoyancy and Archimedes' principle
Buoyancy is the net upward force a fluid exerts on a submerged or partially submerged object.
Archimedes' principle states:

The buoyant force on an object equals the weight of the fluid displaced by that object.

Mathematically: 

The buoyant force acts through the center of buoyancy, which is the centroid of the displaced fluid volume.
An object floats when the buoyant force equals its weight, and sinks when its weight exceeds the buoyant
force. The relative positions of the center of gravity and center of buoyancy determine whether a floating
object is stable or tends to tip over.

1.5 Buoyancy and Archimedes' principle

Definition of buoyancy
Buoyancy is the upward force a fluid exerts on any object placed in it. It's the reason a steel ship floats, a
helium balloon rises, and you feel lighter in a swimming pool. Understanding buoyancy connects directly to
fluid statics because it emerges from the pressure differences that exist within any fluid at rest.

Upward force
Buoyancy always acts upward, opposing gravity. It arises because fluid pressure increases with depth. The
bottom surface of a submerged object sits deeper than the top surface, so it experiences higher pressure.
That pressure difference across the object produces a net upward force.

Displaced fluid
When you place an object in a fluid, it pushes some fluid out of the way. The volume of fluid displaced
equals the submerged volume of the object. For a fully submerged object, that's the object's entire volume.
For a partially submerged object (like a floating block of wood), it's only the volume below the fluid surface.

Magnitude of buoyant force
The buoyant force equals the weight of the displaced fluid, not just its volume. You can calculate it with:

•  = buoyant force (N)

•  = density of the fluid (kg/m³)

•  = volume of fluid displaced (m³)

•  = acceleration due to gravity (9.81 m/s²)

Note that  is the displaced volume, which only equals the object's full volume when the object is
completely submerged.
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Archimedes' principle
Archimedes' principle states: any object wholly or partially immersed in a fluid experiences an upward force
equal to the weight of the fluid it displaces. This single statement is the foundation for all buoyancy
analysis, whether the object floats, sinks, or hovers at a fixed depth.

Buoyant force vs. weight of the object
Three outcomes are possible when you place an object in a fluid:

• Object floats ( ): The object displaces just enough fluid for the buoyant force to balance its
weight. It settles at the surface with part of its volume above the fluid.

• Object sinks ( ): Even fully submerged, the displaced fluid doesn't weigh enough to
support the object.

• Object rises ( ): If you release a light object underwater, the buoyant force exceeds its
weight and it accelerates upward until it reaches the surface.

Derivation from hydrostatic pressure
Archimedes' principle follows directly from hydrostatic pressure. Consider a rectangular block submerged
in a fluid of density :

1. The pressure on the top face at depth  is .

2. The pressure on the bottom face at depth  is .

3. The net upward force on the block is .

4. Since  equals the block's volume , the net upward force is , which is the weight
of the displaced fluid.

This derivation generalizes to any shape through integration of pressure over the object's surface.

Assumptions and limitations
• The fluid is assumed to be incompressible and of uniform density. This works well for most liquids but
breaks down in stratified fluids (like ocean layers with varying salinity).

• Surface tension is neglected. For very small objects (needles, insects on water), surface tension can
be comparable to or larger than the buoyant force.

• Viscous effects are not included. Archimedes' principle gives the static buoyant force; it doesn't
account for drag if the object is moving through the fluid.

Buoyancy calculations
Solving buoyancy problems usually comes down to comparing the buoyant force with the object's weight
and applying . Here's a systematic approach.

Step-by-step method
1. Identify the fluid and find its density . For fresh water, use 1000 kg/m³; for seawater, roughly 1025
kg/m³.
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2. Determine the displaced volume . If the object is fully submerged, this equals the object's
volume. If it floats, you'll need to solve for .

3. Calculate the buoyant force: .

4. Compare  with the object's weight  to find the net force and predict whether the object
floats, sinks, or is in equilibrium.

Example: floating object
A block of wood with density 600 kg/m³ and volume 0.01 m³ is placed in fresh water (  kg/m³).
What fraction of the block is submerged?

• At equilibrium, , so .

• Cancel : .

• 60% of the block sits below the waterline.

This ratio  is a quick way to find the submerged fraction of any floating object.

Density of fluid
Fluid density is the single biggest factor controlling buoyant force. Denser fluids push harder. For example,
you float more easily in the Dead Sea (  kg/m³) than in a freshwater lake (  kg/m³)
because the denser water displaces more weight per unit volume.

Volume of displaced fluid
For regularly shaped objects, you can calculate volume geometrically. For irregular shapes, submerge the
object in a graduated container and measure the rise in fluid level. The volume change equals the
displaced volume. This is essentially the method Archimedes himself is said to have used.

Net force on submerged objects
The net force on a submerged object is:

• : object is in equilibrium (neutral buoyancy).

• : object accelerates upward.

• : object accelerates downward (sinks).

Stability and equilibrium
A floating object can be in equilibrium (net force and net torque both zero) yet still be stable or unstable
depending on how it responds to small disturbances like waves or shifting cargo.

Stable vs. unstable equilibrium
• Stable equilibrium: when tilted slightly, the object experiences a restoring torque that brings it back
upright. A wide-hulled boat is a good example.

• Unstable equilibrium: when tilted slightly, the object continues to tip further. Think of a tall, narrow
cylinder floating upright with a high center of gravity.
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• Neutral equilibrium: the object stays in whatever orientation it's placed in. A uniform sphere
submerged at neutral buoyancy behaves this way.

Center of buoyancy (CB)
The center of buoyancy is the point where the buoyant force effectively acts. It's located at the centroid of
the displaced fluid volume. When a floating object tilts, the shape of the displaced volume changes, and
the center of buoyancy shifts. This shift is what can create a restoring torque.

Center of gravity (CG)
The center of gravity is the point where the object's weight effectively acts. It depends on how mass is
distributed throughout the object. For a floating vessel, keeping the CG low (heavy items near the bottom)
improves stability.

Metacentric height (GM)
Metacentric height quantifies initial stability for small angles of tilt. It's defined as:

where: -  = distance from the keel (bottom) to the center of buoyancy -  = distance from the center of
buoyancy to the metacenter (the point where the line of action of the buoyant force intersects the vessel's
centerline when tilted) -  = distance from the keel to the center of gravity

Positive GM → stable (restoring torque when tilted) Negative GM → unstable (overturning torque when
tilted) GM = 0 → neutrally stable

Typical cargo ships aim for a GM between 0.15 m and 1.5 m. Too small and the ship is dangerously
unstable; too large and it rolls back and forth too sharply, which is uncomfortable and can damage cargo.

Applications of buoyancy

Floating objects
Ships, barges, and buoys all float because their overall density (structure + air inside) is less than the
surrounding water. Naval architects carefully calculate the vessel's displacement (the mass of water
displaced) to ensure it matches the vessel's total weight under all loading conditions.

Submerged objects
Submarines control their depth by adjusting buoyancy through ballast tanks:

1. To dive, valves open and seawater floods the ballast tanks, increasing the sub's weight until .

2. To surface, compressed air forces water out of the tanks, decreasing weight until .

3. To hover at a fixed depth, the sub trims its ballast until  (neutral buoyancy).

Hydrometers and density measurement
A hydrometer is a simple glass tube weighted at the bottom with a calibrated scale on the stem. When
placed in a fluid, it sinks until the buoyant force matches its weight. The denser the fluid, the less the
hydrometer sinks, and you read the density directly off the scale. Hydrometers are used to check battery
acid concentration, alcohol content in brewing, and salinity in aquariums.
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Ballast in ships
Ships use ballast water to maintain stability, especially when sailing without cargo. Filling ballast tanks
lowers the center of gravity and increases draft (how deep the hull sits). Proper ballast management
prevents capsizing and ensures the propeller and rudder remain sufficiently submerged for effective
operation.

Factors affecting buoyancy

Density of object vs. density of fluid
This comparison determines everything:

Condition Result

Object floats

Neutral buoyancy

Object sinks

A solid steel ball (  kg/m³) sinks in water, but a steel ship floats because the hull encloses a large
volume of air, making the ship's average density much less than water's.

Shape and orientation of object
Shape doesn't change the buoyant force on a fully submerged object (only volume matters), but it strongly
affects whether an object floats and how stable it is. A flat hull displaces water over a wide area, creating a
high metacentric height. A narrow hull of the same volume is less stable. Orientation also matters: a long
cylinder floating on its side is more stable than the same cylinder floating upright.

Compressibility of fluid
Most liquids are nearly incompressible, so their density stays constant with depth. Gases are highly
compressible: air density drops significantly with altitude. This means the buoyant force on a balloon
decreases as it rises, which is why weather balloons eventually reach a ceiling altitude where .

Temperature and pressure effects
• Temperature: Fluids generally expand when heated, reducing their density. Warmer water provides
slightly less buoyant force than cold water. This effect is small for liquids but significant for gases.

• Pressure: Increased pressure compresses gases and slightly compresses liquids, raising their
density. At great ocean depths, water is marginally denser than at the surface, providing a slightly larger
buoyant force.

Buoyancy in gases
The same Archimedes' principle applies in gases. The buoyant force on any object surrounded by air is

. For most solid objects this force is tiny compared to their weight, which is why you can
usually ignore it. But for large, low-density objects, it becomes the dominant force.
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Buoyancy in air
At sea level, air density is about 1.225 kg/m³. A 1 m³ object in air experiences a buoyant force of roughly 12
N (about 2.7 lbf). That's negligible for a rock, but for a large balloon filled with a gas lighter than air, it's
enough to generate lift.

Hot air balloons
Hot air balloons work by reducing the density of the air inside the envelope:

1. A burner heats the air inside the balloon.

2. The heated air expands. Some spills out the open bottom, reducing the mass of air inside while the
volume stays roughly constant.

3. The average density of the balloon (envelope + heated air + basket + passengers) becomes less
than the surrounding cooler air.

4. The buoyant force exceeds the total weight, and the balloon rises.

To descend, the pilot allows the air to cool or opens a vent at the top to release hot air.

Archimedes' principle in gases
The formula is identical to the liquid case:

For a helium balloon at sea level:  kg/m³,  kg/m³. The net lift per cubic meter of
helium is roughly  N/m³.

Atmospheric pressure and density
Both pressure and density decrease with altitude. At about 5,500 m, atmospheric pressure is roughly half
its sea-level value. A rising balloon experiences progressively less buoyant force. If the balloon is sealed,
the gas inside expands as external pressure drops, which can eventually burst the balloon. Weather
balloons are designed to expand until they pop at a target altitude, then a parachute returns the instrument
package to the ground.

Experimental verification

Measuring buoyant force
The most straightforward lab method:

1. Weigh the object in air using a spring scale or force sensor. Record this as .

2. Submerge the object fully in the fluid while still attached to the scale. Record the apparent weight
.

3. The buoyant force is the difference: .

You can also measure the volume of fluid displaced (using an overflow can and graduated cylinder) and
calculate  to compare with the direct measurement.
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Comparing predicted vs. observed values
Calculate the expected buoyant force from the object's measured volume and the fluid's known density.
Then compare it to the experimentally measured value. Agreement within a few percent confirms
Archimedes' principle. Larger discrepancies suggest measurement errors or unaccounted factors (trapped
air bubbles, for instance).

Sources of error and uncertainty
• Volume measurement: Irregular objects are hard to measure precisely. Air bubbles clinging to the
surface increase the apparent displaced volume.

• Fluid density: Temperature fluctuations change fluid density. Even a few degrees can matter if you're
aiming for high precision.

• Surface tension: For small objects, surface tension can pull the object down or hold it up, adding a
force that isn't part of the buoyancy calculation.

• Instrument calibration: Uncalibrated spring scales or force sensors introduce systematic error.

Improving experimental accuracy
1. Use digital force sensors with resolution of at least 0.01 N.

2. Measure fluid temperature and look up the corresponding density (or measure it with a hydrometer).

3. Tap the submerged object gently to dislodge air bubbles before taking readings.

4. Repeat each measurement at least three times and use the average.

5. Propagate uncertainties through your calculations to report a meaningful error range on your final
result.
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Unit 2 – Kinematics of fluids
2.1 Eulerian and Lagrangian descriptions

Eulerian vs Lagrangian Descriptions
Fluid motion can be described from two fundamentally different viewpoints. The Eulerian description
watches fluid pass through fixed points in space, like a weather station measuring wind at a specific
location. The Lagrangian description follows individual fluid parcels as they move, like tracking a tagged
fish through a river. These two frameworks lead to different mathematical formulations, different numerical
methods, and different strengths depending on the problem at hand.

Differences in Reference Frames
The core distinction comes down to what you're watching.

• In the Eulerian description, you pick a fixed point in space and record what happens there as fluid
flows past. Your coordinate system doesn't move. You're asking: what is the velocity, pressure, or
temperature at this location right now?

• In the Lagrangian description, you pick a specific fluid particle and follow it wherever it goes. Your
coordinate system moves with the particle. You're asking: what is happening to this particular parcel of
fluid over time?

Both descriptions capture the same physical reality. They just organize the information differently.

Advantages of Eulerian Description
• Simplifies treatment of complex geometries and boundary conditions, since the grid stays fixed

• Handles fluid-structure interactions and multiphase flows more naturally on a stationary mesh

• Pairs well with standard numerical methods like finite difference and finite volume schemes

• Provides a natural framework for steady-state flows and flows with large deformations, where tracking
individual particles would become unwieldy

Advantages of Lagrangian Description
• Gives a more intuitive picture of fluid motion by following actual particle paths

• Eliminates numerical diffusion that arises from discretizing the advection term in Eulerian methods

• Tracks fluid interfaces and free surfaces precisely, since the particles are the interface

• Simplifies problems involving history-dependent material properties, where you need to know what a
specific parcel has experienced over time

Applications of Eulerian Description
• Standard CFD simulations of internal flows in fixed geometries (pipes, channels, ducts, turbine
passages)

• Flows with complex boundary physics such as conjugate heat transfer and chemical reactions at walls
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• Weather forecasting and climate modeling, where the atmosphere is treated as a continuum on a
global grid

• Turbulence research and turbulence model development, where statistical properties at fixed locations
are the primary interest

Applications of Lagrangian Description
• Dispersed multiphase flows where you track individual sprays, bubbles, or droplets through a carrier
fluid

• Free surface and fluid-structure interaction problems such as ocean waves, sloshing, and breaking
waves

• Geophysical flows like lava flows and glacial ice movement, where material deformation histories
matter

• Biological flows including blood flow through vessels and cell migration through tissue

Eulerian Description
In the Eulerian framework, you define a fixed region of space and describe how fluid properties evolve at
every point within that region. This is the more common approach in most engineering CFD applications.

Fixed Spatial Grid
The fluid domain is divided into a fixed grid or mesh. The grid doesn't move; fluid passes through it. At
each grid point or cell center, you store values of velocity, pressure, density, and other quantities. The grid
can be structured (regular, like a Cartesian lattice) or unstructured (irregular, using triangles or tetrahedra
to fit complex shapes).

Fluid Motion Through the Grid
As the flow evolves, fluid properties at each grid point change over time. The velocity field  tells you
the velocity vector at every point in the domain. You obtain this velocity field by solving the governing
equations (continuity, momentum, energy) on the grid.

Field Variables as Functions of Space and Time
All field variables are written as functions of spatial position and time. For instance, the velocity field is

, where  is the position vector and  is time. The spatial dependence captures how properties vary
across the domain at any instant, while the time dependence captures how they evolve at each location.

Partial Time Derivatives
Time derivatives in the Eulerian frame are partial derivatives. The quantity  gives the rate of change of
some field variable  at a fixed point in space. This is what a stationary sensor would measure. These
partial time derivatives appear directly in the continuity equation, momentum equation, and energy
equation.
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Advection Term in Equations
Because the observer is stationary but the fluid is moving, you need an extra term to account for the
transport of properties by the flow itself. This is the advection term, written as  for a scalar field . It
captures how much of the observed change at a fixed point is simply due to different fluid being carried
past that point. This term is responsible for much of the nonlinearity in the Navier-Stokes equations and is
one of the main sources of numerical difficulty in Eulerian methods.

Lagrangian Description
In the Lagrangian framework, you label individual fluid particles and track each one as it moves through
space. Instead of asking "what's happening at point ?", you ask "what's happening to particle ?"

Moving Material Points
The fluid is represented as a collection of material points. Each point corresponds to a small fluid element
that moves with the local flow velocity. You track the position and properties of each material point over
time, building up a picture of the flow from the collective behavior of many particles.

Trajectories of Fluid Particles
The trajectory of a fluid particle is given by , where  is the particle's initial position (its "label") and
 is time. This mapping tells you where particle  ends up at time . The velocity of that particle is the time

derivative of its position:

Field Variables as Functions of Initial Position and Time
All field variables are expressed as functions of the initial particle position  and time . For example, the
temperature of particle  at time  is . The initial position  serves as a permanent label, so you
can always identify which parcel you're talking about.

Material Time Derivatives
The natural time derivative in the Lagrangian frame is the material derivative . It gives the rate of change
of a quantity as experienced by a fluid particle moving with the flow. When you follow a specific parcel, the
material derivative is just an ordinary time derivative along that parcel's path.

Absence of Advection Term
Since the reference frame moves with the fluid, there's no need for a separate advection term. The
transport of properties by the flow is built into the framework automatically. This is a significant advantage:
it eliminates the numerical diffusion that plagues Eulerian discretizations of the advection term and
simplifies the structure of the governing equations.

Connecting Eulerian and Lagrangian Descriptions
These two descriptions are not independent theories. They describe the same physics from different
viewpoints, and several mathematical tools let you translate between them.
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Material Derivative in the Eulerian Frame
The material derivative, which arises naturally in the Lagrangian description, can be expressed in Eulerian
variables:

This is the key bridge between the two frames. The left side is the rate of change following a particle. The
right side breaks that into two Eulerian contributions: the local rate of change at a fixed point ( ) plus the
change due to the particle moving into a region with different values of  (the advection term ).

Velocity Gradient Tensor
The velocity gradient tensor  describes how the velocity field varies in space. It captures the local
deformation and rotation of fluid elements, connecting the Eulerian velocity field to the Lagrangian
deformation of material parcels. It decomposes into:

• The strain rate tensor (symmetric part): describes stretching and compression

• The vorticity tensor (antisymmetric part): describes local rotation

Deformation Gradient Tensor
The deformation gradient tensor  is a purely Lagrangian quantity that maps the initial configuration of a
fluid element to its current, deformed configuration:

It encodes all information about how a fluid element has been stretched, rotated, and distorted relative to
its original shape.

Jacobian Determinant
The Jacobian determinant  gives the ratio of a fluid element's current volume to its initial
volume. If , the element has preserved its volume (as in incompressible flow). The Jacobian is
essential for transforming integrals between Eulerian and Lagrangian coordinates and for enforcing mass
conservation in numerical schemes.

Numerical Methods for Each Description
The choice of description directly affects which numerical methods you can use. Each class of methods
has trade-offs in accuracy, stability, and ease of implementation.

Eulerian Grid-Based Methods
Eulerian methods solve the governing equations on a fixed grid. The most common families are:

• Finite difference methods: approximate derivatives using values at neighboring grid points

• Finite volume methods: enforce conservation laws over discrete control volumes

• Finite element methods: approximate solutions using basis functions on an unstructured mesh

These methods handle complex boundary conditions well and are the backbone of most commercial CFD
codes. Their main weakness is numerical diffusion from discretizing the advection term, and they can
struggle to sharply resolve moving interfaces.
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Lagrangian Particle-Based Methods
Lagrangian methods represent the fluid as discrete particles and integrate their equations of motion
forward in time. Two prominent examples:

• Smoothed particle hydrodynamics (SPH): approximates field quantities by kernel-weighted sums over
neighboring particles

• Vortex methods: track discrete vortex elements and compute their mutual interactions

These methods excel at free surface flows, large deformations, and fragmentation problems. Their
challenges include maintaining uniform particle distributions, imposing solid-wall boundary conditions, and
ensuring consistency of the approximation as particles cluster or spread apart.

Arbitrary Lagrangian-Eulerian (ALE) Methods
ALE methods let the computational mesh move, but not necessarily at the fluid velocity. You have freedom
to choose how the mesh moves:

• Move it with the fluid (purely Lagrangian) near interfaces or moving boundaries

• Hold it fixed (purely Eulerian) in the interior

• Move it at some intermediate velocity to maintain mesh quality

This flexibility makes ALE methods particularly useful for fluid-structure interaction and problems with
moving boundaries, where a purely Eulerian mesh would need constant remeshing and a purely
Lagrangian mesh would become too distorted.

Comparison of Numerical Accuracy and Stability
Aspect Eulerian Lagrangian ALE

Numerical stability Generally robust Can suffer from particle
disorder

Intermediate; depends on
mesh motion

Advection accuracy Subject to numerical
diffusion

No advection error Reduced advection error
near interfaces

Interface tracking Requires special techniques
(VOF, level set)

Naturally sharp Sharp near Lagrangian
regions

Mesh management Fixed; straightforward No mesh, but particle
distribution matters

Requires mesh
smoothing/remapping

Computational cost Moderate Can be high for dense
particle fields

Higher due to mesh motion
overhead

The best choice depends on the specific flow problem, the required accuracy, and available computational
resources. Many modern simulations use hybrid approaches that combine elements of all three strategies.

2.2 Streamlines, pathlines, and streaklines
Streamlines, pathlines, and streaklines are key concepts in fluid dynamics that help visualize and analyze
flow patterns. These tools provide insights into fluid behavior, revealing crucial information about velocity
fields, particle trajectories, and flow characteristics in both steady and unsteady conditions.

Understanding these concepts is essential for solving real-world fluid flow problems. From aerodynamic
design to groundwater analysis, streamlines, pathlines, and streaklines play vital roles in various
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applications, helping engineers and scientists optimize systems and predict fluid behavior accurately.

Definition of streamlines
• Streamlines are curves that are everywhere tangent to the velocity vector field in a fluid flow at a given
instant

• Provide a snapshot of the flow pattern at a specific time and are used to visualize the direction of fluid
flow

• In steady flow, streamlines remain constant over time, while in unsteady flow, the streamline pattern
changes with time

Tangent lines to velocity field
• At any point in the flow field, the velocity vector is tangent to the streamline passing through that point

• The direction of the velocity vector determines the direction of the streamline at each point

• Streamlines cannot cross each other, as this would imply that the velocity vector has two different
directions at the same point

Steady vs unsteady flow
• In steady flow, the velocity field does not change with time, resulting in a constant streamline pattern

• Unsteady flow occurs when the velocity field varies with time, causing the streamline pattern to
change accordingly

• Examples of steady flow include fully developed pipe flow and flow around a stationary object in a
uniform stream

Streamline patterns
• Streamline patterns can reveal important features of the flow, such as regions of high and low velocity,
flow separation, and recirculation zones

• Converging streamlines indicate accelerating flow, while diverging streamlines suggest decelerating
flow

• Streamline patterns can be influenced by the geometry of the flow domain, boundary conditions, and
the presence of obstacles or sources/sinks

Definition of pathlines
• Pathlines are the actual trajectories that individual fluid particles follow over time in a flow field

• Represent the history of fluid particles as they move through the flow domain

• Pathlines are obtained by tracking the position of fluid particles at different times, starting from their
initial locations

Trajectories of fluid particles
• Each fluid particle follows a unique pathline, which is determined by the particle's initial position and
the velocity field of the flow
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• The velocity of a fluid particle at any point along its pathline is equal to the velocity vector at that point
in the flow field

• In steady flow, pathlines and streamlines coincide, as the velocity field does not change with time

Lagrangian description
• Pathlines are based on the Lagrangian description of fluid motion, which focuses on the movement of
individual fluid particles

• The Lagrangian approach tracks the position and velocity of fluid particles as a function of time

• Lagrangian description is particularly useful for understanding the behavior of fluid particles in
unsteady flows and flows with significant particle interactions

Pathlines in unsteady flow
• In unsteady flow, pathlines and streamlines do not coincide, as the velocity field changes with time

• Pathlines in unsteady flow can cross each other, as fluid particles starting from different initial
positions may follow different trajectories

• Unsteady flow examples include vortex shedding behind a bluff body and the flow in a pulsating pipe

Definition of streaklines
• Streaklines are the locus of fluid particles that have passed through a particular point in the flow field
at different times

• Represent the current location of fluid particles that were released from a specific point in the past

• Streaklines are often visualized by injecting dye or smoke into the flow at a fixed point and observing
the resulting pattern

Locus of fluid particles
• A streakline is formed by the continuous injection of fluid particles from a fixed point in the flow field

• At any given time, the streakline consists of all the fluid particles that have been injected up to that
time

• The shape of a streakline is determined by the velocity field and the duration of particle injection

Dye injection visualization
• Streaklines can be experimentally visualized by injecting dye or smoke into the flow at a fixed point

• The injected substance forms a visible line that follows the path of the fluid particles released from the
injection point

• Dye injection techniques are commonly used in wind tunnel experiments and flow visualization studies

Streaklines in unsteady flow
• In unsteady flow, streaklines can differ significantly from streamlines and pathlines

• The shape of a streakline in unsteady flow depends on the time-varying velocity field and the duration
of particle injection
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• Streaklines can reveal the presence of unsteady flow phenomena, such as vortex shedding and flow
instabilities

Relationships between concepts
• Understanding the relationships between streamlines, pathlines, and streaklines is crucial for
analyzing and interpreting fluid flow behavior

• In steady flow, all three concepts coincide, while in unsteady flow, they can differ significantly

• The choice of which concept to use depends on the specific flow situation and the information desired

Streamlines vs pathlines
• Streamlines represent the instantaneous direction of fluid flow, while pathlines show the actual
trajectories of fluid particles over time

• In steady flow, streamlines and pathlines coincide, as the velocity field does not change with time

• In unsteady flow, streamlines and pathlines can differ, as the velocity field varies with time

Pathlines vs streaklines
• Pathlines show the trajectory of an individual fluid particle, while streaklines represent the current
location of particles that have passed through a specific point

• In steady flow, pathlines and streaklines coincide, as the velocity field does not change with time

• In unsteady flow, pathlines and streaklines can differ, as the velocity field varies with time

Coincidence in steady flow
• In steady flow, streamlines, pathlines, and streaklines all coincide

• This coincidence occurs because the velocity field does not change with time, so the instantaneous
direction of fluid flow (streamlines) is the same as the actual trajectory of fluid particles (pathlines) and
the locus of particles that have passed through a point (streaklines)

• The coincidence of these concepts in steady flow simplifies the analysis and visualization of fluid flow
patterns

Streamline properties
• Streamlines possess several important properties that help in understanding and analyzing fluid flow
behavior

• These properties are based on the definition of streamlines as curves that are everywhere tangent to
the velocity vector field

• Understanding streamline properties is essential for interpreting flow patterns and identifying flow
features

No intersection
• Streamlines cannot intersect or cross each other at any point in the flow field
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• If streamlines were to intersect, it would imply that the velocity vector has two different directions at the
same point, which is physically impossible

• The no-intersection property ensures that streamlines provide a consistent and meaningful
representation of the flow field

Uniform velocity magnitude
• In certain flow situations, such as incompressible flow through a duct of constant cross-section, the
magnitude of the velocity vector remains constant along a streamline

• This property arises from the conservation of mass principle, which states that the mass flow rate
through any cross-section of the duct must be the same

• Uniform velocity magnitude along streamlines can simplify the analysis of flow patterns and the
calculation of flow properties

Acceleration normal to streamlines
• Fluid particles experience acceleration only in the direction normal to the streamlines

• This property is a consequence of the fact that streamlines are everywhere tangent to the velocity
vector field

• The acceleration normal to streamlines can be caused by pressure gradients, body forces, or changes
in the flow geometry

Practical applications
• The concepts of streamlines, pathlines, and streaklines have numerous practical applications in
various fields of fluid dynamics

• These applications range from flow visualization techniques to aerodynamic design and groundwater
flow analysis

• Understanding these concepts is crucial for solving real-world fluid flow problems and optimizing
flow-related systems

Flow visualization techniques
• Streamlines, pathlines, and streaklines are widely used in flow visualization techniques to gain insights
into fluid flow patterns

• Smoke or dye injection methods can be used to experimentally visualize these concepts in wind
tunnels or water channels

• Computational Fluid Dynamics (CFD) simulations can generate virtual representations of streamlines,
pathlines, and streaklines for complex flow scenarios

Aerodynamic design
• Streamline analysis is essential in the aerodynamic design of vehicles, aircraft, and wind turbines

• By optimizing the shape of an object to align with the streamlines of the surrounding flow, designers
can reduce drag and improve aerodynamic efficiency
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• Streamline-based design principles are used in the development of streamlined car bodies, aircraft
wings, and wind turbine blades

Groundwater flow analysis
• Pathlines and streaklines are used in the analysis of groundwater flow and contaminant transport in
porous media

• By tracking the movement of water particles or contaminants over time, hydrogeologists can predict
the spread of pollutants and design remediation strategies

• Pathline analysis is also used in the study of oil and gas reservoir dynamics to optimize production
strategies

Mathematical representation
• The concepts of streamlines, pathlines, and streaklines can be mathematically represented using
various tools and techniques

• These mathematical representations provide a rigorous framework for analyzing and predicting fluid
flow behavior

• The most common mathematical tools used to describe streamlines, pathlines, and streaklines are the
stream function, velocity potential, and complex potential

Stream function
• The stream function is a scalar function that describes the flow field in two-dimensional,
incompressible, and irrotational flows

• Streamlines are defined as the lines along which the stream function is constant

• The stream function is related to the velocity components through partial derivatives, allowing for the
calculation of velocity fields from the stream function

Velocity potential
• The velocity potential is another scalar function used to describe irrotational flows

• The velocity vector field is defined as the gradient of the velocity potential

• In irrotational flows, the existence of a velocity potential simplifies the analysis and allows for the
application of powerful mathematical techniques

Complex potential
• The complex potential is a complex-valued function that combines the stream function and the velocity
potential

• It is used to describe two-dimensional, incompressible, and irrotational flows in the complex plane

• The real part of the complex potential represents the velocity potential, while the imaginary part
represents the stream function

• Complex potential theory provides a concise and elegant framework for analyzing and solving a wide
range of fluid flow problems
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2.3 Velocity and acceleration fields

Velocity field characteristics
Velocity and acceleration fields describe how fluid velocities and their rates of change are distributed
across space at any given moment. These fields form the foundation for analyzing flow patterns, pressure
distributions, and forces within a fluid system. This section covers how we classify, represent, and connect
these fields mathematically.

A velocity field can be classified by how it varies in time and space, and represented using vector notation
or visual tools like streamlines. The material derivative ties velocity and acceleration together, capturing the
full picture of how a fluid particle's velocity changes as it moves through the flow.

Steady vs unsteady flow
Steady flow means the velocity at every fixed point in the flow domain stays constant over time. Picture
fully developed laminar flow in a pipe: if you measure velocity at the same spot again and again, you get
the same value. Mathematically,  everywhere.

Unsteady flow means the velocity at one or more fixed points changes with time. Turbulent flow and
pulsating flow (like blood pumped by a heart) are common examples. The distinction matters because
steady flows allow significant simplifications in the governing equations, while unsteady flows require
time-dependent analysis.

Uniform vs non-uniform flow
• Uniform flow: velocity magnitude and direction are identical at every point in the flow domain. Fully
developed flow in a long, straight pipe of constant cross-section is a good approximation.

• Non-uniform flow: velocity changes from point to point. Flow through a converging-diverging nozzle is
a classic example, where the fluid speeds up in the converging section and slows down in the diverging
section.

Non-uniform flow is far more common in real applications and generally requires more complex analysis
methods.

One, two, and three-dimensional flow
The dimensionality of a flow refers to how many spatial coordinates the velocity field depends on:

• One-dimensional (1-D): velocity varies along only one direction, with components in the other two
being negligible. Flow in a long, narrow channel is often treated as 1-D.

• Two-dimensional (2-D): velocity varies along two spatial directions. Flow over a long airfoil (where
span-wise variation is small) is typically modeled as 2-D.

• Three-dimensional (3-D): velocity varies in all three spatial directions. Flow around a sphere or
through a complex pipe junction is inherently 3-D.

Higher dimensionality means more complex governing equations and greater computational cost, so
engineers reduce dimensionality whenever the physics justifies it.
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Velocity field representation
Several mathematical and graphical tools exist for describing velocity fields. The choice depends on the
flow's nature and what you're trying to learn from the representation.

Vector field notation
The velocity field is expressed as a vector function of position and time:

Here , , and  are the scalar velocity components in the , , and  directions. This compact notation
lets you apply vector calculus operations directly: for instance,  (divergence) reveals whether the flow
is compressible, and  (curl) reveals its rotational character.

Streamlines and streamtubes
Streamlines are curves that are everywhere tangent to the local velocity vector at a single instant in time.
They show you the instantaneous direction of fluid motion, much like the smoke patterns you'd see in a
wind tunnel snapshot.

A streamtube is formed by a bundle of streamlines that enclose a small cross-sectional area. Because no
flow crosses a streamline (by definition), the fluid inside a streamtube behaves like it's flowing through an
invisible pipe. This concept is useful for applying conservation of mass to a portion of the flow.

Pathlines and streaklines
• Pathlines trace the actual trajectory of a single fluid particle over time. You find them by integrating the
velocity field: if you tagged one tiny dye particle and followed it, its trail would be a pathline.

• Streaklines connect all the particles that have passed through a specific point. If you continuously
inject dye at a fixed location, the visible dye line at any instant is a streakline.

In steady flow, streamlines, pathlines, and streaklines are all identical. In unsteady flow, they generally
differ, which is a common source of confusion. Keep that distinction in mind when interpreting flow
visualization experiments.

Material derivative of velocity field
The material derivative (also called the substantial derivative) gives the rate of change of a property as
experienced by a fluid particle moving with the flow. For velocity, it yields the acceleration of that particle. It
has two parts: local acceleration and convective acceleration.

Local acceleration

This term captures how the velocity field changes with time at a fixed point in space. In a steady flow, this
term is exactly zero. In an unsteady flow (say, a valve suddenly opening), this term is what accounts for the
time-varying velocity at each location.

Convective acceleration
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This term captures the velocity change a fluid particle experiences because it moves to a new location
where the velocity is different. Even in a perfectly steady flow, a particle can accelerate if the velocity field
varies in space. For example, fluid accelerating through a nozzle has zero local acceleration but non-zero
convective acceleration.

Material acceleration
Combining both terms gives the total (material) acceleration:

This is the acceleration that appears in Newton's second law applied to a fluid element, and it's central to
the derivation of the Navier-Stokes equations. The  notation distinguishes the material derivative from an
ordinary partial derivative.

Acceleration field characteristics
Just as velocity fields can be classified by their temporal and spatial behavior, so can acceleration fields.

Steady vs unsteady acceleration
• Steady acceleration: the acceleration at every point remains constant over time. Fully developed
laminar flow in a pipe (where acceleration is actually zero everywhere) is a trivial example.

• Unsteady acceleration: the acceleration at one or more points changes with time. Flow transients
during valve opening or closing produce unsteady acceleration fields that require time-dependent
analysis.

Uniform vs non-uniform acceleration
• Uniform acceleration: the acceleration vector is the same at every point. A fluid under a constant,
spatially uniform body force (like gravity acting on a stationary fluid) approximates this.

• Non-uniform acceleration: the acceleration varies from point to point. Flow through a curved pipe
produces non-uniform acceleration because the centripetal acceleration depends on local curvature
and speed.

Non-uniform acceleration is closely linked to pressure gradients and streamline curvature in most practical
flows.

Irrotational vs rotational acceleration
• Irrotational: the curl of the velocity field is zero ( ). The flow can be described using a scalar
velocity potential, which simplifies analysis considerably. Potential flow around an airfoil (outside the
boundary layer) is a classic example.

• Rotational: the curl of the velocity field is non-zero, meaning the flow has vorticity. Flow inside a vortex
or within a boundary layer is rotational and requires the full Navier-Stokes equations.

Irrotational flows are associated with conservative body forces and admit powerful analytical shortcuts.
Rotational flows demand more complex treatment but are essential for capturing viscous effects.

Relationship between velocity and acceleration fields
Acceleration is fundamentally the rate of change of velocity, but in a flowing fluid that relationship takes a
richer form than in particle mechanics because the velocity field varies in both space and time.
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Acceleration as velocity gradient
The material derivative expression

shows that acceleration depends on both the temporal change and the spatial gradients of velocity. Those
spatial gradients also govern how fluid elements deform (strain rates) and rotate (vorticity), so the velocity
gradient tensor contains a wealth of information about the flow.

Normal and tangential components
Acceleration can be decomposed relative to the local velocity direction:

• Normal acceleration: , where  is the local radius of curvature of the streamline. This
component points toward the center of curvature and is responsible for the centripetal force that bends
the fluid's path.

• Tangential acceleration: , where  is the speed (magnitude of velocity). This component acts
along the streamline and changes how fast the fluid is moving.

This decomposition is especially useful for analyzing curved flows, where pressure gradients in the normal
direction balance the centripetal acceleration.

Streamline curvature and angular velocity
From the normal acceleration, you can solve for the radius of curvature:

Tighter curvature (smaller ) means larger normal acceleration at a given speed, which in turn requires a
steeper pressure gradient across the streamlines.

The angular velocity of a fluid element is defined as:

This is half the vorticity vector. It quantifies how rapidly fluid elements spin about their own axes. In
irrotational flow,  everywhere; in rotational flow, the distribution of  reveals the structure of vortices
and shear layers.

Together, streamline curvature and angular velocity connect the geometry of the flow to the forces acting
on fluid particles, bridging kinematics and dynamics.

2.4 Vorticity and circulation

Definition of vorticity
Vorticity quantifies the local rotation of a fluid element at any point in a flow field. It's a vector quantity
defined as the curl of the velocity field, so it captures both the direction and magnitude of that rotation.

Mathematical representation
Vorticity is defined as:
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where  is the vorticity vector and  is the velocity field.

In Cartesian coordinates, the three components are:

• 

• 

• 

The magnitude is .

For two-dimensional flows in the -plane, only the -component survives, so vorticity reduces to the
scalar . This simplification comes up constantly in practice.

Physical interpretation
Vorticity equals twice the angular velocity of a fluid element spinning about its own axis. A small paddle
wheel placed in the flow would rotate at a rate proportional to the local vorticity.

High-vorticity regions correspond to intense local rotation, like the core of a tornado or the wake behind a
cylinder. Low-vorticity (or zero-vorticity) regions behave like irrotational or potential flow, where fluid
elements translate and deform but don't spin.

Vorticity vs. rotation
These two concepts are closely related but distinct.

Similarities
• Both describe rotational aspects of fluid motion and are vector quantities with magnitude and direction.

• Both matter across aerodynamics, turbomachinery, and geophysical flows.

Key differences
• Rotation refers to the angular velocity of a fluid element relative to a fixed reference frame. Vorticity is
an intrinsic, local property of the velocity field itself.

• Rotation can be imposed externally (e.g., a rotating tank), whereas vorticity arises from velocity
gradients within the flow.

• Vorticity varies from point to point. Solid-body rotation, by contrast, can be uniform throughout a
domain.

• A fluid in a uniformly rotating reference frame can have non-zero rotation but zero relative vorticity if
the flow within that frame is irrotational.

The precise relationship is  for solid-body rotation at angular velocity , but in general flows,
vorticity and rotation decouple because velocity gradients vary spatially.

Vorticity equation
The vorticity equation governs how vorticity evolves in time and space. It's derived directly from the
Navier-Stokes equations.
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Derivation
1.

Start with the incompressible Navier-Stokes equations: 

2.

Take the curl of both sides. The pressure gradient term vanishes (for barotropic flow) because 
.

3.

Apply the vector identity for the convective term to obtain:

This assumes incompressible flow ( ), which eliminates the dilatation term .

Terms and their meanings
• : Local rate of change of vorticity at a fixed point.

• : Advection of vorticity by the flow. Vorticity is carried along with the fluid.

• : Vortex stretching/tilting. When velocity gradients stretch or tilt vortex lines, vorticity
intensifies or changes direction. This term is zero in 2D flows, which is why 3D turbulence behaves so
differently from 2D.

• : Viscous diffusion. Viscosity smooths out vorticity gradients over time.

The left side is the material derivative , so the equation says: the rate of change of vorticity following a
fluid element equals the combined effects of stretching and diffusion.

Vortex lines and tubes
Vortex lines and tubes are geometric tools for visualizing the vorticity field, analogous to how streamlines
visualize velocity.

Definitions
A vortex line is a curve everywhere tangent to the local vorticity vector. It satisfies:

A vortex tube is the surface formed by all vortex lines passing through a given closed curve. Think of it as a
"bundle" of vortex lines forming a tubular structure. The cross-sectional area of a vortex tube is inversely
proportional to the local vorticity magnitude, since the tube's strength (circulation) must be conserved.

Properties
• Vortex lines cannot start or end inside the fluid. They either form closed loops or extend to boundaries.

• Vortex lines cannot cross, because that would require the vorticity vector to point in two directions at
the same point.

• The strength of a vortex tube (the circulation around any cross-section) is constant along its length.
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• In inviscid flow, vortex lines are material lines: they're always composed of the same fluid particles.
This follows from Helmholtz's theorems.

Helmholtz's vortex theorems
These theorems describe how vorticity behaves in inviscid, barotropic flows (where density depends only
on pressure). They place powerful constraints on vortex dynamics.

Kelvin's circulation theorem
Kelvin's theorem states that the circulation around a closed material loop (a loop that moves with the fluid)
is constant in time:

This means that in an inviscid, barotropic flow with conservative body forces, vorticity cannot be created or
destroyed. Any circulation present must have existed from the start or been introduced at a boundary.

Vortex tube evolution
Helmholtz's second theorem: a vortex tube moves with the fluid and retains its strength, even as the flow
stretches or deforms it. The circulation around any cross-section of the tube stays constant. If the tube gets
thinner, the vorticity magnitude increases (and vice versa), but the product of vorticity and cross-sectional
area remains fixed.

Vortex lines and material lines
Helmholtz's third theorem: in inviscid, barotropic flow, vortex lines are material lines. Fluid particles that
start on a vortex line stay on that vortex line forever. This is a Lagrangian statement: vorticity is "frozen
into" the fluid.

These theorems break down when viscosity, baroclinic effects ( ), or non-conservative body
forces are present.

Circulation
Circulation is the scalar measure of macroscopic rotation along a closed curve. Where vorticity tells you
about rotation at a point, circulation tells you about rotation over a region.

Definition and properties
Circulation is the line integral of velocity around a closed curve :

• Positive  corresponds to counterclockwise rotation (by convention).

• Circulation is a global quantity that depends on which closed curve you choose.

The connection to vorticity comes through Stokes' theorem:

This says the circulation around a curve equals the total vorticity flux through any surface bounded by that
curve. If there's no vorticity inside the loop, the circulation is zero.
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Circulation vs. vorticity
Circulation ( ) Vorticity ( )

Type Scalar Vector

Scope Global (path-dependent) Local (point quantity)

Depends on Choice of closed curve Only the local velocity field

Conservation Conserved on material loops in inviscid
barotropic flow (Kelvin's theorem)

Conserved on fluid particles in inviscid
barotropic flow (Helmholtz)

Stokes' theorem is the bridge: it converts the global measure (circulation) into an integral of the local
measure (vorticity).

Kutta-Joukowski theorem
This theorem provides the direct link between circulation and aerodynamic lift, making it one of the most
practically important results in fluid dynamics.

Lift generation
The Kutta-Joukowski theorem states that the lift per unit span on a body in a uniform stream is:

where  is the freestream density,  is the freestream velocity, and  is the circulation around the body.

The circulation doesn't appear spontaneously. For an airfoil, it's established by the Kutta condition, which
requires the flow to leave the sharp trailing edge smoothly with finite velocity. Without this condition, the
inviscid solution would predict infinite velocity at the trailing edge, which is physically unrealistic.

Circulation around airfoils
• The Kutta condition selects a unique value of circulation that produces a smooth departure at the
trailing edge.

• In potential flow models, circulation is represented using vortex elements (point vortices, vortex
sheets, or vortex panels distributed along the airfoil surface).

• Circulation increases with angle of attack: higher angles produce stronger circulation and more lift, up
to the stall angle where the flow separates and the model breaks down.

• The theorem applies to any 2D body shape, not just airfoils, though it's most useful for streamlined
bodies where potential flow is a reasonable approximation.

Potential flow
Potential flow assumes the fluid is inviscid, incompressible, and irrotational. Despite these simplifications, it
captures surprisingly useful physics, especially far from solid boundaries.

Irrotational vs. rotational flow
An irrotational flow has  everywhere. This means a velocity potential  exists such that:
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A rotational flow has  in at least part of the domain and cannot be fully described by a velocity
potential alone.

Most real flows have both regions: irrotational flow away from boundaries, and rotational flow inside
boundary layers and wakes where viscosity generates vorticity.

Velocity potential
The velocity potential  is a scalar function with components:

• , , 

For incompressible flow,  combined with  gives Laplace's equation:

Laplace's equation is linear, which means you can superpose elementary solutions (uniform flow, source,
sink, doublet, point vortex) to build complex flow fields. This superposition principle is what makes potential
flow so powerful as an analytical tool.

Vorticity in viscous flows
Real fluids have viscosity, and viscosity fundamentally changes how vorticity behaves. It's responsible for
both creating and destroying vorticity.

Diffusion of vorticity
The viscous term  in the vorticity equation acts like a diffusion operator: it spreads vorticity from
regions of high concentration to regions of low concentration, smoothing out gradients over time.

• The rate of diffusion scales with the kinematic viscosity . High-viscosity fluids (honey) diffuse vorticity
quickly; low-viscosity fluids (air, water) retain sharp vorticity gradients longer.

• Vorticity diffusion is dissipative. It causes vortical structures to decay and eventually homogenizes the
vorticity field if no new vorticity is supplied.

Vorticity generation at boundaries
In viscous flow, the no-slip condition (fluid velocity matches the wall velocity) creates steep velocity
gradients near solid surfaces. These gradients are the primary source of vorticity in most flows.

The process works as follows:

1. The no-slip condition enforces zero relative velocity at the wall.

2. Sharp velocity gradients develop in the thin boundary layer adjacent to the surface.

3. These gradients produce vorticity, as dictated by the curl of the velocity field.

4. The generated vorticity diffuses away from the wall and is advected downstream by the flow.

The interaction between boundary-generated vorticity and the outer flow produces many important
phenomena: separation bubbles, vortex shedding, and the transition from laminar to turbulent boundary
layers.
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Vortex shedding
Vortex shedding occurs when flow past a bluff body (like a cylinder) produces periodic detachment of
vortices into the wake.

Mechanism
1. Boundary layers develop on the body surface due to viscosity.

2. An adverse pressure gradient behind the body causes the boundary layers to separate from the
surface.

3. The separated shear layers roll up into discrete vortices.

4. These vortices detach alternately from the upper and lower sides of the body, creating an oscillating
wake pattern.

von Kármán vortex street
The von Kármán vortex street is the characteristic pattern of two staggered rows of counter-rotating
vortices in the wake. Its key features:

• Vortices in opposite rows have opposite circulation and are offset from each other.

• The shedding frequency is characterized by the Strouhal number: , where  is the shedding
frequency,  is the body diameter, and  is the freestream velocity. For a circular cylinder, 
over a wide range of Reynolds numbers.

• The alternating vortex shedding produces oscillating lift and drag forces on the body, which can cause
structural vibrations (a major concern for bridges, chimneys, and offshore platforms).

• The same phenomenon produces sound: an Aeolian harp generates tones from wind-induced vortex
shedding on its strings.

Vorticity in turbulence
Turbulent flows contain a wide range of eddy sizes, and vorticity dynamics drive the transfer of energy
across these scales.

Vortex stretching
Vortex stretching is the mechanism that transfers energy from large scales to small scales in 3D
turbulence. Here's how it works:

1. Large-scale velocity gradients stretch existing vortex lines.

2. As a vortex line stretches, its cross-section shrinks (conservation of mass).

3. To conserve angular momentum, the vorticity magnitude increases as the tube gets thinner.

4. This creates smaller, more intense vortical structures.

The vortex stretching term  in the vorticity equation captures this process mathematically. It's the
engine behind the energy cascade: energy flows from large eddies to progressively smaller ones until it
reaches the Kolmogorov scale, where viscosity dissipates it as heat.
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Vortex stretching is inherently three-dimensional. In strictly 2D flows, this term vanishes, which is why 2D
turbulence behaves qualitatively differently (energy cascades to larger scales instead).

Enstrophy and energy dissipation
Enstrophy measures the total squared vorticity in a flow:

(Note: the factor of  is included in some definitions; conventions vary by author.)

Enstrophy matters because it's directly tied to energy dissipation. The viscous dissipation rate of kinetic
energy in an incompressible flow is:

This relationship shows that regions of high vorticity are where kinetic energy is most rapidly converted to
heat. In turbulent flows, enstrophy production (via vortex stretching) and enstrophy dissipation (via
viscosity) are in approximate balance at the small scales, which is a hallmark of the turbulent cascade.

2.5 Potential flow

Basics of potential flow
Potential flow is a simplified model of fluid motion built on three assumptions: the flow is irrotational,
inviscid, and incompressible. Because viscosity and compressibility are excluded, the governing equations
become linear, which means you can find closed-form analytical solutions for many geometries. That's
what makes potential flow so useful: it gives you real physical insight into pressure distributions, streamline
shapes, and lift without needing a full numerical simulation.

The two central tools are the velocity potential and the stream function. Both are scalar fields that encode
the entire velocity field, and both satisfy Laplace's equation. The specific flow you get depends on the
boundary conditions you impose.

Velocity potential and stream function

Relationship between velocity potential and velocity field
The velocity potential  is a scalar function whose gradient gives the velocity field:

A velocity potential can only exist when the flow is irrotational, meaning:

This is easy to verify: the curl of any gradient is identically zero. The practical benefit is that instead of
tracking two or three velocity components, you solve for a single scalar  and then differentiate to recover
the full velocity field.

Relationship between stream function and velocity field
The stream function  is defined for two-dimensional incompressible flows. It relates to the velocity
components as:
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Any  defined this way automatically satisfies the 2D continuity equation , so mass
conservation is built in by construction.

Contours of constant  are streamlines (lines everywhere tangent to the velocity vector). The difference in
 between two streamlines equals the volume flow rate per unit depth between them, which makes 

especially handy for flow visualization and flux calculations.

Laplace's equation in potential flow

Derivation of Laplace's equation
Both  and  satisfy Laplace's equation, but for different reasons:

• For : Start with the incompressibility (continuity) condition . Substitute  to get:

• For : Start with the irrotationality condition . In 2D this reduces to . Substituting
the stream function definitions yields:

So continuity drives the equation for , and irrotationality drives the equation for . Both give you Laplace's
equation, but through complementary physical requirements.

Boundary conditions for Laplace's equation
Laplace's equation alone doesn't pick out a unique flow. You need boundary conditions:

• Solid boundaries (no penetration): The velocity component normal to the surface must vanish. In
terms of , this is  on the surface. In terms of , the surface is a streamline, so 
there.

• Far-field (free-stream) conditions: Far from any body, the flow should approach the undisturbed
free-stream values. For example,  and  as  for a uniform stream of speed .

The geometry of the problem determines which boundary conditions apply and, ultimately, which solution
you get.

Elementary flows in potential flow theory
Because Laplace's equation is linear, you can build complex flows by adding together simple "building
block" solutions. The four elementary flows below are the most important.

Uniform flow
The simplest potential flow has a constant velocity  everywhere:

Streamlines are horizontal straight lines. Uniform flow serves as the background onto which you superpose
other elements.

Source and sink flow
A source of strength  (volume flow rate) emits fluid radially outward from a point; a sink absorbs fluid
inward. In 2D:
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Here  is the radial distance from the source/sink and  is the polar angle. Use  for a source and 
for a sink. The radial velocity decays as , so the flow is strongest near the origin.

In 3D the expressions change to  for a source, reflecting the different geometric spreading.

Doublet flow
A doublet (or dipole) is the limiting case of a source and sink brought infinitely close together while their
product of strength and separation stays finite. The resulting doublet strength is . In 2D:

Doublets are the key ingredient for modeling flow around circular cylinders and spheres.

Note on sign conventions: Different textbooks define doublet strength and sign conventions differently.
Always check whether your course uses , , or , and whether the doublet axis points in the  or 
direction.

Vortex flow
A free vortex (also called a point vortex) produces purely tangential flow with velocity proportional to :

Here  is the circulation, defined as the line integral of velocity around any closed curve enclosing the
vortex center:

The flow is irrotational everywhere except at the singular point . Vortex elements are essential for
modeling lift on airfoils and rotating flows.

Superposition of elementary flows

Linear combination of elementary flows
Because Laplace's equation is linear, any sum of solutions is also a solution. If you have  elementary
flows, the combined velocity potential and stream function are:

 

This superposition principle is the single most powerful feature of potential flow theory. It lets you assemble
realistic flow fields from simple pieces.

Constructing complex flow patterns
Some classic combinations:

• Rankine half-body: Uniform flow + a single source. The dividing streamline forms a semi-infinite body
shape.

• Rankine oval: Uniform flow + a source + a sink (equal and opposite, separated by a distance). The
dividing streamline forms a closed oval.

• Non-lifting flow past a cylinder: Uniform flow + a doublet. Produces symmetric streamlines around a
circle.
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• Lifting flow past a cylinder: Uniform flow + a doublet + a vortex. Breaks the symmetry and generates
lift.

Each combination satisfies Laplace's equation automatically. You just need to verify that the boundary
conditions (no penetration on the body, correct far-field behavior) are met.

Flow past a circular cylinder

Non-lifting cylinder (uniform flow + doublet)
For a uniform stream of speed  flowing past a cylinder of radius , superpose a uniform flow and a
doublet of strength  (or equivalently, set the doublet to cancel the normal velocity at ). In
polar coordinates centered on the cylinder:

 

You can verify that  at  for all , confirming the cylinder surface is a streamline.

The flow is perfectly symmetric fore-and-aft, so there is no net drag or lift. This symmetric, drag-free result
is known as d'Alembert's paradox and highlights a key limitation of inviscid theory.

Adding circulation for lift
Superposing a vortex of circulation  shifts the stagnation points and breaks the up-down symmetry. The
stream function becomes:

Higher velocity on one side of the cylinder means lower pressure (by Bernoulli's equation), producing a net
lift force perpendicular to the free stream.

Flow past a sphere
The 3D analog uses a three-dimensional doublet superposed on a uniform flow. The doublet strength is
chosen as  (again, to enforce no penetration at ). The total velocity potential in
spherical coordinates is:

The Stokes stream function for this axisymmetric flow is:

As with the cylinder, the flow is symmetric and predicts zero drag. The streamline pattern looks qualitatively
similar to the 2D cylinder case, with flow dividing at the front stagnation point and reuniting at the rear.

Lift on a cylinder in potential flow

Kutta-Joukowski theorem
The Kutta-Joukowski theorem states that the lift per unit span on any 2D body in a steady potential flow is:

where  is the fluid density,  is the free-stream speed, and  is the circulation around the body. This
result is remarkably general: it applies to cylinders, airfoils, and any 2D shape in potential flow.
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Circulation and lift generation
A few key points about how circulation produces lift:

• Without circulation ( ), the flow around a cylinder is symmetric and the lift is zero.

• Adding a vortex introduces circulation, which speeds up the flow on one side and slows it on the other.

• By Bernoulli's equation, the faster side has lower pressure. The resulting pressure imbalance is the lift
force.

• For airfoils, the Kutta condition determines the correct value of : the flow must leave the sharp trailing
edge smoothly, with finite velocity. This physical requirement selects a unique circulation and therefore
a unique lift.

Potential flow vs real fluid flow

Assumptions and limitations
Potential flow rests on three assumptions that real flows violate to varying degrees:

• Inviscid: No viscosity, so no shear stress and no energy dissipation.

• Irrotational: No vorticity anywhere in the flow.

• Incompressible: Constant density (valid for low Mach numbers, roughly ).

Because of these assumptions, potential flow cannot predict:

• Boundary layer development along surfaces

• Flow separation and wake formation behind bluff bodies

• Drag forces (this is d'Alembert's paradox)

• Turbulence or any rotational flow structures

Where potential flow still works well
Despite its limitations, potential flow gives accurate results in regions away from solid surfaces where
viscous effects are confined to thin boundary layers. It predicts pressure distributions and lift on
streamlined bodies (like airfoils at small angles of attack) quite well. The outer flow around an aircraft wing,
for example, is closely approximated by potential flow.

For situations where viscous effects dominate (separated flows, bluff bodies, high angles of attack), you
need the full Navier-Stokes equations or computational fluid dynamics (CFD).

Numerical methods for potential flow

Finite difference method
The finite difference method solves Laplace's equation by discretizing the domain on a grid and replacing
derivatives with algebraic approximations. For example, the 2D Laplacian on a uniform grid with spacing 
becomes:
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This converts the PDE into a system of linear equations that you solve iteratively (e.g., Gauss-Seidel) or
directly. The method is straightforward to implement but can require very fine grids near boundaries to
capture steep gradients accurately.

Boundary element method
The boundary element method (BEM) takes a fundamentally different approach: instead of discretizing the
entire flow domain, it only discretizes the boundaries (body surfaces and, if needed, far-field boundaries).

BEM exploits Green's theorem to express  at any interior point as an integral over boundary values of 
and . This reduces a 3D problem to a 2D surface problem (or a 2D problem to a 1D curve problem),
which is a significant computational saving.

BEM is particularly well-suited for: - External flows with unbounded domains (the far-field condition is
handled naturally) - Complex body geometries where volume meshing would be difficult - Problems where
you only need surface quantities (pressure, velocity) rather than the full interior field

Applications of potential flow theory

Aerodynamics and hydrodynamics
• Airfoil design: Panel methods (a form of BEM) based on potential flow are still used in preliminary
airfoil design to compute lift coefficients and pressure distributions quickly.

• Submarine and ship hull design: Potential flow models predict the pressure field and wave-making
resistance around hull shapes, guiding early-stage design before expensive CFD or tank testing.

• Wind turbine blades: Blade element momentum theory, combined with potential flow models for the
induced velocity field, is a standard tool for rotor design.

Groundwater flow and seepage
Groundwater moving slowly through porous media obeys Darcy's law, which has the same mathematical
form as potential flow (the hydraulic head plays the role of ). This means all the tools of potential flow
theory carry over directly:

• Seepage under dams: Engineers use flow nets (graphical solutions of Laplace's equation) to estimate
seepage rates and pore pressures, which are critical for dam stability.

• Well hydraulics: The drawdown around a pumping well is modeled as a sink in potential flow, giving
the classic Thiem and Theis solutions.

• Contaminant transport: Potential flow solutions provide the velocity field needed to track how
pollutants move through an aquifer, informing remediation strategies like pump-and-treat systems.
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Unit 3 – Conservation Laws in Fluid
Dynamics
3.1 Conservation of mass

3.1 Conservation of mass
Conservation of mass states that mass cannot be created or destroyed within a closed system. In fluid
dynamics, this principle lets you track how fluid moves through pipes, channels, and complex systems by
ensuring that every kilogram entering a region is accounted for. It's the starting point for nearly all fluid
analysis, and the continuity equation that comes from it will show up constantly throughout this course.

Principle of mass conservation
The total mass of a fluid system remains constant over time, no matter what processes happen inside it.
This holds for compressible and incompressible fluids alike, and it applies to single-phase flows (just water
in a pipe) as well as multiphase systems (steam and liquid water coexisting in a boiler).

The key idea: if you draw an imaginary boundary around a region of fluid, any change in the mass inside
that boundary must be explained by mass flowing in or out across the boundary.

Mass balance in fluid systems
A mass balance tracks the flow of mass into and out of a defined control volume (a region you choose for
analysis) across its control surface (the boundary of that region). The general statement is:

Rate of mass accumulation inside the CV = Rate of mass in − Rate of mass out + Sources − Sinks

Steady vs. unsteady flow
• Steady flow: fluid properties (velocity, pressure, density) at every point stay constant in time. The
accumulation term drops to zero, so mass in equals mass out.

• Unsteady flow: properties change with time, so you must keep the time-derivative (accumulation)
term. Examples include filling a tank or a pressure transient in a pipeline.

Inflow vs. outflow
• Inflow is mass crossing the control surface into the control volume.

• Outflow is mass crossing the control surface out of the control volume.

• The net mass flow rate is inflow minus outflow. For steady flow with no sources or sinks, this net rate
must be zero.

Sources and sinks
Sometimes mass appears or disappears within the control volume relative to a particular phase or species.
A chemical reaction can generate a product (source) or consume a reactant (sink). Phase changes like
evaporation add vapor mass while removing liquid mass. These terms must be included in the mass
balance whenever they're present.
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Control volumes
A control volume is simply the region in space you choose to analyze. Picking the right one can make a
problem straightforward or painfully complicated.

Fixed vs. moving boundaries
• Fixed control volumes have stationary boundaries. These are the most common choice and work well
for steady-flow problems like flow through a stationary pipe junction.

• Moving control volumes have boundaries that translate or deform with time. You'd use these for
problems involving moving objects, such as a rocket expelling exhaust or flow through a turbomachine
rotor.

Selection of control surfaces
Good control surface choices simplify your math:

• Align surfaces perpendicular to the flow direction so that velocity vectors are normal to the surface.
This avoids dealing with dot-product angles.

• Place surfaces where you already know (or can easily measure) flow properties like velocity or
pressure.

• Choose surfaces at inlets and outlets where the flow is approximately uniform, reducing complex
integrations to simple multiplications.

Continuity equation
The continuity equation is the mathematical form of mass conservation applied to a fluid. It relates the rate
of change of mass inside a control volume to the net mass flux across its boundaries.

Differential form
The differential form applies at a single point in the flow field and describes mass conservation for an
infinitesimally small fluid element:

Here,  is the fluid density and  is the velocity vector. The first term is the local rate of change of density;
the second term represents the net rate of mass flux out of the element per unit volume. Together they say:
any decrease in local density must be compensated by a net outflow, and vice versa.

Integral form
The integral form applies to a finite control volume and is what you'll use most often for engineering
problems:

• The first integral is the time rate of change of total mass inside the control volume.

• The second integral sums the mass flow rate across the entire control surface, where  points
outward by convention. Outflow contributes positively; inflow contributes negatively.
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Simplifications and assumptions
Depending on the problem, you can often simplify the full continuity equation significantly:

• Steady flow (properties don't change with time): the time-derivative term drops out.

• Incompressible flow (constant density): density cancels, giving  in differential form.

• Steady, one-dimensional flow: the integral form reduces to the familiar relation

This says the mass flow rate  is the same at every cross-section. For an incompressible fluid (
), it simplifies further to . This is why water speeds up when you squeeze a garden

hose nozzle: the area decreases, so velocity must increase.

Applications of mass conservation

Incompressible flow
When density is effectively constant, the continuity equation simplifies considerably. This assumption
works well for all liquids and for gases flowing at low Mach numbers (typically , which
corresponds to about 100 m/s in air at sea level). The simplified form  means the velocity field is
divergence-free: fluid elements can change shape but not volume.

Compressible flow
At higher speeds or in systems with large pressure gradients, density changes become significant and
can't be ignored. Gas flowing through a converging-diverging nozzle at  is a classic example.
Here you need the full continuity equation, and it's typically solved simultaneously with the momentum and
energy equations because density, pressure, velocity, and temperature are all coupled.

Multiphase systems
When multiple phases coexist (gas-liquid in a boiler, oil-water in a separator, gas-solid in a fluidized bed),
you write a separate mass conservation equation for each phase. These equations include inter-phase
mass transfer terms to account for evaporation, condensation, dissolution, or other phase-change
processes. Additional closure models are needed to describe how the phases interact.

Conservation of mass vs. momentum
Mass conservation tells you how much fluid goes where. Momentum conservation (Newton's second law
applied to fluids) tells you why it goes there by balancing forces and velocity changes. In practice, you
almost always solve the continuity and momentum equations together as a coupled system. Energy
conservation adds a third equation when temperature or compressibility effects matter. These three
conservation laws form the foundation of the Navier-Stokes equations.

Numerical methods for mass conservation
For anything beyond simple geometries and flow conditions, analytical solutions to the continuity equation
aren't feasible. Numerical methods discretize the domain and solve the equations computationally.

Finite volume method
1. Divide the flow domain into a mesh of small, non-overlapping control volumes.
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2. Apply the integral form of the continuity equation to each control volume.

3. Approximate the fluxes across each face of each control volume.

4. Solve the resulting algebraic system iteratively.

Because the method directly enforces mass balance on every cell, it guarantees global mass conservation.
This is why the finite volume method is the backbone of most commercial CFD software (ANSYS Fluent,
OpenFOAM, etc.).

Finite element method
1. Discretize the domain into elements (triangles, tetrahedra, etc.).

2. Express the continuity equation in its weak (variational) form.

3. Approximate flow variables within each element using shape functions.

4. Solve for the unknown nodal values.

The finite element method handles complex geometries and irregular boundaries more naturally than
structured finite volume meshes. It's especially common in multiphysics problems where fluid flow is
coupled with structural deformation.

Experimental verification
Models and simulations are only useful if they match reality. Experimental techniques provide the data
needed to validate mass conservation predictions.

Flow visualization techniques
These qualitative methods let you observe flow patterns and spot regions where mass might be
accumulating or depleting unexpectedly:

• Dye injection: colored dye is introduced into a liquid flow to trace streamlines. Common in water tunnel
experiments.

• Smoke injection: similar concept for gas flows, often used in wind tunnels.

• Particle image velocimetry (PIV): a laser sheet illuminates tracer particles, and high-speed cameras
capture their displacement between frames. PIV gives you a full 2D (or even 3D) velocity field, making it
possible to check whether  holds in incompressible regions.

Mass flow rate measurements
These quantitative methods measure  at specific locations:

• Orifice plates: a plate with a hole restricts the flow, creating a measurable pressure drop proportional
to flow rate. Simple and cheap, but introduces a permanent pressure loss.

• Venturi meters: a gradually converging-diverging section measures flow rate via pressure difference
with less energy loss than an orifice plate.

• Coriolis mass flow meters: the fluid flows through a vibrating tube, and the Coriolis force causes a
phase shift proportional to mass flow rate. These measure  directly (not volume flow rate), making
them highly accurate regardless of fluid properties.
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Comparing measured mass flow rates at inlets and outlets against model predictions is one of the most
direct ways to verify that a simulation correctly enforces mass conservation.

3.2 Conservation of momentum

Conservation of momentum
Conservation of momentum governs how forces, velocities, and pressures relate to each other in moving
fluids. It provides the foundation for the Navier-Stokes equations and is the tool you'll reach for whenever
you need to find forces on pipes, drag on objects, or thrust from propulsion systems.

Linear Momentum

Definition of linear momentum
Linear momentum is the product of mass and velocity:

It's a vector quantity, so direction matters just as much as magnitude. The SI unit is kg·m/s.

Relationship between mass and velocity
Linear momentum scales directly with both mass and velocity. Double the mass at the same velocity, and
momentum doubles. Double the velocity at the same mass, and momentum doubles again. This
proportionality is straightforward, but keep it in mind when you move to fluid systems where mass is flowing
continuously rather than sitting in a single object.

Angular Momentum

Definition of angular momentum
Angular momentum is the rotational counterpart of linear momentum:

where  is the moment of inertia and  is the angular velocity. The SI unit is kg·m²/s.

Relationship between moment of inertia and angular velocity
Angular momentum depends on how mass is distributed (moment of inertia) and how fast the object
rotates. An object with mass concentrated far from the rotation axis has a larger  and therefore greater
angular momentum at the same . This is why a figure skater spins faster when pulling their arms in: 
decreases, so  must increase to keep  constant.

Momentum Conservation Laws

Conservation of linear momentum
When no external forces act on a system, total linear momentum stays constant:
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During any interaction between parts of the system, momentum can shift between them, but the total
doesn't change. In fluid dynamics, "external forces" include things like pressure from surroundings, gravity,
and wall reactions, so you need to account for these carefully when drawing your control volume.

Conservation of angular momentum
Similarly, when no external torques act on a system, total angular momentum is conserved:

This governs rotating flows like vortices and turbomachinery. A classic fluid example: as flow spirals inward
toward a drain, the radius decreases, so the tangential velocity increases to conserve angular momentum.

Applications of Momentum Conservation

Collisions and impacts
Momentum conservation lets you predict outcomes of collisions. In elastic collisions, both momentum and
kinetic energy are conserved. In inelastic collisions, momentum is still conserved but some kinetic energy
converts to heat or deformation. Water hammer in pipes is a fluid-mechanics example: when a valve closes
suddenly, the momentum of the moving fluid must go somewhere, producing large pressure spikes.

Jet propulsion
Jet engines and rockets work by ejecting mass at high velocity in one direction, which generates thrust in
the opposite direction. The thrust depends on two factors:

• Mass flow rate ( ): how much mass is ejected per second

• Exhaust velocity ( ): how fast that mass leaves

Thrust is approximately . Higher exhaust velocity or higher mass flow rate means more thrust.

Fluid flow in pipes and channels
When fluid flows through a pipe bend or a nozzle, the change in momentum between inlet and outlet tells
you the net force the fluid exerts on the pipe walls. This is one of the most common applications of the
momentum equation in engineering. You select a control volume around the pipe section, evaluate
momentum fluxes at each opening, and solve for the reaction forces.

Momentum Flux

Definition and units
Momentum flux is the rate at which momentum crosses a surface per unit area. For a fluid with density 
and velocity , the momentum flux through a surface with normal velocity component  is:

The units work out to kg/(m·s²), which is equivalent to N/m² (same units as pressure). This isn't a
coincidence: pressure itself is a form of momentum flux at the molecular level.
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Momentum flux in fluids
The full description of momentum transport in a fluid uses the momentum flux tensor (also called the stress
tensor), which captures both:

• Normal components: momentum transferred perpendicular to a surface (related to pressure and
normal viscous stresses)

• Shear components: momentum transferred parallel to a surface (related to viscous shear stresses)

Understanding momentum flux is how you calculate drag on a submerged object or the force a jet of water
exerts on a plate.

Momentum Transfer

Mechanisms of momentum transfer
Momentum moves through a fluid by three mechanisms:

1. Advection: the bulk flow carries momentum from one place to another. If fluid is moving to the right, it
carries its rightward momentum with it.

2. Molecular diffusion: random molecular motion transfers momentum between adjacent fluid layers.
This is what causes viscous shear stress, and it's governed by the fluid's viscosity.

3. Turbulent mixing: in turbulent flows, chaotic eddies transport momentum far more effectively than
molecular diffusion alone.

Molecular vs. turbulent momentum transfer
Molecular transfer is driven by velocity gradients and is proportional to the fluid's dynamic viscosity . It
dominates in slow, laminar flows.

Turbulent transfer is caused by fluctuating velocity components in turbulent flows and is often modeled
using an eddy viscosity , which can be orders of magnitude larger than . In most engineering
applications (pipe flow at typical speeds, atmospheric flows, ocean currents), turbulent transfer dominates.
The Reynolds number tells you which regime you're in: low Re means molecular transfer matters most,
high Re means turbulence takes over.

Momentum Equations

Integral momentum equation
This form applies conservation of momentum to a finite control volume. It states:

In words: the net force on the control volume equals the rate of change of momentum stored inside it plus
the net momentum flux leaving through its surfaces. For steady flow, the storage term drops out, which
simplifies things considerably.

Differential momentum equation
Applying Newton's second law to an infinitesimal fluid element gives:
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where  is the material derivative,  is pressure,  is the viscous stress tensor, and  is gravitational
acceleration. For a Newtonian fluid with constant viscosity, this becomes the Navier-Stokes equations, the
central governing equations of fluid dynamics.

Boundary conditions for momentum
Solving momentum equations requires boundary conditions at every edge of your domain:

• No-slip: fluid velocity equals zero at a stationary solid wall (the most common wall condition)

• Free-slip: zero shear stress at the boundary (used for symmetry planes or idealized free surfaces)

• Inlet/outlet: specified velocity profile or pressure at flow entrances and exits

Choosing the wrong boundary condition will give you a mathematically valid but physically meaningless
solution, so this step deserves careful thought.

Momentum Analysis

Control volume approach
The control volume method is the workhorse of applied momentum analysis. The steps are:

1. Select a control volume that encloses the region of interest (pipe bend, nozzle, turbine, etc.)

2. Identify all forces acting on the control volume: pressure at each opening, wall reaction forces, gravity

3. Evaluate momentum fluxes at every inlet and outlet using  or  for each opening

4. Apply the integral momentum equation in each coordinate direction

5. Solve for the unknown forces or velocities

This approach works even when you don't know the detailed flow field inside the control volume, which is
what makes it so powerful.

Forces and moments on fluid elements
By evaluating momentum fluxes and pressure distributions around an object, you can calculate net force
and moment without needing to know every detail of the flow. This is the basis for determining:

• Drag: the force component parallel to the freestream flow

• Lift: the force component perpendicular to the freestream flow

• Torque: the moment about a reference point

These quantities are typically expressed as dimensionless coefficients ( , ) so they can be applied
across different scales and speeds.



Fiveable archived study guides Page 66

Examples of Momentum Conservation

Hydraulic jumps
A hydraulic jump occurs when fast, shallow flow (supercritical, Froude number ) abruptly transitions
to slow, deep flow (subcritical, ). You can analyze the jump by applying momentum conservation
between a section upstream and a section downstream. The result is the Bélanger equation, which relates
the upstream and downstream depths. Significant energy is dissipated in the turbulent roller of the jump,
which is why hydraulic jumps are deliberately used in spillway stilling basins to safely dissipate energy.

Flow around objects
For an object in a flow, you can draw a control volume around it and use momentum conservation to find
drag and lift. The momentum deficit in the wake downstream tells you how much momentum the object
extracted from the flow, which equals the drag force. Wind tunnel testing uses exactly this principle:
measure velocity profiles upstream and downstream, compute the momentum change, and you have the
drag.

Propulsion systems
Propellers, turbines, and rockets all rely on momentum conservation. A propeller accelerates air or water
backward; the reaction force pushes the vehicle forward. For a rocket:

where  and  are the exit and ambient pressures, and  is the nozzle exit area. The first term is the
momentum thrust; the second is the pressure thrust. Analyzing these momentum changes lets you predict
thrust, efficiency, and fuel consumption.

3.3 Conservation of energy
Energy conservation is a cornerstone of fluid dynamics, governing how energy transfers and converts
within fluid systems. Whether you're analyzing flow through a pipe, sizing a pump, or predicting cavitation,
the energy equation is the tool that ties everything together. This guide covers the forms of energy in fluids,
the steady and unsteady energy equations, Bernoulli's equation, energy losses, and the role of pumps and
turbines.

Principle of Conservation of Energy
Energy cannot be created or destroyed; it can only convert from one form to another. In fluid dynamics, this
principle lets you track where energy goes as fluid moves through a system. You apply it by drawing a
control volume around the region of interest and balancing all the energy entering, leaving, and stored
within that volume. The principle holds for both steady and unsteady flows, making it one of the most
versatile tools in the subject.

Types of Energy in Fluids
Three forms of energy matter most when analyzing fluid systems: kinetic, potential, and internal.

Kinetic Energy of Fluids
Kinetic energy comes from the fluid's motion. A faster-moving fluid carries more kinetic energy. For a fluid
element of mass  moving at velocity :



Fiveable archived study guides Page 67

On a per-unit-mass basis (which is how it usually appears in the energy equation), this becomes . Think
of water accelerating through a nozzle or wind striking a turbine blade: both are cases where kinetic energy
plays a central role.

Potential Energy of Fluids
Potential energy is stored energy due to the fluid's elevation in a gravitational field. For a fluid element of
mass  at height  above a reference datum:

Per unit mass, this is simply , where  is the elevation. Water sitting in an elevated reservoir has high
potential energy relative to the turbine at the base of the dam. Choosing your reference datum consistently
is critical; pick one and stick with it for the entire problem.

Internal Energy of Fluids
Internal energy accounts for the molecular-level motion and intermolecular forces within the fluid. It
depends on temperature and pressure and includes both sensible heat (temperature-related) and latent
heat (phase-change-related).

For incompressible flows at roughly constant temperature, changes in internal energy are often negligible.
But in compressible flows (gases at high speed) or systems involving heat transfer, internal energy
changes become significant. Hot exhaust gas in a jet engine or steam undergoing condensation are classic
examples.

Energy Equation for Steady Flows

Derivation of the Steady Flow Energy Equation
To derive the steady flow energy equation, you apply conservation of energy to a fixed control volume with
one inlet and one outlet. Under steady conditions, fluid properties at any point don't change with time, so
there's no energy accumulation inside the control volume.

The balance is straightforward: energy carried in by the fluid plus any heat added equals energy carried out
by the fluid plus any shaft work extracted. "Energy carried" includes kinetic energy, potential energy,
internal energy, and the work done by pressure forces pushing the fluid through the control volume (called
flow work).

Terms in the Steady Flow Energy Equation
The full steady flow energy equation, written per unit mass between an inlet (1) and outlet (2), is:

where  is the specific enthalpy (internal energy  plus flow work ),  is heat transfer per unit
mass, and  is shaft work per unit mass.

Each term has a clear physical meaning:

• Kinetic energy term : energy from fluid motion

• Potential energy term : energy from elevation
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• Flow work term : work done by pressure forces to push fluid through the control surface

• Heat transfer : thermal energy added to or removed from the fluid

• Shaft work : mechanical work from pumps (energy in) or turbines (energy out)

Assumptions and Limitations
The standard form of this equation assumes:

• Steady flow: properties at each point are constant in time

• Single inlet, single outlet: more complex systems need extended forms

• No chemical reactions or phase changes (unless you explicitly account for them in the enthalpy)

• Uniform properties across each cross-section (one-dimensional flow assumption)

In real systems, viscous effects and friction losses are present. These are often handled by adding a head
loss term rather than being neglected entirely.

Energy Equation for Unsteady Flows

Time-Dependent Energy Equation
When flow conditions change with time, you need the unsteady (transient) form of the energy equation.
The general differential form is:

Here,  is the total specific energy (internal + kinetic + potential),  is the heat flux vector, and  represents
body forces per unit mass. This equation captures how energy at every point in the flow field evolves over
time.

Local and Convective Acceleration Terms
The two terms on the left side of the equation capture different physics:

• Local acceleration term : the rate at which energy changes at a fixed point in space. This term
is zero in steady flow.

• Convective acceleration term : the rate at which energy changes because fluid with different
energy levels is being carried (convected) through that point.

Together, these terms form the material derivative of energy, tracking how energy changes for a fluid
element as it moves through space and time.

Transient Flow Examples
Unsteady energy analysis is needed in situations like:

• Pump or turbine startup/shutdown: flow accelerates or decelerates, and energy distribution shifts
rapidly

• Valve operations: sudden opening or closing creates pressure transients

• Water hammer: pressure surges in pipelines caused by abrupt flow changes, which can produce
dangerously high pressures
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• Pulsating flows: blood flow in arteries or reciprocating pump systems where conditions vary cyclically

Application of the Energy Equation

Bernoulli's Equation for Incompressible Flow
Bernoulli's equation is a simplified version of the steady flow energy equation. It applies along a streamline
for an incompressible, inviscid (frictionless) fluid with no heat transfer or shaft work:

This is one of the most frequently used equations in fluid mechanics. It directly connects pressure, velocity,
and elevation: if velocity increases (say, through a constriction), pressure must decrease, and vice versa.

Restrictions on Bernoulli's Equation
Bernoulli's equation is powerful but has strict conditions. It only applies when:

• The fluid is incompressible (constant density, so liquids or low-speed gas flows)

• The flow is steady (no time variation)

• The flow is inviscid (friction and viscous losses are negligible)

• You follow a single streamline (or the flow is irrotational, in which case it holds between any two
points)

• There is no shaft work (no pumps or turbines between your two points)

• There is no significant heat transfer

Violating any of these conditions gives incorrect results. This is the single most common mistake students
make: applying Bernoulli where it doesn't belong.

Examples of Bernoulli's Equation
• Venturi meter: the fluid speeds up through a throat, pressure drops, and you measure the pressure
difference to calculate flow rate

• Tank draining (Torricelli's theorem): fluid exits a hole at the bottom of a tank with velocity ,
where  is the height of fluid above the hole

• Airfoil lift: faster flow over the top surface creates lower pressure than the slower flow underneath,
producing a net upward force

• Pipe with varying cross-section: use continuity ( ) together with Bernoulli to find pressures
and velocities at different sections

Energy Losses in Fluid Systems
Real fluid systems always dissipate energy through friction and turbulence. These losses appear as a drop
in the total mechanical energy (or equivalently, as a "head loss" ) and are added to the energy equation:



Fiveable archived study guides Page 70

Major and Minor Losses
• Major losses: friction along straight sections of pipe or duct. These dominate in long pipeline systems.

• Minor losses: energy dissipated at fittings, valves, bends, expansions, contractions, and other flow
disturbances. Despite the name, minor losses can be substantial in short systems with many fittings.

Both are expressed as head loss and summed to get the total system loss.

Friction Losses in Pipes
Friction losses depend on the flow regime (laminar vs. turbulent), pipe roughness, and pipe geometry. The
Darcy-Weisbach equation is the standard tool:

where  is the Darcy friction factor,  is the pipe length,  is the pipe diameter, and  is the mean flow
velocity.

To find :

1. Calculate the Reynolds number: 

2. Determine the relative roughness: , where  is the pipe wall roughness

3. Look up  on the Moody diagram, or use an empirical correlation like the Colebrook equation

For laminar flow ( ), the friction factor is simply .

Local Losses in Fittings and Valves
Each fitting or valve has an associated loss coefficient ( ). The head loss through that component is:

or equivalently as a pressure drop: 

Loss coefficients are tabulated for standard components (a 90° elbow might have  to 
depending on the type). You sum up all the minor losses in the system alongside the major losses to get
the total head loss.

Pumps and Turbines
Pumps and turbines are the devices that add or remove mechanical energy from a fluid system. They
appear in the energy equation as shaft work terms.

Pump Work and Efficiency
A pump adds energy to the fluid, increasing its pressure, velocity, or elevation. The hydraulic power
delivered to the fluid is:

where  is the volumetric flow rate and  is the pump head (the energy added per unit weight of fluid).
You can also write this as  when working with pressure rise directly.

Pump efficiency relates the useful hydraulic power to the shaft power input:
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Efficiency is always less than 100% due to mechanical friction, leakage, and hydraulic losses within the
pump.

Turbine Work and Efficiency
A turbine extracts energy from the fluid, converting it to mechanical shaft work. The available hydraulic
power is:

where  is the turbine head (energy extracted per unit weight of fluid).

Turbine efficiency is the inverse ratio compared to pumps:

The shaft power output is always less than the available hydraulic power due to internal losses.

Net Positive Suction Head (NPSH)
NPSH quantifies how much pressure is available at the pump inlet above the fluid's vapor pressure. It
determines whether the pump will cavitate.

• NPSH available (NPSHA): determined by the system layout (reservoir pressure, elevation, pipe losses
leading to the pump inlet, and the fluid's vapor pressure)

• NPSH required (NPSHR): a property of the pump itself, provided by the manufacturer, and it varies
with flow rate

The operating rule is simple: NPSHA must exceed NPSHR at all operating conditions. If it doesn't, the
pressure at the pump inlet drops below the vapor pressure and cavitation begins.

Cavitation and Its Effects

Causes of Cavitation
Cavitation occurs when the local static pressure in a fluid drops below the fluid's vapor pressure at that
temperature. Vapor bubbles form in the low-pressure region and then collapse violently when they move
into higher-pressure zones.

Common causes include:

• High fluid velocities that create low-pressure zones (think of the suction side of a pump impeller)

• Abrupt geometric changes like sharp contractions or valve throttling

• Insufficient suction head in pump systems

• Elevated fluid temperatures, which raise the vapor pressure and make cavitation more likely

Consequences of Cavitation
When vapor bubbles collapse, they generate intense, localized pressure spikes (potentially hundreds of
MPa) and extreme temperatures at microscopic scales. The effects include:
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• Surface erosion and pitting on impellers, valve seats, and propeller blades

• Increased noise and vibration, often described as a rattling or gravel-like sound

• Reduced performance: pump head and efficiency drop noticeably

• Premature component failure if cavitation persists

Prevention of Cavitation
Preventing cavitation comes down to keeping local pressures above the vapor pressure:

1. Design the system for adequate NPSHA by minimizing suction-side pipe losses and keeping the
pump close to the supply reservoir

2. Reduce fluid velocity at critical locations through larger pipe diameters or gentler geometry transitions

3. Lower the fluid temperature if practical, since this reduces the vapor pressure

4. Use cavitation-resistant materials (stainless steel, specialized coatings) for surfaces exposed to
unavoidable low-pressure zones

5. Control dissolved gas content and monitor fluid quality, since dissolved gases lower the effective
cavitation threshold

Numerical Problems and Solutions

Problem-Solving Strategies
A systematic approach makes energy problems much more manageable:

1. Sketch the system and label all known quantities (pressures, velocities, elevations, pipe dimensions)

2. Choose your control volume and identify the inlet and outlet sections

3. List your assumptions: Is the flow steady? Incompressible? Are losses significant? Is there shaft
work?

4. Select the right equation: Bernoulli for simple inviscid cases, the full energy equation when losses,
pumps, or turbines are involved

5. Solve algebraically before plugging in numbers, and check units at every step

6. Verify your answer: Does the pressure drop make physical sense? Is the velocity reasonable? Does
the head loss come out positive?

Common Pitfalls and Misconceptions
• Applying Bernoulli where it doesn't apply: If there's friction, a pump, a turbine, or compressible flow,
you need the full energy equation with loss and work terms

• Forgetting to include all losses: In real pipe systems, you must account for both major (friction) and
minor (fittings) losses

• Sign errors with shaft work: Pumps add energy (positive ), turbines remove energy (positive 
subtracted from the energy)

• Inconsistent reference datums: Pick one elevation reference and use it everywhere
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• Ignoring NPSH: A pump calculation isn't complete until you've verified that NPSHA > NPSHR

Practice Problems and Answers
To build confidence with energy conservation problems, work through examples that cover:

• Applying Bernoulli's equation to find velocities and pressures in converging/diverging sections

• Using the extended energy equation with head loss terms for real pipe systems

• Sizing pumps by calculating required head and checking NPSH

• Determining turbine power output from a given flow rate and head

• Identifying whether cavitation will occur at a specific operating point

For each problem, follow the step-by-step strategy above. Write out your assumptions explicitly, and
always check whether your chosen equation is valid for the situation before solving.

3.4 Navier-Stokes equations

Derivation of Navier-Stokes equations
The Navier-Stokes equations are the fundamental governing equations for viscous fluid motion. They
combine conservation of mass and momentum with constitutive relations to form a coupled system of
partial differential equations relating velocity, pressure, density, and other fluid properties. Nearly every
problem in fluid dynamics starts here.

Assumptions and simplifications
Before deriving the equations, several assumptions narrow the scope:

• Continuum assumption: The fluid is treated as a continuous medium, not as discrete molecules. This
holds whenever the mean free path of molecules is much smaller than the characteristic length scale of
the flow (i.e., the Knudsen number ).

• Newtonian fluid assumption: Shear stress is linearly proportional to strain rate through a constant
dynamic viscosity. This covers most common fluids (water, air, oils) but excludes non-Newtonian fluids
like blood or polymer solutions.

• Incompressibility assumption: Fluid density is constant throughout the flow. Valid for liquids and for
gases at low Mach numbers ( ).

• Isothermal flow: Temperature is uniform and constant, so the energy equation decouples from the
momentum equations.

Each assumption you relax adds complexity. The full compressible, non-isothermal form requires solving
an energy equation alongside mass and momentum conservation.

Conservation of mass
Mass cannot be created or destroyed within a control volume. The general continuity equation is:

For incompressible flow ( ), the density drops out and you get the divergence-free condition:
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This constraint says that the net volumetric flux out of any infinitesimal fluid element is zero. It's deceptively
simple but plays a critical role: it couples with the momentum equation to determine the pressure field.

Conservation of momentum
Apply Newton's second law to an infinitesimal fluid element. The rate of change of momentum equals the
sum of all forces:

Breaking down each term:

1.  is the local (unsteady) acceleration.

2.  is the convective (advective) acceleration, the nonlinear term that makes these equations
so difficult to solve.

3.  is the pressure gradient force.

4.  represents viscous forces (diffusion of momentum).

5.  captures body forces like gravity ( ).

Constitutive equations
The momentum equation contains the stress tensor , which needs to be related to the velocity field. This
is where the constitutive equation closes the system.

For a Newtonian fluid, the relationship is linear:

where  is the viscous stress tensor,  is the dynamic viscosity, and  is the symmetric
strain rate tensor.

Substituting this into the momentum equation for an incompressible Newtonian fluid gives the familiar form:

The viscous term simplifies to  because  for incompressible flow.

For non-Newtonian fluids, more complex models replace the linear relation. Examples include power-law
fluids (where viscosity depends on strain rate) and Bingham plastics (which require a yield stress before
flowing).

Components of Navier-Stokes equations
Each field variable in the Navier-Stokes equations has a distinct physical role. Understanding what each
one represents helps you interpret solutions and set up problems correctly.

Velocity field
The velocity field  in 3D Cartesian coordinates gives the speed and direction of fluid
motion at every point in space and time. It's the primary unknown you're solving for. The velocity field
determines how fluid elements are advected (carried along) and deformed.
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Pressure field
Pressure  is a scalar field representing force per unit area acting normal to any surface within the
fluid. The pressure gradient  drives fluid from high-pressure to low-pressure regions. In incompressible
flow, pressure doesn't have its own evolution equation; instead, it acts as a Lagrange multiplier that
enforces the divergence-free constraint .

Viscous stress tensor
The viscous stress tensor  is a symmetric second-order tensor that captures both shear and normal
stresses arising from viscosity. For Newtonian fluids, it's directly proportional to velocity gradients through
the constitutive relation. Physically, viscous stresses represent the diffusion of momentum between
adjacent fluid layers moving at different speeds.

Body forces
Body forces  are external forces acting on every fluid element throughout the volume. The most
common example is gravity ( ), but electromagnetic forces (in magnetohydrodynamics) and Coriolis
forces (in rotating reference frames) also fall into this category. They appear as source terms in the
momentum equation.

Incompressible vs compressible flow
The distinction between incompressible and compressible flow determines which form of the Navier-Stokes
equations you use. The deciding factor is whether density variations matter for the physics you're trying to
capture.

Incompressible Navier-Stokes equations
When density is constant, the equations simplify considerably:

• Continuity: 

• Momentum: 

Pressure here isn't a thermodynamic variable; it's determined entirely by the requirement that velocity stays
divergence-free. This is valid for most liquid flows and for gas flows at Mach numbers below about 0.3
(where density changes are less than ~5%).

Compressible Navier-Stokes equations
When density varies significantly, you need the full system:

• Continuity: 

• Momentum: 

• Energy: An additional equation governs temperature and internal energy changes.

You also need an equation of state (e.g., the ideal gas law ) to close the system, since pressure,
density, and temperature are now all coupled.

Mach number considerations
The Mach number  (ratio of flow velocity  to the local speed of sound ) is the key parameter:
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• : Incompressible treatment is accurate.

• : Subsonic but compressible; density variations become non-negligible.

• : Transonic regime with mixed subsonic/supersonic regions and possible shocks.

• : Supersonic flow with shock waves and expansion fans.

• : Hypersonic flow where real-gas effects (dissociation, ionization) may matter.

All transonic, supersonic, and hypersonic flows require the compressible Navier-Stokes equations.

Boundary conditions
Boundary conditions specify how the fluid behaves at the edges of your computational or analytical
domain. Without proper boundary conditions, the Navier-Stokes equations don't have a unique solution.

No-slip condition
At a solid wall, the fluid velocity matches the wall velocity:

For a stationary wall, this means . This condition arises from the fact that viscous fluids "stick" to
surfaces at the molecular level. It's the most common wall boundary condition and is responsible for the
formation of boundary layers.

Free-slip condition
The normal velocity component matches the boundary's normal velocity, but the tangential component is
unconstrained (no shear stress at the wall):

This applies to inviscid flow models, symmetry planes, and free surfaces where tangential stress is
negligible.

Inflow and outflow conditions
• Inflow: You typically prescribe velocity (Dirichlet condition) or both velocity and pressure at the inlet.
The specific choice depends on whether the flow is subsonic or supersonic.

• Outflow: Conditions here are trickier because you don't want artificial reflections contaminating the
interior solution. Common approaches include zero-gradient (Neumann) conditions, advective outflow
conditions, or characteristic-based boundary conditions that let waves pass through cleanly.

Symmetry and periodicity
• Symmetry conditions let you solve only half (or a quarter, etc.) of a geometrically symmetric problem,
cutting computational cost. The normal velocity and normal gradients of tangential quantities are set to
zero on the symmetry plane.

• Periodic conditions assume the flow repeats identically in one or more directions. The solution at one
periodic boundary is mapped to the opposite boundary. These are widely used in channel flows,
turbomachinery blade passages, and homogeneous turbulence simulations.
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Dimensionless form
Non-dimensionalizing the Navier-Stokes equations reduces the number of independent parameters and
reveals which physical effects dominate. You scale all variables by characteristic quantities: a reference
length , velocity , time , and pressure .

Reynolds number

The Reynolds number is the ratio of inertial forces to viscous forces and is the single most important
dimensionless number in fluid dynamics. It determines the flow regime:

• Low  (say, ): Viscous forces dominate. Flow is laminar and often reversible (Stokes flow).

• Moderate : Laminar flow with inertial effects.

• High  (above a critical threshold that depends on geometry): Flow transitions to turbulence. For
pipe flow, the critical .

Strouhal number

The Strouhal number relates the frequency  of unsteady phenomena (like vortex shedding) to the
convective time scale . For a circular cylinder,  over a wide range of Reynolds numbers,
meaning the shedding frequency is predictable from the flow speed and cylinder diameter.

Froude number

The Froude number compares inertial forces to gravitational forces. It governs free-surface flows (rivers,
ship wakes, dam breaks) and stratified flows. When  (subcritical flow), gravity waves can propagate
upstream; when  (supercritical), they cannot.

Dimensionless Navier-Stokes equations
After non-dimensionalization, the incompressible Navier-Stokes equations become:

where starred quantities are dimensionless. The power of this form is that two flows with the same , ,
and  are dynamically similar regardless of their physical size, speed, or fluid. This is the theoretical basis
for wind tunnel testing and scale-model experiments.

Numerical methods for solving
The nonlinearity of the convective term and the pressure-velocity coupling make analytical solutions rare.
Most practical problems require numerical methods that discretize the equations on a computational grid.
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Finite difference methods
Derivatives are approximated by finite differences on a structured grid (e.g., central differences, upwind
schemes). These methods are straightforward to implement and computationally efficient for simple,
regular geometries. The main drawbacks are numerical diffusion (which smears sharp gradients) and
difficulty handling complex geometries without coordinate transformations.

Finite volume methods
The equations are integrated over discrete control volumes, and fluxes across cell faces are computed to
ensure conservation of mass, momentum, and energy at the discrete level. Finite volume methods handle
unstructured grids and complex geometries well, making them the backbone of most commercial CFD
codes (ANSYS Fluent, OpenFOAM).

Finite element methods
The solution is approximated using basis functions within each element, and a weighted residual (weak)
formulation is solved. Finite element methods offer high-order accuracy and geometric flexibility. However,
they require careful stabilization for convection-dominated flows (e.g., SUPG or GLS stabilization) and tend
to be more computationally expensive per degree of freedom than finite volume methods.

Spectral methods
The solution is expanded as a sum of global basis functions (Fourier modes for periodic domains,
Chebyshev or Legendre polynomials otherwise). For smooth solutions, spectral methods converge
exponentially fast, giving very high accuracy with relatively few degrees of freedom. The trade-off is that
they're largely restricted to simple geometries and struggle with discontinuities (Gibbs phenomenon).

Turbulence modeling
Turbulent flows contain eddies spanning a huge range of spatial and temporal scales. Resolving all of them
directly is often impractical, so various modeling strategies trade off between accuracy and computational
cost.

Direct numerical simulation (DNS)
DNS solves the full Navier-Stokes equations on a grid fine enough to capture every scale of turbulence,
from the largest energy-containing eddies down to the smallest dissipative (Kolmogorov) scales. No
modeling is involved, so DNS provides the most accurate results. The cost scales roughly as  in 3D,
which limits DNS to moderate Reynolds numbers (currently up to about  for simple geometries
on large supercomputers).

Large eddy simulation (LES)
LES explicitly resolves the large, energy-carrying eddies and models only the small-scale (subgrid-scale)
motions using a subgrid-scale model (e.g., Smagorinsky model, dynamic model). A spatial filter is applied
to the Navier-Stokes equations to separate resolved from unresolved scales. LES is much cheaper than
DNS but still demands significant computational resources, especially near walls where turbulent
structures become very small.
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Reynolds-averaged Navier-Stokes (RANS) models
RANS decomposes every flow variable into a time-averaged mean and a fluctuation (Reynolds
decomposition: ). Substituting into the Navier-Stokes equations and averaging produces
equations for the mean flow, but with extra unknown terms: the Reynolds stresses . RANS is by far the
cheapest approach and is the workhorse of industrial CFD, but its accuracy depends heavily on the
turbulence model chosen.

Closure problem and turbulence models
The Reynolds stresses that appear in the RANS equations are unknowns, creating more unknowns than
equations. This is the closure problem. Turbulence models provide the missing relationships:

• Algebraic models (e.g., mixing length model): Simple, zero-equation models that specify an eddy
viscosity based on local flow properties. Limited to simple shear flows.

• One-equation models (e.g., Spalart-Allmaras): Solve one transport equation for a modified eddy
viscosity. Popular in aerospace applications.

• Two-equation models (e.g., - , - , SST): Solve transport equations for turbulent kinetic energy 
and a second variable (dissipation rate  or specific dissipation rate ). The SST model blends -
near walls with -  in the freestream and is widely used.

• Reynolds stress models (RSM): Solve transport equations for each component of the Reynolds stress
tensor. More accurate for flows with strong anisotropy (swirling flows, separation) but more expensive
and harder to converge.

Applications and examples
The Navier-Stokes equations underpin analysis across a wide range of engineering and scientific
problems.

Pipe flow and pressure drop
Viscous flow through pipes is one of the few cases with an exact analytical solution (Hagen-Poiseuille flow
for laminar conditions). The velocity profile is parabolic, and the pressure drop is proportional to the flow
rate and inversely proportional to  (where  is the pipe radius). For turbulent pipe flow, empirical
correlations like the Moody chart relate the friction factor to  and surface roughness. These results are
essential for designing oil and gas pipelines, water distribution networks, and HVAC systems.

Flow over airfoils and lift generation
When fluid flows over an airfoil, the curved upper surface accelerates the flow, lowering pressure (by
Bernoulli's principle in the inviscid region), while the lower surface sees higher pressure. This pressure
difference produces lift. The Navier-Stokes equations capture the full picture, including viscous effects in
the boundary layer, the Kutta condition at the trailing edge, and stall behavior at high angles of attack.
Aircraft wing design, wind turbine blades, and propeller optimization all rely on solving these equations.
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Boundary layer theory and separation
Near a solid surface, viscous effects are confined to a thin boundary layer where the velocity transitions
from zero (at the wall, due to no-slip) to the freestream value. The boundary layer can be laminar or
turbulent, and its thickness grows along the surface. When the pressure gradient becomes sufficiently
adverse (pressure increasing in the flow direction), the boundary layer can separate from the surface,
creating a recirculation zone that dramatically increases drag and can cause loss of lift on airfoils.

Vortex shedding and wake dynamics
When flow passes a bluff body (like a cylinder), the boundary layers on either side separate and roll up into
alternating vortices that shed periodically into the wake. This is the von Kármán vortex street. The
shedding frequency is characterized by the Strouhal number (  for a cylinder). The oscillating
forces from vortex shedding can cause structural vibrations, which is a critical concern in the design of
bridges, chimneys, offshore platforms, and heat exchanger tubes.

3.5 Bernoulli's equation

Bernoulli's Equation Derivation
Bernoulli's equation connects pressure, velocity, and elevation along a streamline in a flowing fluid. It
comes directly from the conservation of energy applied to a fluid element, and it's one of the most used
relationships in fluid dynamics. The trade-off: it only holds under specific assumptions (steady,
incompressible, inviscid flow along a streamline), so knowing when it breaks down matters just as much as
knowing the equation itself.

The standard form is:

where  is static pressure,  is fluid density,  is flow velocity,  is gravitational acceleration, and  is
elevation.

Steady Flow Energy Balance
Steady flow means fluid properties at any fixed point don't change with time. Under this condition, you can
track a fluid element moving along a streamline and apply the work-energy theorem between two points.
The work done by pressure forces on the element equals the sum of changes in its kinetic and potential
energy. That balance is exactly what Bernoulli's equation expresses.

Incompressible Flow Assumption
Incompressible flow means  stays constant throughout the flow field. This is a good approximation for all
liquids and for gases at Mach numbers below about 0.3. Holding density constant is what lets you write the
pressure term simply as  rather than needing to integrate a varying  through the energy equation.

Negligible Viscous Effects
The derivation assumes the fluid is inviscid, meaning frictional losses between fluid layers are zero. This
works well for high Reynolds number flows where inertial forces dominate. Without viscous dissipation,
mechanical energy is conserved (none is converted to heat), which is what makes the "constant along a
streamline" statement possible.
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Along a Streamline
Bernoulli's equation applies along a single streamline only. A streamline is the path a fluid particle traces
through the flow field. The constant on the right side of the equation can differ from one streamline to
another, so you cannot apply the equation between two arbitrary points in the flow unless the flow is also
irrotational (more on that below).

Bernoulli's Equation Components
Each term in Bernoulli's equation represents a form of energy per unit volume. Their sum stays constant
along a streamline, so an increase in one term forces a decrease in another.

Pressure Term
 is the static pressure, the actual thermodynamic pressure at a point in the fluid. When you divide through

by , this becomes , called the pressure head (units of length). Don't confuse static pressure with
absolute or gauge pressure in a problem; always check which reference is being used.

Velocity Term
 is the dynamic pressure, representing kinetic energy per unit volume. Divided by , it becomes

, the velocity head. This term is what a Pitot tube measures indirectly.

Elevation Term
 is the hydrostatic pressure contribution from elevation, representing gravitational potential energy per

unit volume. Divided by , it becomes simply , the elevation head. The reference level for  is arbitrary,
but you must use the same reference for both points in a calculation.

Constant Along a Streamline
The sum  stays fixed as you move along a given streamline. If velocity increases (say,
through a constriction), pressure must drop to compensate. This is the core physical insight behind most
Bernoulli applications. Remember: the constant can be different on neighboring streamlines unless the flow
is irrotational.

Applications of Bernoulli's Equation

Pitot Tubes for Velocity Measurement
A Pitot tube measures flow velocity by comparing two pressures:

• Stagnation pressure : measured at a point where the flow is brought to rest (the tube opening faces
directly into the flow)

• Static pressure : measured at a tap flush with the flow direction

Applying Bernoulli between the free stream and the stagnation point:

Solving for velocity:
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This is how airspeed indicators in aircraft work.

Venturi Meters for Flow Rate Measurement
A Venturi meter narrows a pipe to a smaller cross-section (the throat) and measures the pressure drop
between the wider upstream section and the throat.

1.

Write Bernoulli's equation between the upstream section (subscript 1) and the throat (subscript 2),
assuming the pipe is horizontal so elevation terms cancel: 

2.

Apply the continuity equation: , so .

3.

Substitute and solve for : 

4.

The volume flow rate is then .

In practice, a discharge coefficient (typically 0.95–0.99 for a well-designed Venturi) is applied to account for
small viscous losses.

Lift Force on Airfoils
The curved upper surface of an airfoil accelerates air to a higher velocity than the flatter lower surface. By
Bernoulli's equation, higher velocity means lower pressure on top. The net pressure difference between the
lower and upper surfaces produces an upward lift force.

This is a useful first-order explanation, but the full picture also involves circulation and the Kutta condition.
Bernoulli alone doesn't explain why the velocity differs; it just relates the velocity difference to a pressure
difference.

Pressure Drops in Pipes
For a pipe with changing diameter or elevation, Bernoulli's equation between two points gives:

You can solve for the pressure at point 2 if you know the velocities (from continuity) and the elevations.
Keep in mind that real pipes have friction losses, so this result is only accurate for short sections or flows
where viscous losses are small.

Siphons and Aspirators
A siphon moves liquid over a barrier and down to a lower outlet using only gravity. Bernoulli's equation
applied between the liquid surface and the outlet shows that the pressure difference from the elevation
drop drives the flow. At the highest point of the siphon, pressure drops below atmospheric; if it drops to the
vapor pressure, the siphon breaks (cavitation).

An aspirator (or ejector) forces a high-speed fluid through a nozzle, creating a low-pressure region that
draws in a second fluid. Bernoulli's principle explains why the fast-moving stream produces the suction
effect.



Fiveable archived study guides Page 83

Limitations of Bernoulli's Equation

Steady Flow Requirement
Any flow where conditions change with time violates this assumption. Pulsating flows (like those from a
reciprocating pump) or transient startup conditions require the unsteady Bernoulli equation, which adds a
time-dependent term  along the streamline.

Incompressible Flow Assumption
For gases above Mach 0.3, density changes become significant and Bernoulli's equation gives increasingly
inaccurate results. High-speed aerodynamics and flows with large temperature gradients require
compressible flow relations (isentropic flow equations or the full energy equation).

Inviscid Flow Assumption
All real fluids have viscosity. Bernoulli's equation fails in regions where viscous effects dominate: inside
boundary layers, in fully developed pipe flow over long distances, and in any low Reynolds number flow. In
these cases, energy is dissipated as heat, and the "constant" in Bernoulli's equation decreases along the
streamline.

Irrotational Flow Assumption
The standard form of Bernoulli's equation (applied between any two points, not just along a single
streamline) requires irrotational flow, meaning zero vorticity everywhere. Flows with shear layers, vortices,
or separation regions are rotational. In rotational flow, you can still use Bernoulli along a streamline, but
you cannot use it across streamlines.

Along a Streamline Restriction
Even when all other assumptions hold, the equation only connects points on the same streamline. For
complex flow patterns with multiple streamlines at different energy levels, you need either the full energy
equation or computational methods.

Bernoulli's Equation vs. the General Energy Equation

Similarities
Both are rooted in conservation of energy. Both track the exchange between pressure energy, kinetic
energy, and potential energy in a moving fluid. For an ideal flow that meets all of Bernoulli's assumptions,
the two equations give identical results.
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Differences in Assumptions
Feature Bernoulli's Equation General Energy Equation

Flow type Steady only Steady or unsteady

Compressibility Incompressible only Compressible or incompressible

Viscosity Inviscid only Includes viscous dissipation

Heat transfer Not included Included

Shaft work Not included Included (pumps, turbines)

Applicability Along a streamline Between any two points (control
volume)

Differences in Applicability
Bernoulli's equation is a special case of the energy equation. Use it when the assumptions are reasonable:
short flow paths in clean, fast-moving, low-Mach flows with no energy addition or removal. When you have
pumps, turbines, significant friction, heat transfer, or compressibility, switch to the general energy equation,
which adds head loss ( ) and shaft work ( ) terms:

Examples and Problem-Solving

Bernoulli's Equation in Different Scenarios
Pipe with a constriction: Water flows through a horizontal pipe that narrows from  to

. If the upstream velocity is  and upstream pressure is , find .

1. Continuity: 

2. Bernoulli (horizontal, so ):

The pressure drops by 6 kPa at the constriction, which makes sense: velocity went up, so pressure went
down.

Step-by-Step Problem-Solving Approach
1. Draw the system and label the two points where you'll apply Bernoulli's equation. Confirm they're on
the same streamline.

2. Check assumptions: Is the flow steady, incompressible, and approximately inviscid between these
points?

3. Choose a reference elevation ( ) and stick with it.

4. Write Bernoulli's equation between the two points. Cancel any terms that are equal or zero (e.g.,
elevation terms for a horizontal pipe).

5. Apply continuity ( ) if you have two unknowns for velocity.

6. Substitute known values and solve for the unknown.
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7. Check your answer: Does the pressure drop where velocity increases? Are the magnitudes
physically reasonable?

Common Mistakes and Misconceptions
• Applying Bernoulli across streamlines in rotational flow. Always confirm the two points share a
streamline, or that the flow is irrotational.

• Ignoring elevation changes. In vertical or inclined flows, the  terms matter and can dominate.

• Forgetting to use consistent units. Mixing kPa with Pa, or gauge with absolute pressure, is a common
source of errors.

• Assuming higher velocity always means lower pressure. This is only true when elevation is constant. If
a fluid speeds up while also dropping in elevation, pressure could stay the same or even increase.

• Using Bernoulli where viscous losses are significant. Long pipes, flows through porous media, or flows
in boundary layers need the energy equation with a head loss term.

Practice Problems
Work through these before checking solutions:

1. Water exits a large tank through a small hole 3 m below the surface. Find the exit velocity. (Hint: this
is Torricelli's theorem, a direct application of Bernoulli.)

2. A Venturi meter in a horizontal pipe has an upstream diameter of 10 cm and a throat diameter of 5
cm. If the pressure difference is 20 kPa and the fluid is water, find the volume flow rate.

3. A Pitot tube in an air stream ( ) reads a stagnation pressure of 101,800 Pa and a
static pressure of 101,325 Pa. What is the air velocity?
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Unit 4 – Incompressible inviscid flows
4.1 Irrotational flow

4.1 Irrotational flow
Irrotational flow describes fluid motion where individual fluid particles translate and deform but do not rotate
about their own axes. Because the vorticity is everywhere zero, the entire velocity field can be derived from
a single scalar function (the velocity potential), which collapses the vector problem into a much simpler
scalar one governed by Laplace's equation.

This section covers the mathematical foundations of irrotational flow, the elementary building-block
solutions, how to combine them via superposition, and the key theorems (Kutta-Joukowski, Kelvin,
Bernoulli) that connect these ideas to lift and pressure.

Definition of irrotational flow
A flow is irrotational when every fluid element has zero net angular velocity about its own center. Formally,
the curl of the velocity field vanishes everywhere:

Fluid particles in an irrotational flow can still translate along streamlines and undergo linear deformation
(stretching or compression). What they cannot do is spin. This distinction matters: a fluid element moving
along a curved streamline is not necessarily rotating in the vorticity sense.

Mathematical representation

Velocity potential function
Because the curl of any gradient is identically zero, the condition  is automatically satisfied
whenever the velocity field is written as the gradient of a scalar:

The scalar  is called the velocity potential. Its existence is both necessary and sufficient for irrotationality.
Once you know , you recover every component of velocity by differentiation, which is far easier than
solving a coupled vector system.

Laplace's equation for irrotational flow
Combining the velocity potential with the incompressibility condition  gives:

This is Laplace's equation, a linear, second-order PDE. Linearity is the key feature: it means you can add
solutions together and still have a valid solution (the superposition principle). Solving Laplace's equation
with the appropriate boundary conditions (typically no flow through solid surfaces and a known freestream
at infinity) determines  and therefore the entire velocity field.
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Properties of irrotational flow

Zero vorticity
The vorticity vector is defined as:

In irrotational flow,  at every point. This is the defining property and the one you should check first
when asked whether a given velocity field is irrotational.

Path independence of velocity potential
Because , the line integral of velocity between two points depends only on the endpoints:

The path you take doesn't matter. This is analogous to how a conservative force has a path-independent
work integral, and it guarantees that  is a well-defined, single-valued function throughout the domain (with
a caveat for multiply-connected regions containing vortices).

Circulation in irrotational flow
Circulation is the line integral of velocity around a closed curve:

For any closed curve that can be continuously shrunk to a point without leaving the irrotational region,
. This follows directly from Stokes' theorem and zero vorticity. However, if the curve encloses a

singularity (like a point vortex), the circulation can be nonzero. This distinction is central to how potential
flow generates lift.

Irrotational vs rotational flow
Feature Irrotational Rotational

Vorticity  everywhere  in some region

Velocity potential Exists ( ) Does not exist globally

Governing equation Laplace's equation (linear) Full Navier-Stokes or Euler (nonlinear)

Typical location Far from solid boundaries Boundary layers, wakes, separated
regions

Most real flows have both irrotational and rotational regions. The irrotational assumption works well away
from walls and wakes, where viscous effects are negligible and vorticity hasn't been generated or diffused
into the flow.
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Potential flow theory

Applicability to irrotational flow
Potential flow theory is the mathematical framework built on three assumptions: the flow is inviscid,
incompressible, and irrotational. Under these assumptions, the problem reduces to solving Laplace's
equation for , from which you can extract velocity fields, pressure distributions (via Bernoulli), and
aerodynamic forces.

Limitations of potential flow theory
• It ignores viscosity, so it cannot predict boundary-layer behavior, skin-friction drag, or flow separation.

• It assumes irrotationality everywhere, which breaks down in wakes, recirculation zones, and anywhere
vorticity is significant.

• It predicts zero drag on a closed body in steady flow (d'Alembert's paradox), which contradicts reality.

• It cannot predict when or where separation occurs.

Despite these limitations, potential flow gives accurate pressure distributions over the forward portions of
streamlined bodies and remains the starting point for panel methods and thin-airfoil theory.

Elementary flows in irrotational flow
Each elementary flow is a solution to Laplace's equation. The formulas below are given in their most
common coordinate forms.

Uniform flow
The simplest irrotational flow: constant velocity  in the -direction.

Every streamline is a straight horizontal line. Uniform flow serves as the "freestream" onto which other
elementary flows are superimposed.

Source/sink flow
A source (positive ) emits fluid radially outward from a point; a sink (negative ) draws fluid radially
inward.

• 2-D: 

• 3-D: 

Here  is the volumetric flow rate (source strength) and  is the distance from the source/sink. The velocity
is purely radial and decays as  in 2-D or  in 3-D.

Doublet flow
Place a source and a sink of equal strength an infinitesimal distance apart while increasing their strength
so the product remains finite. The result is a doublet with strength .

• 2-D: 
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• 3-D: 

Doublets are the key ingredient for modeling flow around closed bodies (cylinders, spheres).

Vortex flow
A point vortex with circulation  produces purely tangential velocity that decays as :

Note that  is multi-valued (it increases by  each time you go around the vortex). The flow is irrotational
everywhere except at the vortex center itself, where the velocity is singular. Adding a vortex to a flow
around a body introduces circulation and, through the Kutta-Joukowski theorem, lift.

Superposition principle for irrotational flows
Because Laplace's equation is linear, you can add any number of elementary solutions:

The velocity field of the combined flow is simply:

This is what makes potential flow so powerful. Complex flow patterns around arbitrary shapes can be built
up from simple, well-understood pieces.

Irrotational flow around simple geometries

Flow past a cylinder
Superimpose a uniform flow and a 2-D doublet (axis aligned with the freestream). The velocity potential is:

where  is the cylinder radius. The surface  becomes a streamline (no flow through it), so it acts as a
solid cylinder. The resulting streamline pattern is symmetric fore-and-aft, which means zero net drag
(d'Alembert's paradox). Adding a point vortex of strength  at the center breaks the vertical symmetry and
produces lift.

Flow past a sphere
The 3-D analog uses a uniform flow plus a 3-D doublet:

where  is the sphere radius. The flow structure is qualitatively similar to the cylinder case, with symmetric
streamlines dividing at the front stagnation point and reconnecting at the rear.

Kutta-Joukowski theorem

Lift generation in irrotational flow
The Kutta-Joukowski theorem states that the lift per unit span on a 2-D body in a uniform stream is:
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where  is the freestream density,  is the freestream speed, and  is the circulation around the body.
This result is exact within potential flow and applies regardless of body shape.

Circulation and lift relationship
• Positive (counterclockwise) circulation produces upward lift; negative (clockwise) circulation produces
downward lift.

• Lift scales linearly with , , and .

• For a real airfoil, the Kutta condition (smooth flow departure at the sharp trailing edge) selects the
unique value of  that the physical flow adopts. Without this condition, the potential-flow solution is
non-unique.

Kelvin's circulation theorem

Conservation of circulation in irrotational flow
Kelvin's theorem states that the circulation around a material (fluid-following) closed curve remains
constant in time for an inviscid, barotropic flow with only conservative body forces:

If the flow starts irrotational (  for every material loop), it stays irrotational. This is why irrotational flow
is such a robust assumption for inviscid analysis far from boundaries.

Implications for lift generation
Kelvin's theorem says you can't create net circulation out of nothing in an inviscid fluid. So where does the
circulation around a wing come from? When the wing starts moving, a starting vortex of equal and opposite
circulation is shed from the trailing edge. The total circulation of the system (wing + starting vortex) remains
zero, satisfying Kelvin's theorem, while the bound circulation around the wing provides lift.

Bernoulli's equation in irrotational flow

Pressure-velocity relationship
For steady, incompressible, irrotational flow, Bernoulli's equation holds between any two points in the field
(not just along the same streamline):

This is stronger than the streamline-restricted form that applies to rotational flows. The constant is the
same everywhere because the flow is irrotational.

Applications of Bernoulli's equation
• Pressure distribution on bodies: Once you know the velocity from , Bernoulli directly gives the
surface pressure. Integrating that pressure yields lift and (in potential flow, zero) pressure drag.

• Stagnation points: Where , the pressure reaches its maximum value, .

• Speed-pressure tradeoff: Faster flow means lower pressure. This explains suction peaks on the upper
surface of airfoils and the pressure drop in constricted channels.
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Streamlines and equipotential lines

Orthogonality of streamlines and equipotential lines
In 2-D irrotational flow, the stream function  and the velocity potential  satisfy the Cauchy-Riemann
equations. As a result:

• Lines of constant  (equipotential lines) and lines of constant  (streamlines) intersect at right angles
everywhere.

• Together they form an orthogonal flow net.

A common point of confusion: equipotential lines are lines of constant , not lines of constant velocity
magnitude. The spacing between equipotential lines (and between streamlines) indicates the local speed:
closer spacing means higher velocity.

Visualization of irrotational flow patterns
Drawing the orthogonal network of streamlines and equipotential lines gives a complete picture of the flow.
Regions where both sets of lines are densely packed correspond to high-speed flow (and, by Bernoulli, low
pressure). Regions where they spread apart correspond to low-speed, high-pressure zones. Singularities
such as sources, sinks, and vortices appear as points where the regular grid pattern breaks down.

Conformal mapping techniques

Transformation of irrotational flows
Conformal mapping exploits the fact that the 2-D potential flow problem can be written in terms of a
complex potential , where . An analytic function  maps the physical plane
to a transformed plane while preserving:

• The orthogonality of streamlines and equipotential lines

• Local angles between any two curves

The strategy is to map a complicated geometry (like an airfoil) onto a simple one (like a circle), solve the
easy problem, and then map back.

Examples of conformal mapping applications
• Joukowski transformation: Maps a circle (with an off-center shift) to an airfoil-shaped profile. This is
the classic method for obtaining analytic lift predictions on cambered, thick airfoils.

• Kármán-Trefftz transformation: A generalization of the Joukowski map that allows trailing-edge angles
other than zero, producing more realistic airfoil shapes.

• Schwarz-Christoffel transformation: Maps the upper half-plane onto the interior of a polygon, useful for
analyzing flows around sharp corners, steps, and channel expansions.

These techniques have largely been superseded by numerical panel methods for design work, but they
remain valuable for building physical intuition and for validating computational results.
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4.2 Velocity potential

Definition of velocity potential
A velocity potential is a scalar function  (units of ) that encodes the entire velocity field of an
irrotational flow in a single quantity. Instead of tracking three separate velocity components, you only need
to find  and then differentiate it to recover the full velocity vector.

Irrotational flow and velocity potential
A flow is irrotational when fluid elements translate without spinning about their own axes. Mathematically,
this means the vorticity (curl of velocity) vanishes everywhere:

A standard vector calculus identity guarantees that any curl-free vector field can be written as the gradient
of some scalar. That scalar is the velocity potential:

So the existence of  is not an assumption you impose; it's a direct consequence of irrotationality.

Laplace's equation for velocity potential
When the flow is both incompressible and irrotational, you can combine the two conditions:

1. Incompressibility requires .

2. Irrotationality gives .

Substituting the second into the first yields Laplace's equation:

This is a linear, second-order PDE. Solving it with the right boundary conditions gives you , and from 
you get the velocity field everywhere in the domain.

Properties of velocity potential

Relationship between velocity potential and velocity field
Taking the gradient of  in Cartesian coordinates gives each velocity component directly:

• 

• 

• 

Once you have , the velocity field follows immediately from differentiation.

Uniqueness of velocity potential
For a given set of boundary conditions, the velocity potential is unique up to an additive constant. Two
solutions  and  satisfying the same boundary conditions can differ only by a constant, and since
velocity depends on the derivatives of , that constant has no physical effect. This guarantees a
well-defined velocity field.
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Superposition principle
Because Laplace's equation is linear, you can add solutions together and get another valid solution. If 
and  each satisfy , then:

also satisfies Laplace's equation. This is extremely useful: you can build up complex flow patterns by
superposing simple elementary solutions (uniform flow + source + doublet, etc.).

Boundary conditions for velocity potential
Laplace's equation alone has infinitely many solutions. Boundary conditions pin down the one that matches
your physical problem.

Solid boundary conditions
At a solid wall, fluid cannot pass through the surface. This no-penetration condition requires the velocity
component normal to the wall to vanish:

where  is the outward normal direction. If the solid boundary is moving, the normal fluid velocity must
instead match the normal velocity of the boundary.

Free surface boundary conditions
At a free surface (e.g., a water-air interface), two conditions apply simultaneously:

1. Kinematic condition: fluid particles on the surface stay on the surface, expressed as , where
 is the free surface elevation.

2. Dynamic condition: the pressure at the free surface equals atmospheric pressure (typically enforced
through Bernoulli's equation applied at the surface).

Far-field boundary conditions
Far from the body or region of interest, the flow should return to its undisturbed state. This is written as:

where  is the potential for the freestream (usually uniform flow) and  is the distance from the origin.
Without this condition, solutions could include spurious disturbances that extend to infinity.

Applications of velocity potential

Uniform flow
The simplest building block. For a uniform stream of speed  in the x-direction:

The velocity field is constant: . Uniform flow serves as the far-field condition in nearly every
external flow problem.
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Source, sink, and doublet flow
A source (strength ) emits fluid radially outward from a point; a sink ( ) absorbs fluid radially
inward. In three dimensions the potential is:

where  is the distance from the source/sink. The sign of  distinguishes source from sink.

A doublet is the limiting case of a source and sink of equal magnitude brought infinitesimally close together
while their product of strength and separation stays finite. For a doublet of strength  oriented along the
x-axis:

Here  is measured from the x-axis. Doublets are the key ingredient for modeling closed bodies in a
freestream.

Flow around a cylinder
Superposing a uniform flow and a two-dimensional doublet produces the classic potential flow around a
circular cylinder of radius :

Taking the gradient in polar coordinates gives the radial and tangential velocity components. You can verify
that  at , confirming the no-penetration condition on the cylinder surface.

Flow around a sphere
The three-dimensional analog uses a 3-D doublet superposed with uniform flow. For a sphere of radius :

The extra factor of  and the  dependence (instead of ) reflect the three-dimensional geometry.
Again, differentiating gives the full velocity field around the sphere.

Complex potential theory
In two dimensions, complex analysis provides an elegant framework that packages both the velocity
potential and the stream function into a single analytic function.

Complex velocity potential definition
The complex potential is defined as:

where  is the complex coordinate,  is the velocity potential, and  is the stream function.
Because  and  both satisfy Laplace's equation and are related by the Cauchy-Riemann equations, 
is an analytic (holomorphic) function of .

Relationship between complex potential and velocity field
Differentiating  with respect to  gives the complex velocity:
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Note the minus sign on the  component. From this single complex derivative you can read off both
velocity components at any point in the flow.

Conformal mapping
Because  is analytic, you can apply conformal mappings to transform a flow in one geometry into a
flow in another while preserving local angles between streamlines and equipotential lines. The practical
payoff: solve the easy problem (e.g., flow around a cylinder), then map the solution onto a harder
geometry.

The Joukowski transformation is the most well-known example. It maps the circle in the -plane to an
airfoil-shaped contour in the transformed plane, giving an analytical model for lift generation around airfoil
profiles.

Numerical methods for velocity potential
When the geometry or boundary conditions are too complex for analytical solutions, numerical methods
approximate  on a discretized domain.

Finite difference method
1. Overlay a grid on the flow domain.

2. Replace the partial derivatives in  with finite difference approximations (e.g., central
differences).

3. Solve the resulting system of linear algebraic equations for  at each grid point.

4. Compute velocities from finite difference approximations of .

Finite differences are straightforward to code but can require very fine grids near curved boundaries to
maintain accuracy.

Boundary element method
The boundary element method (BEM) discretizes only the boundary of the domain, not the interior. It
reformulates Laplace's equation as an integral equation over the boundary using fundamental solutions
(sources, sinks, doublets).

This reduces the problem dimension by one (a 3-D problem becomes a 2-D surface problem), which is a
major advantage for exterior flows over unbounded domains. The trade-off is that BEM produces dense
(not sparse) linear systems and requires careful treatment of singular integrals.

Choosing a method
Criterion Finite Difference BEM

Ease of implementation High Moderate

Best suited for Interior/bounded domains Exterior/unbounded domains

Grid requirements Full domain mesh Boundary mesh only

Matrix structure Sparse Dense

Other approaches (finite element methods, spectral methods) also apply to Laplace's equation and may be
preferred depending on geometry and accuracy requirements.
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Limitations of velocity potential

Rotational flows
Velocity potential exists only when . Flows with significant vorticity, such as turbulent flows,
boundary layers, or wakes, cannot be described by a velocity potential. For those situations, you need the
stream function, vorticity transport equations, or the full Navier-Stokes equations.

Nonlinear effects
The linearity of Laplace's equation is both the strength and the limitation of potential flow theory. Real flows
exhibit separation, vortex shedding, and turbulence, none of which appear in potential flow solutions. The
most famous consequence is d'Alembert's paradox: potential flow predicts zero drag on a body in steady
flow, contradicting everyday experience. Viscous and rotational effects must be included to capture drag.

Compressibility effects
The derivation assumes incompressible flow ( ). At higher Mach numbers, density changes
become significant and the governing equation for  is no longer Laplace's equation but a more complex,
often nonlinear PDE. Linearized compressible potential flow (e.g., the Prandtl-Glauert equation) extends
the theory to small perturbations in subsonic flow, but fully compressible or transonic flows require different
formulations entirely.

4.3 Stream function

Definition of stream function
The stream function gives you a single scalar function that encodes all the velocity information in a 2D
incompressible flow. Instead of solving for two velocity components separately, you solve for one function

 and derive both components from it. The continuity equation is satisfied automatically, which removes an
entire equation from your system.

• Denoted by the Greek letter  (psi), the stream function is a scalar field that can vary in both space
and time.

• It's most powerful for incompressible flows, where it guarantees mass conservation by construction.

• For irrotational flows,  also satisfies Laplace's equation, opening up a large toolkit of analytical
solution methods.

Stream function in two-dimensional flow

Relationship between stream function and velocity components
In 2D flow, the velocity components  (in the -direction) and  (in the -direction) are defined through
partial derivatives of :

• 

• 

Why does this work? Substitute these into the 2D incompressible continuity equation:
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The mixed partial derivatives cancel identically (assuming  is smooth), so continuity is satisfied no matter
what form  takes. That's the whole point: you've built mass conservation directly into the formulation.

Constant value of stream function along streamlines
A streamline is a curve that is everywhere tangent to the local velocity vector at a given instant. Along any
streamline,  is constant. Here's why: the total differential of  is

On a streamline, the direction of travel is parallel to the velocity, so , which means .
Therefore  along a streamline.

This has a direct physical payoff: the volumetric flow rate per unit depth between two streamlines equals
the difference in their  values. If streamline 1 has  and streamline 2 has , the
volume flow rate per unit depth between them is . Where streamlines are packed closely together,
the flow is faster.

Stream function in three-dimensional flow

Relationship between stream function and velocity components
In 3D incompressible flow, the stream function becomes a vector quantity , and the velocity is recovered
through its curl:

Writing this out in Cartesian components:

• 

• 

• 

Because the divergence of any curl is identically zero, , so the incompressible
continuity equation is again satisfied automatically.

In practice, the full 3D vector stream function is rarely used because it introduces three unknown
components instead of one. It's most useful in axisymmetric flows, where a single scalar Stokes stream
function can describe the entire flow field.

Constant value of stream function along stream surfaces
In 3D flow, the analog of a streamline is a stream surface: a surface formed by all the streamlines passing
through a given closed curve. The stream function remains constant on each stream surface, and the
volumetric flow rate between two stream surfaces equals the difference in their stream function values.

Properties of stream function

Orthogonality of stream function and velocity potential
For flows that are both incompressible and irrotational ( ), you can also define a velocity potential

 such that . In this case:
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• Lines of constant  (equipotential lines) and lines of constant  (streamlines) intersect at right angles
everywhere.

• Together,  and  form an orthogonal net that completely describes the flow.

This orthogonality is not a coincidence. The gradient of  points in the flow direction, while the gradient of
 points perpendicular to the flow (across streamlines). Their dot product is zero:

Laplace's equation for stream function
When a 2D flow is both incompressible and irrotational,  satisfies Laplace's equation:

This follows from the irrotationality condition (zero vorticity). Laplace's equation is one of the most
well-studied PDEs in mathematics, so a huge library of analytical techniques (separation of variables,
conformal mapping, Green's functions) and numerical methods become available.

Determination of stream function

Calculation of stream function from velocity field
If you already know the velocity field, you can find  by integration. The procedure for 2D flow:

1.

Start with one of the defining relations, say . Integrate with respect to :
 where  is an unknown function of  only (it acts like a "constant" of

integration that can still depend on the other variable).

2.

Differentiate this result with respect to  and set it equal to : 

3.

Solve for  and integrate to find .

4.

Combine to get the full expression for . The result is unique up to an additive constant (you're free
to set  on any convenient streamline).

Boundary conditions for stream function
To solve for  when the velocity field is not already known, you need boundary conditions:

• Solid walls: A stationary solid boundary is itself a streamline, so  along it. Typically you
set  on one wall for convenience.

• Inflow/outflow boundaries: Specify the value of  (or its normal derivative) consistent with the known
velocity profile at that boundary.

• Free-stream conditions: Far from an object,  should match the undisturbed uniform flow. For a
uniform flow of speed  in the -direction, .
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The choice of boundary conditions depends on the geometry and what information you have about the
flow.

Applications of stream function

Visualization of flow patterns
Plotting contours of constant  directly gives you the streamlines of the flow. This is one of the most
intuitive ways to visualize a velocity field:

• Closely spaced streamlines indicate high-speed regions.

• Widely spaced streamlines indicate low-speed regions.

• Closed streamline loops reveal recirculation zones.

• Points where streamlines appear to cross (they don't literally cross for steady flow) indicate stagnation
points.

Calculation of mass flow rate
Because the volume flow rate per unit depth between two streamlines equals , the mass flow rate
per unit depth between two points is:

where  is the (constant) fluid density. This works regardless of the path you choose between the two
points, which makes it very convenient for computing flow rates through channels or around bodies.

Determination of stagnation points
Stagnation points are locations where the velocity is zero (  and ). In terms of , this means:

Geometrically, stagnation points appear where streamlines meet or diverge. The stream function has a
saddle point at these locations. Identifying stagnation points is critical for understanding pressure
distributions (via Bernoulli's equation) and forces on immersed bodies.

Relationship between stream function and other flow properties

Stream function and vorticity
Vorticity  in 2D flow measures the local spinning motion of fluid elements. It's related to  by:

This is a Poisson equation: given a vorticity distribution, you can solve for , and vice versa. For irrotational
flow ( ), this reduces to Laplace's equation as discussed above. For rotational flows, the vorticity
acts as a source term driving the stream function field.

Stream function and circulation
Circulation  is the line integral of velocity around a closed curve :
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For a closed curve that doesn't enclose any singularities in an irrotational flow, . But when
singularities (like point vortices) are enclosed, circulation is nonzero and directly connects to lift through the
Kutta-Joukowski theorem: , where  is lift per unit span and  is the free-stream velocity.

Note that the relationship  stated in some references applies only along specific paths (not
arbitrary closed curves). For a closed curve, the start and end points coincide, so this difference would be
zero unless the stream function is multi-valued (as it is around a body with circulation).

Advantages and limitations of stream function approach

Simplification of flow analysis
The stream function reduces the number of unknowns. In 2D incompressible flow, instead of solving for
two velocity components plus the continuity equation, you solve for a single scalar . The continuity
equation is eliminated entirely. If the flow is also irrotational,  satisfies Laplace's equation, and you have a
single linear PDE to solve.

This approach is especially powerful when combined with the velocity potential  in potential flow theory,
where superposition of elementary solutions (uniform flow, sources, sinks, vortices, doublets) lets you build
up complex flow fields analytically.

Limitations in compressible and unsteady flows
• Compressible flows: The standard stream function definition only guarantees . In
compressible flow, the continuity equation is  for steady flow, so the density variation
breaks the simple relationship. You can define a compressible stream function using  and

, but this is less commonly used and the resulting equations are nonlinear.

• Unsteady flows: The stream function can still be defined for unsteady incompressible flows (continuity
doesn't involve time derivatives of density for incompressible flow). However, the streamlines you get
from  at a given instant are instantaneous streamlines, not pathlines or streaklines. The flow
visualization becomes less straightforward because the streamline pattern changes with time.

• Three dimensions: As noted earlier, the 3D vector stream function introduces three components,
which doesn't simplify the problem much. The stream function approach is most valuable in 2D and
axisymmetric geometries.

4.4 Circulation and vorticity

Circulation in fluid dynamics
Circulation and vorticity describe how fluids rotate. Circulation captures the total rotational effect along a
chosen path, while vorticity measures the local spin at every point in the flow. Together, they connect the
big-picture swirling motion to the point-by-point rotation of fluid particles, and they're central to explaining
phenomena like aerodynamic lift, vortex formation, and turbulence.

Definition of circulation
Circulation ( ) is the line integral of the velocity field around a closed curve :

Think of it as adding up the component of velocity that points along the curve at every point around the
loop. A large positive  means the fluid has strong counterclockwise rotation (by the right-hand rule
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convention); a negative value means clockwise rotation. The sign depends on the chosen direction of
integration.

Circulation around closed curves
The value of  depends on both the velocity field and which closed curve you choose.

• In a purely irrotational flow (  everywhere inside the curve), the circulation around any closed
curve is zero.

• If the curve encloses a region containing vorticity, the circulation is generally non-zero.

• You can use circulation to characterize the strength and sense of rotation of a vortex: a stronger
vortex produces a larger  for any curve that surrounds it.

Relationship between circulation and vorticity
Stokes' theorem provides the bridge between circulation (a global, path-based quantity) and vorticity (a
local, point-based quantity):

where  is the vorticity and  is any surface bounded by .

This tells you that circulation equals the total vorticity flux through the enclosed surface. In the limit of a
very small loop, vorticity is the circulation per unit area:

where  is the vorticity component normal to the surface. This is the most intuitive way to think about
what vorticity physically means.

Kelvin's circulation theorem
For an inviscid, barotropic fluid subject only to conservative body forces, Kelvin's theorem states that the
circulation around a closed material curve (a curve that moves with the fluid) is constant in time:

Here  is the material derivative. The practical consequence: in an ideal fluid, vorticity cannot be created
or destroyed within the flow interior. Any circulation that exists was either present initially or was introduced
at boundaries. This theorem is the starting point for understanding why real-world vorticity generation
requires viscosity, density stratification, or non-conservative forces.

Vorticity fundamentals

Definition and physical interpretation of vorticity
Vorticity ( ) is defined as the curl of the velocity field:

Physically,  equals twice the angular velocity of a fluid element. Its magnitude tells you how fast the
element is spinning, and its direction (by the right-hand rule) gives the axis of that spin. Vorticity is a local
quantity, so it can vary in both magnitude and direction from point to point.
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Vorticity as curl of velocity field
In Cartesian coordinates, the three components of vorticity are:

• 

• 

• 

Each component measures the rotation in the plane perpendicular to that axis. For a two-dimensional flow
in the -plane ( , no -dependence), only  survives, which simplifies analysis considerably.

Irrotational vs rotational flows
• Irrotational flow:  everywhere. Because the flow is curl-free, a velocity potential  exists
such that . Classic examples include uniform flow, source/sink flow, and the potential vortex
(which is irrotational everywhere except at the singular core).

• Rotational flow:  in at least part of the domain. Viscous boundary layers, wakes behind bodies,
and separated shear layers are all rotational.

This distinction matters because irrotational flow satisfies Laplace's equation ( ), which is linear
and much easier to solve. Many powerful analytical methods in incompressible inviscid flow theory rely on
the irrotationality assumption.

Vorticity equation in fluid dynamics
Taking the curl of the momentum equation for an incompressible fluid yields the vorticity transport
equation. For an inviscid fluid ( ) with uniform density:

Including viscous effects gives:

The two terms on the right-hand side have distinct roles:

1. Vortex stretching/tilting : Velocity gradients can stretch, compress, or reorient vortex lines,
changing the magnitude and direction of .

2. Viscous diffusion : Viscosity spreads vorticity from high-concentration regions outward,
smoothing sharp gradients over time.

Note that the pressure term vanishes when you take the curl (for a barotropic fluid), which is one reason
the vorticity formulation is so useful.

Vortex dynamics and structures

Types of vortices
Vortices come in several idealized forms:

• Line vortices: Vorticity is concentrated along a curve. Vortex filaments and vortex rings are examples.
The potential (point) vortex is the 2D idealization.
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• Vortex sheets: Thin layers of concentrated vorticity that appear at interfaces between streams of
different velocity, such as trailing edges of wings or in free shear layers.

• Vortex tubes: Three-dimensional regions where vortex lines bundle together around a central axis.
Tornadoes and wingtip trailing vortices are real-world approximations.

• Coherent vortices: Self-sustaining structures that maintain their identity over time and can interact
(merge, orbit, etc.) with other vortices.

Vortex lines and vortex tubes
Vortex lines are curves that are everywhere tangent to the local vorticity vector, analogous to how
streamlines are tangent to the velocity vector. A collection of vortex lines passing through a small closed
curve forms a vortex tube.

The strength of a vortex tube is defined as the circulation  computed around any closed curve that
encircles the tube. By Stokes' theorem, this equals the vorticity flux through the tube's cross-section. An
important result: for an incompressible flow, the strength of a vortex tube is the same at every
cross-section along its length (this follows from ).

Helmholtz's vortex theorems
Helmholtz established three foundational results for vortex behavior in an inviscid, barotropic fluid with
conservative body forces:

1. Fluid elements that are initially irrotational remain irrotational. Equivalently, vortex lines move with the
fluid (they are "frozen in").

2. The strength (circulation) of a vortex tube is constant along its length. This follows directly from
.

3. A vortex tube cannot end inside the fluid. It must either form a closed loop (like a vortex ring) or
terminate at a boundary (like a free surface or solid wall).

These theorems constrain the topology of vortex structures and explain, for instance, why trailing vortices
from a finite wing must connect back through a starting vortex to form a closed vortex system.

Biot-Savart law for vortex induction
The Biot-Savart law gives the velocity field induced by a known vorticity distribution. For a
three-dimensional vorticity field , the induced velocity at point  is:

This is the fluid-dynamics analog of the Biot-Savart law in electromagnetism (with vorticity playing the role
of current density). For a straight line vortex of strength , the induced velocity at distance  reduces to

, which is the familiar potential vortex result. The Biot-Savart law is the foundation of vortex
methods used in computational fluid dynamics.

Generation and dissipation of vorticity

Vorticity generation mechanisms
In an inviscid, barotropic flow, Kelvin's theorem says circulation is conserved, so new vorticity can't appear.
In real flows, several mechanisms break those ideal-flow assumptions and create vorticity:
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• No-slip condition at solid surfaces: This is the dominant source in most engineering flows. The velocity
must be zero at a wall, creating steep velocity gradients and thus strong vorticity in the boundary layer.

• Flow separation: When a boundary layer detaches (due to adverse pressure gradients or sharp
geometric features), the vorticity generated at the wall is carried into the free stream, forming shear
layers and vortices.

• Shear flow instabilities: Kelvin-Helmholtz instability at the interface between two streams of different
velocity rolls up the existing vortex sheet into discrete vortices.

• Baroclinic torque: When pressure and density gradients are misaligned ( ), vorticity is
generated even without solid boundaries. This is especially important in stratified and geophysical
flows.

Vorticity diffusion and dissipation
Viscosity causes vorticity to spread from regions of high concentration to regions of low concentration,
governed by the diffusion term  in the vorticity equation.

• A point vortex in a viscous fluid, for example, spreads into a Lamb-Oseen vortex with a core radius
that grows as .

• Viscous dissipation converts kinetic energy into heat, causing vortical structures to decay over time.

• At high Reynolds numbers, dissipation occurs primarily at the smallest scales. Energy cascades from
large vortices down to scales where viscosity is effective (the Kolmogorov scale), and that's where the
vorticity is ultimately destroyed.

Vortex stretching and tilting
These two mechanisms redistribute and amplify vorticity in three-dimensional flows, and they both come
from the  term in the vorticity equation.

• Vortex stretching: When a fluid element is elongated along the direction of its vorticity vector,
conservation of angular momentum causes the element to spin faster. The vorticity magnitude
increases. This is the primary mechanism by which turbulence generates intense small-scale vorticity.

• Vortex tilting: Velocity gradients perpendicular to the vorticity vector can rotate the vorticity into a new
direction, generating vorticity components that didn't previously exist.

A critical point: both stretching and tilting require three-dimensional flow. In strictly 2D incompressible flow,
the  term vanishes, and vorticity can only be diffused by viscosity. This is why 2D and 3D
turbulence behave very differently.

Baroclinic vorticity generation
Baroclinic generation arises from the term:

in the vorticity equation. Whenever surfaces of constant density (isopycnals) are tilted relative to surfaces
of constant pressure (isobars), a torque is produced that generates vorticity.

This mechanism is absent in barotropic fluids (where  depends only on , so the gradients are always
parallel). It becomes important in:
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• Atmospheric fronts: Sharp temperature gradients across weather fronts create density gradients
misaligned with pressure gradients, spinning up cyclonic vorticity.

• Ocean mesoscale eddies: Density stratification combined with horizontal pressure variations
generates eddies tens to hundreds of kilometers across.

• Combustion and mixing flows: Density differences between fuel and oxidizer (or hot and cold regions)
can drive baroclinic vorticity production.

Applications of circulation and vorticity

Lift generation in aerodynamics
The Kutta-Joukowski theorem states that the lift per unit span on a body in a 2D inviscid flow is:

where  and  are the freestream density and velocity, and  is the circulation around the body. The
Kutta condition determines the value of  by requiring the flow to leave the trailing edge smoothly, which
fixes the stagnation point at the sharp trailing edge.

Changing the angle of attack or deploying high-lift devices (flaps, slats) modifies the circulation and
therefore the lift. This relationship between circulation and lift is the foundation of thin airfoil theory and
panel methods used in wing design.

Vortex shedding and wake dynamics
When flow separates from a bluff body (a cylinder, a bridge deck, a chimney), vortices are shed alternately
from each side, forming a von Kármán vortex street in the wake. The shedding frequency is characterized
by the Strouhal number:

where  is the shedding frequency,  is the body diameter, and  is the freestream velocity. For a circular
cylinder,  over a wide range of Reynolds numbers.

The alternating vortices produce oscillating forces on the body. If the shedding frequency matches a
structural natural frequency, resonance can cause dangerous vibrations (this is what famously contributed
to the Tacoma Narrows Bridge collapse). Controlling vortex shedding through geometric modifications
(helical strakes, splitter plates) or active flow control is an important engineering problem.

Turbulence and vortex interactions
Turbulent flows contain vortical structures across a wide range of scales. Vorticity dynamics governs how
energy moves through these scales:

• Large-scale vortices contain most of the kinetic energy.

• Vortex stretching transfers energy to progressively smaller scales (the energy cascade).

• At the smallest scales (the Kolmogorov scale), viscosity dissipates the energy as heat.

Vortex interactions such as merging, pairing, and splitting drive the evolution of turbulent flows.
Understanding these interactions is essential for turbulence modeling, and many computational
approaches (large-eddy simulation, vortex methods) are built around tracking or modeling the vorticity field.
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Vorticity in geophysical fluid dynamics
Earth's rotation introduces the Coriolis effect, which profoundly influences large-scale vorticity dynamics.
The relevant quantity becomes the absolute vorticity, which combines the fluid's relative vorticity with the
planetary vorticity ( , where  is Earth's angular velocity and  is latitude).

• Conservation of potential vorticity (an extension of Kelvin's theorem for rotating, stratified flows)
governs the large-scale behavior of ocean currents and atmospheric jet streams.

• Tropical cyclones intensify through a feedback loop involving vortex stretching of ambient vorticity,
surface heat fluxes, and moist convection.

• Mesoscale ocean eddies (50-200 km diameter) are generated by baroclinic instability and play a major
role in transporting heat, salt, and nutrients.

• Wind stress curl over the ocean surface generates vorticity that drives large-scale ocean gyres (this is
the basis of Sverdrup balance).

These geophysical applications show that the same vorticity concepts developed for idealized inviscid
flows extend naturally to some of the most complex fluid systems on the planet.

4.5 Kelvin's circulation theorem

Kelvin's circulation theorem overview
Kelvin's circulation theorem tells you something powerful: in an inviscid, barotropic flow, the circulation
around a closed material curve doesn't change over time. This result constrains how vorticity can be
created and transported, and it underpins much of classical aerodynamics and geophysical fluid dynamics.

The theorem connects three ideas you already know (velocity fields, vorticity, and material derivatives) into
a single conservation statement. From here, you can explain why starting vortices form behind airfoils, why
large-scale ocean eddies persist, and what conditions actually can generate new vorticity.

Circulation in fluid dynamics

Definition of circulation
Circulation, , is a scalar quantity that measures the net rotational motion of fluid around a closed curve.
Think of it as asking: "If you walked along a closed loop in the flow, how much does the velocity field push
you along that path?"

It's a macroscopic measure of rotation, as opposed to vorticity, which captures rotation at a point.

Circulation as a line integral
Circulation is defined as the line integral of velocity around a closed curve :

where  is the velocity field and  is the infinitesimal line element along .

• Positive  corresponds to counterclockwise rotation (by the right-hand rule convention).

• Negative  corresponds to clockwise rotation.
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• The value of  depends on which fluid particles the curve encloses. Two different curves enclosing the
same fluid will give the same circulation only if they bound the same vorticity distribution (via Stokes'
theorem).

Circulation and vorticity
Circulation and vorticity are linked through Stokes' theorem. Vorticity is the local measure of rotation,
defined as the curl of velocity:

Stokes' theorem lets you convert the line integral into a surface integral:

where  is any surface bounded by . So circulation equals the total vorticity flux through the enclosed
area. If there's no vorticity inside the curve, the circulation is zero.

Mathematical formulation

Kelvin's circulation theorem equation
The theorem states that for a closed material curve  (one that moves with the fluid), the circulation
doesn't change in time:

Here  is the material derivative, meaning you're tracking the same fluid particles as they move. This
holds under three conditions:

1. The flow is inviscid (no viscous forces).

2. The flow is barotropic (pressure is a function of density alone, ).

3. Body forces are conservative (derivable from a potential, like gravity).

If all three conditions are met, whatever circulation the material curve starts with, it keeps forever.

Proof sketch
The derivation starts from Euler's equation for inviscid flow and computes . You need to
differentiate both  and  (since the curve itself is deforming). The pressure gradient term vanishes when

 because  becomes the gradient of a scalar (the pressure function ), and the integral
of any exact gradient around a closed loop is zero. The body force term vanishes for the same reason if the
force is conservative. The remaining terms from differentiating  cancel exactly, leaving .

Inviscid vs. viscous flows
• Inviscid flows: Circulation is conserved on material curves. Vorticity can only enter the flow through
boundaries or through violations of the barotropic assumption.

• Viscous flows: Viscous diffusion (the  term in Navier-Stokes) adds a non-zero contribution to .
Vorticity can be generated, diffused, and dissipated within the fluid interior.

The inviscid assumption is reasonable at high Reynolds numbers away from boundaries, which is why
Kelvin's theorem is so useful in external aerodynamics and large-scale geophysical flows.
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Barotropic vs. baroclinic flows
• Barotropic: , so surfaces of constant pressure and constant density are parallel. No new
circulation is generated.

• Baroclinic: Pressure depends on both density and another variable (e.g., temperature), so  and 
are misaligned. This misalignment produces a torque (the baroclinic torque, ) that generates
vorticity and changes circulation.

A classic example: sea breezes. Differential heating creates misaligned pressure and density gradients
near a coastline, generating circulation that Kelvin's theorem (in its basic form) can't account for.

Physical interpretation

Conservation of circulation
The core physical message is straightforward: in an ideal barotropic fluid, rotation doesn't appear from
nothing. If a material loop starts with zero circulation, it stays at zero. If it starts with some finite , that
value is locked in as the loop stretches, deforms, and advects with the flow.

This is a strong constraint. It means that any circulation you observe in an inviscid, barotropic flow must
trace back to initial conditions or to boundary effects.

Relationship to vorticity
Through Stokes' theorem, conservation of circulation implies conservation of the vorticity flux through any
material surface. In an inviscid barotropic flow:

• Vortex lines move with the fluid (they are "frozen in").

• Vorticity cannot be created or destroyed in the fluid interior.

• Vortex tubes maintain their strength (circulation) as they stretch and deform.

This "frozen-in" property of vorticity is one of the most important consequences of Kelvin's theorem. It's
closely related to Helmholtz's vortex theorems, which describe how vortex lines and tubes behave in
inviscid flow.

Role in fluid motion
Circulation and vorticity govern much of what you see in real flows:

• Vortices and eddies form and persist because of vorticity conservation.

• Lift on airfoils is directly proportional to circulation (via the Kutta-Joukowski theorem).

• Large-scale atmospheric and oceanic currents are shaped by vorticity dynamics and conservation
principles that descend from Kelvin's theorem.

Applications of Kelvin's theorem

Vortex dynamics
Kelvin's theorem is the starting point for understanding how vortices behave:



Fiveable archived study guides Page 109

• Aircraft wake vortices: The bound circulation on a finite wing sheds into trailing vortices. Kelvin's
theorem requires that the total circulation in any large loop around the wing system remains constant,
so the trailing vortices must carry circulation equal and opposite to changes in the bound circulation.

• Vortex rings: A smoke ring maintains its circulation as it propagates, consistent with Kelvin's theorem.

• Vortex shedding: Behind bluff bodies, vortices shed alternately from each side (von Kármán vortex
street). The theorem constrains the total circulation budget.

Aerodynamics and lift generation
This is where Kelvin's theorem has its most famous consequence. When an airfoil starts from rest:

1. Initially, circulation around any material curve is zero (fluid at rest).

2. As the airfoil accelerates, the Kutta condition demands a specific circulation  around the airfoil to
keep the flow smooth at the trailing edge.

3. Kelvin's theorem requires total circulation to remain zero, so a starting vortex of strength  is shed
from the trailing edge.

4. The bound circulation  around the airfoil produces lift via the Kutta-Joukowski theorem: 
(per unit span).

The starting vortex is real and observable. It's a direct, physical consequence of Kelvin's theorem.

Geophysical fluid dynamics
On planetary scales, Kelvin's theorem (and its extensions) explain large-scale circulation patterns:

• Ocean eddies persist for months because the surrounding flow is approximately inviscid at large
scales.

• Potential vorticity conservation (Ertel's theorem) extends Kelvin's ideas to rotating, stratified fluids and
governs the behavior of atmospheric jet streams and Rossby waves.

• Ekman pumping and other boundary-layer effects are the mechanisms by which vorticity enters the
large-scale flow, consistent with the theorem's requirement that vorticity generation needs viscosity or
baroclinicity.

Limitations and extensions

Assumptions and limitations
Kelvin's theorem requires:

• Inviscid flow: No viscous stresses. Violated near walls and in boundary layers.

• Barotropic fluid:  only. Violated whenever temperature or composition gradients create
misaligned  and .

• Conservative body forces: Forces like gravity (derivable from a potential) satisfy this. Coriolis force in
a rotating frame requires careful treatment but doesn't violate the theorem when handled properly.

In real fluids, all three assumptions break down to some degree, especially near solid boundaries.
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Viscous effects and dissipation
Viscosity modifies the circulation equation to:

This term is generally non-zero, meaning circulation on a material curve can increase or decrease.
Physically, viscosity diffuses vorticity (spreading it out) and ultimately dissipates it into heat. Near walls,
viscosity is the primary mechanism for injecting new vorticity into the flow.

Generalized theorems
Two important extensions build on Kelvin's result:

• Bjerknes circulation theorem: Accounts for baroclinic effects by adding a term proportional to the
number of  solenoids (regions where density and pressure contours intersect) enclosed by the
curve. This is essential in meteorology for understanding cyclone formation.

• Ertel's potential vorticity theorem: Combines Kelvin's theorem with the thermodynamic equation in a
rotating, stratified fluid. The conserved quantity is potential vorticity, , where  is absolute
vorticity and  is potential temperature. This is one of the most powerful tools in geophysical fluid
dynamics.

Historical context

Lord Kelvin's contributions
William Thomson (Lord Kelvin) published the circulation theorem in 1869. It was part of a broader effort to
understand vortex motion in ideal fluids, motivated partly by his (ultimately incorrect) vortex atom
hypothesis, which proposed that atoms were knotted vortex tubes in the ether. Despite the wrong physical
motivation, the mathematical results were lasting.

Development of circulation concepts
The theorem builds on earlier work:

• Leonhard Euler (1750s) established the equations of inviscid fluid motion.

• Hermann von Helmholtz (1858) proved his vortex theorems, showing that vortex lines move with the
fluid and that vortex tubes conserve their strength in inviscid flow. Kelvin's theorem can be seen as a
more general statement that encompasses Helmholtz's results.

Modern relevance
Kelvin's circulation theorem remains a foundational tool. It's used in:

• Computational vortex methods (tracking discrete vortex elements)

• Turbulence theory (understanding the cascade and conservation of enstrophy in 2D turbulence)

• Flow control and aerodynamic design (manipulating circulation for lift and drag optimization)

Numerical simulations now allow researchers to study how closely real viscous flows approximate the
inviscid predictions of Kelvin's theorem, and where the deviations matter most.
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Unit 5 – Viscous flows and boundary
layers
5.1 Laminar and turbulent flows

Laminar vs Turbulent Flow
Laminar and turbulent flow describe the two fundamental regimes of fluid motion. Laminar flow moves in
smooth, orderly layers, while turbulent flow is chaotic with intense mixing. Distinguishing between these
regimes, predicting when transition occurs, and quantifying their effects on pressure drop and drag are
central problems in viscous flow analysis.

Laminar vs Turbulent Flow
Laminar flow consists of smooth, parallel layers (laminae) of fluid sliding past one another with no
macroscopic mixing between layers. Momentum transfer occurs only through molecular viscosity.

Turbulent flow is irregular and chaotic. Fluid parcels mix across streamlines, velocity fluctuates in both
magnitude and direction, and momentum transfer is dominated by turbulent (eddy) stresses rather than
molecular viscosity alone.

The practical distinction matters because these two regimes produce very different pressure drops, heat
transfer rates, and drag forces. A few rules of thumb:

• Laminar flow tends to occur at low velocities, in small-diameter conduits, or in highly viscous fluids.

• Turbulent flow tends to occur at high velocities, in large-diameter conduits, or in low-viscosity fluids.

• Turbulent flow has higher wall shear stress and friction losses but also much better mixing and heat
transfer.

Reynolds Number
The Reynolds number is the dimensionless ratio of inertial forces to viscous forces in a flow:

where  is fluid density,  is a characteristic velocity,  is a characteristic length (e.g., pipe diameter), and
 is dynamic viscosity. You can also write it as , where  is the kinematic viscosity.

A high  means inertial forces dominate and the flow is prone to turbulence. A low  means viscous
forces dominate and the flow stays orderly.

Critical Reynolds Number
The critical Reynolds number is the value of  at which transition from laminar to turbulent flow begins.

• For internal flow in a circular pipe: 

• For flow over a flat plate:  (based on distance  from the leading edge)

These values are approximate. In very clean, disturbance-free laboratory conditions, laminar pipe flow has
been maintained up to . In practice, surface roughness, vibrations, and inlet disturbances
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cause transition near the standard critical values.

Predicting Flow Regime
1. Calculate  using the appropriate characteristic length and velocity for your geometry.

2. Compare to the critical value for that geometry.

3. If , expect laminar flow. If , expect turbulent flow.

Between roughly  and  in pipe flow, you're in a transitional zone where the flow can flicker
between laminar and turbulent states. Design calculations in this range carry extra uncertainty.

Characteristics of Laminar Flow

Velocity Profile
In fully developed laminar pipe flow, the velocity profile is parabolic. The fluid at the wall satisfies the
no-slip condition ( ), and the maximum velocity occurs at the centerline.

The profile is given by the Hagen-Poiseuille solution:

where  is the pressure drop over length ,  is the pipe radius, and  is the radial distance from the
center. The average velocity across the cross-section is exactly half the centerline maximum:

.

Pressure Drop
The Hagen-Poiseuille equation for volumetric flow rate  gives the pressure drop as:

This can also be written as . The key takeaway: pressure drop scales linearly with velocity (or
flow rate) and is extremely sensitive to pipe diameter (inversely proportional to ). Halving the pipe
diameter increases the pressure drop by a factor of 16.

Entrance Length
Near a pipe inlet, the velocity profile is still developing as the boundary layers grow inward from the walls.
The entrance length  is the distance required for the profile to become fully developed (parabolic).

For laminar flow:

For example, at  in a 2 cm diameter pipe,  m. Flow in the
entrance region has a higher pressure drop than fully developed flow because the boundary layers are still
accelerating the core fluid.
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Characteristics of Turbulent Flow

Velocity Fluctuations
In turbulent flow, the instantaneous velocity at any point fluctuates around a time-averaged mean. You
decompose the velocity using Reynolds decomposition:

where  is the time-averaged velocity and  is the fluctuating component. The time average of  is zero
by definition, but  is not. The turbulence intensity is defined as the ratio of the root-mean-square of the
fluctuations to the mean velocity:

Typical turbulence intensities in pipe flow range from about 1% to 10%.

Turbulent Eddies and the Energy Cascade
Turbulent flow contains rotating fluid structures called eddies spanning a wide range of sizes. The largest
eddies are set by the geometry (e.g., pipe diameter), while the smallest are set by viscosity.

Energy flows from large eddies to progressively smaller ones in a process called the energy cascade. At
the smallest scales (the Kolmogorov microscale), kinetic energy is finally dissipated into heat by viscosity.
This cascade is why turbulence requires a continuous energy input to sustain itself.

Turbulent Boundary Layer Structure
A turbulent boundary layer over a surface has three distinct regions:

• Viscous sublayer: A very thin layer right at the wall where viscous effects dominate and the velocity
profile is nearly linear.

• Buffer layer: A transitional region where both viscous and turbulent stresses are significant.

• Fully turbulent (log-law) region: The bulk of the boundary layer, where turbulent mixing dominates and
the velocity follows a logarithmic profile.

The turbulent boundary layer grows faster with downstream distance than a laminar one, and it produces
higher wall shear stress.

Transition from Laminar to Turbulent
Transition is not a sudden switch. It occurs over a transition region where the flow intermittently alternates
between laminar and turbulent patches.

Transition Mechanisms
• Natural (Tollmien-Schlichting) transition: Small disturbances in the laminar flow are amplified through
linear instability, eventually breaking down into turbulence. This is the classical route.

• Bypass transition: Large disturbances (high freestream turbulence, surface roughness) skip the linear
instability stage and trigger turbulence directly.

• Separation-induced transition: The laminar boundary layer separates from the surface (e.g., at a sharp
edge), and the separated shear layer transitions to turbulence. The turbulent flow may then reattach
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downstream.

Factors Affecting Transition
• Surface roughness introduces disturbances that promote earlier transition.

• Pressure gradient: An adverse pressure gradient (decelerating flow) destabilizes the boundary layer
and promotes transition. A favorable pressure gradient (accelerating flow) stabilizes it and delays
transition.

• Freestream turbulence: Higher turbulence levels in the external flow trigger bypass transition at lower
.

• Wall suction or blowing: Suction stabilizes the boundary layer; blowing destabilizes it.

Friction Factors
The Darcy friction factor  relates pressure loss to flow conditions in a pipe. It appears in the
Darcy-Weisbach equation (covered below) and depends on whether the flow is laminar or turbulent.

Laminar Friction Factor
For fully developed laminar flow in a circular pipe:

This is an exact analytical result derived from the Hagen-Poiseuille solution. The friction factor decreases
as  increases because viscous effects become relatively less dominant (though the flow eventually
transitions to turbulence before  drops too far).

Turbulent Friction Factor
In turbulent flow,  depends on both  and the relative roughness , where  is the average roughness
height of the pipe wall.

The Colebrook equation is the standard implicit relation:

Because  appears on both sides, you need to solve iteratively (or use an explicit approximation like the
Swamee-Jain equation). For smooth pipes ( ), the roughness term drops out and  depends only
on .

Moody Diagram
The Moody diagram plots  versus  on a log-log scale, with curves for different values of . It's the
graphical equivalent of the Colebrook equation and is extremely useful for quick lookups.

How to read it:

1. Find your  on the horizontal axis.

2. Locate the curve corresponding to your pipe's relative roughness.

3. Read  from the vertical axis.
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The diagram clearly shows the laminar region (a single straight line with slope ), the transition zone,
and the family of turbulent curves. At very high , the curves flatten out, meaning  becomes independent
of  and depends only on roughness. This is the fully rough regime.

Flow in Pipes

Laminar Pipe Flow
Fully developed laminar pipe flow is one of the few cases with an exact analytical solution. The parabolic
velocity profile and the Hagen-Poiseuille pressure drop relation (covered above) apply. Pressure drop
scales linearly with flow rate.

Turbulent Pipe Flow
The turbulent velocity profile is much flatter than the parabolic laminar profile. Most of the velocity variation
is concentrated near the wall. The ratio  is typically around 0.8 to 0.85 in turbulent flow,
compared to exactly 0.5 in laminar flow.

Pressure drop in turbulent flow scales approximately with the square of the velocity, making it significantly
higher than laminar pressure drop at the same flow rate.

Pressure Losses
Total pressure loss in a pipe system has two components:

Major (friction) losses from wall shear along straight pipe sections, calculated with the Darcy-Weisbach
equation:

where  is the head loss,  is the Darcy friction factor,  is pipe length,  is diameter,  is mean velocity,
and  is gravitational acceleration.

Minor losses from fittings, bends, valves, expansions, and contractions:

where  is a loss coefficient specific to each fitting. Despite the name "minor," these losses can dominate
in systems with many fittings and short pipe runs.

Flow over Surfaces

Laminar Boundary Layer
When a uniform flow encounters a flat plate, a laminar boundary layer grows from the leading edge. The
Blasius solution gives the boundary layer thickness as:

where  is the local Reynolds number based on distance  from the leading edge. The
boundary layer grows as , so it thickens slowly.
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Turbulent Boundary Layer
Once  exceeds approximately , the boundary layer transitions to turbulent. The turbulent
boundary layer grows faster (roughly as ) and has higher skin friction than the laminar layer. However,
it is also more resistant to separation because the turbulent mixing brings high-momentum fluid from the
outer flow down toward the wall.

Separation and Reattachment
Flow separation occurs when the boundary layer encounters a strong enough adverse pressure gradient
that the near-wall fluid decelerates to zero velocity and reverses direction. At that point, the boundary layer
detaches from the surface.

Consequences of separation include:

• A large increase in pressure drag (form drag)

• Reduced lift on airfoils (stall occurs when separation covers most of the upper surface)

• Unsteady phenomena such as vortex shedding, which can cause structural vibrations

After separation, the flow may reattach downstream, enclosing a recirculation zone called a separation
bubble. Turbulent boundary layers separate later than laminar ones because their higher near-wall
momentum resists the adverse pressure gradient more effectively. This is why golf balls have dimples: the
roughness triggers turbulence, delays separation, and reduces the wake, cutting overall drag.

Turbulence Modeling
Directly resolving every scale of turbulence in a simulation is usually impractical, so computational fluid
dynamics (CFD) relies on turbulence models of varying fidelity and cost.

Reynolds-Averaged Navier-Stokes (RANS)
RANS models decompose every flow variable into a time-averaged part and a fluctuating part, then solve
the time-averaged equations. This averaging introduces unknown terms called Reynolds stresses ( ),
which must be modeled.

Common RANS closure models include:

• -  model: Solves transport equations for turbulent kinetic energy  and its dissipation rate . Robust
and widely used for general-purpose industrial flows, but struggles with strong separation and swirling
flows.

• -  model: Solves for  and the specific dissipation rate . Better near walls than - , making it
popular for boundary layer flows.

• SST (Shear Stress Transport): A hybrid that blends -  near walls with -  in the freestream,
combining the strengths of both.

RANS is computationally cheap and suitable for most engineering design work, but it only provides
time-averaged results and can miss important unsteady features.
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Large Eddy Simulation (LES)
LES directly resolves the large, energy-carrying eddies and models only the small-scale (subgrid-scale)
eddies using a subgrid-scale model. The Navier-Stokes equations are spatially filtered to remove scales
smaller than the grid size.

LES captures much more flow detail than RANS, including unsteady vortex dynamics and large-scale
mixing. The cost is significantly higher because it requires fine grids and time-resolved simulations,
especially near walls where the turbulent scales become very small.

Direct Numerical Simulation (DNS)
DNS resolves every scale of turbulent motion, from the largest energy-containing eddies down to the
Kolmogorov dissipation scale. No modeling is involved; the Navier-Stokes equations are solved exactly
(within numerical discretization error).

The computational cost scales roughly as  (in 3D), which limits DNS to relatively low Reynolds
numbers and simple geometries. DNS is primarily a research tool used to generate benchmark data and to
develop and validate turbulence models.

Cost and fidelity ranking: DNS > LES > RANS in both accuracy and computational expense. Choose the
level appropriate to your problem: RANS for design iterations, LES for detailed unsteady analysis, DNS for
fundamental research.

Applications of Laminar and Turbulent Flows

Heat Transfer
Turbulent flow dramatically enhances convective heat transfer because eddies transport thermal energy
across the flow much faster than molecular conduction alone. Heat exchangers are designed to operate in
the turbulent regime to maximize the heat transfer coefficient.

Laminar flow is preferred when uniform, gentle heating or cooling is needed, such as in some electronic
cooling applications or in processes where thermal stress must be minimized.

Mass Transfer
The same mixing that enhances heat transfer also enhances mass transfer. Chemical reactors often
operate in turbulent flow to ensure rapid mixing of reactants and uniform concentration fields, which
increases reaction rates.

Laminar flow is used where precise, controlled transport is needed. Microfluidic devices for biomedical
applications, for example, rely on laminar flow to keep fluid streams separate and allow diffusion-controlled
mixing.

Mixing and Dispersion
In environmental fluid mechanics, turbulent mixing governs the dispersion of pollutants in rivers, the
atmosphere, and the ocean. Predicting how a contaminant plume spreads requires understanding
turbulent diffusion, which is orders of magnitude faster than molecular diffusion.

Conversely, laminar flow is exploited in manufacturing processes (e.g., layered composite fabrication)
where mixing must be minimized to maintain distinct material boundaries.
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5.2 Reynolds number
The Reynolds number is a crucial concept in fluid dynamics, helping us understand how fluids behave in
different situations. It compares inertial forces to viscous forces, giving insight into whether a flow will be
smooth or turbulent.

This dimensionless quantity is used in various applications, from designing pipes to studying blood flow. By
understanding the Reynolds number, we can predict flow patterns, optimize systems, and scale
experiments to real-world scenarios.

Definition of Reynolds number
• The Reynolds number is a fundamental dimensionless quantity in fluid mechanics that characterizes
the behavior of fluids in various flow situations

• It represents the ratio of inertial forces to viscous forces within a fluid, providing insight into the relative
importance of these forces in governing the flow dynamics

• The Reynolds number is named after Osborne Reynolds, a prominent British physicist and engineer
who made significant contributions to the field of fluid mechanics in the late 19th century

Ratio of inertial to viscous forces
• Inertial forces are associated with the fluid's momentum and its resistance to changes in motion,
arising from the fluid's mass and velocity

• Viscous forces, on the other hand, are related to the fluid's internal friction and its resistance to
deformation, originating from the fluid's viscosity

• The Reynolds number quantifies the relative magnitude of inertial forces compared to viscous forces,
indicating which force dominates the flow behavior

Dimensionless quantity
• The Reynolds number is a dimensionless quantity, meaning it has no physical units associated with it

• Being dimensionless allows the Reynolds number to be used for comparing flow situations across
different scales and fluids

• The dimensionless nature of the Reynolds number facilitates the application of dynamic similarity
principles, enabling the extrapolation of results from small-scale experiments to larger-scale systems

Physical meaning of Reynolds number
• The physical interpretation of the Reynolds number lies in its ability to characterize the flow behavior
and the relative importance of inertial and viscous forces

• It provides a measure of the flow's tendency to be laminar, turbulent, or in a transitional state between
these two regimes

• The Reynolds number is crucial for understanding the nature of fluid motion, the development of flow
patterns, and the onset of turbulence
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Relative importance of inertia vs viscosity
• At low Reynolds numbers, viscous forces dominate the flow, and the fluid motion is typically smooth,
orderly, and laminar

• In laminar flows, the fluid moves in parallel layers without significant mixing between the layers, and
the flow is characterized by a linear relationship between the applied stress and the resulting strain rate

• At high Reynolds numbers, inertial forces become dominant, and the flow tends to be turbulent,
characterized by chaotic and irregular motion

• Turbulent flows exhibit enhanced mixing, increased drag, and the presence of eddies and vortices
across a wide range of scales

Laminar vs turbulent flow regimes
• The Reynolds number is used to distinguish between laminar and turbulent flow regimes

• Laminar flow occurs at low Reynolds numbers, typically below a critical value that depends on the
specific flow geometry and conditions

• In laminar flow, the fluid motion is highly organized, and the flow can be described by simplified
mathematical models such as the Hagen-Poiseuille equation for pipe flow

• Turbulent flow, on the other hand, occurs at high Reynolds numbers and is characterized by random
fluctuations, increased mixing, and the presence of eddies and vortices

• Turbulent flow is more challenging to describe mathematically and often requires statistical or
numerical approaches for analysis and prediction

Transition between flow regimes
• The transition from laminar to turbulent flow occurs when the Reynolds number exceeds a critical
value, which depends on the specific flow configuration and boundary conditions

• In pipe flow, for example, the critical Reynolds number is approximately 2300, above which the flow
becomes turbulent

• The transition process is complex and involves the growth and interaction of disturbances in the flow,
leading to the breakdown of laminar motion and the onset of turbulence

• Understanding the transition between laminar and turbulent flow is important for predicting the
behavior of fluid systems, designing efficient flow devices, and optimizing heat and mass transfer
processes

Calculation of Reynolds number
• The calculation of the Reynolds number involves a specific formula that relates the relevant flow
parameters, such as the fluid's density, velocity, characteristic length scale, and viscosity

• Accurately determining the Reynolds number is crucial for characterizing the flow regime, predicting
flow behavior, and designing fluid systems

• The choice of appropriate characteristic length and velocity scales is essential for obtaining
meaningful Reynolds number values
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Reynolds number formula
• The Reynolds number (Re) is calculated using the formula: Re = (ρ * V * L) / μ

• ρ represents the fluid density

• V represents the characteristic velocity scale

• L represents the characteristic length scale

• μ represents the dynamic viscosity of the fluid

• Alternatively, the Reynolds number can be expressed using the kinematic viscosity (ν) instead of the
dynamic viscosity: Re = (V * L) / ν, where ν = μ / ρ

Characteristic length and velocity scales
• The characteristic length scale (L) depends on the specific flow geometry and is chosen to represent
the most relevant dimension of the flow domain

• For pipe flow, the characteristic length is typically the pipe diameter (D), while for flow over a flat plate,
it is the plate length

• The characteristic velocity scale (V) represents a representative velocity of the flow, often taken as the
average or maximum velocity in the flow domain

• The choice of characteristic length and velocity scales should be consistent with the flow configuration
and the purpose of the Reynolds number calculation

Kinematic viscosity and dynamic viscosity
• Kinematic viscosity (ν) and dynamic viscosity (μ) are fluid properties that quantify the fluid's resistance
to deformation and flow

• Kinematic viscosity is the ratio of the dynamic viscosity to the fluid density (ν = μ / ρ) and has units of
m^2/s

• Dynamic viscosity, also known as absolute viscosity, is a measure of the fluid's internal friction and
has units of Pa·s or kg/(m·s)

• The choice between using kinematic or dynamic viscosity in the Reynolds number calculation
depends on the available data and the preferred formulation

Reynolds number in pipe flow
• Pipe flow is a common and important application of the Reynolds number in fluid mechanics

• The Reynolds number in pipe flow characterizes the flow regime, determines the pressure drop, and
influences heat transfer and mixing processes

• Understanding the behavior of pipe flow at different Reynolds numbers is crucial for designing and
analyzing piping systems, heat exchangers, and fluid transport networks

Circular pipe geometry
• In pipe flow, the characteristic length scale is typically chosen as the pipe diameter (D), which
represents the most relevant dimension of the flow domain
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• The pipe diameter is used in the Reynolds number calculation, along with the average velocity (V) and
the fluid properties (density and viscosity)

• The Reynolds number for pipe flow is expressed as Re = (ρ * V * D) / μ or Re = (V * D) / ν, depending
on whether dynamic or kinematic viscosity is used

Critical Reynolds number for transition
• In pipe flow, the critical Reynolds number (Re_c) marks the transition from laminar to turbulent flow

• For smooth pipes, the critical Reynolds number is approximately 2300, meaning that flow with Re <
2300 is typically laminar, while flow with Re > 2300 is turbulent

• The transition from laminar to turbulent flow is not abrupt but occurs over a range of Reynolds
numbers, known as the transitional regime

• The exact value of the critical Reynolds number can be influenced by factors such as pipe roughness,
entrance conditions, and flow disturbances

Pressure drop vs Reynolds number
• The pressure drop in pipe flow is strongly influenced by the Reynolds number and the flow regime

• In laminar flow (Re < 2300), the pressure drop is linearly proportional to the flow velocity and can be
predicted using the Hagen-Poiseuille equation

• In turbulent flow (Re > 4000), the pressure drop becomes nonlinear and is proportional to the square
of the flow velocity, as described by the Darcy-Weisbach equation

• The relationship between pressure drop and Reynolds number is important for sizing pumps,
determining energy requirements, and optimizing piping system designs

Reynolds number in boundary layers
• Boundary layers are thin regions near solid surfaces where viscous effects are significant, and the
flow velocity transitions from zero at the surface to the freestream value

• The Reynolds number plays a crucial role in characterizing boundary layer behavior, determining the
transition from laminar to turbulent flow, and influencing heat transfer and drag

• Understanding boundary layer dynamics at different Reynolds numbers is essential for analyzing flow
over airfoils, designing heat exchangers, and optimizing surface coatings and textures

Flat plate boundary layer
• A flat plate boundary layer is a canonical flow configuration that serves as a model for understanding
boundary layer behavior

• The characteristic length scale for a flat plate boundary layer is typically chosen as the distance from
the leading edge (x), while the velocity scale is the freestream velocity (U_∞)

• The Reynolds number for a flat plate boundary layer is expressed as Re_x = (ρ * U_∞ * x) / μ or Re_x =
(U_∞ * x) / ν, depending on whether dynamic or kinematic viscosity is used
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Laminar to turbulent transition
• In a flat plate boundary layer, the flow starts as laminar near the leading edge and transitions to
turbulent flow as the Reynolds number increases downstream

• The transition from laminar to turbulent flow occurs at a critical Reynolds number (Re_x,c), which
depends on factors such as surface roughness, freestream turbulence, and pressure gradient

• For a smooth flat plate in a low-turbulence environment, the transition typically occurs at Re_x,c ≈ 5 ×
10^5, but this value can vary based on specific conditions

• The transition process involves the amplification of small disturbances, the formation of
Tollmien-Schlichting waves, and the eventual breakdown into turbulent spots and fully turbulent flow

Effect on drag and heat transfer
• The Reynolds number and the state of the boundary layer (laminar or turbulent) significantly influence
the drag and heat transfer characteristics of a surface

• In laminar boundary layers, the drag is primarily due to viscous shear stress and is relatively low
compared to turbulent boundary layers

• Turbulent boundary layers exhibit higher drag due to the increased momentum transfer and the
presence of turbulent fluctuations

• Heat transfer is also enhanced in turbulent boundary layers compared to laminar ones, as the
turbulent mixing promotes increased thermal energy exchange between the fluid and the surface

• Understanding the relationship between Reynolds number, boundary layer state, drag, and heat
transfer is crucial for designing aerodynamic surfaces, heat exchangers, and thermal management
systems

Reynolds number in other geometries
• While pipe flow and flat plate boundary layers are common examples, the Reynolds number is
applicable to a wide range of flow geometries and configurations

• The specific definition of the Reynolds number may vary depending on the geometry, but the general
concept of characterizing the relative importance of inertial and viscous forces remains the same

• Adapting the Reynolds number to different geometries allows for the analysis and comparison of flow
behavior across various applications

Flow around cylinders and spheres
• The flow around cylinders and spheres is of interest in many engineering applications, such as heat
exchangers, wind turbines, and particle transport

• For flow around a cylinder, the characteristic length scale is typically the cylinder diameter (D), and the
Reynolds number is expressed as Re_D = (ρ * U_∞ * D) / μ or Re_D = (U_∞ * D) / ν

• Similarly, for flow around a sphere, the characteristic length is the sphere diameter, and the Reynolds
number is defined accordingly

• The Reynolds number influences the flow patterns, wake formation, and drag characteristics of
cylinders and spheres
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• At low Reynolds numbers, the flow remains attached and laminar, while at higher Reynolds numbers,
flow separation, vortex shedding, and turbulent wakes can occur

Flow in non-circular ducts
• Non-circular ducts, such as rectangular or triangular channels, are encountered in various
applications, including heat exchangers, microfluidics, and ventilation systems

• The Reynolds number for flow in non-circular ducts is typically based on the hydraulic diameter (D_h),
which is defined as D_h = 4A / P, where A is the cross-sectional area and P is the wetted perimeter

• The Reynolds number for non-circular ducts is expressed as Re_Dh = (ρ * V * D_h) / μ or Re_Dh = (V
* D_h) / ν, where V is the average velocity in the duct

• The critical Reynolds number for laminar-to-turbulent transition in non-circular ducts may differ from
that of circular pipes due to the influence of the duct geometry on the flow dynamics

Reynolds number in porous media
• Porous media, such as packed beds, granular materials, and fibrous filters, are characterized by the
presence of a solid matrix with interconnected voids through which fluids can flow

• The Reynolds number in porous media is often defined based on the pore-scale velocity and a
characteristic pore dimension, such as the average particle diameter or the square root of the
permeability

• The pore-scale Reynolds number is expressed as Re_p = (ρ * V_p * d_p) / μ or Re_p = (V_p * d_p) / ν,
where V_p is the pore velocity and d_p is the characteristic pore dimension

• In porous media, the Reynolds number influences the flow regime (Darcy, transitional, or non-Darcy),
the pressure drop-velocity relationship, and the dispersion and mixing processes

• Understanding the Reynolds number effects in porous media is important for applications such as
filtration, oil and gas extraction, and groundwater flow

Similarity and scaling with Reynolds number
• The concept of similarity and scaling based on the Reynolds number is a powerful tool in fluid
mechanics, allowing for the extrapolation of results from small-scale experiments to larger-scale
systems

• Dynamic similarity is achieved when the Reynolds number is the same between two flow
configurations, ensuring that the relative importance of inertial and viscous forces is maintained

• Scaling laws based on the Reynolds number enable the prediction of flow behavior, forces, and
stresses in systems of different sizes or with different fluids

Dynamic similarity in fluid mechanics
• Dynamic similarity refers to the condition where the flow patterns and force ratios are the same
between two geometrically similar systems

• When dynamic similarity is achieved, the flow in the model and the prototype will be similar, and the
results from the model can be scaled up to predict the behavior of the prototype

• To achieve dynamic similarity, the Reynolds number must be the same in both the model and the
prototype, ensuring that the relative importance of inertial and viscous forces is maintained
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• Other dimensionless numbers, such as the Froude number or the Mach number, may also need to be
considered depending on the specific flow conditions

Scaling of forces and stresses
• The scaling of forces and stresses based on the Reynolds number allows for the prediction of these
quantities in systems of different sizes or with different fluids

• For dynamically similar flows, the ratio of forces (such as drag or lift) between the model and the
prototype can be determined using the scale ratio and the ratio of fluid properties

• The force ratio is proportional to the square of the length scale ratio and the ratio of fluid densities,
while the stress ratio is proportional to the ratio of fluid densities and independent of the length scale

• Scaling laws based on the Reynolds number are widely used in wind tunnel testing, hydraulic
modeling, and the design of fluid machinery

Limitations of Reynolds number scaling
• While the Reynolds number is a powerful tool for scaling and similarity, it has certain limitations that
need to be considered

• The Reynolds number scaling assumes that the flow is incompressible and that the fluid properties
(density and viscosity) are constant

• In cases where compressibility effects are significant (such as high-speed gas flows), the Mach
number becomes relevant, and additional similarity parameters may be required

• The Reynolds number scaling does not account for surface roughness effects, which can influence the
flow behavior and the transition from laminar to turbulent flow

• In some cases, other dimensionless numbers (such as the Froude number for free-surface flows or
the Prandtl number for heat transfer) may need to be considered alongside the Reynolds number for
complete similarity

Applications of Reynolds number
• The Reynolds number finds numerous applications across various fields of science and engineering,
where understanding and predicting fluid flow behavior is crucial

• From the design of aircraft and vehicles to the optimization of industrial processes and biomedical
devices, the Reynolds number plays a vital role in guiding engineering decisions and research efforts

• Some key areas where the Reynolds number is extensively used include aerodynamics, hydraulics,
heat transfer, and microfluidics

Design of fluid systems and devices
• The Reynolds number is a critical parameter in the design of fluid systems and devices, such as
pipelines, valves, pumps, and turbines

• By considering the Reynolds number, engineers can select appropriate pipe sizes, determine
pumping requirements, and optimize the geometry of flow passages to minimize pressure losses and
ensure efficient operation

• In the design of heat exchangers, the Reynolds number influences the choice of flow configuration
(parallel or cross-flow), the selection of tube diameters, and the optimization of surface features for
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enhanced heat transfer

• The Reynolds number also guides the design of aerodynamic surfaces, such as airfoils and wind
turbine blades, to achieve desired lift and drag characteristics and to control the transition from laminar
to turbulent flow

Modeling and simulation of fluid flows
• The Reynolds number is a key input parameter in computational fluid dynamics (CFD) simulations and
numerical modeling of fluid flows

• CFD models often rely on the Reynolds number to determine the appropriate turbulence modeling
approach, such as the use of Reynolds-averaged Navier-Stokes (RANS) equations or large eddy
simulation (LES) methods

• The Reynolds number also influences the choice of grid resolution and the selection of appropriate
boundary conditions in numerical simulations

• In experimental fluid mechanics, the Reynolds number is used to design scaled models and to ensure
dynamic similarity between the model and the prototype, enabling accurate measurements and reliable
data extrapolation

Interpretation of experimental results
• The Reynolds number is essential for interpreting and comparing experimental results in fluid
mechanics research

• When reporting experimental findings, researchers often provide the

5.3 Boundary layer theory
Boundary layer theory describes how fluid velocity transitions from zero at a solid surface to the full
freestream value over a thin region. This theory is central to predicting drag forces, heat transfer rates, and
flow separation, all of which directly affect the design of aircraft, vehicles, heat exchangers, and many other
engineering systems.

The sections below cover how boundary layers form and grow, the differences between laminar and
turbulent boundary layers, what causes separation, techniques for boundary layer control, heat transfer
through boundary layers, measurement methods, and real-world applications.

Concept of boundary layers
When fluid flows over a solid surface, viscous forces create a thin region where the velocity changes
rapidly from zero at the wall to nearly the freestream value. This region is the boundary layer, and it
governs drag, heat transfer, and whether the flow stays attached to the surface.

Boundary layer definition
A boundary layer is the thin layer of fluid adjacent to a solid surface where viscous shear effects dominate.
Because of the no-slip condition (fluid velocity equals zero at the wall), steep velocity gradients develop
within this layer.

The boundary layer thickness ( ) is conventionally defined as the distance from the surface at which the
local velocity reaches 99% of the freestream velocity .
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Boundary layer formation
1. Fluid contacts a solid surface (an airfoil leading edge, a pipe entrance, etc.).

2. Viscous forces cause the fluid immediately at the wall to have zero velocity (no-slip condition).

3. Moving downstream, viscous diffusion and momentum exchange spread this velocity deficit farther
from the wall, so the boundary layer grows thicker with distance.

Boundary layer thickness
The growth rate of  depends on whether the boundary layer is laminar or turbulent:

• Laminar: , where  is the distance from the leading edge. Growth is relatively slow.

• Turbulent: . The enhanced mixing in turbulent flow causes the boundary layer to thicken much
more rapidly.

Laminar boundary layers
Laminar boundary layers feature smooth, orderly flow in which fluid moves in parallel layers with minimal
cross-stream mixing. They develop at low Reynolds numbers and are thinner with lower skin friction drag
than their turbulent counterparts.

Laminar flow characteristics
• Fluid particles travel in parallel streamlines with no mixing between adjacent layers.

• The velocity profile across the boundary layer is roughly parabolic, rising from zero at the wall to  at
the boundary layer edge.

• Laminar layers are more resistant to separation than you might expect, but they carry less momentum
near the wall, which makes them vulnerable once an adverse pressure gradient appears.

Laminar boundary layer equations
The full Navier-Stokes equations simplify considerably inside a boundary layer because the layer is very
thin relative to the streamwise length scale. Applying the boundary layer approximations (pioneered by
Prandtl) yields two key equations:

1. Continuity equation (mass conservation within the layer).

2. Boundary layer momentum equation (streamwise momentum balance, with the cross-stream
pressure gradient assumed negligible).

These simplified equations can be solved analytically for certain cases or numerically for more complex
geometries and pressure distributions.

Blasius solution for flat plates
The Blasius solution is the classical exact solution for a laminar boundary layer on a flat plate with zero
pressure gradient. It provides:

• A self-similar velocity profile (the shape stays the same at every streamwise station when scaled
properly).

• Boundary layer thickness: , where .
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• Local skin friction coefficient: .

This solution serves as the primary benchmark for validating numerical boundary layer codes and for
building intuition about laminar flow behavior.

Turbulent boundary layers
Turbulent boundary layers are characterized by chaotic velocity fluctuations and vigorous mixing across
the layer. They appear at higher Reynolds numbers and are the norm in most engineering applications.
Compared to laminar layers, they produce higher skin friction drag but also transfer heat and momentum
more effectively.

Transition from laminar to turbulent flow
Transition doesn't happen instantly. The process unfolds in stages:

1. Small disturbances (from surface roughness, freestream turbulence, vibrations, etc.) enter the
laminar boundary layer.

2. If the Reynolds number is high enough, these disturbances amplify rather than decay.

3. Turbulent spots form, which are localized patches of turbulent flow within the still-laminar layer.

4. The spots grow and merge until the boundary layer becomes fully turbulent.

The critical Reynolds number for transition on a flat plate is often quoted around , but the
actual value depends heavily on surface roughness, pressure gradient, and freestream turbulence
intensity.

Turbulent flow characteristics
• Velocity, pressure, and other flow quantities fluctuate randomly in time and space.

• Eddies of many different sizes coexist, with larger eddies extracting energy from the mean flow and
smaller eddies dissipating it as heat (the energy cascade).

• The mean velocity profile is much fuller (more uniform) than in a laminar layer. Near the wall there is a
very steep gradient, followed by a logarithmic region farther out.

Turbulent boundary layer equations
Because of the fluctuations, engineers typically work with time-averaged quantities. The
Reynolds-Averaged Navier-Stokes (RANS) equations are obtained by decomposing each variable into a
mean and a fluctuating part and then averaging. This process introduces extra unknowns called Reynolds
stresses ( , etc.), which represent the momentum transport due to turbulent fluctuations.

Since there are more unknowns than equations, closure models are required. Common approaches
include:

• Eddy viscosity models (e.g., Spalart-Allmaras, - , - ), which relate Reynolds stresses to mean
velocity gradients through a turbulent viscosity.

• Reynolds stress models, which solve transport equations for each Reynolds stress component
directly.
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Logarithmic law of the wall
The inner region of a turbulent boundary layer follows a well-established velocity profile known as the law
of the wall:

where  is the non-dimensional velocity,  is the non-dimensional wall distance,
 is the friction velocity, and  and  are empirical constants for smooth walls.

This log-law is one of the most widely used results in turbulence modeling and provides a practical way to
estimate skin friction in turbulent flows.

Boundary layer separation
Boundary layer separation occurs when the flow detaches from the surface, forming a recirculation zone
behind the separation point. This dramatically increases drag and can degrade lift on airfoils. Controlling
separation is one of the primary goals of aerodynamic and hydrodynamic design.

Adverse pressure gradients
An adverse pressure gradient exists when static pressure increases in the flow direction ( ). This
acts like a headwind on the slow-moving fluid near the wall, decelerating it further.

Common causes of adverse pressure gradients include:

• Diverging surface geometry (e.g., the aft portion of an airfoil or a diffuser).

• Flow deceleration downstream of a bluff body.

• Curved surfaces where the flow must slow down.

Separation point
The separation point is the location on the surface where the boundary layer detaches. At this point:

• The wall shear stress drops to zero: .

• Equivalently, the velocity gradient at the wall vanishes: .

• Downstream of this point, flow near the wall reverses direction.

Flow reversal and recirculation
Once the flow separates, a recirculation zone forms downstream. This zone contains low-velocity, highly
turbulent flow with vortices circulating in the reverse direction. The size of the recirculation region depends
on the Reynolds number, surface geometry, and the strength of the adverse pressure gradient.

Effects of separation on drag
Separation increases drag through two mechanisms:

• Pressure (form) drag: The recirculation zone creates a low-pressure wake behind the object,
producing a net pressure imbalance that resists motion. This is typically the dominant effect.

• Increased viscous drag: The turbulent mixing in the separated region also raises shear losses.
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Delaying or preventing separation is therefore a primary strategy for reducing total drag on streamlined
bodies.

Boundary layer control
Boundary layer control techniques manipulate the flow near the wall to delay separation, reduce drag, or
enhance heat transfer. These methods either add momentum to the sluggish near-wall fluid or alter the
turbulence structure.

Suction and blowing
• Suction removes the slow, low-momentum fluid near the wall through slots, perforations, or porous
surfaces. This thins the boundary layer and delays separation.

• Blowing injects high-momentum fluid tangentially into the boundary layer, re-energizing it.

Both techniques require an external power source (pumps, compressors), so the drag savings must
outweigh the energy cost.

Vortex generators
Vortex generators are small fins or tabs mounted on the surface. They create streamwise vortices that pull
high-momentum fluid from the outer boundary layer down toward the wall. This energizes the near-wall
region and delays separation. You'll commonly see them on aircraft wings ahead of control surfaces (flaps,
ailerons) and on wind turbine blades.

Riblets and surface roughness
Riblets are tiny streamwise grooves machined or applied to a surface. They reduce turbulent skin friction
(by roughly 5-8%) by disrupting the near-wall turbulence structure and limiting cross-stream momentum
transfer.

Surface roughness, on the other hand, generally increases drag, but controlled roughness patterns can be
used strategically to trip the boundary layer from laminar to turbulent at a desired location, which can
actually delay separation on curved surfaces.

Polymer additives
Adding long-chain polymer molecules (such as polyethylene oxide) to a liquid flow can reduce turbulent
drag by up to 80% in some cases. The polymers suppress the formation of small-scale turbulent eddies
near the wall, reducing momentum transfer and skin friction. This technique is used in pipeline transport,
firefighting hoses, and some marine applications.

Boundary layer heat transfer
Heat exchange between a fluid and a solid surface is governed by the thermal boundary layer, a region
near the wall where temperature gradients are steep. Designing efficient cooling systems, heat
exchangers, and thermal protection systems all require a solid understanding of how this thermal layer
behaves.
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Thermal boundary layer concept
Just as the velocity boundary layer develops from the no-slip condition, the thermal boundary layer
develops from a temperature difference between the surface and the freestream. The thermal boundary
layer thickness ( ) is defined as the distance from the surface where the temperature reaches 99% of the
freestream temperature.

The relative thickness of the velocity and thermal boundary layers depends on the Prandtl number
(discussed below).

Laminar thermal boundary layer
In laminar flow, heat crosses the thermal boundary layer primarily by conduction. The temperature profile is
smooth and typically parabolic or linear depending on the boundary conditions. Heat transfer coefficients
are relatively low because there is no turbulent mixing to enhance the transport.

Turbulent thermal boundary layer
Turbulent eddies dramatically enhance heat transfer by physically carrying packets of hot or cold fluid
across the boundary layer. The mean temperature profile mirrors the velocity profile: a sharp gradient very
close to the wall (where conduction still dominates) and a more gradual, logarithmic variation farther out.
Turbulent thermal boundary layers yield significantly higher heat transfer coefficients than laminar ones.

Prandtl number effects
The Prandtl number relates momentum diffusivity to thermal diffusivity:

where  is kinematic viscosity and  is thermal diffusivity. It controls the relative thickness of the velocity
and thermal boundary layers:

• High  fluids (e.g., oils, - ): Thermal boundary layer is much thinner than the velocity
boundary layer. Heat is confined to a narrow region near the wall.

•  fluids (e.g., most gases): Both boundary layers have roughly the same thickness.

• Low  fluids (e.g., liquid metals, ): Thermal boundary layer extends well beyond the
velocity boundary layer.

Boundary layer measurement techniques
Validating boundary layer theory requires detailed experimental data on velocity profiles, turbulence
statistics, wall shear stress, and pressure distributions. Several complementary techniques are used, each
with distinct strengths.

Hot-wire anemometry
A very thin wire (typically a few micrometers in diameter) is heated electrically and placed in the flow. The
moving fluid cools the wire, and the voltage needed to maintain a constant wire temperature is related to
the local flow velocity.

• Provides high-frequency (up to hundreds of kHz) velocity measurements, making it excellent for
resolving turbulent fluctuations.

• Best suited for low-to-moderate speed flows.
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• The probe is intrusive (it's physically in the flow), which can disturb the boundary layer in very thin
layers.

Laser Doppler velocimetry
Laser Doppler velocimetry (LDV) measures velocity by detecting the Doppler shift of laser light scattered
by tiny tracer particles in the flow.

• Non-intrusive: the measurement volume is formed by intersecting laser beams, so no probe enters the
flow.

• Provides highly accurate point measurements of velocity.

• Particularly useful in high-speed flows or confined geometries where physical probes can't be placed.

Particle image velocimetry
Particle image velocimetry (PIV) captures the velocity field across an entire plane (or volume)
simultaneously:

1. Seed the flow with small tracer particles.

2. Illuminate a thin sheet of the flow with a pulsed laser.

3. Record two images of the illuminated particles at a known, short time interval apart.

4. Use cross-correlation algorithms to compute particle displacements and hence velocity vectors.

PIV gives spatial maps of velocity, vorticity, and strain rate, making it invaluable for visualizing the structure
of boundary layers and separated flows.

Pressure measurements
Pressure gradients drive boundary layer behavior, so accurate pressure data is essential.

• Wall pressure taps: Small holes drilled into the surface, connected to pressure transducers. They
provide the static pressure distribution along the wall.

• Pressure-sensitive paint (PSP): A luminescent coating whose emission intensity varies with local
oxygen concentration (and hence pressure). It gives continuous, high-resolution surface pressure
maps.

• MEMS pressure sensors: Micro-scale sensors that can be embedded in surfaces for dynamic
(time-resolved) pressure measurements within the boundary layer.

Applications of boundary layer theory

Aerodynamics of airfoils and wings
Boundary layer behavior directly determines the lift and drag of airfoils. Controlling where transition occurs
and preventing premature separation are central design objectives. Techniques like natural laminar flow
airfoil shaping, vortex generators ahead of flaps, and leading-edge slats all rely on boundary layer
manipulation.
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Drag reduction in vehicles
For cars, trucks, ships, and submarines, skin friction and pressure drag from boundary layer separation are
major contributors to fuel consumption. Streamlined body shapes delay separation, while surface
treatments (riblets, polymer coatings) and active flow control reduce skin friction. Even small percentage
reductions in drag translate to significant fuel savings over the life of a vehicle.

Heat exchanger design
Efficient heat exchangers depend on maximizing heat transfer coefficients, which means managing the
thermal boundary layer. Surface enhancements like fins, dimples, and turbulators disrupt the boundary
layer to promote mixing and thin the thermal layer, boosting heat transfer rates. The trade-off is always
increased pressure drop (pumping power) versus improved thermal performance.

Environmental fluid mechanics
Boundary layer concepts extend to large-scale environmental flows:

• The atmospheric boundary layer (typically 1-2 km thick) governs wind patterns near the Earth's
surface, affecting wind farm siting and pollutant dispersion.

• Ocean boundary layers control sediment transport, nutrient mixing, and heat exchange between the
ocean and atmosphere.

• River and channel flows involve boundary layers along beds and banks that determine erosion rates
and sediment deposition.

5.4 Blasius solution

Blasius Boundary Layer
The Blasius solution gives an exact similarity solution for the laminar boundary layer on a flat plate at zero
incidence. It reduces the Prandtl boundary layer equations to a single third-order ODE, yielding
closed-form expressions (in terms of a numerically obtained function) for the velocity profile, boundary
layer thicknesses, and skin friction. Nearly every quantitative result you'll encounter in introductory
boundary layer analysis traces back to this solution.

Laminar Flow Over a Flat Plate
Consider steady, incompressible, laminar flow approaching a semi-infinite flat plate aligned with the
freestream. The incoming velocity  is uniform and parallel to the surface. At the plate surface the no-slip
condition forces the fluid velocity to zero, and viscous diffusion creates a thin region of retarded flow: the
boundary layer.

Two features set the stage for the Blasius analysis:

• There is zero pressure gradient along the plate ( ), because the outer inviscid flow is
uniform.

• The boundary layer thickness  grows with distance  from the leading edge, but remains much
smaller than  itself, so the thin-layer approximation holds.
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Prandtl Boundary Layer Equations
Starting from the full Navier-Stokes equations, Prandtl's order-of-magnitude analysis ( ) discards
streamwise viscous diffusion and the normal-direction momentum equation. For a zero-pressure-gradient
flat plate the result is:

Continuity:

Streamwise momentum:

where  and  are the streamwise and wall-normal velocity components, and  is the kinematic viscosity.
These two equations, with appropriate boundary conditions, are the starting point for the Blasius solution.

Similarity Solution Approach
The key physical observation is that the velocity profile at every station  has the same shape when plotted
against a suitably scaled wall-normal coordinate. This self-similarity means a single independent variable
can replace both  and .

To exploit this:

1. Introduce a stream function  that automatically satisfies continuity: , .

2. Assume  takes the form , where  is a dimensionless function of the similarity
variable .

3. Substitute into the momentum equation. All -dependence cancels, leaving an ODE for .

This reduction from a PDE in two variables to an ODE in one variable is what makes the Blasius problem
tractable.

Blasius Similarity Variable
The similarity variable is defined as:

•  is the distance normal to the plate.

•  is the freestream velocity.

•  is the kinematic viscosity.

•  is the streamwise distance from the leading edge.

Physically,  measures how far you are from the wall relative to the local boundary layer scale .
Because that scale grows as , a fixed value of  tracks a fixed fraction of the boundary layer thickness
at every station.

Blasius Differential Equation
Substituting the similarity form into the momentum equation yields the Blasius equation:



Fiveable archived study guides Page 134

with boundary conditions:

•  (no wall-normal velocity at the surface, since  there for an impermeable wall)

•  (no-slip:  at the wall)

•  (velocity matches the freestream far from the wall)

Here primes denote differentiation with respect to , and the streamwise velocity is recovered as
.

Numerical Solution Methods
The Blasius equation is nonlinear and has no closed-form analytical solution. It must be solved numerically.

Shooting method (most common approach):

1. Rewrite the third-order ODE as a system of three first-order ODEs for , , and .

2. You know  and , but  is unknown. Guess a value for .

3. Integrate forward using a standard ODE solver (e.g., Runge-Kutta).

4. Check whether  approaches 1 as  (in practice, at some large , say 8–10).

5. Adjust the guess for  and repeat until the far-field condition is satisfied.

The converged result gives:

This single number determines the wall shear stress and skin friction for the entire plate.

Finite difference methods offer an alternative: discretize the  domain, apply the boundary conditions at
both ends, and solve the resulting nonlinear algebraic system iteratively (e.g., Newton's method).

Blasius Velocity Profile
The solution  gives the dimensionless velocity profile  as a function of . Its main features:

• At the wall ( ):  (no-slip).

• The profile rises smoothly and monotonically.

• By about , the velocity has reached 99% of .

• The profile has an inflection-free shape, characteristic of a zero-pressure-gradient boundary layer.

Because of self-similarity, this single curve describes the velocity profile at every streamwise station. The
only thing that changes with  is the physical scale of .

Boundary Layer Thickness
The 99% boundary layer thickness  is the distance from the wall where . From the numerical
solution, this occurs at , so:

where  is the local Reynolds number.
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Notice that : the boundary layer grows parabolically along the plate. Doubling the distance from the
leading edge increases the thickness by a factor of , not by a factor of 2.

Displacement Thickness
The displacement thickness  quantifies how far the outer streamlines are pushed away from the wall by
the slow-moving fluid in the boundary layer:

For the Blasius profile this evaluates to:

You can think of  as the thickness of a zero-velocity layer that would produce the same mass flow deficit
as the actual boundary layer. It's the relevant thickness when computing how the boundary layer modifies
the effective body shape seen by the outer inviscid flow.

Momentum Thickness
The momentum thickness  measures the loss of streamwise momentum due to the boundary layer:

For the Blasius solution:

Momentum thickness connects directly to drag through the von Kármán integral momentum equation. For
a zero-pressure-gradient flat plate, the total drag on a plate of length  (per unit span) equals .

The ratio  is the shape factor. For the Blasius profile, . This value is a useful reference:
shape factors significantly above 2.59 indicate an adverse-pressure-gradient boundary layer approaching
separation.

Wall Shear Stress
The wall shear stress is the viscous force per unit area exerted on the plate:

Using the similarity transformation and :

The wall shear stress decreases as : it's highest near the leading edge (where the boundary layer is
thinnest and the velocity gradient steepest) and diminishes downstream.

Skin Friction Coefficient
The local skin friction coefficient non-dimensionalizes the wall shear stress:

This is one of the most-cited results from the Blasius solution. For a plate of length , the average (total)
skin friction coefficient is obtained by integrating over the plate:
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where . Note that , a consequence of the  dependence.

Drag Force on a Flat Plate
For a laminar boundary layer at zero pressure gradient, the drag is entirely due to skin friction (no pressure
drag on an aligned flat plate). The drag force per unit span on a plate of length  is:

This can equivalently be written as , confirming the connection to momentum thickness.

Blasius Solution Assumptions
The Blasius solution rests on several specific assumptions. Violating any of them means the solution no
longer applies directly:

• Steady flow (no time dependence)

• Incompressible fluid (constant density; valid for Mach numbers below about 0.3)

• Laminar flow throughout the boundary layer

• Zero pressure gradient (uniform freestream velocity)

• No-slip condition at an impermeable wall

• Negligible streamwise viscous diffusion (the standard boundary layer approximation, valid when
)

Validity and Limitations
The Blasius solution accurately describes the boundary layer for:

• Moderate local Reynolds numbers, roughly 

• Regions not too close to the leading edge (the boundary layer approximation breaks down as 
where  is not thin relative to )

It breaks down when:

• The flow transitions to turbulence (see below)

• A pressure gradient is present (use the Falkner-Skan equation for wedge flows, or numerical methods
for arbitrary pressure gradients)

• Compressibility effects become significant

• Suction or blowing is applied at the wall

Despite these limitations, the Blasius solution serves as the benchmark against which more complex
boundary layer solutions and turbulence models are compared.

Transition to Turbulence
The laminar boundary layer described by the Blasius solution becomes unstable at sufficiently high
Reynolds numbers. The critical value is commonly quoted as:
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though in practice this depends on:

• Freestream turbulence intensity (higher turbulence triggers earlier transition)

• Surface roughness (rough surfaces promote transition)

• Pressure gradient (adverse gradients destabilize; favorable gradients delay transition)

The transition process involves growth of Tollmien-Schlichting instability waves, secondary instabilities,
and eventual breakdown into fully turbulent flow. The transition region itself is neither purely laminar nor
fully turbulent.

Comparison with Turbulent Boundary Layers
Understanding how the Blasius (laminar) solution differs from turbulent boundary layers helps you
appreciate when each model applies:

Property Laminar (Blasius) Turbulent

Velocity profile shape Smooth,  from Blasius ODE Fuller near wall; logarithmic law of the
wall

Boundary layer growth  (approximate)

Skin friction  (approximate)

Drag magnitude Lower Higher (typically 5–10× for same )

Shape factor ~2.59 ~1.3–1.4

Mixing Molecular diffusion only Turbulent eddies dominate transport

The fuller turbulent profile means more momentum near the wall, which makes turbulent boundary layers
more resistant to separation but also produces higher skin friction. This trade-off is central to many
aerodynamic design decisions.

5.5 Flow separation
Flow separation is where a fluid flow detaches from a solid surface, creating regions of reversed flow,
turbulence, and increased drag. It governs everything from aircraft stall to wind loading on buildings,
making it one of the most practically important topics in viscous flow analysis.

Types of flow separation
Flow separation occurs when fluid detaches from a surface, producing reversed flow and heightened
turbulence. The three main types are boundary layer separation, wake formation, and vortex shedding.

Boundary layer separation
The boundary layer is the thin layer of fluid right next to a surface where viscous effects dominate. When
this layer encounters an adverse pressure gradient (pressure increasing in the flow direction) or a
geometric irregularity, it can separate from the surface.

At the separation point, the flow near the wall reverses direction, forming recirculation zones. This
separation can be either laminar or turbulent depending on the Reynolds number and surface conditions.
Common examples include flow over the suction side of an airfoil and flow through a diverging diffuser.
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Wake formation
Downstream of a body immersed in flow, the separated boundary layers from opposite sides merge to form
a wake. Wakes are characterized by:

• Low pressure relative to the freestream

• Reduced velocity and momentum deficit

• Elevated turbulence and mixing

The wake's size and structure depend on the body's geometry and the Reynolds number. Bluff bodies like
cylinders, spheres, and vehicles produce large wakes, while streamlined shapes produce narrow ones.

Vortex shedding
Vortex shedding is an unsteady phenomenon where alternating vortices detach from opposite sides of a
body in a periodic pattern, forming a von Kármán vortex street. The shedding frequency is characterized by
the Strouhal number:

where  is the shedding frequency,  is the characteristic body dimension, and  is the freestream
velocity. For a circular cylinder in the subcritical regime, . This phenomenon appears around
circular cylinders, square prisms, flagpoles, and many other structures.

Causes of flow separation

Adverse pressure gradients
The most common cause of separation is an adverse pressure gradient, where pressure increases in the
direction of flow ( ). The boundary layer fluid, already slowed by viscous friction at the wall,
decelerates further under this rising pressure. Eventually the near-wall fluid runs out of kinetic energy,
stalls, and reverses direction.

The severity and streamwise extent of the adverse pressure gradient determine where separation occurs
and how large the separated region becomes. Typical situations include the aft portion of an airfoil,
diffusers with excessive expansion angles, and flow over backward-facing steps.

Viscous effects near walls
Viscosity is what makes separation possible. The no-slip condition at the wall forces the fluid velocity to
zero at the surface, creating steep velocity gradients and a boundary layer where viscous effects dominate.

As this boundary layer develops and thickens, the fluid closest to the wall carries progressively less
momentum. When an adverse pressure gradient is superimposed, these low-momentum particles near the
wall are the first to decelerate to zero velocity and reverse. That reversal is the separation point.

Geometric factors
Body geometry strongly influences where and whether separation occurs:

• Sharp corners and edges force abrupt changes in flow direction, causing the boundary layer to
separate almost immediately at the corner (fixed separation points).
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• Gradual curvature on streamlined shapes like airfoils or teardrop bodies keeps the adverse pressure
gradient mild, delaying or preventing separation.

• Surface features can also matter. A golf ball's dimples, for instance, trip the boundary layer to
turbulence, which resists separation better than a laminar layer and actually reduces the wake size
compared to a smooth sphere.

Effects of flow separation

Increased drag
Separation dramatically increases pressure drag (also called form drag). When flow separates, a large
low-pressure wake forms behind the body. The pressure on the front face is much higher than on the rear,
producing a net rearward force.

The larger the separated region, the greater the drag. This is why bluff bodies like trucks and buildings
experience far more drag than streamlined shapes like airfoils and submarines operating at small angles of
attack.

Reduced lift
For lifting bodies such as aircraft wings, separation on the upper (suction) surface destroys the
low-pressure region responsible for most of the lift. The pressure difference between upper and lower
surfaces collapses, and lift drops sharply.

This is the mechanism behind stall: once the angle of attack exceeds a critical value, the boundary layer
separates over a large portion of the upper surface, the lift coefficient drops abruptly, and drag spikes. Stall
limits the maximum usable lift coefficient of any airfoil.

Unsteady flow patterns
Separated flows are inherently unsteady. Vortex shedding, oscillating shear layers, and turbulent mixing
create time-varying forces on the body. These unsteady loads can cause:

• Structural vibrations (e.g., power transmission lines oscillating due to vortex shedding)

• Acoustic noise (e.g., aeolian tones from wind over cables)

• Aeroelastic phenomena such as galloping, flutter, or vortex-induced vibration lock-in, where the
shedding frequency synchronizes with a structural natural frequency

Predicting flow separation

Boundary layer theory
Boundary layer theory provides the analytical foundation for predicting separation. The boundary layer
equations (a simplified form of the Navier-Stokes equations) describe velocity and pressure distributions
near the wall.

For simple cases, analytical solutions exist. The Blasius solution gives the laminar boundary layer profile
over a flat plate with zero pressure gradient. For flows with pressure gradients, approximate methods are
available:

• Thwaites' method uses an integral momentum approach to estimate the boundary layer development
and predict the separation point in laminar flow.
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• The Kármán-Pohlhausen method assumes a polynomial velocity profile and solves the integral
momentum equation.

A common separation criterion: separation occurs where the wall shear stress drops to zero, meaning
.

Pressure gradient analysis
Examining the pressure distribution along a surface reveals where separation is likely. You can obtain the
surface pressure from:

• Experimental measurements using pressure taps or pressure-sensitive paint

• Potential flow calculations (inviscid) to get a first estimate of the pressure distribution

• CFD simulations for more complete predictions

Regions where the pressure rises steeply in the flow direction are candidates for separation. For example,
comparing the pressure distribution over an airfoil at low vs. high angles of attack shows the adverse
pressure gradient on the upper surface becoming much steeper as stall is approached.

Computational fluid dynamics (CFD)
CFD solves the Navier-Stokes equations numerically and can capture the full interaction between the
boundary layer and the outer flow, including separation, reattachment, and wake development.

The choice of turbulence model strongly affects the accuracy of separation predictions:

• RANS models (e.g.,  SST) are computationally affordable and reasonable for many engineering
flows, but can struggle with massive separation and unsteady wakes.

• LES resolves the large-scale turbulent structures and handles separated flows more accurately, at
much higher computational cost.

• DNS resolves every scale of turbulence with no modeling, but is restricted to low Reynolds numbers
and simple geometries.

CFD is routinely used to optimize aircraft wings, vehicle shapes, turbine blades, and other components for
minimum separation and drag.

Controlling flow separation

Streamlining surfaces
The most fundamental approach is to shape the body so that adverse pressure gradients remain mild.
Streamlined profiles like airfoils recover pressure gradually over a long aft section, keeping the boundary
layer attached much longer than a bluff shape would.

Examples include supercritical airfoil profiles on transonic aircraft wings, tapered nose cones on
high-speed trains, and teardrop-shaped submarine hulls. Proper streamlining can reduce drag by an order
of magnitude compared to a bluff body of similar frontal area.

Active flow control methods
Active control injects external energy into the boundary layer to resist separation. Common techniques:
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• Boundary layer suction removes the low-momentum fluid near the wall, thinning the boundary layer
and delaying separation.

• Blowing or jet injection adds momentum to the near-wall region, helping the boundary layer overcome
adverse pressure gradients.

• Synthetic jets use oscillating membranes to periodically inject and withdraw fluid, energizing the
boundary layer without a net mass flow.

• Plasma actuators generate a body force in the near-wall region through dielectric barrier discharge,
adding momentum locally.

Active methods can be adaptive, adjusting in real time based on sensor feedback, which makes them
attractive for variable operating conditions.

Passive flow control devices
Passive devices modify the flow without external energy input:

• Vortex generators are small fins or tabs placed on the surface. They create streamwise vortices that
mix high-momentum fluid from the outer flow into the boundary layer, energizing it and delaying
separation. You'll see these on aircraft wings and wind turbine blades.

• Riblets are tiny streamwise grooves that reduce skin friction drag by modifying the near-wall
turbulence structure. They've been tested on aircraft fuselages and ship hulls.

• Turbulators and trip strips force early transition to turbulence, which, while increasing skin friction,
produces a boundary layer more resistant to separation.

Applications of flow separation

Aircraft wing stall
Stall happens when an aircraft wing exceeds its critical angle of attack and the boundary layer separates
over a large portion of the upper surface. Lift drops suddenly and drag increases sharply, potentially
leading to loss of control.

To manage stall risk, aircraft use:

• Stall warning systems (stick shakers, angle-of-attack indicators) to alert pilots before the critical angle
is reached

• High-lift devices (leading-edge slats, trailing-edge flaps) that reshape the pressure distribution and
delay separation to higher angles of attack

• Wing fences and vortex generators to control spanwise flow and maintain attached flow at moderate
angles

Bluff body aerodynamics
Bluff bodies like vehicles, buildings, and bridges have non-streamlined shapes that produce large
separated regions, strong wakes, and significant vortex shedding. The resulting aerodynamic forces
include high drag and potentially dangerous unsteady loads.

Practical applications include designing low-drag vehicle shapes (boat-tailing on trucks, for example, can
reduce drag by 5-10%), optimizing building facades for wind loading, and mitigating vortex-induced
vibrations on bridges and tall chimneys using helical strakes or tuned mass dampers.
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Turbomachinery performance
Flow separation on compressor and turbine blades directly limits machine performance:

• In compressors, blade separation reduces the pressure rise capability and can trigger stall or surge, a
dangerous oscillation of the entire flow through the machine.

• In turbines, separation reduces power extraction efficiency and increases unsteady blade loading.

Advanced blade profiles (controlled diffusion airfoils) are designed to manage the pressure distribution
carefully and minimize separation across the operating range. Active flow control techniques like blowing
are also being explored for gas turbine engines.

Experimental techniques

Flow visualization methods
Flow visualization gives a qualitative picture of where separation occurs and how the flow behaves:

• Surface methods like oil flow visualization and surface tufts reveal skin friction line patterns,
separation lines, and reattachment locations directly on the model surface.

• Off-body methods like smoke injection (in air) or dye injection (in water) show the three-dimensional
structure of wakes, vortices, and separated shear layers.

These techniques are standard in wind tunnel and water channel testing. They're often the first step in
understanding the flow topology before quantitative measurements are made.

Particle image velocimetry (PIV)
PIV is a non-intrusive optical technique that measures instantaneous velocity fields across a plane (or
volume) in the flow.

How it works:

1. Seed the flow with small tracer particles that faithfully follow the fluid motion.

2. Illuminate a thin sheet of the flow with a pulsed laser.

3. Capture two images of the illuminated particles at a short, known time interval using a high-speed
camera.

4. Divide each image into small interrogation windows and cross-correlate the particle patterns between
the two frames to determine the displacement.

5. Compute the velocity vectors from displacement divided by the time interval.

PIV produces high-resolution velocity maps that reveal recirculation zones, vortex structures, and
turbulence statistics in separated flows. It's widely used for studying wakes behind cylinders, airfoils at high
angles of attack, and turbine blade passages.

Hot-wire anemometry
Hot-wire anemometry measures local fluid velocity at a single point with very high temporal resolution. A
thin electrically heated wire (typically a few micrometers in diameter) is placed in the flow. The convective
heat transfer from the wire depends on the local velocity, so changes in wire temperature (or the current
needed to maintain constant temperature) indicate velocity fluctuations.
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• Single-wire probes measure one velocity component.

• X-wire (two-wire) probes resolve two components.

• Triple-wire probes can capture all three components.

The technique's strength is its high frequency response (up to hundreds of kHz), making it ideal for
measuring turbulence spectra, Reynolds stresses, and intermittency in separated and transitional flows.
The main limitation is that it's intrusive and can be fragile in harsh flow environments.

Mathematical modeling

Navier-Stokes equations
The Navier-Stokes equations are the fundamental governing equations of viscous fluid motion. For an
incompressible, Newtonian fluid with constant properties, the key equations are:

Continuity (mass conservation):

Momentum conservation:

Energy conservation (if thermal effects matter):

where  is density,  is the velocity vector,  is pressure,  is dynamic viscosity,  is gravitational
acceleration,  is specific heat,  is temperature,  is thermal conductivity, and  is the viscous
dissipation function.

These equations are nonlinear and coupled, so analytical solutions exist only for highly simplified cases.
For flow separation problems, numerical solution via finite volume, finite element, or finite difference
methods is standard.

Boundary layer equations
The boundary layer equations are a reduced form of the Navier-Stokes equations valid within the thin
viscous layer near a wall. The key simplifications are: the flow is nearly parallel to the surface, the pressure
gradient normal to the surface is negligible ( ), and viscous diffusion in the streamwise direction
is small compared to diffusion normal to the wall.

For 2D, steady, incompressible flow:

Continuity:

Streamwise momentum:

where  and  are velocity components in the streamwise ( ) and wall-normal ( ) directions,  is the
imposed pressure from the outer inviscid flow, and  is the kinematic viscosity.
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These equations are parabolic, meaning they can be marched in the streamwise direction from a known
initial profile. Solution methods include the Blasius similarity solution (zero pressure gradient), the
Falkner-Skan family of solutions (wedge flows with pressure gradients), and numerical schemes like the
Keller box method for arbitrary pressure distributions.

The boundary layer equations predict separation where , but they become singular at the
separation point itself. Beyond separation, the full Navier-Stokes equations (or interactive boundary layer
methods) are needed.

Turbulence modeling approaches
Turbulence profoundly affects separation behavior, so the choice of turbulence model is critical for
accurate predictions. The main approaches, in order of increasing fidelity and cost:

•

RANS (Reynolds-Averaged Navier-Stokes): Decomposes flow variables into mean and fluctuating parts,
then solves for the mean flow. The Reynolds stress tensor introduced by averaging must be modeled using
closure models such as , ,  SST, or full Reynolds stress models. RANS is computationally
cheap and widely used in industry, but it can underperform for flows with massive separation, strong
curvature, or unsteady dynamics.

•

LES (Large Eddy Simulation): Directly resolves the large, energy-containing turbulent eddies and models
only the small, more universal scales via a subgrid-scale model. LES captures unsteady separation and
vortex shedding much more faithfully than RANS, but requires significantly finer grids and smaller time
steps.

•

DNS (Direct Numerical Simulation): Resolves all scales of turbulence down to the Kolmogorov scale with
no modeling at all. DNS provides the highest fidelity but is computationally prohibitive except for low
Reynolds number flows (typically  to ) on simple geometries.

•

Hybrid RANS-LES methods such as Detached Eddy Simulation (DES) and Delayed Detached Eddy
Simulation (DDES) use RANS in the attached boundary layer (where it performs well and is cheap) and
switch to LES in separated regions (where unsteady resolution matters most). These methods offer a
practical compromise for engineering-scale problems involving significant separation.
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Unit 6 – Compressible flows
6.1 Speed of sound

Speed of sound in fluids
The speed of sound tells you how fast small pressure disturbances (acoustic waves) travel through a fluid.
It's one of the most important reference quantities in compressible flow analysis because it sets the
dividing line between subsonic and supersonic behavior. Everything in this unit builds on it: Mach number,
shock waves, and compressible flow relations all depend on knowing the local speed of sound.

Sound speed varies widely between gases and liquids because of differences in density and
compressibility. In gases, you can derive it from the ideal gas law combined with an isentropic (adiabatic,
reversible) assumption. In liquids, the bulk modulus dominates. The sections below cover the physics, the
key equations, and how sound speed connects to compressibility through the Mach number.

Factors affecting sound speed

Fluid density effects
The speed of sound in a fluid is inversely proportional to the square root of its density. All else being equal,
a denser fluid means a slower sound speed.

• Density variations within a fluid change the local speed of sound. Temperature gradients and pressure
changes both cause density fluctuations, so the speed of sound can vary from point to point in a flow
field.

Be careful with a common misconception here: sound actually travels faster in water (~1480 m/s) than in
air (~343 m/s) at standard conditions, even though water is far denser (998 kg/m³ vs. 1.225 kg/m³). That's
because water's bulk modulus is enormously higher than air's, and that effect more than compensates for
the higher density. Density alone doesn't determine sound speed; you always need to consider
compressibility too.

Fluid compressibility impact
Compressibility measures how easily a fluid changes volume under pressure. The less compressible a
fluid is (the "stiffer" it is), the faster sound travels through it.

• Gases are far more compressible than liquids, which is why sound speeds in gases are generally
much lower than in liquids.

• The relevant stiffness measure is the bulk modulus , which is the inverse of compressibility.

The general equation for the speed of sound is:

where  is the speed of sound,  is the bulk modulus, and  is the fluid density. This single equation
explains why water beats air in sound speed: water's bulk modulus (~2.2 GPa) is roughly 20,000 times that
of air, while its density is only about 800 times greater.
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Speed of sound in gases

Ideal gas approximation
For an ideal gas undergoing isentropic (adiabatic + reversible) perturbations, the speed of sound reduces
to:

•  = ratio of specific heats (adiabatic index), e.g., 1.4 for air

•  = universal gas constant (8.314 J/(mol·K))

•  = absolute temperature (in Kelvin)

•  = molar mass of the gas

You can also write this using the specific gas constant :

Two things to notice: sound speed in an ideal gas depends only on temperature (not on pressure directly),
and lighter gases have higher sound speeds. For example, helium (  ≈ 4 g/mol,  = 5/3) has a sound
speed of about 1007 m/s at 20 °C, roughly three times that of air.

Adiabatic vs. isothermal processes
Why do we use the adiabatic (isentropic) assumption rather than isothermal?

• Acoustic compressions and rarefactions happen so quickly that there's essentially no time for heat to
transfer between adjacent fluid parcels. That makes the process adiabatic.

• Newton originally derived the speed of sound assuming an isothermal process ( , without
the ), which underestimated the measured speed of sound in air by about 16%. Laplace corrected this
by including , and the prediction matched experiments.

• An isothermal assumption would only be appropriate for extremely low-frequency disturbances where
the gas has time to equilibrate thermally with its surroundings.

Speed of sound in liquids

Bulk modulus of liquids
In liquids, you go back to the general relation  because the ideal gas law doesn't apply.

• The bulk modulus  represents a liquid's resistance to uniform compression. A higher bulk modulus
means the liquid is stiffer and transmits sound faster.

• Water has  ≈ 2.2 GPa, giving a sound speed of about 1480 m/s at 20 °C. Most oils have lower bulk
moduli, so sound travels more slowly through them.

Liquid density considerations
Density still matters through the  relation, but liquid densities are far less sensitive to temperature
and pressure changes than gas densities. This means the speed of sound in a liquid stays relatively stable
across a wide range of conditions, unlike in gases where a temperature swing can shift  noticeably.
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Mach number and compressibility

Definition of Mach number
The Mach number is the ratio of flow velocity to the local speed of sound:

where  is the flow velocity and  is the local speed of sound.

The flow regime classification:

Mach number range Regime

Subsonic

Sonic

Supersonic

Hypersonic

Because  depends on local temperature (in a gas), the Mach number can vary throughout a flow field
even if the actual velocity is constant.

Compressible vs. incompressible flow
A practical rule of thumb: compressibility effects become significant when . Below that threshold,
density changes in the flow are small (less than about 5%), and you can treat the fluid as incompressible,
which greatly simplifies the governing equations.

Above  ≈ 0.3, you need the full compressible flow equations. Density, pressure, and temperature all
couple together, and new phenomena appear:

• Shock waves (abrupt, nearly discontinuous jumps in flow properties) at supersonic speeds

• Choked flow in converging nozzles when the throat reaches 

• Expansion fans in supersonic flow turning around convex corners

Acoustic wave propagation in fluids

Longitudinal wave characteristics
Sound waves in fluids are longitudinal waves: fluid particles oscillate back and forth parallel to the direction
the wave travels. This creates alternating regions of compression (higher pressure/density) and rarefaction
(lower pressure/density). The speed of sound determines how fast these regions move through the fluid.

Transverse wave absence
Fluids cannot sustain shear stress at rest, so they don't support transverse (shear) waves. Only
longitudinal modes propagate. This is a key difference from solids, where both longitudinal and transverse
waves exist, and it simplifies acoustic analysis in fluids considerably.
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Measurement techniques for sound speed

Direct measurement methods
Time-of-flight is the most straightforward approach:

1. Emit a short sound pulse from a source.

2. Record the time it takes to reach a receiver at a known distance .

3. Calculate .

Acoustic interferometry uses interference patterns of sound waves to determine . By adjusting the path
length and finding constructive/destructive interference fringes, you can extract the wavelength and,
combined with the known frequency, compute the speed of sound.

Indirect calculation approaches
You can also calculate  from known fluid properties rather than measuring it directly:

• For gases, use  if you know the gas composition, temperature, and .

• For liquids, use  with measured or tabulated values of bulk modulus and density. Empirical
correlations exist for common liquids (e.g., seawater equations that account for salinity, temperature,
and depth), though these are specific to particular fluid types.

Applications of sound speed in fluids

Sonic and ultrasonic flow meters
These devices use the speed of sound to measure fluid velocity. Two common approaches:

• Transit-time method: Sound pulses are sent upstream and downstream between two transducers. The
pulse traveling with the flow arrives slightly sooner than the one traveling against it. The time difference
is proportional to the flow velocity.

• Doppler method: Sound reflects off particles or bubbles in the fluid. The frequency shift between the
emitted and reflected waves gives the fluid velocity.

Both methods require accurate knowledge of the speed of sound in the working fluid.

Acoustic levitation and manipulation
Standing acoustic waves can create pressure nodes where small objects or droplets are trapped and held
in place without physical contact. The spacing of these nodes depends on the wavelength, which is set by
the frequency and the speed of sound in the medium ( ). Controlling  (by changing the gas or
temperature) lets you tune the levitation positions.
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Limitations and assumptions

Homogeneous fluid assumption
Most of the equations above assume the fluid has uniform properties everywhere. Real fluids often have
spatial variations in temperature, density, or composition (think of the ocean, where salinity and
temperature change with depth). In those cases, the local speed of sound varies, and you may need
numerical methods or layered models to get accurate predictions.

Non-dispersive medium simplification
The standard equations also assume the speed of sound doesn't depend on wave frequency (a
non-dispersive medium). This holds well for most common fluids under normal conditions. However, in
viscoelastic fluids or when molecular relaxation processes are present (e.g., in  at certain
frequencies), sound speed becomes frequency-dependent. This dispersion distorts waveforms and
requires more complex models to describe accurately.

6.2 Mach number
Mach number is the ratio of a flow's velocity to the local speed of sound. It's the single most important
parameter for determining when compressibility effects matter and how a flow will behave at high speeds.

This guide covers the definition and formula, flow regime classification, factors that change Mach number,
shock wave behavior, applications in aerodynamics and gas dynamics, and measurement techniques.

Definition of Mach number
Mach number is a dimensionless quantity that compares how fast a fluid (or an object through a fluid) is
moving relative to the speed at which sound travels in that same fluid. In compressible flow analysis, it tells
you whether density changes are negligible or dominant.

Ratio of flow velocity to local speed of sound
The definition is straightforward:

where  is the flow velocity and  is the local speed of sound.

The word "local" matters here. The speed of sound isn't a fixed number; it depends on the fluid's
temperature and composition, so it can vary from point to point within a flow field. When  approaches 1,
the flow velocity is near the local speed of sound, and compressibility effects become significant.

Symbol and formula for Mach number
The standard symbol is  (sometimes written ). For an ideal gas, you can expand the definition by
substituting the expression for the speed of sound:

•  = flow velocity

•  = specific heat ratio (ratio of  to )

•  = specific gas constant
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•  = absolute temperature

For air at standard conditions:  and . At sea-level standard temperature (288.15
K), this gives a speed of sound of about 340 m/s.

Significance of Mach number
Mach number determines which physical effects dominate a flow and which mathematical models you
need to use. A flow at  and a flow at  behave in fundamentally different ways, and Mach
number is how you distinguish between them.

Mach number as indicator of compressibility effects
• Below about , density changes are small enough to ignore. You can treat the flow as
incompressible, which simplifies the governing equations considerably.

• Between  and , compressibility effects grow progressively. Density variations,
temperature changes, and pressure-velocity coupling all become important.

• Above , the flow is supersonic. Shock waves can form, and the flow physics change
qualitatively: disturbances can no longer propagate upstream.

Critical Mach number and flow regimes
The critical Mach number ( ) is the freestream Mach number at which the flow first reaches sonic speed
( ) somewhere on the body's surface. For typical airfoils,  falls between about 0.6 and 0.8,
depending on the shape and angle of attack. Beyond , localized supersonic regions and shock waves
appear on the surface even though the freestream is still subsonic.

Flow regimes classified by Mach number:

• Subsonic: 

• Transonic:  (mixed subsonic and supersonic regions)

• Supersonic:  (approximately)

• Hypersonic: 

Subsonic vs supersonic flow
In subsonic flow, pressure disturbances travel in all directions (upstream and downstream). The flow
adjusts smoothly and continuously to obstacles, and streamlines curve gradually.

In supersonic flow, the fluid moves faster than its own pressure signals can travel. Disturbances can only
propagate downstream, so the flow "doesn't know" about an obstacle until it's right on top of it. This is why
shock waves form: the flow must adjust abruptly rather than gradually.

The sonic condition ( ) is a mathematical singularity in the governing equations of compressible flow,
which is why transonic flows are particularly challenging to analyze.

Factors influencing Mach number
Since , anything that changes either the flow velocity or the local speed of sound will change the
Mach number.
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Relationship between Mach number and flow velocity
This one is direct. If you increase  while holding  constant,  goes up proportionally. Doubling the flow
speed doubles the Mach number (assuming the speed of sound doesn't change).

Effect of fluid properties on Mach number
The speed of sound in an ideal gas is . Two things to note:

• Temperature: Higher temperature means higher speed of sound, which lowers the Mach number for a
given flow velocity. A hot gas flow at 500 m/s has a lower Mach number than a cold gas flow at the
same speed.

• Gas composition: Different gases have different  and  values. For example, helium ( ,
) has a much higher speed of sound than air at the same temperature, so the same

flow velocity corresponds to a lower Mach number in helium.

Variation of Mach number with altitude
In Earth's atmosphere, temperature varies with altitude, and that changes the speed of sound:

• In the troposphere (sea level to ~11 km), temperature decreases with altitude. The speed of sound
drops, so an aircraft flying at constant velocity sees its Mach number increase as it climbs.

• In the lower stratosphere (~11 to ~20 km), temperature is roughly constant at about 217 K, so the
speed of sound stays nearly constant at about 295 m/s.

• Higher in the stratosphere (above ~20 km), temperature begins to increase again, raising the speed of
sound.

This is why an aircraft's indicated Mach number can change even at constant airspeed.

Mach number in compressible flow
Shock waves are one of the most distinctive features of compressible flow, and Mach number governs
when they form, how strong they are, and what happens across them.

Role of Mach number in shock wave formation
Shock waves form when the flow velocity exceeds the local speed of sound ( ). The upstream Mach
number directly controls the shock's strength:

• A weak shock at  produces small jumps in pressure and temperature.

• A strong shock at  produces enormous jumps. For example, a normal shock at  in air
produces a static pressure ratio of about 29:1 across the shock.

As the upstream Mach number increases, the shock becomes stronger and the downstream changes in
pressure, temperature, and density all grow.

Normal vs oblique shock waves
Normal shocks are perpendicular to the flow direction. They typically occur inside ducts, at nozzle exits, or
ahead of blunt bodies. The entire velocity component passes through the shock, so normal shocks produce
the largest property changes for a given Mach number.
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Oblique shocks are inclined at an angle to the flow. They form when supersonic flow encounters a wedge,
cone, or other deflection. Only the velocity component normal to the shock front determines the shock
strength. The upstream Mach number and the flow deflection angle together determine the shock angle
and downstream conditions.

Mach number across shock waves
Across a normal shock, the Mach number always drops from supersonic to subsonic. This is a fundamental
result: if  upstream, then  downstream.

The normal shock relation for downstream Mach number is:

For oblique shocks, the downstream Mach number can still be supersonic if the shock is weak enough (i.e.,
the deflection angle is small). Only the Mach number component normal to the shock must drop below 1.

Applications of Mach number

Mach number in aerodynamic design
Aircraft design is heavily shaped by the intended Mach number range:

• Subsonic transports ( ) use swept wings and supercritical airfoils to delay the onset of shock
waves and push  as high as possible.

• Transonic and supersonic fighters ( ) use thin, highly swept or delta wings to manage
shock waves and minimize wave drag.

• Hypersonic vehicles ( ) face extreme aerodynamic heating and require blunt nose shapes to
spread the thermal load, along with specialized thermal protection systems.

The critical Mach number is a key design target because exceeding it causes shock-induced drag rise and
potential buffeting.

Mach number effects on aircraft performance
• Drag: At high subsonic speeds (  to 1), shock waves form on the wing surface and cause
wave drag, a sharp drag increase sometimes called the "drag divergence." Supersonic flight adds
additional pressure drag and increased skin friction.

• Lift: Shock waves on the upper wing surface can cause boundary layer separation, reducing lift and
changing the pitching moment.

• Propulsion: Different engine types are suited to different Mach regimes. Turbofans work well up to
about , turbojets to about , ramjets from roughly  to , and scramjets above

.

Mach number considerations in wind tunnel testing
Wind tunnels are classified by the Mach number range they can achieve:

• Low-speed (subsonic): 

• Transonic:  to 
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• Supersonic:  to 

• Hypersonic: 

The test section Mach number must be carefully controlled to match the intended flight conditions. Beyond
Mach number, other similarity parameters (especially Reynolds number) must also be matched for the
results to scale accurately to full-size vehicles. Transonic tunnels are particularly challenging to operate
because small changes in conditions can shift the flow between subsonic and supersonic.

Mach number in gas dynamics
Mach number appears throughout the analysis of internal compressible flows in ducts, nozzles, and
diffusers.

Mach number in isentropic flow
Isentropic flow (no friction, no heat transfer, constant entropy) provides the baseline relations connecting
Mach number to flow properties. The key isentropic relations are:

Here, the subscript 0 denotes stagnation (total) conditions. Given the Mach number at any point and the
stagnation conditions, you can find the local temperature, pressure, and density.

Mach number in Fanno and Rayleigh flow
These are two canonical duct flow models:

•

Fanno flow: Adiabatic (no heat transfer) with wall friction in a constant-area duct. Friction drives the Mach
number toward 1 regardless of whether the flow starts subsonic or supersonic. Subsonic flow accelerates;
supersonic flow decelerates. Maximum duct length for a given inlet Mach number is set by the choking
condition (  at the exit).

•

Rayleigh flow: Frictionless with heat addition or removal in a constant-area duct. Adding heat drives the
Mach number toward 1 for both subsonic and supersonic inlet conditions. Removing heat drives it away
from 1. Again, choking occurs when .

In both cases, Mach number is the primary variable that determines all other flow properties through the
respective relations.

Mach number in nozzle and diffuser design
Converging-diverging (C-D) nozzles are the standard device for accelerating flow to supersonic speeds:

1. The flow enters subsonically through the converging section, accelerating as the area decreases.

2. At the throat (minimum area), the flow reaches . This is a necessary condition for supersonic
flow downstream.
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3. In the diverging section, the flow continues to accelerate supersonically as the area increases.

The area-Mach number relation governs this process:

where  is the throat area (where ).

Diffusers do the reverse: they decelerate the flow. In supersonic inlets, the goal is to slow the flow to
subsonic speeds with minimal total pressure loss, often using a combination of oblique shocks and a final
normal shock before a subsonic diffuser section.

Measurement of Mach number

Techniques for measuring Mach number
Several methods exist, each with different strengths:

• Pitot-static tube: Measures stagnation and static pressures. The pressure ratio gives the Mach
number through isentropic (subsonic) or normal shock (supersonic) relations. Simple, reliable, and
widely used.

• Schlieren and shadowgraph imaging: Optical methods that visualize density gradients. They reveal
shock wave locations and flow structure but give qualitative rather than directly quantitative Mach
number data without calibration.

• Pressure-sensitive paint (PSP): A coating whose luminescence changes with local static pressure,
providing a full surface pressure map from which Mach number distribution can be inferred.

• Laser Doppler velocimetry (LDV) and particle image velocimetry (PIV): Measure local flow velocity
directly using laser light scattered by seed particles. Mach number is then calculated from the velocity
and the local speed of sound.

Pitot-static tube and Mach meter
The Pitot-static tube has two ports:

1. A stagnation (total) pressure port facing directly into the flow.

2. A static pressure port perpendicular to the flow (or on the body surface away from the stagnation
point).

For subsonic flow, the Mach number is calculated from the ratio  using the isentropic relation. For
supersonic flow, a bow shock forms ahead of the Pitot tube, so the Rayleigh Pitot tube formula (which
accounts for the normal shock loss) is used instead. A Mach meter in an aircraft cockpit performs this
calculation automatically from the measured pressures.

Limitations and uncertainties in Mach number measurement
• Pitot-static tubes lose accuracy in the transonic range (  to 1.2) because shock waves interact
with the probe and the flow is unsteady. Probe alignment errors also introduce uncertainty.

• Optical techniques (schlieren, shadowgraph) are excellent for flow visualization but require careful
calibration and reference data to extract quantitative Mach numbers.

• PSP has spatial resolution limits and can be affected by temperature variations (since luminescence
depends on both pressure and temperature).
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• LDV and PIV depend on seed particles faithfully following the flow, which can be an issue across
shock waves where particles lag behind rapid velocity changes.

Proper calibration, alignment, and uncertainty analysis are necessary for any Mach number measurement
to be reliable.

6.3 Isentropic flow
Isentropic flow describes an idealized compressible gas flow where entropy stays constant throughout. It
serves as the baseline model for analyzing real compressible flow systems, from rocket nozzles to wind
tunnels, because it strips away complications like friction and heat transfer so you can focus on how
pressure, temperature, density, and velocity interact with geometry.

The assumptions behind it (no heat transfer, no friction, no shocks) are never perfectly true in practice. But
isentropic relations give you accurate first-pass estimates and form the foundation you need before
tackling more realistic (and messier) flow models.

Isentropic flow definition
Isentropic flow is fluid flow in which the entropy of the fluid remains constant at every point. For this to hold,
the flow must be free of all irreversibilities: no friction, no heat transfer across the boundary, and no shock
waves.

This idealized model shows up constantly in compressible flow analysis because it makes the math
tractable while still capturing the core physics. Engineers use it to get initial designs for nozzles, diffusers,
wind tunnels, and turbomachinery before layering in real-world corrections.

Adiabatic vs reversible processes
Isentropic flow requires both conditions simultaneously:

• Adiabatic: no heat transfer between the fluid and its surroundings

• Reversible: no entropy generation within the fluid itself (no friction, no mixing, no shocks)

A common misconception: adiabatic does not automatically mean isentropic. A flow can be adiabatic yet
still generate entropy internally through friction or shock waves. Reversible processes, on the other hand,
produce no entropy by definition. You need both properties together to guarantee constant entropy.

Isentropic = adiabatic + reversible. Remove either condition and entropy can change.

Entropy in isentropic flow
Entropy quantifies the degree of irreversibility (or "disorder") in a thermodynamic process. In isentropic
flow, entropy is the same at every cross-section along the flow path. This constancy is what allows you to
link pressure, temperature, and density changes through simple algebraic ratios rather than differential
equations involving heat or friction terms.

Isentropic flow equations
The governing equations come from applying conservation of mass, momentum, and energy to a flow with
constant entropy. Because irreversibilities are absent, these equations simplify considerably compared to
their general compressible-flow forms.
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Continuity equation
Conservation of mass requires that the mass flow rate  stays constant along the flow:

where  is density,  is cross-sectional area, and  is velocity. Unlike incompressible flow (where  is
constant and you only track  and ), here all three quantities can change simultaneously. This coupling
between density and velocity is what makes compressible flow analysis more involved.

Momentum equation
The momentum equation (Euler's equation for inviscid flow) relates pressure and velocity changes along a
streamline. For steady, one-dimensional isentropic flow:

In integrated form between two stations:

Note the  factor on the dynamic pressure terms. This is the compressible analog of Bernoulli's equation,
though you can't treat  as constant when pulling it out of the integral. The equation is exact only along a
streamline in isentropic flow.

Energy equation
For adiabatic flow with no work interaction, the total (stagnation) enthalpy  is conserved:

where  is static enthalpy. This tells you that any increase in kinetic energy comes at the expense of
enthalpy (and therefore temperature for an ideal gas), and vice versa. For a calorically perfect gas,

, so this becomes a direct relationship between temperature and velocity.

Stagnation properties
Stagnation (or "total") properties are the values a fluid element would reach if it were brought to rest
isentropically. They're denoted with a subscript "0" and act as reference values that stay constant
throughout an isentropic flow. Knowing the stagnation state plus the local Mach number is enough to
determine every local flow property.

Stagnation temperature

This is the most fundamental stagnation relation because it comes directly from the energy equation. For
air ( ) at , the static temperature is only about 56% of the stagnation temperature. The fluid
cools significantly as it accelerates to supersonic speeds.

Stagnation pressure

Stagnation pressure remains constant only in isentropic flow. If a shock wave or friction is present, 
drops. That's why stagnation pressure loss is a direct measure of how "non-isentropic" a real flow is.
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Stagnation density

This follows from combining the pressure and temperature relations with the ideal gas law .

Stagnation enthalpy

For adiabatic flow (with or without friction), stagnation enthalpy is conserved. This is a broader result than
the other stagnation relations:  stays constant in any adiabatic flow of a perfect gas, but  stays
constant only if the flow is also reversible (i.e., isentropic).

Speed of sound
The speed of sound is the propagation speed of small pressure disturbances through a fluid. It sets the
dividing line between flow regimes and appears in nearly every compressible flow equation through the
Mach number.

Definition of speed of sound
For a general fluid:

For an ideal gas, this simplifies to two equivalent forms:

where  is the specific heat ratio,  is the specific gas constant, and  is the local static temperature.
Because  depends on temperature, the speed of sound decreases as a gas accelerates and cools in
isentropic flow.

Mach number

The Mach number is the single most important parameter in compressible flow. It tells you the ratio of flow
velocity  to the local speed of sound , and it determines which terms dominate the governing equations.

Sonic, subsonic, and supersonic flow
• Subsonic ( ): Flow velocity is below the local speed of sound. Pressure disturbances can travel
upstream, so downstream conditions influence the flow.

• Sonic ( ): Flow velocity equals the speed of sound. This condition can only occur at a
minimum-area cross-section (the throat).

• Supersonic ( ): Flow velocity exceeds the speed of sound. Information cannot travel upstream,
so the flow is unaware of downstream changes until a shock forms.

Area-velocity relation
The area-velocity relation connects changes in duct geometry to changes in flow speed for isentropic flow:
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This single equation explains why nozzles and diffusers behave so differently in subsonic vs. supersonic
regimes.

Effect of area change on velocity
The factor  flips sign at , which reverses the relationship between area and velocity:

Regime Area decreases Area increases

Subsonic ( ) Velocity increases Velocity decreases

Supersonic ( ) Velocity decreases Velocity increases

At , , meaning sonic conditions can only occur where the area is at a minimum. This
minimum-area location is called the throat.

Converging and diverging nozzles
To accelerate a flow from rest to supersonic speed, you need a converging-diverging (C-D) nozzle:

1. The converging section accelerates subsonic flow toward .

2. The throat is where  is reached (if conditions allow).

3. The diverging section further accelerates the now-supersonic flow to higher Mach numbers.

If the back pressure isn't low enough, the diverging section instead acts as a diffuser, decelerating the flow
back to subsonic. Whether the diverging section accelerates or decelerates depends entirely on the
pressure ratio across the nozzle.

Choking in isentropic flow
Choking occurs when the flow reaches  at the throat. Once choked:

• The mass flow rate is at its maximum for the given stagnation conditions and throat area.

• Lowering the back pressure further does not increase the mass flow rate.

• The mass flow rate depends only on upstream stagnation conditions and throat geometry.

The maximum mass flow rate through a choked nozzle is:

where  is the throat area. This equation is used constantly in propulsion and industrial gas flow design.

Isentropic flow tables
Isentropic flow tables give pre-computed values of property ratios as functions of Mach number, saving you
from repeatedly evaluating the stagnation relations by hand. They're built from the isentropic equations
assuming a calorically perfect gas (usually with  for air).

Mach number vs property ratios
A typical table lists  in one column and the following ratios in adjacent columns:
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•  (temperature ratio)

•  (pressure ratio)

•  (density ratio)

•  (area ratio relative to the throat)

Given stagnation conditions and a local Mach number, you can read off the local static properties directly.
The area ratio  is especially useful: for any given  greater than 1, there are two solutions (one
subsonic, one supersonic), and you pick the correct one based on the physical setup.

Critical pressure and temperature ratios
The critical ratios are the property values at the sonic condition ( , i.e., at the throat). For a calorically
perfect gas:

For air ( ):  and . These values set the minimum pressure ratio
needed to choke a nozzle. If the back pressure is above , the throat won't reach  and
the nozzle won't choke.

Isentropic flow applications

Nozzle design
Converging-diverging nozzles are designed using the area ratio relation. The process:

1. Specify the desired exit Mach number.

2. Use the isentropic area ratio  to determine the exit-to-throat area ratio.

3. Calculate exit pressure, temperature, and velocity from the stagnation relations.

4. Shape the nozzle contour to avoid flow separation and oblique shocks.

This approach is central to rocket engine nozzles, jet engine exhaust nozzles, and supersonic wind tunnel
test sections.

Wind tunnel testing
Supersonic wind tunnels use a converging-diverging nozzle between a high-pressure settling chamber and
the test section. The stagnation conditions in the settling chamber, combined with the nozzle area ratio, set
the Mach number in the test section. Isentropic relations let engineers calculate the test section conditions
precisely, which is essential for matching flight conditions during aerodynamic testing.

Compressible flow in pipes
For short ducts or passages where friction and heat transfer are small, isentropic relations give reasonable
estimates of pressure drop and velocity changes. This applies to intake ducts, short transfer lines, and
turbomachinery blade passages. For longer pipes where friction matters, you'd switch to Fanno flow
analysis, but the isentropic model still provides the starting framework.
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Limitations of isentropic flow

Shock waves
Shock waves are extremely thin regions where pressure, density, and temperature jump discontinuously.
They are inherently irreversible, producing a sudden increase in entropy. Isentropic relations are invalid
across a shock. When shocks are present, you need normal or oblique shock relations to connect
conditions on either side, and stagnation pressure drops across the shock.

Viscous effects
Real flows develop boundary layers along solid surfaces, where viscosity causes velocity gradients and
energy dissipation. These viscous effects generate entropy, violating the isentropic assumption. The
impact is most significant in regions of high shear, flow separation, or turbulent mixing. For external flows
over streamlined bodies, the inviscid core may still be approximately isentropic even though the boundary
layer is not.

Heat transfer
Any temperature difference between the fluid and its surroundings drives heat transfer, which violates the
adiabatic assumption. In high-temperature applications (combustion chambers, re-entry vehicles), heat
transfer can be substantial. When heat transfer dominates, Rayleigh flow analysis replaces the isentropic
model. When friction dominates instead, Fanno flow is the appropriate framework. Both of these account
for entropy changes that isentropic flow ignores.

6.4 Normal and oblique shock waves
Normal and oblique shock waves are fundamental phenomena in supersonic flow. They form when
supersonic flow hits an obstruction or changes direction, producing abrupt jumps in pressure, density, and
temperature. Understanding these shocks is essential for designing supersonic aircraft, engine inlets, and
wind tunnels.

Both shock types obey the same conservation laws and are described by the Rankine-Hugoniot relations.
The critical difference: normal shocks always slow the flow to subsonic speeds, while oblique shocks can
leave the downstream flow supersonic. This distinction drives much of supersonic aerodynamic design,
from inlet compression systems to thin airfoil analysis.

Characteristics of normal shock waves

Formation in supersonic flow
Normal shock waves form when supersonic flow (upstream Mach number ) encounters an
obstruction or a sudden change in flow conditions. You'll see them in supersonic wind tunnels, rocket
nozzle exits, and aircraft inlet systems. The shock itself is extremely thin, typically only a few molecular
mean free paths across, yet it produces dramatic changes in every flow property.

Discontinuous changes across the shock
Across a normal shock, flow properties change nearly instantaneously:

• Pressure, density, and temperature all increase sharply

• Velocity drops from supersonic to subsonic
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• These jumps happen over such a small distance that we treat them as mathematical discontinuities in
the flow field

The gas molecules simply cannot adjust gradually to the imposed conditions, so the flow "snaps" to a new
equilibrium state.

Increase in pressure, density, and temperature
The magnitude of these increases depends on two things: the upstream Mach number  and the specific
heat ratio  of the gas. Higher upstream Mach numbers produce stronger shocks with larger property
jumps. Physically, the kinetic energy of the supersonic flow is partially converted into thermal energy
(internal energy of the gas), which is why temperature rises so significantly.

Decrease in velocity to subsonic
The downstream Mach number after a normal shock is always less than 1. This is not optional; it's a direct
consequence of satisfying conservation of mass and momentum simultaneously. As  increases, 
decreases, but it never reaches zero. For very strong shocks ( ), the downstream Mach number
approaches a limiting value of , which is approximately 0.378 for air ( ).

Irreversible process and entropy rise
Normal shocks are inherently irreversible. Entropy increases across every normal shock, and this entropy
rise quantifies the loss of usable energy in the flow. You cannot "undo" a shock without adding energy from
an external source. This irreversibility is why stagnation pressure drops across a shock, and it's the reason
engineers work hard to minimize shock strength in supersonic devices.

Governing equations for normal shocks

Conservation of mass, momentum, and energy
The three governing equations for a normal shock, applied between stations 1 (upstream) and 2
(downstream), are:

• Mass: 

• Momentum: 

• Energy: 

Here  is density,  is velocity,  is static pressure, and  is specific enthalpy. These are the
one-dimensional, steady, adiabatic forms with no body forces. Everything about normal shock behavior
follows from solving these three equations simultaneously.

Rankine-Hugoniot relations
The Rankine-Hugoniot relations combine the conservation equations to express downstream properties
purely in terms of  and :

• Pressure ratio: 

• Density ratio: 
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These are the key working relations. Notice that the density ratio has an upper bound: as ,
, which equals 6 for air. Pressure, by contrast, grows without bound.

Mach number relations
The downstream Mach number is related to the upstream Mach number by:

You can verify that plugging in  gives  (infinitely weak shock, no change). For any ,
you get . As ,  approaches .

Stagnation pressure ratio vs Mach number
Stagnation (total) pressure always decreases across a normal shock, reflecting the entropy rise. The ratio
is:

At , this ratio equals 1 (no loss). It drops rapidly as  increases. For example, at  in air,
, meaning 28% of the stagnation pressure is lost. This is exactly why supersonic inlets use

oblique shocks first: they produce smaller losses per unit of flow turning.

Oblique shock waves

Formation by flow deflection
Oblique shock waves form when supersonic flow is deflected by a sharp corner, wedge, or compression
ramp. The flow turns through a deflection angle , and the shock sits at a wave angle  measured from the
upstream flow direction. Unlike normal shocks, oblique shocks are the more common type encountered in
practice because most real surfaces deflect the flow gradually rather than stopping it head-on.

Oblique vs normal shock waves
The key differences are:

• An oblique shock sits at an angle  to the flow; a normal shock is perpendicular ( )

• Downstream flow after an oblique shock can remain supersonic; after a normal shock it's always
subsonic

• Property changes across an oblique shock are less severe for the same upstream Mach number

A normal shock is actually a special case of an oblique shock where  and . Both satisfy the
same conservation equations; the only difference is that for oblique shocks, you use the normal component
of velocity ( ) in those equations.

Shock angle and deflection angle
The relationship between , , and  is given by the - -  relation:
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For a given  and , this equation yields two solutions for , corresponding to the weak and strong
shock cases. The shock angle increases with both increasing deflection angle and increasing upstream
Mach number. There is also a maximum deflection angle  for each ; beyond it, no attached oblique
shock solution exists and a detached bow shock forms instead.

Weak vs strong shock solutions
For each combination of  and  (below ), two oblique shock solutions exist:

• Weak shock: smaller , lower pressure ratio, downstream flow usually remains supersonic ( )

• Strong shock: larger , higher pressure ratio, downstream flow is subsonic ( )

In nearly all practical situations, the weak shock solution is the one that occurs. Strong shocks require
special downstream boundary conditions (like high back pressure) to be realized. When solving problems,
assume the weak solution unless told otherwise.

Oblique shock properties

Downstream Mach number and pressure
The trick to computing oblique shock properties is recognizing that only the velocity component normal to
the shock undergoes the jump. You apply the normal shock relations using  as the
"effective" upstream Mach number.

The downstream Mach number satisfies:

The pressure ratio is:

Pressure, density, and temperature ratios
All property ratios across an oblique shock depend on , not  alone:

• Pressure ratio: 

• Density ratio: 

• Temperature ratio: 

All three ratios increase with increasing shock angle and upstream Mach number. At , these
reduce exactly to the normal shock relations.

Supersonic flow downstream of the shock
For weak oblique shocks, the downstream Mach number . This is the crucial advantage over
normal shocks: the flow stays supersonic, so you can place additional oblique shocks in series. Supersonic
inlet designs exploit this by using a sequence of oblique shocks to compress the flow incrementally, with
much less total pressure loss than a single normal shock would produce. The downstream flow direction is
deflected by angle  relative to the upstream direction.
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Mach angle and Mach cone
The Mach angle  is the angle of the weakest possible disturbance (a Mach wave) in supersonic flow:

A Mach wave is the limiting case of an oblique shock as  and the shock strength approaches zero. In
three dimensions, Mach waves from a point source form a Mach cone with half-angle . Any oblique shock
must have a wave angle  greater than the Mach angle  of the upstream flow, meaning the shock always
lies inside the Mach cone.

Oblique shock applications

Supersonic thin airfoil theory
Supersonic thin airfoil theory treats the disturbances caused by a thin, sharp-edged airfoil as small
perturbations. The upper and lower surfaces each produce weak oblique shocks or expansion fans
depending on the local surface angle. Using linearized oblique shock and expansion relations, you can
calculate the pressure distribution and, from that, the lift and drag coefficients. This theory predicts that
supersonic airfoils produce wave drag even in inviscid flow, unlike subsonic airfoils.

Supersonic inlet design
A well-designed supersonic inlet decelerates the incoming airflow to subsonic speeds before it reaches the
engine compressor, while recovering as much stagnation pressure as possible. The typical approach:

1. Use one or more oblique shocks (via ramps or cones) to gradually slow and compress the flow

2. Terminate with a weaker normal shock to bring the flow subsonic

3. Use a subsonic diffuser to further decelerate the flow to the engine face

Each oblique shock produces a smaller stagnation pressure loss than a single normal shock at the same
freestream Mach number. The more oblique shocks you use, the better the pressure recovery, but the inlet
geometry becomes more complex.

Shock-expansion theory
Shock-expansion theory handles supersonic flow over airfoils with finite thickness and sharp corners more
accurately than linearized thin airfoil theory. The method works as follows:

1. At the leading edge, an oblique shock forms (compression)

2. At convex corners, the flow undergoes a Prandtl-Meyer expansion (isentropic turning)

3. You apply the oblique shock relations and Prandtl-Meyer function sequentially around the body to
find pressure on each surface segment

4. Integrate the pressure distribution to get lift and drag

Because the expansion fans are isentropic (no entropy increase), only the shocks contribute to wave drag.

Shock-boundary layer interaction
When an oblique shock impinges on a viscous boundary layer, the sudden adverse pressure gradient can
cause significant problems:
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• Boundary layer thickening as the flow decelerates

• Separation bubbles where the flow detaches from the surface and reattaches downstream

• Increased heat transfer in the reattachment region

• Unsteady oscillations of the shock and separation point

These interactions are particularly important in supersonic inlet design, where shock-induced separation
can cause engine unstart, and on control surfaces, where separation degrades effectiveness. Managing
these interactions often involves boundary layer bleed, vortex generators, or careful geometric shaping.

Detached and bow shocks

Blunt body shock formation
When a supersonic flow encounters a blunt body (like a spherical nose cone or rounded leading edge), the
required deflection angle exceeds  for the given Mach number. No attached oblique shock can satisfy
the - -  relation, so instead a detached bow shock forms ahead of the body. This curved shock is nearly
normal to the flow along the centerline and becomes progressively more oblique toward the periphery.

Subsonic region behind the bow shock
Because the bow shock is nearly normal at the centerline, the flow directly behind it is subsonic. This
subsonic region, called the shock layer, has high pressure, density, and temperature. Moving away from
the centerline, the shock becomes more oblique, and the post-shock flow transitions back to supersonic.
The thickness of the subsonic shock layer depends on the body geometry and freestream Mach number:
higher Mach numbers produce a thinner shock layer that wraps more tightly around the body.

Shock standoff distance
The shock standoff distance  is the gap between the bow shock and the body surface along the
centerline. It depends on:

• Body geometry: blunter bodies produce larger standoff distances

• Freestream Mach number: higher  reduces the standoff distance

• Specific heat ratio : lower  (as in high-temperature dissociating flows) increases standoff distance

For simple geometries like spheres, empirical correlations exist, but complex shapes typically require
numerical (CFD) solutions. A larger standoff distance means a thicker shock layer and generally higher
drag.

Entropy layer and flow separation
The bow shock has varying strength across its span: strongest (normal) at the centerline, weakest
(oblique) at the edges. This means each streamline passing through the shock experiences a different
entropy rise. The result is an entropy layer near the body surface where streamlines that crossed the
strongest part of the shock carry high entropy (low stagnation pressure, high temperature).

This entropy gradient, combined with the adverse pressure gradient on the body's aft portion, can trigger
flow separation and recirculation. Controlling this separation is critical in the design of reentry vehicles,
blunt atmospheric probes, and supersonic parachutes, where both aerodynamic heating and drag
characteristics depend strongly on the shock layer structure.
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6.5 Prandtl-Meyer expansion waves

Prandtl-Meyer Expansion Waves
Prandtl-Meyer expansion waves describe how supersonic flow behaves when it turns around a convex
corner. The flow expands, accelerates, and drops in pressure, density, and temperature. This is one of the
core building blocks for analyzing and designing anything that operates at supersonic speeds: nozzles,
airfoils, intakes, and more.

The central tool here is the Prandtl-Meyer function, which connects a flow's Mach number to its turning
angle. Once you understand how this function works, you can predict the downstream conditions after an
expansion with just a few steps of calculation.

Definition of Expansion Waves
An expansion wave is a fan of Mach waves that spreads out from a convex corner in supersonic flow.
Unlike oblique shock waves (which compress the flow and increase entropy), expansion waves do the
opposite: they decrease pressure, density, and temperature while increasing velocity and Mach number.

The expansion process is isentropic. That means no heat is added or removed, and entropy stays
constant. Total (stagnation) pressure and total temperature are preserved across the wave. This is a major
difference from shocks, where total pressure always drops.

Assumptions in Prandtl-Meyer Theory
The classical Prandtl-Meyer analysis rests on several simplifying assumptions:

• The flow is steady, inviscid (no viscosity), and adiabatic (no heat transfer)

• The gas is ideal and calorically perfect, meaning constant specific heats (constant )

• Effects of boundary layers, shock waves, and flow separation are neglected

These assumptions work well for the core of the flow away from walls. In real applications, boundary layer
effects near surfaces can modify the picture, but the inviscid Prandtl-Meyer solution remains the starting
point for design.

The Prandtl-Meyer Function
The Prandtl-Meyer function  gives the total turning angle a flow has undergone in expanding from
Mach 1 to Mach number . It is defined as:

where  is the ratio of specific heats and  is the Mach number. At , . As , 
approaches a finite maximum value:

For air ( ), this maximum is about 130.45°. That's the theoretical upper limit on how much a
supersonic flow can turn through expansion.
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Relating Mach Number to Flow Deflection
When supersonic flow at Mach number  turns through a convex corner of angle , the downstream
Mach number  is found by:

Here's the step-by-step process:

1. Look up (or calculate)  for the upstream Mach number

2. Add the wall deflection angle  to get 

3. Invert the Prandtl-Meyer function to find  (use tables, charts, or a numerical solver since the
function can't be inverted analytically)

4. With  known, use isentropic relations to find downstream pressure, temperature, and density
ratios

Because the process is isentropic, the stagnation properties don't change. You can write the static property
ratios purely in terms of  and :

The same pattern applies for temperature and density using the standard isentropic relations.

Expansion Wave Geometry
Expansion waves originate at the corner where the wall turns. Each individual Mach wave in the fan is
inclined at the local Mach angle:

The first Mach wave sits at angle  relative to the upstream flow direction. The last Mach
wave sits at  relative to the downstream flow direction. Since , the downstream
Mach angle is smaller, and the fan spreads out.

Between these two bounding waves, the flow properties change continuously and smoothly. Outside the
fan, the flow is uniform and unaffected.

Centered Expansion Waves
When the wall has a sharp corner (an abrupt change in direction), all the Mach waves originate from a
single point. This produces a centered expansion fan with a radial, fan-like structure.

• Flow properties (pressure, density, temperature, velocity direction) vary continuously from the first
wave to the last

• The solution depends only on the angular position within the fan, not on distance from the corner

• This is the classic textbook case and the one the Prandtl-Meyer function directly solves

If the wall curves gradually instead of turning sharply, the expansion waves are distributed along the
surface rather than emanating from one point. The same physics applies, but the waves don't all originate
from the same location.
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Weak vs. Strong Expansion Waves
The terms "weak" and "strong" here refer to the size of the deflection angle :

• Weak expansions involve small . The change in flow properties is gradual, and each Mach wave
produces only a tiny perturbation. Linear (small-disturbance) theory can approximate these well.

• Strong expansions involve large . The Mach number increase is substantial, and the full nonlinear
Prandtl-Meyer function is needed.

For very large turning angles, the static temperature and pressure can drop dramatically. If the required
 exceeds , the flow cannot turn that far through expansion alone, and the analysis breaks down

(physically, a vacuum region would form).

Supersonic Flow over Convex Corners
This is the most direct application of the theory. When supersonic flow hits a convex corner (the wall turns
away from the flow), an expansion fan forms at the corner. The result:

• Mach number increases

• Static pressure, density, and temperature all decrease

• The flow direction changes to follow the new wall angle

• Total pressure and total temperature are unchanged (isentropic process)

On a supersonic airfoil, the upper and lower surfaces typically have regions where the wall curves away
from the flow. Each of these regions generates expansion waves that must be accounted for in the overall
pressure distribution and force calculation.

Prandtl-Meyer Expansion in Nozzles
In a converging-diverging (de Laval) nozzle, the diverging section accelerates the flow beyond Mach 1.
You can think of the diverging wall as a series of small convex turns, each producing a small expansion.

• The nozzle contour is designed so these expansions combine to produce a uniform, parallel flow at
the desired exit Mach number

• The method of characteristics is the standard technique for designing the nozzle wall shape. It traces
Mach waves (characteristic lines) through the flow to ensure waves cancel properly and the exit flow is
uniform

• A poorly designed contour can leave residual waves in the exit flow, degrading performance

Rocket nozzles are a prime example: the bell-shaped contour of a rocket nozzle is essentially a
Prandtl-Meyer expansion surface optimized for maximum thrust at the design altitude.

Method of Characteristics and Compressible Flow Analysis
The method of characteristics is closely tied to Prandtl-Meyer theory. It exploits the fact that in steady,
supersonic, 2D flow, information propagates along characteristic lines (Mach waves).

The approach works as follows:

1. Identify the characteristic directions at each point (the left-running and right-running Mach waves)



Fiveable archived study guides Page 169

2. Along each characteristic, a specific combination of flow angle and Prandtl-Meyer function is
constant (these are the Riemann invariants)

3. By tracing a network of characteristics through the flow, you can solve for the Mach number and flow
direction everywhere

For a simple expansion fan, this reduces to the straightforward  relation. For more
complex geometries with multiple waves interacting, the full characteristic network is needed.

Prandtl-Meyer Function Tables and Charts
Since  can't be inverted in closed form, tables and charts are standard tools. A typical table lists ,

, and  for a given .

For example, with :

 (degrees)  (degrees)

1.0 0.00 90.00

1.5 11.91 41.81

2.0 26.38 30.00

2.5 39.12 23.58

3.0 49.76 19.47

These tables let you solve expansion problems quickly without evaluating the function each time. Most
compressible flow textbooks include extensive tables, and many online calculators are available for quick
lookups.

Applications of Prandtl-Meyer Expansions
• Supersonic airfoil design: The pressure distribution on a supersonic wing is determined by a
combination of oblique shocks (compression) and Prandtl-Meyer expansions. Shaping the airfoil
surfaces controls where each occurs, directly affecting lift and wave drag.

• Rocket nozzles: The diverging section is designed using Prandtl-Meyer expansion theory (via the
method of characteristics) to produce the target exit Mach number and uniform exit flow.

• Supersonic wind tunnels: The test section Mach number is set by expansion in the nozzle upstream.
Prandtl-Meyer theory guides the nozzle design to ensure clean, uniform flow over test models.

• Supersonic inlets and diffusers: Understanding expansion waves is necessary for designing inlets that
efficiently decelerate supersonic flow into an engine, often in combination with oblique shocks.
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Unit 7 – Turbulence
7.1 Characteristics of turbulent flows

Turbulent vs Laminar Flow
Turbulent and laminar flows are the two main flow regimes in fluid dynamics. In laminar flow, fluid moves in
smooth, parallel layers with no mixing between them. In turbulent flow, the motion becomes chaotic and
irregular, with strong mixing across the flow. The transition between these regimes depends on fluid
velocity, viscosity, and the geometry of the flow domain.

Understanding which regime you're dealing with matters enormously: turbulent flows produce more friction,
more mixing, and more energy loss than laminar flows. Nearly every engineering system involving fluid
motion, from pipe networks to jet engines, requires you to account for turbulence.

Characteristics of Turbulent Flows

Highly Irregular Velocity Fluctuations
The defining feature of turbulent flow is rapid, seemingly random fluctuations in velocity. These fluctuations
happen in all three spatial dimensions and change with time. They're superimposed on top of the mean
flow velocity, creating a complex, chaotic velocity field.

This is what separates turbulence from laminar flow at a fundamental level. In laminar flow, the velocity
profile is smooth and predictable. In turbulent flow, if you placed a sensor at a fixed point, you'd see the
velocity jumping around erratically even though the average flow remains steady.

Chaotic and Random Motion
Fluid particles in turbulent flow follow chaotic trajectories. The motion is highly sensitive to initial conditions:
a tiny perturbation can cause two nearby particles to end up in completely different locations a short time
later. This sensitivity makes it essentially impossible to predict the exact path of any individual particle.

Because of this unpredictability, turbulence is described using statistical tools rather than deterministic
equations. Probability density functions, correlation functions, and spectral analysis are the standard ways
to characterize what's happening in a turbulent flow.

Enhanced Mixing and Diffusion
Turbulent flows mix momentum, heat, and mass far more effectively than laminar flows. The chaotic motion
of fluid particles carries material across the flow domain much faster than molecular diffusion alone could
manage.

This enhanced mixing is why turbulence matters so much in practice. Combustion engines need
turbulence to mix fuel and air quickly. Chemical reactors rely on it to bring reactants into contact. Heat
exchangers use it to boost thermal transport. In each case, the turbulent mixing rates can be orders of
magnitude higher than what you'd get from molecular diffusion in a laminar flow.
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Increased Friction and Energy Dissipation
Turbulent flows generate higher friction and dissipate more energy than laminar flows. The irregular
velocity fluctuations create additional shear stresses (called Reynolds stresses) beyond the viscous
stresses present in laminar flow. This leads to higher pressure drops and energy losses in pipes, channels,
and around bodies.

The energy dissipation follows a specific pathway: kinetic energy transfers from large-scale motions down
to progressively smaller scales through what's called the energy cascade. At the smallest scales, viscosity
converts that kinetic energy into heat. This cascade process is central to how turbulence works and will
come up repeatedly.

Transition from Laminar to Turbulent

Critical Reynolds Number
The transition between laminar and turbulent flow is governed by the Reynolds number ( ), a
dimensionless ratio of inertial forces to viscous forces:

where  is fluid density,  is a characteristic velocity,  is a characteristic length, and  is dynamic
viscosity.

Each flow geometry has a critical Reynolds number ( ) above which the flow transitions to turbulence.
For internal pipe flow, . For flow over a flat plate, transition typically occurs around

. These values aren't absolute thresholds; they depend on the level of disturbances present
in the flow.

Factors Affecting Transition
Several factors push a flow toward turbulence or help it stay laminar:

• Increasing velocity or decreasing viscosity raises , promoting transition

• Surface roughness introduces disturbances that can trigger turbulence at lower  than a smooth
surface would

• Freestream disturbances such as vibrations, acoustic noise, or upstream obstacles can trip the flow
into turbulence earlier

• Adverse pressure gradients (pressure increasing in the flow direction) destabilize the boundary layer
and accelerate transition

• Flow curvature can either stabilize or destabilize the flow depending on the geometry

Controlling these factors is how engineers manipulate the transition point in applications like aircraft wing
design or drag reduction.
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Turbulent Boundary Layers

Velocity Profile in Turbulent Flows
The mean velocity profile in a turbulent boundary layer looks quite different from a laminar one. Near the
wall, the velocity gradient is much steeper, meaning the fluid accelerates from zero (at the wall, due to the
no-slip condition) to near-freestream values over a shorter distance. Further from the wall, the profile is
more uniform because turbulent mixing redistributes momentum effectively.

The logarithmic law of the wall describes the mean velocity in the overlap region of the boundary layer:

where  is the non-dimensionalized velocity,  is the non-dimensionalized wall distance,  is
the von Kármán constant, and  for smooth walls.

Turbulent Boundary Layer Structure
A turbulent boundary layer has distinct regions, each with different physics:

• Viscous sublayer ( ): Viscous stresses dominate. The velocity profile is nearly linear (
).

• Buffer layer ( ): A transition zone where both viscous and turbulent stresses are
significant. This is where turbulence production peaks.

• Log-law region ( ): The overlap region where the logarithmic velocity profile holds.
Turbulent stresses dominate.

• Wake region (outer layer): The outermost part of the boundary layer, where the velocity approaches
the freestream value. The profile deviates from the log law and is described by Coles' wake function.

Boundary Layer Separation in Turbulence
Boundary layer separation occurs when the flow detaches from a surface, typically due to an adverse
pressure gradient. Turbulent boundary layers resist separation much better than laminar ones. The reason
is straightforward: turbulent mixing brings high-momentum fluid from the outer region down toward the wall,
giving the near-wall fluid enough energy to push against the rising pressure.

This is why a golf ball has dimples. The dimples trip the boundary layer into turbulence, which delays
separation and reduces the size of the wake behind the ball, cutting drag significantly. The same principle
applies in flow control techniques like vortex generators on aircraft wings, which energize the boundary
layer to prevent or delay separation.

Turbulence Scales and Energy Cascade

Energy-Containing Eddies
Turbulent flows contain eddies spanning a huge range of sizes. The largest eddies, called
energy-containing eddies, hold most of the turbulent kinetic energy. Their size is characterized by the
integral length scale ( ), which is typically comparable to the dimensions of the flow domain (pipe diameter,
boundary layer thickness, etc.).

These large eddies extract energy from the mean flow through a process called vortex stretching. They're
anisotropic, meaning their shape and orientation depend on the geometry and boundary conditions of the
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specific flow.

Inertial Subrange and Kolmogorov Scale
Between the largest and smallest eddies lies the inertial subrange, where energy transfers from larger
eddies to smaller ones without significant viscous dissipation. In this range, the energy spectrum follows
Kolmogorov's five-thirds law:

where  is the energy spectrum,  is the dissipation rate, and  is the wavenumber. This is one of the
most well-established results in turbulence theory.

At the bottom of the cascade sit the smallest eddies, characterized by the Kolmogorov length scale:

where  is the kinematic viscosity and  is the dissipation rate. These are the scales at which viscosity
finally acts to convert kinetic energy into heat.

Energy Dissipation at Small Scales
The energy cascade is a one-way street: energy flows from large scales to small scales, never the reverse
(in the mean). At the Kolmogorov scales, the velocity gradients are steep enough for viscosity to dissipate
the kinetic energy as heat.

A key result is that the dissipation rate  is set by the large scales, not the small ones. The large eddies
determine how much energy enters the cascade; the small eddies simply dissipate whatever arrives. In
equilibrium turbulence, the production rate of turbulent kinetic energy equals the dissipation rate, which is a
common assumption in many turbulence models.

The ratio of the largest to smallest scales grows with Reynolds number: . This is why
high-Reynolds-number turbulence is so computationally expensive to simulate directly.

Statistical Description of Turbulence

Turbulent Velocity Fluctuations
Since turbulence is inherently random, it's described statistically. The standard approach is Reynolds
decomposition, which splits any instantaneous quantity into a time-averaged (mean) component and a
fluctuating component:

where  is the mean velocity and  is the fluctuation. By definition, the time average of the fluctuation is
zero: . But the average of  is not zero, and this quantity relates directly to the turbulent kinetic
energy.

The root-mean-square (RMS) velocity  quantifies the typical magnitude of the fluctuations.

Probability Density Functions
Probability density functions (PDFs) describe the statistical distribution of velocity fluctuations at a point.
For many turbulent flows, the single-point velocity PDF is approximately Gaussian (normal distribution), but
deviations from Gaussian behavior reveal important physics.
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• Intermittency shows up as heavy tails in the PDF, meaning extreme fluctuations occur more often than
a Gaussian distribution would predict.

• Skewness of the PDF indicates asymmetry in the fluctuations, which can signal preferred directions of
momentum transport.

• Joint PDFs describe correlations between different velocity components or between velocity and other
quantities like temperature or concentration.

Turbulence Intensity and Length Scales
Turbulence intensity ( ) measures how strong the fluctuations are relative to the mean flow:

Typical values range from about 1% in a clean wind tunnel to 10-20% in atmospheric flows. Higher
turbulence intensity means stronger fluctuations relative to the mean.

Turbulent length scales characterize the size of eddies at different points in the cascade:

• Integral length scale ( ): Size of the largest, energy-containing eddies. Determined from the
autocorrelation of velocity fluctuations.

• Taylor microscale ( ): An intermediate scale related to the mean strain rate of the turbulence. It's not a
dissipation scale, but it's useful for estimating the Reynolds number of the turbulence itself ( ).

• Kolmogorov microscale ( ): The smallest scale, where dissipation occurs.

Turbulent Flow Modeling Approaches

Direct Numerical Simulation (DNS)
Direct Numerical Simulation resolves every scale of turbulence by solving the Navier-Stokes equations on
a grid fine enough to capture the Kolmogorov scales, with time steps small enough to resolve the fastest
fluctuations. No turbulence model is needed.

The cost is enormous. The number of grid points scales as  in three dimensions, which limits DNS to
relatively low Reynolds numbers (typically  to ). DNS is primarily a research tool used to
study turbulence physics and to generate benchmark data for validating other models.

Large Eddy Simulation (LES)
Large Eddy Simulation directly resolves the large, energy-containing eddies and models only the
small-scale eddies using a subgrid-scale (SGS) model. The Navier-Stokes equations are spatially filtered
to remove scales below the grid resolution.

LES captures the unsteady, three-dimensional structure of turbulence much better than RANS models,
making it more accurate for flows with separation, strong curvature, or other complex features. The
computational cost is significantly less than DNS but still substantial, especially near walls where the
turbulent scales become very small.

Reynolds-Averaged Navier-Stokes (RANS) Models
RANS models solve the time-averaged Navier-Stokes equations and model all turbulent fluctuations using
closure models. This makes them by far the cheapest approach computationally, and they're the
workhorse of industrial CFD.
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The averaging process introduces unknown terms called Reynolds stresses ( ), which must be
modeled. The most common approaches are:

• -  model: Solves transport equations for turbulent kinetic energy ( ) and its dissipation rate ( ).
Good for free-shear flows; less accurate near walls without modifications.

• -  model: Solves for  and the specific dissipation rate ( ). Better near-wall behavior than standard
- .

• SST -  model: Blends -  near walls with -  in the freestream. Widely used for aerodynamic
flows.

RANS models work well for many attached, steady flows but struggle with massively separated flows,
strong streamline curvature, and unsteady phenomena.

Turbulence in Engineering Applications

Turbulent Flow in Pipes and Channels
Most pipe and channel flows in engineering operate in the turbulent regime. Water flowing through a typical
household pipe at moderate velocity already exceeds .

Turbulence increases friction losses, quantified by the Darcy-Weisbach equation:

where  is the friction factor,  is pipe length,  is diameter, and  is mean velocity. The friction factor
depends on  and relative wall roughness, and is commonly read from the Moody chart. Wall roughness,
flow obstructions, and changes in cross-section all influence the turbulent friction losses.

Turbulence in Aerodynamics and Wind Engineering
Turbulence has a major impact on aerodynamic performance. On aircraft wings, the state of the boundary
layer (laminar vs. turbulent) directly affects drag, and turbulent separation can lead to stall. Tripping the
boundary layer to turbulence is sometimes deliberately done to delay separation, trading a small increase
in skin friction for a large reduction in pressure drag.

Wind turbines operate in the highly turbulent atmospheric boundary layer, where turbulence intensity can
reach 15-20%. This turbulence affects both power output and fatigue loads on the blades. In wind
engineering for buildings and structures, turbulent fluctuations determine peak wind loads, and turbulent
dispersion governs how pollutants and heat spread in urban environments.

Turbulent Mixing in Combustion and Chemical Processes
Efficient combustion depends on rapid mixing of fuel and oxidizer, which turbulence provides. In gas
turbine combustors, for example, turbulent mixing controls flame stability, combustion efficiency, and
pollutant formation. Without turbulence, the mixing would rely on molecular diffusion alone, which is far too
slow for practical combustion rates.

In chemical reactors, turbulent mixing increases contact between reactants and catalyst surfaces, boosting
reaction rates and product yields. The design of these systems often centers on controlling the turbulence
level and mixing patterns to achieve the desired performance while avoiding problems like incomplete
mixing or hot spots.
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7.2 Reynolds-averaged Navier-Stokes equations

Reynolds decomposition
Reynolds decomposition is the starting point for deriving the RANS equations. The core idea is
straightforward: split every flow variable into its time-averaged (mean) part and the leftover fluctuation. This
separation lets you write governing equations for the mean flow alone, with turbulence effects appearing as
extra terms you then need to model.

Mean and fluctuating components
Any instantaneous flow variable (velocity, pressure, temperature, etc.) is written as the sum of a mean
component and a fluctuating component:

Here  is the time-averaged velocity and  is the instantaneous deviation from that average. By
definition, the time average of the fluctuation is zero: . This property is used repeatedly when
deriving the RANS equations.

Time averaging
The mean value is defined by averaging over a time interval  that is long compared to the turbulent
fluctuations but short compared to any slow unsteadiness in the mean flow:

A few key properties of the time-averaging operator that you'll use constantly:

•  (averaging an already-averaged quantity gives itself)

•  (mean of the fluctuation is zero)

•  (cross-terms between mean and fluctuation vanish)

•  in general (products of fluctuations do not average to zero)

That last point is exactly where the Reynolds stresses come from. Applying these averaging rules to the
Navier-Stokes equations produces the RANS equations.

RANS equations
The RANS equations govern the mean flow field. They look almost identical to the original Navier-Stokes
equations, except for one critical addition: the Reynolds stress term, which captures how turbulent
fluctuations transfer momentum.

Continuity equation for mean flow
For incompressible flow, time-averaging the continuity equation gives:

This has the same form as the original continuity equation. The mean flow satisfies mass conservation on
its own, with no extra turbulence terms.
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Momentum equation for mean flow
Time-averaging the momentum equation yields:

Every term here mirrors the standard Navier-Stokes equation except the last one. That final term, ,

is the divergence of the Reynolds stress tensor. It acts like an additional stress on the mean flow caused by
turbulent mixing.

Reynolds stress tensor
The Reynolds stress tensor is defined as:

It's a symmetric second-order tensor (so ), which means it has six independent components
in 3D. Physically, each component represents a rate of momentum transfer by turbulent fluctuations. The
diagonal components ( , , ) are normal stresses related to the turbulent kinetic energy, while the
off-diagonal components are turbulent shear stresses.

Closure problem
The RANS momentum equation introduced six new unknowns (the independent Reynolds stress
components), but no new equations came along with them. The system is now underdetermined. This is
the closure problem: you need a turbulence model to express the Reynolds stresses in terms of known
mean-flow quantities so the equations can actually be solved.

Turbulence modeling
Turbulence models provide the missing relationships needed to close the RANS equations. They range
from simple algebraic expressions to full transport equations for each Reynolds stress component. The
choice of model always involves a trade-off between accuracy and computational cost.

Boussinesq hypothesis
The Boussinesq hypothesis draws an analogy between turbulent and viscous stresses. Just as viscous
stresses are proportional to the strain rate through molecular viscosity, the Reynolds stresses are assumed
proportional to the mean strain rate through an eddy viscosity :

where  is the mean strain rate tensor,  is the turbulent kinetic energy, and  is
the Kronecker delta. The second term ensures the correct trace of the tensor (the normal stresses sum to

).

This hypothesis reduces the closure problem from modeling six stress components to modeling a single
scalar, . It works well for many shear-dominated flows but struggles when turbulence is strongly
anisotropic.

Eddy viscosity models
These models all use the Boussinesq hypothesis and differ in how they determine .
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Algebraic models
Also called zero-equation models, these compute  directly from local mean-flow quantities with no
additional transport equations. The mixing length model is the classic example: , where  is
a prescribed mixing length. The Baldwin-Lomax model is another common algebraic model used in
aerodynamics.

These are cheap to run but limited. You have to specify the length scale yourself, which makes them
unreliable for flows where the turbulence structure isn't known in advance.

One-equation models
These solve a single transport equation for a turbulence quantity, typically the turbulent kinetic energy  or
a modified viscosity. The Spalart-Allmaras model is the most widely used one-equation model; it solves a
transport equation directly for a variable related to  and was designed specifically for aerospace
applications.

One-equation models improve on algebraic models by letting turbulence quantities be transported by the
flow, but they still rely on an algebraically prescribed length scale.

Two-equation models
These are the workhorses of industrial CFD. By solving transport equations for two turbulence quantities,
they can determine both a turbulence velocity scale and a length scale, making them self-contained.

• -  model: Solves for turbulent kinetic energy  and its dissipation rate . Eddy viscosity: .
Robust and well-validated for free shear flows, but performs poorly near walls without modifications.

• -  model: Solves for  and the specific dissipation rate . Eddy viscosity: . Better near-wall
behavior than standard - , but sensitive to freestream values of .

• SST -  model (Menter): Blends -  near walls with -  in the freestream, combining the strengths
of both. This is one of the most popular choices for general-purpose engineering simulations.

Reynolds stress models
Reynolds stress models (RSMs) abandon the Boussinesq hypothesis entirely. Instead, they solve
individual transport equations for all six independent components of , plus an equation for  (or ).
That's seven extra PDEs compared to two for a -  model.

The payoff is that RSMs can capture anisotropic turbulence effects that eddy viscosity models miss, such
as stress-driven secondary flows in ducts or strong swirling flows. The cost is higher computational
expense and more difficulty achieving numerical convergence.

Large eddy simulation (LES)
LES takes a fundamentally different approach from RANS. Rather than averaging out all turbulence, it
directly resolves the large, energy-carrying eddies and only models the small-scale (subgrid-scale)
motions.

The Navier-Stokes equations are spatially filtered rather than time-averaged, producing filtered equations
with a subgrid-scale (SGS) stress term. SGS models like the Smagorinsky model or the dynamic
Smagorinsky model provide closure for these small-scale effects.



Fiveable archived study guides Page 179

LES produces time-resolved, three-dimensional flow fields and captures far more turbulence physics than
RANS. However, it requires much finer grids (especially near walls) and time-accurate simulations, making
it significantly more expensive. Note that LES is not strictly a RANS method; it's included here for
comparison since it represents an alternative closure strategy.

Boundary conditions
Boundary conditions in RANS simulations must specify not only the mean-flow variables but also the
turbulence quantities ( , , , or Reynolds stresses, depending on the model). The treatment of walls is
particularly important because turbulence behavior changes dramatically in the near-wall region.

Wall functions
Wall functions bridge the viscous sublayer without resolving it on the grid. They use the known logarithmic
velocity profile (the "law of the wall") to relate the wall shear stress to the velocity at the first grid point off
the wall.

• The first cell center is typically placed in the log-law region, around 

• This allows much coarser near-wall meshes, saving significant computational cost

• Wall functions work well for high-Reynolds-number flows with attached boundary layers

• They become unreliable when the log-law assumptions break down (e.g., separation, strong pressure
gradients, low-Re flows)

Near-wall resolution
The alternative to wall functions is resolving the viscous sublayer directly. This requires placing the first grid
point at  (often ) and using enough cells through the boundary layer to capture the viscous
sublayer, buffer layer, and log-law region.

• Provides more accurate wall shear stress and heat transfer predictions

• Necessary for flows with separation, strong pressure gradients, or low Reynolds numbers

• Requires turbulence models formulated to be valid all the way to the wall (e.g., -  or low-Re -
variants)

• Substantially increases mesh count and computational cost compared to wall functions

Numerical methods for RANS
Solving the RANS equations numerically involves discretizing the computational domain, approximating
the governing equations on that discrete domain, and iterating to a converged solution. For incompressible
flows, the coupling between pressure and velocity requires special algorithms.

Finite volume method
The finite volume method (FVM) is the dominant discretization approach in CFD for RANS. The procedure
is:

1. Divide the domain into non-overlapping control volumes (cells)

2. Integrate the RANS equations over each control volume

3. Convert volume integrals of divergence terms to surface integrals using the divergence theorem
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4. Approximate the fluxes at cell faces using interpolation schemes (upwind, central, blended, etc.)

5. Assemble the resulting algebraic equations for the unknowns at cell centers

A key advantage of FVM is that it guarantees conservation of mass, momentum, and energy both locally
(per cell) and globally, by construction.

Finite element method
The finite element method (FEM) divides the domain into elements (triangles, quadrilaterals, tetrahedra,
hexahedra) and approximates the solution as a weighted sum of basis functions defined on those
elements. A weighted residual (typically Galerkin) formulation produces the algebraic system.

FEM offers greater flexibility for complex geometries and naturally accommodates higher-order polynomial
approximations. It's more common in structural and multiphysics applications than in mainstream CFD,
though stabilized FEM formulations (like SUPG) are used for flow problems.

Pressure-velocity coupling
In incompressible RANS, there's no explicit equation for pressure. Pressure appears in the momentum
equations, and the continuity equation acts as a constraint on the velocity field. Special iterative algorithms
enforce this coupling:

• SIMPLE (Semi-Implicit Method for Pressure-Linked Equations): Solves the momentum equations with
a guessed pressure, derives a pressure correction from the continuity equation, and updates both
pressure and velocity. Repeats until convergence.

• PISO (Pressure-Implicit with Splitting of Operators): Similar to SIMPLE but includes additional
corrector steps within each time step, making it better suited for transient simulations.

• SIMPLEC and PIMPLE are common variants that improve convergence behavior.

Applications of RANS
RANS remains the most widely used turbulence modeling approach in engineering practice because it
provides reasonable accuracy at manageable computational cost for a broad range of flows.

Aerodynamics
RANS simulations are standard in aerospace design for predicting lift, drag, and moment coefficients on
airfoils, wings, and full aircraft configurations. The SST -  model is particularly popular here. Typical
applications include airfoil shape optimization, high-lift system design, and stability analysis. RANS handles
attached and mildly separated flows well, though massive separation (e.g., deep stall) pushes it beyond its
reliable range.

Turbomachinery
Compressors, turbines, and pumps all involve complex rotating flows where RANS is used to predict
pressure distributions, efficiency, and loss mechanisms. Blade shape optimization and stage matching rely
heavily on RANS-based CFD. The periodic geometry of blade rows makes RANS especially efficient here,
since you can often simulate a single blade passage.
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Combustion
Turbulent reacting flows in engines, gas turbine combustors, and furnaces are modeled by coupling RANS
with combustion models (flamelet models, eddy dissipation models, etc.). RANS predicts the turbulent
mixing field, which controls flame behavior, pollutant formation ( , soot), and combustion efficiency.

Environmental flows
Atmospheric boundary layers, pollutant dispersion in urban areas, river hydraulics, and wind farm siting all
use RANS simulations. These applications often involve complex terrain and thermal stratification, where
modified -  models with buoyancy terms are common.

Limitations and challenges

Assumption of isotropic turbulence
Eddy viscosity models assume that the Reynolds stress tensor is aligned with the mean strain rate tensor,
which implicitly treats turbulence as isotropic. This fails for flows with strong streamline curvature, rotation,
swirl, or secondary motions driven by Reynolds stress anisotropy. A classic example: eddy viscosity
models cannot predict turbulence-driven secondary flows in non-circular ducts because those flows are
entirely caused by anisotropy in the normal Reynolds stresses.

Accuracy vs. computational cost
The hierarchy from algebraic models through two-equation models, RSMs, and LES represents increasing
fidelity at increasing cost. For a typical industrial problem, a two-equation RANS simulation might take
hours on a workstation, while a wall-resolved LES of the same geometry could take weeks on a cluster.
Choosing the right level of modeling for a given application is one of the most important practical decisions
in CFD.

Modeling complex flows
Several flow phenomena remain genuinely difficult for RANS:

• Separation and reattachment: RANS tends to predict separation too late and reattachment too early,
especially with eddy viscosity models

• Laminar-turbulent transition: Standard RANS models assume fully turbulent flow. Transition models
(e.g., the -  model) exist but add complexity and are not universally reliable

• Unsteady flows: RANS is inherently a steady-state framework. Unsteady RANS (URANS) can capture
large-scale unsteadiness but misses broadband turbulent fluctuations

• Multiphase flows and fluid-structure interaction: Coupling RANS with additional physics introduces
further modeling assumptions and numerical challenges

Hybrid RANS-LES methods (such as Detached Eddy Simulation, DES) attempt to combine the efficiency
of RANS in attached boundary layers with the accuracy of LES in separated regions. These are
increasingly used for flows where pure RANS is insufficient but full LES is too expensive.

Experimental validation remains essential for building confidence in RANS predictions, particularly for flows
outside the calibration range of the turbulence model being used.
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7.3 Turbulence modeling
Turbulence modeling is crucial in fluid dynamics, helping engineers predict chaotic fluid behavior in various
applications. It bridges the gap between complex physics and practical engineering solutions, enabling
better designs in aerospace, automotive, and environmental fields.

Different approaches, from simple RANS models to complex DNS, offer varying levels of accuracy and
computational cost. Choosing the right model involves balancing precision with available resources,
making turbulence modeling both an art and a science in fluid dynamics.

Basics of turbulence
• Turbulence is a complex and chaotic state of fluid motion characterized by irregular fluctuations in
velocity, pressure, and other flow properties

• Understanding and modeling turbulence is crucial in various engineering applications, such as
aerodynamics, combustion, and heat transfer

• Turbulent flows exhibit enhanced mixing, increased drag, and dissipation of energy compared to
laminar flows

Characteristics of turbulent flows
• Turbulent flows are highly unsteady and irregular, with significant variations in velocity and pressure
over time and space

• They exhibit a wide range of length and time scales, from large eddies to small-scale turbulent
structures

• Turbulent flows are characterized by high Reynolds numbers, indicating the dominance of inertial
forces over viscous forces

• They exhibit enhanced mixing and transport of momentum, heat, and mass due to the chaotic motion
of fluid particles

Turbulence vs laminar flow
• Laminar flow is characterized by smooth, parallel layers of fluid with no mixing between layers

• Turbulent flow, on the other hand, exhibits chaotic and irregular motion with significant mixing between
layers

• The transition from laminar to turbulent flow occurs when the Reynolds number exceeds a critical
value, which depends on the geometry and flow conditions

• Turbulent flows are more common in practical engineering applications due to their prevalence at high
Reynolds numbers

Importance of turbulence modeling
• Accurate modeling of turbulence is essential for predicting flow behavior, heat transfer, and other
important phenomena in various engineering applications

• Turbulence modeling enables the design and optimization of devices such as aircraft wings,
turbomachinery, and heat exchangers
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• It helps in understanding and mitigating adverse effects of turbulence, such as increased drag, noise,
and vibrations

• Turbulence modeling is crucial for the development of more efficient and sustainable engineering
systems

Turbulence modeling approaches
• Various approaches have been developed to model turbulence, each with its own advantages and
limitations

• The choice of turbulence modeling approach depends on the desired accuracy, computational cost,
and the specific application

Direct numerical simulation (DNS)
• DNS involves solving the Navier-Stokes equations without any turbulence modeling assumptions

• It resolves all scales of turbulence, from the largest eddies to the smallest dissipative scales

• DNS requires extremely fine spatial and temporal resolution, making it computationally expensive and
limited to low Reynolds number flows

• DNS is mainly used for fundamental research and validation of turbulence models

Reynolds-averaged Navier-Stokes (RANS) models
• RANS models are based on the Reynolds decomposition, which separates the flow variables into
mean and fluctuating components

• The Navier-Stokes equations are averaged, resulting in additional terms called Reynolds stresses that
represent the effects of turbulence

• RANS models introduce closure assumptions to model the Reynolds stresses, such as the
Boussinesq hypothesis and eddy viscosity concept

• Examples of RANS models include zero-equation models (mixing length model), one-equation models
(Spalart-Allmaras), and two-equation models (k-epsilon, k-omega)

Large eddy simulation (LES)
• LES resolves the large-scale turbulent structures directly while modeling the smaller scales using
subgrid-scale (SGS) models

• The Navier-Stokes equations are filtered to separate the resolved and unresolved scales

• LES captures more flow details compared to RANS models but is computationally more expensive

• Examples of SGS models include the Smagorinsky model, dynamic Smagorinsky model, and
wall-adapting local eddy-viscosity (WALE) model

Hybrid RANS-LES models
• Hybrid models combine the advantages of RANS and LES approaches to achieve a balance between
accuracy and computational cost
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• They use RANS modeling in near-wall regions where turbulence is anisotropic and LES in the outer
regions where large-scale structures dominate

• Examples of hybrid models include detached eddy simulation (DES) and scale-adaptive simulation
(SAS)

• Hybrid models provide a compromise between the computational efficiency of RANS and the accuracy
of LES

RANS turbulence models
• RANS models are widely used in engineering applications due to their computational efficiency and
robustness

• They are based on the Reynolds-averaged Navier-Stokes equations and introduce closure
assumptions to model the Reynolds stresses

Boussinesq hypothesis
• The Boussinesq hypothesis assumes that the Reynolds stresses are proportional to the mean strain
rate tensor

• It introduces the concept of eddy viscosity, which relates the Reynolds stresses to the mean velocity
gradients

• The Boussinesq hypothesis is the foundation for many RANS turbulence models

Eddy viscosity concept
• Eddy viscosity represents the turbulent transport of momentum by eddies, analogous to molecular
viscosity

• It is not a physical property of the fluid but rather a modeling concept to account for the effects of
turbulence

• The eddy viscosity is typically modeled using algebraic expressions or transport equations

Zero-equation models
• Zero-equation models, such as the mixing length model, are the simplest RANS models

• They rely on algebraic expressions to estimate the eddy viscosity based on the local mean flow
properties

• Zero-equation models are computationally inexpensive but have limited accuracy and applicability

One-equation models
• One-equation models, such as the Spalart-Allmaras model, solve a transport equation for a turbulence
quantity related to the eddy viscosity

• The transport equation accounts for the production, dissipation, and transport of turbulence

• One-equation models provide improved accuracy compared to zero-equation models but still have
limitations in complex flows
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Two-equation models
• Two-equation models, such as k-epsilon and k-omega models, solve transport equations for two
turbulence quantities: turbulent kinetic energy (k) and dissipation rate (epsilon) or specific dissipation
rate (omega)

• These models provide a more complete description of turbulence by accounting for the production,
dissipation, and transport of turbulence quantities

• Two-equation models are widely used in engineering applications due to their robustness and
reasonable accuracy

k-epsilon model
• The k-epsilon model solves transport equations for the turbulent kinetic energy (k) and its dissipation
rate (epsilon)

• It is one of the most widely used RANS models due to its simplicity and good performance in many
flows

• The standard k-epsilon model has limitations in predicting flows with strong adverse pressure
gradients and separation

k-omega model
• The k-omega model solves transport equations for the turbulent kinetic energy (k) and the specific
dissipation rate (omega)

• It performs better than the k-epsilon model in near-wall regions and flows with adverse pressure
gradients

• The standard k-omega model is sensitive to freestream turbulence levels and may require careful
boundary condition treatment

SST k-omega model
• The shear stress transport (SST) k-omega model combines the advantages of the k-epsilon model in
the freestream and the k-omega model near the walls

• It uses a blending function to switch between the two models based on the distance from the wall

• The SST k-omega model provides improved predictions for flows with separation and adverse
pressure gradients

Reynolds stress models (RSM)
• Reynolds stress models solve transport equations for each component of the Reynolds stress tensor

• They account for the anisotropy of turbulence and can capture complex turbulence-driven secondary
flows

• RSMs are more computationally expensive than eddy viscosity models due to the additional transport
equations

• They require careful numerical treatment and may suffer from stability issues in some cases



Fiveable archived study guides Page 186

LES turbulence modeling
• Large eddy simulation (LES) resolves the large-scale turbulent structures directly while modeling the
smaller scales using subgrid-scale (SGS) models

• LES provides a more accurate representation of turbulence compared to RANS models but is
computationally more expensive

Filtering of Navier-Stokes equations
• In LES, the Navier-Stokes equations are filtered to separate the resolved scales from the unresolved
scales

• The filtering operation is typically performed in space using a low-pass filter

• The filtered equations govern the evolution of the resolved scales while the effects of the unresolved
scales are modeled by the SGS models

Subgrid-scale (SGS) models
• SGS models represent the effects of the unresolved small-scale turbulent structures on the resolved
scales

• They introduce a subgrid-scale stress tensor that accounts for the momentum transfer between the
resolved and unresolved scales

• SGS models are based on the eddy viscosity concept and assume that the subgrid-scale stresses are
proportional to the resolved strain rate tensor

Smagorinsky model
• The Smagorinsky model is a simple and widely used SGS model

• It expresses the subgrid-scale eddy viscosity as a function of the resolved strain rate tensor and a
model coefficient

• The model coefficient is often determined based on theoretical considerations or by dynamic
procedures

Dynamic Smagorinsky model
• The dynamic Smagorinsky model improves upon the standard Smagorinsky model by dynamically
computing the model coefficient based on the resolved flow field

• It uses a test filter to determine the local value of the model coefficient, adapting it to the local flow
conditions

• The dynamic procedure helps to overcome some of the limitations of the standard Smagorinsky
model, such as excessive dissipation in laminar regions

Wall-adapting local eddy-viscosity (WALE) model
• The WALE model is designed to improve the near-wall behavior of the SGS model

• It accounts for the correct scaling of the eddy viscosity near the walls and reproduces the proper
near-wall asymptotic behavior
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• The WALE model is less sensitive to the choice of model coefficients compared to the Smagorinsky
model and provides improved predictions in wall-bounded flows

Boundary conditions for turbulence
• Proper treatment of boundary conditions is crucial for accurate turbulence modeling, especially near
solid walls where turbulence is strongly influenced by the presence of the wall

Wall functions
• Wall functions are used to bridge the near-wall region, where turbulence is anisotropic and the grid
resolution is typically insufficient to resolve the viscous sublayer

• They provide algebraic expressions for the velocity and turbulence quantities near the wall based on
the law of the wall and the logarithmic law

• Wall functions allow for a coarser grid resolution near the walls, reducing the computational cost

Low-Reynolds-number models
• Low-Reynolds-number models are designed to resolve the near-wall region directly without the use of
wall functions

• They employ damping functions to modify the turbulence model equations and account for the viscous
effects near the wall

• Low-Reynolds-number models require a fine grid resolution near the walls to capture the steep
gradients in velocity and turbulence quantities

Near-wall resolution requirements
• The choice between wall functions and low-Reynolds-number models depends on the desired
accuracy and the available computational resources

• Wall functions are suitable for high-Reynolds-number flows where the near-wall region is not of
primary interest

• Low-Reynolds-number models are necessary for accurate predictions of wall-bounded flows, such as
boundary layers and flow separation

• The near-wall grid resolution should be chosen based on the turbulence model and the desired level
of accuracy

Turbulence model validation
• Validation of turbulence models is essential to assess their accuracy and reliability in predicting
turbulent flows

• Validation involves comparing the model predictions with experimental data or high-fidelity simulations

Benchmark test cases
• Benchmark test cases are well-documented experiments or simulations that provide detailed data for
turbulence model validation
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• Examples of benchmark cases include turbulent channel flow, backward-facing step flow, and flow
over a circular cylinder

• These cases cover a range of flow conditions and geometries to assess the performance of
turbulence models in different scenarios

Comparison with experimental data
• Experimental data, such as velocity profiles, turbulence statistics, and wall shear stress, are used to
validate turbulence models

• The model predictions are compared with the experimental data to evaluate the accuracy of the model

• Statistical measures, such as mean error and correlation coefficients, are used to quantify the
agreement between the model and the experiments

Sensitivity analysis of model parameters
• Turbulence models often involve empirical constants or model parameters that need to be calibrated

• Sensitivity analysis is performed to assess the influence of these parameters on the model predictions

• The sensitivity analysis helps to identify the key parameters and their optimal values for a given flow
configuration

• It also provides insights into the robustness and reliability of the turbulence model

Applications of turbulence modeling
• Turbulence modeling is widely used in various engineering fields to predict and analyze turbulent
flows

• Some of the key applications of turbulence modeling include:

Aerodynamics and aerospace engineering
• Turbulence modeling is essential for the design and optimization of aircraft wings, propulsion systems,
and other aerospace components

• It helps in predicting lift, drag, and heat transfer characteristics of aircraft and spacecraft

• Examples include the analysis of flow over airfoils, wings, and turbomachinery components

Automotive and transportation engineering
• Turbulence modeling is used in the development of vehicles, from cars to trains and ships

• It assists in optimizing the aerodynamic performance, reducing drag, and improving fuel efficiency

• Applications include the analysis of flow around vehicles, in engine combustion chambers, and in
cooling systems

Environmental and atmospheric flows
• Turbulence modeling is crucial for understanding and predicting environmental and atmospheric flows,
such as wind, ocean currents, and pollutant dispersion
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• It helps in the assessment of wind loads on structures, the design of wind turbines, and the study of
atmospheric boundary layers

• Turbulence modeling is also used in weather forecasting and climate modeling

Industrial and process engineering
• Turbulence modeling is applied in various industrial processes, such as mixing, heat transfer, and
chemical reactions

• It aids in the design and optimization of industrial equipment, such as heat exchangers, reactors, and
turbomachinery

• Examples include the analysis of flow in pipelines, mixing tanks, and combustion systems

Limitations and challenges
• Despite the significant progress in turbulence modeling, there are still limitations and challenges that
need to be addressed

Accuracy vs computational cost
• There is a trade-off between the accuracy of turbulence models and their computational cost

• Higher-fidelity models, such as DNS and LES, provide more accurate predictions but are
computationally expensive

• RANS models are computationally efficient but may not capture all the relevant turbulence
phenomena accurately

• Balancing accuracy and computational cost is a major challenge in turbulence modeling

Model selection and calibration
• Selecting the appropriate turbulence model for a given flow problem is not always straightforward

• Different models have their strengths and weaknesses, and their performance may vary depending on
the flow conditions and geometry

• Calibrating the model parameters to match experimental data or high-fidelity simulations can be
time-consuming and requires expertise

Complex geometry and flow conditions
• Turbulence modeling becomes more challenging in complex geometries and flow conditions, such as
flow separation, recirculation, and high-speed flows

• The presence of strong gradients, curvature, and rotational effects can strain the assumptions of
turbulence models

• Addressing these complexities often requires advanced modeling techniques, such as adaptive mesh
refinement and higher-order numerical schemes

Future developments in turbulence modeling
• There is an ongoing research effort to improve turbulence modeling techniques and address their
limitations
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• Some of the future developments include:

• Hybrid RANS-LES models that combine the strengths of both approaches

• Data-driven turbulence models that leverage machine learning techniques to improve predictions

• Adaptive turbulence models that automatically adjust to the local flow conditions

• High-fidelity simulations, such as DNS and LES, becoming more feasible with the advancements in
computational resources

• These developments aim to provide more accurate and reliable turbulence modeling tools for a wide
range of engineering applications

7.4 Kolmogorov's theory

Kolmogorov's theory of turbulence
Kolmogorov's theory provides a statistical framework for describing how energy moves through turbulent
flows, from the largest eddies down to the smallest ones where viscosity converts kinetic energy into heat.
Developed by Andrey Kolmogorov in 1941, it introduced the concept of the energy cascade along with
similarity hypotheses that predict universal behavior at small scales. The theory's most famous result is the
five-thirds law for the energy spectrum in the inertial subrange.

This section covers the energy cascade, the Kolmogorov microscales, the two similarity hypotheses, the
five-thirds law, and the theory's limitations.

Energy cascade in turbulent flows
Turbulent flows contain a hierarchy of eddies spanning a wide range of sizes. Energy enters the flow at the
largest scales, set by the geometry and boundary conditions (think of the diameter of a pipe or the
wingspan of an aircraft). These large eddies are unstable and break apart into smaller eddies, which
themselves break into still smaller ones.

This successive transfer of energy from large scales to small scales is the energy cascade. The key point:
during this transfer through intermediate scales, viscosity plays almost no role. Energy simply passes
through. Only at the very smallest scales do viscous forces become significant, and there the kinetic
energy is finally dissipated as heat.

Richardson's famous rhyme captures it well: "Big whirls have little whirls that feed on their velocity, and
little whirls have lesser whirls and so on to viscosity."

Kolmogorov length scale
The Kolmogorov length scale  is the size of the smallest eddies in a turbulent flow, the scale at which
viscous dissipation dominates. It's defined as:

where  is the kinematic viscosity and  is the mean energy dissipation rate per unit mass.

At scales near and below , the flow is smooth and the eddies are isotropic (statistically the same in all
directions). For a rough sense of magnitude: in atmospheric turbulence,  is on the order of 1 mm, while in
a laboratory water channel it might be around 0.1 mm.
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Kolmogorov time scale
The Kolmogorov time scale  represents the characteristic turnover time of the smallest eddies:

You can think of this as how long it takes the smallest eddy to "rotate" once before viscosity dissipates it. At
this scale, the local Reynolds number is of order unity, meaning inertial and viscous forces are in balance.

Kolmogorov velocity scale
The Kolmogorov velocity scale  is the characteristic velocity of the smallest eddies:

Notice that all three Kolmogorov microscales depend only on  and . This is not a coincidence; it follows
directly from the first similarity hypothesis.

Kolmogorov's first similarity hypothesis
Also called the local isotropy hypothesis, this states:

At sufficiently high Reynolds numbers, the statistical properties of small-scale turbulent motions are
isotropic and depend only on  and .

The large-scale flow might be highly anisotropic (e.g., a jet, a boundary layer, a wake), but by the time
energy cascades down to the small scales, all "memory" of the large-scale geometry is lost. The
small-scale statistics become universal, the same regardless of how the turbulence was generated.

This is why the Kolmogorov microscales are built from just two parameters. The large-scale details don't
matter at these scales.

Kolmogorov's second similarity hypothesis
This hypothesis focuses on the inertial subrange, the intermediate range of scales that are much smaller
than the energy-containing eddies but much larger than the dissipative eddies:

In the inertial subrange, the statistics of turbulent velocity increments depend only on  and the separation
distance  (not on ).

Viscosity is irrelevant here because these scales are still too large for viscous effects to matter. The only
parameter controlling the dynamics is the rate at which energy passes through: . This hypothesis leads
directly to the five-thirds law.

Kolmogorov's five-thirds law
The most celebrated result of the theory. In the inertial subrange, the energy spectrum follows:

where: -  is the energy spectral density at wavenumber  -  is the mean energy dissipation rate -
 is the Kolmogorov constant (determined experimentally) -  is the wavenumber (inversely

proportional to eddy size)

The  exponent can be derived from dimensional analysis. Since  in the inertial subrange can
depend only on  and  (by the second similarity hypothesis), the only dimensionally consistent
combination gives the  power law.
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This scaling has been confirmed across an enormous range of turbulent flows, from wind tunnels to the
atmosphere to the ocean.

Energy spectrum in the inertial subrange
The inertial subrange sits between the energy-containing range (large scales) and the dissipation range
(small scales). Its defining features:

• Energy is transferred through these scales at a roughly constant rate , with negligible dissipation

• The energy spectrum follows the  power law

• Neither the large-scale geometry nor the viscosity significantly affects the dynamics here

For the inertial subrange to exist, the Reynolds number must be high enough that there is a wide
separation between the largest and smallest scales. At low Reynolds numbers, the energy-containing and
dissipation ranges overlap, and no clear inertial subrange appears.

Dissipation range of energy spectrum
Below the Kolmogorov length scale (high wavenumbers beyond the inertial subrange), you enter the
dissipation range. Here:

• Viscous forces dominate and convert kinetic energy into heat

• The energy spectrum drops off much faster than , typically showing an exponential decay

• The exact shape of the spectrum in this range is not universal and depends on the specific flow

The transition from the inertial subrange to the dissipation range occurs around .

Universal equilibrium range
The universal equilibrium range encompasses both the inertial subrange and the dissipation range. Across
this entire range, the turbulence statistics are determined by just  and .

• In the inertial subrange (the upper portion), only  matters (viscosity is negligible)

• In the dissipation range (the lower portion), both  and  matter

The term "equilibrium" refers to the balance between the energy received from larger scales and the
energy either passed to smaller scales or dissipated. The term "universal" reflects the prediction that these
statistics are the same for all turbulent flows at sufficiently high Reynolds numbers.

Limitations of Kolmogorov's theory
Kolmogorov's 1941 theory (often called K41) rests on assumptions that don't always hold:

• Homogeneity and isotropy: Real turbulent flows are often inhomogeneous (e.g., near walls) and
anisotropic (e.g., in shear flows). The theory applies strictly only to the small scales, and even there,
local isotropy can fail at moderate Reynolds numbers.

• Intermittency: K41 assumes the energy dissipation rate  is uniform in space and constant in time. In
reality, dissipation is highly intermittent, concentrated in thin sheets and filaments. This causes
measurable deviations from the predicted scaling exponents, especially for higher-order statistics.

• High Reynolds number requirement: A clear inertial subrange only develops when the Reynolds
number is high enough to separate the large and small scales. Many practical flows don't meet this
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condition.

Intermittency in turbulent flows
Intermittency refers to the fact that intense turbulent activity is not spread evenly through the flow. Instead,
the energy dissipation rate fluctuates strongly in both space and time, with rare but extreme bursts of
activity.

This has concrete consequences:

• The probability distributions of velocity increments develop heavy tails (they're not Gaussian),
especially at small scales

• The scaling exponents for higher-order structure functions deviate from the K41 predictions. For
example, K41 predicts the -th order structure function scales as , but experiments show
systematic departures for 

• These deviations grow more pronounced at smaller scales and for higher-order statistics

Refined similarity hypotheses
Kolmogorov himself, along with Oboukhov, proposed corrections in 1962 (often called K62 or the refined
similarity hypotheses) to address intermittency:

1. Replace the global mean dissipation rate  with a locally averaged dissipation rate , averaged over
a region of size 

2. Assume that the statistics of velocity increments at scale , conditioned on , still follow the original
K41 scaling

3. Model the fluctuations of  as log-normal (Kolmogorov and Oboukhov's specific proposal) or using
other intermittency models (e.g., the multifractal model)

These refinements modify the scaling exponents and provide better agreement with experimental data,
particularly for higher-order statistics. However, the exact form of the intermittency corrections remains an
active area of research.

Experimental validation of Kolmogorov's theory
The five-thirds law is one of the most thoroughly tested predictions in fluid dynamics:

• Grid turbulence in wind tunnels produces nearly isotropic turbulence and shows clear  scaling in
the inertial subrange

• Atmospheric turbulence measurements (e.g., by Grant, Stewart, and Moilliet in tidal channels, 1962)
provided early and compelling confirmation over several decades of wavenumber

• Pipe and channel flows show the  spectrum at high Reynolds numbers, though the inertial
subrange is narrower

Where the theory falls short:

• Higher-order statistics (skewness, flatness of velocity derivatives) show clear departures from K41
predictions, consistent with intermittency

• The dissipation range spectrum varies between flows, confirming it is not universal
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• At moderate Reynolds numbers, the inertial subrange may be too narrow to observe clean 
scaling

Applications of Kolmogorov's theory
• Turbulence modeling: The energy cascade concept underpins subgrid-scale models in Large Eddy
Simulation (LES), where only the large eddies are resolved and the effect of smaller eddies is modeled.
It also informs closure models in Reynolds-Averaged Navier-Stokes (RANS) simulations, such as the -

 model.

• Turbulent mixing: Predicting how scalars (temperature, chemical species, pollutants) mix in turbulent
flows requires understanding the cascade and the scales at which molecular diffusion acts. This
matters for combustion, atmospheric dispersion, and ocean mixing.

• Aerodynamics and hydrodynamics: Estimating turbulent energy dissipation helps predict drag on
aircraft, wind turbines, and ship hulls. The Kolmogorov scales also guide mesh resolution requirements
in computational fluid dynamics.

• Atmospheric and oceanic science: The energy cascade framework extends to geophysical turbulence,
though with important modifications (e.g., the inverse energy cascade in 2D turbulence). These ideas
are central to weather prediction and climate modeling.

7.5 Turbulent boundary layers

Turbulent vs Laminar Flow
Turbulent boundary layers are the thin, chaotic fluid regions that develop near solid surfaces at high
speeds. They govern drag, heat transfer, and flow separation in nearly every engineering application, from
aircraft wings to pipeline systems.

Before diving into turbulent boundary layers specifically, it helps to distinguish the two flow regimes:

• Turbulent flow features chaotic, irregular motion with rapid mixing and fluctuations in velocity,
pressure, and temperature.

• Laminar flow features smooth, parallel layers of fluid with essentially no mixing between them.

The transition between these regimes depends on the Reynolds number. Low Reynolds numbers produce
laminar flow; high Reynolds numbers produce turbulent flow. For flow over a flat plate, the critical Reynolds
number is typically around , though surface roughness, freestream turbulence, and
pressure gradients can shift this value.

Boundary Layer Theory
The boundary layer is the thin region of fluid near a solid surface where viscous effects are significant. It
exists because of the no-slip condition: fluid velocity must equal zero at the surface. Moving away from the
wall, velocity increases until it reaches the freestream value .

Boundary Layer Thickness
Boundary layer thickness  is defined as the distance from the surface where the local velocity reaches
99% of the freestream value. A few key points:

•  increases with distance from the leading edge as more fluid is decelerated by viscous effects.

• Higher Reynolds numbers produce thinner boundary layers relative to the body length.
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• Adverse pressure gradients cause the boundary layer to thicken more rapidly, while favorable
gradients slow its growth.

• Surface roughness promotes earlier transition and can increase .

Boundary Layer Separation
Separation occurs when the boundary layer detaches from the surface. The mechanism works like this:

1. An adverse pressure gradient (pressure increasing in the flow direction) decelerates the near-wall
fluid.

2. The slowest fluid near the wall eventually stalls and reverses direction.

3. The reversed flow forces the boundary layer away from the surface, creating a separation bubble or
fully separated wake.

Separation increases pressure drag, reduces lift (on airfoils), and introduces flow instability. Engineers
delay or prevent it using flow control techniques like suction, blowing, or vortex generators.

Turbulent Boundary Layer Structure
A turbulent boundary layer is not uniformly chaotic. It has distinct regions, each with its own dominant
physics and scaling laws. The key organizing concept is wall units, defined using the friction velocity

, where  is the wall shear stress and  is the fluid density. Nondimensional wall-normal
distance and velocity are:

Inner vs Outer Region
• The inner region (close to the wall) is where viscous effects matter most. Velocity scales with wall
units ( , ).

• The outer region (farther from the wall) is dominated by large-scale turbulent eddies. Velocity scales
with the boundary layer thickness  and the velocity defect .

• An overlap region exists where both scaling laws hold simultaneously. This overlap is what gives rise
to the logarithmic velocity profile.

Viscous Sublayer
This is the thinnest layer, right at the wall, where viscous shear stress overwhelms turbulent stresses. The
velocity profile is linear:

It extends from the wall to approximately . Despite being extremely thin (often fractions of a
millimeter), this layer controls the wall shear stress and heat transfer rate.

Buffer Layer
The buffer layer is the transition zone between viscous-dominated and turbulence-dominated behavior. It
spans roughly  to . The velocity profile here doesn't follow either the linear law or the
logarithmic law cleanly. This region is where turbulence production peaks, making it critical for drag and
energy dissipation.
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Logarithmic Layer
In this region the velocity profile follows the law of the wall:

where  is the von Kármán constant and  for smooth walls. The log layer extends from
roughly  to about . This is the most practically important region because it contains a
large fraction of the boundary layer and its profile is remarkably universal across different flows.

Wake Region
Beyond the log layer, the velocity profile deviates upward toward the freestream value. This outer portion is
often described using Coles' wake function, which adds a correction to the log law. The strength of the
wake component depends on the pressure gradient and Reynolds number. Under adverse pressure
gradients, the wake component grows significantly.

Turbulent Boundary Layer Equations
The governing equations come from the Navier-Stokes equations, but solving them directly (DNS) is
computationally prohibitive for most engineering flows. Instead, engineers use averaged formulations.

Reynolds-Averaged Navier-Stokes (RANS) Equations
The RANS approach works in three steps:

1. Decompose every flow variable into a time-averaged mean and a fluctuating component: .

2. Substitute into the Navier-Stokes equations and time-average the result.

3. The averaging process produces extra terms, the Reynolds stresses , which represent
momentum transport by turbulent fluctuations.

These Reynolds stress terms are the source of the closure problem.

Closure Problem
After averaging, the RANS equations contain more unknowns (the Reynolds stresses) than equations. You
need a turbulence model to relate the Reynolds stresses to known mean-flow quantities. Common
approaches include:

• Eddy viscosity models (e.g., Spalart-Allmaras, - , -  SST): assume Reynolds stresses are
proportional to mean strain rates through a turbulent viscosity . Simpler and widely used, but struggle
with flows involving strong separation or curvature.

• Reynolds stress models (RSM): solve transport equations for each Reynolds stress component. More
accurate for complex flows but computationally expensive and harder to converge.

The right choice depends on the flow complexity and the accuracy you need.

Turbulent Boundary Layer Parameters

Reynolds Number Effects
As the Reynolds number increases:
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• The boundary layer grows thicker in absolute terms, but thinner relative to the body length.

• The viscous sublayer and buffer layer shrink relative to , meaning turbulent stresses dominate a
larger fraction of the layer.

• Turbulent mixing intensifies, increasing both skin friction and heat transfer rates.

• The range of turbulent eddy scales widens, making the flow harder to simulate.

Pressure Gradient Effects
• A favorable pressure gradient ( , i.e., accelerating flow) thins the boundary layer and
stabilizes it against separation.

• An adverse pressure gradient ( , i.e., decelerating flow) thickens the boundary layer and
promotes separation.

• A zero pressure gradient produces the canonical flat-plate boundary layer, which is the baseline case
for most correlations and turbulence model validation.

Note: "constant thickness" is not quite right for a zero-pressure-gradient boundary layer. The boundary
layer still grows with downstream distance; it simply does so without the additional thickening or thinning
caused by pressure gradients.

Surface Roughness Effects
Roughness elements on the surface affect the boundary layer in several ways:

• They can trigger earlier transition from laminar to turbulent flow.

• They increase skin friction drag by disrupting the viscous sublayer. Once roughness elements
protrude beyond the sublayer ( , where  is the equivalent sand-grain roughness height), the
surface is considered hydraulically rough.

• They enhance heat transfer at the surface due to increased mixing.

• The effect depends on the size, shape, and spacing of roughness elements relative to the local
boundary layer thickness and viscous length scale .

Turbulent Boundary Layer Measurements
Experimental data are essential for validating turbulence models and understanding flow physics. Two
dominant techniques are used.

Hot-Wire Anemometry
A hot-wire probe uses a thin electrically heated wire (typically a few micrometers in diameter) placed in the
flow. As the flow velocity changes, convective cooling changes the wire's resistance, which is measured
electronically.

• Strengths: Excellent temporal resolution (up to hundreds of kHz), capable of resolving turbulent
fluctuations.

• Limitations: Poor spatial resolution if the wire is longer than the smallest turbulent scales. Sensitive to
temperature drift, requiring careful calibration. Intrusive (the probe physically sits in the flow).
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Particle Image Velocimetry (PIV)
PIV seeds the flow with small tracer particles, illuminates a plane with a laser sheet, and captures two
successive images with a camera. Cross-correlating the images yields a velocity field.

• Strengths: Provides full 2D (or 3D with stereo/tomographic setups) velocity fields with high spatial
resolution.

• Limitations: Temporal resolution is limited by camera frame rate (though time-resolved PIV systems
are improving). Requires optical access and uniform particle seeding. Post-processing can be
computationally intensive.

Turbulent Boundary Layer Control
Control techniques aim to modify the boundary layer to reduce drag, enhance heat transfer, or delay
separation. They fall into two broad categories.

Passive vs Active Control
• Passive control relies on fixed geometric modifications (riblets, vortex generators, surface texturing).
No energy input is needed, making these methods simple and robust, but they cannot adapt to
changing flow conditions.

• Active control uses dynamic actuation (suction, blowing, synthetic jets, wall oscillation). These
methods can respond in real time to flow changes but require an energy source and control system, so
the net benefit must exceed the energy cost.

Riblets
Riblets are small streamwise grooves machined or applied onto a surface. They reduce turbulent skin
friction by 5-8% under optimal conditions.

• They work by restricting the spanwise motion of near-wall streamwise vortices, which are the primary
drivers of turbulent momentum transport near the wall.

• Optimal riblet spacing is roughly  in wall units, meaning the physical size must be tailored to
the local flow conditions.

• Shark skin inspired early riblet research; modern applications include aircraft fuselages and
competitive swimsuits.

Polymer Additives
Adding small concentrations of long-chain polymers (e.g., polyethylene oxide) to a liquid flow can reduce
turbulent drag by up to 80% in pipe flows. The polymers:

• Suppress near-wall turbulent fluctuations by absorbing energy from small-scale eddies.

• Effectively thicken the viscous sublayer, reducing the velocity gradient at the wall.

• Are most effective at low concentrations (tens of ppm), but the polymer chains degrade under shear
over time, reducing effectiveness.

• Raise environmental concerns for open systems (e.g., marine applications).



Fiveable archived study guides Page 199

Suction
Removing fluid through porous walls or discrete slots thins the boundary layer and re-energizes the
near-wall flow. This:

1. Reduces the boundary layer thickness and displacement thickness.

2. Makes the velocity profile fuller (more momentum near the wall).

3. Delays or prevents separation under adverse pressure gradients.

The suction rate must be carefully controlled. Too little suction has negligible effect; too much can
introduce flow disturbances or structural complications in the porous surface.

Turbulent Boundary Layer Applications

Aerodynamic Drag Reduction
Turbulent skin friction accounts for roughly 50% of total drag on a commercial aircraft. Reducing it through
riblets, laminar flow control, or polymer coatings translates directly into fuel savings. Even a few percent
reduction in skin friction drag on a long-haul aircraft can save millions of liters of fuel annually across a
fleet.

Heat Transfer Enhancement
Turbulent boundary layers transfer heat much more effectively than laminar ones because of the intense
mixing. Engineers exploit this in:

• Heat exchangers, where surface roughness or vortex generators break up the thermal boundary layer.

• Gas turbine blade cooling, where turbulent mixing helps protect blades from extreme combustion
temperatures.

• Electronics cooling, where jet impingement creates thin, highly turbulent boundary layers for rapid
heat removal.

The tradeoff is always increased drag or pressure drop versus improved thermal performance.

Flow-Induced Noise Reduction
Turbulent boundary layers generate broadband noise as pressure fluctuations on surfaces radiate as
sound. This matters for:

• Aircraft (airframe noise during approach and landing)

• Wind turbines (trailing-edge noise is often the dominant noise source)

• Submarines (flow noise limits sonar performance)

Noise reduction techniques include trailing-edge serrations, porous surface treatments, and active flow
control to weaken the turbulent pressure fluctuations near the surface.
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Unit 8 – Computational fluid dynamics
8.1 Finite difference methods

Finite Difference Methods
Finite difference methods let you solve partial differential equations (PDEs) numerically by replacing
continuous derivatives with algebraic approximations on a discrete grid. They're one of the core tools in
computational fluid dynamics, used to tackle governing equations like Navier-Stokes that rarely have
closed-form solutions.

Understanding how these methods work, where they break down, and how to control their errors is
essential for building reliable CFD simulations and interpreting their output. This section covers the key
ideas: discretization, difference approximations, stability, grid design, and application to the fundamental
equations of fluid flow.

Core Concept
Finite difference methods work by dividing a continuous domain into a grid of discrete points, then
approximating derivatives at each point using values at neighboring points. This converts a PDE into a
system of algebraic equations that a computer can solve.

The governing equations of fluid dynamics (continuity, momentum, energy) are all PDEs. Finite differences
give you a systematic way to turn those continuous equations into something computable.

Discretization of Derivatives
Discretization is the process of replacing continuous derivatives with algebraic expressions involving
discrete point values. You divide your domain into a grid with spacing  (and  for time), then estimate
derivatives at each grid point using the values at its neighbors.

This is what makes numerical PDE solving possible: you go from "find a continuous function satisfying this
differential equation" to "find values at these grid points satisfying this algebraic system."

Taylor Series Expansions
Taylor series are the mathematical foundation for all finite difference formulas. You can express the value
of a function at a neighboring point as a series involving the function and its derivatives at a reference
point:

By rearranging and truncating this series at different points, you derive different finite difference formulas.
The terms you drop become the truncation error, which determines how accurate your approximation is.

Finite Difference Approximations
These are the specific formulas used to estimate derivatives from discrete function values. They come in
three basic flavors:

• Forward difference: uses the current point and the next point

• Backward difference: uses the current point and the previous point
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• Central difference: uses points on both sides of the current point

Each type has different accuracy and different numerical behavior. The choice matters a lot depending on
the physics you're modeling.

Forward vs. Backward Differences
These are the simplest one-sided approximations for first derivatives.

Forward difference:

Backward difference:

Both are first-order accurate, meaning their truncation error is proportional to . Halving the grid spacing
roughly halves the error. Both also tend to introduce numerical diffusion, which smears out sharp features
in the solution.

Central Difference Scheme
Central differences use points on both sides of , which cancels out the leading error term and gives
better accuracy.

First derivative (second-order accurate):

Second derivative (also second-order accurate):

Central differences reduce numerical diffusion compared to one-sided schemes, but they can introduce
oscillations near sharp gradients because they don't account for the direction of information flow.

Upwind Difference Scheme
The upwind scheme adapts the direction of the difference to match the direction the flow carries
information. For a wave moving to the right (positive velocity ), you use a backward difference; for
leftward motion ( ), you use a forward difference.

This is physically motivated: information in a convective flow travels in the direction of the velocity. By
differencing "upstream," you respect that physics. The upwind scheme is more stable than central
differences for advection-dominated problems (like supersonic flows), but it introduces more numerical
diffusion.

Truncation Errors
Truncation error is the difference between the exact derivative and its finite difference approximation. It
comes from the Taylor series terms you dropped.

• A first-order scheme has truncation error proportional to  (written )

• A second-order scheme has error proportional to , so it converges faster as you refine the grid
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Higher-order approximations and finer grids both reduce truncation error. In practice, you balance accuracy
against computational cost.

Consistency of Finite Differences
A finite difference scheme is consistent if its truncation error vanishes as the grid spacing approaches zero.
In other words, the discrete approximation must converge to the exact derivative in the limit .

Consistency is a necessary condition for the numerical solution to converge to the true solution. You verify
it by checking that the leading truncation error terms contain positive powers of  (or ), so they shrink
with refinement.

Stability of Finite Differences
A scheme is stable if errors (from truncation, round-off, or initial conditions) don't grow without bound as the
computation marches forward in time.

• Unstable schemes amplify errors at every time step, and the solution quickly blows up to nonsensical
values.

• Stability depends on the grid spacing, time step, and the particular scheme.

• The Lax equivalence theorem ties these ideas together: for a consistent scheme, stability is both
necessary and sufficient for convergence.

Courant-Friedrichs-Lewy Condition
The CFL condition is the most important stability criterion for explicit time-marching schemes. It states that
the numerical domain of dependence must include the physical domain of dependence. Practically, this
means information in the numerical scheme must travel at least as fast as the physical wave speed.

The condition is expressed using the Courant number:

where  is the wave speed,  is the time step,  is the grid spacing, and  is a scheme-dependent
constant (often 1 for simple explicit schemes).

If you violate the CFL condition, the explicit scheme will go unstable. This is why explicit methods often
require very small time steps.

Explicit vs. Implicit Methods
Explicit methods compute the solution at the next time step directly from known values at the current step.

• Simple to code and computationally cheap per step

• Subject to CFL-type stability restrictions, which can force very small 

Implicit methods set up a system of equations that couples unknown values at the new time step together,
requiring you to solve that system (often a matrix equation) at each step.

• More complex to implement and more expensive per step

• Can use much larger time steps while remaining stable, which often makes them faster overall for stiff
problems or steady-state computations
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Numerical Diffusion
Numerical diffusion is artificial smearing introduced by the finite difference approximation itself, not by the
actual physics. It causes sharp gradients (like shock waves or contact discontinuities) to spread out over
several grid cells.

It arises from even-order derivative terms in the truncation error. First-order upwind schemes are
particularly prone to it. You can reduce numerical diffusion by using higher-order schemes or refining the
grid.

Numerical Dispersion
Numerical dispersion causes different wavelength components of the solution to travel at different speeds
than they should, producing spurious oscillations and phase errors. It arises from odd-order derivative
terms in the truncation error.

Central difference schemes on advection problems are a classic source of numerical dispersion.
Higher-order schemes and dispersion-relation-preserving (DRP) methods can mitigate it.

Diffusion vs. Dispersion: Numerical diffusion smears features; numerical dispersion creates wiggles. Both
are artifacts of discretization, not real physics.

Grids and Domain Discretization

Finite Difference Grids
The grid is the set of discrete points where you compute the solution. Grid design directly affects accuracy,
stability, and computational cost.

• Structured grids have regular connectivity (think rows and columns). They map naturally to array
indices, making them simple to implement and computationally efficient. The downside: they struggle to
conform to complex geometries.

• Unstructured grids have irregular connectivity and can wrap around complicated shapes. They're
more flexible but require more complex data structures and are more expensive to compute on.

Grid Resolution Effects
Finer grids generally produce more accurate solutions because the truncation error shrinks with . But
finer grids also cost more in memory and computation time.

Grid convergence studies are the standard way to check whether your grid is fine enough. You run the
same problem on progressively finer grids and see whether the solution stops changing. If it does, you've
reached grid convergence.

Adaptive mesh refinement (AMR) automatically places finer grids where the solution has steep gradients or
complex features, keeping the rest of the domain coarse. This optimizes accuracy per computational
dollar.

Staggered Grids
On a staggered grid, different variables are stored at different locations. In incompressible flow simulations,
pressure is typically stored at cell centers while velocity components sit on cell faces.
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This arrangement prevents checkerboard instabilities, a common problem on collocated grids where
pressure and velocity are stored at the same points. On collocated grids, the pressure-velocity coupling
can admit oscillatory modes that look like a checkerboard pattern. Staggering the variables eliminates this
by tightening the coupling between pressure and velocity.

Finite Difference Operators and Stencils

Finite Difference Stencils
A stencil is the set of grid points used to approximate a derivative at a given point. For example, the central
difference for  uses a three-point stencil: .

• One-sided stencils (forward or backward) are asymmetric

• Central stencils are symmetric around the target point

• Wider stencils generally yield higher-order accuracy but cost more per evaluation and complicate
boundary treatment

Finite Difference Operators
Finite difference operators are the discrete analogs of continuous differential operators. You build them
from stencils and combine them to form the discretized governing equations.

Common operators include discrete versions of the gradient, divergence, and Laplacian. The properties of
these discrete operators (symmetry, conservation, etc.) affect the quality of the overall simulation.

Higher-Order Finite Differences
You can achieve accuracy beyond second order by including more points in the stencil. For example, a
fourth-order central difference for the first derivative uses five points:

Higher-order schemes reduce truncation error faster as you refine the grid, but they require wider stencils,
which complicates boundary treatment and increases the computational cost per point.

Compact Finite Differences
Compact (or Padé) schemes achieve high-order accuracy with narrower stencils than standard explicit
finite differences. They do this by writing an implicit relationship between the derivative values and the
function values, resulting in a tridiagonal system to solve for the derivatives.

The payoff is near-spectral resolution (very accurate representation of short wavelengths) at a fraction of
the cost of truly spectral methods. They're popular in direct numerical simulation (DNS) of turbulence
where resolving fine scales matters.

Boundary and Initial Conditions

Boundary Conditions in FDM
Boundary conditions define the solution behavior at the edges of your computational domain. Without
them, the problem isn't well-posed, and you won't get a unique solution.

• Dirichlet: the solution value is prescribed at the boundary (e.g., no-slip wall: )
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• Neumann: the derivative (gradient) of the solution is prescribed (e.g., zero heat flux: )

• Periodic: the solution wraps around, so the left boundary connects to the right

Near boundaries, your stencil may extend outside the domain. You handle this by using one-sided
differences or ghost points that enforce the boundary condition.

Initial Conditions in FDM
For time-dependent problems, you need to specify the solution at . These initial conditions provide
the starting point from which the scheme marches forward in time.

Initial conditions must be consistent with the boundary conditions and the governing equations. They can
come from analytical expressions, experimental data, or interpolated results from a coarser simulation.

Comparison: Finite Differences vs. Finite Volume Methods
Feature Finite Difference (FDM) Finite Volume (FVM)

Formulation Differential (point values) Integral (cell averages)

Conservation Not inherently conservative Locally conservative by construction

Complex geometries Difficult on irregular domains Handles complex shapes naturally

Discontinuities Can struggle with shocks Better suited via flux limiting

Implementation Simpler on structured grids More involved data structures

Accuracy High-order schemes readily available High-order reconstruction is harder

FVM is often preferred in production CFD codes because of its natural conservation properties and
geometric flexibility. FDM remains valuable for research, simple geometries, and cases where high-order
accuracy on structured grids is the priority.

Applications in Fluid Dynamics

Solving Advection Equations
The advection equation  describes transport of a quantity at speed . Finite
differences handle it with either upwind or central schemes:

• Upwind schemes are stable and respect the direction of propagation, but they smear sharp features
through numerical diffusion.

• Central schemes preserve sharp features better but can produce oscillations that need stabilization
(e.g., adding artificial viscosity or using flux limiters).

Solving Diffusion Equations
The diffusion equation  describes spreading due to molecular or thermal diffusion.

• Explicit schemes (e.g., forward Euler in time, central in space) are straightforward but require
 for stability. This can be very restrictive on fine grids.

• Implicit schemes (e.g., backward Euler, Crank-Nicolson) remove or relax this restriction, making them
practical for problems where diffusion time scales are long.
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Solving Navier-Stokes Equations
The Navier-Stokes equations combine advection, diffusion, and pressure effects. Solving them with finite
differences typically involves:

1. Discretize the momentum equations on a staggered grid to avoid checkerboard pressure modes.

2. Use a fractional step (or projection) method to decouple velocity and pressure: first advance the
velocity ignoring the pressure gradient, then solve a pressure Poisson equation to enforce
incompressibility, and finally correct the velocity.

3. Apply appropriate schemes for the advective terms (upwind or higher-order) and diffusive terms
(central differences).

4. Incorporate turbulence modeling (RANS, LES, or DNS) depending on the Reynolds number and the
scales you need to resolve.

This combination of techniques makes finite differences a viable approach for simulating flows ranging
from airflow over aircraft wings to blood flow in arteries to large-scale ocean currents.

Advantages and Limitations
Advantages: - Conceptually straightforward and relatively easy to implement - Computationally efficient on
structured grids - High-order accuracy is achievable with compact or wide-stencil schemes - Well-suited for
smooth solutions on simple geometries

Limitations: - Handling complex or irregular geometries is difficult without coordinate transformations -
Numerical diffusion and dispersion can corrupt the solution if schemes are chosen carelessly - Boundary
condition implementation requires care, especially with high-order stencils - Stability restrictions (like the
CFL condition) can limit time step sizes for explicit methods

8.2 Finite volume methods
The finite volume method is a powerful numerical technique for solving fluid flow and heat transfer
problems. It discretizes the domain into control volumes, applying conservation principles to each cell. This
approach is particularly well-suited for complex geometries and widely used in computational fluid
dynamics.

The method starts with integral conservation laws, discretizes the domain, and approximates surface and
volume integrals. Various flux evaluation schemes, time discretization techniques, and boundary condition
implementations are used. Solution algorithms handle pressure-velocity coupling, while mesh generation
and quality are crucial for accurate results.

Finite volume method overview
• The finite volume method is a numerical technique for solving partial differential equations, particularly
those governing fluid flow and heat transfer

• It discretizes the computational domain into a set of control volumes or cells, and applies conservation
principles to each cell

• The method is well-suited for complex geometries and is widely used in computational fluid dynamics
(CFD) applications
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Integral form of conservation laws
• The finite volume method starts with the integral form of conservation laws, such as mass,
momentum, and energy conservation

• These laws are expressed as integrals over the control volumes, relating the rate of change of a
conserved quantity within the volume to the fluxes across the volume's surfaces

• The integral form allows for a natural treatment of discontinuities and facilitates the application of
conservation principles

Discretization of computational domain
• The computational domain is divided into a finite number of non-overlapping control volumes or cells

• Each cell is associated with a computational node, typically located at the cell center or vertices

• The discretization process involves defining the cell boundaries, faces, and connectivity between cells

Cell-centered vs vertex-centered grids
• Two common grid arrangements in the finite volume method are cell-centered and vertex-centered
grids

• In cell-centered grids, the computational nodes are located at the cell centers, and the control volumes
coincide with the grid cells

• Vertex-centered grids place the nodes at the cell vertices, and the control volumes are constructed
around these nodes, often using a dual grid approach

• The choice between cell-centered and vertex-centered grids depends on factors such as ease of
implementation, accuracy, and compatibility with the problem geometry

Finite volume discretization
• The finite volume discretization process involves approximating the integral conservation equations
using discrete values at the computational nodes and faces

• This discretization leads to a set of algebraic equations that can be solved numerically

• The accuracy and stability of the discretization depend on the choice of approximation schemes for
the surface and volume integrals

Approximation of surface integrals
• Surface integrals represent the fluxes of conserved quantities across the cell faces

• These integrals are approximated using interpolation schemes that relate the face values to the nodal
values

• Common interpolation schemes include central differencing, upwind differencing, and higher-order
schemes (QUICK, MUSCL)

• The choice of interpolation scheme affects the accuracy, stability, and numerical diffusion of the
solution
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Approximation of volume integrals
• Volume integrals represent the accumulation or source terms within the control volumes

• These integrals are typically approximated using quadrature rules, such as the midpoint rule or
Gaussian quadrature

• The accuracy of the volume integral approximation depends on the order of the quadrature rule and
the smoothness of the integrand

Treatment of source terms
• Source terms in the conservation equations (chemical reactions, body forces) are approximated within
each control volume

• The source terms are typically integrated over the volume using quadrature rules and added to the
discretized equations

• Proper treatment of source terms is crucial for maintaining the accuracy and stability of the solution

• Techniques such as source term linearization or splitting may be employed to handle stiff or highly
nonlinear source terms

Flux evaluation methods
• Flux evaluation methods determine how the fluxes across cell faces are computed based on the nodal
values

• The choice of flux evaluation method influences the accuracy, stability, and numerical properties of the
solution

• Different schemes have trade-offs between accuracy, stability, and computational cost

Central differencing scheme
• The central differencing scheme approximates the face fluxes using a simple average of the adjacent
nodal values

• It is second-order accurate in space but can lead to oscillations or instabilities in the presence of
strong gradients or discontinuities

• Central differencing is often used in conjunction with dissipation terms or limiters to suppress
oscillations

Upwind differencing scheme
• Upwind differencing schemes take into account the direction of the flow when approximating the face
fluxes

• They use information from the upstream node to determine the face value, ensuring numerical stability

• First-order upwind schemes are stable but introduce numerical diffusion, while higher-order upwind
schemes (second-order, QUICK) offer a balance between accuracy and stability

Flux-limiter schemes
• Flux-limiter schemes combine the advantages of high-order accuracy and monotonicity preservation
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• They adapt the interpolation scheme based on the local solution gradients, using a limiter function to
switch between high-order and low-order schemes

• Examples of flux-limiter schemes include the MUSCL scheme, TVD schemes (van Leer, minmod),
and the flux-corrected transport (FCT) method

• Flux-limiter schemes provide a robust and accurate approach for handling discontinuities and steep
gradients in the solution

Time discretization techniques
• Time discretization techniques are used to advance the solution in time, converting the
time-dependent PDEs into a sequence of steady-state problems

• The choice of time discretization scheme affects the accuracy, stability, and efficiency of the transient
solution

• Different schemes have trade-offs between accuracy, stability, and computational cost

Explicit vs implicit schemes
• Explicit schemes (forward Euler, explicit Runge-Kutta) compute the solution at the next time step
using only information from the current time step

• They are simple to implement but have stability restrictions on the time step size, requiring small time
steps for stability

• Implicit schemes (backward Euler, Crank-Nicolson) involve the solution at both the current and next
time steps, requiring the solution of a system of equations

• Implicit schemes are more stable and allow for larger time steps but are computationally more
expensive due to the need to solve a linear system at each time step

Runge-Kutta methods
• Runge-Kutta methods are a family of explicit time integration schemes that achieve higher-order
accuracy by combining multiple stages within a single time step

• They provide a good balance between accuracy and stability, with popular choices being the
second-order and fourth-order Runge-Kutta schemes

• Explicit Runge-Kutta methods are often used in combination with spatial discretization schemes to
achieve high-order accuracy in both space and time

Crank-Nicolson method
• The Crank-Nicolson method is a second-order accurate, implicit time discretization scheme

• It approximates the time derivative using a central difference, evaluating the spatial terms at the
average of the current and next time steps

• The Crank-Nicolson method is unconditionally stable and provides a good compromise between
accuracy and stability

• However, it requires the solution of a linear system at each time step, which can be computationally
expensive for large problems
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Boundary condition implementation
• Boundary conditions specify the behavior of the solution at the boundaries of the computational
domain

• Proper implementation of boundary conditions is crucial for obtaining accurate and physically
meaningful solutions

• Different types of boundary conditions require different treatment in the finite volume framework

Dirichlet boundary conditions
• Dirichlet boundary conditions prescribe the value of the solution at the boundary nodes

• In the finite volume method, Dirichlet conditions are typically implemented by directly setting the
values at the boundary nodes

• The boundary face fluxes are then computed using these prescribed values and the interior nodal
values

Neumann boundary conditions
• Neumann boundary conditions prescribe the gradient of the solution normal to the boundary

• In the finite volume method, Neumann conditions are implemented by computing the boundary face
fluxes using the prescribed gradient and the interior nodal values

• The gradient is typically approximated using one-sided differences or extrapolation techniques

Mixed boundary conditions
• Mixed boundary conditions, also known as Robin boundary conditions, involve a combination of the
solution value and its gradient at the boundary

• They are commonly encountered in heat transfer problems (convection, radiation) and fluid-structure
interactions

• Mixed boundary conditions are implemented by expressing the boundary face fluxes as a function of
both the solution value and the gradient, using the prescribed coefficients

• The resulting equations are then incorporated into the discretized system of equations

Solution algorithms
• Solution algorithms are used to solve the system of discretized equations obtained from the finite
volume discretization

• The choice of solution algorithm depends on the nature of the problem (steady-state or transient,
linear or nonlinear, coupled or decoupled)

• Efficient and robust solution algorithms are essential for obtaining accurate results in a reasonable
computational time

Pressure-velocity coupling
• In incompressible flow simulations, the pressure and velocity fields are strongly coupled through the
continuity and momentum equations
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• Solution algorithms must handle this coupling to ensure mass conservation and avoid numerical
oscillations

• Pressure-velocity coupling algorithms, such as SIMPLE, SIMPLER, and PISO, are used to iteratively
solve the coupled system of equations

SIMPLE algorithm
• The Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) is a widely used pressure-velocity
coupling algorithm

• It employs a predictor-corrector approach, where the velocity field is first solved using a guessed
pressure field, and then the pressure is corrected to satisfy continuity

• The SIMPLE algorithm iterates between the velocity and pressure equations until convergence is
achieved

• Underrelaxation factors are often used to improve the stability and convergence of the algorithm

PISO algorithm
• The Pressure Implicit with Splitting of Operators (PISO) algorithm is an extension of the SIMPLE
algorithm for transient flows

• It includes additional corrector steps to improve the temporal accuracy and stability of the solution

• The PISO algorithm performs multiple pressure corrections within a single time step, allowing for
larger time steps and faster convergence

• It is particularly suitable for simulations with small time steps or highly transient flows

Mesh generation considerations
• Mesh generation is the process of discretizing the computational domain into a set of control volumes
or cells

• The quality and suitability of the mesh have a significant impact on the accuracy, stability, and
efficiency of the finite volume solution

• Various factors need to be considered when generating meshes for finite volume simulations

Structured vs unstructured meshes
• Structured meshes have a regular topology, with cells arranged in a logically rectangular or
hexahedral manner

• They offer simplicity, efficiency, and ease of implementation but may have difficulties conforming to
complex geometries

• Unstructured meshes, composed of triangles, tetrahedra, or polygonal cells, provide flexibility in
handling complex geometries and allow for local refinement

• However, unstructured meshes require more storage and computational effort due to the irregular
connectivity between cells
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Mesh quality assessment
• Mesh quality assessment involves evaluating various geometric and topological properties of the
mesh

• Quality metrics such as cell skewness, aspect ratio, and orthogonality are used to quantify the mesh
quality

• Poor mesh quality can lead to numerical errors, instabilities, and slow convergence of the solution

• Mesh smoothing techniques (Laplacian smoothing, optimization-based smoothing) can be applied to
improve the mesh quality

Adaptive mesh refinement
• Adaptive mesh refinement (AMR) is a technique for dynamically adjusting the mesh resolution based
on the solution characteristics

• It allows for efficient use of computational resources by refining the mesh in regions with high
gradients or complex flow features while keeping a coarser mesh in smooth regions

• AMR can be static (predefined refinement criteria) or dynamic (adaptively refined during the
simulation)

• Proper implementation of AMR requires efficient data structures, refinement criteria, and interpolation
techniques to maintain solution accuracy and conservation

Finite volume method applications
• The finite volume method is widely used in various fields of engineering and science for simulating
fluid flow, heat transfer, and related phenomena

• Its versatility and robustness make it suitable for a wide range of applications, from simple academic
problems to complex industrial cases

Incompressible flow simulations
• Incompressible flow simulations involve solving the Navier-Stokes equations for flows where the
density is assumed to be constant

• The finite volume method is well-suited for incompressible flows due to its conservation properties and
ability to handle complex geometries

• Applications include laminar and turbulent flows, internal flows (pipes, channels), external flows
(airfoils, vehicles), and environmental flows (rivers, oceans)

Compressible flow simulations
• Compressible flow simulations involve solving the compressible Navier-Stokes equations, which
account for density variations in the flow

• The finite volume method can be extended to handle compressible flows by incorporating appropriate
flux functions and shock-capturing techniques

• Applications include high-speed aerodynamics (supersonic and hypersonic flows), gas dynamics, and
aerospace propulsion systems
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Multiphase flow simulations
• Multiphase flow simulations involve the presence of multiple fluid phases or components, such as
gas-liquid or liquid-liquid flows

• The finite volume method can be adapted to handle multiphase flows by introducing additional
conservation equations and closure models for interfacial interactions

• Applications include bubble columns, fluidized beds, sprays, and oil-water separators

• Specialized techniques, such as the Volume of Fluid (VOF) or Level Set methods, are often used in
conjunction with the finite volume method to capture the interface between phases

Advantages and limitations
• The finite volume method has several advantages and limitations that should be considered when
choosing a numerical method for a specific problem

Conservation property
• One of the main advantages of the finite volume method is its inherent conservation property

• By construction, the method ensures that the conserved quantities (mass, momentum, energy) are
conserved at the discrete level

• This property is crucial for maintaining the physical consistency of the solution and avoiding spurious
sources or sinks of conserved quantities

Flexibility in mesh geometry
• The finite volume method can handle a wide range of mesh geometries, including structured,
unstructured, and hybrid meshes

• This flexibility allows for the accurate representation of complex geometries and enables local mesh
refinement in regions of interest

• The method is well-suited for problems with irregular domains, such as those encountered in industrial
applications or environmental flows

Computational efficiency considerations
• The computational efficiency of the finite volume method depends on various factors, such as the
mesh size, the chosen discretization schemes, and the solution algorithms

• The method can be computationally intensive, especially for large-scale problems or high-resolution
simulations

• Techniques such as multigrid methods, parallel computing, and adaptive mesh refinement can be
employed to improve the computational efficiency

• However, the finite volume method may be less efficient compared to other methods (finite difference,
spectral methods) for problems with simple geometries and smooth solutions
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Advanced topics in finite volume methods
• As the field of computational fluid dynamics evolves, advanced topics and extensions of the finite
volume method are actively researched to improve accuracy, efficiency, and applicability

High-order schemes
• High-order schemes aim to achieve higher accuracy by using higher-order approximations for the
spatial and temporal discretization

• Examples include the MUSCL scheme, ENO (Essentially Non-Oscillatory) and WENO (Weighted
ENO) schemes, and discontinuous Galerkin methods

• High-order schemes can provide improved accuracy and resolution of complex flow features but may
require additional computational effort and care in implementation

Immersed boundary methods
• Immersed boundary methods are used to simulate fluid-structure interactions, where solid objects are
immersed in a fluid domain

• These methods allow for the treatment of complex, moving, or deformable boundaries without the
need for body-fitted meshes

• The immersed boundary is represented using a forcing term or a modified discretization scheme in the
finite volume framework

• Examples include the direct forcing method, the ghost cell method, and the cut-cell method

Parallel implementation strategies
• Parallel implementation strategies are essential for large-scale simulations and high-performance
computing

• The finite volume method can be parallelized using domain decomposition techniques, where the
computational domain is divided into subdomains assigned to different processors

• Efficient parallel algorithms and data structures are required to minimize communication overhead and
ensure load balancing

• Parallel programming models, such as MPI (Message Passing Interface) and OpenMP, are commonly
used for implementing parallel finite volume solvers

• GPU acceleration and hybrid CPU-GPU approaches are also gaining popularity for high-performance
finite volume simulations

8.3 Finite element methods
Finite element methods are powerful numerical techniques for solving complex fluid dynamics problems.
By discretizing the domain into smaller elements, FEM approximates partial differential equations
governing fluid flow, enabling analysis of intricate geometries and boundary conditions.

FEM involves key steps: discretizing the domain, formulating governing equations in weak form, and
assembling a global system of equations. This approach allows for accurate solutions to challenging fluid
dynamics problems, from incompressible flows to turbulence modeling and fluid-structure interaction.
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Overview of finite element methods
• Finite element methods (FEM) are numerical techniques used to solve complex engineering
problems, including fluid dynamics, by discretizing the domain into smaller, simpler elements

• FEM allows for the approximation of partial differential equations (PDEs) governing fluid flow, heat
transfer, and structural mechanics, enabling the analysis of complex geometries and boundary
conditions

• The method involves formulating the governing equations, discretizing the domain, assembling the
global system of equations, and solving the resulting linear or nonlinear system

Fundamental concepts in FEM

Discretization of domain into elements
• The computational domain is divided into a finite number of smaller, simpler subdomains called
elements (triangles, quadrilaterals, tetrahedra, or hexahedra)

• Elements are connected at nodes, which are points where the unknown variables (velocity, pressure,
temperature) are calculated

• Discretization allows for the approximation of the continuous problem using a finite number of degrees
of freedom

Shape functions for element interpolation
• Shape functions are used to interpolate the unknown variables within each element based on the
nodal values

• Linear, quadratic, or higher-order shape functions can be employed, depending on the desired
accuracy and computational cost

• Shape functions ensure continuity of the solution across element boundaries and enable the mapping
between local and global coordinate systems

Local and global coordinate systems
• Local coordinate systems are defined for each element, simplifying the integration and evaluation of
shape functions

• Global coordinate system represents the entire computational domain and is used for assembling the
global system of equations

• Coordinate transformations are performed to map between local and global systems, ensuring
compatibility of the solution across elements

Formulation of governing equations

Weak form of partial differential equations
• The strong form of the governing PDEs is transformed into a weak form by multiplying the equations
by a test function and integrating over the domain

• The weak form relaxes the continuity requirements on the solution, allowing for the use of simpler,
piecewise-continuous approximations
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• Boundary conditions are naturally incorporated into the weak form through the boundary integrals

Galerkin method of weighted residuals
• The Galerkin method is a specific choice of test functions, where the test functions are chosen to be
the same as the shape functions used for interpolation

• This approach leads to a symmetric, positive-definite system of equations for many problems, which is
advantageous for numerical solution

• The Galerkin method minimizes the residual of the governing equations in a weighted sense, ensuring
optimal approximation of the solution

Boundary conditions and constraints
• Essential (Dirichlet) boundary conditions prescribe the values of the unknown variables at specific
nodes or boundaries

• Natural (Neumann) boundary conditions specify the fluxes or gradients of the unknown variables at
the boundaries

• Constraints, such as incompressibility or no-slip conditions, are imposed using techniques like the
penalty method or Lagrange multipliers

• Proper treatment of boundary conditions and constraints is crucial for obtaining accurate and
physically meaningful solutions

Element types and characteristics

1D, 2D, and 3D elements
• 1D elements (lines) are used for problems with one dominant spatial dimension, such as beams or
trusses

• 2D elements (triangles or quadrilaterals) are employed for planar or axisymmetric problems, like heat
conduction or elasticity

• 3D elements (tetrahedra or hexahedra) are utilized for complex, three-dimensional geometries
encountered in fluid dynamics or structural analysis

Linear vs higher-order elements
• Linear elements have nodes only at the vertices and provide a piecewise-linear approximation of the
solution

• Higher-order elements (quadratic, cubic) include additional nodes along the edges or faces, enabling
a more accurate representation of the solution

• The choice between linear and higher-order elements depends on the required accuracy,
computational cost, and the smoothness of the expected solution

Isoparametric elements and mapping
• Isoparametric elements employ the same shape functions for both geometry and solution interpolation
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• This approach allows for the representation of curved boundaries and distorted elements using a
single mapping from the reference element to the physical element

• Isoparametric mapping simplifies the integration and evaluation of element matrices, as it is performed
on a standard reference element

Assembly of global system

Element connectivity and numbering
• Element connectivity defines how the elements are connected to each other through shared nodes

• A global numbering system is established for nodes and elements, ensuring compatibility of the
solution across the domain

• Connectivity arrays store the relationship between local (element-level) and global (domain-level)
degrees of freedom

Global stiffness matrix and load vector
• The global stiffness matrix is assembled by summing the contributions from each element's local
stiffness matrix

• The global load vector is constructed by aggregating the element-level load vectors, which include
body forces, surface tractions, and boundary conditions

• Assembly process ensures continuity of the solution and equilibrium of forces at the nodes

Sparse matrix storage techniques
• The global stiffness matrix is typically sparse, with many zero entries, due to the local nature of
element interactions

• Sparse matrix storage techniques, such as compressed row storage (CRS) or compressed column
storage (CCS), are employed to efficiently store and manipulate the global matrix

• These techniques reduce memory requirements and computational costs associated with solving
large systems of equations

Solution techniques for linear systems

Direct vs iterative solvers
• Direct solvers, such as Gaussian elimination or LU decomposition, compute the exact solution of the
linear system in a finite number of steps

• Iterative solvers, like the conjugate gradient method or Gauss-Seidel method, approximate the
solution through successive iterations until a desired level of accuracy is achieved

• The choice between direct and iterative solvers depends on the size and sparsity of the system,
available computational resources, and required accuracy

Gaussian elimination and LU decomposition
• Gaussian elimination is a classic direct solver that systematically eliminates variables to obtain an
upper triangular system, which is then solved by back-substitution
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• LU decomposition factorizes the matrix into a product of a lower triangular matrix (L) and an upper
triangular matrix (U), enabling efficient solution of the system

• These methods are robust and accurate but can be computationally expensive for large systems

Conjugate gradient method and preconditioning
• The conjugate gradient (CG) method is an iterative solver well-suited for symmetric, positive-definite
systems arising from FEM discretizations

• CG minimizes the energy norm of the error and exhibits rapid convergence for well-conditioned
systems

• Preconditioning techniques, such as incomplete LU factorization or multigrid methods, are used to
improve the conditioning of the system and accelerate convergence

Adaptive mesh refinement strategies

Error estimation and indicators
• Error estimation techniques, such as a posteriori error estimators or residual-based indicators, are
used to assess the quality of the FEM solution

• These methods quantify the local error in each element based on the residual of the governing
equations or the jump in the solution across element boundaries

• Error indicators guide the adaptive refinement process by identifying regions where the mesh needs to
be refined to improve accuracy

h-refinement vs p-refinement
• h-refinement involves subdividing elements into smaller ones in regions with high error, increasing the
spatial resolution of the mesh

• p-refinement increases the polynomial order of the shape functions within elements, improving the
approximation accuracy without changing the mesh topology

• hp-refinement combines both strategies, adaptively adjusting the mesh size and polynomial order to
optimize the trade-off between accuracy and computational cost

Automatic mesh generation and optimization
• Automatic mesh generation algorithms, such as Delaunay triangulation or advancing front methods,
create high-quality meshes based on the geometry and desired element size

• Mesh optimization techniques, like smoothing or topological modifications, improve the quality of the
mesh by adjusting node positions or element connectivities

• These methods ensure that the mesh is suitable for FEM analysis, with well-shaped elements and
appropriate resolution in critical regions
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Stabilization methods for convection-dominated flows

Upwinding and Petrov-Galerkin formulations
• Upwinding techniques modify the weighting functions in the Galerkin formulation to account for the
direction of flow and suppress numerical oscillations

• Petrov-Galerkin methods employ different trial and test functions, with the test functions designed to
add numerical dissipation in the streamline direction

• These approaches improve the stability and accuracy of FEM for convection-dominated problems,
such as high-speed flows or transport phenomena

Streamline-Upwind Petrov-Galerkin (SUPG) method
• SUPG is a popular stabilization method that adds a streamline-dependent perturbation to the test
functions, introducing numerical diffusion along the flow direction

• The SUPG formulation maintains consistency with the original governing equations and reduces
numerical oscillations without excessive smearing of the solution

• Stabilization parameters in SUPG are typically based on the element Peclet number, which quantifies
the relative importance of convection and diffusion

Galerkin Least Squares (GLS) method
• GLS is another stabilization technique that adds a least-squares form of the residual to the Galerkin
formulation, minimizing the residual in a weighted sense

• The GLS method is consistent, meaning it does not alter the original governing equations, and
provides improved stability and accuracy for convection-dominated flows

• GLS can be applied to a wide range of problems, including incompressible and compressible flows,
and is compatible with various element types and orders

Verification and validation of FEM results

Convergence analysis and mesh independence
• Convergence analysis assesses the behavior of the FEM solution as the mesh is refined, ensuring
that the numerical approximation approaches the true solution

• Mesh independence studies are conducted by systematically refining the mesh and comparing the
solutions to verify that the results are not sensitive to further refinement

• Convergence rates can be examined to confirm that the FEM implementation is correct and to
estimate the discretization error

Comparison with analytical solutions
• Analytical solutions, when available, provide a benchmark for verifying the accuracy of FEM results

• Simple test cases with known analytical solutions, such as laminar flow in a channel or heat
conduction in a rectangular domain, are used to validate the FEM formulation and implementation
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• Comparing FEM results with analytical solutions helps identify potential sources of error and builds
confidence in the numerical model

Experimental validation and uncertainty quantification
• Experimental validation involves comparing FEM predictions with physical measurements or
observations to assess the accuracy and reliability of the numerical model

• Validation experiments are designed to test specific aspects of the FEM model, such as boundary
conditions, material properties, or flow regimes

• Uncertainty quantification techniques, like sensitivity analysis or Bayesian inference, are employed to
characterize the impact of input uncertainties on the FEM results and establish confidence intervals

Advanced topics in FEM for fluid dynamics

Incompressible Navier-Stokes equations
• The incompressible Navier-Stokes equations govern the motion of viscous, incompressible fluids and
are a fundamental model in fluid dynamics

• FEM formulations for the Navier-Stokes equations often employ mixed interpolation, with different
shape functions for velocity and pressure to satisfy the LBB (inf-sup) stability condition

• Techniques like the projection method or the SIMPLE algorithm are used to handle the
pressure-velocity coupling and enforce the incompressibility constraint

Turbulence modeling and large eddy simulation
• Turbulence modeling is essential for simulating high-Reynolds-number flows, where direct resolution
of all scales of motion is computationally infeasible

• Reynolds-Averaged Navier-Stokes (RANS) models, such as k-epsilon or k-omega, introduce
additional transport equations for turbulence quantities and provide closure for the averaged equations

• Large Eddy Simulation (LES) directly resolves the large-scale turbulent structures while modeling the
effects of smaller scales using subgrid-scale (SGS) models, providing a more accurate representation
of turbulence

Fluid-structure interaction and moving meshes
• Fluid-structure interaction (FSI) problems involve the coupled dynamics of fluids and deformable
structures, such as blood flow in arteries or wind turbine blades

• FEM formulations for FSI often employ partitioned or monolithic approaches, depending on the
strength of the coupling between the fluid and structure domains

• Moving mesh techniques, such as the Arbitrary Lagrangian-Eulerian (ALE) method or the immersed
boundary method, are used to handle the deformation of the computational domain and maintain mesh
quality
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8.4 Spectral methods
Spectral methods solve partial differential equations (PDEs) by representing solutions as combinations of
global basis functions, typically trigonometric functions or orthogonal polynomials. Unlike finite difference or
finite element approaches that use local approximations, spectral methods leverage the global structure of
these basis functions to achieve exponential convergence for smooth problems. This makes them a go-to
choice in CFD when high spatial accuracy matters, particularly in turbulence simulations and flows with
periodic geometries.

Spectral methods overview
The core idea behind spectral methods is to express an unknown solution  as a truncated series of
known basis functions:

where  are the expansion coefficients and  are the basis functions (sines, cosines, Chebyshev
polynomials, etc.). The PDE is then recast as a problem for the coefficients  rather than for  directly.

What makes spectral methods special is their convergence behavior. For smooth solutions, the
approximation error decreases exponentially as you add more basis functions. Compare this to finite
differences, where doubling the grid points only reduces error by a fixed algebraic factor. The tradeoff is
that spectral methods work best on simple geometries and smooth problems. Discontinuities or sharp
gradients can cause trouble (the Gibbs phenomenon), which is why these methods are often paired with
other techniques for more complex scenarios.

Fourier series representations
Fourier series decompose periodic functions into sums of sines and cosines. In CFD, they're the natural
choice whenever the flow repeats in one or more spatial directions.

Periodic functions
A function is periodic with period  if  for all . Classic examples include sine waves, square
waves, and sawtooth waves. Many fluid dynamics problems have inherent periodicity: turbulent channel
flow is often treated as periodic in the streamwise and spanwise directions, and flow around a cylinder can
exploit azimuthal periodicity.

Trigonometric polynomials
A trigonometric polynomial approximates a periodic function using a finite number of sine and cosine
terms:

Adding more terms improves the approximation. For smooth periodic functions, the improvement is
dramatic: each additional term can reduce the error by a roughly constant factor, giving exponential
convergence.



Fiveable archived study guides Page 222

Fourier coefficients
The coefficients  determine how much each frequency contributes to the overall signal. You compute
them by projecting the function onto each basis function using an inner product, or more practically, by
applying a fast Fourier transform (FFT).

The rate at which Fourier coefficients decay tells you about the smoothness of the function. Smooth
functions have coefficients that drop off rapidly, which is exactly why spectral methods converge so fast for
smooth problems. If the coefficients decay slowly, the function has sharp features that are harder to
resolve.

Chebyshev polynomials
When the problem isn't periodic, Chebyshev polynomials are the most common spectral basis. They're
defined on the interval  and have approximation properties that are nearly optimal among all
polynomial bases.

Orthogonal polynomials
Chebyshev polynomials belong to a broader family of orthogonal polynomials, which satisfy:

where  is the Chebyshev weight function. Other families include Legendre
polynomials (uniform weight) and Hermite polynomials (Gaussian weight on the real line). Orthogonality is
what makes computing expansion coefficients straightforward and numerically stable.

Chebyshev nodes
Chebyshev nodes are the points where you sample the function for a Chebyshev expansion. They're
defined as:

These points cluster near the endpoints of the interval . That clustering isn't a bug; it's a feature. It
suppresses the Runge phenomenon (wild oscillations near boundaries that plague equally-spaced
polynomial interpolation) and provides extra resolution near walls, which is exactly where boundary layers
live in fluid flows.

Chebyshev differentiation matrices
To compute derivatives spectrally, you build a differentiation matrix  such that if  is the vector of function
values at the Chebyshev nodes, then  gives the derivative values at those same nodes.

These matrices are constructed from the analytic properties of Chebyshev polynomials and their
derivatives. They're dense (every node influences every derivative value), which reflects the global nature
of spectral approximations. Higher derivatives are obtained by applying  repeatedly:  gives the
second derivative, and so on.

Spectral differentiation
Computing spatial derivatives accurately is central to solving PDEs. Spectral differentiation does this by
operating on the expansion coefficients or by applying differentiation matrices to nodal values.
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Differentiation matrices
For any spectral basis, you can construct a matrix  that maps function values to derivative values at the
collocation points. For Fourier methods, differentiation in coefficient space is especially clean: taking a
derivative just multiplies the -th Fourier coefficient by , where  is the wavenumber.

For Chebyshev methods, the differentiation matrix is dense, with entries determined by the Chebyshev
nodes and the Lagrange interpolation formula. This density contrasts with finite difference stencils, which
produce sparse, banded matrices.

Accuracy vs finite differences
The accuracy gap between spectral and finite difference methods is significant for smooth problems:

• Finite differences converge algebraically: the error scales as , where  depends on the
stencil order (  for second-order central differences,  for fourth-order, etc.)

• Spectral methods converge exponentially:  for some 

In practice, this means a spectral method with 32 grid points can outperform a second-order finite
difference method with thousands of points, provided the solution is smooth. This efficiency is why spectral
methods dominate in direct numerical simulation (DNS) of turbulence, where resolving all scales accurately
is critical.

Spectral integration
Computing integrals of spectrally represented functions follows a similar philosophy to differentiation:
operate on the coefficients or use specialized quadrature rules.

Integration matrices
Just as differentiation matrices map function values to derivative values, integration matrices map function
values to integral values. For Chebyshev expansions, the integration matrix relates the coefficients of a
function to the coefficients of its antiderivative through a recurrence relation. These matrices tend to be
simpler in structure than differentiation matrices.

Gaussian quadrature
Gaussian quadrature rules approximate integrals as weighted sums of function values at carefully chosen
points:

The two most common variants in spectral methods are:

• Gauss-Chebyshev quadrature: uses Chebyshev nodes and the weight function 

• Gauss-Legendre quadrature: uses Legendre nodes with uniform weight

A key property is that Gaussian quadrature with  points integrates polynomials of degree up to
 exactly. This exactness is what underpins the accuracy of spectral methods when computing inner

products and projection integrals.
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Solving PDEs with spectral methods
The general workflow for solving a PDE with spectral methods involves these steps:

1. Choose a basis appropriate to the boundary conditions (Fourier for periodic, Chebyshev for
non-periodic)

2. Expand the unknown in that basis with undetermined coefficients

3. Substitute into the PDE and apply a projection method (Galerkin or collocation) to obtain equations
for the coefficients

4. Solve the resulting algebraic or ODE system for the coefficients

5. Reconstruct the solution in physical space if needed

Poisson equation
The Poisson equation  relates a scalar field to its source term through the Laplacian. It appears
constantly in CFD: the pressure Poisson equation in incompressible flow, gravitational potential problems,
and electrostatics.

In a Fourier basis, the Poisson equation becomes algebraic. Each Fourier mode decouples, and you
simply divide each coefficient of  by  to get the corresponding coefficient of . This makes
Fourier-based Poisson solvers extremely fast, especially when combined with FFTs.

Helmholtz equation
The Helmholtz equation  generalizes the Poisson equation by adding a term proportional to

 itself. It arises in time-harmonic wave problems (acoustics, electromagnetics) and also appears when
implicit time-stepping is applied to diffusion terms in the Navier-Stokes equations.

Spectral methods handle the Helmholtz equation efficiently because, like the Poisson equation, it
decouples in Fourier space. Each mode satisfies , which is a simple algebraic
equation.

Navier-Stokes equations
The incompressible Navier-Stokes equations consist of the momentum equation and the continuity
(divergence-free) constraint:

Spectral methods have been the backbone of DNS since the 1970s. A typical approach treats the linear
terms (viscous diffusion, pressure) implicitly in Fourier/Chebyshev space, while the nonlinear convective
term  is computed in physical space (a "pseudospectral" approach) and then transformed back.
This avoids the expensive convolution sums that would arise from computing the nonlinear term directly in
coefficient space.

Spectral element methods
Pure spectral methods struggle with complex geometries because global basis functions don't adapt well to
irregular domains. Spectral element methods solve this by combining spectral accuracy with the geometric
flexibility of finite elements.
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Domain decomposition
The computational domain is divided into non-overlapping elements (quadrilaterals in 2D, hexahedra in
3D). Within each element, the solution is represented by a high-order polynomial expansion, typically using
Legendre or Chebyshev polynomials on a reference element mapped to the physical element.

This decomposition allows you to handle complex geometries, refine the mesh locally where the flow has
fine-scale features, and distribute work across processors for parallel computation.

Elemental operations
Within each element, you compute local mass matrices, stiffness matrices, and force vectors. These are
the same types of matrices that appear in standard finite element methods, but the high-order polynomial
basis gives spectral-level accuracy within each element.

Because elements are independent at this stage, elemental operations parallelize naturally. Each
processor can handle its own set of elements without communicating with others.

Assembly of global system
After computing elemental contributions, you assemble them into a global system by enforcing continuity of
the solution (and sometimes its derivatives) across element boundaries. The resulting global matrix is
sparse because each element only connects to its immediate neighbors, unlike the dense matrices of pure
spectral methods.

Standard sparse linear algebra solvers and preconditioners can then be applied to the global system. This
combination of spectral accuracy within elements and sparse global structure is what makes spectral
element methods practical for large-scale, geometrically complex CFD problems. Codes like Nek5000 and
Nektar++ are built on this approach.

Fourier spectral methods
Fourier spectral methods are the simplest and most efficient spectral approach, but they require periodicity
in at least one spatial direction.

Periodic boundary conditions
Periodicity means the solution satisfies  in one or more directions. Fourier basis functions
are inherently periodic, so periodic boundary conditions are enforced automatically without any special
treatment. This is a significant advantage over methods that require explicit boundary condition
implementation.

Common CFD applications with periodic boundaries include homogeneous turbulence (periodic in all three
directions), channel flow (periodic in streamwise and spanwise directions), and mixing layers.

Fast Fourier transform (FFT)
The FFT is the algorithm that makes Fourier spectral methods practical. It computes the discrete Fourier
transform of  data points in  operations instead of the  required by direct summation.

For a 3D simulation on a  grid, that's the difference between roughly  and  operations per
transform. Since a typical time step requires multiple forward and inverse transforms, the FFT's efficiency
is not just convenient but essential.
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Dealiasing techniques
When you compute nonlinear terms (like ) in physical space and transform back to coefficient space,
high-frequency products can "fold" back into the resolved frequency range. This is aliasing, and it
introduces errors that can destabilize a simulation.

The most common fix is the 3/2 rule (also called zero-padding): before computing the nonlinear product,
you pad the coefficient array with zeros to extend it to  points, compute the product on this finer grid,
then truncate back to  modes. The equivalent approach from the other direction is the 2/3 rule, where you
truncate the highest 1/3 of modes after the transform. Both achieve the same result. An alternative is
spectral vanishing viscosity (SVV), which adds a small, spectrally-targeted dissipation to damp the
high-frequency modes that would otherwise alias.

Spectral accuracy
Spectral accuracy refers to the exponential convergence that spectral methods achieve for smooth
solutions. This is their defining advantage over lower-order methods.

Exponential convergence
For a smooth (infinitely differentiable) function, the error in a spectral approximation with  modes decays
as:

where  depends on the analyticity properties of the solution. This means each additional mode
reduces the error by a roughly constant factor, not a constant amount. For analytic functions (those that
can be extended to the complex plane), convergence is even faster: the coefficients decay geometrically.

This exponential convergence breaks down when the solution has discontinuities or insufficient
smoothness. In those cases, spectral methods revert to algebraic convergence and may exhibit Gibbs
oscillations near the discontinuity.

Comparison to finite differences
Property Spectral Methods Finite Differences

Convergence rate Exponential ( ) Algebraic ( )

Basis functions Global Local

Matrix structure Dense Sparse/banded

Best suited for Smooth solutions, simple geometries General problems, complex geometries

Grid points needed for high accuracy Few Many

For long-time integrations (e.g., climate modeling or turbulence statistics), the accuracy advantage of
spectral methods compounds over thousands of time steps, making them strongly preferred when the
geometry permits their use.

Implementation considerations
Getting spectral methods to perform well in practice requires attention to algorithmic efficiency,
parallelization, and memory management.
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Efficient algorithms
The most important algorithmic choice is using FFTs for Fourier-based methods. Beyond that, matrix-free
operators avoid storing dense differentiation matrices explicitly by applying them through fast transforms.
Iterative solvers (conjugate gradient, GMRES) with appropriate preconditioners are preferred over direct
solvers for large systems, especially in 3D.

For Chebyshev methods, the fast cosine transform (a variant of the FFT) enables 
transformations between physical and coefficient space, avoiding the  cost of direct matrix-vector
multiplication.

Parallel computing
Spectral methods parallelize differently depending on the variant:

• Fourier methods: The FFT can be parallelized using slab or pencil decompositions, where the 3D grid
is divided along one or two directions. Pencil decompositions scale better to large processor counts but
require more communication.

• Spectral element methods: Parallelization is more natural because elements can be distributed across
processors with communication only at shared boundaries.

Efficient parallel FFT libraries (FFTW, P3DFFT, 2DECOMP&FFT) are critical for scaling Fourier spectral
methods to thousands of processors.

Memory requirements
Spectral methods tend to be more memory-intensive than low-order methods because:

• Dense differentiation and transformation matrices scale as  per dimension

• Global basis functions mean every degree of freedom can couple to every other

Strategies to manage memory include matrix-free implementations (store only the data, apply operators via
transforms), domain decomposition (spectral element methods break the global problem into smaller local
ones), and out-of-core algorithms for very large problems. Despite these challenges, the high accuracy per
degree of freedom often means spectral methods need far fewer total unknowns than a finite difference
method for the same accuracy target, partially offsetting the higher per-unknown memory cost.

8.5 Turbulence modeling in CFD

Turbulence in fluid dynamics
Turbulence is a chaotic state of fluid motion where velocity, pressure, and other flow properties fluctuate
irregularly across a wide range of scales. Accurately modeling this behavior is central to CFD predictions in
aerodynamics, combustion, and heat transfer. The multiscale nature of turbulence forces a fundamental
tradeoff: resolving more detail costs more computation, so different modeling strategies exist depending on
what you can afford and what you need.
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Characteristics of turbulent flows

Randomness and irregularity
Turbulent flows show random, chaotic fluctuations in velocity and pressure that span a wide range of
length and time scales. This makes turbulence inherently unpredictable in a pointwise sense, though its
statistical properties (means, variances, spectra) can be described and modeled. The mathematical
challenge is that no closed-form solution exists for the Navier-Stokes equations in turbulent regimes.

Diffusivity and mixing
Turbulence dramatically enhances the transport of momentum, heat, and mass compared to laminar flow.
Turbulent eddies stir the fluid, leading to rapid mixing and homogenization of properties. This is why
turbulent mixing matters so much in combustion chambers, chemical reactors, and heat exchangers: the
mixing rate often controls the overall process performance.

Dissipation and energy cascade
Energy in turbulent flow moves from large eddies to progressively smaller ones through what's called the
energy cascade. At the smallest scales (the Kolmogorov microscales), viscosity converts kinetic energy
into heat. The rate at which turbulent kinetic energy dissipates, , is one of the most important quantities in
turbulence modeling because it sets the scale at which energy is ultimately removed from the flow.

Approaches to turbulence modeling
Three main strategies exist, each resolving a different portion of the turbulent spectrum:

Direct numerical simulation (DNS)
DNS solves the full Navier-Stokes equations without any modeling assumptions. Every scale of motion is
resolved, from the largest energy-containing eddies down to the Kolmogorov microscales. The grid must
be fine enough to capture the smallest dissipative structures, and the time step must resolve the fastest
fluctuations.

The computational cost scales roughly as  (in 3D), which makes DNS feasible only for relatively low
Reynolds numbers. It serves primarily as a research tool and a benchmark for validating cheaper models.

Large eddy simulation (LES)
LES directly resolves the large, energy-containing eddies and models only the small-scale (subgrid-scale)
motions using SGS models. Since the large eddies carry most of the energy and are geometry-dependent,
resolving them captures the dominant physics. The small scales tend to be more universal and easier to
model.

LES is far cheaper than DNS but still requires substantially finer grids than RANS, especially near walls. It's
well suited for flows with large-scale unsteadiness, separation, or mixing where RANS struggles.

Reynolds-averaged Navier-Stokes (RANS)
RANS decomposes every flow variable into a time-averaged mean and a fluctuating component, then
solves equations for the mean flow. The effect of turbulent fluctuations appears as the Reynolds stress
tensor, which must be modeled through turbulence closure models. This introduces additional transport
equations for quantities like turbulent kinetic energy ( ) and dissipation rate (  or ).
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RANS is by far the cheapest approach and dominates industrial CFD. The tradeoff is that all unsteady
turbulent content is modeled rather than resolved, which limits accuracy in flows with strong separation,
swirl, or transient behavior.

RANS turbulence models

Spalart-Allmaras model
This is a one-equation model that solves a single transport equation for a modified turbulent viscosity, . It
was developed specifically for aerodynamic applications and performs well in attached and mildly
separated wall-bounded flows. Its simplicity and robustness make it popular in the aerospace industry,
though it lacks the generality of two-equation models for complex internal flows.

k-epsilon models
These two-equation models solve transport equations for the turbulent kinetic energy  and its dissipation
rate . The turbulent viscosity is then computed as:

The standard k-epsilon model is the workhorse of industrial CFD due to its simplicity and reasonable
accuracy in many shear flows. However, it performs poorly in the near-wall region (requiring wall functions)
and in flows with strong streamline curvature or rotation. Two common variants address specific
weaknesses:

• Realizable k-epsilon: enforces a physical constraint on the normal stresses, improving behavior in
flows with strong strain rates

• RNG k-epsilon: derived from renormalization group theory, provides better performance in rapidly
strained and swirling flows

k-omega models
These two-equation models solve for  and the specific dissipation rate  (which can be thought of as

). The standard k-omega model handles near-wall regions and adverse pressure gradients better
than k-epsilon, but it's sensitive to freestream values of .

The SST (Shear Stress Transport) k-omega model, developed by Menter, blends k-omega behavior near
walls with k-epsilon behavior in the freestream. It also includes a limiter on the eddy viscosity to improve
prediction of flow separation. The SST model is one of the most widely recommended general-purpose
RANS models.

Reynolds stress models
Reynolds stress models (RSM) solve individual transport equations for all six independent components of
the Reynolds stress tensor , plus an equation for . This means RSM can capture anisotropic
turbulence, which eddy-viscosity models (Spalart-Allmaras, k-epsilon, k-omega) cannot, since those
assume the Reynolds stresses are proportional to the mean strain rate.

RSM is more accurate for flows with strong swirl, rotation, or secondary motions. The cost is higher (seven
equations instead of two) and the models are harder to converge numerically, so they're used selectively
rather than as a default choice.
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LES turbulence models

Smagorinsky model
The Smagorinsky model is the simplest and most widely used SGS model. It computes a subgrid-scale
eddy viscosity as:

where  is the Smagorinsky constant (typically around 0.1–0.2),  is the filter width (related to grid
spacing), and  is the magnitude of the resolved strain-rate tensor. The constant  is set empirically and
may need tuning for different flows, which is a notable limitation.

Dynamic Smagorinsky model
The dynamic model, proposed by Germano, removes the need to prescribe  by computing it on the fly
from the resolved field. It applies a test filter (coarser than the grid filter) and uses the Germano identity to
extract the coefficient from the energy content between the two filter levels.

This makes the model self-adjusting:  varies in space and time, naturally going to zero near walls and in
laminar regions. The dynamic model significantly improves accuracy and robustness compared to the
constant-coefficient version.

Wall-adapting local eddy-viscosity (WALE) model
The WALE model is designed to give correct near-wall scaling of the SGS viscosity without requiring
damping functions. It uses both the strain rate and the rotation rate of the resolved field to compute ,
which naturally produces the correct  behavior of eddy viscosity near walls (where  is the wall
distance). This makes WALE particularly attractive for wall-bounded flows and complex geometries where
defining a wall distance for damping functions would be awkward.

Hybrid RANS-LES methods
Full LES of wall-bounded flows at high Reynolds numbers is extremely expensive because the near-wall
eddies become very small. Hybrid methods address this by using RANS in the boundary layer and LES in
separated or free-shear regions.

Detached eddy simulation (DES)
DES uses a RANS model (typically Spalart-Allmaras) in attached boundary layers and switches to LES
where the local grid spacing is fine enough to resolve turbulent structures. The switch is controlled by
comparing the turbulent length scale from the RANS model to the local grid size. When the grid is fine
relative to the modeled length scale, the model behaves as LES.

A known problem with original DES is grid-induced separation: if the grid in the boundary layer is
ambiguously sized (too fine for RANS, too coarse for LES), the model can prematurely switch to LES mode
and produce nonphysical separation.

Delayed detached eddy simulation (DDES)
DDES addresses grid-induced separation by adding a shielding function that keeps the boundary layer in
RANS mode regardless of grid refinement. The switch to LES is "delayed" until the flow is clearly in a
separated or detached region. This makes DDES more robust and less sensitive to grid design than
original DES.
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Improved delayed detached eddy simulation (IDDES)
IDDES extends DDES by incorporating wall-modeled LES (WMLES) capability. Depending on local flow
conditions and grid resolution, IDDES can operate in RANS mode, LES mode, or WMLES mode,
transitioning seamlessly between them. This gives IDDES the flexibility to handle situations where the grid
near the wall is fine enough to support LES content, while still falling back to RANS where it isn't.

Boundary conditions for turbulence

Wall functions
Wall functions bridge the gap between the wall and the first grid point by applying analytical or
semi-empirical profiles for velocity and turbulence quantities in the near-wall region (viscous sublayer and
buffer layer). They allow the first cell center to sit in the log-law region (typically ), which
dramatically reduces the number of cells needed near walls. Wall functions work well for attached,
equilibrium boundary layers but can lose accuracy in flows with separation, strong pressure gradients, or
heat transfer.

Low-Reynolds number approach
The low-Reynolds number (or "resolve-to-wall") approach places enough grid points within the viscous
sublayer to directly solve the turbulence equations all the way to the wall surface. This requires the first cell
center at , which means many more cells in the near-wall region. The payoff is higher accuracy for
wall-bounded flows, especially where wall functions break down. Most modern two-equation models have
low-Re formulations available.

Turbulence model validation

Comparison with experimental data
Simulation results should be compared against experimental measurements to assess model accuracy.
Common experimental techniques used for validation include:

• Particle image velocimetry (PIV): provides full-field velocity measurements

• Laser Doppler anemometry (LDA): gives point-wise velocity with high temporal resolution

• Hot-wire anemometry: measures velocity fluctuations at high frequency

• Wind tunnel force/pressure measurements: provide integrated quantities like drag and pressure
distributions

Matching both mean flow quantities and turbulence statistics (Reynolds stresses, spectra) gives a more
complete picture of model performance.

Comparison with DNS results
DNS provides a complete, high-fidelity dataset with access to every flow variable at every point in space
and time. This makes it invaluable for validating turbulence models in detail, including quantities that are
difficult to measure experimentally (pressure-strain correlations, dissipation rates, budget terms in transport
equations).

DNS validation databases exist for canonical flows like channel flow, pipe flow, boundary layers, and
homogeneous isotropic turbulence. These are particularly useful for testing whether a model captures the
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correct physics in well-controlled conditions.

Limitations of turbulence models

Assumptions and simplifications
Every turbulence model introduces closure assumptions that limit its generality:

• Eddy-viscosity RANS models assume the Reynolds stresses are aligned with the mean strain rate
(the Boussinesq hypothesis). This fails in flows with strong anisotropy, swirl, or secondary motions.

• RANS empirical constants are calibrated against specific benchmark flows and may not transfer well
to very different configurations.

• LES SGS models assume the unresolved scales behave in a relatively simple, universal manner. In
underresolved LES (where the filter cuts into the energy-containing range), the SGS model carries too
much responsibility and accuracy degrades.

Accuracy vs. computational cost
The hierarchy from cheapest to most expensive, and correspondingly least to most resolved, is:

Approach Resolved content Typical cost Best suited for

RANS Mean flow only Low Steady industrial flows,
design iteration

LES Large eddies High Unsteady flows, mixing,
acoustics

DNS All scales Very high Research, model validation
(low Re)

Hybrid RANS-LES methods (DES, DDES, IDDES) sit between RANS and LES in both cost and fidelity.
Choosing the right approach depends on the flow physics you need to capture, the accuracy required, and
the computational budget available.
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Unit 9 – Aerodynamics
9.1 Airfoil theory
Airfoil theory explains how wing shapes interact with airflow to generate lift and drag. It connects geometry,
pressure distributions, and flow behavior to predict and optimize aerodynamic performance.

This topic covers airfoil geometry and forces, thin airfoil and finite wing theories, boundary layer effects,
high-lift devices, compressibility, and modern design approaches.

Airfoil geometry
The cross-sectional shape of a wing or blade determines its aerodynamic properties. Every detail of this
shape affects how pressure distributes across the surface, how much lift the wing produces, and how much
drag it creates.

Chord line
The chord line is a straight line connecting the leading edge to the trailing edge of an airfoil. Its length,
called the chord length, is one of the most fundamental airfoil parameters. The chord line serves as the
reference from which you measure the angle of attack and calculate aerodynamic coefficients.

Camber line
The camber line (or mean camber line) is the curve running midway between the upper and lower surfaces
of the airfoil. It represents the average curvature of the shape. Airfoils with positive camber (the camber
line bows upward relative to the chord line) generate more lift than symmetrical airfoils at the same angle of
attack, because the asymmetry forces air over a longer path on the upper surface.

Leading vs trailing edge
• The leading edge is where the airflow first meets the airfoil. Its radius of curvature strongly affects stall
characteristics: a rounder leading edge tolerates higher angles of attack before stalling, while a sharper
one is more sensitive.

• The trailing edge is where the flow from the upper and lower surfaces rejoins. Its shape influences
both lift and drag. A sharp trailing edge is important for satisfying the Kutta condition, which determines
how much circulation (and therefore lift) the airfoil produces.

Angle of attack
The angle of attack (AOA) is the angle between the chord line and the direction of the incoming freestream
flow. As AOA increases, lift generally increases, up to a critical value called the stall angle. Beyond this
point, the flow separates from the upper surface and lift drops sharply. The optimal AOA for a given airfoil
depends on its design, the Reynolds number, and the Mach number.

Airfoil characteristics
These properties describe how an airfoil behaves aerodynamically and guide the selection of the right
shape for a given application.
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Symmetrical vs cambered airfoils
• Symmetrical airfoils have identical upper and lower surfaces. They produce zero lift at zero angle of
attack, which makes them useful for applications like helicopter rotor blades and aerobatic aircraft
where the wing must perform equally in both directions.

• Cambered airfoils have a more curved upper surface than lower surface. They generate lift even at
zero AOA and typically achieve higher maximum lift coefficients. Most transport aircraft wings use
cambered airfoils.

Thickness distribution
Thickness distribution describes how the airfoil's thickness varies from leading edge to trailing edge.
Thicker airfoils offer greater structural strength and can house fuel or landing gear, but they tend to
produce more drag. Thinner airfoils reduce drag but stall more abruptly and provide less structural depth.
The best thickness distribution depends on whether the application prioritizes high-speed efficiency,
structural robustness, or gentle stall behavior.

Pressure distribution
As air flows over an airfoil, it accelerates over the curved upper surface. By Bernoulli's principle, this higher
velocity corresponds to lower pressure. The lower surface sees relatively slower flow and higher pressure.
The resulting pressure difference between upper and lower surfaces is what generates lift.

The pressure distribution shifts with angle of attack, airfoil shape, and flow conditions. Plotting the pressure
coefficient  along the chord is one of the most common ways to visualize airfoil performance.

Airfoil forces
The aerodynamic forces on an airfoil result from its interaction with the surrounding air. Predicting these
forces accurately is central to wing design.

Lift generation
Lift acts perpendicular to the freestream flow direction. It arises from the pressure difference between the
upper and lower surfaces. The curved upper surface accelerates the flow, lowering the pressure relative to
the lower surface. The net upward pressure force is lift.

The lift per unit span can be expressed using the lift coefficient:

where  is the chord length and  is the lift coefficient, which depends on the airfoil shape and angle of
attack.

Drag components
Drag acts opposite to the direction of motion and has two main components:

• Pressure drag (form drag) comes from the pressure imbalance between the front and rear of the
airfoil. Thicker airfoils and higher angles of attack increase pressure drag.

• Skin friction drag results from viscous shear stress between the air and the airfoil surface. It depends
on whether the boundary layer is laminar or turbulent, the surface roughness, and the Reynolds
number.
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At higher speeds, wave drag from shock waves becomes a third significant component.

Lift-to-drag ratio
The lift-to-drag ratio ( ) measures aerodynamic efficiency. A higher  means the airfoil generates
more lift for each unit of drag. This ratio varies with angle of attack and typically reaches a maximum at a
moderate AOA well below the stall angle. Maximizing  is a primary goal in wing design for cruise
conditions, since it directly affects range and fuel efficiency.

Stall conditions
Stall occurs when the airfoil exceeds its critical angle of attack. The flow separates from the upper surface,
causing a sudden drop in lift and a sharp rise in drag. The stall angle and the abruptness of the stall
depend on the airfoil's shape, thickness distribution, and Reynolds number.

Some airfoils stall gradually (the separation creeps forward from the trailing edge), while others stall
abruptly (leading-edge separation). Gentle stall behavior is generally preferred for safety.

Thin airfoil theory
Thin airfoil theory is a simplified analytical framework for predicting the lift of airfoils with small thickness
and camber. It provides closed-form relationships between airfoil geometry and lift, making it a useful
starting point before turning to more complex methods.

Assumptions and limitations
The theory rests on several simplifying assumptions:

1. The airfoil is thin (small thickness-to-chord ratio) with small camber.

2. The flow is inviscid (no viscosity), incompressible, and irrotational.

3. The angle of attack is small.

Because of these assumptions, thin airfoil theory cannot predict stall, flow separation, or compressibility
effects. It works best for low-speed flows at moderate angles of attack.

Kutta-Joukowski theorem
The Kutta-Joukowski theorem connects lift to circulation around the airfoil. It states that the lift per unit
span is:

where  is the freestream density,  is the freestream velocity, and  is the circulation. This result is
exact for inviscid, incompressible flow and forms the theoretical backbone of lift prediction.

Circulation and lift
Circulation ( ) quantifies the net rotation of fluid around the airfoil. The Kutta condition requires that the
flow leave the trailing edge smoothly, which uniquely determines the circulation for a given airfoil at a given
angle of attack.

For a thin symmetric airfoil, the theory predicts a lift curve slope of  per radian, meaning:
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where  is the angle of attack in radians. Camber shifts this curve upward, so a cambered airfoil has a
nonzero  at .

Conformal mapping
Conformal mapping is a mathematical technique that transforms the complex airfoil shape into a simpler
geometry (typically a circle) where the flow solution is known. The solution is then mapped back to the
airfoil shape.

Joukowski airfoils are a well-known family of shapes generated through this approach. While they don't
match modern airfoil profiles exactly, they were widely used in early aircraft design and remain valuable for
building intuition about how geometry affects lift.

Finite wing theory
Real wings have finite span, which introduces three-dimensional flow effects that thin airfoil theory ignores.
Finite wing theory accounts for these effects, particularly the influence of wingtip vortices on lift and drag.

Three-dimensional flow effects
On a finite wing, the high pressure below the wing and low pressure above it cause air to spill around the
wingtips from bottom to top. This creates swirling wingtip vortices that trail behind the wing. These vortices
induce a downwash, a downward velocity component across the span that reduces the effective angle of
attack seen by each wing section. The result is less lift than a two-dimensional airfoil analysis would
predict.

Induced drag
Induced drag is the drag penalty associated with generating lift on a finite wing. The downwash tilts the
local lift vector slightly backward, and the rearward component of this tilted lift vector is induced drag. It can
be expressed as:

where  is the Oswald efficiency factor (  for an ideal elliptical lift distribution) and  is the aspect
ratio. Induced drag is a significant fraction of total drag, especially at low speeds and high lift coefficients.

Wingtip vortices
Wingtip vortices are rotating tubes of air trailing behind each wingtip. They persist for a considerable
distance downstream and are strong enough to pose a hazard to smaller aircraft flying behind larger ones.
This is why air traffic control enforces wake turbulence separation distances.

Devices like winglets reduce the strength of wingtip vortices by blocking some of the tip spillover, which
decreases induced drag and improves fuel efficiency.

Aspect ratio influence
The aspect ratio is defined as:

where  is the wingspan and  is the wing area. Higher aspect ratio wings (long and narrow, like a glider's)
produce less induced drag because the wingtip vortices affect a smaller fraction of the total span. Lower
aspect ratio wings (short and wide, like a fighter jet's) have more induced drag but offer better structural
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efficiency and maneuverability.

The trade-off: high aspect ratio improves aerodynamic efficiency but increases structural loads and
susceptibility to aeroelastic effects like flutter.

Boundary layer effects
The boundary layer is the thin region of air immediately adjacent to the airfoil surface where viscous effects
dominate. Despite being thin, it controls drag, heat transfer, and whether the flow stays attached or
separates.

Laminar vs turbulent flow
• Laminar boundary layers have smooth, orderly streamlines. They produce less skin friction drag but
are more prone to separation under adverse pressure gradients.

• Turbulent boundary layers have chaotic, mixing motion. They produce more skin friction drag but are
more resistant to separation because the mixing brings high-energy fluid from the outer flow down to
the surface.

This trade-off is central to airfoil design: you want laminar flow for low drag, but turbulent flow resists
separation better.

Transition point
The transition point is where the boundary layer switches from laminar to turbulent. Its location depends
on:

• Reynolds number: higher Re promotes earlier transition

• Surface roughness: rougher surfaces trigger transition sooner

• Pressure gradient: favorable (accelerating) gradients stabilize laminar flow; adverse (decelerating)
gradients promote transition

Delaying transition moves more of the airfoil surface into the low-drag laminar regime, which is why
laminar-flow airfoils are designed with carefully shaped pressure distributions.

Separation and stall
Flow separation happens when the boundary layer detaches from the surface. An adverse pressure
gradient (pressure increasing in the flow direction) decelerates the fluid near the wall. If the deceleration is
strong enough, the near-wall flow reverses direction and the boundary layer lifts off.

Once separation occurs over a significant portion of the upper surface, the airfoil stalls. The separated
region creates a large wake, dramatically increasing pressure drag and destroying lift.

Boundary layer control methods
Several techniques manipulate the boundary layer to improve performance:

• Surface suction removes low-energy air from the boundary layer, keeping it thin and attached.

• Blowing injects high-energy air into the boundary layer to resist separation.

• Vortex generators are small fins that create streamwise vortices, mixing high-energy outer flow into
the boundary layer to delay separation.
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• Riblets are tiny grooved surfaces that reduce turbulent skin friction drag.

Each method targets either maintaining laminar flow (reducing friction drag) or energizing the turbulent
boundary layer (delaying separation and reducing pressure drag).

High-lift devices
High-lift devices increase the wing's lift coefficient so the aircraft can fly at lower speeds during takeoff and
landing. They work by increasing effective camber, wing area, or both.

Leading edge devices
• Slats are small airfoil sections that deploy forward from the leading edge, creating a slot. High-energy
air flows through the slot onto the upper surface, energizing the boundary layer and delaying stall.

• Krueger flaps are hinged panels that swing out from the lower surface of the leading edge, increasing
the effective camber and wing area.

Both devices extend the range of usable angles of attack, allowing the wing to generate more lift before
stalling.

Trailing edge flaps
Trailing edge flaps deploy from the rear of the wing and come in several types:

• Plain flaps are simple hinged surfaces that deflect downward, increasing camber.

• Split flaps have only the lower surface deflecting downward, creating a larger wake but significant lift
increase.

• Slotted flaps include a gap between the flap and the main wing, allowing air to flow through and
energize the boundary layer over the flap.

• Fowler flaps extend rearward and downward, increasing both camber and wing area. These produce
the largest lift gains and are common on transport aircraft.

Slats and slots
Slats and slots both create gaps that channel high-energy air from below the wing onto the upper surface.
This energizes the boundary layer, helping it stay attached at high angles of attack. Slats are movable and
typically located at the leading edge. Fixed slots can appear at various chord positions. The key
mechanism is the same: preventing separation by supplying momentum to the boundary layer.

Lift coefficient enhancement
High-lift devices can increase  substantially. A clean wing might have a  around 1.5, while a
wing with full leading-edge slats and triple-slotted Fowler flaps can reach  values of 3.0 or higher.

This increased lift allows lower approach and takeoff speeds, which reduces required runway length. The
effectiveness of each device depends on its size, deflection angle, and how well it integrates with the
overall wing design.
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Compressibility effects
When flow velocities approach the speed of sound, the assumption of incompressible flow breaks down.
Density changes become significant, and new phenomena like shock waves appear. These effects are
critical for aircraft cruising above roughly Mach 0.6.

Critical Mach number
The critical Mach number ( ) is the freestream Mach number at which the fastest-moving air on the
airfoil surface first reaches Mach 1.0 locally. Even though the aircraft is flying subsonically, the accelerated
flow over the upper surface can become locally supersonic.

Beyond , shock waves begin to form, and drag rises rapidly. Designing airfoils with a high  is a
major goal for transonic aircraft.

Shock wave formation
Shock waves are extremely thin regions where pressure, density, and temperature jump abruptly.

• Normal shocks are perpendicular to the flow. They cause a sudden deceleration from supersonic to
subsonic speed, with large pressure and entropy increases.

• Oblique shocks are angled to the flow and produce more gradual changes in flow properties.

In transonic flow, a normal shock typically forms on the upper surface of the airfoil. The sharp adverse
pressure gradient across this shock can cause boundary layer separation, leading to shock-induced stall
and a large increase in wave drag.

Transonic airfoil design
Transonic airfoil design focuses on delaying shock formation and minimizing wave drag. The strategy
involves shaping the pressure distribution so that the flow accelerates gradually and the peak local Mach
number stays as low as possible.

Key design features include:

• A flattened upper surface to reduce peak velocities

• A highly cambered aft section to recover lift lost from the flattened upper surface

• Careful pressure distribution tailoring to weaken any shocks that do form

Supercritical airfoils
Supercritical airfoils are specifically designed for efficient transonic cruise. Their distinctive features
include:

• A flattened upper surface that spreads the acceleration over a longer distance, keeping peak Mach
numbers lower

• A highly cambered rear section that generates lift aft, compensating for the flatter upper surface

• A blunt leading edge that helps manage the pressure distribution

These airfoils allow aircraft to cruise at higher Mach numbers before encountering significant wave drag.
They've become standard on modern commercial transports, contributing directly to improved fuel
efficiency. The Boeing 757/767 and Airbus A320 families, for example, use supercritical wing sections.
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Airfoil selection and design
Choosing and optimizing an airfoil requires balancing competing requirements against the specific
operating conditions of the application.

Airfoil families and nomenclature
Airfoil families group shapes with similar geometric characteristics. The most widely known system is the
NACA series:

• NACA 4-digit series (e.g., NACA 2412): the first digit gives maximum camber as a percentage of
chord, the second gives the location of maximum camber in tenths of chord, and the last two give
maximum thickness as a percentage of chord.

• NACA 5-digit series provides more control over the camber line shape.

• NACA 6-series airfoils were designed for laminar flow.

Other notable families include the Clark Y (popular in general aviation), Göttingen series, and Eppler
series. Standardized nomenclature lets engineers quickly identify an airfoil's key geometric properties.

Design considerations for specific applications
The right airfoil depends on the mission:

• High-speed transport: prioritize low drag, high , and good transonic behavior (supercritical
airfoils).

• General aviation: balance moderate speed performance with gentle stall characteristics and structural
simplicity.

• Gliders: maximize  with high aspect ratio wings and laminar-flow airfoils.

• Aerobatic aircraft: use symmetrical airfoils for equal performance in upright and inverted flight.

Other constraints include the Reynolds number range, structural depth requirements, manufacturing
feasibility, and compatibility with high-lift devices.

Computational fluid dynamics in airfoil design
Computational Fluid Dynamics (CFD) solves the governing equations of fluid motion (typically the
Navier-Stokes equations) numerically to predict the flow around an airfoil. CFD provides detailed data on
pressure distributions, lift, drag, boundary layer behavior, and shock locations.

The typical CFD-based design process:

1. Define the design requirements (target , drag budget, Mach range, etc.).

2. Generate an initial airfoil geometry, often starting from an existing family.

3. Create a computational mesh around the airfoil.

4. Run the flow solver for the relevant operating conditions.

5. Analyze the results (pressure distribution, , , separation points).

6. Modify the geometry and repeat until performance targets are met.
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CFD has largely replaced wind tunnel testing in the early design stages, though wind tunnel and flight tests
remain essential for validation. Modern optimization algorithms can automatically explore thousands of
shape variations to find airfoils that meet multiple performance criteria simultaneously.

9.2 Lift and drag

Types of Fluid Forces
Fluid forces are the forces a fluid exerts on any object immersed in it or moving through it. Every
aerodynamic analysis starts by breaking these forces into components relative to the flow direction.

Lift vs Drag
Lift is the force component perpendicular to the direction of the oncoming flow. For an airplane wing, that's
the upward force that counteracts gravity and keeps the aircraft airborne.

Drag is the force component parallel to the flow, opposing the object's motion. It's what you fight against
when you stick your hand out a car window.

The relationship between these two forces determines how efficiently an object moves through a fluid. A
well-designed aircraft wing generates large lift with relatively small drag. A brick-shaped truck does the
opposite.

Pressure vs Shear Forces
Both lift and drag ultimately come from two physical mechanisms acting on the object's surface:

• Pressure forces act perpendicular (normal) to the surface. They arise from the static pressure
distribution around the object. Where pressure is high, the surface gets pushed inward; where it's low,
the surface gets pulled outward.

• Shear forces act tangentially along the surface. They arise from viscous friction as fluid layers slide
past the object.

The total lift and drag on any body are found by integrating these pressure and shear distributions over the
entire surface.

Lift Force

Definition of Lift
Lift is the net force on an object perpendicular to the oncoming freestream flow. For aircraft, lift supports
the plane's weight. But lift also appears on bridge decks, turbine blades, and even spinning baseballs.

Lift Coefficient
The lift coefficient ( ) is a dimensionless number that lets you compare lift-generating ability across
different shapes, sizes, and flow speeds. It's defined by:

where  is the fluid density,  is the freestream velocity, and  is a reference area (typically the planform
area of a wing).

 depends on the object's shape, orientation, and flow conditions. It can be found experimentally (wind
tunnel tests) or computationally (CFD simulations).
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Factors Affecting Lift
• Angle of attack ( ): The angle between the oncoming flow and the chord line of the airfoil. Increasing

 generally increases lift up to a critical angle, beyond which the wing stalls.

• Object shape: Camber (curvature of the mean line) and thickness of an airfoil both influence how
much lift it can produce. More camber typically means more lift at a given .

• Reynolds number ( ): The ratio of inertial to viscous forces in the flow. At low , viscous effects
dominate and can reduce lift; at high , the boundary layer behavior changes, affecting separation
and maximum .

Lift on Airfoils
Airfoils generate lift by creating a pressure difference between their upper and lower surfaces. The curved
upper surface accelerates the flow, lowering the local pressure (consistent with Bernoulli's principle for
inviscid flow). The flatter lower surface sees relatively higher pressure.

This pressure imbalance produces a net upward force. The circulation around the airfoil, established by the
Kutta condition at the trailing edge, provides the theoretical framework for predicting this lift.

Lift on Spinning Objects
Spinning objects experience lift through the Magnus effect. When a ball spins, it drags air faster on one
side and slower on the other. The side with faster-moving air has lower pressure, and the side with slower
air has higher pressure.

This pressure difference creates a lateral force perpendicular to the flow. A topspin baseball curves
downward; a backspin golf ball gets extra lift for a longer carry. The magnitude of the force depends on the
spin rate, ball size, and flow velocity.

Drag Force

Definition of Drag
Drag is the total force on an object in the direction of the freestream flow, opposing the object's motion. It
results from the combined effects of pressure differences around the body and viscous shear stresses on
its surface.

Drag Coefficient
The drag coefficient ( ) is defined analogously to the lift coefficient:

 allows direct comparison of drag characteristics between different shapes and sizes. A flat plate normal
to the flow has , while a streamlined airfoil might have  at cruise conditions.

Types of Drag
There are three main contributors to total drag:

• Pressure drag (form drag): Caused by the pressure difference between the front and rear of an object.
When flow separates and forms a low-pressure wake behind the body, pressure drag increases
significantly.
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• Skin friction drag: Caused by viscous shear forces acting directly on the surface. Even a perfectly
streamlined body has skin friction drag because the fluid satisfies the no-slip condition at the wall.

• Induced drag: Unique to finite wings generating lift. Tip vortices form because high-pressure air below
the wing curls around to the low-pressure upper surface. These vortices create a downwash that tilts
the local lift vector backward, producing a drag component. Induced drag decreases with increasing
aspect ratio.

Factors Affecting Drag
• Shape: Streamlined shapes reduce pressure drag by delaying flow separation. Surface roughness
increases skin friction drag.

• Reynolds number: Affects whether the boundary layer is laminar or turbulent, which changes both skin
friction and separation behavior.

• Mach number: At transonic and supersonic speeds (  or so), shock waves form on the body,
introducing wave drag as an additional and often dominant drag source.

Drag on Bluff Bodies
Bluff bodies have large frontal areas and shapes that promote flow separation. Think of cubes, cylinders,
and flat plates. The flow detaches early, creating a large, low-pressure wake behind the object.

For bluff bodies, pressure drag dominates. A long circular cylinder in crossflow, for example, has 
because of the massive separated wake. Skin friction contributes relatively little to the total.

Drag on Streamlined Bodies
Streamlined bodies (airfoils, torpedo shapes, teardrop profiles) are designed to keep the flow attached as
long as possible. The wake is small, so pressure drag is low.

For these shapes, skin friction drag is the primary contributor. This is why surface finish and boundary layer
state (laminar vs. turbulent) matter so much for streamlined designs.

Lift-to-Drag Ratio

Definition of Lift-to-Drag Ratio
The lift-to-drag ratio ( ) measures how efficiently an object converts its motion through a fluid into useful
lift. It's simply:

A higher  means more lift per unit of drag. A modern commercial airliner achieves  ratios around
15–20, while a high-performance sailplane can reach 40–60.

Importance of Lift-to-Drag Ratio
 is arguably the single most important aerodynamic performance metric for aircraft. It directly

determines:

• Range: A higher  means the aircraft flies farther on the same fuel (this appears explicitly in the
Breguet range equation).

• Endurance: More time aloft for a given fuel load.
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• Fuel efficiency: Less fuel burned per unit distance.

In automotive applications, maximizing  (or more precisely, minimizing drag while managing
lift/downforce) improves fuel economy and high-speed stability.

Factors Affecting Lift-to-Drag Ratio
• Angle of attack:  varies with . There's a specific angle where  is maximized; flying above or
below this angle reduces efficiency.

• Reynolds number: Changes in  alter boundary layer behavior, shifting the balance between skin
friction and pressure drag.

• Wing design: Higher aspect ratio wings reduce induced drag, improving . Planform shape, taper
ratio, and airfoil selection all play roles.

Optimizing Lift-to-Drag Ratio
1. Airfoil selection: Choose an airfoil profile with a high  at the expected operating  and .

2. Wing planform design: Use high aspect ratios to reduce induced drag. Optimize taper and twist
distributions to approach an elliptical lift distribution (which minimizes induced drag for a given span).

3. Active flow control: Techniques like boundary layer suction, blowing, or morphing surfaces can delay
separation and reduce drag, pushing  higher.

Boundary Layer Effects

Boundary Layer Concept
The boundary layer is the thin region of fluid adjacent to a surface where viscous effects are significant. At
the surface itself, the fluid velocity is zero (the no-slip condition). Moving away from the surface, velocity
increases until it reaches the freestream value.

The boundary layer thickness ( ) is conventionally defined as the distance from the surface where the
velocity reaches 99% of the freestream velocity. For a flat plate at moderate ,  might be only a few
millimeters, but its behavior controls the forces on the entire body.

Laminar vs Turbulent Boundary Layers
• Laminar boundary layers have smooth, orderly streamlines with minimal mixing between fluid layers.
They produce lower skin friction drag.

• Turbulent boundary layers have chaotic, swirling motions with strong mixing. They produce higher skin
friction drag (roughly 5–10 times more than laminar at the same ).

The tradeoff: turbulent boundary layers carry more momentum near the wall, making them far more
resistant to flow separation. This is why a turbulent boundary layer can stay attached through stronger
adverse pressure gradients than a laminar one.

Transition from laminar to turbulent typically occurs at a critical Reynolds number based on distance along
the surface, and it can be triggered earlier by surface roughness or freestream turbulence.
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Boundary Layer Separation
Separation happens when the boundary layer encounters a strong enough adverse pressure gradient
(pressure increasing in the flow direction) that the near-wall fluid decelerates to zero velocity and reverses
direction. The flow detaches from the surface, forming a recirculation zone and a wake.

Common causes of separation: - Rapid changes in body geometry (sharp corners, sudden expansions) -
High angles of attack on airfoils (leading to stall) - Shock wave–boundary layer interaction at transonic
speeds

Effects on Lift and Drag
The state of the boundary layer directly controls the lift and drag balance:

• Laminar flow gives low skin friction but separates easily, which can cause large pressure drag and
sudden lift loss (stall).

• Turbulent flow gives higher skin friction but resists separation, keeping the flow attached and
maintaining lift over a wider range of conditions.

Practical design often involves managing this tradeoff. For example, vortex generators on aircraft wings
intentionally trip the boundary layer to turbulent, accepting the skin friction penalty to prevent separation
and maintain lift at high angles of attack.

Applications of Lift and Drag

Aircraft Wings and Control Surfaces
Aircraft wings generate the lift needed to support the aircraft's weight. The wing's planform, airfoil section,
and twist are all designed to maximize  at cruise while providing adequate lift at low speeds (takeoff
and landing).

Control surfaces manipulate lift forces to maneuver the aircraft: - Ailerons (on the outer wing) create
differential lift for roll control - Elevators (on the horizontal tail) control pitch - Rudders (on the vertical tail)
control yaw

Flaps and slats are high-lift devices that increase  at low speeds by changing the wing's effective
camber and delaying separation.

Automotive Aerodynamics
Drag reduction is a primary goal in automotive design because aerodynamic drag accounts for a large
fraction of fuel consumption at highway speeds. Strategies include:

• Teardrop-shaped profiles and tapered rear ends to minimize the wake

• Smooth underbodies and wheel fairings to reduce parasitic drag

• Rear spoilers and diffusers to manage pressure recovery

For high-performance and racing vehicles, downforce (negative lift) is critical. Wings and splitters push the
car onto the track, increasing tire grip. The challenge is generating enough downforce without excessive
drag.
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Sports Equipment Design
Lift and drag optimization shows up throughout sports:

• Golf balls have dimpled surfaces that trigger an early transition to a turbulent boundary layer. This
keeps the flow attached longer, shrinks the wake, and reduces pressure drag. The backspin also
generates Magnus lift for longer carries.

• Cycling helmets and frames are streamlined to minimize drag, where even small  reductions
translate to meaningful speed gains at racing velocities.

• Tennis balls and soccer balls use spin to curve through the air via the Magnus effect.

Renewable Energy Systems
Wind turbine blades are airfoils designed to maximize the lift-to-drag ratio. The lift force drives rotation,
while drag opposes it. Higher  on the blade sections means more of the wind's kinetic energy is
converted to useful torque.

Blade design involves selecting airfoil profiles, optimizing twist (so each radial station operates near its best
), and choosing the right chord distribution. Hydrokinetic turbines that extract energy from river or tidal

currents follow similar principles but must account for the much higher density of water.

Experimental and Computational Methods

Wind Tunnel Testing
Wind tunnel testing places a scaled (or full-size) model in a controlled airflow to measure aerodynamic
forces and flow behavior.

Key features of wind tunnel testing: - Flow conditions (velocity, pressure, temperature) can be precisely
controlled to match target  and  values - Force balances measure lift, drag, and moments directly -
Pressure taps on the model surface map the pressure distribution - Flow visualization (smoke, tufts, oil
flow) reveals separation, transition, and vortex structures

Scaling effects must be considered: if the model  doesn't match the full-scale , the boundary layer
behavior may differ.

Particle Image Velocimetry (PIV)
PIV is a non-intrusive optical technique for measuring velocity fields in a fluid:

1. Seed the flow with small tracer particles that faithfully follow the fluid motion

2. Illuminate a thin plane of the flow with a pulsed laser sheet

3. Capture two images of the illuminated particles in rapid succession with a high-speed camera

4. Divide each image into small interrogation windows and use cross-correlation to determine how far
the particle pattern shifted between frames

5. Convert the displacement to velocity using the known time between pulses

PIV provides instantaneous, whole-field velocity data, making it valuable for studying complex flow
structures like vortices, wakes, and separated regions.
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Computational Fluid Dynamics (CFD)
CFD numerically solves the governing equations of fluid motion (the Navier-Stokes equations) to predict
flow behavior around objects. It provides detailed velocity fields, pressure distributions, and force
predictions without building a physical model.

Common approaches range from Reynolds-Averaged Navier-Stokes (RANS) simulations, which model
turbulence effects statistically, to Large Eddy Simulation (LES) and Direct Numerical Simulation (DNS),
which resolve progressively more of the turbulent flow structures at much higher computational cost.

CFD is used extensively in aircraft, vehicle, and turbine design, often in combination with wind tunnel
testing.

Validation and Verification Techniques
CFD results are only useful if you can trust them. Two distinct checks are required:

• Verification confirms that the code solves the equations correctly. This involves mesh refinement
studies (does the solution converge as you refine the grid?), comparison with known analytical
solutions, and checking numerical stability.

• Validation confirms that the mathematical model represents reality. This means comparing CFD
predictions against experimental data (wind tunnel measurements, flight test data) to assess accuracy.

Both steps are necessary. A verified code can still give wrong answers if the turbulence model or boundary
conditions don't capture the real physics.

9.3 Thin airfoil theory

Origins of thin airfoil theory
Thin airfoil theory gives you a way to predict lift and pitching moment for slender airfoils without solving the
full Navier-Stokes equations. It works by replacing the airfoil with a vortex sheet along the camber line and
enforcing a flow-tangency boundary condition. The result is a set of closed-form expressions for  and 
that depend only on the camber line geometry and angle of attack.

Ludwig Prandtl and his group at the University of Göttingen developed the foundations in the early 20th
century. Max Munk and Hermann Glauert later formalized the theory into the form you'll see in most
textbooks today. Despite its age, thin airfoil theory remains a go-to tool for preliminary airfoil design and for
building intuition about how camber and angle of attack drive aerodynamic forces.

Assumptions in thin airfoil theory

Small angles of attack
The theory assumes angles of attack small enough (typically below about 5°) that you can replace 
with  (in radians) and treat the flow as fully attached. Under this condition the boundary layer stays thin
and the governing equations linearize, which is what makes the elegant closed-form solutions possible.

Once the angle grows large enough for flow separation to begin, the linear relationship between  and 
breaks down, and the theory loses accuracy.

Camber vs. thickness
Thin airfoil theory splits an airfoil's geometry into two independent contributions:
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• Camber (the curvature of the mean camber line) is responsible for generating lift at zero angle of
attack and for setting the zero-lift angle .

• Thickness (the symmetric distribution added above and below the camber line) affects the local
pressure distribution but does not contribute to lift in the linearized framework.

The theory assumes the thickness-to-chord ratio is small, typically less than about 12%. This lets you
collapse the airfoil onto its camber line and ignore the displacement effect of thickness entirely.

Vortex sheet representation

Relationship with lift
Instead of modeling the full airfoil surface, thin airfoil theory places a vortex sheet of variable strength 
along the camber line from leading edge to trailing edge. The strength at each point is chosen so that the
camber line becomes a streamline of the combined freestream-plus-vortex flow.

The total circulation around the airfoil is:

Once you know , the Kutta-Joukowski theorem gives the lift per unit span:

A key constraint is the Kutta condition:  must go to zero at the trailing edge. This ensures smooth flow
departure and makes the solution unique.

Calculation of lift coefficient

Dependence on angle of attack
To solve for , you apply a coordinate transformation  and expand the vortex strength
as a Fourier series. Enforcing the flow-tangency condition on the camber line yields the Fourier coefficients

The lift coefficient that results is:

where the zero-lift angle of attack is:

Here  is the slope of the camber line. For a symmetric airfoil (zero camber), , so .

The lift-curve slope  is the same for every thin airfoil regardless of camber
shape. Camber only shifts the -vs-  line up or down; it doesn't change the slope.

Calculation of moment coefficient

Moment coefficient about the leading edge
The pitching moment coefficient about the leading edge is:
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where  are the Fourier coefficients from the vortex-strength expansion. Equivalently, in integral
form:

Moment coefficient about the quarter-chord
The quarter-chord point ( ) is special because the moment coefficient there turns out to be
independent of angle of attack. You obtain it with the transfer relation:

After substitution, the -dependent terms cancel, leaving:

This is why  is called the aerodynamic center of a thin airfoil: the moment there stays constant as 
changes, which is critical for stability analysis.

Symmetric vs. cambered airfoils

Lift characteristics
Property Symmetric airfoil Cambered airfoil

Zero-lift angle 0 Negative (typically  to )

 at 0 Positive

Lift-curve slope  per rad  per rad

Both types share the same lift-curve slope. Camber simply shifts the entire  curve so that the airfoil
produces lift even at zero geometric angle of attack.

Moment characteristics
• A symmetric airfoil has  because all the Fourier camber coefficients are zero.

• A cambered airfoil typically has , meaning a nose-down pitching tendency. This is
important for longitudinal stability: the tail must provide a balancing moment.

Thin airfoil theory vs. finite wing theory
Thin airfoil theory is strictly a 2-D analysis. It treats the airfoil as if the wing extends to infinity in both
spanwise directions. Real wings have finite span, which introduces several 3-D effects that the 2-D theory
cannot capture:

• Wingtip vortices form where high-pressure air beneath the wing curls around the tips to the
low-pressure upper surface.

• Downwash from these vortices reduces the local effective angle of attack along the span.

• Induced drag ( ) appears as a direct consequence of the downwash; thin airfoil theory predicts
zero drag (d'Alembert's paradox in 2-D inviscid flow).

• The actual lift-curve slope of a finite wing is less than . Lifting-line theory gives  for an
elliptic planform, where  is the aspect ratio.
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Think of thin airfoil theory as the 2-D building block: you solve the airfoil sections first, then feed those
results into a 3-D method like Prandtl's lifting-line theory to get the full wing performance.

Limitations of thin airfoil theory

Stall at higher angles
Beyond roughly 10–15° angle of attack, the boundary layer separates from the upper surface and the airfoil
stalls. Lift drops sharply and drag spikes. Because thin airfoil theory assumes attached, inviscid flow, it has
no mechanism to predict separation or the nonlinear  behavior near stall. For high-  analysis you need
viscous CFD or experimental data.

Thickness effects
The theory collapses the airfoil onto its camber line, so it ignores how thickness modifies the pressure
distribution. For airfoils thicker than about 12% chord, the actual pressure peaks and boundary-layer
growth differ noticeably from the thin-airfoil prediction. Viscous effects like transition and trailing-edge
separation on thick profiles are also outside the theory's scope.

Other limitations worth noting
• Compressibility is neglected. The theory applies to low-speed (incompressible) flow. At higher Mach
numbers you'd apply the Prandtl-Glauert correction or use a compressible panel method.

• Viscous drag is not predicted at all. The theory gives lift and moment but says nothing about skin
friction or pressure drag.

Applications of thin airfoil theory

Low-speed airfoil design
Thin airfoil theory is widely used for designing airfoils on sailplanes, small UAVs, and wind turbine blades.
Designers can quickly evaluate how changing the camber line shape shifts  and , then iterate
toward a profile with a high lift-to-drag ratio before committing to more expensive CFD runs.

Initial aircraft wing analysis
During preliminary design, engineers use thin airfoil theory to estimate  and  at multiple spanwise
stations along a wing. These section data feed into lifting-line or vortex-lattice methods to predict total wing
lift, induced drag, and spanwise load distribution. The results serve as a fast baseline before detailed
wind-tunnel testing or high-fidelity simulation.

9.4 Finite wing theory
Finite wing theory explains how real, limited-span wings behave differently from the idealized infinite wings
you study in 2D airfoil theory. The core issue: air can "leak" around the wingtips, creating vortices that
reduce lift and add drag. This theory gives you the tools to predict those effects and design wings that
minimize them.



Fiveable archived study guides Page 251

Finite wing theory fundamentals
Finite wing theory deals with wings that have a definite span, meaning they have tips where the airflow can
wrap around. Two-dimensional airfoil theory assumes the wing extends infinitely, so it never has to deal
with what happens at the ends. That simplification breaks down for every real wing.

These principles apply well beyond aircraft. Wind turbine blades, marine propellers, and hydrofoils all
involve finite lifting surfaces where tip effects matter.

Lift generation on finite wings
Finite wings generate lift the same way 2D airfoils do: the airflow accelerates over the curved upper
surface, creating lower pressure on top and higher pressure on the bottom. The net pressure difference
produces a force perpendicular to the incoming flow.

What changes for finite wings is that the lift is reduced compared to what 2D theory predicts. Wingtip
vortices create downwash (more on this below), which effectively decreases the angle of attack the wing
"sees." The result is less lift for the same geometric angle of attack.

The lift coefficient quantifies how efficiently a wing generates lift:

where  is lift force,  is air density,  is airspeed, and  is wing planform area.

Downwash and induced drag
At the wingtips, high-pressure air from below the wing spills over to the low-pressure region above. This
creates trailing vortices that push air downward behind the wing. That downward deflection of the airflow is
downwash.

Downwash tilts the local airflow vector downward, which does two things:

• It reduces the effective angle of attack, so the wing produces less lift than an infinite wing at the same
geometric angle.

• It tilts the lift vector backward, creating a drag component called induced drag. This is drag you pay
purely for generating lift with a finite wing.

The induced drag coefficient is:

where  is the aspect ratio. Notice that induced drag grows with the square of the lift coefficient but
decreases with higher aspect ratio. This is why long, slender wings are more efficient.

Effective angle of attack
The geometric angle of attack ( ) is the angle you physically set between the wing chord and the
freestream. But the wing doesn't "feel" that full angle because downwash deflects the local flow downward.

The effective angle of attack accounts for this:

where  is the induced angle of attack caused by downwash. This is always positive for a lift-producing
wing, so the effective angle is always less than the geometric angle.
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Spanwise lift distribution
Lift isn't uniform across the wingspan. It varies from root to tip, and the shape of that variation matters a lot.

• For an untwisted, unswept rectangular wing, lift is highest near the root and drops off toward the tips.

• The elliptical lift distribution is the ideal case: it produces the minimum possible induced drag for a
given total lift and span.

• You can approach an elliptical distribution through careful choices of wing twist (washout), taper, or
planform shape.

• Any deviation from the elliptical distribution increases induced drag. The penalty is captured by the
span efficiency factor , which modifies the induced drag formula to , where  for a
perfect elliptical distribution and  otherwise.

Wing planform effects
The planform is the shape of the wing as seen from above. Three parameters dominate how it affects
aerodynamic performance: aspect ratio, taper ratio, and sweep angle. Each involves trade-offs between
aerodynamic efficiency, structural weight, and handling qualities.

Aspect ratio impact
Aspect ratio ( ) measures how long and slender a wing is:

where  is wingspan and  is wing area.

• Higher  means less influence from wingtip vortices, lower induced drag, and better lift-to-drag ratio.

• The trade-off: high aspect ratio wings are structurally heavier (longer spars, more bending loads) and
less maneuverable.

• Gliders use very high aspect ratios (often 20+) to maximize endurance. Fighter jets use low aspect
ratios (around 3-4) for agility and high-speed performance.

Taper ratio considerations
Taper ratio ( ) describes how the chord changes from root to tip:

A rectangular wing has . Most transport aircraft use  around 0.2-0.4.

• Tapered wings shift the lift distribution closer to elliptical, reducing induced drag.

• They also concentrate structural material near the root where bending moments are highest, which is
structurally efficient.

• Too much taper (very small ) can cause the tips to stall first, which is dangerous because it reduces
roll control. A taper ratio around 0.4-0.5 is often a good compromise.

Sweep angle influence
Sweep angle ( ) is the angle between the wing's leading edge and a line perpendicular to the fuselage.
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• Aft sweep (the common type) delays the onset of shock waves in transonic flight by reducing the
effective Mach number that the wing "sees." Most commercial jets use 25-35° of aft sweep.

• Forward sweep can improve stall characteristics and maneuverability, but it introduces aeroelastic
divergence problems where aerodynamic loads twist the wing further, potentially to failure.

• Sweep generally hurts low-speed performance and complicates the structural design, so it's mainly
used when high-speed requirements demand it.

Wingtip vortices
Wingtip vortices are the rotating tubes of air that trail behind each wingtip. They're an unavoidable
consequence of generating lift with a finite wing, and they carry away kinetic energy that shows up as
induced drag.

Vortex formation mechanisms
The pressure difference that creates lift also drives the formation of tip vortices. On the lower surface,
pressure is high; on the upper surface, it's low. At the wingtip, nothing prevents air from flowing from the
high-pressure side to the low-pressure side. This crossflow curls into a vortex that trails downstream.

• Vortex strength is proportional to the lift the wing generates and inversely proportional to the
wingspan.

• Wings at high angles of attack (generating more lift) produce stronger vortices.

• Low aspect ratio wings produce stronger vortices because the same lift is generated over a shorter
span.

Vortex strength factors
Vortex strength is quantified by circulation ( ), which connects directly to lift through the Kutta-Joukowski
theorem:

where  is lift per unit span. Higher circulation means more lift but also stronger trailing vortices.

Several design features can reduce vortex strength:

• Winglets (vertical or canted extensions at the tips) block the spanwise flow and diffuse the vortex.

• Wing fences and raked wingtips serve similar purposes.

• Simply increasing the wingspan spreads the same lift over a longer span, weakening the vortices.

Vortex drag penalties
Induced drag is often the largest drag component at low speeds and high lift conditions (like climb and
approach). For a typical transport aircraft in cruise, induced drag accounts for roughly 30-40% of total drag.

The relationship is the same as before:

Strategies to minimize vortex drag:

• High aspect ratio wings
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• Elliptical (or near-elliptical) lift distributions

• Winglets and other tip devices

• Formation flight: trailing aircraft can position themselves in the upwash region of a leading aircraft's
vortex, reducing their own induced drag. Migrating birds use this same principle.

Lifting-line theory
Lifting-line theory is the classical mathematical framework for predicting the aerodynamic behavior of finite
wings. Ludwig Prandtl introduced it in 1918, and it remains one of the most important results in
aerodynamics.

Prandtl's classical approach
The key idea is to replace the entire wing with a single "lifting line" located at the quarter-chord, running
along the span. Bound vortices of varying strength sit along this line, and free (trailing) vortices extend
downstream from every point where the bound vortex strength changes.

Here's how the theory works:

1. Represent the wing as a lifting line with a circulation distribution  that varies along the span.

2. The trailing vortices induce a downwash at each spanwise location, calculated using the Biot-Savart
law.

3. At each spanwise station, relate the local circulation to the local effective angle of attack using the
Kutta-Joukowski theorem and the 2D airfoil lift curve.

4. This produces an integro-differential equation for .

5. Solve for , then integrate to get total lift and induced drag.

For an elliptical circulation distribution, the solution is elegant: downwash is constant across the span, and
induced drag is minimized.

Limitations and assumptions
Lifting-line theory works well within its assumptions, but you should know where it breaks down:

• Moderate to high aspect ratios only: The theory assumes the wing is much longer than it is wide. For
low aspect ratio wings (delta wings, for example), it becomes inaccurate.

• Small angles of attack: It assumes a linear lift-vs-angle relationship, which fails near stall.

• Incompressible flow: No compressibility effects, so it's limited to low subsonic Mach numbers.

• Inviscid, steady flow: No viscous effects like boundary layer separation or turbulence.

• Planar wake: The trailing vortex sheet is assumed to remain flat, which is only approximate.

Despite these limitations, lifting-line theory gives surprisingly good results for conventional wings and
remains a standard preliminary design tool.

Modern computational methods
More advanced methods relax the assumptions of lifting-line theory:
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• Vortex lattice methods (VLM) discretize the wing into a grid of horseshoe vortices. They handle
complex planforms, non-planar surfaces, and multiple lifting surfaces (wing + tail) well, and they run
fast.

• Panel methods distribute sources and doublets over the actual 3D wing surface, capturing thickness
effects that VLM ignores.

• Computational fluid dynamics (CFD), particularly Reynolds-Averaged Navier-Stokes (RANS) solvers,
directly solve the governing fluid equations. They capture viscous effects, compressibility, and
separation, but at much higher computational cost.

In practice, designers often start with VLM for early trade studies, move to panel methods for refinement,
and use CFD for detailed analysis of critical flight conditions.

Wing design considerations
Designing a wing means balancing aerodynamic performance against structural weight, manufacturing
cost, and operational requirements. No single wing shape is optimal for all conditions.

Planform selection trade-offs
Choosing a planform comes down to the mission:

• A long-range transport needs high  and moderate sweep for fuel efficiency at cruise.

• A fighter needs low  and high sweep for maneuverability and supersonic capability.

• A general aviation aircraft needs moderate  with little sweep for good low-speed handling and
simplicity.

Taper and twist are then tuned to bring the lift distribution close to elliptical while maintaining acceptable
stall behavior (you generally want the root to stall before the tip, so you retain aileron control).

High-lift device integration
Wings are optimized for cruise, but takeoff and landing require much higher lift coefficients at low speeds.
High-lift devices bridge that gap:

• Leading-edge slats extend forward from the wing's leading edge, increasing the effective camber and
delaying stall to higher angles of attack.

• Trailing-edge flaps (plain, split, slotted, or Fowler) increase both camber and effective wing area.
Fowler flaps are the most effective because they slide backward as they deflect, adding area.

• Multi-element systems combining slats and slotted flaps can increase  by a factor of 2 or more
compared to the clean wing.

Integration challenges include structural reinforcement for the moving parts, actuation mechanisms, and
ensuring the devices don't create excessive drag or pitch changes.

Structural design implications
Aerodynamic choices directly drive structural requirements:

• High aspect ratio wings experience large root bending moments, requiring heavier spar caps and
potentially thicker skin near the root.
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• Swept wings create complex load paths because the aerodynamic center shifts, and they can be
susceptible to aeroelastic divergence (where aerodynamic loads twist the wing in a way that increases
loads further) and flutter (a dynamic instability coupling bending and torsion).

• The wing box (the primary structural element between the front and rear spars) must be designed for
strength, stiffness, and fatigue life simultaneously.

Modern wings use composite materials to save weight while meeting these requirements, but the
fundamental trade-offs between aerodynamic efficiency and structural weight remain.

Experimental techniques
Theory and computation need validation, and experimental methods provide the ground truth for finite wing
aerodynamics.

Wind tunnel testing
Wind tunnel testing places a scaled wing model in a controlled airflow to measure its aerodynamic
characteristics.

• Low-speed tunnels are used for subsonic studies: lift curves, drag polars, stall behavior, and high-lift
device performance.

• Transonic and supersonic tunnels investigate compressibility effects, shock formation, and wave drag.

• Key challenges include Reynolds number matching (the model is smaller than the real wing, so the
boundary layer behaves differently) and wall interference (the tunnel walls constrain the flow and can
distort results).

• Corrections for these effects are applied to the raw data to make results representative of free-flight
conditions.

Flow visualization methods
Seeing the flow helps you understand what's happening physically:

• Smoke or dye injection reveals streamlines, vortex cores, and separated regions in real time.

• Surface oil flow uses a mixture of oil and pigment applied to the model surface. The airflow smears the
oil into streaks that show surface streamline patterns, separation lines, and reattachment points.

• Particle Image Velocimetry (PIV) is a quantitative technique: a laser sheet illuminates tiny tracer
particles in the flow, and high-speed cameras capture their positions at two closely spaced times.
Software then computes the full 2D (or 3D) velocity field. This gives you detailed maps of the flow
around the wing, including vortex structures.

Force and moment measurements
Quantifying aerodynamic loads is the primary goal of most wind tunnel tests:

• Strain gauge balances (mounted internally in the model or externally on a support sting) measure
forces and moments in all six degrees of freedom: lift, drag, side force, roll, pitch, and yaw.

• Pressure taps are small holes drilled into the wing surface, connected to pressure transducers.
Integrating the measured pressure distribution over the surface gives lift and pitching moment.



Fiveable archived study guides Page 257

• Wake surveys use pressure probes or hot-wire anemometers traversed across the wake behind the
wing. The momentum deficit in the wake directly relates to the drag force, and this method can separate
profile drag from induced drag.

Applications and examples
Finite wing theory isn't just academic. The same physics governs any lifting surface with finite span
operating in a fluid.

Aircraft wing performance
Aircraft wing design is the most direct application:

• Transport aircraft (like the Boeing 787) use high aspect ratio wings ( ) with moderate
sweep, winglets, and sophisticated high-lift systems. The goal is maximum fuel efficiency over long
ranges.

• Fighter aircraft (like the F-16) use low aspect ratio wings ( ) with significant sweep or delta
planforms. They accept higher induced drag in exchange for structural compactness, reduced wave
drag at supersonic speeds, and high roll rates.

• General aviation aircraft typically use moderate aspect ratios ( ) with little or no sweep,
balancing efficiency with simplicity and good low-speed handling.

Propeller and turbine blades
Each blade of a propeller or wind turbine is a finite wing rotating through the air. The same principles apply:

• Blade sections are designed using airfoil theory, while the overall blade uses finite wing concepts.

• Tip losses from blade-tip vortices reduce efficiency, just as wingtip vortices reduce wing efficiency.
Blade tip shapes (swept tips, winglet-like features) are optimized to minimize these losses.

• Blade twist is essential: the root moves slower than the tip, so the angle of attack must vary along the
span to maintain efficient lift generation everywhere.

Hydrofoils and marine propellers
In water, the physics is the same but the fluid is ~800 times denser than air:

• Hydrofoils lift boat hulls out of the water, dramatically reducing drag. Their design follows aircraft wing
principles, but must also account for cavitation (vapor bubble formation when local pressure drops
below the vapor pressure) and free surface effects (waves).

• Marine propellers generate thrust by accelerating water. Finite wing theory helps predict blade loading
and efficiency, while cavitation analysis determines operational limits.

• The higher fluid density means forces are much larger for the same speed and size, making structural
design particularly critical.
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9.5 Compressibility effects

Compressibility in Fluid Dynamics
Compressibility effects describe what happens when a fluid's density changes significantly in response to
pressure changes. At low speeds, you can usually ignore density changes and treat air as incompressible.
But as flow velocity climbs toward and beyond the speed of sound, density, pressure, and temperature all
become tightly coupled, producing phenomena like shock waves and choked flow that are central to
aerospace engineering.

The Mach number is the single most important parameter for deciding whether compressibility matters.
This guide covers how it defines flow regimes, how the speed of sound works, how flow properties change
in compressible flow, and what all of this means for aerodynamic and propulsion design.

Mach Number

Definition of Mach Number
The Mach number ( ) is a dimensionless ratio of flow velocity to the local speed of sound:

where  is the flow velocity and  is the local speed of sound. Because  depends on local temperature,
the same aircraft at the same airspeed can have different Mach numbers at different altitudes.

Mach Number Regimes
Each regime has distinct physical behavior:

• Subsonic ( ): Flow velocity is below the speed of sound. Pressure disturbances can propagate
upstream, so the flow "knows" about obstacles ahead of time. No shock waves form.

• Transonic ( ): The freestream may be subsonic, but local acceleration over curved
surfaces can push regions of the flow past . Both subsonic and supersonic regions coexist, and
shock waves first appear on the body surface.

• Supersonic ( ): The entire flow field exceeds the speed of sound. Shock waves and
expansion fans are the dominant features. Pressure disturbances cannot travel upstream.

• Hypersonic ( ): Extremely strong compressibility effects. Shock layers become very thin and
temperatures become high enough to cause real-gas effects like molecular dissociation and ionization.

Mach Number and the Onset of Compressibility
Compressibility effects don't switch on at a single threshold; they grow gradually:

• Below about , density changes are less than ~5%, so treating the flow as incompressible
introduces negligible error.

• Between  and , density variations grow and should be accounted for in accurate
analyses.

• Above , compressibility dominates. Density, pressure, and temperature are all strongly
coupled to velocity changes.
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Speed of Sound

Definition
The speed of sound ( ) is the speed at which small pressure disturbances propagate through a fluid. For
an ideal gas:

where  is the ratio of specific heats (1.4 for air),  is the specific gas constant (287 J/(kg·K) for air), and 
is the absolute temperature in Kelvin.

This means the speed of sound depends only on temperature for a given gas. At sea level on a standard
day (  K), the speed of sound in air is about 340 m/s. At cruise altitude where temperatures drop to
around 220 K, it falls to roughly 295 m/s.

Factors Affecting Speed of Sound
• Temperature: Higher temperature means faster molecular motion, so sound propagates faster. This is
the dominant factor in gases.

• Gas composition: Different gases have different  and  values. Helium, for example, has a much
higher speed of sound than air because of its low molecular mass (high ).

• Phase of matter: Sound travels faster in liquids and solids than in gases because of their much higher
stiffness relative to density. In water at room temperature,  m/s, roughly four times faster
than in air.

Compressible vs. Incompressible Flow

Incompressible Flow
Incompressible flow assumes density stays constant ( ). This decouples the energy equation
from the continuity and momentum equations, making the math much simpler. It's a valid approximation
for:

• Most liquid flows (water in pipes, open-channel flow)

• Gas flows at  (low-speed airflow around cars, buildings, small drones)

Compressible Flow
In compressible flow, density varies significantly and is coupled to pressure, temperature, and velocity. You
must solve the full set of conservation equations together with an equation of state. Compressible flow
features include:

• Shock waves: Thin regions where properties change nearly discontinuously

• Expansion fans: Gradual, continuous regions where supersonic flow accelerates and pressure drops

• Choked flow: A condition where the mass flow rate through a restriction reaches its maximum at
 at the throat

Typical compressible flow situations: high-speed flight, rocket nozzles, gas turbine internals, and
high-pressure gas pipelines.
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Isentropic Flow Relations
For isentropic flow (adiabatic and reversible, meaning no shock waves or friction), the relationships
between local properties and their stagnation (total) values are functions of Mach number alone.
Stagnation properties (subscript 0) are the values the flow would have if brought to rest isentropically.

Temperature ratio:

Pressure ratio:

Density ratio:

As  increases, static temperature, pressure, and density all decrease relative to their stagnation values.
The kinetic energy of the flow increases at the expense of internal energy.

For air ( ) at : , , . The static pressure drops to
about 13% of the stagnation pressure.

Normal Shock Relations
A normal shock wave is a very thin region (on the order of a few mean free paths) oriented perpendicular to
the flow, across which properties change abruptly. Shocks are irreversible, so entropy increases and
stagnation pressure decreases across them. The flow upstream is supersonic; the flow downstream is
always subsonic.

Density ratio:

Pressure ratio:

Temperature ratio:

Here, subscript 1 is upstream and subscript 2 is downstream. Across a normal shock:

• Pressure, density, and temperature all increase

• Velocity decreases (from supersonic to subsonic)

• Stagnation pressure decreases (entropy is generated)

• Stagnation temperature remains constant (for a calorically perfect gas)

For a normal shock at  in air: , , , and the downstream
Mach number .
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Density, Pressure, and Temperature Effects on Flow
Density, pressure, and temperature are linked through the ideal gas equation of state:

In compressible flow, a change in any one of these quantities forces changes in the others. Some key
consequences:

• Mass flow rate through a cross-section is . Because density varies, you can't just track
velocity and area; all three matter.

• Dynamic pressure ( ) doesn't capture the full picture in compressible flow the way it does in
incompressible flow. The compressible form of Bernoulli's equation involves enthalpy rather than just
pressure and velocity.

• Speed of sound changes locally because . As the flow accelerates and static temperature
drops, the local speed of sound drops too, which means the local Mach number rises even faster than
velocity alone would suggest.

• At very high temperatures (hypersonic regime), air molecules begin to dissociate and ionize. The
calorically perfect gas assumption ( ) breaks down, and you need real-gas models.

Compressible Flow Equations
The governing equations for compressible flow are the conservation of mass, momentum, and energy,
supplemented by an equation of state.

Continuity (Conservation of Mass)

For steady, one-dimensional flow this simplifies to:

Unlike incompressible flow where , here density must be tracked because it changes along
the flow.

Momentum (Conservation of Momentum)

where  is the viscous stress tensor and  represents body forces. For inviscid, steady, one-dimensional
flow:

This shows that pressure gradients directly drive velocity changes, and vice versa.

Energy (Conservation of Energy)

where  is internal energy per unit mass,  is thermal conductivity, and  is the viscous dissipation
function. For steady, adiabatic, inviscid flow, this reduces to the statement that total enthalpy is constant
along a streamline:
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This is the compressible equivalent of Bernoulli's equation and is one of the most useful relations in
compressible aerodynamics.

Compressibility Effects on Aerodynamics

Lift and Drag
Compressibility changes how lift and drag scale with speed:

• At low subsonic Mach numbers, lift and drag coefficients are roughly constant. The Prandtl-Glauert
correction approximates the compressibility effect on pressure coefficient: , where 

is the incompressible value. This predicts that pressure differences (and therefore lift) grow as 
increases.

• The critical Mach number ( ) is the freestream Mach number at which the flow first reaches 
somewhere on the body. Beyond this point, local supersonic regions and shock waves appear.

• The drag divergence Mach number is slightly above . Here, shock waves on the surface become
strong enough to cause boundary-layer separation, and drag rises sharply. This rapid drag increase
was historically called the "sound barrier."

• In fully supersonic flow, wave drag is an additional drag component that exists even for inviscid flow,
caused by the energy carried away by shock waves.

Flow Patterns
• In subsonic flow, streamlines smoothly adjust ahead of a body because pressure disturbances
propagate in all directions.

• In supersonic flow, disturbances are confined within a Mach cone of half-angle . The
flow upstream of the cone is completely unaffected.

• Shock-boundary layer interaction is a critical phenomenon in transonic and supersonic flow. A shock
wave impinging on a boundary layer can cause it to separate, leading to large increases in drag and
potential loss of control effectiveness.

Aircraft Design Strategies
Designers use several techniques to manage compressibility effects at high speeds:

• Swept wings: Sweeping the wing back reduces the effective Mach number component perpendicular
to the leading edge, delaying the onset of transonic drag rise. Most commercial jets use sweep angles
of 25°–35°.

• Thin airfoil sections: Thinner profiles produce weaker shocks at transonic speeds, reducing wave
drag.

• Area ruling (Whitcomb area rule): The total cross-sectional area of the aircraft should vary smoothly
along its length. Abrupt area changes produce stronger shocks. The characteristic "wasp waist"
fuselage shape of some supersonic aircraft comes from area ruling.

• Supercritical airfoils: These profiles are designed to keep the flow over the upper surface closer to
 over a longer region with a weaker terminating shock, reducing wave drag in the transonic

regime.
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Compressibility Effects in Propulsion Systems

Jet Engines
Compressibility is a factor throughout a jet engine:

• Compressor stages: Each blade row accelerates and decelerates the flow, and at high pressure ratios
the relative Mach numbers at blade tips can approach or exceed 1. This limits the pressure ratio
achievable per stage (typically 1.3–1.5 for subsonic stages, up to ~2 for transonic fan stages) and is
why modern engines need many compressor stages.

• Turbine stages: The flow expands through the turbine at high velocities. Shock waves can form
between blade passages, reducing efficiency and causing vibration that can lead to structural fatigue.

• Careful blade profiling and stage matching are required to manage these compressibility effects
across the engine's operating range.

Rocket Nozzles
Rocket nozzles are a textbook application of compressible flow:

1. High-pressure, high-temperature combustion gases enter the converging section, where the flow
accelerates toward .

2. The flow reaches exactly  at the throat (the narrowest cross-section). This is the choked flow
condition, and it sets the maximum mass flow rate for given upstream conditions.

3. In the diverging section, the supersonic flow continues to accelerate as the area increases. Pressure,
temperature, and density all drop as kinetic energy increases.

This converging-diverging geometry is called a De Laval nozzle. The ratio of exit area to throat area
determines the exit Mach number. Nozzle designers optimize this ratio along with the expansion ratio to
maximize thrust and specific impulse for the intended operating altitude. If the nozzle is over-expanded or
under-expanded relative to ambient pressure, shock waves or expansion fans form at the exit, reducing
efficiency.

Engine Performance
Compressibility affects overall propulsion performance in several ways:

• Ram compression at high flight speeds: As flight Mach number increases, the inlet decelerates the air,
converting kinetic energy to pressure. At , ram compression alone can produce a pressure ratio
of about 37:1, which is why ramjets need no mechanical compressor.

• Inlet design must manage shock waves to decelerate supersonic freestream air to subsonic speeds at
the compressor face with minimal stagnation pressure loss. Supersonic inlets use carefully positioned
oblique shocks followed by a normal shock.

• At hypersonic speeds ( ), decelerating the flow to subsonic speeds would produce unacceptably
high temperatures. Scramjets (supersonic combustion ramjets) solve this by keeping the flow
supersonic through the combustor, which introduces its own set of compressibility challenges for fuel
mixing and flame stabilization.
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Unit 10 – Hydrodynamics
10.1 Hydraulic jumps

Hydraulic jump fundamentals
A hydraulic jump is the abrupt transition from fast, shallow (supercritical) flow to slower, deeper (subcritical)
flow in an open channel. This sudden change creates intense turbulence and dissipates a large fraction of
the flow's kinetic energy. Engineers rely on hydraulic jumps to protect channels and structures from erosion
downstream of spillways, dams, and other high-velocity outlets.

Three concepts are central to understanding hydraulic jumps: the Froude number (which tells you the flow
regime), specific energy (which links depth and velocity at a cross-section), and conjugate depths (the
paired depths on either side of the jump).

Supercritical vs subcritical flow
The Froude number divides open-channel flow into two regimes:

• Supercritical flow ( ): High velocity, shallow depth. Disturbances (like a wave from a tossed
pebble) cannot travel upstream because the flow outruns them. The flow is controlled by downstream
conditions.

• Subcritical flow ( ): Lower velocity, greater depth. Disturbances can propagate both upstream
and downstream. The flow is controlled by upstream conditions.

• Critical flow ( ): The boundary between the two regimes. This is the condition of minimum
specific energy for a given discharge.

A hydraulic jump forms when supercritical flow is forced to transition to subcritical flow, for example when
fast flow from a spillway meets a deeper, slower tailwater pool.

Froude number significance
The Froude number is a dimensionless ratio of inertial forces to gravitational forces in open-channel flow:

where  is the flow velocity,  is gravitational acceleration, and  is the flow depth.

Why does this single number matter so much? It determines whether a hydraulic jump can occur, what
type of jump forms, and how much energy the jump dissipates. A higher upstream  means a stronger,
more turbulent jump with greater energy loss. Designers of spillways and stilling basins use the Froude
number as the primary input for sizing energy-dissipation structures.

Specific energy concept
Specific energy ( ) is the total mechanical energy per unit weight of fluid measured relative to the channel
bed:

For a fixed discharge in a given channel, you can plot  against depth  to get the classic specific energy
curve. Two key features of this curve:
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• For every value of  above the minimum, there are two possible depths called alternate depths: one
supercritical (shallow, fast) and one subcritical (deep, slow).

• The minimum specific energy corresponds to critical flow ( ).

A hydraulic jump moves the flow from the supercritical alternate depth to a different, deeper depth. The
downstream depth is not the subcritical alternate depth (which would conserve energy); instead it's the
conjugate depth, found from momentum conservation. The difference in specific energy between the two
sides of the jump is the energy lost to turbulence.

Conjugate depth relationship
The depths immediately upstream ( , supercritical) and downstream ( , subcritical) of a hydraulic jump
are called conjugate depths. They are linked by momentum conservation, not energy conservation,
because energy is lost in the jump.

For a horizontal, rectangular channel with negligible bed friction, the relationship is given by the Bélanger
equation:

where  is the upstream Froude number.

For example, if , the equation gives , meaning the downstream depth is nearly four
times the upstream depth. This ratio is essential for sizing stilling basins: you need to know  to set the
correct tailwater level that will hold the jump in place.

Types of hydraulic jumps
Hydraulic jumps are classified primarily by the upstream Froude number, which controls the jump's
strength, appearance, and energy dissipation. The boundaries between types are approximate and vary
slightly across references.

Classical hydraulic jump
The classical (or "steady") hydraulic jump occurs for upstream Froude numbers roughly between 4.5 and 9.
It features:

• A well-defined surface roller with strong recirculation

• Significant energy dissipation (can exceed 50–70% of upstream kinetic energy)

• A distinct, abrupt rise in the water surface

This is the type most commonly exploited in stilling basin design because it is stable, predictable, and
highly effective at removing energy.

Undular jump
When  is between about 1.0 and 1.7, the jump produces a train of standing waves (undulations) on the
surface rather than a single abrupt rise. Energy dissipation is small, and the surface remains relatively
smooth. Because undular jumps dissipate little energy, they are generally not useful for engineering energy
dissipation.
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Weak jump
For  between roughly 1.7 and 2.5, the jump is classified as weak. The surface rise is modest, some
small rollers form, and energy loss is limited. The downstream flow may show mild surface irregularities but
nothing dramatic.

Oscillating jump
In the range of  from about 2.5 to 4.5, the jump becomes oscillating. The toe of the jump shifts back and
forth, and irregular waves can propagate downstream, potentially causing bank erosion or structural
vibration. Oscillating jumps are problematic in design because their instability makes tailwater conditions
unpredictable. Engineers typically try to avoid operating in this Froude number range.

Steady vs moving jumps
• A steady jump stays at a fixed location when upstream and downstream conditions are in equilibrium.

• A moving jump propagates upstream or downstream in response to changing discharge or tailwater
level. For instance, a sudden increase in tailwater depth can push the jump upstream.

Moving jumps create unsteady flow and must be accounted for in design, especially for structures that
experience a wide range of operating discharges.

Hydraulic jump characteristics
Beyond the basic depth and velocity changes, several physical processes inside a hydraulic jump affect its
performance and the loads it imposes on structures.

Energy dissipation mechanisms
Most of the energy entering a hydraulic jump is converted to heat through three main mechanisms:

• Turbulent mixing and roller formation: The large-scale recirculating roller at the surface generates
intense shear and small-scale eddies that break down kinetic energy.

• Air entrainment: Turbulence at the surface pulls air into the flow, increasing the bulk density of the
air-water mixture and enhancing dissipation.

• Bed and wall friction: Boundary layers along the channel surfaces contribute additional shear losses,
though these are usually secondary to the roller-driven dissipation.

Dissipation efficiency increases with the upstream Froude number. A jump with  can dissipate over
70% of the incoming energy, while a jump with  dissipates only about 7%.

Aeration and air entrainment
The violent surface turbulence in a hydraulic jump entrains large volumes of air. Air concentration is
highest near the toe of the jump and decreases downstream as bubbles rise to the surface. The entrained
air:

• Increases the bulk volume of the flow (important for freeboard design)

• Reduces cavitation risk on the channel bed by cushioning pressure fluctuations

• Enhances oxygen transfer, which is why hydraulic jumps are sometimes used in water treatment
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Pressure distribution in jumps
Inside the jump, the pressure distribution is non-hydrostatic. Near the toe, strong vertical accelerations in
the roller create pressures that deviate significantly from the simple  hydrostatic assumption.
Pressures tend to be higher near the bed and lower near the surface in the roller zone. Downstream of the
roller, the pressure gradually returns to hydrostatic. Designers must account for these pressure fluctuations
when specifying the structural thickness of stilling basin floors.

Velocity profiles and turbulence
Velocity profiles through a hydraulic jump are far from uniform:

• Near the bed, a high-speed forward jet persists from the incoming supercritical flow.

• Near the surface in the roller region, flow actually reverses direction (moves upstream).

• Turbulence intensity peaks in the shear layer between the forward jet and the surface roller.

Downstream of the jump, the velocity profile gradually becomes more uniform and turbulence decays, but
full recovery can take 10–20 times the downstream depth.

Surface roughness effects
Roughening the channel bed (with baffle blocks, sills, or textured concrete) has several effects:

• Increases turbulence production near the bed, boosting energy dissipation

• Shortens the jump length, allowing a more compact stilling basin

• Stabilizes the jump position, reducing the tendency to oscillate

These effects are more pronounced at lower Froude numbers. At very high Froude numbers, the jump is
already so turbulent that added roughness provides diminishing returns.

Hydraulic jump applications

Energy dissipaters in hydraulic structures
The most common engineering use of hydraulic jumps is downstream of spillways, outlet works, and
culverts. High-velocity flow exiting these structures would scour the downstream channel if left unchecked.
By designing conditions that force a hydraulic jump, engineers convert much of that kinetic energy into
turbulence and heat before the flow continues downstream.

The design process involves:

1. Determine the range of discharges the structure must handle.

2. Calculate the upstream Froude number and conjugate depth for each discharge.

3. Set the tailwater elevation (using a stilling basin floor elevation or an end sill) so that the actual
tailwater depth matches the required conjugate depth.

4. Size the basin length to fully contain the jump.
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Stilling basins design considerations
A stilling basin is a reinforced concrete apron built to contain the hydraulic jump. Key design factors
include:

• Basin length: Must be long enough to contain the full jump. A common estimate is ,
but specific basin types (USBR Type I through IV) have their own empirical length guidelines.

• Basin floor elevation: Set so the tailwater depth equals the required conjugate depth across the
operating range.

• Appurtenances: Chute blocks at the basin entrance break up the incoming jet. Baffle blocks on the
basin floor increase turbulence and shorten the jump. End sills at the downstream edge help stabilize
the jump and prevent it from sweeping out.

• Discharge range: The basin must perform adequately not just at the design flood but across the full
range of expected flows.

River and channel flow control
Hydraulic jumps can be induced at specific locations in rivers and channels using grade-control structures
or low-head weirs. This raises the upstream water level (useful for irrigation diversions or habitat
maintenance), reduces downstream velocity, and dissipates energy that would otherwise cause bed
erosion. Design must consider sediment transport and ecological impacts, since a permanent jump can
block fish passage.

Whitewater recreation and kayaking
Whitewater parks deliberately create hydraulic jumps and related features (holes, waves, eddies) by
shaping the channel bed with concrete or boulders. The Froude number and channel geometry are tuned
to produce features that are challenging but safe for paddlers. Safety design includes adequate pool depth
downstream, accessible eddies for rescue, and avoidance of strongly recirculating "keeper" hydraulics that
can trap swimmers.

Industrial and wastewater treatment
Hydraulic jumps promote rapid mixing and oxygen transfer, making them useful in:

• Aeration basins in wastewater treatment plants, where the entrained air supplies dissolved oxygen for
biological processes

• Chemical mixing chambers, where the intense turbulence ensures rapid and uniform blending of
treatment chemicals

• Pipeline energy dissipation, where a jump in an open section downstream of a pressurized pipe
reduces velocity before discharge into a receiving channel

Hydraulic jump equations and calculations

Momentum conservation analysis
The hydraulic jump is analyzed using the momentum equation (not the energy equation) because energy is
lost to turbulence. For a control volume enclosing the jump in a horizontal, rectangular channel:
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where  is the discharge per unit width. The left side represents the sum of hydrostatic pressure force and
momentum flux at the upstream section; the right side is the same at the downstream section. Friction
along the short jump length is typically neglected.

This equation can be rearranged into the momentum function (also called the specific force):

At the conjugate depths, . Setting the momentum functions equal and solving yields the Bélanger
equation.

Belanger equation derivation
Starting from  for a rectangular channel:

1. Write: 

2. Substitute  and , so .

3. Rearrange into a quadratic in .

4. Solve the quadratic (discarding the negative root):

This is the Bélanger equation. It assumes a horizontal, rectangular, frictionless channel. For trapezoidal or
circular channels, the momentum balance must be solved numerically.

Sequent depth ratio estimation
The sequent depth ratio  from the Bélanger equation grows with :

1.0 1.00

2.0 2.41

3.0 3.77

5.0 6.46

9.0 12.16

Knowing this ratio is critical for stilling basin design: you need the downstream depth  to set the basin
floor elevation so that the available tailwater matches the required conjugate depth.

Length of jump predictions
The jump length  (from the toe to where the surface profile levels out) is not given by a single theoretical
equation. The most widely used approximation for a classical jump in a rectangular channel is:

More refined estimates from USBR experiments relate  to , typically giving  values between 5
and 7 for  in the range of 4 to 12. The basin must be at least this long to fully contain the jump and
prevent scour downstream.
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Energy loss computations
The energy lost in a hydraulic jump equals the drop in specific energy across the jump:

For a rectangular channel, this can be expressed purely in terms of the conjugate depths:

This compact formula shows that energy loss increases sharply with the difference between conjugate
depths. As a quick check: for  with  m, you get  m and  m of head
lost, which is roughly 50% of the upstream specific energy. This kind of calculation is the basis for
evaluating whether a stilling basin provides adequate energy dissipation.

10.2 Open-channel flows

Types of open-channel flows
Open-channel flows are defined by the presence of a free surface in contact with the atmosphere. This
distinguishes them from pipe flows, where the fluid fills the entire conduit. The behavior of flow in an open
channel depends on channel geometry, roughness, slope, and the flow conditions themselves.

Flows are classified based on how they vary in time, how they vary in space, and what flow regime they fall
into.

Steady vs unsteady flows
• Steady flows have constant flow properties (velocity, depth, discharge) at any given location over time.

• Example: Flow in a canal with a constant water supply.

• Unsteady flows have flow properties that vary with time at a given location.

• Example: Flow in a river during a flood event, where the water level and velocity change over time.

• Unsteady flows are significantly harder to analyze and typically require numerical methods (such as
the Saint-Venant equations) to solve.

Uniform vs non-uniform flows
• Uniform flows have constant flow properties (velocity, depth, slope of the energy grade line) along the
channel length.

• This only happens when the channel cross-section, roughness, and slope are all constant over a
sufficient length.

• Example: Flow in a long, straight, prismatic channel with constant discharge.

• Non-uniform flows have flow properties that vary along the channel length.

• Caused by changes in channel geometry, roughness, or bed slope.

• Example: Flow through a channel contraction or expansion, or approaching a dam.
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Laminar vs turbulent flows
• Laminar flows have smooth, parallel streamlines with minimal mixing between fluid layers.

• Characterized by low Reynolds numbers (typically  for open channels).

• Example: Flow in a very shallow, smooth channel at low velocity.

• Turbulent flows have irregular, fluctuating velocity fields with significant mixing.

• Characterized by high Reynolds numbers (typically  for open channels).

• Example: Flow in a steep, rough channel at high velocity.

The Reynolds number for open channels uses the hydraulic radius  as the length scale: , where
 is the mean velocity and  is the kinematic viscosity. In practice, nearly all real-world open-channel flows

are turbulent.

Subcritical vs supercritical flows
The Froude number governs this classification: , where  is the mean velocity,  is gravitational
acceleration, and  is the flow depth.

• Subcritical flow ( ): Relatively low velocity and high depth. Surface waves can travel upstream,
so downstream conditions influence the flow.

• Example: Flow in a wide channel with a mild slope.

• Supercritical flow ( ): Relatively high velocity and low depth. Surface waves cannot travel
upstream, so the flow is controlled by upstream conditions.

• Example: Flow down a steep chute or over a spillway.

• Critical flow ( ): The transition point between subcritical and supercritical regimes. At this
condition, the specific energy is at its minimum for a given discharge.

Flow characteristics

Velocity distribution
The velocity in an open channel is not uniform across the cross-section. It's zero at the channel bed and
walls (no-slip condition) and reaches its maximum slightly below the free surface. The maximum occurs
below the surface (not at it) because of wind shear and secondary currents.

• In the turbulent region near the bed, the velocity follows a logarithmic profile.

• Channel geometry, roughness, and whether the flow is laminar or turbulent all affect the shape of the
velocity distribution.

• In wide rectangular channels, the distribution is approximately one-dimensional (varying mainly with
depth).

Pressure distribution
For most open-channel flows, the pressure distribution is hydrostatic, meaning pressure varies linearly with
depth:
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where  is the gauge pressure,  is the fluid density,  is gravitational acceleration, and  is the depth
below the free surface. At the free surface, the pressure equals atmospheric pressure.

This hydrostatic assumption holds when streamline curvature is small and depth changes are gradual.
Near rapidly varied flow regions (like a hydraulic jump or sharp crest), the pressure distribution deviates
from hydrostatic.

Shear stress distribution
Shear stress arises from friction between the flowing fluid and the channel boundaries. In a wide channel,
the bed shear stress is the dominant component and can be estimated as:

where  is the hydraulic radius and  is the energy slope. Shear stress is highest at the bed and
decreases toward the free surface, where it approaches zero.

In non-rectangular channels (like trapezoidal sections), the shear stress varies along the wetted perimeter
because the side slopes and bed have different orientations. Bed shear stress is a critical parameter for
predicting sediment transport and channel erosion.

Specific energy in open-channel flows
Specific energy is the total mechanical energy per unit weight of fluid, measured relative to the channel
bed:

where  is the flow depth and  is the mean velocity. You can also write this using discharge per unit width
:

The specific energy diagram (a plot of  vs.  for a given discharge) is one of the most useful tools in
open-channel analysis. It shows that:

• For any specific energy above the minimum, there are two possible depths: a subcritical (deeper)
depth and a supercritical (shallower) depth. These are called alternate depths.

• At the minimum specific energy, the flow is at critical depth and .

• For a rectangular channel, the critical depth is .

Equations of open-channel flows
The governing equations for open-channel flow come from the same conservation principles used
throughout fluid mechanics: conservation of mass, momentum, and energy. These are simplified from the
Navier-Stokes equations for one-dimensional, steady-state conditions.

Continuity equation
The continuity equation expresses conservation of mass. For steady, incompressible flow:
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where  is the volumetric discharge,  is the cross-sectional flow area, and  is the mean velocity at each
section. This tells you that if the channel narrows (  decreases), the velocity must increase to maintain the
same discharge.

Momentum equation
For a control volume between two cross-sections in steady flow:

where  and  are the hydrostatic pressure forces on each cross-section,  is the component of
the fluid weight along the flow direction, and  is the friction force along the channel boundaries.

The momentum equation is especially useful for analyzing situations with abrupt changes, like hydraulic
jumps, where energy losses are significant and hard to quantify directly.

Energy equation
The energy equation (Bernoulli's equation extended to account for friction losses) between two sections:

where  is the bed elevation and  is the head loss due to friction between the two sections. Each side
represents the total head (velocity head + pressure head + elevation head) at that section.

This equation is the basis for analyzing gradually varied flow profiles and for tracking the energy grade line
along a channel.

Uniform flow
Uniform flow is the idealized condition where depth, velocity, and cross-sectional area remain constant
along the channel. This happens when the gravitational driving force exactly balances the frictional
resistance. The water surface, channel bed, and energy grade line are all parallel.

The depth under uniform flow conditions is called the normal depth ( ).

Chezy's equation
Chezy's equation is one of the earliest empirical formulas for uniform flow velocity:

where  is the Chezy coefficient (units of ),  is the hydraulic radius ( , with  being the flow
area and  the wetted perimeter), and  is the bed slope.

The Chezy coefficient depends on channel roughness and can be related to Manning's  by .

Manning's equation
Manning's equation is the most widely used formula for uniform open-channel flow:

where  is Manning's roughness coefficient,  is the hydraulic radius, and  is the bed slope. This
equation uses SI units; in US customary units, a factor of 1.486 replaces the 1 in the numerator.
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Manning's equation is preferred over Chezy's because tabulated  values are widely available and the
equation is straightforward to apply.

Roughness coefficients
The roughness coefficient captures the resistance to flow from the channel boundaries. Some typical
Manning's  values:

• Smooth concrete: 

• Earth channel (clean): 

• Natural stream with vegetation: 

• Floodplain with heavy brush: 

The coefficient depends on surface material, irregularities, vegetation, channel alignment, and
obstructions.

Computation of uniform flow
To compute uniform flow for a given channel:

1. Define the channel geometry (shape, dimensions) and calculate the cross-sectional area , wetted
perimeter , and hydraulic radius .

2. Estimate the roughness coefficient  (or ) from tables based on channel material and condition.

3. Calculate the mean velocity using Manning's equation: .

4. Calculate the discharge: .

If the discharge is given and you need to find the normal depth, the process requires iteration because 
and  both depend on . You substitute the depth-dependent expressions for  and  into Manning's
equation and solve (usually by trial and error or a root-finding method).

Gradually varied flow
Gradually varied flow (GVF) occurs when depth changes slowly along the channel, driven by gradual
changes in channel geometry, slope, or downstream/upstream boundary conditions. The streamlines
remain nearly parallel, so the hydrostatic pressure assumption still holds.

Dynamic equation of gradually varied flow
The GVF equation is derived by combining the energy and continuity equations for steady,
one-dimensional flow:

where: -  is the rate of change of depth along the channel -  is the bed slope -  is the friction
slope (computed using Manning's or Chezy's equation with the local depth) -  is the local Froude number

This equation tells you a lot about how the water surface behaves: - The numerator ( ) compares
gravity's driving force to friction. - The denominator ( ) changes sign at critical flow. This is why the
water surface profile behaves very differently in subcritical vs. supercritical flow. - When , the
equation predicts , which signals a transition (like a hydraulic jump) rather than a physical
infinite slope.
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Classification of flow profiles
GVF profiles are classified by channel slope type and the relationship between the actual depth , the
normal depth , and the critical depth . The main categories are:

Mild slope ( , meaning ): - M1: . Depth increases downstream. Occurs
upstream of a dam or reservoir (backwater curve). - M2: . Depth decreases downstream.
Occurs at a free overfall or channel steepening. - M3: . Supercritical flow with depth increasing
downstream. Occurs downstream of a sluice gate on a mild slope.

Steep slope ( , meaning ): - S1: . Subcritical flow with depth increasing
downstream. Occurs upstream of a hydraulic jump on a steep slope. - S2: . Depth decreases
toward normal depth. Occurs at the entrance to a steep channel. - S3: . Supercritical flow with
depth increasing toward normal depth. Occurs downstream of a sluice gate on a steep slope.

There are also profiles for critical slope (C), horizontal bed (H), and adverse slope (A) channels, though
these are less common in practice.

Computation of gradually varied flow
To compute a GVF profile:

1. Determine the channel geometry, roughness ( ), and bed slope ( ).

2. Calculate the normal depth ( ) and critical depth ( ) for the given discharge.

3. Classify the flow profile (M1, M2, S1, etc.) based on the boundary conditions and the relationship
between , , and .

4. Identify the boundary condition: use the known downstream depth for subcritical profiles (compute
upstream) and the known upstream depth for supercritical profiles (compute downstream).

5. Solve the GVF equation numerically using the direct step method (for prismatic channels) or the
standard step method (for natural or non-prismatic channels).

6. Plot the computed water surface profile (  vs. ) and verify that it matches the expected profile type.

GVF analysis is essential for predicting backwater effects behind dams, designing channel transitions, and
understanding water surface behavior in natural rivers.

Rapidly varied flow
Rapidly varied flow (RVF) occurs when depth changes abruptly over a short distance. The hydrostatic
pressure assumption breaks down in the transition zone, and significant energy dissipation, turbulence,
and air entrainment are common. Analysis of RVF typically relies on the momentum and continuity
equations rather than the energy equation, because energy losses in the transition are difficult to predict
directly.

Hydraulic jump
A hydraulic jump is a sudden transition from supercritical to subcritical flow. It's one of the most important
phenomena in open-channel hydraulics.

The Bélanger equation relates the sequent depths (depths before and after the jump) for a rectangular
channel:
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where  is the upstream (supercritical) depth and  is the upstream Froude number.

The energy dissipated in the jump is:

The length of the jump is roughly estimated as , though this varies with the Froude number
and channel geometry.

Hydraulic jumps are deliberately used in engineering for: - Energy dissipation downstream of spillways and
sluice gates (stilling basins) - Flow mixing and aeration - Raising the water level for irrigation diversions

Flow over spillways
Spillways release excess water from reservoirs in a controlled way. For free flow (no downstream
submergence), the discharge is:

where  is the discharge coefficient,  is the effective crest length, and  is the total head above the
spillway crest (including the velocity head of approach).

The discharge coefficient  depends on spillway shape and is typically around 1.7 to 2.2 (SI units) for
standard ogee spillways. Spillway types include ogee, stepped, and labyrinth designs, each with different
performance characteristics.

Flow under sluice gates
Sluice gates control flow by partially obstructing the channel. For free flow conditions (supercritical jet
downstream), the discharge is:

where  is the discharge coefficient (typically 0.55 to 0.65 for sharp-edged gates),  is the gate opening
area, and  is the upstream depth above the gate invert.

When the downstream water level is high enough to submerge the gate opening, the flow becomes
submerged, and the discharge is reduced. Submerged flow requires a modified equation that accounts for
the downstream depth.

Flow measurement in open channels
Accurate flow measurement in open channels is critical for water resource management, irrigation
scheduling, flood forecasting, and environmental monitoring. The most common methods use structures
that create a known relationship between water depth and discharge.

Weirs are overflow structures placed across the channel. The discharge depends on the head over the
weir crest: - Sharp-crested rectangular weir:  - V-notch (triangular) weir:

, where  is the notch angle

Flumes (such as the Parshall flume) constrict the channel to create critical flow conditions. The discharge
is determined from a single depth measurement upstream of the throat, using calibrated rating curves
specific to the flume size.
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Velocity-area methods involve measuring the velocity at multiple points across the channel cross-section
(using current meters or acoustic Doppler instruments) and integrating to get the total discharge. This is the
standard approach for natural streams where installing a fixed structure isn't practical.

10.3 Gravity waves

Properties of gravity waves
Gravity waves are surface waves where gravity acts as the restoring force pulling displaced water back
toward equilibrium. They're the waves you see on oceans, lakes, and rivers, and they govern everything
from coastal erosion to ship design. This section covers their core physical properties, how they're
generated and propagate, and the math and measurement techniques used to describe them.

Wavelength and wave height
Wavelength is the horizontal distance between two consecutive crests (or troughs). Wave height is the
vertical distance from trough to crest. Together, these two parameters define the basic geometry of a
wave.

• Wave height is controlled by three wind factors: speed, duration, and fetch (the uninterrupted distance
over water that the wind blows).

• Greater wind speed, longer duration, and longer fetch all produce larger waves.

• Wavelength determines the wave's period (the time between successive crests passing a fixed point).
Longer wavelengths have longer periods.

Dispersion relation
The dispersion relation connects a wave's frequency to its wavelength and the water depth. It's the single
most important equation for gravity waves:

where  is angular frequency,  is gravitational acceleration,  is the wavenumber, and  is water
depth.

This equation tells you how fast waves of different wavelengths travel:

• Deep water ( ): , so . Longer wavelengths travel faster, which is why
swell from a distant storm arrives with long-period waves first.

• Shallow water ( ): , so , giving a phase speed of . Speed
depends only on depth, not wavelength, so shallow-water waves are non-dispersive.

Phase and group velocity
These two velocities describe different things, and confusing them is a common mistake.

• Phase velocity ( ) is the speed of an individual crest. From the dispersion relation: .

• Group velocity ( ) is the speed at which a packet of waves travels. This is the speed at which energy
moves through the water.

The relationship between them shifts with depth:

• In deep water: . Energy travels at half the speed of individual crests.
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• In shallow water: . Energy and crests travel together.

Generation of gravity waves

Wind-wave interaction
Wind is the primary energy source for ocean surface waves. The transfer happens through two
mechanisms working together:

1. Wind exerts shear stress on the water surface, dragging it along.

2. Pressure fluctuations in the turbulent airflow push down on the water unevenly, creating small
disturbances.

Once small ripples form, they present a rougher surface to the wind, which increases the energy transfer.
Waves grow as wind speed, fetch, and duration increase. A fully developed sea occurs when energy input
from the wind balances energy lost to dissipation and wave-wave interactions.

Resonance and feedback mechanisms
Two classical theories explain wave generation:

• Phillips' mechanism describes the initial stage. Random turbulent pressure fluctuations in the air
create small surface disturbances. These grow linearly with time.

• Miles' mechanism takes over once waves have some amplitude. When the wind speed at a critical
height matches the phase speed of a wave component, resonant coupling occurs. The wave extracts
energy from the mean airflow efficiently, and growth becomes exponential.

These mechanisms work in sequence: Phillips gets waves started, Miles amplifies them.

Propagation of gravity waves

Deep vs. shallow water waves
The ratio of water depth to wavelength determines the wave regime:

Regime Condition Particle motion Speed depends on

Deep water Circular orbits, decaying
exponentially with depth

Wavelength

Transitional Elliptical orbits,
depth-dependent

Both depth and wavelength

Shallow water Elliptical orbits, nearly
horizontal, uniform through
water column

Depth only

In deep water, orbital motion is negligible below about half a wavelength. In shallow water, the bottom
constrains vertical motion, flattening the orbits into ellipses that extend all the way to the seabed.

Wave refraction and diffraction
Refraction occurs when waves approach shallower water at an angle. The part of the wave in shallower
water slows down while the deeper portion keeps moving faster, causing the wave crest to bend toward
alignment with the depth contours (bathymetric lines).
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• Refraction can converge wave energy on headlands (increasing wave height) or diverge it in bays
(decreasing wave height).

Diffraction occurs when waves encounter an obstacle (like a breakwater) or pass through a gap. Wave
energy spreads laterally into the sheltered region behind the obstacle. This is why harbors still experience
some wave activity even behind protective structures.

Energy transport and dissipation
Waves carry energy across the ocean. The energy flux (power per unit crest length) is:

where  is the wave energy per unit area (proportional to , the square of wave height) and  is the
group velocity.

Energy is lost through several mechanisms:

• Whitecapping: breaking at the crests of steep wind waves in deep water

• Bottom friction: significant in shallow water, especially over rough or soft seabeds

• Wave breaking: the dominant dissipation mechanism near shore

These losses cause wave height to decrease gradually over distance.

Breaking of gravity waves

Wave steepness and instability
Wave steepness is the ratio  (wave height to wavelength). As waves shoal or interact, their steepness
increases. A wave becomes unstable and breaks when the particle velocity at the crest exceeds the phase
velocity of the wave itself.

The theoretical maximum steepness for a deep-water wave is approximately  (about 0.14).
Beyond this, the crest can no longer maintain its shape.

Types of breaking waves
The type of breaker depends on the beach slope and the wave's offshore steepness. The Iribarren number
(ratio of beach slope to wave steepness) is often used to classify them:

• Spilling breakers: Occur on gentle slopes. Foam and turbulence cascade down the front face
gradually. Most of the energy dissipation is spread over a wide surf zone.

• Plunging breakers: Occur on moderate slopes. The crest curls over and plunges forward, forming the
classic "barrel" shape. Energy dissipation is intense and concentrated.

• Surging breakers: Occur on steep slopes. The wave front stays relatively intact and surges up the
beach face with minimal breaking. Most energy is reflected back offshore.

Energy dissipation in breaking
Wave breaking converts organized wave energy into turbulent kinetic energy and ultimately heat.
Dissipation rates in breaking waves can be several orders of magnitude higher than in non-breaking
waves.
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• Turbulence and air entrainment are concentrated near the surface.

• Breaking limits wave growth, maintaining an equilibrium between wind input and dissipation.

• In the surf zone, breaking drives important nearshore processes: longshore currents, sediment
transport, and beach morphology changes.

Interaction of gravity waves

Wave-wave interactions
Waves don't just pass through each other cleanly. Nonlinear interactions transfer energy between wave
components:

• Triad interactions involve three wave components and dominate in shallow water. They're responsible
for the generation of harmonics and infragravity waves.

• Quadruplet (four-wave) interactions dominate in deep water. They redistribute energy within the
spectrum, shifting it toward lower frequencies and higher frequencies simultaneously. This is the
primary mechanism that shapes the deep-water wave spectrum.

For resonant interactions to occur, the frequencies and wavenumbers of the participating waves must
satisfy specific matching conditions.

Wave-current interactions
Currents modify wave behavior in significant ways:

• An opposing current compresses wavelengths and increases wave steepness and height. In extreme
cases, this can cause wave blocking, where waves cannot propagate against a sufficiently strong
current.

• A following current stretches wavelengths and reduces steepness.

• Currents also refract waves by altering their propagation speed differently across the wave crest.

These interactions matter most at tidal inlets, river mouths, and regions with strong ocean currents. They
can contribute to the formation of abnormally large rogue waves.

Wave-bottom interactions
As waves move into shallower water:

1. Bottom friction removes energy, reducing wave height.

2. Shoaling changes wave height (initially decreasing, then increasing as depth decreases further).

3. Refraction bends wave crests to align with bottom contours.

4. In very shallow water, wave orbital velocities reach the seabed, mobilizing sediment and driving
morphological change (erosion, accretion, sandbar formation).

Mathematical description of gravity waves

Linear wave theory
Also called Airy wave theory, this is the foundation for most gravity wave analysis. It assumes:
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• Small wave amplitude relative to wavelength and depth

• Irrotational, inviscid, incompressible flow

• A flat, impermeable bottom

The velocity potential satisfies the Laplace equation ( ) with kinematic and dynamic boundary
conditions at the free surface and a no-flow condition at the bottom. Solutions give analytical expressions
for surface elevation, velocity field, pressure, and energy.

Linear theory works well for small-steepness waves in deep to intermediate water. It breaks down for steep
waves, shallow-water waves, and near-breaking conditions.

Nonlinear wave theories
When linear assumptions fail, several nonlinear theories provide better accuracy:

• Stokes wave theory: A perturbation expansion in powers of wave steepness. Higher-order Stokes
theories (2nd, 3rd, 5th order) capture asymmetric crest shapes and the net forward mass transport
(Stokes drift). Best suited for deep to intermediate water.

• Cnoidal wave theory: Describes periodic waves in shallow water with sharp crests and flat, broad
troughs. Based on the KdV (Korteweg-de Vries) equation.

• Solitary wave theory: A limiting case of cnoidal theory describing a single hump of water propagating
without change of form in shallow water. No trough exists.

Numerical modeling of waves
For realistic ocean conditions, analytical solutions aren't sufficient. Numerical models fall into three broad
categories:

• Spectral models (WAM, SWAN, WaveWatch III): Solve the wave action balance equation for the
evolution of the energy spectrum. They handle generation, propagation, and dissipation over large
domains but don't resolve individual wave crests.

• Phase-resolving models (Boussinesq, mild-slope equation models): Solve for the actual surface
elevation and velocity fields. They capture refraction, diffraction, and nonlinear shoaling in nearshore
regions but are computationally expensive over large areas.

• CFD models: Solve the full Navier-Stokes equations. These capture detailed wave-structure
interactions, breaking, and turbulence but are limited to small domains due to computational cost.

Measurement of gravity waves

In-situ wave measurements
• Wave buoys are the standard instrument. They measure surface elevation using accelerometers or
GPS. Directional buoys also resolve the direction of wave propagation.

• Pressure sensors on the seafloor record wave-induced pressure fluctuations, from which surface
elevation can be inferred (with depth-dependent attenuation corrections).

• Acoustic Doppler Current Profilers (ADCPs) measure orbital velocities throughout the water column
and can derive wave parameters from velocity spectra.
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Remote sensing of waves
• Satellite altimeters (e.g., Jason, Sentinel-3) measure significant wave height along narrow ground
tracks with global coverage.

• Synthetic Aperture Radar (SAR) images wave patterns over large areas, providing wavelength,
direction, and (with more processing) wave height.

• High-frequency (HF) radar measures surface currents and wave parameters in coastal zones,
typically out to 100-200 km.

• Stereo video systems capture detailed wave fields and breaking statistics in the surf zone.

Remote sensing provides spatial coverage that point measurements (buoys) cannot, but typically at lower
temporal resolution.

Wave spectra and statistics
Raw wave measurements (time series of surface elevation) are transformed into frequency spectra using
Fourier analysis. The spectrum  shows how wave energy is distributed across frequencies.

Key statistical parameters derived from spectra:

• Significant wave height ( ): Defined as , where  is the zeroth moment (total area) of the
spectrum. It approximates the average height of the highest one-third of waves.

• Peak period ( ): The period corresponding to the spectral peak (the frequency with the most energy).

• Mean direction: The energy-weighted average direction of wave propagation.

Directional spectra  separate wind sea (locally generated, broad-banded) from swell (remotely
generated, narrow-banded), which is critical for forecasting and engineering design.

Applications of gravity waves

Ocean wave forecasting
Operational forecasting systems run spectral wave models (WAM, WaveWatch III) forced by wind fields
from numerical weather prediction models. These systems:

1. Produce forecasts out to about 10 days for maritime safety, offshore operations, and coastal hazard
warnings.

2. Assimilate satellite altimeter and buoy data to correct model errors.

3. Generate wave climatologies and extreme value statistics for long-term planning.

Accurate wave forecasts are essential for ship routing, search and rescue, and coastal flood warnings.

Wave energy conversion
Ocean waves carry substantial energy. A typical Atlantic swell might deliver 30-70 kW per meter of wave
crest. Wave energy converters (WECs) aim to capture this energy, and the main device types include:

• Oscillating water columns (OWCs): Waves push air through a turbine inside a partially submerged
chamber.

• Point absorbers: Floating buoys that move with the waves, driving a power take-off system.
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• Overtopping devices: Waves run up a ramp into a reservoir; water flows back to the sea through
turbines.

The main engineering challenges are efficiency across a range of sea states, survivability in extreme
storms, and minimizing environmental impact.

Coastal engineering considerations
Waves drive sediment transport, erosion, and coastal flooding. Engineers must account for wave forces
when designing:

• Breakwaters and seawalls to protect shorelines and harbors

• Beach nourishment projects that add sand to eroding beaches

• Nature-based solutions like artificial reefs or restored wetlands that attenuate wave energy

Design requires knowledge of the local wave climate, including extreme conditions (e.g., the 100-year
return period wave height). Wave-structure interaction analysis ensures that ports, harbors, and offshore
platforms can withstand the forces they'll encounter.

10.4 Shallow water equations

Derivation of shallow water equations
Shallow water equations model fluid flow in rivers, coastal areas, and atmospheric systems. They simplify
the full 3D fluid dynamics by assuming vertical motion is negligible compared to horizontal flow. The result
is a depth-averaged system that captures waves, shocks, and other key features while remaining
computationally tractable. These equations are the backbone of flood prediction, tsunami modeling, and
large-scale weather forecasting.

Conservation laws in shallow water flows
The shallow water equations rest on two fundamental conservation principles:

• Mass conservation requires that the total fluid mass is preserved, producing the continuity equation.

• Momentum conservation balances the forces acting on the fluid (pressure gradients, gravity, friction),
producing the momentum equations.

Together, these two laws fully determine how the water depth and velocity evolve over time.

Assumptions and simplifications
Four key assumptions let you reduce the 3D Navier-Stokes equations to the 2D shallow water system:

1. Small aspect ratio: The vertical length scale is much smaller than the horizontal length scale ( ).
This is what makes the flow "shallow."

2. Incompressibility: Fluid density  stays constant throughout the flow.

3. Hydrostatic pressure: Vertical acceleration is negligible compared to gravitational acceleration, so
pressure at any depth is simply the weight of the water above it: .

4. Slowly varying bathymetry: The bottom topography changes gradually enough that depth-averaging
remains valid.
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When any of these assumptions breaks down, the standard shallow water equations lose accuracy and
you need extensions (covered later in this guide).

Depth-averaged continuity equation
You obtain the continuity equation by integrating the 3D incompressibility condition over the fluid depth.
The result relates changes in water depth to the divergence of the depth-averaged velocity:

•  is the water depth

•  and  are the depth-averaged velocity components in the  and  directions

In words: if more water flows into a region than flows out, the depth  at that location increases.

Depth-averaged momentum equations
Similarly, integrating the 3D momentum equations over the depth gives two equations (one per horizontal
direction) that balance pressure gradients, bottom slope effects, and friction:

•  is gravitational acceleration

•  is the bottom elevation (bathymetry)

• ,  are bottom friction stresses

•  is fluid density

The  terms come from integrating the hydrostatic pressure over the depth. The right-hand side
captures forcing from bottom slopes and frictional drag.

Properties of shallow water equations

Hyperbolic system of equations
The shallow water equations form a hyperbolic system of PDEs. This has direct physical consequences:

• Information propagates at finite speeds (the wave speeds).

• The system admits discontinuous solutions like hydraulic jumps and bores.

• The mathematical structure closely parallels the compressible Euler equations in gas dynamics, with
water depth  playing a role analogous to density.

Eigenvalues and eigenvectors
The eigenvalues of the system give the characteristic speeds at which information travels. For the 1D
shallow water equations, these are:
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The quantity  is the shallow water wave speed (analogous to the speed of sound in gas dynamics).
So  and  represent waves traveling upstream and downstream relative to the flow.

The corresponding eigenvectors define the directions in state space along which these waves carry
information. This eigenstructure is the foundation for building numerical Riemann solvers and classifying
flow regimes:

• Subcritical flow ( ): Both characteristics point in different directions, so information can
travel both upstream and downstream.

• Supercritical flow ( ): Both characteristics point downstream, and upstream information
cannot propagate.

Riemann invariants
Riemann invariants are quantities that stay constant along characteristic curves. For the 1D shallow water
equations:

•  is constant along 

•  is constant along 

These are powerful because they convert the PDEs into ordinary differential equations along
characteristics. You can use them to construct exact solutions (like the dam-break problem) and to set
boundary conditions correctly based on which characteristics enter or leave the domain.

Characteristic curves
Characteristic curves are the paths in the -  plane along which information propagates. In 1D:

These curves carry the Riemann invariants described above. Where characteristics converge, shocks
form. Where they diverge, rarefaction waves develop. Tracing characteristics is one of the most direct
ways to understand how a shallow water flow evolves.

Numerical methods for shallow water equations

Finite difference schemes
Finite difference methods approximate derivatives on a structured grid using Taylor expansions. Common
time-stepping approaches include:

• Explicit (e.g., Forward Euler): Simple to implement, but restricted by the CFL stability condition
.

• Implicit (e.g., Backward Euler): Unconditionally stable for linear problems, but requires solving a
system of equations at each time step.

• Semi-implicit (e.g., Crank-Nicolson): Balances accuracy and stability by averaging explicit and implicit
contributions.

Finite difference schemes are straightforward to code on regular grids but struggle with complex
geometries and can smear discontinuities.
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Finite volume methods
Finite volume methods work with the integral (conservative) form of the equations. They divide the domain
into control volumes and track fluxes across cell interfaces. This approach:

• Guarantees conservation of mass and momentum at the discrete level

• Handles complex geometries through unstructured meshes

• Naturally captures shocks and discontinuities

The key step is computing the numerical flux at each cell interface, which is where Riemann solvers come
in.

Godunov's scheme
Godunov's scheme is the prototypical finite volume method for hyperbolic systems:

1. Assume the solution is piecewise constant within each cell.

2. At each cell interface, solve the Riemann problem between the two adjacent states.

3. Use the Riemann solution to compute the flux across the interface.

4. Update cell averages using these fluxes.

The scheme is conservative and robust at capturing shocks, but it's only first-order accurate. This means it
introduces numerical diffusion that smears out sharp gradients and smooth features alike.

High-resolution schemes
To get better than first-order accuracy without introducing spurious oscillations near discontinuities,
high-resolution schemes use limiters to control the reconstruction:

• TVD (Total Variation Diminishing) schemes prevent the total variation from increasing, suppressing
oscillations.

• ENO (Essentially Non-Oscillatory) schemes adaptively choose the smoothest stencil for
reconstruction.

• WENO (Weighted ENO) schemes use a weighted combination of stencils for even better accuracy in
smooth regions.

These methods achieve second-order (or higher) accuracy in smooth regions while remaining
non-oscillatory near shocks. The trade-off is increased computational cost and implementation complexity.

Applications of shallow water equations

River and channel flows
Shallow water equations are the standard tool for modeling open-channel hydraulics. Typical applications
include:

• Flood inundation mapping: Predicting which areas get flooded and to what depth during extreme
rainfall events.

• Flow-structure interaction: Simulating how bridges, weirs, and levees affect water levels and
velocities.
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• Sediment transport: Coupling the flow equations with sediment continuity to study erosion, deposition,
and river morphology changes.

The equations capture the essential quantities (depth, velocity, discharge) that engineers need for design
and risk assessment.

Tidal flows and storm surges
In coastal regions, the shallow water equations model two important phenomena:

• Tidal flows are driven by gravitational forces from the moon and sun, producing periodic variations in
water levels and currents. These are relatively predictable.

• Storm surges are driven by extreme weather (hurricanes, cyclones) that push water onshore through
wind stress and low atmospheric pressure. A storm surge can raise water levels by several meters.

Shallow water models predict the extent and timing of coastal inundation, which is critical for evacuation
planning and infrastructure design.

Tsunami modeling
Tsunamis are long-wavelength waves triggered by underwater earthquakes, landslides, or volcanic
eruptions. Because their wavelength (often hundreds of kilometers) vastly exceeds the ocean depth (a few
kilometers), the shallow water approximation applies well during open-ocean propagation.

The equations capture refraction (bending due to depth changes), shoaling (wave height increase as depth
decreases), and runup onto land. Operational tsunami warning systems like NOAA's MOST model are built
on shallow water solvers.

Atmospheric flows and weather prediction
The shallow water equations serve as a simplified model for large-scale atmospheric dynamics, capturing:

• Rossby waves: Large-scale planetary waves driven by the variation of the Coriolis parameter with
latitude.

• Gravity waves: Waves driven by buoyancy, analogous to surface water waves.

Atmospheric shallow water models include the Coriolis force and treat orography (mountain ranges) as
bottom topography. They're used as testbeds for numerical weather prediction algorithms and for
understanding fundamental atmospheric dynamics before moving to full 3D models.

Limitations and extensions

Validity of shallow water assumptions
Each assumption behind the equations defines a regime where they can fail:

• Hydrostatic assumption breaks down when vertical accelerations become significant (steep waves,
flow over abrupt steps).

• Depth-averaging loses information about vertical structure, which matters in stratified flows (e.g., salt
wedges in estuaries).

• Slowly varying bathymetry assumption fails near steep underwater cliffs, sharp channel contractions,
or abrupt depth changes.
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Always check whether your problem satisfies  before trusting a shallow water model.

Inclusion of bottom topography
Bottom topography enters through the source terms  and  on the right-hand side of the
momentum equations. Handling these terms correctly in numerical schemes is surprisingly tricky:

• The scheme must preserve the lake-at-rest steady state ( , ) exactly.
Schemes that do this are called well-balanced.

• Bottom steps and obstacles require special treatment to avoid spurious waves.

Coriolis force and rotating frames
For large-scale flows (oceans, atmosphere), Earth's rotation matters. Adding the Coriolis force introduces
terms  and  to the  and  momentum equations, where  is the Coriolis parameter (

 is Earth's angular velocity,  is latitude).

The Coriolis force produces:

• Geostrophic balance: A steady state where pressure gradients balance the Coriolis force, driving flow
along (not across) pressure contours.

• Rossby waves: Slow, large-scale waves that arise from the variation of  with latitude.

Non-hydrostatic pressure effects
When vertical accelerations are no longer negligible, you need non-hydrostatic corrections. This happens
with:

• Steep or short-wavelength waves

• Rapid changes in bottom topography

• Undular bores (oscillatory wave trains behind a bore front)

Non-hydrostatic shallow water models add a correction pressure term that accounts for vertical
acceleration. They're more expensive to solve but capture dispersive wave behavior that the standard
equations miss entirely.

Boundary conditions and initial conditions

Inflow and outflow boundaries
Setting boundary conditions correctly depends on the flow regime, which you determine from the
characteristic speeds:

• Subcritical inflow (one characteristic entering): Specify one quantity (e.g., discharge) and extrapolate
the other from the interior.

• Supercritical inflow (both characteristics entering): Specify both depth and velocity.

• Subcritical outflow (one characteristic leaving): Specify one quantity (e.g., water level) and extrapolate
the other.

• Supercritical outflow (both characteristics leaving): Extrapolate everything from the interior.
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Mismatching the number of specified conditions with the number of incoming characteristics is a common
source of instability.

Solid wall boundaries
Solid walls (coastlines, river banks, structures) enforce the no-penetration condition: the velocity
component normal to the wall is zero.

For the tangential component, you choose between:

• Free-slip: Zero shear stress at the wall (tangential velocity is unconstrained). Appropriate when wall
friction is negligible.

• No-slip: Tangential velocity is also zero. More realistic but requires resolving the boundary layer.

Corners and sharp edges need careful treatment to avoid numerical artifacts.

Free surface and bottom boundaries
• Free surface: Pressure equals atmospheric pressure, and the kinematic condition requires fluid
particles on the surface to stay on the surface. In the depth-averaged framework, this condition is
already built into the continuity equation.

• Bottom boundary: The no-penetration condition applies. Bottom friction is typically modeled using
empirical formulas:

• Manning's equation: , where  is Manning's roughness coefficient.

• Chézy's equation: , where  is the Chézy coefficient.

Initial conditions for specific problems
Initial conditions specify , , and  everywhere at . Common choices include:

• Quiescent state: Constant depth , zero velocity. Used as a baseline or for perturbation studies.

• Steady-state solution: Obtained analytically or from a prior simulation. Useful for studying the
response to perturbations.

• Dam-break configuration: A discontinuity in  at some location, with zero velocity everywhere. The
classic test problem.

Poor initialization can trigger transient oscillations or instabilities, so it's worth ensuring your initial state is
physically consistent (e.g., satisfying the well-balanced condition over variable bathymetry).

Conservation properties and energy

Mass and momentum conservation
The shallow water equations are written in conservation form, meaning each equation has the structure:

where  is the vector of conserved quantities,  and  are flux vectors, and  is the source term. This
structure guarantees that mass and momentum are conserved globally (what enters a region through
fluxes must be accounted for).
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Numerical schemes should preserve this conservation at the discrete level. Finite volume methods do this
by construction; finite difference methods on non-conservative forms can violate conservation near shocks,
producing incorrect jump conditions.

Energy conservation and dissipation
The total energy of the shallow water system is the sum of kinetic and potential energy:

Without friction or other dissipation, total energy is conserved. Bottom friction acts as an energy sink,
converting kinetic energy into heat. Numerical schemes that artificially create or destroy energy can
produce unphysical results, especially in long-duration simulations.

Entropy and entropy production
In the context of hyperbolic conservation laws, entropy serves as a selection criterion for physically correct
solutions. Multiple weak solutions can satisfy the conservation equations across a discontinuity, but only
one satisfies the entropy condition (the second law of thermodynamics, loosely speaking).

For shallow water equations, entropy production occurs at hydraulic jumps and bores: mechanical energy
is irreversibly converted to turbulent dissipation. A numerical scheme that respects the entropy condition
will:

• Select the correct (entropy-satisfying) weak solution at shocks

• Prevent non-physical expansion shocks

Symmetries and conservation laws
The shallow water equations exhibit several symmetries:

• Translation invariance in space and time (leading to conservation of momentum and energy)

• Rotation invariance in the absence of Coriolis force (leading to conservation of angular momentum)

By Noether's theorem, each continuous symmetry corresponds to a conservation law. Numerical schemes
that preserve these symmetries (sometimes called structure-preserving or geometric integrators) tend to
have better long-term stability and accuracy, particularly for problems involving wave propagation over
many periods.

Analytical solutions and test cases

Dam-break problem
The dam-break problem is the most widely used test case for shallow water solvers. The setup is simple: a
wall separates water at depth  (left) from depth  (right), and the wall is instantaneously removed at

.

The exact solution (on a flat, frictionless bed) consists of:

1. A rarefaction wave propagating upstream into the deeper water

2. A shock wave (or bore) propagating downstream into the shallower water

3. A contact region of constant depth between them
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This solution tests a scheme's ability to handle both smooth (rarefaction) and discontinuous (shock)
features simultaneously. The dry-bed case ( ) is an especially challenging variant.

Soliton solutions
Solitons are waves that maintain their shape and speed due to a balance between nonlinearity (which
steepens the wave) and dispersion (which spreads it out). Strictly speaking, the standard shallow water
equations are non-dispersive, so soliton solutions belong to dispersive extensions like the Korteweg-de
Vries (KdV) equation or the Kadomtsev-Petviashvili (KP) equation.

These solutions are valuable benchmarks for testing numerical schemes that include dispersive
corrections, verifying that the scheme preserves the soliton's shape and speed over long propagation
distances.

Riemann problem and Riemann solvers
The Riemann problem generalizes the dam-break problem: given two constant states separated by a
discontinuity, find the resulting wave pattern. The solution consists of combinations of shocks, rarefactions,
and contact discontinuities.

Common Riemann solvers used in shallow water codes:

• Exact solver: Iteratively solves for the exact intermediate state. Accurate but computationally
expensive.

• Roe solver: Linearizes the problem around an averaged state. Fast and accurate for most flows, but
can fail at sonic points or near dry beds.

• HLL solver: Estimates the wave speeds bounding the Riemann fan and assumes a single intermediate
state. Robust but more diffusive than Roe.

These solvers provide the numerical fluxes in Godunov-type finite volume schemes.

Benchmark test cases for validation
Standard benchmarks for validating shallow water codes include:

• Steady-state problems: Flow over a bump, hydraulic jump in a channel. Tests whether the scheme
maintains steady states accurately.

• Transient problems: Dam-break (with and without dry bed), solitary wave propagation. Tests
shock-capturing and wave-propagation accuracy.

• Experimental comparisons: Laboratory flume data and field measurements provide ground truth that
accounts for effects (turbulence, 3D flow) not captured by the equations themselves.

Comparing your numerical results against these benchmarks is the standard way to verify that a code is
implemented correctly and to quantify its accuracy and robustness.

10.5 Drag in submerged bodies

Types of drag forces
Drag forces resist the motion of a body moving through a fluid. They slow objects down and directly
determine how much energy is needed to maintain a given speed. Three main types show up in fluid
dynamics: pressure drag, friction drag, and wave-making drag.
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Pressure drag
Pressure drag (also called form drag) comes from the pressure difference between the front and rear of a
body. As fluid flows around an object, it can separate from the surface, creating a low-pressure wake
behind the body. The high pressure pushing on the front face and the low pressure pulling from behind
combine to produce a net resistive force.

• Blunt objects experience much higher pressure drag than streamlined ones because they cause
earlier and more extensive flow separation.

• A flat plate held perpendicular to the flow is a classic high-pressure-drag case. A sphere moving
through fluid also generates significant pressure drag due to wake formation behind it.

• Shape is the dominant factor here: the blunter the body, the larger the wake, and the greater the
pressure drag.

Friction drag
Friction drag (or skin friction drag) results from shear stress between the fluid and the body's surface.
Within the boundary layer, fluid velocity goes from zero at the surface (the no-slip condition) to the
free-stream velocity farther away. That velocity gradient creates viscous shear forces that act along the
surface.

• Surface area matters: more wetted area means more friction drag.

• Surface roughness increases friction drag because rough elements disrupt the flow near the wall and
raise shear stress.

• Higher fluid viscosity also increases friction drag.

• A flat plate aligned parallel to the flow is the textbook example, since it experiences almost pure
friction drag with negligible pressure drag. The skin friction on an aircraft wing is another common
example.

Wave-making drag
Wave-making drag occurs when a body moves near or on a fluid surface, generating waves that carry
energy away from the body. That radiated energy represents an additional drag force beyond pressure and
friction contributions.

• This type of drag is most relevant for ships and boats, where hull-generated waves can account for a
large fraction of total resistance.

• Higher speeds produce larger waves and significantly more wave-making drag. Hull shape and water
depth also influence wave generation.

• Familiar examples include the bow wave created by a ship and the V-shaped wake behind a duck
swimming on a pond.

Factors affecting drag
Several factors determine how much drag a submerged or partially submerged body experiences. The
main ones are body geometry, fluid properties, and flow velocity.
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Shape and size of body
Streamlined shapes (teardrop profiles, airfoils) delay flow separation and shrink the wake region, which
lowers pressure drag. Blunt or irregular shapes do the opposite.

• The frontal area (cross-sectional area facing the flow) directly scales the drag force. A larger frontal
area means more drag.

• For friction drag, the relevant quantity is the wetted surface area in contact with the fluid.

• Automotive and aerospace engineers invest heavily in shaping vehicles to minimize drag. Even small
geometry changes, like rounding a car's rear end, can measurably reduce fuel consumption.

Fluid properties
Two fluid properties dominate drag behavior: density and viscosity.

• Higher-density fluids exert greater inertial forces on a body. Water is roughly 800 times denser than
air, which is why drag forces in water are so much larger for the same speed and body size.

• Viscosity governs the thickness of the boundary layer and the magnitude of shear stress at the
surface. More viscous fluids produce higher friction drag.

• A practical example: a swimmer in water faces far greater drag than a runner in air, even at much
lower speeds, primarily because of water's higher density and viscosity.

Velocity of fluid flow
Velocity has a powerful effect on drag because drag scales with the square of velocity. Doubling your
speed quadruples the drag force.

This relationship is captured by the drag equation:

where: -  = drag force -  = fluid density -  = velocity of the body relative to the fluid -  = drag
coefficient (dimensionless) -  = reference area

This squared relationship explains why fuel consumption rises sharply at highway speeds and why aircraft
need substantially more thrust to fly faster.

Boundary layer concept
The boundary layer is the thin region of fluid adjacent to a solid surface where the velocity transitions from
zero at the wall (no-slip condition) to the free-stream velocity. Nearly all viscous effects are confined to this
layer, making it central to understanding drag.

Laminar vs turbulent flow
The boundary layer can be either laminar or turbulent, and the distinction has major consequences for
drag.

• Laminar flow features smooth, orderly streamlines with minimal mixing between fluid layers. Friction
drag is relatively low.

• Turbulent flow involves chaotic, swirling motions with much more mixing. The increased momentum
exchange near the wall raises friction drag.
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• Transition from laminar to turbulent depends on the Reynolds number, surface roughness, and the
pressure gradient along the surface. For flow over a flat plate, transition typically occurs around

.

• A golf ball's dimpled surface is a classic example: the dimples trigger turbulence intentionally (more on
why below). A smooth aircraft wing, by contrast, is designed to maintain laminar flow over as much of
its surface as possible.

Boundary layer separation
Separation happens when the boundary layer detaches from the surface, usually because of an adverse
pressure gradient (pressure increasing in the flow direction). The fluid near the wall, already slowed by
viscous effects, doesn't have enough momentum to push against rising pressure, so it reverses direction
and the flow lifts off the surface.

• Separation creates a large, low-pressure wake that dramatically increases pressure drag.

• A sudden change in body shape (like the back of a bluff body) or a high angle of attack on a wing can
trigger separation.

• When an aircraft wing stalls, the boundary layer separates over most of the upper surface, causing a
sudden loss of lift and a spike in drag.

Effects on drag forces
The laminar-vs-turbulent distinction creates a trade-off:

• Laminar boundary layers produce less friction drag but separate more easily, which can cause large
pressure drag.

• Turbulent boundary layers produce more friction drag but resist separation better, often resulting in
lower total drag on bluff bodies.

This trade-off is exactly why golf ball dimples work. The dimples trip the boundary layer into turbulence,
which delays separation and shrinks the wake. The small increase in friction drag is far outweighed by the
large reduction in pressure drag. On the other hand, for slender, streamlined bodies where separation isn't
a major concern, maintaining laminar flow (through smooth surfaces or active suction) minimizes total
drag.

Drag coefficient
The drag coefficient ( ) is a dimensionless number that characterizes how "draggy" a particular shape is,
independent of size, speed, or fluid properties. It lets you compare the aerodynamic or hydrodynamic
performance of different geometries on equal footing.

Definition and formula

Here,  is the measured drag force,  is the dynamic pressure, and  is the reference area. The
choice of reference area matters and must be consistent: for bluff bodies, the frontal (projected) area is
typically used; for streamlined bodies like airfoils, the planform area is common.

 depends on body shape, Reynolds number, and surface roughness.
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Dependence on Reynolds number
The Reynolds number quantifies the ratio of inertial to viscous forces:

where  is a characteristic length (diameter for a sphere, chord length for an airfoil) and  is dynamic
viscosity.

• At low  (viscous-dominated, laminar flow),  decreases as  increases. For a sphere in Stokes
flow ( ), .

• At high  (inertia-dominated, turbulent flow),  becomes relatively constant and depends mainly on
shape and roughness.

• The relationship is often plotted on a log-log graph of  vs , showing distinct laminar, transitional,
and turbulent regions. For a smooth sphere, there's a notable sudden drop in  near 
(the "drag crisis"), where the boundary layer transitions to turbulent and the wake narrows.

Typical values for common shapes
These values apply at high Reynolds numbers and give a sense of how shape affects drag:

Shape Approximate 

Streamlined airfoil ~0.05

Smooth sphere ~0.47

Circular cylinder (axis perpendicular to flow) ~1.2

Flat plate perpendicular to flow ~1.9

A streamlined airfoil has roughly 40 times less drag coefficient than a flat plate, which illustrates the
enormous impact of shape optimization.

Streamlining techniques
Streamlining reduces drag by shaping bodies and controlling surface characteristics to minimize flow
separation and wake size. These techniques are applied across automotive, aerospace, and marine
engineering.

Teardrop and airfoil shapes
• The teardrop shape (rounded front, gradually tapering rear) is close to the theoretically ideal low-drag
profile. The gentle taper prevents the adverse pressure gradient from becoming severe enough to
cause separation.

• Airfoil shapes are designed to generate lift while keeping drag low. They feature a rounded leading
edge and a sharp trailing edge, which allows smooth flow reattachment and a thin wake.

• Car bodies often draw on teardrop-inspired geometry, and aircraft wings use carefully engineered
airfoil cross-sections optimized for their specific speed range.

Surface roughness effects
Surface roughness interacts with drag in a nuanced way that depends on the flow regime:
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• In laminar flow, roughness generally increases friction drag by disturbing the smooth boundary layer.

• In turbulent flow over bluff bodies, controlled roughness can reduce total drag by triggering earlier
transition to turbulence, which delays separation and shrinks the wake.

• Golf ball dimples are the most famous example: they reduce total drag by roughly 50% compared to a
smooth ball. Riblets (tiny streamwise grooves) on aircraft skin work differently, reducing turbulent
friction drag by a few percent by modifying the near-wall turbulence structure.

Vortex generators and flow control
These devices manipulate the boundary layer to delay separation or reduce drag:

• Vortex generators are small fins or tabs placed on a surface. They create streamwise vortices that mix
high-momentum fluid from outside the boundary layer down toward the wall, energizing the boundary
layer and delaying separation. You'll see them on aircraft wings, where they improve stall
characteristics.

• Active flow control techniques include boundary layer suction (removing slow-moving fluid near the
wall to prevent separation) and blowing (injecting high-energy fluid to re-energize the boundary layer).

• Racing cars sometimes use underbody suction systems that both reduce drag and increase
downforce.

Experimental methods
Theoretical models and simulations need validation against real measurements. Three key experimental
and computational approaches are used to study drag.

Wind tunnel testing
A wind tunnel places a scaled model in a controlled airflow to measure forces and visualize flow patterns.

1. The model is mounted on a force balance inside the test section.

2. Air is accelerated to the desired speed (matched to the correct Reynolds number when possible).

3. The balance measures drag force, lift force, and pitching moment directly.

4. Flow visualization techniques (smoke, tufts, oil flow) reveal separation points and wake structure.

• Low-speed tunnels handle subsonic flows. High-speed tunnels (transonic, supersonic, hypersonic)
investigate compressible flow effects.

• Wind tunnel data are used to validate CFD simulations and to refine vehicle and aircraft designs
before full-scale prototyping.

Particle image velocimetry (PIV)
PIV is a non-intrusive optical technique that measures velocity fields across a plane in the flow.

1. The fluid is seeded with tiny, neutrally buoyant tracer particles (oil droplets, microspheres).

2. A laser sheet illuminates a thin plane within the flow.

3. A high-speed camera captures two images separated by a very short time interval.
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4. Software cross-correlates the particle patterns between frames to compute displacement, and from
that, the velocity at each point in the plane.

PIV provides detailed quantitative maps of velocity magnitude, vorticity, and turbulence statistics. It's widely
used to study wake structures behind bluff bodies and boundary layer behavior on airfoils.

Computational fluid dynamics (CFD)
CFD numerically solves the governing equations of fluid motion (the Navier-Stokes equations) on a
discretized computational mesh.

• The domain around the body is divided into millions of small cells. The equations are solved iteratively
at each cell to compute velocity, pressure, and temperature fields.

• CFD can predict drag forces, pressure distributions, and detailed flow structures that may be difficult
or impossible to measure experimentally.

• Accuracy depends heavily on mesh quality (finer meshes near walls capture boundary layer
gradients), the turbulence model chosen (RANS, LES, or DNS, in order of increasing fidelity and cost),
and numerical scheme settings.

• CFD is now a standard tool for designing low-drag car bodies, optimizing aircraft wings, and analyzing
flow through pipelines and around marine structures.

Applications in engineering
Drag reduction has direct economic and performance consequences across many engineering fields.

Aerodynamics of vehicles
Aerodynamic drag is the dominant resistive force on cars and trucks at highway speeds. Reducing  by
even 0.01 can translate to measurable fuel savings across a vehicle fleet.

• Modern passenger cars typically have  values between 0.25 and 0.35. Some electric vehicles push
below 0.23 to maximize range.

• Trucks benefit from cab shaping, trailer skirts, and boat-tail devices that reduce the large wake behind
the trailer.

• Active flow control devices (adjustable spoilers, grille shutters) adapt aerodynamics to driving
conditions.

Hydrodynamics of ships and submarines
Water's high density means drag forces on marine vessels are enormous compared to air vehicles at
similar speeds.

• Wave-making resistance often dominates for surface ships, so hull form optimization (bulbous bows,
slender waterplane shapes) is critical.

• Air lubrication systems inject a thin layer of air bubbles under the hull to reduce skin friction, achieving
drag reductions of 5-10% on some commercial vessels.

• Submarines, fully submerged, avoid wave-making drag entirely. Their design focuses on minimizing
form drag through streamlined hull shapes and reducing friction drag with smooth coatings.
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Pipeline and valve design considerations
For internal flows in pipelines, drag manifests as pressure losses that must be overcome by pumps or
compressors.

• Smooth, corrosion-resistant pipe materials (lined steel, HDPE) reduce friction losses.

• Pipe diameter selection involves a trade-off: larger pipes reduce flow velocity and friction losses but
cost more to install. Engineers optimize diameter to minimize total lifecycle cost (pumping energy plus
capital).

• Valve selection matters because different valve types (ball, gate, butterfly) have very different flow
resistance characteristics. Low-loss valve designs reduce pressure drop and improve system efficiency.
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Unit 11 – Multiphase & Non-Newtonian
Fluid Flows
11.1 Multiphase flow regimes
Multiphase flows involve multiple phases flowing together, creating complex behaviors. These flows are
crucial in industries like oil and gas, chemical processing, and power generation. Understanding different
types and regimes is key to optimizing fluid dynamic systems.

Flow regimes in multiphase systems depend on factors like fluid properties, pipe geometry, and flow rates.
Accurate characterization of these regimes is essential for predicting pressure drop, heat transfer, and
mass transfer. This knowledge guides system design and operation across various applications.

Types of multiphase flows
• Multiphase flows involve the simultaneous presence of two or more phases (gas, liquid, or solid) in a
flowing system

• Understanding the behavior and characteristics of different types of multiphase flows is crucial for
designing and optimizing fluid dynamic systems in various industries (oil and gas, chemical processing,
power generation)

Gas-liquid flows
• Consist of a gas phase and a liquid phase flowing together in a pipe or channel

• Exhibit a wide range of flow patterns depending on the relative flow rates, fluid properties, and pipe
geometry

• Commonly encountered in applications such as two-phase heat exchangers, gas-liquid separators,
and boiling and condensation processes

Liquid-liquid flows
• Involve the simultaneous flow of two immiscible liquid phases

• Often characterized by the formation of droplets or layers of one liquid dispersed in the other

• Relevant in processes such as liquid-liquid extraction, emulsification, and oil-water separation

Gas-solid flows
• Comprise a gas phase and solid particles suspended in the gas stream

• Exhibit various flow regimes depending on the particle size, density, and gas velocity

• Encountered in pneumatic conveying systems, fluidized bed reactors, and gas-solid separators

Liquid-solid flows
• Consist of solid particles suspended in a liquid phase

• Flow behavior is influenced by particle size, concentration, and settling velocity
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• Important in slurry transportation, hydraulic conveying, and solid-liquid separation processes

Flow regime characterization
• Flow regime refers to the spatial distribution and dynamic behavior of the phases in a multiphase flow
system

• Accurate characterization of flow regimes is essential for predicting pressure drop, heat transfer, and
mass transfer in multiphase systems

Visual observation techniques
• Direct visual observation of the flow through transparent sections of the pipe or channel

• High-speed photography and video recording enable detailed analysis of the flow patterns

• Limitations include subjectivity and difficulty in observing flows in opaque or high-pressure systems

Objective classification methods
• Use measurable flow parameters (void fraction, pressure fluctuations, electrical conductance) to
identify flow regimes

• Examples include electrical impedance tomography, gamma-ray densitometry, and pressure drop
fluctuation analysis

• Provide quantitative and reproducible results, enabling automated flow regime classification

Gas-liquid flow regimes
• Gas-liquid flows exhibit distinct flow patterns depending on the gas and liquid flow rates, fluid
properties, and pipe geometry

• Transitions between flow regimes occur as the flow conditions change

Bubble flow
• Characterized by discrete gas bubbles dispersed in a continuous liquid phase

• Bubbles are typically small and uniformly distributed throughout the liquid

• Occurs at low gas flow rates and high liquid flow rates

Slug flow
• Alternating plugs of liquid (slugs) and elongated gas bubbles (Taylor bubbles) flow through the pipe

• Slugs occupy nearly the entire cross-section of the pipe, while Taylor bubbles are separated by liquid
slugs

• Observed at intermediate gas and liquid flow rates

Churn flow
• Chaotic and highly turbulent flow pattern with irregular-shaped gas pockets and liquid fragments

• Occurs at higher gas flow rates than slug flow, causing the breakdown of Taylor bubbles
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• Characterized by oscillatory motion and intense mixing between the phases

Annular flow
• Gas flows in the core of the pipe, while liquid flows as a thin film along the pipe wall

• Liquid droplets may be entrained in the gas core at high gas velocities

• Prevalent at high gas flow rates and relatively low liquid flow rates

Mist flow
• Liquid phase is completely dispersed as fine droplets in a continuous gas phase

• Occurs at very high gas velocities, causing the liquid film in annular flow to break up into droplets

• Droplet size and distribution depend on the gas velocity and liquid properties

Liquid-liquid flow regimes
• Liquid-liquid flows can exhibit different flow patterns depending on the properties and flow rates of the
two immiscible liquids

Dispersed flows
• One liquid phase is dispersed as droplets in the other continuous liquid phase

• Droplet size and distribution are influenced by the relative flow rates, fluid properties, and mixing
conditions

• Examples include oil-in-water (O/W) and water-in-oil (W/O) dispersions

Stratified flows
• The two liquid phases flow separately, forming distinct layers in the pipe

• Gravity-driven separation occurs due to the density difference between the liquids

• Interfacial waves and instabilities may develop at higher flow rates, leading to mixing and entrainment

Gas-solid flow regimes
• Gas-solid flows are characterized by the motion of solid particles in a gas stream

• Flow regimes depend on the particle size, density, and gas velocity

Homogeneous suspensions
• Solid particles are uniformly distributed throughout the gas phase

• Occurs at high gas velocities and small particle sizes, resulting in strong particle-gas interactions

• Particle motion is dominated by the turbulent fluctuations in the gas phase

Heterogeneous suspensions
• Non-uniform distribution of solid particles in the gas phase
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• Particles tend to concentrate near the bottom of the pipe due to gravity

• Observed at lower gas velocities or larger particle sizes compared to homogeneous suspensions

Moving bed flows
• Solid particles form a dense, slowly moving layer at the bottom of the pipe

• Gas flows above the particle bed with minimal particle entrainment

• Occurs at low gas velocities, allowing particles to settle and form a stable bed

Pneumatic conveying
• Solid particles are fully suspended and transported by the gas flow

• High gas velocities are required to overcome particle settling and maintain suspension

• Commonly used for transporting bulk solids over long distances in industrial processes

Liquid-solid flow regimes
• Liquid-solid flows involve the transport of solid particles in a liquid medium

• Flow regimes are influenced by particle size, concentration, and settling velocity

Homogeneous slurry flows
• Solid particles are uniformly distributed throughout the liquid phase

• Occurs at high liquid velocities and small particle sizes, promoting particle suspension

• Particle settling is minimized due to the turbulent mixing in the liquid phase

Heterogeneous slurry flows
• Non-uniform distribution of solid particles in the liquid phase

• Particles tend to settle and form a concentration gradient, with higher concentrations near the bottom
of the pipe

• Observed at lower liquid velocities or larger particle sizes compared to homogeneous slurry flows

Saltation in slurry flows
• Intermittent settling and resuspension of solid particles in the liquid flow

• Particles alternate between being carried by the liquid and sliding or bouncing along the pipe bottom

• Occurs at intermediate liquid velocities, where the particle settling velocity is comparable to the liquid
velocity

Factors affecting flow regimes
• Several factors influence the development and transition of flow regimes in multiphase flows
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Fluid properties
• Density, viscosity, and surface tension of the individual phases affect the flow behavior and regime
transitions

• Density difference between the phases influences buoyancy-driven flows and phase separation

• Viscosity ratio determines the extent of phase dispersion and droplet/bubble breakup

Pipe geometry and orientation
• Pipe diameter, length, and inclination angle impact the flow regime and phase distribution

• Larger pipe diameters promote stratified and separated flows, while smaller diameters favor dispersed
and intermittent flows

• Inclination affects the gravity-driven flow and phase separation, with different regimes observed in
horizontal, vertical, and inclined pipes

Flow rates and velocities
• Relative flow rates of the individual phases determine the overall flow pattern and regime transitions

• Higher gas or liquid velocities promote dispersed and turbulent flows, while lower velocities favor
stratified and separated flows

• Slip velocity between the phases influences the interfacial interactions and regime development

Transitions between flow regimes
• Flow regime transitions occur as the flow conditions (phase flow rates, fluid properties, pipe geometry)
change

• Understanding and predicting regime transitions is crucial for the design and operation of multiphase
flow systems

Regime transition mechanisms
• Regime transitions are governed by the interplay of various forces (inertial, viscous, surface tension,
buoyancy)

• Transitions may be gradual or abrupt, depending on the relative magnitude of the forces involved

• Mechanisms such as droplet/bubble breakup, coalescence, and entrainment play a role in regime
transitions

Regime transition models and maps
• Flow regime maps graphically represent the boundaries between different flow regimes based on
dimensionless parameters (Reynolds number, Weber number, Froude number)

• Empirical correlations and mechanistic models are used to predict regime transitions and generate
flow regime maps

• Flow regime maps aid in the design and optimization of multiphase flow systems by identifying the
expected flow patterns under given operating conditions
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Importance of flow regime identification
• Accurate identification and understanding of flow regimes are essential for the efficient design and
operation of multiphase flow systems

Design of multiphase flow systems
• Flow regime information guides the selection of appropriate equipment (pumps, separators, heat
exchangers) and piping configurations

• Designing systems that accommodate the expected flow regimes ensures optimal performance and
reliability

• Flow regime-specific correlations are used to size equipment and predict system behavior

Prediction of pressure drop and heat transfer
• Flow regimes significantly influence the pressure drop and heat transfer characteristics in multiphase
flows

• Different models and correlations are used to predict pressure drop and heat transfer coefficients for
each flow regime

• Accurate regime identification enables the selection of appropriate models and improves the
predictive accuracy of system performance

Flow assurance and operability issues
• Flow regimes impact the occurrence and severity of flow assurance problems (slugging, corrosion,
erosion, hydrate formation)

• Understanding the prevailing flow regimes helps in developing strategies to mitigate or prevent flow
assurance issues

• Identifying unfavorable flow regimes (severe slugging, high-velocity erosive flows) allows for proactive
measures to ensure safe and reliable system operation

11.2 Particle-laden flows

Particle types and properties
Particle-laden flows describe systems where solid particles are carried within a moving fluid. These
particles alter the overall flow behavior in ways that depend heavily on their physical characteristics.
Getting a handle on particle properties is the foundation for everything else in this topic.

Three properties matter most: size, shape, and density. Each one affects how strongly the particle couples
to the fluid, how much drag it experiences, and whether it tends to settle, stay suspended, or collide with
other particles.

Size, shape, and density
Size controls how tightly a particle follows the fluid. Smaller particles couple more strongly to the
surrounding flow, while larger particles tend to lag behind or deviate from fluid streamlines. In real systems,
you rarely have one uniform particle size. The particle size distribution (PSD) captures the range and
frequency of sizes present, and it can shift over time as particles agglomerate or break apart.
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Shape affects drag and settling. Non-spherical particles generally experience higher drag and more
complex trajectories than spheres of equivalent volume, because the drag force depends on the particle's
orientation relative to the flow.

Density relative to the fluid density governs gravitational effects. A particle much denser than the fluid will
tend to settle; a particle closer to the fluid density can remain suspended with relatively little effort from the
flow.

Spherical vs non-spherical particles
Spherical particles are the default assumption in most models because their drag correlations and collision
dynamics are well established. That simplicity is useful, but real particles are rarely perfect spheres.

Non-spherical particles (ellipsoids, fibers, irregular fragments) behave differently because their drag and lift
forces depend on orientation. The aspect ratio and surface roughness both influence motion, collision
probability, and agglomeration tendency.

Representing non-spherical particles in simulations requires advanced shape characterization techniques
like Fourier descriptors or spherical harmonics, along with specialized collision detection algorithms. This
adds significant computational cost.

Particle-fluid interactions
Particles suspended in a flow experience drag, lift, and buoyancy forces that together determine their
trajectories. The strength of coupling between the particle and fluid phases depends on the particle
Reynolds number, and the timescale over which a particle adjusts to changes in the flow is captured by the
particle response time.

Drag force on particles
Drag is the dominant force on most suspended particles. It arises from the relative motion between the
particle and the surrounding fluid and depends on:

• Particle size and shape

• Relative velocity between particle and fluid

• Fluid density and viscosity

For spherical particles, empirical correlations give the drag coefficient. Two commonly used ones are the
Schiller-Naumann correlation and the Di Felice equation. For non-spherical particles, drag is typically
approximated using shape factors or orientation-dependent drag models that resolve the particle's
alignment with the flow.

Particle Reynolds number
The particle Reynolds number ( ) characterizes the flow regime around an individual particle:

where  is fluid density,  is particle diameter,  is the relative velocity between fluid and particle,
and  is the fluid dynamic viscosity.

•  (Stokes regime): Viscous effects dominate. Drag is linearly proportional to relative velocity.
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• : Inertial effects become significant. Drag becomes nonlinear, and wake structures form
behind the particle.

Particle response time
The particle response time ( ) measures how quickly a particle adjusts to changes in the surrounding fluid
velocity. For a spherical particle in the Stokes regime:

where  is the particle density.

A small  means the particle tracks the fluid closely. A large  means the particle has significant inertia
and can deviate from fluid streamlines. The ratio of  to the characteristic flow time scale gives the Stokes
number, which is the central dimensionless parameter for classifying particle behavior (covered in the next
section).

Particle motion in fluids
The motion of a particle in a fluid comes down to a force balance: drag, lift, buoyancy, and gravity all act
simultaneously. The resulting trajectory equations are derived from Newton's second law applied to the
particle.

Particle trajectory equations
The position  and velocity  of a particle evolve according to:

Here,  is a correction factor that accounts for non-Stokesian drag (i.e., when  is not small), and  is
gravitational acceleration.

These are ordinary differential equations solved along each particle's path. Additional terms can be
included for:

• Lift forces (e.g., Saffman lift in shear flows)

• Added mass (important when )

• Basset history force (accounts for the time history of relative acceleration)

• Turbulent dispersion (stochastic models for the effect of velocity fluctuations)

Stokes number and regimes
The Stokes number ( ) is the ratio of the particle response time to the characteristic flow time scale:

It defines three regimes of particle behavior:

•  (equilibrium regime): Particles follow the fluid almost perfectly. Slip velocity is negligible.

•  (ballistic regime): Particles are barely influenced by the fluid and largely maintain their initial
velocity.
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•  (inertial regime): This is where things get interesting. Particles partially respond to the flow,
leading to phenomena like preferential concentration, where particles cluster in specific regions of
turbulent flows (typically in low-vorticity, high-strain-rate zones).

Gravitational settling of particles
When a particle's weight exceeds the combined buoyancy and drag forces, it settles through the fluid. In
the Stokes regime ( ), the terminal settling velocity of a sphere in a quiescent fluid is:

At higher , this expression must be corrected using a drag coefficient  that accounts for inertial
effects.

Gravitational settling matters in many contexts: removing particles from gas streams, sedimentation in
liquid-solid suspensions, and atmospheric transport of aerosols and dust.

Turbulent particle-laden flows
Turbulence dramatically changes how particles distribute and move within a flow. Eddies can disperse
particles, enhance mixing, and create non-uniform concentration patterns. At the same time, the particles
themselves can modify the turbulence structure, creating a two-way coupling that complicates both
experiments and simulations.

Particle dispersion in turbulence
Turbulent eddies scatter particles, generally producing a more uniform spatial distribution than laminar flow
would. The key parameter is the eddy Stokes number, which compares the particle response time to the
turbulent eddy time scale.

• Small eddy Stokes number: Particles are efficiently dispersed by the eddies.

• Large eddy Stokes number: Particles decouple from the eddies and tend to concentrate in low-vorticity
regions (preferential concentration).

Common models for predicting particle trajectories in turbulence include the eddy interaction model (EIM)
and Langevin equation models, both of which introduce stochastic velocity fluctuations along the particle
path.

Particle-turbulence interactions
Particles don't just passively ride the turbulence; they feed back on it. The nature of this feedback depends
on the Stokes number:

•  (small particles): Tend to attenuate turbulence by absorbing kinetic energy from the fluid
through viscous dissipation.

•  (large particles): Can generate turbulence through wake effects and vortex shedding,
increasing turbulent kinetic energy.

• : Particles selectively damp or enhance certain scales of motion, producing complex
modulation effects.

The particle-to-fluid density ratio and the particle volume concentration also influence the strength of these
interactions.



Fiveable archived study guides Page 308

Turbulence modulation by particles
Turbulence modulation is the broader term for how particles alter the turbulent kinetic energy spectrum,
dissipation rate, and characteristic length scales.

The mass loading ratio (ratio of particle to fluid mass flow rates) is a useful indicator:

• Low mass loading: Particles typically attenuate turbulence.

• High mass loading: Particles can enhance turbulence through wake generation and vortex shedding.

Numerical approaches to capture this include two-way coupled -  models and equilibrium Eulerian
methods, both of which add source/sink terms to the turbulence transport equations to represent the
particle phase's influence.

Particle collisions and agglomeration
In dense suspensions or systems with cohesive particles, collisions and agglomeration become significant.
Collisions transfer momentum, dissipate energy, and change the particle size distribution. Agglomeration
(particles sticking together) can shift the effective particle size upward, altering drag, settling, and rheology.

Collision mechanisms and models
Particles can collide through several mechanisms: binary collisions in the bulk flow, wall impacts, or
shear-induced contacts. The outcome of a collision depends on:

• Relative velocity and impact angle

• Particle size and material properties

• Surface forces (van der Waals, electrostatic)

Two standard modeling approaches exist:

• Hard-sphere models: Treat collisions as instantaneous events with prescribed restitution coefficients.

• Soft-sphere models: Resolve the contact over a finite time, accounting for deformation, adhesion, and
frictional forces (rolling, sliding).

Agglomeration and breakup processes
Agglomeration occurs when attractive surface forces or material bonding cause colliding particles to stick
together. The agglomeration rate depends on collision frequency, which in turn depends on particle
concentration, size, and velocity.

Breakup happens when fluid shear forces or subsequent collisions exceed the cohesive strength of an
agglomerate.

The competition between agglomeration and breakup determines how the particle size distribution evolves
over time. Population balance models (PBMs) track this evolution by solving transport equations for the
number density of particles in each size class, with source and sink terms for agglomeration and breakup
events.

Effect on particle size distribution
Agglomeration shifts the size distribution toward larger sizes, while breakup fragments large clusters and
broadens the distribution toward smaller sizes. These changes feed back into the flow:
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• Larger effective particle sizes change drag and settling rates.

• A more polydisperse distribution alters the suspension's rheological properties, including viscosity and
yield stress.

Accurately predicting the evolving PSD is critical in applications like fluidized beds, where particle size
directly affects flow regime, heat transfer, and mixing efficiency.

Numerical methods for particle-laden flows
Simulating particle-laden flows requires methods that handle the coupling between fluid and particle
phases. The right choice depends on particle concentration, Stokes number, and the level of detail you
need.

Lagrangian particle tracking
Lagrangian particle tracking (LPT) solves the equation of motion for each individual particle as it moves
through a pre-computed (or simultaneously computed) fluid flow field.

1. Solve the fluid flow on a fixed grid using standard CFD methods (finite volume, finite element).

2. Inject particles into the domain with initial positions and velocities.

3. At each time step, interpolate the fluid velocity at each particle's location.

4. Integrate the particle trajectory equation to update position and velocity.

LPT works well for dilute systems where particle-particle interactions are negligible. It provides detailed
information about individual trajectories, residence times, and deposition patterns. The main limitation is
computational cost: tracking millions of particles becomes expensive, and modeling particle-turbulence
interaction requires additional sub-models.

Eulerian-Lagrangian approaches
Eulerian-Lagrangian methods extend LPT to handle moderate particle concentrations by including two-way
coupling between phases. The fluid is solved on an Eulerian grid, while particles (or representative parcels
of particles) are tracked in a Lagrangian frame.

Key examples include:

• DEM-CFD coupling: The discrete element method resolves individual particle contacts and collisions,
coupled to a CFD solver for the fluid phase.

• MP-PIC (multiphase particle-in-cell): Groups particles into computational parcels to reduce cost while
still capturing particle-fluid and particle-particle interactions.

These methods can capture complex phenomena like drafting, kissing, and tumbling (DKT) of particles in
fluidized beds.

Two-fluid models and quadrature-based moments
Two-fluid models treat both the fluid and particle phases as interpenetrating continua. Instead of tracking
individual particles, you solve volume-averaged Eulerian conservation equations for each phase,
connected by interphase transfer terms for momentum, energy, and mass.

This approach is well suited for dense particle-laden flows where particle-particle interactions dominate.
The trade-off is that you lose individual particle resolution and must rely on closure models for particle
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stresses and interphase exchange coefficients.

Quadrature-based moment methods (QBMM) are a specialized class of two-fluid models. Rather than
solving for the full particle size distribution directly, QBMMs solve transport equations for the statistical
moments of the distribution. This is computationally efficient and captures the evolution of the PSD without
tracking individual particles.

Challenges common to two-fluid models include closing the interphase transfer terms, modeling
particle-phase stresses (often via kinetic theory of granular flow), and resolving sharp concentration
gradients numerically.

Applications of particle-laden flows
Particle-laden flows appear across a huge range of industrial and environmental settings. The physics
covered above directly informs the design, optimization, and troubleshooting of real systems.

Aerosol transport and deposition
Aerosols are fine solid or liquid particles (nanometers to micrometers) suspended in a gas. Their transport
is governed by the balance of fluid drag, particle inertia, and deposition mechanisms:

• Diffusion: Dominant for very small particles (sub-micron), driven by Brownian motion.

• Impaction: Particles with sufficient inertia deviate from fluid streamlines and strike surfaces.

• Interception: Particles following streamlines pass close enough to a surface to make contact.

Numerical predictions use either the advection-diffusion equation (Eulerian) or Lagrangian particle tracking.
Applications include atmospheric pollutant dispersion, inhaler design for respiratory drug delivery, and
contamination control in semiconductor cleanrooms.

Fluidized beds and pneumatic conveying
In a fluidized bed, an upward fluid flow suspends a bed of solid particles, creating fluid-like behavior. This
provides excellent heat and mass transfer, uniform temperatures, and thorough mixing. Flow regimes
range from bubbling to slugging to turbulent fluidization, depending on gas velocity and particle properties.

Pneumatic conveying transports solid particles through pipes using a carrier gas. It's widely used in bulk
material handling and powder processing.

Both systems require understanding of particle-fluid interactions, PSD effects, and flow regime transitions.
Simulations typically use two-fluid models or DEM-CFD coupling to predict hydrodynamics, mixing, and
heat transfer.

Spray drying and atomization processes
Spray drying converts liquid solutions or suspensions into dry powder by atomizing the liquid into fine
droplets and exposing them to hot gas. Atomization is the breakup of a liquid stream into droplets, which is
also central to combustion applications.

Performance depends on nozzle design, liquid properties (viscosity, surface tension), gas flow conditions,
and the drying kinetics that govern final particle size and moisture content.

Atomization models like the Kelvin-Helmholtz/Rayleigh-Taylor (KHRT) breakup model and the
Eulerian-Lagrangian spray atomization (ELSA) approach simulate liquid jet breakup and droplet formation.
Applications span food powder production, pharmaceuticals, ceramics, and fuel injection in combustion
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systems.

11.3 Bubble dynamics

Bubble formation and growth
Bubble dynamics describes how gas pockets nucleate, grow, deform, and collapse within liquids. This topic
sits at the intersection of surface tension, pressure fields, heat transfer, and fluid inertia, and it matters for
everything from boiling heat transfer to cavitation damage in turbomachinery.

The process of bubble formation and growth is governed by a complex interplay of surface tension,
pressure, and heat transfer. Getting a handle on these fundamentals is essential before tackling more
advanced phenomena like cavitation or acoustic bubble behavior.

Nucleation sites
Nucleation sites are preferential locations where bubbles tend to form. Nucleation can be homogeneous
(occurring spontaneously within the bulk liquid) or heterogeneous (occurring at solid surfaces, impurities,
or pre-existing gas pockets). In practice, heterogeneous nucleation dominates because it requires far less
energy.

• Surface roughness, crevices, and hydrophobic patches act as favorable nucleation sites by trapping
small gas pockets that lower the energy barrier for bubble formation.

• The presence and spatial distribution of nucleation sites strongly influence the resulting bubble size
distribution and the overall rate of bubble production.

Bubble growth rate
Once a bubble nucleates, its growth rate depends on the surrounding liquid properties, temperature, and
pressure conditions.

• Heat-transfer-driven growth: The bubble expands as liquid evaporates at the bubble interface. This is
the dominant mechanism in boiling.

• Diffusion-driven growth: Dissolved gas molecules diffuse across the interface into the bubble,
contributing to expansion. This is what happens when you open a carbonated drink.

• In the early stages of growth, the bubble radius typically follows a square-root time dependence:
. This classic scaling emerges from the diffusion-limited transport of heat or mass to the

interface.

Factors affecting bubble growth
Several physical properties of the liquid control how quickly a bubble can grow:

• Viscosity: Higher viscosity slows bubble growth by exerting greater drag on the expanding interface.

• Surface tension: Acts to minimize bubble surface area and opposes growth, particularly for small
bubbles where the Laplace pressure ( ) is large.

• Thermal conductivity: Determines how fast heat reaches the bubble interface, directly controlling the
evaporation rate.

External factors also matter. Pressure fluctuations, bulk flow velocity, and the concentration of dissolved
gases all influence growth dynamics.
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Bubble shapes and oscillations
Bubbles don't always stay perfectly round. Their shape and oscillation behavior depend on the balance
between surface tension (which favors a sphere), inertial and viscous forces, and any external
disturbances. These characteristics affect mass transfer rates, acoustic signatures, and whether a bubble
will break apart.

Spherical vs. non-spherical bubbles
Surface tension drives bubbles toward a spherical shape because a sphere minimizes surface area for a
given volume. However, bubbles deviate from this ideal under several conditions:

• High rise velocity distorts the bubble into an oblate ellipsoid.

• Strong shear flows or bubble-bubble interactions can further deform the interface.

• Surfactants alter interfacial mobility and can change the effective shape.

Common non-spherical shapes include ellipsoidal, cap-shaped, and skirted bubbles, each associated with
different size ranges and Reynolds number regimes.

Natural frequency of oscillations
Every bubble has a natural oscillation frequency that depends on its size, the surrounding liquid properties,
and the ambient pressure. The Minnaert frequency gives this for a spherical bubble:

where  is the equilibrium radius,  is the specific heat ratio of the gas inside the bubble,  is the
ambient pressure, and  is the liquid density.

Notice that smaller bubbles oscillate at higher frequencies. When an external acoustic field matches , the
bubble resonates and its oscillation amplitude grows dramatically. This resonance is central to both
cavitation physics and medical ultrasound applications.

Damping effects on oscillations
Bubble oscillations don't persist forever. Three main damping mechanisms dissipate energy:

• Viscous damping: Shear stresses at the bubble-liquid interface resist the oscillatory motion. This effect
is strongest for small bubbles and high-viscosity liquids.

• Thermal damping: During compression the gas heats up, and during expansion it cools. Heat
exchange with the surrounding liquid during each cycle removes energy from the oscillation.

• Acoustic radiation damping: The oscillating bubble acts like a tiny loudspeaker, emitting sound waves
that carry energy away.

Surfactants or impurities adsorbed on the bubble surface can introduce additional damping by stiffening
the interface and modifying its rheological properties.

Bubble rise and motion
A bubble in a liquid rises because the buoyancy force (from the density difference between gas and liquid)
exceeds the drag force resisting its motion. The details of how fast it rises, what shape it takes, and
whether its path stays straight depend on bubble size and fluid properties.
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Terminal velocity of rising bubbles
A rising bubble accelerates until drag balances buoyancy, at which point it reaches terminal velocity. For
small spherical bubbles at low Reynolds numbers, Stokes' law applies:

where  and  are the liquid and gas densities,  is gravitational acceleration,  is the bubble radius,
and  is the liquid dynamic viscosity.

This equation tells you that terminal velocity scales with , so doubling the bubble radius quadruples the
rise speed (in the Stokes regime). For larger bubbles at higher Reynolds numbers, the bubble deforms
away from a sphere and the simple Stokes result no longer holds. Empirical drag correlations become
necessary.

Drag coefficient and bubble shape
The drag coefficient  quantifies the resistance a rising bubble experiences from the surrounding fluid.

• For spherical bubbles,  is a function of the Reynolds number. Common empirical correlations
include the Schiller-Naumann and Clift-Grace-Weber models.

• For non-spherical bubbles (ellipsoidal, cap-shaped), the drag coefficient differs significantly from the
spherical case and depends on the specific shape regime.

Getting the drag coefficient right is critical for accurate predictions of bubble rise velocity in computational
models of multiphase flows.

Bubble trajectory and path instability
Bubbles don't always rise in a straight line.

• At low Reynolds numbers, buoyancy and drag are well-balanced, and the bubble follows a rectilinear
(straight vertical) path.

• Above a critical size (roughly 1–2 mm in water), the wake behind the bubble becomes unstable.
Vortex shedding causes the bubble to follow a zigzag or helical trajectory.

• In shear flows, bubbles experience lateral forces (lift) that push them across streamlines.

These path instabilities enhance mixing and dispersion in bubble columns and other multiphase systems,
which directly affects mass transfer performance.

Bubble coalescence and breakup
Coalescence and breakup control the bubble size distribution in any multiphase system. Coalescence
merges smaller bubbles into larger ones; breakup fragments large bubbles into smaller ones. The
competition between these two processes determines the equilibrium size distribution, which in turn
governs interfacial area and transfer rates.

Bubble collision and coalescence
Coalescence requires two steps: collision, then merging.

1. Collision: Two bubbles are brought together by turbulence, wake entrainment, or differential
buoyancy (larger bubbles rise faster and overtake smaller ones).
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2. Film drainage: A thin liquid film is trapped between the colliding bubbles. This film must thin and
eventually rupture before the bubbles can merge.

3. Merging: Once the film ruptures, surface tension rapidly pulls the two bubbles into a single larger
bubble.

Coalescence is promoted by high bubble concentration, low liquid viscosity (faster film drainage), and the
absence of surfactants. Surfactants stabilize the thin film by creating surface tension gradients (Marangoni
effects) that resist drainage.

Mechanisms of bubble breakup
Breakup occurs when disruptive forces overcome the cohesive force of surface tension. The main
mechanisms are:

• Turbulent breakup: Energetic eddies comparable in size to the bubble deform and fragment it. This is
the dominant breakup mechanism in stirred tanks and turbulent pipe flows.

• Shear-induced breakup: When shear stresses from the surrounding flow exceed the restoring surface
tension force, the bubble elongates into a filament and pinches off.

• Interfacial instabilities: Rayleigh-Taylor instability (when a heavy fluid accelerates into a light one) or
Kelvin-Helmholtz instability (from velocity differences along the interface) can distort the bubble surface
enough to cause fragmentation.

Influence of fluid properties
• Viscosity: Higher liquid viscosity slows film drainage, which actually promotes coalescence. At the
same time, it increases shear stresses on bubbles, which can promote breakup. The net effect depends
on the flow regime.

• Surface tension: Acts as the cohesive force resisting both deformation and breakup. Lower surface
tension makes bubbles easier to break apart.

• Viscosity ratio (gas-to-liquid): Influences how the bubble deforms internally during breakup and affects
the daughter bubble size distribution.

• Surfactants: Modify interfacial properties in complex ways. They generally inhibit coalescence (by
stabilizing films) and can either promote or inhibit breakup depending on how they alter interfacial
rigidity.

Heat and mass transfer
Bubbles dramatically enhance heat and mass transfer by increasing interfacial area and promoting mixing.
This is why bubbling is used in so many industrial processes, from boilers to bioreactors.

Heat transfer across bubble interface
Heat moves between a bubble and the surrounding liquid through three mechanisms:

• Conduction: Heat flows through the thin thermal boundary layer surrounding the bubble, driven by the
temperature gradient.

• Convection: The bubble's motion and the associated liquid circulation thin the boundary layer and
enhance transport. Faster-moving bubbles transfer heat more effectively.



Fiveable archived study guides Page 315

• Latent heat transfer: During bubble growth, liquid evaporates at the interface, absorbing latent heat
from the surrounding liquid. During collapse or condensation, latent heat is released. This mechanism
can dominate in boiling systems.

Mass transfer and gas diffusion
Mass transfer across the bubble interface is driven by concentration differences of dissolved species
between the bubble interior and the surrounding liquid.

• The transfer rate depends on the concentration gradient, the interfacial area, and the diffusion
coefficient of the gas in the liquid.

• Bubble growth can be sustained by dissolved gas diffusing into the bubble (supersaturated
conditions). Conversely, a bubble will dissolve if the surrounding liquid is undersaturated.

• Bubble motion enhances mass transfer by continuously refreshing the liquid at the interface, reducing
the thickness of the concentration boundary layer.

These principles are central to the design of gas-liquid reactors, bubble columns, and wastewater aeration
systems.

Bubble collapse and micromixing
Bubble collapse is a rapid, violent event that occurs when the surrounding pressure suddenly increases or
the bubble enters a high-pressure region.

• During collapse, the gas inside the bubble is compressed to extreme temperatures (thousands of
Kelvin in some cases) and pressures.

• The collapse can generate high-velocity liquid microjets and shock waves that intensely mix the
surrounding fluid at very small scales.

• Near solid surfaces, asymmetric collapse produces a liquid jet directed toward the surface. Repeated
impacts cause cavitation erosion, which is a major concern for pump impellers, ship propellers, and
hydraulic valves.

• The extreme local conditions during collapse are exploited in sonochemistry, where they drive
chemical reactions that would not occur under normal conditions.

Cavitation and bubble dynamics
Cavitation is the formation and subsequent collapse of vapor bubbles in a liquid due to local pressure
dropping below the liquid's vapor pressure. It's distinct from boiling: boiling is driven by heating, while
cavitation is driven by pressure reduction at roughly constant temperature. Cavitation can be destructive
(eroding turbine blades) or useful (ultrasonic cleaning), so understanding it is essential.

Cavitation inception and bubble formation
Cavitation inception is the point at which vapor bubbles first appear in a flow.

• Hydrodynamic cavitation: Pressure drops in accelerating flows (e.g., around a propeller blade tip or
through a venturi).

• Acoustic cavitation: High-intensity sound waves create alternating pressure cycles; bubbles form
during the low-pressure (rarefaction) phase.

• Optic cavitation: High-energy laser pulses locally vaporize liquid, creating a bubble.
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Inception depends on liquid purity, dissolved gas content, and the availability of nucleation sites. Very pure,
degassed water can withstand significant tension before cavitating, while "dirty" water with abundant nuclei
cavitates much more readily.

Once formed, cavitation bubbles grow rapidly by evaporation and can cluster into cavitation clouds.

Rayleigh-Plesset equation
The Rayleigh-Plesset equation is the foundational model for spherical bubble dynamics in an infinite liquid:

where: -  = bubble radius (dots denote time derivatives) -  = liquid density -  = pressure inside the
bubble -  = far-field liquid pressure -  = surface tension -  = liquid dynamic viscosity

The left side represents liquid inertia. On the right side, the four terms are: the driving pressure difference,
the far-field pressure, the Laplace pressure from surface tension, and viscous damping. This equation
captures both the growth and collapse phases of a cavitation bubble and forms the basis for nearly all
computational cavitation models.

Cavitation damage and erosion
Cavitation damage results from the repeated collapse of bubbles near solid surfaces.

1. A bubble collapses asymmetrically near a wall, producing a high-speed liquid microjet directed at the
surface.

2. The jet impacts the surface at velocities that can exceed 100 m/s, along with pressure pulses from
the associated shock wave.

3. Repeated impacts cause fatigue, pitting, and progressive material removal.

The severity of erosion depends on bubble size, collapse intensity, material hardness, and the frequency of
cavitation events. Mitigation strategies include:

• Designing flow passages to avoid low-pressure regions where cavitation initiates

• Using cavitation-resistant materials (e.g., stainless steel, stellite coatings)

• Injecting air or polymer additives to cushion bubble collapse

Acoustic and ultrasonic cavitation
Acoustic cavitation occurs when high-intensity sound waves (typically ultrasound, above 20 kHz) drive
bubble formation and collapse in a liquid. The extreme local conditions generated during collapse make
ultrasonic cavitation a powerful tool for cleaning, chemical processing, and biomedical applications.

Acoustic cavitation threshold
The acoustic cavitation threshold is the minimum acoustic pressure amplitude needed to nucleate bubbles
in a given liquid.

• Liquids with higher vapor pressures and lower surface tensions cavitate more easily (lower threshold).

• Higher ultrasonic frequencies generally require higher pressure amplitudes to induce cavitation,
because the rarefaction phase is shorter and bubbles have less time to grow.
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• Pre-existing nuclei (dissolved gas, microparticles) significantly lower the threshold. Degassed, filtered
liquids are much harder to cavitate.

Knowing the threshold is essential for designing ultrasonic systems: you need enough acoustic power to
exceed it, but excessive power wastes energy and can cause unwanted erosion.

Ultrasonic bubble dynamics
Under ultrasonic irradiation, bubbles experience rapid expansion and compression each acoustic cycle.
Two distinct regimes emerge:

• Stable cavitation: Bubbles oscillate around an equilibrium size over many cycles without collapsing.
They generate steady microstreaming currents in the surrounding liquid.

• Transient (inertial) cavitation: Bubbles grow rapidly during rarefaction and then collapse violently
during compression. The collapse can produce localized temperatures above 5000 K and pressures
exceeding 500 atm, along with shock waves and liquid microjets.

The bubble behavior depends on the acoustic pressure amplitude, frequency, bubble size relative to the
resonance size, and liquid properties. The Rayleigh-Plesset equation (with a time-varying  representing
the acoustic field) is the standard modeling tool.

Applications in cleaning and processing
Ultrasonic cavitation is used across many industries:

• Ultrasonic cleaning: Collapsing bubbles near contaminated surfaces generate microjets and shock
waves that dislodge particles, grease, and biofilms. The mechanical scrubbing action reaches into
crevices and geometries that conventional cleaning cannot access.

• Sonochemistry: The extreme temperatures and pressures inside collapsing bubbles drive chemical
reactions, including the generation of free radicals. This is used for degradation of pollutants, synthesis
of nanoparticles, and acceleration of organic reactions.

• Materials processing: Ultrasonic cavitation is applied in emulsification, dispersion of nanoparticles,
degassing of melts, and cell disruption in biotechnology.

In each case, the key is controlling the cavitation intensity to achieve the desired effect without causing
damage to the equipment or the product.

11.4 Rheology of non-Newtonian fluids

Non-Newtonian fluid properties
Non-Newtonian fluids don't follow the simple linear relationship between shear stress and shear rate that
defines Newtonian fluids. Instead, their viscosity changes depending on the applied shear rate or shear
stress. This behavior shows up everywhere, from ketchup and blood to drilling muds and polymer melts,
and understanding it is critical for designing processes that handle these fluids correctly.

Shear rate vs. shear stress
For a Newtonian fluid, plotting shear stress ( ) against shear rate ( ) gives a straight line through the
origin, and the slope is the viscosity. Non-Newtonian fluids break this pattern. Their curves can be concave
(shear thinning), convex (shear thickening), or offset from the origin (yield stress fluids).
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The apparent viscosity at any point on the curve is the local slope . Because the curve isn't linear,
apparent viscosity changes with shear rate. This is the single most important distinction from Newtonian
behavior.

Viscosity dependence on shear rate
• Shear thinning (pseudoplastic): Viscosity decreases with increasing shear rate. Molecular chains or
suspended particles align in the flow direction, reducing internal resistance. Examples: paints, ketchup,
polymer solutions.

• Shear thickening (dilatant): Viscosity increases with increasing shear rate. Particle clusters form or
particle interactions intensify under faster deformation. Examples: concentrated cornstarch
suspensions, some colloidal systems.

Most non-Newtonian fluids encountered in engineering are shear thinning. Shear thickening is less
common but can cause serious problems if unexpected (e.g., jamming in high-speed mixing).

Yield stress fluids
Some fluids require a minimum stress, called the yield stress ( ), before they begin to flow at all. Below

, the material behaves like a solid and resists deformation. Once  is exceeded, the material flows.

Toothpaste is a classic example: it holds its shape on your brush (below yield stress) but flows when you
squeeze the tube (above yield stress). Other examples include mayonnaise, drilling muds, and fresh
concrete.

Shear thinning vs. shear thickening
Property Shear Thinning Shear Thickening

Viscosity trend Decreases with Increases with 

Mechanism Particle/molecule alignment in flow Cluster formation, increased particle
interaction

Power law index 

Common examples Blood, paints, polymer solutions Cornstarch-water, dense colloidal
suspensions

The power law model captures both behaviors through the flow behavior index . When , you
recover Newtonian behavior.

Types of non-Newtonian fluids
Non-Newtonian fluids are classified by how their shear stress relates to shear rate. Each type has one or
more constitutive models that describe its behavior mathematically. Choosing the right model matters
because it determines how accurately you can predict pressure drops, flow profiles, and process
performance.

Pseudoplastic fluids
Pseudoplastic fluids are shear thinning: their viscosity drops as shear rate increases. The power law model
describes them with a flow behavior index . A smaller  means more pronounced thinning.

Examples include polymer solutions, blood, and latex paints. Paint, for instance, thins when you brush it on
(high shear) but thickens when it sits on the wall (low shear), preventing drips.
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Dilatant fluids
Dilatant fluids are shear thickening: their viscosity rises with increasing shear rate. The power law model
applies here too, but with .

The most familiar example is a concentrated cornstarch-water suspension. At low shear rates it flows
easily, but if you punch it or run across a pool of it, the sudden high shear rate causes it to resist
deformation and behave almost like a solid.

Bingham plastic model
The Bingham plastic model describes fluids that have a yield stress and then flow with a constant
(Newtonian) viscosity once that yield stress is exceeded:

•  = yield stress

•  = plastic viscosity (constant slope above yield)

This model works well for toothpaste, some drilling muds, and concentrated suspensions where the
stress-shear rate relationship is roughly linear above .

Herschel-Bulkley model
The Herschel-Bulkley model generalizes the Bingham plastic by allowing non-linear (shear thinning or
thickening) behavior above the yield stress:

•  = yield stress

•  = consistency index

•  = flow behavior index

When , this reduces to the Bingham plastic. When , it reduces to the power law. Many food
products (yogurt, mayonnaise) and drilling fluids are well described by this three-parameter model.

Casson model
The Casson model also describes yield stress fluids but uses a different mathematical form:

•  = Casson yield stress

•  = Casson viscosity

This model is particularly useful for blood and certain food products like chocolate and tomato sauce. It
tends to fit experimental data for these fluids better than the Bingham model, especially at low shear rates.
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Constitutive equations
Constitutive equations are the mathematical relationships that link shear stress to shear rate (and
sometimes to time or deformation history) for a given fluid. Picking the right equation determines how well
your predictions match reality. Simpler models (power law) are easy to use but limited in range; more
complex models (Carreau, Cross) capture behavior over wider shear rate ranges at the cost of more
parameters to fit.

Power law model
The power law (Ostwald-de Waele) model is the simplest and most widely used:

•  = consistency index (units depend on )

•  = flow behavior index

Interpretation of : - : shear thinning - : Newtonian (  becomes the viscosity) - : shear
thickening

Limitation: The power law predicts viscosity going to infinity as  and to zero as . Real fluids
have finite Newtonian plateaus at both extremes. This means the power law is only valid over a limited
range of shear rates.

Carreau model
The Carreau model fixes the power law's plateau problem by including Newtonian behavior at both low and
high shear rates:

•  = zero-shear-rate viscosity (low-shear plateau)

•  = infinite-shear-rate viscosity (high-shear plateau)

•  = relaxation time constant (controls where thinning begins)

•  = power law index

This four-parameter model is excellent for polymer solutions and melts where you need predictions across
many decades of shear rate.

Cross model
The Cross model serves a similar purpose to the Carreau model but uses a different functional form:

• ,  = zero-shear and infinite-shear viscosities

•  = time constant

•  = dimensionless exponent controlling the shear thinning transition

The Cross model is especially popular for polymer solutions and melts. In practice, both the Carreau and
Cross models fit similar data well; the choice often comes down to convention in a particular field.
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Ellis model
The Ellis model is a three-parameter model that works well when you mainly care about the transition from
the low-shear Newtonian plateau into the shear thinning region:

•  = zero-shear-rate viscosity

•  = shear stress at which viscosity drops to half of 

•  = parameter controlling the steepness of thinning

One advantage of the Ellis model is that it's written in terms of shear stress rather than shear rate, which
can simplify certain pipe flow calculations.

Experimental characterization
Measuring the rheological properties of non-Newtonian fluids requires specialized instruments called
rheometers. The choice of rheometer and measurement geometry depends on the fluid's viscosity range,
the shear rates of interest, and whether you need steady-shear or oscillatory data. Accurate experimental
data is what allows you to select the right constitutive model and fit its parameters.

Rheometer types
Three main categories cover most applications:

1.

Rotational rheometers apply a controlled rotation (or controlled torque) to the sample and measure the
resulting torque (or rotation). Common geometries include cone-and-plate, parallel plate, and concentric
cylinder. These are versatile and cover low to moderate shear rates.

2.

Capillary rheometers force fluid through a narrow tube and measure the pressure drop vs. flow rate. They
reach high shear rates relevant to extrusion and injection molding.

3.

Oscillatory rheometers apply small-amplitude sinusoidal deformations to probe viscoelastic properties
without disrupting the fluid's microstructure. These are typically rotational instruments operated in
oscillatory mode.

Cone-and-plate geometry
A cone-and-plate setup consists of a flat plate and a shallow cone (typically 1–4° angle). The key
advantage is that the shear rate is nearly uniform across the entire sample gap, which gives clean viscosity
measurements without needing corrections.

This geometry works well for polymer solutions, suspensions, and food products at low to moderate shear
rates. It's not ideal for fluids with large particles (the narrow gap at the cone tip can cause jamming) or for
very high shear rates.
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Couette flow
Couette flow (concentric cylinder or bob-and-cup geometry) places the sample in the annular gap between
two cylinders. Typically the inner cylinder (bob) rotates while the outer cylinder (cup) stays fixed.

This geometry is well suited for low-viscosity fluids that would flow off a cone-and-plate setup. The shear
rate isn't perfectly uniform across the gap (it varies with radial position), so corrections may be needed for
strongly non-Newtonian fluids unless the gap is kept narrow.

Capillary rheometer
A capillary rheometer pushes fluid through a tube of known diameter and length while measuring the
pressure drop and volumetric flow rate. From these, you can extract the wall shear stress and apparent
shear rate.

Steps for a capillary rheometry measurement:

1. Force the fluid through the capillary at a controlled flow rate.

2. Measure the pressure drop  across the capillary.

3. Calculate the wall shear stress:  (where  is the capillary radius and  is its length).

4. Calculate the apparent shear rate:  (where  is the volumetric flow rate).

5. Apply the Weissenberg-Rabinowitsch correction to get the true wall shear rate for non-Newtonian
fluids.

6. Apply the Bagley correction to account for entrance and exit pressure losses.

Capillary rheometers are the standard tool for characterizing polymer melts at the high shear rates seen in
extrusion and injection molding.

Oscillatory shear measurements
Oscillatory measurements apply a small sinusoidal strain  and measure the resulting
stress. For a viscoelastic material, the stress response is out of phase with the strain, and this phase
difference reveals the balance between elastic and viscous behavior.

The two key quantities extracted are:

• Storage modulus ( ): Measures the elastic (energy-storing) component. Higher  means more
solid-like behavior.

• Loss modulus ( ): Measures the viscous (energy-dissipating) component. Higher  means more
liquid-like behavior.

When , the material is predominantly elastic (gel-like). When , it's predominantly viscous
(liquid-like). The crossover frequency where  gives a characteristic relaxation time of the material.

Viscoelastic behavior
Many non-Newtonian fluids are not purely viscous; they also store elastic energy during deformation.
These viscoelastic fluids exhibit time-dependent responses: they can partially spring back after
deformation, show stress relaxation under constant strain, and creep under constant stress. Polymer melts
and solutions are the most common examples.
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Elastic vs. viscous response
• Purely elastic (Hookean solid): Stress is proportional to strain. Deformation is instantaneous and fully
recoverable. Think of a spring.

• Purely viscous (Newtonian fluid): Stress is proportional to strain rate. Deformation is irreversible. Think
of a dashpot (piston in a cylinder of oil).

• Viscoelastic: The response depends on the timescale of deformation. Fast deformations emphasize
the elastic response; slow deformations emphasize the viscous response.

The Deborah number ( ) compares the material's relaxation time  to the observation time .
High  means the material behaves more elastically; low  means it behaves more like a viscous fluid.

Maxwell model
The Maxwell model places a spring (elastic element) and dashpot (viscous element) in series. This
arrangement captures stress relaxation: if you suddenly impose a constant strain, the stress decays
exponentially over time.

•  is the relaxation time (ratio of viscosity to elastic modulus)

• At times much shorter than , the material responds elastically

• At times much longer than , the material flows like a viscous fluid

The Maxwell model does not predict creep behavior well. Under a constant stress, it predicts unbounded
linear deformation (like a pure fluid), which is unrealistic for many viscoelastic solids.

Kelvin-Voigt model
The Kelvin-Voigt model places a spring and dashpot in parallel. This arrangement captures creep
behavior: under a constant applied stress, the strain increases gradually and asymptotically approaches a
steady-state value.

•  is the retardation time

• The strain never exceeds  (the elastic limit)

The Kelvin-Voigt model does not predict stress relaxation. Under a sudden constant strain, it predicts a
constant stress forever, which is unrealistic for fluids.

Generalized linear viscoelastic models
Real materials rarely have a single relaxation or retardation time. To capture more realistic behavior:

• Generalized Maxwell model: Multiple Maxwell elements arranged in parallel. Each element has its
own relaxation time  and modulus . The total stress relaxation modulus is . This

gives a spectrum of relaxation times.

• Generalized Kelvin-Voigt model: Multiple Kelvin-Voigt elements arranged in series. Each element has
its own retardation time. This gives a spectrum of retardation times for creep behavior.
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These generalized models are fitted to experimental data (relaxation tests or creep tests) to extract the
discrete spectrum of time constants.

Relaxation time vs. retardation time
These two quantities describe different experiments:

• Relaxation time ( ): How quickly stress decays when you hold strain constant. Measured in stress
relaxation experiments. Associated with the Maxwell model.

• Retardation time ( ): How quickly strain builds up when you hold stress constant. Measured in creep
experiments. Associated with the Kelvin-Voigt model.

For a single Maxwell element, . For a single Kelvin-Voigt element, . The numerical values
are the same for these simple models, but they describe physically different processes. In generalized
models with multiple elements, the relaxation and retardation spectra are related but not identical.

Flow behavior of non-Newtonian fluids
When non-Newtonian fluids flow through pipes, dies, and channels, several phenomena arise that don't
occur (or are negligible) with Newtonian fluids. These effects stem from shear-dependent viscosity and
elastic memory, and they have direct consequences for equipment design and product quality.

Entrance effects in pipes
When fluid enters a pipe, the velocity profile transitions from a roughly uniform (plug-like) profile at the
entrance to a fully developed profile downstream. The distance over which this transition occurs is the
entrance length.

For non-Newtonian fluids, entrance lengths can differ significantly from the Newtonian case:

• Shear thinning fluids develop flatter velocity profiles (closer to plug flow) than Newtonian fluids, which
can alter the entrance length.

• Viscoelastic fluids store elastic energy during the developing flow, which can create additional
pressure losses and vortex formation near the entrance.

Failing to account for entrance effects leads to errors in pressure drop calculations, especially in short
pipes or dies.

Drag reduction
Adding small concentrations of high molecular weight polymers (parts per million) to a turbulent flow can
reduce friction drag by up to 80%. This is called the Toms effect, and it's one of the most striking
non-Newtonian phenomena.

The mechanism involves polymer molecules stretching in the turbulent flow and suppressing the
small-scale eddies that contribute to turbulent energy dissipation. Applications include:

• Long-distance oil pipelines (the Trans-Alaska Pipeline uses drag-reducing agents)

• Fire hoses (longer throw distance for the same pump pressure)

• Marine vessel hull coatings

Shear thinning alone can also reduce drag in turbulent flow, since the effective viscosity drops in the
high-shear near-wall region.
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Extrudate swell
When a viscoelastic fluid exits a die or nozzle, its cross-section expands. This is extrudate swell (or die
swell). The fluid "remembers" the elastic deformation it experienced inside the die and partially recovers
that deformation once the constraining walls are gone.

Typical swell ratios (exit diameter / die diameter) range from about 1.1 to 3.0 or more, depending on:

• The fluid's elasticity (higher normal stress differences produce more swell)

• The length-to-diameter ratio of the die (longer dies allow more relaxation, reducing swell)

• The flow rate and temperature

Die swell in extrusion
Die swell is the specific manifestation of extrudate swell in extrusion processes, where polymer melts are
forced through shaped dies to produce pipes, sheets, films, and profiles.

Controlling die swell is essential because the final product dimensions differ from the die dimensions.
Engineers compensate by:

1. Designing the die opening smaller than the desired product cross-section.

2. Using longer die land lengths to allow partial stress relaxation before exit.

3. Adjusting extrusion speed and melt temperature.

4. Applying post-die calibration (cooling fixtures that constrain the extrudate to the desired shape).

Melt fracture
At high extrusion rates, the surface of the extrudate can become distorted. This instability is called melt
fracture and appears in several forms of increasing severity:

• Sharkskin: Fine surface roughness caused by tensile failure of the melt at the die exit.

• Stick-slip: Alternating smooth and rough sections, caused by periodic transitions between slip and
no-slip at the die wall.

• Gross melt fracture: Severe, irregular distortions of the entire extrudate cross-section.

Melt fracture sets an upper limit on production rate. Mitigation strategies include using dies with gradual
tapers (avoiding sharp corners), adding processing aids (e.g., fluoropolymer coatings on die walls), and
adjusting melt temperature.

Applications of non-Newtonian fluids
Non-Newtonian behavior shows up across a wide range of industries. In each case, the shear-dependent
viscosity or viscoelastic properties are either exploited for a functional purpose or must be accounted for to
avoid process failures.
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Polymer processing
Polymer melts and solutions are almost always non-Newtonian. Their shear thinning behavior is actually
beneficial during processing: it means the melt flows more easily through narrow die channels and mold
cavities at the high shear rates encountered during extrusion and injection molding, but maintains
structural integrity at rest.

Key rheological concerns in polymer processing include:

• Selecting the right constitutive model (Carreau or Cross for viscosity; viscoelastic models for die swell
and melt fracture predictions)

• Controlling die swell to achieve target product dimensions

• Avoiding melt fracture by staying below critical wall shear stress values

• Accounting for temperature-dependent viscosity changes during cooling

Blood flow in arteries
Blood is a shear thinning fluid. At low shear rates (in veins and small vessels), red blood cells aggregate
into stacks called rouleaux, increasing viscosity. At higher shear rates (in large arteries), these aggregates
break apart and cells deform and align, reducing viscosity.

The Casson model is commonly used to describe blood rheology, with a yield stress of roughly 0.005–0.01
Pa and a Casson viscosity that captures the shear thinning behavior. Understanding blood rheology is
critical for designing artificial heart valves, stents, and dialysis equipment, and for predicting flow patterns
in diseased arteries where geometry changes (stenosis) create regions of abnormal shear.

11.5 Viscoelastic flows
Viscoelastic fluids combine viscous and elastic properties, resulting in unique flow behaviors. These fluids,
like blood and polymer solutions, exhibit non-Newtonian characteristics such as shear-thinning and normal
stress differences.

Understanding viscoelastic flows is crucial for many applications. This topic covers constitutive equations,
dimensionless numbers, flow phenomena, and experimental techniques used to study and predict the
complex behavior of these fascinating fluids.

Characteristics of viscoelastic fluids
• Viscoelastic fluids exhibit both viscous and elastic properties, resulting in unique flow behavior that
differs from Newtonian fluids

• These fluids have a complex microstructure, often consisting of long-chain molecules or suspended
particles, which contributes to their viscoelastic nature

Combination of viscous and elastic properties
• Viscous properties cause the fluid to resist flow and dissipate energy due to internal friction

• Elastic properties enable the fluid to store energy and partially recover its original shape after
deformation

• The interplay between viscous and elastic effects leads to time-dependent and non-linear flow
behavior
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Non-Newtonian behavior
• Viscoelastic fluids exhibit non-Newtonian behavior, meaning their viscosity is not constant and
depends on the applied shear rate or stress

• Common non-Newtonian behaviors include shear-thinning (decreasing viscosity with increasing shear
rate) and shear-thickening (increasing viscosity with increasing shear rate)

• The presence of yield stress, where the fluid behaves as a solid below a critical stress and flows
above it, is another non-Newtonian characteristic

Examples in nature and industry
• Natural viscoelastic fluids include blood, saliva, and mucus, which play crucial roles in biological
systems

• Polymer solutions and melts, such as plastics, rubbers, and adhesives, are widely used viscoelastic
fluids in industrial applications

• Food products, like ketchup, mayonnaise, and yogurt, exhibit viscoelastic properties that influence
their texture and processing

Constitutive equations for viscoelastic fluids
• Constitutive equations describe the relationship between stress and deformation in viscoelastic fluids,
capturing their complex rheological behavior

• These equations are essential for mathematical modeling and simulation of viscoelastic flows, as they
provide a link between the fluid's microstructure and its macroscopic flow properties

Linear vs nonlinear models
• Linear viscoelastic models, such as the Maxwell and Kelvin-Voigt models, are based on linear
combinations of elastic and viscous elements

• These models are suitable for small deformations and can capture some basic viscoelastic
phenomena

• However, they have limitations in describing more complex behaviors, such as shear-thinning or
normal stress differences

• Nonlinear viscoelastic models, like the Oldroyd-B and Giesekus models, incorporate additional terms
to account for nonlinear effects

• These models can better represent the behavior of real viscoelastic fluids under a wider range of flow
conditions

• Nonlinear models are more computationally demanding but provide more accurate predictions

Maxwell model
• The Maxwell model is a simple linear viscoelastic model that consists of an elastic spring and a
viscous damper connected in series

• It describes the fluid's response to deformation as a combination of instantaneous elastic deformation
and time-dependent viscous flow
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• The Maxwell model predicts stress relaxation, where the stress decays exponentially over time under
constant strain

Oldroyd-B model
• The Oldroyd-B model is a nonlinear constitutive equation that extends the Maxwell model by including
an additional term for the upper-convected time derivative of stress

• This model can capture shear-thinning behavior and predict non-zero normal stress differences in
shear flows

• The Oldroyd-B model is widely used in simulations of polymer solutions and melts

Giesekus model
• The Giesekus model is another nonlinear constitutive equation that introduces a quadratic term in the
stress tensor to account for anisotropic drag on polymer molecules

• This model can describe shear-thinning, normal stress differences, and extensional thickening in
viscoelastic fluids

• The Giesekus model is particularly useful for modeling concentrated polymer solutions and melts with
entangled microstructures

Dimensionless numbers in viscoelastic flows
• Dimensionless numbers are used to characterize the relative importance of different physical effects in
viscoelastic flows

• These numbers help in understanding the flow behavior, comparing different flow scenarios, and
designing experiments or simulations

Deborah number
• The Deborah number (De) is the ratio of the fluid's relaxation time to the characteristic time scale of
the flow

• It quantifies the importance of elastic effects relative to the flow time scale

• For De << 1, the fluid behaves mostly like a Newtonian fluid, as it has sufficient time to relax during the
flow

• For De >> 1, the fluid exhibits significant viscoelastic effects, as the relaxation time is much longer
than the flow time scale

• The Deborah number is important in determining the onset of viscoelastic instabilities and
non-Newtonian flow phenomena

Weissenberg number
• The Weissenberg number (Wi) is the product of the fluid's relaxation time and the characteristic shear
rate of the flow

• It represents the ratio of elastic to viscous forces in the flow

• For Wi << 1, viscous effects dominate, and the fluid behaves mostly like a Newtonian fluid
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• For Wi >> 1, elastic effects become significant, leading to viscoelastic phenomena such as rod
climbing (Weissenberg effect) and die swell

• The Weissenberg number is crucial in understanding the flow behavior of viscoelastic fluids in
shear-dominated flows

Elasticity number
• The elasticity number (El) is the ratio of the Weissenberg number to the Reynolds number (Re)

• It compares the relative importance of elastic forces to inertial forces in the flow

• For El << 1, inertial effects dominate, and the flow behavior is primarily influenced by the Reynolds
number

• For El >> 1, elastic effects are more significant than inertial effects, and the flow is governed by
viscoelastic phenomena

• The elasticity number is useful in characterizing the flow behavior of viscoelastic fluids in mixed shear
and extensional flows, such as in contractions and expansions

Shear and extensional flows
• Viscoelastic fluids exhibit distinct behavior in shear and extensional flows, which are fundamental
types of deformation encountered in various applications

• Understanding the response of viscoelastic fluids to these deformations is crucial for predicting their
flow behavior and optimizing processes

Shear-thinning and shear-thickening behavior
• Shear-thinning behavior, also known as pseudoplasticity, is characterized by a decrease in viscosity
with increasing shear rate

• This behavior arises from the alignment and disentanglement of polymer molecules or the breakup of
particle aggregates under shear

• Shear-thinning is common in polymer solutions, melts, and suspensions and is beneficial for improving
flow and reducing energy consumption in processing applications

• Shear-thickening behavior, or dilatancy, is characterized by an increase in viscosity with increasing
shear rate

• This behavior is less common and can occur in concentrated suspensions or solutions due to the
formation of temporary particle or molecular networks under high shear

• Shear-thickening can be exploited in applications such as impact-resistant materials and vibration
damping

Normal stress differences
• In shear flows, viscoelastic fluids exhibit normal stress differences, which are additional stresses
perpendicular to the flow direction

• The first normal stress difference (N1) is the difference between the normal stresses in the flow and
gradient directions, while the second normal stress difference (N2) is the difference between the normal
stresses in the gradient and vorticity directions
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• Normal stress differences arise from the anisotropic microstructure of viscoelastic fluids and are
responsible for phenomena such as rod climbing (Weissenberg effect) and die swell

• Measuring normal stress differences is important for characterizing the viscoelastic properties of fluids
and predicting their behavior in complex flows

Extensional viscosity
• Extensional viscosity describes the resistance of a fluid to extensional or elongational deformations,
where the fluid is stretched along one or more axes

• In extensional flows, viscoelastic fluids often exhibit strain-hardening behavior, where the extensional
viscosity increases with increasing strain rate

• This behavior is due to the stretching and alignment of polymer molecules or the formation of transient
networks in the fluid

• Strain-hardening can lead to enhanced stability and reduced necking in processes such as fiber
spinning and film blowing

• Measuring extensional viscosity is challenging but crucial for understanding the behavior of
viscoelastic fluids in extensional-dominated flows, such as in contraction geometries and coating
applications

Barus effect
• The Barus effect, also known as extrudate swell or die swell, refers to the increase in the
cross-sectional area of a viscoelastic fluid as it exits a capillary or die

• This phenomenon occurs due to the recovery of elastic deformations accumulated within the fluid
during flow through the constriction

• The extent of die swell depends on the viscoelastic properties of the fluid, the flow conditions, and the
geometry of the die

• Predicting and controlling die swell is important in polymer processing operations, such as extrusion
and injection molding, to ensure consistent product dimensions and quality

Instabilities and flow phenomena
• Viscoelastic fluids are prone to various instabilities and unique flow phenomena that arise from the
interplay between elastic and viscous forces

• These instabilities can lead to complex flow patterns, interfacial distortions, and changes in flow
resistance, which have implications for processing and performance

Elastic turbulence
• Elastic turbulence is a flow instability that occurs in viscoelastic fluids at low Reynolds numbers, where
inertial effects are negligible

• It is characterized by chaotic, time-dependent flow patterns with increased mixing and energy
dissipation

• Elastic turbulence arises from the nonlinear interaction between elastic stresses and the flow field,
leading to the generation of elastic waves and secondary flows
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• This phenomenon has potential applications in enhancing mixing, heat transfer, and mass transfer in
microfluidic devices and polymer processing

Weissenberg effect
• The Weissenberg effect, also known as rod climbing, is a viscoelastic flow phenomenon where a fluid
climbs up a rotating rod or shaft

• This behavior is caused by the development of normal stress differences in the fluid, which generate a
radial force that pushes the fluid inwards and upwards along the rod

• The Weissenberg effect is a clear demonstration of the elastic properties of viscoelastic fluids and is
often used as a qualitative test for viscoelasticity

• Understanding and controlling the Weissenberg effect is important in applications such as mixing,
coating, and polymer processing

Die swell
• Die swell, or extrudate swell, refers to the increase in the cross-sectional area of a viscoelastic fluid as
it exits a capillary or die

• This phenomenon is a result of the fluid's elastic recovery after being subjected to extensional and
shear deformations within the die

• The extent of die swell depends on the viscoelastic properties of the fluid, the flow conditions, and the
geometry of the die

• Predicting and controlling die swell is crucial in polymer processing operations, such as extrusion and
injection molding, to ensure consistent product dimensions and quality

Sharkskin effect
• The sharkskin effect is a surface instability that occurs in the extrusion of viscoelastic fluids,
particularly polymer melts, at high shear rates

• It is characterized by a rough, matte surface with a series of ridges or grooves perpendicular to the
flow direction, resembling sharkskin

• The sharkskin effect is believed to arise from the stick-slip motion of the fluid at the die wall, caused by
the interplay between adhesive forces and elastic stresses

• This instability can affect the surface quality and mechanical properties of extruded products, and
understanding its origins is important for process optimization and control

Numerical methods for viscoelastic flows
• Numerical simulation of viscoelastic flows is essential for understanding, predicting, and optimizing the
behavior of these complex fluids in various applications

• However, the presence of elastic stresses and the coupling between the flow field and the fluid's
microstructure pose significant challenges for numerical methods

Challenges in simulating viscoelastic flows
• The constitutive equations for viscoelastic fluids are often highly nonlinear and involve time
derivatives, making them difficult to solve numerically
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• The presence of elastic stresses can lead to numerical instabilities, such as the high Weissenberg
number problem, where the solution becomes unstable or inaccurate at high Weissenberg numbers

• Viscoelastic flows often involve multiple time and length scales, requiring efficient and accurate
multiscale modeling techniques

• The coupling between the flow field and the fluid's microstructure necessitates the development of
specialized numerical methods that can handle this interaction

Finite element methods
• Finite element methods (FEM) are widely used for simulating viscoelastic flows due to their ability to
handle complex geometries and their flexibility in terms of mesh refinement

• FEM discretizes the flow domain into a set of elements and approximates the solution variables
(velocity, pressure, stress) using basis functions within each element

• Various formulations, such as the Galerkin and the streamline-upwind Petrov-Galerkin (SUPG)
methods, have been developed to stabilize the numerical solution and capture sharp gradients in
viscoelastic flows

• FEM has been successfully applied to simulate viscoelastic flows in a range of applications, including
polymer processing, microfluidics, and biomedical engineering

Finite volume methods
• Finite volume methods (FVM) are another popular approach for simulating viscoelastic flows,
particularly in the context of computational fluid dynamics (CFD)

• FVM discretizes the flow domain into a set of control volumes and solves the governing equations by
enforcing conservation laws over each control volume

• The collocated grid arrangement, where all variables are stored at the same grid points, is commonly
used in FVM for viscoelastic flows to avoid numerical instabilities

• FVM has been employed to simulate viscoelastic flows in various applications, such as polymer
extrusion, mixing, and flow through porous media

Stabilization techniques
• Stabilization techniques are essential for overcoming numerical instabilities in the simulation of
viscoelastic flows, particularly at high Weissenberg numbers

• The log-conformation representation is a popular stabilization approach that reformulates the
constitutive equation in terms of the logarithm of the conformation tensor, which represents the
microstructural state of the fluid

• This representation ensures the positive definiteness of the conformation tensor and improves the
numerical stability at high Weissenberg numbers

• The log-conformation representation has been successfully combined with both FEM and FVM for
simulating viscoelastic flows

• Other stabilization techniques include the discrete elastic viscous stress splitting (DEVSS) method,
the matrix logarithm formulation, and the square root conformation representation
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• These techniques aim to improve the robustness and accuracy of numerical methods for viscoelastic
flows by addressing the challenges associated with the nonlinear and time-dependent nature of the
governing equations

Experimental techniques for viscoelastic flows
• Experimental characterization of viscoelastic fluids is crucial for understanding their rheological
properties, validating constitutive models, and providing insights into their flow behavior

• Various experimental techniques have been developed to measure the viscoelastic properties of fluids
and visualize their flow patterns

Rheometry for measuring viscoelastic properties
• Rheometry is the study of the flow and deformation of matter, and it is the primary experimental
technique for characterizing the viscoelastic properties of fluids

• Shear rheometers, such as rotational and capillary rheometers, are used to measure the shear
viscosity, normal stress differences, and dynamic viscoelastic properties of fluids

• Rotational rheometers apply a shear deformation to the fluid using a rotating geometry (e.g.,
cone-and-plate, parallel plates) and measure the resulting torque and normal forces

• Capillary rheometers force the fluid through a narrow capillary and measure the pressure drop and
flow rate to determine the shear viscosity

• Extensional rheometers, such as the filament stretching rheometer and the capillary breakup
extensional rheometer (CaBER), are used to measure the extensional viscosity of viscoelastic fluids

• These rheometers apply an extensional deformation to the fluid and measure the resulting stress or
the evolution of the fluid filament during stretching or breakup

• Rheological measurements provide essential data for characterizing the viscoelastic behavior of
fluids, developing constitutive models, and optimizing processing conditions

Flow visualization techniques
• Flow visualization techniques are used to observe and analyze the flow patterns, instabilities, and
phenomena in viscoelastic fluids

• Particle tracking velocimetry (PTV) and particle image velocimetry (PIV) are optical techniques that
use tracer particles to measure the velocity field in a fluid

• PTV tracks the motion of individual particles, while PIV measures the average velocity of particles
within small interrogation windows

• These techniques provide quantitative information about the flow field and can reveal complex flow
structures, such as recirculation zones and elastic turbulence

• Laser Doppler velocimetry (LDV) is another optical technique that measures the velocity of a fluid at a
point by analyzing the Doppler shift of laser light scattered by tracer particles

• LDV offers high spatial and temporal resolution and is suitable for measuring velocity profiles in
viscoelastic flows

• Flow-induced birefringence (FIB) is a technique that exploits the optical anisotropy of viscoelastic
fluids to visualize the stress distribution and orientation of the microstructure
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Unit 12 – Environmental & Geophysical
Fluid Dynamics
12.1 Atmospheric boundary layer

Atmospheric boundary layer characteristics
The atmospheric boundary layer (ABL) is the lowest portion of the troposphere that responds directly to
forcing from Earth's surface. It's where we live, where pollutants disperse, and where surface friction and
heating shape the wind and temperature profiles that drive local weather. Understanding the ABL matters
because its turbulence controls the vertical transport of heat, moisture, momentum, and contaminants.

The ABL's structure is governed by three interacting factors: turbulence generated by shear and buoyancy,
the roughness and thermal properties of the underlying surface, and a pronounced diurnal cycle driven by
solar heating and radiative cooling.

Turbulence in the atmospheric boundary layer
Turbulence in the ABL comes from two main sources. Mechanical (shear) turbulence arises when wind
interacts with the rough surface and when velocity gradients create instabilities. Buoyancy-driven
(convective) turbulence develops when the surface heats the air from below, making parcels rise.

Turbulent eddies span a huge range of scales, from millimeters up to the full depth of the boundary layer
(order of kilometers). These eddies are the primary mechanism for vertical transport of heat, moisture, and
momentum. The intensity of turbulence at any point depends on height, atmospheric stability, and surface
roughness.

Turbulent kinetic energy (TKE) quantifies turbulence intensity:

where , , and  are the fluctuating (departure from mean) velocity components and the overbars
denote time or ensemble averages. A TKE budget equation tracks how shear production, buoyancy
production/destruction, transport, and dissipation balance in different parts of the ABL.

Velocity profile near Earth's surface
Wind speed in the ABL increases with height because the drag exerted by the surface diminishes as you
move away from it. In the surface layer (roughly the lowest 10% of the ABL), the wind profile under neutral
stability follows a logarithmic law:

•  is the mean wind speed at height 

•  is the friction velocity, a velocity scale defined by the surface shear stress ( )

•  is the von Kármán constant

•  is the aerodynamic roughness length (discussed below)

This log profile is strictly valid only for neutral stability. Under unstable conditions (daytime convection),
enhanced mixing reduces the vertical wind shear, so the profile curves below the neutral log law. Under
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stable conditions (nighttime cooling), suppressed mixing steepens the shear, and the profile curves above
it. Monin-Obukhov similarity theory (covered later) provides the correction functions for these non-neutral
cases.

Diurnal cycle of the atmospheric boundary layer
The ABL undergoes a repeating daily cycle tied to the surface energy balance:

1. Morning transition. After sunrise, solar heating warms the surface. A shallow mixed layer begins to
grow upward, eroding the remnant of the previous night's stable layer.

2. Daytime convective boundary layer (CBL). Strong surface heating drives vigorous thermals. The CBL
is well-mixed in potential temperature, moisture, and wind, and can grow to 1–2 km (or more in arid
regions). A sharp capping inversion at the top limits further growth.

3. Evening transition. As solar input drops, surface heating weakens. Turbulence decays, and the
mixed layer stops growing.

4. Nocturnal stable boundary layer (SBL). Radiative cooling at the surface creates a temperature
inversion near the ground. Turbulence is weak and intermittent, and the SBL is typically only 100–300
m deep. Above it, the residual layer retains the properties of the previous day's CBL but is no longer
turbulently connected to the surface.

These transitions are among the hardest parts of the diurnal cycle to model because they involve rapid,
nonlinear changes in turbulence regime.

Stability effects on the boundary layer
Atmospheric stability determines which turbulence source dominates and therefore controls ABL depth,
mixing intensity, and vertical gradients.

Condition Surface vs. air temp Dominant turbulence ABL character

Unstable Surface warmer Buoyancy (convective) Deep, well-mixed, strong
vertical transport

Neutral Roughly equal Mechanical (shear) Moderate depth, log-law
wind profile holds

Stable Surface cooler Weak mechanical; buoyancy
suppresses mixing

Shallow, strong gradients,
intermittent turbulence

A useful bulk indicator is the gradient Richardson number, , which compares buoyancy suppression to
shear production of turbulence. When  exceeds a critical value (often taken as ~0.25), turbulence tends
to be suppressed.

Surface roughness impact
The character of the underlying surface exerts a strong control on ABL turbulence and structure. Rougher
surfaces (forests, cities) generate more mechanical turbulence and stronger vertical mixing, producing a
deeper ABL. Smoother surfaces (open water, flat grassland, ice) produce less drag and weaker mixing.

Aerodynamic roughness length
The aerodynamic roughness length  is the height at which the log-law wind profile extrapolates to zero.
It's not a physical height you can measure with a ruler; it's an effective parameter that encapsulates the
drag properties of the surface.
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Typical values:

Surface type  (approximate)

Calm open sea, ice  –  m

Sand, snow  –  m

Short grass  m

Crops, low shrubs  m

Forest, suburbs  –  m

Dense urban core  –  m

Over water,  itself depends on wind speed (through the Charnock relation), which adds a feedback
between the wind and the surface drag.

Displacement height for obstacles
When the surface is covered with tall, densely packed obstacles like trees or buildings, the effective ground
level for the wind profile is shifted upward. A displacement height  is introduced:

The displacement height is typically about 2/3 to 3/4 of the mean obstacle height. For a forest canopy
averaging 20 m tall,  would be roughly 13–15 m. The log law then applies only for .

Urban vs. rural surface roughness
Urban areas have much larger  and  values than surrounding rural land. This leads to:

• Stronger mechanical turbulence and deeper urban boundary layers

• Reduced mean wind speeds near the surface but enhanced gustiness

• Complex flow patterns including street canyon vortices (recirculating flow between buildings) and
wake effects behind tall structures

• The urban heat island effect, where waste heat, reduced vegetation, and altered surface energy
balance keep cities warmer than their surroundings, further modifying ABL stability

Monin-Obukhov similarity theory
Monin-Obukhov similarity theory (MOST) extends the neutral log-law profile to non-neutral conditions. It
provides a systematic framework for relating mean gradients of wind and temperature to turbulent fluxes in
the surface layer.

MOST rests on the idea that surface-layer turbulence statistics, when properly nondimensionalized,
depend on only a few governing parameters: the friction velocity , the surface buoyancy flux, and the
height .

Dimensionless parameters in similarity theory
The central scaling variable is the Obukhov length:
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where  is gravitational acceleration,  is the virtual potential temperature, and  is the surface
kinematic buoyancy flux.  represents the height at which buoyancy production of TKE equals shear
production. Its sign tells you the stability regime:

• : unstable (positive buoyancy flux, surface heating)

• : stable (negative buoyancy flux, surface cooling)

• : neutral

The stability parameter is . MOST then defines dimensionless gradient functions:

• Wind shear: 

• Temperature gradient: 

where  is the surface temperature scale.

Under neutral conditions ( ), both  and  equal 1, recovering the standard log law.

Flux-profile relationships
Empirical fits to field data (most famously from the 1968 Kansas experiment) give the stability correction
functions:

Unstable ( ):

Stable ( ):

Commonly used values are , , and  (Businger-Dyer formulations), though
different datasets yield somewhat different constants.

These relationships are powerful because they let you estimate turbulent fluxes of momentum and heat
from routine mean-profile measurements (wind speed and temperature at two or more heights), or
conversely, predict the mean profiles from known fluxes.

Limitations of similarity theory
MOST works well in the idealized conditions it was designed for, but several real-world situations push
beyond its assumptions:

• Horizontal homogeneity. MOST assumes a flat, uniform surface extending far upwind. Over patchy
land use, coastlines, or complex terrain, internal boundary layers develop and MOST breaks down
locally.

• Stationarity. The theory assumes steady-state conditions. During the morning and evening transitions,
fluxes change rapidly and MOST predictions become unreliable.

• Surface layer only. MOST applies to roughly the lowest 10% of the ABL. Above that, Coriolis effects,
entrainment at the ABL top, and large-eddy structure require different scaling.
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• Very stable conditions. In strongly stable boundary layers, turbulence becomes intermittent and
patchy. The smooth, continuous flux-gradient relationships of MOST often fail here, and this remains an
active area of research.

Boundary layer height estimation
The boundary layer height  (also called the mixing height) is one of the most important single parameters
for air quality, weather prediction, and climate modeling. It sets the volume into which surface emissions
are diluted and defines the depth over which surface fluxes are distributed. Typical values range from ~100
m (stable nighttime conditions) to ~2 km or more (strongly convective daytime conditions over arid land).

Daytime convective boundary layer height
The most intuitive method for estimating CBL height is the parcel method:

1. Take the surface (virtual) potential temperature.

2. Follow a dry adiabat upward on a thermodynamic sounding.

3. The height where this adiabat intersects the environmental temperature profile is . At that level, a
rising parcel becomes neutrally buoyant.

The CBL top is typically marked by a capping inversion where potential temperature jumps sharply. Other
estimation approaches include identifying the height of maximum negative buoyancy flux (the entrainment
zone) or using profiles of turbulence intensity, humidity, or aerosol concentration to locate the mixed-layer
top.

Nocturnal stable boundary layer height
The SBL is shallower and harder to define precisely because the transition from the turbulent SBL to the
quiescent residual layer above is often gradual rather than sharp.

A common approach uses the Richardson number criterion: compute the bulk or gradient Richardson
number as a function of height, and define the SBL top as the level where  exceeds a critical value (often

). Diagnostic formulas relating SBL height to friction velocity and stability (e.g., ,
where  is the Coriolis parameter and  is an empirical constant) are also used, though they carry
significant uncertainty.

Boundary layer height measurement techniques
Several remote sensing and in-situ platforms are used to observe :

• Radiosondes provide vertical profiles of temperature, humidity, and wind. The ABL top shows up as a
sharp inversion in potential temperature or a drop in humidity.

• Lidar (e.g., ceilometers, Doppler lidar) measures aerosol backscatter profiles. Because aerosol
concentration is usually higher inside the ABL, a sharp gradient in backscatter marks the ABL top.

• Sodar (acoustic sounder) detects turbulence-related temperature fluctuations via acoustic backscatter.
It's especially useful for resolving the shallow nocturnal SBL but has limited range (typically < 1 km).

• Wind profilers (radar) measure wind speed and direction aloft. Changes in the refractive-index
structure constant at the ABL top produce enhanced radar returns, allowing  estimation.

Each technique has strengths and limitations in range, resolution, and the atmospheric conditions under
which it performs best. Combining multiple instruments gives the most reliable estimates.
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Numerical modeling considerations
Accurate ABL representation in numerical weather prediction (NWP) and climate models is essential
because the ABL mediates the exchange of energy, water, and trace species between the surface and the
free atmosphere. Since turbulent eddies in the ABL are far smaller than typical model grid cells, their
effects must be parameterized.

Boundary layer parameterization schemes
ABL parameterization schemes translate the net effect of unresolved turbulence into tendencies for the
resolved model variables (wind, temperature, moisture). The main families are:

• Local (first-order) closure schemes (e.g., MYJ, or Mellor-Yamada-Janjić) compute turbulent fluxes at
each grid level using local gradients and an eddy diffusivity . They work reasonably well in stable and
near-neutral conditions but can underestimate mixing in strongly convective boundary layers.

• Nonlocal closure schemes (e.g., YSU, Yonsei University scheme) add a counter-gradient correction
term that accounts for transport by large convective eddies spanning the full CBL depth. This better
represents the well-mixed character of the daytime CBL.

• Higher-order closure schemes (e.g., MYNN, Mellor-Yamada-Nakanishi-Niino) carry prognostic
equations for TKE and sometimes higher-order turbulence moments, providing a more physically
detailed representation at the cost of added complexity.

• Large-eddy simulation (LES) explicitly resolves the energy-containing eddies (grid spacing of order
10–100 m) and parameterizes only the smallest scales. LES is the gold standard for process studies
but remains too expensive for operational forecasting or climate runs.

Surface energy balance in models
The lower boundary condition for ABL schemes comes from a land surface model (LSM), which solves the
surface energy balance:

where  is net radiation,  is sensible heat flux,  is latent heat flux, and  is ground heat flux. LSMs
account for soil heat conduction, soil moisture, vegetation transpiration, snow cover, and canopy radiative
transfer. Errors in any of these surface fluxes propagate directly into the ABL simulation, making the
coupling between the LSM and the ABL scheme a critical link in the modeling chain.

Challenges in simulating boundary layer processes
Despite steady progress, several persistent challenges remain:

• Morning and evening transitions. The rapid shift between convective and stable regimes is hard to
capture because parameterizations are typically tuned for quasi-steady conditions.

• Stable boundary layers. Very stable conditions produce intermittent, weak turbulence that most
schemes either over-mix (erasing the inversion) or under-mix (decoupling the surface from the
atmosphere).

• Heterogeneous surfaces. Real landscapes include patchworks of land use, terrain slopes, and
coastlines. Grid-averaged surface parameters can misrepresent the actual forcing.

• Grey zone resolution. As NWP models approach ~1 km grid spacing, the largest ABL eddies become
partially resolved. Neither traditional parameterization nor full LES is appropriate, and hybrid
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approaches are still under development.

• ABL-cloud feedbacks. Shallow cumulus and stratocumulus clouds are tightly coupled to ABL
turbulence. Getting the cloud fraction, liquid water path, and entrainment rate right depends on accurate
ABL representation, and vice versa.

Ongoing research targets improved turbulence closures, better observational constraints (including from
satellite-based lidar and dense surface networks), and scale-aware parameterizations that adapt as model
resolution changes.

12.2 Ocean currents and waves
Ocean currents and waves shape our planet's marine environment. These powerful forces distribute heat,
nutrients, and marine life across vast distances, influencing climate and ecosystems worldwide.

Understanding ocean currents and waves is crucial for predicting weather patterns, managing coastal
areas, and navigating the seas. From surface currents to deep ocean circulation, these dynamic processes
play a vital role in Earth's complex oceanic system.

Types of ocean currents
• Ocean currents are continuous, directed movements of seawater that play a crucial role in the global
distribution of heat, nutrients, and marine life

• Currents can be classified based on their location in the water column, the forces that drive them, and
their role in global ocean circulation

Surface vs deep currents
• Surface currents occur in the upper 400 meters of the ocean and are primarily driven by wind stress
on the ocean surface

• Deep currents flow below the thermocline and are driven by density differences resulting from
variations in temperature and salinity

• Surface currents generally move faster than deep currents and have a more direct impact on climate
and marine ecosystems

Geostrophic currents
• Geostrophic currents are large-scale, steady flows that result from the balance between the Coriolis
force and the pressure gradient force

• These currents flow along lines of constant pressure (isobars) and are perpendicular to the pressure
gradient

• Examples of geostrophic currents include the Gulf Stream and the Kuroshio Current

Ekman currents
• Ekman currents are wind-driven currents that arise due to the balance between wind stress, Coriolis
force, and friction

• In the Northern Hemisphere, Ekman transport is 90° to the right of the wind direction; in the Southern
Hemisphere, it is 90° to the left
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• Ekman currents contribute to upwelling and downwelling processes, which have significant
implications for marine productivity

Thermohaline circulation
• Thermohaline circulation, also known as the global conveyor belt, is a large-scale ocean circulation
pattern driven by density differences caused by temperature and salinity variations

• This circulation involves the sinking of cold, dense water at high latitudes and the upwelling of warmer,
less dense water in other regions

• Thermohaline circulation plays a vital role in the global distribution of heat, nutrients, and carbon
dioxide

Causes of ocean currents
• Ocean currents are driven by a combination of forces, including wind stress, density differences, tidal
forces, and the Earth's rotation

• Understanding the causes of ocean currents is essential for predicting their behavior and their impact
on climate, marine ecosystems, and human activities

Wind-driven currents
• Wind-driven currents are generated by the friction between the wind and the ocean surface, which
creates a stress that sets the water in motion

• The direction and strength of wind-driven currents depend on the prevailing wind patterns, such as the
trade winds and westerlies

• Examples of wind-driven currents include the Antarctic Circumpolar Current and the North Atlantic
Drift

Density-driven currents
• Density-driven currents, also known as thermohaline currents, arise from differences in water density
caused by variations in temperature and salinity

• Cold, saline water is denser than warm, less saline water and tends to sink, creating deep ocean
currents

• Density-driven currents are a key component of the global conveyor belt and contribute to the
distribution of heat and nutrients in the ocean

Tidal currents
• Tidal currents are caused by the gravitational pull of the moon and sun on the Earth's oceans

• These currents are most pronounced in coastal areas and can be either flood currents (flowing
towards the shore) or ebb currents (flowing away from the shore)

• Tidal currents can influence coastal erosion, sediment transport, and the distribution of marine
organisms
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Coriolis effect on currents
• The Coriolis effect is an apparent force that arises due to the Earth's rotation and influences the
direction of ocean currents

• In the Northern Hemisphere, the Coriolis force deflects moving objects to the right; in the Southern
Hemisphere, it deflects them to the left

• The Coriolis effect contributes to the formation of large-scale circulation patterns, such as gyres and
boundary currents

Major ocean currents
• Major ocean currents are large-scale, persistent flows that transport vast amounts of water, heat, and
nutrients across ocean basins

• These currents play a crucial role in regulating global climate, influencing marine ecosystems, and
facilitating maritime transportation

Gyres in ocean basins
• Gyres are large, circular ocean currents that span entire ocean basins and are driven by a
combination of wind stress and the Coriolis effect

• There are five major gyres: the North Pacific, South Pacific, North Atlantic, South Atlantic, and Indian
Ocean gyres

• Gyres are composed of multiple currents and typically rotate clockwise in the Northern Hemisphere
and counterclockwise in the Southern Hemisphere

Gulf Stream
• The Gulf Stream is a powerful, warm ocean current that originates in the Gulf of Mexico and flows
along the eastern coast of the United States before crossing the Atlantic Ocean

• This current transports warm, saline water from the tropics to the higher latitudes, influencing the
climate of the eastern United States and western Europe

• The Gulf Stream is part of the North Atlantic Gyre and plays a crucial role in the global heat budget

Kuroshio Current
• The Kuroshio Current, also known as the Japan Current, is a warm ocean current that flows
northeastward along the coast of Japan

• This current is the western boundary current of the North Pacific Gyre and is characterized by its high
velocity and large volume transport

• The Kuroshio Current influences the climate of Japan and the North Pacific and is an important factor
in the distribution of marine life

Antarctic Circumpolar Current
• The Antarctic Circumpolar Current (ACC) is the strongest ocean current in the world, flowing eastward
around Antarctica and connecting the Atlantic, Pacific, and Indian Oceans
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• The ACC is driven by strong westerly winds and is not constrained by continental boundaries, allowing
it to flow uninterrupted around the globe

• This current plays a crucial role in the global circulation of heat, nutrients, and carbon dioxide and
influences the climate of the Southern Hemisphere

Properties of ocean waves
• Ocean waves are oscillations of the sea surface that transfer energy through the water without
significant net movement of water particles

• Understanding the properties of ocean waves is essential for predicting their behavior, assessing their
impact on coastal environments, and designing marine structures

Wave height vs wavelength
• Wave height is the vertical distance between the crest (highest point) and the trough (lowest point) of
a wave

• Wavelength is the horizontal distance between two consecutive crests or troughs

• The ratio of wave height to wavelength influences the steepness of a wave and its potential to break

Wave period vs frequency
• Wave period is the time it takes for two consecutive crests or troughs to pass a fixed point

• Wave frequency is the number of wave crests that pass a fixed point per unit time and is the reciprocal
of the wave period

• Waves with shorter periods (higher frequencies) tend to have less energy than waves with longer
periods (lower frequencies)

Wave speed vs water depth
• Wave speed, also known as phase speed, is the rate at which a wave crest moves through the water

• In deep water, wave speed depends only on the wave period or wavelength and is not influenced by
water depth

• In shallow water, wave speed is influenced by both wavelength and water depth, with waves slowing
down as they approach the shore

Energy transport by waves
• Ocean waves transport energy across the sea surface without significant net transport of water
particles

• The energy of a wave is proportional to the square of its height and is divided into potential energy
(due to the displacement of water from its equilibrium position) and kinetic energy (due to the motion of
water particles)

• As waves propagate, they can transfer energy over long distances and influence coastal processes,
such as erosion and sediment transport
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Types of ocean waves
• Ocean waves can be classified based on their generation mechanisms, propagation characteristics,
and physical properties

• Understanding the different types of ocean waves is crucial for predicting their behavior, assessing
their potential impacts, and developing strategies for coastal management and protection

Wind-generated waves
• Wind-generated waves are the most common type of ocean waves and are created by the friction
between wind and the sea surface

• As wind blows over the ocean, it transfers energy to the water, causing small ripples to form and
eventually grow into larger waves

• The size and shape of wind-generated waves depend on the wind speed, duration, and fetch (the
distance over which the wind blows)

Swell waves
• Swell waves are long-period, regular waves that have propagated away from their area of generation
and are no longer influenced by the local wind

• These waves are characterized by their smooth, sinusoidal shape and can travel vast distances
across ocean basins with little energy loss

• Swell waves are an important factor in coastal processes, such as beach erosion and longshore
sediment transport

Tsunamis
• Tsunamis are long-wavelength, shallow-water waves generated by sudden, large-scale disturbances
of the sea surface, such as earthquakes, landslides, or volcanic eruptions

• These waves can travel at high speeds (up to 800 km/h) in the open ocean and have extremely long
wavelengths (up to hundreds of kilometers)

• As tsunamis approach shallow water, they slow down and increase in height, potentially causing
severe damage and loss of life in coastal areas

Internal waves
• Internal waves are gravity waves that oscillate within the interior of the ocean, rather than on the sea
surface

• These waves are generated by the interaction of tidal currents or other flow disturbances with
underwater topography, such as seamounts or continental shelves

• Internal waves can have large amplitudes (up to hundreds of meters) and play a crucial role in mixing
and energy transfer within the ocean

Wave dynamics
• Wave dynamics encompasses the various processes and interactions that govern the behavior of
ocean waves as they propagate, transform, and dissipate
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• Understanding wave dynamics is essential for predicting wave conditions, assessing the impact of
waves on coastal environments, and designing effective coastal protection measures

Wave-current interactions
• Wave-current interactions occur when ocean waves propagate through areas with significant currents,
such as tidal flows or ocean circulation patterns

• Currents can modify the speed, direction, and height of waves, leading to phenomena such as wave
refraction, shoaling, and breaking

• These interactions have important implications for navigation safety, coastal erosion, and the
distribution of sediments and pollutants

Wave refraction vs diffraction
• Wave refraction occurs when waves propagate over varying water depths or encounter changes in
current velocity, causing the wave crests to bend and align themselves with the depth contours

• Wave diffraction occurs when waves encounter obstacles, such as islands or breakwaters, and bend
around them, spreading energy into the sheltered regions behind the obstacles

• Both refraction and diffraction can significantly alter the distribution of wave energy along the coast
and influence coastal morphology

Wave reflection vs transmission
• Wave reflection occurs when waves encounter a rigid, impermeable boundary, such as a seawall or
cliff, and are redirected back towards the sea

• Wave transmission occurs when waves pass through or over a permeable or submerged structure,
such as a breakwater or reef, with a portion of the wave energy being transferred to the other side

• The balance between reflection and transmission depends on the properties of the boundary and the
characteristics of the incident waves

Wave breaking mechanisms
• Wave breaking is the process by which waves become unstable and dissipate their energy through
turbulence and air entrainment

• There are several mechanisms that can lead to wave breaking, including: 1. Steepness-induced
breaking, which occurs when the wave height becomes too large relative to the wavelength 2.
Depth-induced breaking, which occurs when waves propagate into shallow water and the water depth
becomes too small relative to the wave height 3. Wind-induced breaking, which occurs when strong
winds blow against the direction of wave propagation, causing the waves to steepen and break

• Wave breaking plays a crucial role in energy dissipation, sediment transport, and the generation of
nearshore currents

Coastal processes
• Coastal processes refer to the various physical, chemical, and biological phenomena that shape and
modify coastlines over time
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• Understanding coastal processes is essential for managing coastal resources, mitigating the impacts
of natural hazards, and developing sustainable coastal development strategies

Longshore currents
• Longshore currents are shore-parallel currents that are generated by the breaking of obliquely incident
waves and the resulting longshore component of the radiation stress

• These currents flow along the coast in the direction of the prevailing wave approach and can transport
large amounts of sediment, leading to the formation of features such as spits and barrier islands

• Longshore currents play a crucial role in the distribution of sediments, pollutants, and marine
organisms along the coast

Rip currents
• Rip currents are strong, narrow, seaward-flowing currents that originate near the shore and extend
perpendicular to the coastline

• These currents are generated by the convergence of longshore currents or the channeling of water
through gaps in nearshore sandbars

• Rip currents can pose a significant hazard to swimmers and are responsible for many drowning
incidents on beaches worldwide

Sediment transport by waves
• Waves are a primary driver of sediment transport in coastal environments, with the ability to erode,
transport, and deposit sediments on beaches, dunes, and nearshore areas

• Sediment transport by waves occurs through several mechanisms, including: 1. Bed load transport,
where sediment particles roll, slide, or bounce along the seabed 2. Suspended load transport, where
sediment particles are lifted into the water column and carried by the wave-induced currents 3. Swash
transport, where sediment is moved up and down the beach face by the uprush and backwash of waves

• The rate and direction of sediment transport depend on factors such as wave height, period, and
direction, as well as the size and composition of the sediment particles

Coastal erosion vs accretion
• Coastal erosion is the process by which sediment is removed from the shoreline, leading to the
landward retreat of the coastline

• Coastal accretion is the process by which sediment is added to the shoreline, leading to the seaward
advance of the coastline

• The balance between erosion and accretion determines the long-term evolution of coastal morphology
and is influenced by factors such as: 1. Wave climate and storm events 2. Sediment supply from rivers,
cliffs, and offshore sources 3. Coastal structures and human interventions 4. Sea-level rise and
subsidence

• Managing coastal erosion and promoting accretion are key challenges for coastal communities and
require a deep understanding of the underlying processes and their interactions
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Measuring ocean currents and waves
• Accurate measurement of ocean currents and waves is essential for understanding their behavior,
predicting their impacts, and supporting a wide range of marine activities, such as navigation, offshore
engineering, and coastal management

• Various techniques and instruments are used to measure currents and waves, each with its own
advantages and limitations

Lagrangian vs Eulerian methods
• Lagrangian methods involve tracking the motion of individual water particles or drifters as they move
with the currents

• Eulerian methods involve measuring the velocity or other properties of the water at fixed locations
over time

• Lagrangian methods provide a direct measure of the path and speed of water movement, while
Eulerian methods provide a snapshot of the flow field at a given time and location

Current meters
• Current meters are instruments that measure the speed and direction of water flow at a specific point
in the water column

• There are several types of current meters, including: 1. Mechanical current meters, which use
propellers or rotors to measure flow velocity 2. Electromagnetic current meters, which measure the
voltage induced by the movement of conductive seawater through a magnetic field 3. Acoustic current
meters, which use the Doppler effect to measure flow velocity based on the frequency shift of sound
waves reflected by moving water particles

• Current meters can be deployed from ships, moorings, or autonomous underwater vehicles to provide
time series of current velocity and direction

Acoustic Doppler current profilers
• Acoustic Doppler current profilers (ADCPs) are instruments that use sound waves to measure the
velocity of water at multiple depths simultaneously

• ADCPs emit high-frequency sound pulses and measure the Doppler shift of the echoes reflected by
suspended particles in the water, which are assumed to move with the same velocity as the water

• By measuring the Doppler shift at different time intervals and depths, ADCPs can provide a detailed
profile of the current velocity and direction throughout the water column

• ADCPs can be mounted on ships, moorings, or seafloor platforms and are widely used for mapping
ocean currents, studying circulation patterns, and monitoring flow in coastal and estuarine
environments

Remote sensing techniques
• Remote sensing techniques involve measuring ocean currents and waves from a distance using
sensors mounted on satellites, aircraft, or land-based platforms

• Some common remote sensing techniques for measuring currents and waves include: 1. Altimetry,
which uses radar to measure the height of the sea surface and infer the underlying currents based on
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the geostrophic balance 2. Synthetic aperture radar (SAR), which uses high-resolution radar imagery to
detect surface roughness patterns associated with currents and waves 3. High-frequency (HF) radar,
which uses shore-based radar systems to measure the speed and direction of surface currents based
on the Doppler shift of the reflected radio waves 4. Optical remote sensing, which uses visible and
infrared imagery to track the movement of surface features, such as fronts, eddies, and slicks, that are
associated with currents and waves

• Remote sensing techniques provide a synoptic view of ocean currents and waves over large areas
and can complement in-situ measurements to improve our understanding of ocean dynamics

12.3 Stratified flows

Characteristics of Stratified Flows
Stratified flows occur when density varies through a fluid, typically because of temperature or salinity
gradients. The result is a layered structure where denser fluid sits beneath lighter fluid. This layering has
major consequences: it suppresses vertical mixing, reshapes how waves propagate, and fundamentally
alters turbulence behavior. Understanding stratification is essential for analyzing everything from ocean
circulation to atmospheric weather patterns.

In the atmosphere, temperature gradients are the primary driver of density variation, with cooler, denser air
near the surface and warmer, lighter air above. In the ocean, both temperature and salinity matter. Colder,
saltier water is denser than warmer, fresher water, and the interplay between these two properties creates
complex density profiles.

Stability of Stratified Flows
The stability of a stratified flow depends on how density changes with depth. This determines whether
vertical disturbances get damped out, amplified, or ignored entirely.

Stable Stratification
Stable stratification exists when density increases with depth, so lighter fluid sits on top of denser fluid. If a
parcel of fluid gets displaced vertically, buoyancy forces push it back toward its original position. This
restoring force suppresses vertical mixing and turbulence.

• The ocean's thermocline (the zone of rapid temperature change between warm surface water and
cold deep water) is a classic example

• The troposphere under typical conditions also exhibits stable stratification above the boundary layer

Unstable Stratification
Unstable stratification occurs when denser fluid sits above lighter fluid. Any small vertical perturbation gets
amplified by buoyancy, triggering convective overturning.

• The convective boundary layer in the atmosphere forms on sunny days when the ground heats the air
above it, creating a bottom-heavy density profile that drives vigorous convection

• The ocean's mixed layer can become unstable when surface cooling makes the top water denser than
the water below
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Neutral Stratification
In neutral stratification, density is uniform with depth. Buoyancy forces play no role, and the flow behaves
like homogeneous turbulence. This occurs in well-mixed regions, such as the ocean surface mixed layer
under strong winds or the atmospheric boundary layer during overcast, windy conditions.

Internal Waves

Characteristics of Internal Waves
Internal waves are gravity waves that propagate within a stratified fluid rather than along the free surface.
They're driven by buoyancy forces acting on displaced fluid parcels. Compared to surface waves, internal
waves can have much larger amplitudes (tens of meters in the ocean) and much slower propagation
speeds.

Their frequency, wavenumber, and vertical structure all depend on the local density stratification and
background flow. A key constraint is that internal wave frequencies must fall between zero and the local
buoyancy frequency .

Generation of Internal Waves
Internal waves arise from several mechanisms:

• Flow over topography: When a stratified current encounters an obstacle like a seamount or ridge, the
flow deflects vertically and generates internal waves that radiate away from the topography

• Wind stress: Surface winds can force vertical motions in the upper ocean, exciting internal waves
through direct forcing or resonant interactions with surface waves

• Tidal forcing: Barotropic tides flowing over rough bottom topography convert energy into internal
(baroclinic) tides, which are a major source of internal wave energy in the deep ocean

Propagation of Internal Waves
Internal waves propagate along surfaces of constant density called isopycnals. Their propagation direction
and speed depend on frequency, wavenumber, and the stratification profile.

One distinctive feature: the group velocity (energy propagation direction) and phase velocity of internal
waves are perpendicular to each other in the vertical-horizontal plane. As internal waves propagate, they
can interact with other waves, transfer energy across scales, break, and drive mixing.

Mixing in Stratified Flows

Turbulent Mixing
Turbulent mixing in stratified flows is primarily driven by shear instabilities and breaking internal waves.

• Kelvin-Helmholtz instability develops when the velocity shear across a density interface exceeds a
critical threshold. The criterion for this is the Richardson number . When ,
the flow is susceptible to shear instability, producing characteristic rolling billows that break down into
turbulence and mix the fluid.

• Breaking internal waves generate turbulence particularly near critical layers (where the wave's phase
speed matches the background flow speed) or in regions of high wave energy.
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Molecular Diffusion
Molecular diffusion transports heat, salt, and other scalars through random molecular motion. It's typically
far weaker than turbulent mixing, but it becomes important in regions of weak turbulence or very strong
gradients.

Double-diffusive convection is a notable special case. Heat diffuses molecularly about 100 times faster
than salt. This mismatch can drive instabilities even in otherwise stable stratification, producing distinctive
staircase-like density profiles. Two forms exist: salt fingers (warm, salty water over cool, fresh water) and
diffusive convection (cool, fresh water over warm, salty water).

Entrainment and Detrainment
Entrainment is the incorporation of fluid from a less turbulent layer into a more turbulent one. Detrainment
is the reverse: fluid expelled from a turbulent region into a calmer one. Both processes transfer mass,
momentum, and scalars across density interfaces and are important for understanding how stratified layers
evolve over time.

Stratified Flow Regimes

Layered Flows
Layered flows contain distinct layers separated by sharp density interfaces. They arise from the interaction
of different water masses (as in estuaries, where fresh river water meets salty ocean water) or from surface
heating and cooling that creates a well-defined thermocline.

These flows tend to show reduced vertical mixing, enhanced horizontal dispersion, and the formation of
internal waves or hydraulic jumps at the interfaces between layers.

Continuous Stratification
Continuously stratified flows have a smooth, gradual density profile with no sharp interfaces. This is
common in the ocean interior and the upper atmosphere. Continuous stratification supports internal wave
propagation across a range of frequencies and can produce thin layers of enhanced mixing or
concentrated biological activity.

Froude Number in Stratified Flows
The Froude number is a dimensionless parameter that compares inertial forces to buoyancy forces:

where  is a characteristic velocity,  is the buoyancy frequency, and  is a characteristic length scale.

• : Stratification dominates. The flow is strongly constrained by buoyancy, and internal waves
propagate freely. Vertical motions are heavily suppressed.

• : Inertial forces dominate. Stratification has little influence, and the flow behaves more like an
unstratified fluid.

• : Inertial and buoyancy forces are comparable, often producing the most complex dynamics,
including lee waves and upstream blocking.
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Modeling Stratified Flows

Analytical Models
Analytical models use simplified equations to capture the essential physics of stratified flows. They typically
assume idealized geometries, linear density profiles, and small perturbations to the background state.

• The Taylor-Goldstein equation describes linear internal wave propagation and stability in sheared,
stratified flow

• The Korteweg-de Vries (KdV) equation captures nonlinear internal solitary waves, which maintain their
shape as they propagate

Numerical Models
Numerical models simulate stratified flows in realistic geometries with complex forcing and boundary
conditions. They solve the Navier-Stokes equations coupled with an equation of state relating density to
temperature and salinity.

These models capture internal waves, turbulence, mixing, and their interactions. Widely used examples
include the Regional Ocean Modeling System (ROMS) and the MIT General Circulation Model (MITgcm).

Applications of Stratified Flows

Atmospheric Stratification
Atmospheric stratification shapes weather and climate. The stability of the boundary layer controls cloud
formation, pollutant dispersion, and turbulence intensity. Atmospheric gravity waves transport momentum
and energy over large distances and contribute to forcing the global circulation.

Oceanic Stratification
Ocean stratification governs the storage and transport of heat, carbon, and nutrients. The density structure
controls water mass formation, circulation patterns, and internal wave propagation. Mixing in the stratified
ocean interior is critical for sustaining the global overturning circulation (the large-scale conveyor belt that
redistributes heat and tracers around the planet).

Environmental Fluid Dynamics
Stratification affects a wide range of environmental problems:

• Air quality: Stable atmospheric stratification traps pollutants near the surface, reducing dispersion and
increasing ground-level concentrations

• Oil spills: Ocean stratification influences how spilled oil spreads and at what depth it accumulates

• Biological productivity: Stratification controls nutrient supply to the sunlit surface layer, directly
affecting phytoplankton growth

Experimental Techniques for Stratified Flows

Density Measurements
• CTD sensors (conductivity-temperature-depth) measure electrical conductivity and temperature to
infer density profiles. These are the workhorse instruments for ocean stratification measurements.
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• Density floats drift along surfaces of constant density (isopycnals), providing Lagrangian information
about the density field

• Optical techniques like schlieren imaging detect refractive index variations caused by density changes

Velocity Measurements
• Acoustic Doppler Current Profilers (ADCPs) use the Doppler shift of sound waves scattered by
particles to measure velocity profiles through the water column

• Particle Image Velocimetry (PIV) tracks tracer particles in a laser-illuminated plane to produce
two-dimensional velocity fields

• Laser Doppler Velocimetry (LDV) measures point velocities from the Doppler shift of laser light
scattered by particles

Flow Visualization
Dye tracers injected into the fluid highlight fluid parcel motion, internal wave structures, and turbulent
features. Shadowgraph and schlieren imaging reveal density variations through refractive index changes,
making internal waves and mixing events visible without disturbing the flow.

Mathematical Description of Stratified Flows

Governing Equations
The governing equations are the Navier-Stokes equations for conservation of mass, momentum, and
energy, coupled with an equation of state relating density to temperature and salinity. A common linear
form of the equation of state is:

where  is a reference density,  is the thermal expansion coefficient,  is the haline contraction
coefficient,  is temperature, and  is salinity.

The Boussinesq approximation is widely used in stratified flow analysis. It assumes density variations are
small relative to the reference density and only matter in the buoyancy term of the momentum equation.
This simplification is valid when , which holds for most oceanic and atmospheric flows.

Boundary Conditions
Boundary conditions depend on the specific problem:

• Free surface: Wind stress drives momentum exchange; heat and freshwater fluxes set the scalar
boundary conditions

• Solid boundaries (e.g., the ocean floor): No-slip conditions for velocity and no-flux conditions for
scalars are standard, though parameterized slip or flux conditions are sometimes used

Initial Conditions
Initial conditions specify the density and velocity fields at the start of a simulation or experiment. They can
come from observations, analytical solutions, or prior simulations. The choice of initial conditions strongly
affects the flow's subsequent evolution, especially for problems involving instabilities or transient dynamics.
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12.4 Coriolis effect
The Coriolis effect describes how moving objects and fluids appear to deflect from straight-line paths when
viewed from a rotating reference frame. On Earth, this effect drives large-scale atmospheric and oceanic
circulation patterns, making it central to weather prediction, ocean current modeling, and even the design
of rotating fluid machinery.

Coriolis effect overview
The Coriolis effect is observed in rotating reference frames, where an apparent force acts on moving
objects and deflects them from their original path. It shapes atmospheric and oceanic circulation and
affects the behavior of fluids in rotating machinery.

Rotating reference frames
A rotating reference frame is a coordinate system that rotates relative to an inertial (non-rotating) frame.
When you analyze motion from inside a rotating frame, the standard equations of motion pick up extra
terms: the Coriolis acceleration and the centrifugal acceleration. These terms don't represent new physical
interactions; they account for the fact that the frame itself is accelerating.

Inertial vs non-inertial frames
• Inertial frames are reference frames where Newton's laws hold without modification. No fictitious
forces are needed.

• Non-inertial frames, such as rotating frames, require fictitious forces (Coriolis and centrifugal) to
correctly describe observed motion.

• Earth's surface is technically a non-inertial frame because it rotates. For most everyday problems the
rotation is slow enough to ignore, but for large-scale geophysical flows it matters enormously.

Causes of Coriolis effect
The Coriolis effect arises from the rotation of the reference frame in which motion is observed. It's a
consequence of conservation of angular momentum and the relative motion between the moving object
and the rotating frame.

Earth's rotation
Earth completes one full rotation every 24 hours, giving it an angular velocity of approximately

 rad/s. This rotation is the primary driver of the Coriolis effect in geophysical flows. Every
parcel of air or water moving across Earth's surface is subject to this rotational influence.

Velocity dependence
The Coriolis acceleration is directly proportional to the object's velocity relative to the rotating frame:

Faster-moving objects experience a stronger Coriolis force. A jet stream moving at 50 m/s, for example,
experiences a much larger deflection per unit time than a gentle ocean current at 0.1 m/s.



Fiveable archived study guides Page 355

Latitude dependence
The Coriolis effect varies with latitude because the angle between Earth's rotation axis and the local
vertical changes as you move from equator to pole.

• At the equator ( ), the horizontal component of the Coriolis effect is zero.

• At the poles ( ), it reaches its maximum value.

• The relationship is captured by the Coriolis parameter: 

At 30°N, for instance,  s . At 90°N,  doubles to about
 s .

Coriolis force
The Coriolis force is the apparent force that produces the observed deflections in a rotating frame. It's not a
fundamental interaction like gravity or electromagnetism; it's a consequence of describing motion from a
non-inertial viewpoint.

Apparent force vs real force
From inside the rotating frame, the Coriolis force looks and acts like a real force: it deflects objects and
must be included in the equations of motion. From an inertial frame, though, the object is simply traveling in
a straight line while the frame rotates underneath it. The "deflection" is an artifact of the rotating
perspective.

Perpendicular to motion
The Coriolis force always acts perpendicular to the velocity of the moving object. Because it's
perpendicular, it changes the direction of motion but does no work (it doesn't speed up or slow down the
object).

• In the Northern Hemisphere, horizontal motion is deflected to the right.

• In the Southern Hemisphere, horizontal motion is deflected to the left.

The direction follows from the cross product .

Deflection of moving objects
Any object moving over a significant distance in a rotating frame will be deflected. The amount of deflection
depends on the object's speed, the rotation rate, and the latitude. Practical examples include the curved
paths of long-range projectiles and the slow precession of a Foucault pendulum's swing plane.

Coriolis effect in fluids
In rotating fluid systems like Earth's atmosphere and oceans, the Coriolis effect is one of the dominant
forces shaping flow patterns. It contributes to force balances that determine how large-scale currents and
wind systems behave.

Large-scale circulation patterns
The Coriolis effect is essential to the structure of global circulation:
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• Atmosphere: It helps organize the three-cell structure (Hadley, Ferrel, and Polar cells) that
redistributes heat and moisture across latitudes. Trade winds, westerlies, and polar easterlies all owe
their east-west orientation to Coriolis deflection.

• Oceans: It deflects wind-driven surface currents, contributing to the formation of gyres (large-scale
circular current systems) and shaping major currents like the Gulf Stream and Kuroshio Current.

Geostrophic flow balance
Geostrophic flow occurs when the pressure gradient force and the Coriolis force reach a balance. In this
state:

1. The pressure gradient pushes fluid from high to low pressure.

2. The Coriolis force deflects the flow perpendicular to its velocity.

3. Equilibrium is reached when the flow runs parallel to the isobars (lines of constant pressure), rather
than across them.

This balance is a good approximation for large-scale, steady-state motions in the atmosphere and oceans
where friction and acceleration are small compared to the Coriolis and pressure gradient forces.

Ekman layers and transport
Ekman layers form at boundaries where friction matters, such as the ocean surface (where wind drives the
water) or the seafloor.

• Within the Ekman layer, the balance among the Coriolis force, pressure gradient force, and friction
causes each successive layer of fluid to deflect slightly from the layer above it, creating a spiral pattern
(the Ekman spiral).

• The net transport of fluid across the entire Ekman layer is perpendicular to the surface wind direction:
90° to the right in the Northern Hemisphere, 90° to the left in the Southern Hemisphere.

• This Ekman transport drives coastal upwelling and downwelling, which strongly influences nutrient
distribution and marine biological productivity.

Coriolis effect examples

Weather systems
The Coriolis effect controls the rotation direction of large weather systems:

• Northern Hemisphere: Low-pressure systems (cyclones) rotate counterclockwise; high-pressure
systems (anticyclones) rotate clockwise.

• Southern Hemisphere: The directions are reversed.

Hurricanes, typhoons, and mid-latitude cyclones all derive their rotational structure from this deflection.

Ocean currents
Major ocean currents are deflected by the Coriolis force. The Gulf Stream, for example, flows
northeastward along the eastern coast of North America, deflected to the right of the prevailing wind
direction. Similarly, the Kuroshio Current flows northeastward in the western Pacific. These deflected
currents help form the subtropical and subpolar gyre systems that redistribute heat and nutrients globally.
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Ballistic trajectories
For long-range projectiles, Earth rotates beneath the projectile during its flight. A shell fired northward in
the Northern Hemisphere will land slightly to the right of its intended target. The deflection grows with
range and latitude, and modern fire-control systems include Coriolis corrections as a standard part of their
targeting calculations.

Coriolis effect applications

Atmospheric modeling
Numerical weather prediction and climate models include the Coriolis force as a core term in their
governing equations (the primitive equations, shallow water equations, etc.). Without it, these models
cannot reproduce realistic wind patterns, jet streams, or storm tracks. Accurate representation of the
Coriolis effect at every grid point is essential for reliable forecasts.

Oceanographic studies
Ocean circulation models incorporate the Coriolis force to simulate currents, heat transport, and nutrient
distribution. Understanding how the Coriolis effect shapes thermohaline circulation and wind-driven gyres
is critical for predicting how oceans respond to climate change and how marine ecosystems are affected.

Long-range projectiles
Artillery and missile systems use ballistic computers that correct for Coriolis deflection. At ranges of tens of
kilometers, neglecting this correction can shift the impact point by hundreds of meters, with the error
increasing at higher latitudes where  is larger.

Coriolis effect misconceptions

Toilet and sink drainage
A widespread myth claims the Coriolis effect determines whether water drains clockwise or
counterclockwise in toilets and sinks, with opposite directions in each hemisphere. In reality, the Coriolis
force at household scales is far too weak to compete with other influences. The drain direction is set by the
basin geometry, residual water motion, and how the water was initially disturbed.

Bathtub vortex formation
The same reasoning applies to bathtub vortices. The Coriolis force on a bathtub-sized volume of water is
negligible compared to pressure gradients, friction, and any slight asymmetry in the container or initial flow
conditions.

Negligible effect at small scales
The Coriolis effect becomes significant only when motions span large distances and long time scales. A
useful rule of thumb: if the Rossby number (discussed below) is much greater than 1, the Coriolis effect
can be safely ignored. Household plumbing, lab experiments, and most small-scale engineering flows fall
into this category.
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Mathematical formulation

Coriolis acceleration
In a rotating reference frame, the full equation of motion for an object is:

where: -  is the acceleration observed in the rotating frame -  is the acceleration in the inertial frame
(due to real forces like gravity) -  is the angular velocity vector of the rotating frame -  is the velocity in
the rotating frame -  is the position vector from the rotation axis

The term  is the Coriolis acceleration. The term  is the centrifugal acceleration,
which points radially outward from the rotation axis.

Coriolis parameter
The Coriolis parameter  quantifies the local strength of the Coriolis effect on horizontal motions:

• At the equator ( ): 

• At the poles ( ):  s

The Coriolis parameter appears throughout geophysical fluid dynamics, including the geostrophic balance
equation and the equations for Rossby waves.

Rossby number and importance
The Rossby number is a dimensionless ratio that tells you whether the Coriolis effect matters for a given
flow:

where  is a characteristic velocity,  is a characteristic length scale, and  is the Coriolis parameter.

• : The Coriolis force dominates over inertial forces. The flow is approximately geostrophic. This
applies to large-scale ocean currents and synoptic-scale weather systems.

• : Inertial forces dominate, and the Coriolis effect is negligible. This applies to tornadoes, sink
drains, and most engineering flows.

• : Both effects are comparable, and the full equations must be solved without simplification.

For example, a mid-latitude ocean gyre with  m/s,  km, and  s  gives
, confirming that geostrophic balance is a valid approximation.

Coriolis effect in engineering

Fluid machinery design
In rotating machinery like pumps, turbines, and compressors, the Coriolis force affects internal flow
patterns and pressure distributions. Engineers must account for it when designing impeller geometries and
predicting performance, especially in large or high-speed rotating equipment.
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Centrifugal pump performance
Inside a centrifugal pump, fluid moves radially outward through a spinning impeller. The Coriolis force acts
on this radial flow, generating secondary flows and relative vortices within the impeller passages. These
secondary flows can reduce efficiency and affect the head-flow characteristic of the pump. Accurate
computational fluid dynamics (CFD) simulations of pump performance include Coriolis terms in the rotating
frame.

Turbomachinery efficiency
The Coriolis effect can both help and hurt turbomachinery performance:

• It can enhance energy transfer between the fluid and rotating blades under certain conditions.

• It can also promote flow separation and secondary losses that reduce efficiency.

Optimizing blade geometry, passage shape, and operating conditions requires careful analysis of how the
Coriolis force interacts with the main flow through the machine.

12.5 Turbulence in the environment
Turbulence in the environment shapes our world in profound ways. From the atmosphere to the oceans, it
drives weather patterns, mixes pollutants, and influences ecosystems. Understanding turbulence is key to
predicting and managing environmental processes.

Measuring and modeling turbulence presents unique challenges due to its chaotic nature. Scientists use
various techniques, from hot-wire anemometry to numerical simulations, to study turbulence. Ongoing
research aims to improve our understanding of complex turbulent phenomena in environmental systems.

Characteristics of turbulence
• Turbulence is a complex and chaotic state of fluid motion characterized by rapid fluctuations in
velocity, pressure, and other flow properties

• Turbulent flows exhibit irregular and seemingly random patterns, with eddies and vortices of various
sizes interacting and exchanging energy

Chaotic and irregular motion
• Turbulent flows display chaotic behavior, meaning that small changes in initial conditions can lead to
drastically different outcomes over time

• The motion of fluid particles in turbulence is highly irregular and unpredictable, with rapid changes in
velocity magnitude and direction

• Turbulence is characterized by the presence of eddies and vortices of various sizes, which interact
and transfer energy among themselves

High Reynolds number flows
• Turbulence typically occurs in flows with high Reynolds numbers, which is a dimensionless quantity
that represents the ratio of inertial forces to viscous forces

• As the Reynolds number increases, the flow becomes more turbulent, with a greater degree of mixing
and energy dissipation
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• The critical Reynolds number, above which turbulence occurs, depends on the geometry and
boundary conditions of the flow

Energy cascade and dissipation
• In turbulent flows, energy is transferred from larger eddies to smaller eddies through a process called
the energy cascade

• The energy cascade continues until the smallest eddies dissipate the energy into heat through viscous
dissipation at the Kolmogorov scale

• The rate of energy dissipation in turbulence is determined by the rate at which energy is supplied to
the largest eddies and the viscosity of the fluid

Turbulence in the atmosphere
• Atmospheric turbulence plays a crucial role in the transport of heat, moisture, and pollutants, as well
as in the formation and evolution of weather systems

• Turbulence in the atmosphere is driven by various factors, including wind shear, convection, and
surface roughness

Planetary boundary layer turbulence
• The planetary boundary layer (PBL) is the lowest part of the atmosphere, directly influenced by the
Earth's surface

• Turbulence in the PBL is generated by wind shear and convection, and is responsible for the vertical
mixing of heat, moisture, and momentum

• The structure and evolution of the PBL turbulence are influenced by factors such as surface
roughness, heat flux, and atmospheric stability

Convective and shear-driven turbulence
• Convective turbulence in the atmosphere is driven by buoyancy forces resulting from surface heating
and cooling (thermals, cumulus clouds)

• Shear-driven turbulence is generated by wind shear, which is the change in wind speed or direction
with height (clear air turbulence, lee waves)

• The relative importance of convective and shear-driven turbulence depends on the atmospheric
conditions and the time of day

Effects on weather and climate
• Atmospheric turbulence plays a crucial role in the formation and evolution of weather systems, such
as thunderstorms, hurricanes, and tornadoes

• Turbulent mixing in the atmosphere affects the distribution of heat, moisture, and pollutants,
influencing local and regional climate patterns

• Climate models must account for the effects of turbulence to accurately simulate the Earth's weather
and climate
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Turbulence in the ocean
• Ocean turbulence plays a vital role in the mixing and transport of heat, nutrients, and dissolved gases,
as well as in the dispersion of pollutants and the dynamics of marine ecosystems

• Turbulence in the ocean is driven by various factors, including wind stress, tides, and density
gradients

Surface and deep ocean turbulence
• Surface ocean turbulence is primarily driven by wind stress and wave breaking, and is responsible for
the exchange of heat, moisture, and gases between the ocean and the atmosphere

• Deep ocean turbulence is generated by tides, internal waves, and density gradients, and plays a
crucial role in the mixing and transport of heat and nutrients in the ocean interior

• The characteristics of surface and deep ocean turbulence differ in terms of their spatial and temporal
scales, as well as their driving mechanisms

Mixing and transport processes
• Turbulent mixing in the ocean is essential for the vertical and horizontal transport of heat, nutrients,
and dissolved gases

• Mixing processes in the ocean include vertical mixing (upwelling, downwelling) and horizontal mixing
(eddies, fronts)

• The efficiency of mixing and transport processes in the ocean depends on the strength and structure
of the turbulence, as well as the stratification and circulation patterns

Influence on marine ecosystems
• Ocean turbulence plays a crucial role in the functioning and productivity of marine ecosystems by
influencing the distribution of nutrients, plankton, and other marine organisms

• Turbulent mixing can enhance the vertical transport of nutrients from the deep ocean to the surface,
supporting primary production and the growth of phytoplankton

• The effects of turbulence on marine ecosystems can vary depending on the spatial and temporal
scales of the turbulence, as well as the specific characteristics of the ecosystem

Measurement techniques
• Measuring turbulence in fluids is essential for understanding its characteristics, validating theoretical
models, and developing accurate numerical simulations

• Various measurement techniques have been developed to quantify turbulence parameters, such as
velocity fluctuations, Reynolds stresses, and energy spectra

Hot-wire anemometry
• Hot-wire anemometry is a widely used technique for measuring velocity fluctuations in turbulent flows

• It involves a thin wire heated by an electric current, which is exposed to the fluid flow
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• The wire's resistance changes with the fluid velocity, allowing for high-frequency measurements of
velocity fluctuations

Laser Doppler velocimetry
• Laser Doppler velocimetry (LDV) is a non-intrusive optical technique for measuring fluid velocity at a
point

• It is based on the Doppler shift of laser light scattered by small particles in the fluid

• LDV provides high spatial and temporal resolution measurements of velocity, making it suitable for
studying turbulence

Particle image velocimetry
• Particle image velocimetry (PIV) is a non-intrusive optical technique for measuring velocity fields in a
plane or volume

• It involves seeding the fluid with small tracer particles and illuminating them with a laser sheet

• The particle positions are recorded at two instances, and the velocity field is calculated from the
particle displacements

Numerical simulations of turbulence
• Numerical simulations are essential tools for studying turbulence, as they provide detailed information
on the flow field and allow for the investigation of complex geometries and boundary conditions

• Various approaches have been developed for simulating turbulent flows, each with its own
advantages and limitations

Direct numerical simulation (DNS)
• Direct numerical simulation (DNS) involves solving the Navier-Stokes equations without any
turbulence models

• DNS resolves all spatial and temporal scales of turbulence, from the largest eddies to the Kolmogorov
scale

• DNS is computationally expensive and limited to low Reynolds number flows, but provides the most
accurate and detailed information on turbulence

Large eddy simulation (LES)
• Large eddy simulation (LES) is a technique that resolves the large-scale eddies explicitly and models
the effects of smaller-scale eddies using a subgrid-scale model

• LES is less computationally expensive than DNS, but still requires significant resources for high
Reynolds number flows

• LES provides a good balance between accuracy and computational cost, making it suitable for
studying complex turbulent flows
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Reynolds-averaged Navier-Stokes (RANS) models
• Reynolds-averaged Navier-Stokes (RANS) models are based on the Reynolds decomposition of the
flow variables into mean and fluctuating components

• RANS models solve the averaged Navier-Stokes equations and model the effects of turbulence using
various closure models (eddy viscosity models, Reynolds stress models)

• RANS models are computationally efficient and widely used in engineering applications, but may not
capture all the details of turbulent flows

Turbulence modeling approaches
• Turbulence modeling is essential for the numerical simulation of turbulent flows, as it allows for the
closure of the governing equations and the representation of the effects of unresolved scales

• Various turbulence modeling approaches have been developed, each with its own strengths and
weaknesses

Eddy viscosity models
• Eddy viscosity models are based on the concept of turbulent viscosity, which relates the Reynolds
stresses to the mean velocity gradients

• Examples of eddy viscosity models include the mixing length model, the k-epsilon model, and the
k-omega model

• Eddy viscosity models are computationally efficient and widely used in engineering applications, but
may not capture all the details of turbulent flows

Reynolds stress models
• Reynolds stress models (RSM) solve transport equations for the individual components of the
Reynolds stress tensor

• RSM provides a more accurate representation of turbulence anisotropy and the effects of rotation and
curvature compared to eddy viscosity models

• RSM is computationally more expensive than eddy viscosity models, but can provide better results for
complex turbulent flows

Spectral and vortex methods
• Spectral methods are based on the representation of the flow variables in terms of Fourier modes or
other basis functions

• Vortex methods are based on the Lagrangian tracking of vorticity in the flow field

• Spectral and vortex methods can provide high accuracy and resolution for certain types of turbulent
flows, but may be limited in their applicability to complex geometries and boundary conditions

Environmental applications
• Turbulence plays a crucial role in various environmental processes, such as the dispersion of
pollutants, the transport of sediments, and the mixing of water bodies
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• Understanding and modeling turbulence is essential for predicting and mitigating the environmental
impacts of human activities

Pollutant dispersion in the atmosphere
• Turbulence in the atmosphere is responsible for the dispersion and mixing of pollutants emitted from
sources such as industries, power plants, and vehicles

• Accurate modeling of turbulent dispersion is essential for predicting the concentration and spatial
distribution of pollutants in the atmosphere

• Factors such as atmospheric stability, surface roughness, and emission characteristics influence the
turbulent dispersion of pollutants

Sediment transport in rivers and estuaries
• Turbulence in rivers and estuaries plays a crucial role in the erosion, transport, and deposition of
sediments

• The interaction between turbulence and sediment particles determines the sediment transport
capacity and the morphological evolution of the riverbed or estuary

• Modeling turbulence-sediment interactions is essential for predicting the long-term impacts of human
interventions (dams, dredging) on river and estuary systems

Turbulent mixing in lakes and reservoirs
• Turbulence in lakes and reservoirs is responsible for the vertical and horizontal mixing of water,
nutrients, and dissolved gases

• Turbulent mixing influences the thermal structure, water quality, and ecosystem dynamics of lakes and
reservoirs

• Understanding and modeling turbulent mixing is essential for the management and conservation of
freshwater resources

Challenges and future directions
• Despite significant advances in the understanding and modeling of turbulence, many challenges
remain in the field of environmental turbulence

• Future research directions aim to address these challenges and improve the predictive capabilities of
turbulence models

Intermittency and non-Gaussian statistics
• Turbulence exhibits intermittent behavior, with intense fluctuations occurring more frequently than
predicted by Gaussian statistics

• Intermittency affects the scaling laws of turbulence and the accuracy of turbulence models

• Developing models that capture intermittency and non-Gaussian statistics is an ongoing challenge in
turbulence research
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Turbulence-chemistry interactions
• In many environmental applications, turbulence interacts with chemical reactions, such as in the
formation and evolution of air pollution or the biogeochemical cycles in water bodies

• Modeling the coupling between turbulence and chemistry is challenging due to the wide range of
spatial and temporal scales involved

• Advances in turbulence-chemistry interaction models are essential for improving the predictive
capabilities of environmental models

Multiphase and stratified turbulence
• Multiphase turbulence involves the interaction between turbulence and particles, droplets, or bubbles
suspended in the fluid

• Stratified turbulence occurs in fluids with density gradients, such as in the ocean or the atmosphere

• Modeling multiphase and stratified turbulence is challenging due to the complex interactions between
the phases and the effects of density gradients on turbulence structure and mixing

• Advances in multiphase and stratified turbulence models are crucial for improving the understanding
and prediction of environmental processes


