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Unit 1 — Introduction to Fluid Mechanics

1.1 Fundamentals of Fluid Mechanics

Introduction to Fluid Mechanics

Fluid mechanics is the study of how liquids and gases behave when they're still or moving. It's foundational
for engineers working on everything from airplanes to water pipes, and understanding it helps us design
better machines and systems that use or interact with fluids.

Fluids have unique properties that set them apart from solids. They can't hold their shape and instead flow
when forces are applied. Density, viscosity, and compressibility are the key characteristics that determine
how fluids behave in different situations.

Fluid Mechanics in Engineering

At its core, fluid mechanics studies the behavior of fluids at rest (hydrostatics) and in motion
(hydrodynamics). "Fluids" covers both liquids (water, oil) and gases (air, natural gas). The field also
investigates how fluids interact with solid boundaries like pipe walls and airfoils, as well as with other fluids
in mixing and multiphase flow scenarios.

Engineering applications show up almost everywhere:
» Aerodynamics of aircraft (lift, drag) and vehicles (streamlining, wind tunnel testing)
 Hydraulic systems like pumps, turbines, and heavy machinery (excavators, hydraulic brakes)
« Piping and transport systems for water distribution, oil pipelines, and fluid transportation

» Thermal systems including heat exchangers (radiators, condensers) and cooling systems (HVAC,
refrigeration)

» Environmental engineering such as wastewater treatment, air pollution control, and water resources
management (dams, canals, rivers)

Properties of Fluids

The defining characteristic of a fluid is that it deforms continuously under an applied shear stress (a force
acting parallel to the surface). A solid will deform a fixed amount and stop, but a fluid keeps deforming as
long as the stress is applied.

Three properties matter most:

« Density P is mass per unit volume. It varies with temperature (thermal expansion causes density to
decrease) and with pressure (compression causes density to increase).

« Viscosity H quantifies a fluid's resistance to deformation under shear stress. Higher viscosity means
more resistance to flow. Think of honey vs. water. Viscosity typically decreases with increasing
temperature in liquids and increases with increasing pressure.

» Compressibility measures how much a fluid's density changes in response to pressure. Gases are
highly compressible, while liquids are nearly incompressible for most practical purposes.

Fiveable archived study guides Page 2



Fluids vs. Solids

The distinction comes down to how each material responds to shear stress:

+ Solids resist deformation and maintain their shape under external forces. They exhibit elastic
deformation up to a limit, after which they undergo plastic deformation or fracture.

* Fluids deform continuously under shear stress, conforming to the shape of their container. They flow
under the influence of external forces like gravity or pressure gradients. A fluid cannot sustain shear
stress at rest because its molecules lack a rigid structure holding them in place.

This is the key test: if you apply a shear force and the material keeps deforming indefinitely rather than
reaching a new equilibrium shape, it's a fluid.

Continuum Concept in Fluids

In reality, fluids are made of discrete molecules with gaps between them. The continuum assumption treats
fluid properties (density, velocity, pressure) as varying smoothly and continuously from point to point,
ignoring the molecular granularity. This is what allows us to use differential equations like the
Navier-Stokes equations to describe fluid behavior.

The assumption holds when the length scales you care about are much larger than the molecular mean
free path, which is the average distance a molecule travels between collisions.

The Knudsen number Kn formalizes this by comparing the mean free path to the characteristic length
scale of the flow:

« Kn < 0.01: The continuum hypothesis is valid. This covers the vast majority of engineering
applications.

« Kn > 0.1: The continuum approach breaks down and molecular effects become significant. This
regime shows up in rarefied gas dynamics (e.g., spacecraft re-entry at high altitudes) and microfluidics.

For almost every problem you'll encounter in this course, the continuum assumption applies, so you can
treat fluids as smooth, continuous media rather than collections of individual molecules.

1.2 Classification of Fluid Flows

Classification of Fluid Flows

Fluid flows can be classified based on viscosity, compressibility, and flow regime. These classifications
determine how fluids behave under different conditions and directly affect how engineers model and design
systems. Getting comfortable with these categories early on makes the rest of fluid mechanics much easier
to follow.

Viscous vs. Inviscid Flows

Viscosity is a fluid's internal resistance to flow. Think of it as internal friction between fluid layers sliding
past each other.

* Viscous flows have significant internal resistance. Honey, oil, and syrup are classic examples. In these
flows, viscous forces dominate over inertial forces, meaning the fluid's "stickiness" controls its behavior
more than its momentum does.

* Inviscid flows are an idealization where internal resistance is negligible. This approximation works well
for fluids like water or air flowing at low speeds, far from solid surfaces. Here, inertial forces dominate
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over viscous forces.

No real fluid is truly inviscid. The inviscid assumption is a simplification that makes the math tractable in
regions where viscous effects are small (like far from a wall). Near solid boundaries, viscosity always
matters.

Compressible vs. Incompressible Flows

Compressibility describes how much a fluid's density changes when pressure changes.

* Incompressible flows have density that stays nearly constant regardless of pressure changes. All
liquids are treated as incompressible, and gases qualify too when they move slowly enough. The
threshold is a Mach number below 0.3, where the Mach number is the ratio of flow speed to the local
speed of sound: Ma = ¥

» Compressible flows have density that varies significantly with pressure. This becomes relevant in
high-speed gas flows. When Ma > 0.3, density changes can no longer be ignored. Supersonic flows (
Ma > 1) are a major application area.

For most everyday liquid flows and low-speed air flows, the incompressible assumption holds and
simplifies analysis considerably.

Laminar vs. Turbulent Flows

The flow regime describes whether fluid particles move in orderly layers or chaotically. The Reynolds
number (Re) is the key parameter that predicts which regime you're in. It represents the ratio of inertial
forces to viscous forces:

— pVD
Re = T

where P is fluid density, V is flow velocity, D is a characteristic length (like pipe diameter), and M is
dynamic viscosity.
« Laminar flow (Re < 2300 for pipe flow): Fluid particles move in smooth, parallel layers with no mixing
between them. The velocity profile in a fully developed pipe flow is parabolic, with the fastest fluid at the
center and zero velocity at the wall. You'll see laminar flow in slow-moving fluids, small-diameter pipes,
or highly viscous fluids.

« Turbulent flow (Re > 4000 for pipe flow): Fluid motion becomes chaotic and irregular, with significant
mixing between layers. The velocity profile is much flatter than in laminar flow because turbulent mixing
redistributes momentum more evenly across the pipe cross-section. Fast-moving fluids, large pipes,
and low-viscosity fluids tend to produce turbulent flow.

Between Re = 2300 and Re = 4000 is the transitional regime, where the flow can fluctuate between

laminar and turbulent behavior. This range is often unpredictable and depends on disturbances in the flow.

Steady vs. Unsteady Flows
This classification is about whether flow properties change with time at a fixed point in space.

« Steady flows: Velocity, pressure, and density at any given point remain constant over time.
Mathematically, all time derivatives are zero: a% = 0. A fully developed pipe flow at a constant flow rate

is a good example.

 Unsteady flows: Flow properties at a given point change with time, so a% # 0. Examples include the
startup or shutdown of a pump, pulsating blood flow, and ocean waves.

Fiveable archived study guides Page 4



Most real flows are technically unsteady, but many can be approximated as steady if the changes over
time are small or slow relative to the timescale you care about.

Internal vs. External Flows

* Internal flows are fully enclosed by solid boundaries. Pipe flows, duct flows, and flow through nozzles
all fall into this category. Practical applications include piping systems, HVAC ducts, and hydraulic
systems. The boundary conditions on all sides make these flows easier to analyze in many cases.

« External flows pass over a body or surface with at least one side open to the surrounding fluid. Flow
over an airplane wing, airflow around a car, and wind hitting a building are all external flows. These are
central to aerodynamics, wind engineering, and hydrodynamics. A key feature of external flows is the
boundary layer, a thin region near the surface where viscous effects are concentrated.

1.3 Historical Development and Applications

Historical Development and Applications of Fluid Mechanics

Fluid mechanics didn't appear overnight. It developed over more than two thousand years, shaped by
scientists and engineers who needed to solve practical problems with water, air, and other fluids.
Understanding this history helps you see where the core equations and principles come from, and why
they matter across so many engineering fields today.

Historical Development of Fluid Mechanics

Archimedes (287-212 BC) established the principle of buoyancy, which explains why objects float or sink
in fluids. A body immersed in a fluid experiences an upward force equal to the weight of the fluid it
displaces. He also invented the Archimedes' screw, a device for lifting water that's still used in irrigation
and drainage systems.

Leonardo da Vinci (1452-1519) studied fluid flow and turbulence through careful observations of water and
air. His sketches of vortices and eddies were remarkably ahead of their time. He also designed hydraulic
machines and water wheels for powering mills.

Evangelista Torricelli (1608-1647) invented the barometer, which measures atmospheric pressure, and
discovered that the atmosphere exerts pressure on fluids. He also derived a relationship for the velocity of
fluid flowing out of an opening, known as Torricelli's theorem.

Blaise Pascal (1623-1662) formulated Pascal's law: pressure applied to a confined fluid is transmitted
undiminished in all directions. This principle is the basis for the hydraulic press, which amplifies force
through fluid pressure.

Daniel Bernoulli (1700-1782) developed Bernoulli's principle, which relates pressure, velocity, and
elevation in a flowing fluid. This relationship is central to aircraft wing design and many other applications.
His work helped establish hydrodynamics as a formal discipline.

Leonhard Euler (1707-1783) developed the Euler equations for inviscid (frictionless) flow. These equations
assume no viscosity and laid the foundation for potential flow theory, which describes irrotational, inviscid
flows.

Claude-Louis Navier (1785-1836) and George Gabriel Stokes (1819-1903) developed the Navier-Stokes
equations for viscous flow. These are the fundamental governing equations of fluid dynamics, accounting
for viscosity and turbulence. Solving them (or approximating solutions) remains one of the central
challenges in the field.
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Osborne Reynolds (1842-1912) studied the transition from laminar to turbulent flow and introduced the
Reynolds number (Re), a dimensionless quantity that predicts whether a flow will be laminar or turbulent.
His pipe flow experiments were critical for designing efficient piping systems and remain a cornerstone of
fluid mechanics education.

Applications in Engineering

Aerodynamics covers the design of aircraft wings and fuselages for optimal lift and drag performance,
automotive body shaping for reduced drag and improved fuel efficiency, and wind turbine blade design for
maximum power generation. All of these rely on controlling how air flows over surfaces.

Hydraulics encompasses the design of dams, spillways, and water distribution networks. It also includes
hydraulic machinery like pumps, turbines, and hydraulic presses used in power generation and
manufacturing. Flood control and river management fall here too, directly affecting public safety and
environmental protection.

Pipe flow involves designing piping systems for water supply, oil and gas transportation, and industrial
processes. Key engineering tasks include:

« Sizing pipes and selecting materials

« Calculating pressure drops and selecting appropriately sized pumps

 Analyzing heat transfer in pipe networks, such as in heat exchangers and cooling systems
Other applications span several fields:

+ Biomedical engineering: blood flow in the cardiovascular system, drug delivery mechanisms, and
artificial organ design

* Environmental engineering: pollutant dispersion in air and water, wastewater treatment, and coastal
erosion modeling

» Marine engineering: ship hull design, underwater vehicles, and offshore platform structures

Interdisciplinary Nature and Relevance

Fluid mechanics doesn't exist in isolation. It intersects with nearly every branch of engineering:

1. Mechanical engineering for fluid machinery design (pumps, turbines, valves)

2. Civil engineering for water resources and infrastructure (dams, canals, pipelines)

3. Aerospace engineering for aerodynamics and propulsion systems

4. Chemical engineering for fluid transport in industrial processes (reactors, separators)

5. Environmental engineering for water and air quality management (treatment plants, pollution control)
Several emerging technologies highlight why fluid mechanics continues to grow in importance:

* Microfluidics involves manipulating fluids at the microscale (channels on the order of micrometers).
This enables lab-on-a-chip devices for medical diagnostics, precision inkjet printing, and rapid blood
analysis.

» Nanofluidics studies fluid behavior at the nanoscale, with applications in energy storage (batteries, fuel
cells) and advanced water purification using nanoscale membranes and filters.
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» Computational fluid dynamics (CFD) uses numerical methods to simulate fluid flow, allowing
engineers to optimize designs and predict performance without building physical prototypes. CFD has
become an essential tool across virtually all of the application areas listed above.

» Multiphase flow deals with mixtures of different fluid phases, such as gas-liquid (bubbly flows,
aerosols) or liquid-solid (slurries, suspensions). Applications include oil and gas extraction, chemical
reactors, food processing, and pharmaceuticals.
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Unit 2 — Fluid Properties and Statics

2.1 Physical Properties of Fluids
Fluid Properties

Fluid properties like density, viscosity, and specific gravity are the foundation of everything in fluid
mechanics. You need these to predict how fluids behave under different conditions, whether you're sizing a
pipe, analyzing drag on a body, or calculating pressure distributions. This section covers the core physical
properties, the distinction between ideal and real fluids, and how temperature and pressure change things.

Density and Specific Properties

Density (P) is mass per unit volume. It tells you how much "stuff" is packed into a given space of fluid.
p=v
- Units: 2% (SI), 222 (English)
» Water at 4°C has a density of 1000 %. Air at standard conditions is only 1.225 %, roughly 800 times
less dense than water.
Specific weight (V) is weight per unit volume. It connects density to gravitational force:
Y=pg
« Units: 25 (SI), % (English)

» Water at 4°C has a specific weight of 9810 % Mercury is much heavier at 133,100 % which is why
it's used in manometers.

Specific gravity (SG) is the ratio of a substance's density to the density of a reference substance, usually
water at 4°C:

SG = Psubstance

Preference

* Dimensionless (no units).

» SG < 1 means the substance is lighter than water and will float. SG > 1 means it's heavier and will
sink.

* Typical values: oil is around 0.8, glycerin is about 1.26, mercury is 13.6.

Ideal vs. Real Fluids

The distinction between ideal and real fluids is about simplifying assumptions. Ideal fluid models strip away
complexity so you can focus on the core physics. Real fluid behavior is what you actually encounter in
practice.

Ideal fluids are assumed to be: - Incompressible: constant density regardless of pressure changes -
Inviscid: zero viscosity, meaning no resistance to shear stress - Non-conducting: no thermal conductivity,
so heat transfer within the fluid is ignored

These assumptions are useful for problems like potential flow around an airfoil or inviscid flow through a
nozzle, where viscous effects are small compared to pressure and inertia forces.

Fiveable archived study guides Page 8



Real fluids have: - Compressibility: density changes with pressure, especially important for gases at high
speeds - Viscosity: resistance to flow that causes energy dissipation (think of stirring honey vs. water) -
Thermal conductivity: heat can transfer within the fluid

Every engineering fluid is a real fluid. Air flowing over an aircraft wing, water moving through a pipe, oil
lubricating a bearing: all of these require accounting for viscosity and, in some cases, compressibility.

Viscosity in Fluid Mechanics

Viscosity (M) quantifies a fluid's resistance to deformation under shear stress. A fluid with high viscosity
(like honey) resists flowing; a fluid with low viscosity (like water) flows easily.

Dynamic (absolute) viscosity relates shear stress to the velocity gradient in a fluid. This relationship is
Newton's law of viscosity:

T
T—p#

where T is the shear stress, M is the dynamic viscosity, and 2—; is the velocity gradient (how quickly the
fluid velocity changes as you move perpendicular to the flow direction).

+ Units: Pa - s (Sl), 252 (English)

» Water at 20°C has a dynamic viscosity of about 1.002 mPa-s. Honey at room temperature is roughly
10,000 mPa-s, about 10,000 times more viscous.

Kinematic viscosity (V) is dynamic viscosity divided by density:

V=

OIE

« Units: 2ZZ (SI), &£ (English)
« Air at standard conditions has a kinematic viscosity of about 1.46 x 107> mTz

Kinematic viscosity shows up frequently because it combines the effects of viscosity and density into a
single quantity. It appears directly in the Reynolds number (Re = %), which determines whether flow is
laminar or turbulent.

Why viscosity matters across fluid mechanics: - It drives boundary layer formation near solid surfaces,
where the fluid velocity transitions from zero at the wall to the freestream value - It determines the flow
regime (laminar vs. turbulent) through the Reynolds number - It controls pressure drop in pipes and ducts
(described by the Hagen-Poiseuille equation for laminar flow) - It influences heat transfer in fluids through
the Prandtl number (Pr = g)

Temperature and Pressure Effects

Temperature and pressure both change fluid properties, but their effects differ significantly between liquids
and gases.

Temperature effects on density: 1. Liquids: Density decreases slightly with increasing temperature due to
thermal expansion. The change is relatively small for most engineering problems. 2. Gases: Density
decreases with increasing temperature according to the ideal gas law: P = %—. At constant pressure,
doubling the absolute temperature cuts the density in half.

Temperature effects on viscosity (this is a common exam topic because liquids and gases behave
oppositely): 1. Liquids: Viscosity decreases with increasing temperature. As temperature rises, molecular
cohesion weakens and the fluid flows more easily. Think of how honey pours faster when warmed. 2.
Gases: Viscosity increases with increasing temperature. Higher temperatures mean more molecular
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agitation and more momentum transfer between gas layers.

Pressure effects on density: 1. Liquids: Only a very slight increase in density with increasing pressure.
Liquids are nearly incompressible, so for most problems you can treat liquid density as constant with
respect to pressure. 2. Gases: Density increases directly with increasing pressure, again following P = %—.
At constant temperature, doubling the pressure doubles the density.

Pressure effects on viscosity: 1. Liquids: Negligible for most engineering applications. Liquid molecules are
already closely packed, so moderate pressure changes don't significantly alter viscous behavior. 2. Gases:
Viscosity is essentially independent of pressure for most engineering conditions. This holds true up to
about 10 atmospheres; beyond that, pressure effects can become relevant.

2.2 Thermodynamic Properties of Fluids
Fluid Properties
Bulk Modulus of Elasticity

The bulk modulus tells you how much a fluid resists being compressed. Think of it as a fluid's "stiffness"
against squeezing. A high bulk modulus means you'd need a large pressure increase to get even a small
change in volume.

It's defined as the ratio of the change in pressure to the fractional change in volume:

EV = _Vg—c

where V' is volume and P is pressure. The negative sign is there because an increase in pressure causes a
decrease in volume, so it keeps Ev positive.

« Water has a bulk modulus of about 2.2 x 10° Pa, which is why liquids are often treated as
incompressible in engineering calculations.

« Air, by contrast, has a much lower bulk modulus (around 1.01 x 10° Pa at atmospheric conditions),
meaning it compresses easily.

* This property matters most in hydraulic systems and high-pressure applications like hydraulic presses
and pumps, where you need the fluid to transmit pressure without significant volume change.

Thermal Expansion and Compressibility

Thermal expansion describes a fluid's tendency to change volume when its temperature changes. Most
fluids expand when heated and contract when cooled.

The volume thermal expansion coefficient (B) quantifies this behavior:

— lav
B=var

where T is temperature. A larger B means the fluid's volume is more sensitive to temperature swings. For
water at 20°C, B = 2.07 x 10~% K™%, while oils typically have higher values, which is why thermal
management matters in lubrication systems.

Compressibility describes how a fluid's volume responds to pressure changes. There are two versions
depending on the process:

* Isothermal compressibility (K) applies when temperature is held constant: K = —%ﬂ

hv)
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« Adiabatic (isentropic) compressibility (Ks) applies when there's no heat transfer (constant entropy):

= _1l(av
Ks==9\ap)s

Notice that K is simply the reciprocal of the bulk modulus: K = 1/E . Adiabatic compressibility is always
smaller than isothermal compressibility because the temperature rise during adiabatic compression
provides additional resistance to volume change.

Ideal Gas Law and Fluid Statics

Applications of the |deal Gas Law

The ideal gas law connects four state variables of a gas in one equation:
PV =nRT

where P is pressure, V is volume, T is absolute temperature, N is the number of moles, and R is the
universal gas constant (8.314 J/(mol-K)). In fluid mechanics, you'll also see it written as P = PRsT,
where P is density and Rs is the specific gas constant for that particular gas.

The equation assumes gas molecules have negligible volume and don't exert forces on each other. This
works well for gases like air and nitrogen at moderate temperatures and pressures, but breaks down near
the condensation point or at very high pressures.

A few quick applications:

* Doubling the volume of a gas at constant temperature cuts the pressure in half (Boyle's Law
behavior).

» Heating a gas at constant volume increases its pressure in direct proportion to the absolute
temperature (Gay-Lussac's Law behavior).

« If you need to find the density of air at a given temperature and pressure, rearrange to 2 = P/(RsT).

Pressure-Depth Relationship in Fluids

In a static (non-moving) fluid, pressure increases with depth because of the weight of the fluid stacked
above. The governing equation is:

P =Py + pgh

where Po is the pressure at the surface, P is the fluid density, 9 is gravitational acceleration (9.81 m/s?),
and h is the depth below the surface.

This relationship is linear for incompressible fluids (constant P). For every 10.33 m of water depth,
pressure increases by about 1 atm, which gives you a useful sense of scale.

Key points to remember:

* The pressure difference between two points depends only on the vertical distance between them and
the fluid density, not on the shape of the container. This is sometimes called the hydrostatic paradox.

* Pascal's law states that hydrostatic pressure at a given depth acts equally in all directions. This is the
principle behind hydraulic lifts and brakes: a small force applied over a small area creates a pressure
that, transmitted through the fluid, can push a large force over a large area.
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2.3 Surface Tension and Capillarity

Surface Tension and Capillarity

Surface tension shapes how liquids behave at interfaces. It's why water beads up on a leaf and insects can
walk on ponds. This force arises from molecules at the surface being pulled inward, creating a "skin" effect.

Contact angles and capillary action are the key phenomena that follow from surface tension. They
determine how liquids spread on surfaces and rise (or fall) in narrow tubes, with applications ranging from
water-repellent coatings to microfluidic devices.

Causes of Surface Tension

Molecules inside a liquid are pulled equally in all directions by their neighbors, so the net force on them is
zero. Molecules at the surface, though, have no liquid neighbors above them. They experience a net
inward pull, which causes the surface to contract and behave like an elastic membrane.

« Liquids with stronger intermolecular forces have higher surface tension. Water has relatively high
surface tension because of hydrogen bonding (¥ = 0.072 N/m at 20°C). Mercury's is even higher (
y = 0.465 N/m) due to strong metallic bonds.

« Surface tension Y is quantified as force per unit length (N/m) or equivalently as energy per unit area (
//m?). Both definitions are physically equivalent.

« Surfactants like soap reduce water's surface tension by inserting themselves between water
molecules and disrupting hydrogen bonds. That's why soapy water spreads more easily and doesn't
bead up the way pure water does.

» Water striders exploit high surface tension: their hydrophobic legs deform the water surface without
breaking through, and the resulting upward surface-tension force supports their weight.

Contact Angle and Wettability

The contact angle 8 is the angle formed where a liquid-vapor interface meets a solid surface, measured
through the liquid. It tells you how well a liquid wets that surface.

« Wetting (6 < 90°): The liquid spreads over the surface. Adhesive forces between the liquid and solid
dominate over cohesive forces within the liquid. Example: water on clean glass.

+ Non-wetting (8 > 90°): The liquid pulls away and forms droplets. Cohesive forces dominate.
Example: mercury on glass.

* Perfect wetting (6 = 0°): The liquid spreads into a thin film. Example: many oils on clean metal.

« Superhydrophobic (8 > 150°): Extreme non-wetting, as seen on lotus leaves, where
micro/nano-scale surface roughness traps air beneath the droplet.

Young's equation relates the contact angle to the three relevant surface tensions at the contact line:
Ysv =VYs1 + V/VCOSQ

where Ysv, Ysi, and Yiv are the solid-vapor, solid-liquid, and liquid-vapor surface tensions, respectively.
This equation is the starting point for predicting how a droplet will sit on a given surface.
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Surface Tension in Capillary Action

Capillary action is the rise or depression of a liquid in a narrow tube. It happens because surface tension
pulls the liquid along the tube wall (if the liquid wets the wall) or pushes it away (if it doesn't).

For a wetting liquid like water in a glass tube, adhesive forces between the liquid and the wall pull the
meniscus upward. Surface tension along the contact line then drags the liquid column up until gravity
balances the upward pull. For a non-wetting liquid like mercury in glass, the effect reverses and the liquid is
depressed below the outside level.

The capillary rise equation gives the equilibrium height h of the liquid column:

__ 2ycos@
h= pgr

+ Y = surface tension of the liquid
+ 8 = contact angle

* P = liquid density

« 9 = gravitational acceleration

* I' = tube radius

When 8 < 90°, cos 0 > 0 and the liquid rises. When 8 > 90°, cos 8 < 0 and the liquid is depressed.
Notice that h is inversely proportional to I': narrower tubes produce greater rise (or depression).

The Young-Laplace equation gives the pressure difference across a curved interface inside a capillary:

AP = Zycrose

A smaller radius means a more tightly curved meniscus and a larger pressure jump. This same principle
explains why smaller bubbles have higher internal pressure than larger ones.

Calculations for Surface Phenomena

1. Capillary rise height

Given: water in a glass tube with r=0.5mm =5 x 10~4m, Y= 0.072N/m, p= 1000 kg/m?,
6=0°.
1. Identify that cos 0° = 1.

Lo , , . = 2(0.072)(1
2. Substitute into the capillary rise equation: I = (1000)((9,81)(;( x)1074)

3. Calculate: h = $332 = 0.0294m = 2.94cm,

2. Pressure difference across a curved interface

Given: water-air interface in a capillary with r=0.1mm=1x 10"4m, ¥=0.072N/m 6 = 30°.
1. Calculate cos 30° = 0.866.

. . . — 2(0.072)(0.866
2. Substitute into the Young-Laplace equation: AP = %

3. Calculate: AP = 21230, = 1247 Pa = 1.25kPa

3. Force to pull a wire loop from a liquid surface
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Surface tension acts along both the inner and outer edges of the wire loop. For a circular loop of radius R,
the total contact length is 2 X 21TR = 4R (two sides of the film). The force due to surface tension is:

F=yx4nR

You then add the weight of any liquid film lifted with the loop if the problem requires it. The Wilhelmy plate
method works on the same principle: you measure the downward force on a thin plate partially submerged
in a liquid, and from the known contact perimeter and contact angle, you back out Y.
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Unit 3 — Pressure and Fluid Forces

3.1 Pressure Measurement and Distribution

Pressure Fundamentals

Pressure is the force per unit area that a fluid exerts on surfaces. This single concept underpins the design
of everything from dams and submarines to hydraulic brakes and water distribution systems. Here, you'll
build from the basic definition of pressure through hydrostatic distributions and into the measurement
conventions used in practice.

Pressure in Fluids

Pressure at a point in a fluid is defined as the force acting perpendicular to a surface divided by the area of
that surface:

pP=

™

where F is the normal force and A is the area over which it acts. The Sl unit is the Pascal (Pa), with
1 Pa =1 N/m?Z. For reference, standard atmospheric pressure at sea level is about 101,325 Pa.

A few properties worth remembering:

* Pressure acts perpendicular to any surface in contact with the fluid. Water pushes straight into the wall
of a swimming pool, not along it.

* Pressure is a scalar quantity. It has magnitude but no inherent direction. The force that results from
pressure does have a direction (always normal to the surface), but pressure itself is just a number at a
point.

* At any given point in a static fluid, pressure is the same in all directions. This is sometimes called
Pascal's law and is the reason hydraulic systems work: pressure applied at one point transmits equally
throughout the fluid.

Hydrostatic Pressure Concept

When a fluid is at rest, the only thing generating pressure differences from point to point is the weight of the
fluid above. This weight-driven pressure is called hydrostatic pressure.

In a static fluid, pressure increases linearly with depth. The governing relationship is:
dP — _
gz = —P9

where P is the fluid density, 9 is gravitational acceleration (9.81 m/s?), and Z is the vertical coordinate
measured positive upward. The negative sign tells you that pressure decreases as you move upward (or
equivalently, increases as you go deeper).

The key takeaway: pressure at a given depth depends on two things, the fluid density and the height of the
fluid column above that point. Mercury (0 = 13,546 kg/ms) is about 13.6 times denser than water, so a
mercury column only ~0.76 m tall exerts the same pressure as a water column about 10.3 m tall. This is
exactly why mercury barometers are compact enough to sit on a desk.
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Hydrostatic Pressure Applications

Using the Hydrostatic Equation
Integrating the differential relation for a fluid of constant density gives the equation you'll use most often:
P =Py + pgh
» Py is the pressure at the reference level (often atmospheric pressure at the free surface).
- h is the depth below that reference level (positive downward into the fluid).
* P is the fluid density (assumed constant for incompressible fluids like water).
To find the pressure difference between two points at different depths:
AP = pghAh
where Ah is the vertical distance between the two points.
Solving hydrostatic problems step-by-step:

1. Pick a reference level. The free surface of the liquid is usually the easiest choice because you know
the pressure there (typically atmospheric).

2. Define your coordinate direction. If Z points upward, depth h is the distance measured downward
from the reference, and pressure increases with increasing h.

3. Identify knowns. List Po, P, 9, and the depth or depths of interest.

4. Apply the equation. Plug into P = Po + pgh for absolute pressure at a point, or use AP = pgAh for
the difference between two points.

5. Check units. Make sure density is in kg/m?, 9 in m/s?, and h in meters so your answer comes out in
Pascals.

Quick example: What's the gauge pressure 5 m below the surface of a freshwater lake?
AP = pgh = (1000 kg/m3)(9.81 m/s?)(5 m) = 49,050 Pa = 49.1 kPa

That's roughly half an atmosphere of additional pressure, which is why you already feel it in your ears at
the bottom of a deep pool.

Atmospheric Pressure Effects

Atmospheric pressure is the pressure the Earth's atmosphere exerts on everything at the surface. At sea
level, its standard value is:

» 101,325 Pa (1 atm)
* 14.696 psi (pounds per square inch)
Atmospheric pressure matters because it serves as the baseline for two different pressure scales:

Gauge pressure is pressure measured relative to atmospheric pressure. A tire pressure gauge reading 32
psi means the air inside is 32 psi above atmospheric. If the gauge reads zero, the pressure inside equals
atmospheric.
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Absolute pressure is the total pressure, including the atmosphere. It equals gauge pressure plus
atmospheric pressure: Pabs = Pgauge + Patm Absolute pressure can never be negative (you can't have
less than zero molecules pushing on a surface), but gauge pressure can be negative when the absolute
pressure is below atmospheric (a partial vacuum).

Atmospheric pressure also changes with altitude. At higher elevations the air column above you is shorter,
so atmospheric pressure drops. One practical consequence: water boils when its vapor pressure equals
the surrounding atmospheric pressure, so at high altitude (lower Patm), water boils below 100 °C. In
Denver, CO (elevation ~1,600 m), water boils at roughly 95 °C.

3.2 Hydrostatic Forces on Submerged Surfaces

Hydrostatic Forces and Buoyancy

Hydrostatic forces describe how fluids at rest push against surfaces and objects. These concepts are
central to designing anything that interacts with fluids, from dams and retaining walls to ships and
submarines. This section covers how to calculate forces on plane and curved surfaces, then moves into
buoyancy and floating stability.

Hydrostatic Force on Plane Surfaces

The total hydrostatic force on a submerged plane surface equals the pressure at the surface's centroid
multiplied by the surface area:

Fh=pc-A
The pressure at the centroid depends on how deep the centroid sits below the free surface:
Pe = Yhe

where Y is the specific weight of the fluid (weight per unit volume, e.g., 9810 N/m? for water) and hc is the
vertical depth from the free surface to the centroid.

To find the total force on a submerged plane surface:
1. Locate the centroid of the surface and measure its vertical depth Nc below the free surface.
2. Calculate the pressure at the centroid: Pc = Yhc.
3. Multiply by the surface area: Fn = pc " A.

Center of pressure (¥p) is the point where the resultant force actually acts. Because pressure increases
with depth, the center of pressure is always below the centroid. For a vertical surface:

I
Yp = zp; t he

where /¢ is the second moment of area (moment of inertia) of the surface about its centroidal axis. For
3 4
common shapes: /c = &2 for a rectangle, I = Z- for a circle.

For an inclined surface tilted at angle 6 from the horizontal:

__Isin%0
Yp="Zr T he

Notice that as 6 decreases (surface becomes more horizontal), the correction term shrinks and the center
of pressure moves closer to the centroid. Inclined surfaces show up in sloped dam faces, tank walls, and
ramps.
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Hydrostatic Force on Curved Surfaces

You can't use the simple Fn = PcA formula for curved surfaces because the pressure acts in different
directions at each point along the curve. Instead, the approach is to break the resultant force into horizontal
and vertical components.

Horizontal component Fy: Equals the hydrostatic force on the vertical projection of the curved surface.
Think of it as the "shadow" the curve casts on a vertical plane. You calculate this projection's area and
centroid depth, then use the plane-surface method above.

Vertical component Fv: Equals the weight of the fluid directly above the curved surface, extending up to the
free surface. If there's no actual fluid above the surface (e.g., the curved surface faces upward into air), you
use the weight of the imaginary fluid column that would occupy that space, and the force acts downward on
the surface.

To find the resultant force, combine the two components:
FrR=\/Fi+F}

The direction of the resultant is:
_F
tana F—:

where @ is the angle from horizontal. The line of action passes through the point where the horizontal and
vertical component lines of action intersect. This method works for cylindrical gates, spherical tank walls,
and any curved geometry.

Buoyancy and Archimedes' Principle

Buoyancy is the net upward force a fluid exerts on a submerged or partially submerged object. It exists
because pressure increases with depth, so the fluid pushes harder on the bottom of an object than on the
top.

Archimedes' principle states that the buoyant force equals the weight of the fluid displaced by the object:
Fb=pgVq

+ P = fluid density (kg/m?), e.g., 1000 kg/m? for freshwater, 1025 kg/m? for seawater

« 9 = gravitational acceleration (9.81 m/s?)

» Vg = volume of fluid displaced (m?3)

This applies to both fully and partially submerged objects. An iceberg floating in seawater displaces a
volume of water whose weight equals the iceberg's total weight. Since ice is slightly less dense than
seawater, about 90% of the iceberg sits below the surface.

Buoyant Force and Object Stability

Three outcomes are possible when an object is placed in a fluid:

* Floating: The object is less dense than the fluid overall. It settles at a depth where the buoyant force
exactly equals its weight (Fp = W), It only displaces a fraction of its total volume.
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* Neutrally buoyant: The object's average density equals the fluid density. It neither rises nor sinks (like
a properly ballasted submarine).

« Sinking: The object is denser than the fluid. The buoyant force at full submersion is still less than the
object's weight, so it sinks.

Stability of floating objects depends on what happens when the object tilts slightly. Three points matter:
* Center of gravity (G): Where the object's weight effectively acts.

« Center of buoyancy (B): The centroid of the displaced fluid volume. When the object tilts, B shifts
toward the side that's more deeply submerged.

» Metacenter (M): The point where the shifted line of action of the buoyant force crosses the object's
original centerline.

The metacentric height GM determines stability:

« Positive GM (M above G): The object is stable. When tilted, the buoyant force creates a restoring
moment that pushes it back upright. Wider, lower vessels tend to have large positive GM values.

- Zero GM (M coincides with G): Neutral stability. The object stays at whatever angle it's tilted to.

« Negative GM (M below G): The object is unstable. Any small tilt produces a moment that increases
the tilt, leading to capsizing.

For a simple rectangular cross-section floating in water, the metacentric height can be calculated as:

GM = /watf/rzlane — BG

where lwaterpiane is the second moment of area of the waterplane (the cross-section at the water surface)
and BG is the distance between the center of buoyancy and the center of gravity. Ship designers use this
relationship to ensure vessels remain stable under expected loading conditions.

3.3 Manometry and Pressure Instruments

Manometry and Pressure Measurement

Manometers and pressure instruments let you quantify pressure differences in fluid systems. Whether
you're checking the pressure inside a pipeline or measuring a tiny pressure drop across a valve, you need
to understand how these devices work and how to set up the equations correctly.

This section covers the physics behind manometers, how to solve manometer problems step by step, and
the main types of pressure instruments you'll encounter beyond manometers.

Working Principle of Manometers

A manometer is a U-shaped tube partially filled with a known liquid, typically mercury or water. It measures
pressure by translating a pressure difference into a visible height difference between two liquid columns.

Here's the core idea: when you connect one side of the U-tube to a pressurized system, the fluid pushes
the manometer liquid down on that side and up on the other. The system reaches equilibrium when the
weight of the extra liquid column exactly balances the applied pressure difference. That height difference h
is what you read.

The governing equation is:

AP = pgh
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where P is the density of the manometer liquid, 9 is gravitational acceleration, and h is the height
difference between the two columns.

Why mercury? Its high density (about 13,546 kg/m?®) means a large pressure difference produces only a
modest height change, keeping the manometer compact. Water manometers are better for measuring
small pressure differences because the same AP produces a larger, easier-to-read h.

Common uses include:
» Measuring pressure inside closed containers (tanks, pipelines)
 Determining pressure drop across flow restrictions (orifices, valves)

* Calibrating other pressure measurement devices

Problem-Solving with Manometers

Manometer problems trip students up when multiple fluids are involved or when the geometry gets
complicated. The key is to work systematically through the tube, adding or subtracting hydrostatic pressure
terms as you go up or down through each fluid.

General approach for any manometer problem:
1. Pick a starting point (usually one of the two points where you know or want to find the pressure).
2. Trace a continuous path through the manometer fluid to the other point.

3. Every time you move down through a fluid column of height h and density 2, add Pgh to the
pressure.

4. Every time you move up through a fluid column, subtract g9h.
5. Set the resulting expression equal to the pressure at the endpoint.
6. Solve for the unknown.

This "step through the tube" method works for every manometer configuration, no matter how many fluids
or bends are involved.

Three common configurations:
1.

Open manometer: One end is open to the atmosphere. You measure gauge pressure directly from the
height difference. Absolute pressure at the closed end equals atmospheric pressure plus the gauge
reading: - Pabs = Patm + pgh

2.

Differential manometer: Both ends connect to different points in a fluid system. The reading gives you the
pressure difference between those two points: - P1 — P2 = Pmanometer @ h - If the fluid in the system has
significant density (not air), you must also account for the hydrostatic pressure of that fluid in the columns
above and below the manometer liquid.

3.

Inclined manometer: The tube is tilted at an angle 6 from horizontal. This spreads a small vertical height
change over a longer readable length L along the tube, improving resolution for small pressure differences:
- AP = pgLsin @ - For example, a 10° incline magnifies the readable length by roughly a factor of 6

Fiveable archived study guides Page 20



compared to the vertical height change (since 1/sin 10° = 5.76).

Unit conversions to keep handy: 1 atm = 101,325 Pa = 1.01325 bar = 14.696 psi = 760 mmHg. Always
convert to consistent units before plugging into equations.

Pressure Measurement Devices

Types of Pressure Measurement Devices

Beyond manometers, two broad categories of instruments show up repeatedly in fluid mechanics
coursework: mechanical gauges and electronic transducers.

Bourdon Tube Gauge

The Bourdon tube is a curved, hollow metal tube with an oval cross-section. One end is fixed and open to
the fluid whose pressure you want to measure. The other end is sealed and connected to a pointer through
a gear mechanism.

When pressure increases inside the tube, the oval cross-section tries to become circular, which causes the
curved tube to straighten slightly. That small motion drives the pointer across a calibrated dial. The
deformation is proportional to the applied pressure, so the scale reads linearly over the gauge's working
range.

Bourdon tubes are rugged, need no external power, and cover a wide range (from a few kPa up to
hundreds of MPa depending on construction). Their main limitation is that they measure only gauge
pressure (relative to atmospheric), and their accuracy is typically around £0.5-2% of full scale.

Pressure Transducers

Pressure transducers convert pressure into an electrical signal, which makes them ideal for data logging,
automated control, and measuring rapidly changing pressures. The three most common types differ in how
they sense the pressure:

* Piezoelectric transducers use crystals (quartz, tourmaline) that generate an electric charge when
mechanically stressed. They respond very quickly, making them well-suited for dynamic pressure
measurements like pressure pulses.

« Strain gauge transducers bond thin metallic or semiconductor strain gauges to a diaphragm. Pressure
deflects the diaphragm, stretching the gauges and changing their electrical resistance. A Wheatstone
bridge circuit converts that resistance change into a voltage signal.

+ Capacitive transducers place a flexible diaphragm between two fixed plates, forming a capacitor.
Pressure moves the diaphragm, changing the gap and therefore the capacitance. These tend to be very
sensitive and stable.

In all three cases, the electrical output must be converted to a pressure value using calibration data (a
known relationship between signal voltage or charge and applied pressure).

Analysis of Pressure Measurements

Reading a manometer or gauge is only half the job. You also need to interpret the measurement correctly
and catch potential errors.

Interpreting manometer readings:

1. Identify your reference. For an open manometer, the reference is atmospheric pressure. For a
differential manometer, the reference is the pressure at the other connection point.
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2. Determine the direction of the pressure difference. The side with the lower liquid level is the
higher-pressure side.

3. Apply the manometer equation, stepping through each fluid column as described above.
Interpreting instrument readings:

+ For Bourdon tube gauges, read the pressure directly from the dial. Keep in mind the gauge's stated
accuracy and range. A gauge rated 0-500 kPa with +1% full-scale accuracy has an uncertainty of +5
kPa across its entire range, not just at your reading.

« For transducers, convert the raw electrical output (voltage, current, or frequency) to pressure using the
manufacturer's calibration curve or equation. Account for any signal conditioning, amplification, or
zero-offset corrections.

Validating your measurements:

» Make sure all instruments use the same reference (gauge vs. absolute) and the same units before
comparing.

» When possible, cross-check by measuring the same pressure with two different devices. If results
disagree beyond the combined uncertainty of both instruments, look for sources of error: trapped air
bubbles in manometer lines, a gauge that needs recalibration, or incorrect fluid density assumptions.
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Unit 4 — Buoyancy and Stability

4.1 Archimedes' Principle and Buoyancy

Archimedes' Principle and Buoyancy

Archimedes' principle is the foundation of buoyancy in fluid mechanics. It states that the upward force on
an object in a fluid equals the weight of the fluid that object displaces. This single idea explains why
massive steel ships float, why submarines can control their depth, and how engineers design everything
from offshore platforms to hydraulic systems.

Whether an object floats, sinks, or hovers in place depends on the balance between its weight and the
buoyant force acting on it. The sections below cover how to calculate buoyant force, determine floating vs.
sinking conditions, and analyze the equilibrium and stability of floating objects.

Archimedes' Principle in Fluid Mechanics

Archimedes' principle says that the buoyant force Fp acting on an object immersed in a fluid equals the
weight of the fluid displaced by that object. In equation form:

Fb = Prvid Vaispiaced 9

where Priuid is the fluid's density, Vdisplaced is the volume of fluid pushed aside by the object, and 9 is
gravitational acceleration.

A few things to keep in mind:

* The buoyant force always acts upward, through the centroid of the displaced fluid volume (more on
this below).

* The principle applies to both liquids and gases, since both are fluids. A helium balloon floats in air for
the same reason a cork floats in water: the displaced fluid weighs more than the object. For most solid
objects in air, though, the buoyant force is negligibly small compared to their weight.

+ This principle is used constantly in engineering: predicting ship draft, sizing hydraulic lifts, and
analyzing the stability of floating structures like buoys and offshore platforms.

Calculation of Buoyant Force
The calculation differs slightly depending on whether the object is fully or partially submerged.
Fully submerged object:
1. The displaced volume equals the object's entire volume Vobject.
2. Buoyant force: Fo = Pruid Vobject 9
Partially submerged object:
1. Only the portion below the fluid surface displaces fluid.
2. Buoyant force: Fb = Pria Vsubmerged 9

In both cases, the buoyant force acts through the center of buoyancy, which is the centroid of the displaced
fluid volume. This is not necessarily the same as the object's center of gravity. The relative positions of
these two points determine stability, which is covered in the equilibrium section below.
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Common mistake: Students sometimes use the object's total volume when the object is only partially
submerged. Always use the volume of the displaced fluid, which for a partially submerged object is just the
submerged portion.

Conditions for Floating vs. Sinking

What determines whether an object floats or sinks comes down to comparing the object's density to the
fluid's density.

Floating (Pobject < Priuid): The object displaces enough fluid before it's fully submerged to support its own
weight. It settles at a depth where Fb = Wopject. Examples: wood in water (Owood = 500—700 kg/m?3), oil
floating on water.

Sinking (Pobject = Priuid): Even fully submerged, the object can't displace enough fluid to match its own
weight, so there's a net downward force. Examples: a stone in water, solid steel in water (
Psteel = 7850 kg/m?).

Neutral buoyancy (Pobject = Priuid): The object's weight exactly equals the buoyant force when fully
submerged. It will remain suspended at whatever depth it's placed, with no tendency to rise or sink. Fish
achieve this by adjusting their swim bladders, and submarines do it by flooding or emptying ballast tanks.

Equilibrium of Floating Objects

For a floating object at rest, the buoyant force and the object's weight are in balance:

Fo = Wopject

Expanding this:

Privid Vdisplaced @ = Mopject 9

The 9 cancels, giving a useful relationship for finding how much of the object sits below the surface:

— Mobject
Vdispfaced = pi,lj;c

This tells you the submerged volume directly. For example, an iceberg with density = 917 kg/m3 floating
in seawater (= 1025 kg/mB) has about 917/1025 = 89.5% of its volume submerged. That's why only
a small fraction is visible above the waterline.

Stability of floating objects:
Stability depends on the relative positions of three points:
* Center of gravity (G): where the object's weight acts.
« Center of buoyancy (B): the centroid of the displaced fluid volume.

* Metacenter (M): the point where the line of action of the buoyant force (when the object is slightly
tilted) intersects the original vertical line through B.

The stability rule is straightforward:
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« If M is above G, the object is stable. A small tilt creates a restoring moment that pushes it back
upright.

« If M is below G, the object is unstable. A small tilt creates an overturning moment, and the object
capsizes.

« If M coincides with G, the object is in neutral equilibrium.

Ship designers pay close attention to the metacentric height GM (the distance from G to M). A larger GM
means greater stability, which is why cargo ships are loaded so that heavy items sit low, keeping G well
below M.

4.2 Stability of Floating Bodies
Stability and Equilibrium Concepts

Stability analysis tells you whether a floating body will right itself after being disturbed or tip over. This is
foundational for designing anything that floats, from cargo ships to offshore platforms. The core tool here is
metacentric height (GM), which quantifies a floating body's resistance to tilting.

Stability and Equilibrium of Floating Bodies

Stability is a floating body's tendency to return to its original upright position after being disturbed by wind,
waves, or changes in loading. A stable body "fights back" against tilting; an unstable one keeps going over.

Equilibrium is the state where the body is at rest with zero net force and zero net moment. For a floating
body, this requires two conditions:

* The body's weight equals the buoyant force
* The center of gravity (G) and center of buoyancy (B) are vertically aligned

Both conditions must hold simultaneously. If G and B aren't aligned vertically, the body experiences a
moment that causes it to rotate.

Types of Equilibrium
The three types of equilibrium are distinguished by the relative positions of the metacenter (M) and the
center of gravity (G):

Stable equilibrium: M is above G, giving a positive metacentric height (GM > 0). When tilted, the body
generates a restoring moment that brings it back upright. Think of a wide-hulled boat with heavy ballast low
in the hull.

Unstable equilibrium: M is below G, giving a negative metacentric height (GM < 0). When tilted even
slightly, the body generates an overturning moment that pushes it further from its original position. A tall,
narrow vessel with top-heavy loading behaves this way.

Neutral equilibrium: M coincides with G, so GM = 0. When tilted, the body simply stays in its new position.
There's no restoring moment and no overturning moment. A perfectly symmetrical object with uniform
mass distribution can exhibit this behavior.
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Quick check: If M is above G — stable. If M is below G — unstable. If M equals G - neutral.

Factors Affecting Stability and Stability Analysis
Key Factors in Floating Body Stability

Center of gravity (G) is the point where the body's total weight effectively acts. It depends entirely on how
mass is distributed within the body. Lowering G improves stability, which is why ships carry heavy cargo
and ballast as low as possible.

Center of buoyancy (B) is the centroid of the displaced fluid volume, and it's where the buoyant force
effectively acts. Here's the critical detail: B shifts position when the body tilts, because the shape of the
submerged volume changes. This shift is what creates (or fails to create) a restoring moment.

Metacenter (M) is defined as the point where the vertical line through the new center of buoyancy (B')
intersects the original vertical centerline when the body is given a small angular displacement. The vertical
distance from G to M is the metacentric height (GM), and it's the single most important parameter for
stability.

Shape and dimensions play a major role. Wider, shallower bodies tend to be more stable than narrow,
deep ones. A flat barge is inherently more stable than a narrow canoe because the wider waterplane area
produces a larger metacentric radius (more on this below).

Stability Analysis: Calculating GM

The standard approach to stability analysis follows these steps:
1. Calculate the metacentric height using:

GM =KB + BM — KG

where: - KB = vertical distance from the keel (K, the lowest point of the hull) to the center of buoyancy (B) -
BM = metacentric radius, calculated as BM = é where [ is the second moment of area (moment of inertia)
of the waterplane about the longitudinal axis, and V is the total displaced volume of fluid - KG = vertical
distance from the keel (K) to the center of gravity (G)

Notice that BM = % is where shape matters most. A wider waterplane gives a larger /, which increases BM
, which increases GM. That's the mathematical reason wide boats are more stable.

1.

Interpret the result: - GM > 0: Stable equilibrium. The body will return upright after a small tilt. - GM < O:
Unstable equilibrium. The body will capsize when disturbed. - GM = 0: Neutral equilibrium. The body
remains at whatever angle it's displaced to.

2.

Evaluate loading conditions. Adding, removing, or shifting weight changes the position of G and therefore
changes KG. For example, stacking containers high on a cargo ship raises G, reduces GM, and can push
the vessel toward instability. Proper ballast and even cargo distribution are essential to maintaining a safe
positive GM.

3.

Account for external forces. Wind, waves, and currents apply tilting moments to the body. The restoring
moment from a positive GM must be large enough to counteract these. A sailboat heeling under wind load
stays upright because the shift in B creates a restoring moment that balances the wind's overturning
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moment. If GM is too small, even moderate external forces can capsize the vessel.

Common mistake: Students sometimes confuse BM with GM. Remember that BM is the metacentric
radius (a geometric property of the displaced volume and waterplane), while GM is the metacentric height
(the actual stability indicator that accounts for where G sits).

4.3 Metacenter and Metacentric Height

Metacenter and Metacentric Height

Metacentric height tells you whether a floating object will right itself after being tilted or tip over entirely. It's
the vertical distance between an object's center of gravity and its metacenter, and it's the single most
important parameter in assessing the initial stability of ships, barges, and other floating structures.

Metacenter Concept and Significance

When a floating body is in its upright equilibrium position, the center of buoyancy (B) sits directly below the
center of gravity (G). But when the body tilts slightly, the submerged shape changes, and B shifts to a new
location. The metacenter (M) is the point where the vertical line through this new center of buoyancy
intersects the original centerline of the body.

Think of M as the effective pivot point for small rotations. The stability of the floating body depends entirely
on where M sits relative to G:

» M above G (stable equilibrium): The buoyant force creates a restoring moment that pushes the body
back upright. Most well-designed ships operate this way.

* M below G (unstable equilibrium): The buoyant force creates an overturning moment, and the body
will continue to roll until it capsizes. A top-heavy canoe flipping over is a classic example.

« M coinciding with G (neutral equilibrium): No restoring or overturning moment exists. The body stays
at whatever angle it's displaced to.

Calculation of Metacentric Height

Metacentric height (GM) is the distance from G up to M. The standard relationship is:
GM =BM - BG

where: - BM is the distance from the center of buoyancy to the metacenter - BG is the distance from the
center of buoyancy to the center of gravity

Note the sign convention: if G is above B (the usual case), BG is positive. If M ends up below G, then GM
comes out negative, signaling instability.

Finding BM:

BM is calculated from the geometry of the waterplane (the cross-section where the object meets the water
surface) and the displaced volume:

BM =

<l-

where: - | = second moment of area (moment of inertia) of the waterplane about the longitudinal axis of tilt -
V = volume of fluid displaced by the body

For common shapes:
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* Rectangular cross-section (barges, pontoons): The waterplane is a rectangle of breadth b and length
L sol= Ll—b; about the rolling axis.

- Circular cross-section (floating cylinders, oil drums): / = ”Tra, where I is the radius of the waterplane
circle.

A wider waterplane gives a larger /, which pushes M higher and increases stability. That's why wide,
flat-bottomed vessels are inherently more stable than narrow, deep-hulled ones.

Metacentric Height vs. Stability Relationship

The sign and magnitude of GM both matter:

- Positive GM: Stable. The body returns to upright after a small disturbance. Floating docks and cargo
barges are designed with comfortably positive GM values.

* Negative GM: Unstable. Any small tilt grows into a capsize. This happens when a vessel is loaded too
high or unevenly.

- Large positive GM: Very stable, but the restoring force is strong, which means the vessel snaps back
quickly. This produces a short, uncomfortable rolling period for passengers and can stress the
structure.

- Small positive GM: Less stable, with a gentler, slower roll. Cruise ships are often designed with a
moderate GM to balance safety with passenger comfort.

The tradeoff to remember: large GM = more stable but harsher ride; small GM = smoother ride but less
margin for error.

Problem-Solving with Metacentric Height

When working through stability problems, follow these steps:

1. Identify the geometry. Determine the shape of the waterplane area and calculate / about the axis of
tilt.

2. Find the displaced volume V. Use the submerged dimensions of the body or apply Archimedes'
principle (V = p—"‘g, where W is the weight of the body and P is the fluid density).

3. Calculate BM using BM = {.

4. Locate B and G. B is at the centroid of the submerged volume. G depends on the weight distribution
of the object. Find the vertical distance BG between them.

5. Compute GM = BM — BG. A positive result means stable; negative means unstable.
Factors that shift stability during a problem:
- Cargo loading or shifting changes the location of G. Adding weight high up raises G and reduces GM.
« Hull damage or shape changes alter the waterplane area, which changes / and therefore BM.
« Flooding of compartments changes both the displaced volume V and the position of B.

A note on the angle of vanishing stability: The formula Omax = ta n~t (‘;—’g’) is sometimes presented as a

simplified estimate, but be cautious with it. In practice, the angle at which a vessel loses stability depends
on the full righting arm curve (GZ curve), which accounts for how the geometry of the submerged hull
changes at large heel angles. For small-angle (initial) stability problems in this course, GM is the key
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parameter. For large-angle stability, you'd need the complete GZ analysis.
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Unit 5 — Fluid Kinematics

5.1 Eulerian and Lagrangian Descriptions

Eulerian and Lagrangian Descriptions of Fluid Motion

Fluid motion can be described using two fundamentally different approaches: Eulerian and Lagrangian.
The Eulerian method fixes your attention on specific points in space and watches fluid properties change
as the flow passes through. The Lagrangian method picks out individual fluid particles and follows them on
their journey through the flow field.

Think of it this way: the Eulerian approach is like standing on a bridge and measuring the river's speed,
temperature, and depth at that one spot over time. The Lagrangian approach is like tagging a leaf on the
water's surface and tracking everywhere it goes. Both give you valid descriptions of the same flow, but
they're suited to different problems.

Eulerian vs. Lagrangian Descriptions

Eulerian description focuses on fluid properties at fixed points in space.

* You pick a location (or a control volume like a section of pipe) and observe how velocity, pressure,
density, and temperature evolve there over time.

* Uses a fixed coordinate system (X, ¥, Z) that doesn't move with the fluid.

* This is the standard framework in most of fluid mechanics and is the basis for computational fluid
dynamics (CFD) simulations. Whenever you write a field like V(x, y, z, t), you're working in the
Eulerian frame.

Lagrangian description tracks the motion and properties of individual fluid particles.

* You label a specific parcel of fluid and follow it as it moves, recording its position, velocity, and other
properties as functions of time.

« Uses a coordinate system that moves with the particle. The particle's position is given by r(t), and all
properties are expressed as functions of the particle's identity and time.

« Particularly useful when you care about what happens to a specific fluid element, such as how long it
spends in a reactor (residence time), how pollutants disperse, or how droplets and bubbles behave in
multiphase flows.

Eulerian Analysis of Fluid Flow

In the Eulerian approach, you define a fixed region of interest and describe everything in terms of spatial
coordinates and time.

1. Select a control volume or fixed point in the flow domain (e.g., a pipe inlet, a nozzle cross-section, or
a grid point in a simulation).

2. Express fluid properties as field variables that depend on position and time: - Velocity: \7(X, v,z t)
gives the speed and direction of flow at each point - Pressure: P(X, ¥, Z, t) is the force per unit area -
Density: P(x, ¥, 2, t) is the mass per unit volume - Temperature: T(x, ¥, z,t) characterizes the thermal
state
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3. Analyze how these properties change over time at each fixed location. For steady flow, the partial
time derivatives vanish; for unsteady flow, they don't.

4. Apply conservatlon equatlons written in Eulerian form to govern the flow: - Continuity (mass
conservation): 2 + V - (pV) 0 - Momentum (Navier-Stokes): p%‘t/ =—-VP+V-T+ pg - Energy:
pR=-V-q- P(V V) + o

Notice that the momentum and energy equations use the material derivative D%, which is itself a bridge
between the two descriptions. It equals a% + V-V, combining the local (Eulerian) time rate of change with
the convective change due to fluid motion.

Lagrangian Tracking of Fluid Particles

In the Lagrangian approach, you follow identified fluid parcels and apply mechanics directly to them.

1. Identify and label fluid particles of interest. In experiments, this might mean injecting dye or tracer
particles. In simulations, you assign each particle a unique identifier.

2. Define kinematic quantities that move with the particle: - Position: F(t) gives the particle's location at

time t - Velocity: V(t) = "'—’ - Acceleration: a(t) = ﬂ = g_iz

3. Apply Newton's second law to each particle: F = m3. The forces acting on a fluid particle typically

include pressure gradient forces, gravitational body forces, and viscous (shear) forces from surrounding

fluid.

4. Track the resulting trajectories. The path traced by a single particle over time is called a pathline.
This is distinct from a streamline (a curve everywhere tangent to the velocity field at a single instant)

and a streakline (the locus of all particles that have passed through a given point). For steady flows, all

three coincide; for unsteady flows, they differ.

Advantages and Limitations

Eulerian description
» Advantages:

+ Natural framework for applying conservation equations with standard boundary conditions (no-slip
walls, specified inflow/outflow)

» Works well for both steady-state and transient analysis of flow through fixed geometries (nozzles,
diffusers, heat exchangers)

+ Scales efficiently in computation because the grid is fixed
* Limitations:
* Gives no direct information about individual particle histories or trajectories

* Resolving sharp gradients or complex features like flow separation and recirculation zones may
require very fine mesh resolution

Lagrangian description
» Advantages:

* Provides detailed particle-level information: residence time, mixing history, dispersion patterns
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* Handles free surfaces and multiphase flows (droplets, bubbles, sediment transport) more naturally,
since you track each phase explicitly

* No numerical diffusion from advection schemes, since particles carry their own properties
+ Limitations:
» Computationally expensive when tracking large numbers of particles

* Applying conservation equations and boundary conditions (especially particle-wall interactions) is
more complex

+ Flows with large deformations can cause particles to cluster or spread unevenly, sometimes requiring
redistribution or re-meshing

In practice, many modern simulations use hybrid approaches. For example, an Eulerian grid solves the
bulk flow equations while Lagrangian particles track dispersed phases like fuel droplets in a combustion
chamber. Understanding both frameworks and how they connect through the material derivative is
essential for the rest of fluid kinematics.

5.2 Velocity and Acceleration Fields
Velocity and Acceleration Fields

Velocity and acceleration fields

In fluid mechanics, you often need to describe what every bit of fluid is doing at every location and every
instant. That's what velocity and acceleration fields do: they assign a vector (magnitude + direction) to each
point in the fluid domain.

Velocity field \7(?, t) assigns a velocity vector to each point in the fluid, where F is the position vector and t
is time. Think of a weather map showing wind speed and direction at every location. The velocity field
captures the instantaneous speed and direction of fluid particles at each point.

Acceleration field a(F, t) assigns an acceleration vector to each point, describing how quickly and in what
direction the velocity is changing. For example, air accelerating as it flows over a curved airplane wing has
a spatially varying acceleration field.

Together, these two fields give you a complete description of fluid motion in both space and time. The
velocity field tells you what the fluid is doing right now; the acceleration field tells you how that motion is
changing.

Partial derivatives for fluid components

Velocity and acceleration are vectors, so in Cartesian coordinates you break them into components and
work with each one separately.

Velocity components:
V=ui+vj+wk

Here U, v, and W are the velocity components in the X, ¥, and Z directions. Each component is generally a
function of position and time: U = U(x, y, Z, t) and likewise for V and W.
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Acceleration components:

The acceleration of a fluid particle is not simply a\7/at. Because a fluid particle moves through a spatially
varying velocity field, you must account for both time changes and spatial changes. The full expressions
are:
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In each expression, the first term (8u/ot, etc.) is the local acceleration, the change at a fixed point over
time. The remaining three terms together form the convective acceleration, the change a particle
experiences because it moves into a region where the velocity is different. A classic example: steady flow
through a converging nozzle has zero local acceleration (nothing changes in time at any fixed point), but
the fluid still accelerates because it moves into regions of higher velocity.

Vector plots of fluid fields

Vector plots and streamlines are the main tools for visualizing velocity and acceleration fields.

Vector plots draw an arrow at each point in the domain. Arrow length represents magnitude, and arrow
direction represents the vector's direction. A wind velocity map is a familiar example.

Streamlines are curves that are everywhere tangent to the velocity field at a given instant. They show the
direction of flow throughout the domain, much like smoke trails in a wind tunnel. Where streamlines are
packed closely together, the fluid speed is high; where they spread apart, the speed is low.

What to look for when analyzing these plots:

« Stagnation points where the velocity is zero (the flow "stalls"). These appear, for instance, at the
leading edge of an airfoil.

* Vortices where streamlines form closed loops or spirals, indicating rotational motion. Vortex shedding
behind a cylinder is a common example.

* Velocity gradients where streamlines crowd together or vectors change rapidly over short distances.
These regions often correspond to significant shear stresses, such as inside a boundary layer near a
solid wall.

Material derivative in fluid descriptions

There are two fundamental ways to describe fluid motion, and the material derivative is the bridge between
them.

Eulerian description: You pick fixed points in space and record what the fluid is doing as it passes through.
The velocity and acceleration fields V/(F, t) and a(F, t) are Eulerian quantities. This is like standing on a
bridge and measuring river speed below you.

Lagrangian description: You tag individual fluid particles and follow them as they move, tracking each
particle's position, velocity, and acceleration over time. This is like dropping a GPS tracker into the river
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and recording its trajectory.

The material derivative (also called the substantial or total derivative) converts between these two
viewpoints. It gives the rate of change of any fluid property as experienced by a moving fluid particle, using
Eulerian field variables.

For a scalar property ¢ (such as temperature or pressure):
D¢ _ 3¢ ap P g

Or in compact vector notation: % = % + (V- V)¢

For the velocity itself, the material derivative gives the acceleration of a fluid particle:

This is exactly the acceleration field from the previous section, now written in compact form. The two
pieces have clear physical meaning:

. %—‘;’ is the local (unsteady) term: how the velocity at a fixed point changes over time.

. (\7- V)\7 is the convective term: the change a particle picks up by moving through a spatially
non-uniform field.

A steady flow (nothing changes in time) can still have nonzero acceleration through the convective term.
And a spatially uniform flow can still have acceleration through the local term if it's changing in time. Both
contributions matter in general.

5.3 Streamlines, Pathlines, and Streaklines

Fluid Particle Trajectories

Fluid particle trajectories are the primary tools for understanding how fluid actually moves through space.
Streamlines, pathlines, and streaklines each capture a different aspect of fluid motion, and knowing when
to use each one is essential for flow visualization and analysis.

A critical fact to internalize: in steady flow, all three trajectories are identical. They only diverge from each
other under unsteady conditions. This distinction shows up repeatedly in problems and exams.

Streamlines, Pathlines, and Streaklines

These three trajectory types answer different questions about the same flow.

Streamlines are a family of curves that are instantaneously tangent to the velocity vector at every point in
the flow field. They answer: "If | froze the flow right now, which direction would fluid be heading at each
location?"

» Streamlines are a snapshot of the entire velocity field at a single instant in time.

+ A fluid element at any point will travel in the direction indicated by the streamline passing through that
point, at that instant.

« Streamlines never cross each other in a well-defined velocity field (if they did, a fluid particle at the
intersection would have two simultaneous velocity directions, which is physically impossible).

Pathlines trace the actual trajectory of a single fluid particle over a period of time. They answer: "Where
has this specific particle been?"
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* Think of attaching a tiny GPS tracker to one fluid particle and recording its position over time.
* A dye particle released into a river traces out a pathline as it moves downstream.

Streaklines connect the current positions of all fluid particles that have passed through a specific fixed point
in the past. They answer: "Where are all the particles now that once passed through this point?"

+ Continuously injecting dye or smoke at a fixed location produces a streakline. The visible trail you see
at any instant is the streakline.

» Smoke rising from a chimney is a classic streakline: every smoke particle passed through the chimney
opening, and the visible plume shows where all those particles are right now.

Visualization of Fluid Flow

Steady flow

In steady flow, the velocity field does not change with time. Because of this, all three trajectory types
collapse into the same curves. A particle released from a point follows the same path as every particle
before it, and the instantaneous velocity directions don't shift. Laminar flow in a straight pipe is a good
example: streamlines, pathlines, and streaklines are all parallel lines along the pipe axis.

Unsteady flow

When the velocity field changes over time, the three trajectories diverge from one another:

« Streamlines shift from instant to instant because the velocity vectors themselves are changing. A
streamline drawn at t = 0 may look completely different from one drawn at t = 1.

« Pathlines reflect the cumulative history of a particle that experienced different velocity fields at
different times, so they won't match any single instantaneous streamline.

« Streaklines connect particles that were released at different times (and therefore experienced different
velocity fields), so they form yet another distinct curve.

Flow around a bluff body with vortex shedding is a standard example where all three differ.

How to sketch each one

» Streamlines: At a given instant, draw curves that are tangent to the velocity vector at every point. No
two streamlines cross.

« Pathlines: Pick a single particle and track its position through time, plotting each successive location.

« Streaklines: Mark a fixed release point, then plot the current positions of all particles that have passed
through that point over time. Connect those positions.

Streamlines and Velocity Fields

The defining mathematical property of a streamline is that the velocity vector Vv is everywhere tangent to it.
For a two-dimensional flow with velocity components U and V, the streamline equation is:

dx
u

<2

This comes directly from the requirement that the streamline direction matches the velocity direction at
every point.
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Streamline patterns reveal key flow features:

* Sources and sinks: Streamlines diverge radially outward from a source or converge inward toward a
sink. Flow draining into a sink (like water into a drain) shows converging streamlines.

* Vortices: Streamlines form closed circular or spiral patterns. A tornado is a dramatic real-world
example.

« Stagnation points: Streamlines appear to meet or split at points where the local velocity is zero.

Closely spaced streamlines indicate higher velocity (the fluid is being squeezed through a smaller effective
area), while widely spaced streamlines indicate lower velocity. This is directly visible in a converging
nozzle, where streamlines bunch together as the cross-section narrows.

Fluid Particle Behavior Analysis

Pathline computation

To compute a pathline, you integrate the velocity field over time. Starting from position Xo at time to:
t

X(t) = Xo + [ VIX(t), t') dt’

This is an initial value problem: you need both the velocity field and the particle's starting position. In
unsteady flow, pathlines can cross streamlines because the streamlines themselves are shifting over time.
A particle in a von Karman vortex street, for instance, may weave back and forth across the instantaneous
streamline pattern.

Streakline formation

Streaklines are built by tracking the current positions of all particles continuously released from a fixed
point. Each particle in the streak was released at a different time, so in unsteady flow, each one has
experienced a different velocity history. This is why streaklines reflect the time-varying nature of the flow
and generally differ from both streamlines and pathlines under unsteady conditions.

In steady flow, every particle released from the same point follows the same path, so the streakline,
pathline, and streamline through that point all coincide.

Practical applications

Analyzing pathlines and streaklines provides insight into several engineering problems:

1. Mixing and dispersion: Pathlines reveal how fluid particles spread through a domain. Pollutant
dispersion in the atmosphere, for example, is studied by tracking particle trajectories through a
time-varying wind field.

2. Residence time distribution: In chemical reactor design, pathlines determine how long fluid elements
spend inside the reactor, which directly affects reaction yield.

3. Recirculation and stagnation: Streaklines and pathlines help identify recirculation zones (where fluid
gets trapped in a loop) and stagnation points (where velocity drops to zero), such as the separated flow
region behind an obstacle.
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5.4 Vorticity and Rotation

Vorticity and Rotation in Fluid Mechanics

Vorticity quantifies the local spinning motion of fluid particles, telling you how and where rotation exists
within a flow field. It's central to understanding phenomena like turbulence, boundary layer development,
and vortex formation. Vorticity arises from velocity gradients and shear stresses, and its presence (or
absence) fundamentally shapes how momentum, heat, and mass move through a fluid.

Vorticity in Fluid Flow
Vorticity is defined as the curl of the velocity field:
W=VxV

In Cartesian coordinates, the three components are:

=W _ 9V
wx_ay 3z
— W _ w
Wy = 52 aX
=9V _ au
o')Z_ax ay

Each component captures the rotation in a particular plane. For a 2D flow in the X¥-plane, only Wz is
nonzero, which simplifies analysis considerably.

Vorticity is a vector quantity: - Its direction indicates the axis about which the local rotation occurs
(determined by the right-hand rule). - Its magnitude indicates the intensity of that rotation. Higher values
mean more vigorous local spinning.

Where does vorticity come from? It's generated wherever fluid layers slide past each other at different
speeds. Two common sources: - Shear at boundaries: The no-slip condition at a solid wall forces the
velocity to zero at the surface while the flow moves freely farther away, creating steep velocity gradients
and strong vorticity (e.g., boundary layers, wakes). - Non-uniform velocity distributions: Flow around
obstacles, jets issuing into quiescent fluid, and mixing layers all produce velocity gradients that generate
vorticity.

Vorticity-Rotation Relationship
Vorticity is directly tied to the angular velocity of a fluid element. The key relationship is:
W=2Q

where @ is the angular velocity of the fluid particle. So if you know the vorticity at a point, you immediately
know how fast the fluid element there is spinning: it rotates at half the vorticity magnitude.

An important distinction to keep straight: - Vorticity is a local property. It can vary from point to point within
the flow field. - Rotation is sometimes used to describe the overall behavior of the flow, but in fluid
kinematics, what matters most is the local vorticity at each point.

Sign conventions (using the right-hand rule): - Positive vorticity corresponds to counterclockwise rotation. -
Negative vorticity corresponds to clockwise rotation.

A fluid particle with nonzero vorticity physically rotates as it translates along its path. Even if the
streamlines look smooth and orderly, the individual fluid elements can still be spinning.
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Irrotational vs. Rotational Flows

This distinction is one of the most important classifications in fluid kinematics.

Irrotational flows have & = 0 everywhere: - Fluid particles translate and may deform, but they do not
rotate about their own axes. - These flows can be described using a velocity potential ¢ (where V= Vo),
which is why they're also called potential flows. - Examples: flow far from solid boundaries around a
cylinder, uniform free-stream flow, idealized flow through a converging nozzle.

Rotational flows have @ # 0 in at least part of the domain: - Fluid particles spin as they move, carrying
nonzero angular velocity. - Viscous effects are almost always the root cause, since viscosity creates the
shear that generates vorticity. - Examples: - Vortices: tornadoes, whirlpools, wingtip vortices - Boundary
layers: flow near a flat plate, flow in a pipe (the velocity profile is non-uniform, so vorticity is present
throughout) - Wakes: the disturbed flow region behind a bluff body like a cylinder or a vehicle

A useful mental check: if the velocity profile is non-uniform (not all layers moving at the same speed), the
flow is almost certainly rotational in that region.

Effects of Vorticity

Vorticity has several major consequences in real flows:

Vortex and eddy formation. Regions of concentrated vorticity organize into coherent structures.
Large-scale examples include hurricanes and dust devils. Smaller-scale eddies form in turbulent flows and
play a key role in energy cascading from large scales down to small scales where viscosity dissipates it.

Enhanced mixing and transport. Vorticity dramatically increases the rate at which momentum, heat, and
mass are mixed between fluid layers. A turbulent jet, for instance, entrains and mixes with surrounding fluid
far more effectively than a laminar one, precisely because of the vorticity-driven eddies within it. This is
why stirring (which introduces vorticity) is so effective at mixing.

Boundary layer development and flow separation. Vorticity is generated at solid surfaces due to the no-slip
condition. As this vorticity diffuses and convects into the flow, it forms the boundary layer. When the
boundary layer encounters an adverse pressure gradient (pressure increasing in the flow direction), it can
separate from the surface. Separation creates recirculation zones, vortex shedding, and wakes, all of
which increase drag. Classic examples include flow over the back of an airfoil at high angle of attack and
flow around a circular cylinder.

Circulation in Fluid Rotation

Circulation provides a macroscopic, scalar measure of rotation. While vorticity tells you what's happening
at a single point, circulation tells you the net rotational effect around an entire closed curve.

It's defined as the line integral of velocity along a closed path C:
r=¢.v-ds

« Positive I': net counterclockwise rotation

* Negative I": net clockwise rotation

« Zero [": no net rotation enclosed by the curve (though local vorticity could still exist if positive and
negative regions cancel)

Stokes' theorem connects circulation to vorticity:
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r=[.0-dA

This says the circulation around a closed curve equals the total vorticity flux through any surface bounded
by that curve. For an irrotational flow (& = O everywhere inside the loop), circulation is zero. This theorem
is what makes circulation such a powerful analytical tool: you can evaluate a surface integral of vorticity or
a line integral of velocity, whichever is easier.

Practical applications of circulation:
+ Aerodynamic lift: The Kutta-Joukowski theorem directly relates lift per unit span to circulation:
L'=poVel

where P« is the freestream density and V'« is the freestream velocity. This is how potential flow theory
predicts lift on airfoils and wind turbine blades. The circulation around the airfoil is established by viscous
effects (the Kutta condition) but can be computed using inviscid theory once established.

* Vortex strength: The strength of a vortex is characterized by its circulation. A tornado with higher
circulation is more intense. For an ideal (Rankine or free) vortex, circulation remains constant along any
loop enclosing the vortex core, regardless of the loop's size.
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Unit 6 — Control Volume Analysis

6.1 Reynolds Transport Theorem
Control Volumes and the Reynolds Transport Theorem

Control volumes in fluid mechanics

A control volume is an imaginary region in space that you define as the boundary for analyzing fluid flow.
Unlike a system (which tracks a fixed mass of matter as it moves), a control volume stays put while fluid
passes through it. This distinction is fundamental: most problems in engineering involve fluid flowing
through a device, so tracking a fixed region is far more practical than chasing a blob of fluid downstream.

The boundary of a control volume is called the control surface, and fluid is free to cross it at inlets and
outlets. Control volumes can be:

* Fixed in space (e.g., a section of pipe bolted to a wall)
» Moving at constant velocity (e.g., a reference frame attached to a moving vehicle)
» Deforming over time (e.g., the interior of a balloon being inflated)

Typical applications include flow through pipes, HVAC ducts, turbines, and open channels like rivers or
canals.

Derivation of Reynolds Transport Theorem

Conservation laws (mass, momentum, energy) are naturally written for a system of fixed mass. But we
want to apply them to a control volume where mass flows in and out. The Reynolds Transport Theorem
(RTT) is the bridge between these two viewpoints. It tells you how the rate of change of any extensive
property for a system relates to what's happening inside a control volume and what's crossing its surface.

Extensive vs. intensive properties. An extensive property B depends on the total amount of matter
(examples: total mass, total momentum, total energy). Every extensive property has a corresponding
intensive property b, which is B per unit mass. The two are related by:

B=[.bpdV
where P is the fluid density and dV is a differential volume element.

The RTT equation:

Dg?’s = %-’lcvbpdv-i- Icsbp(v ﬁ) dA

Each term has a clear physical meaning:

Term Meaning
% Rate of change of B for the system (the physics side, from

conservation laws)

aitfcvb e av Rate of accumulation (or depletion) of B stored inside the
control volume
‘A et flux of B out through the control surface
csPp(V-n)dA Net flux of B out through th I surf

Key details on the flux term:
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. \7 is the fluid velocity vector.
* A is the outward-pointing unit normal on the control surface.

* The dot product V-his positive where fluid leaves the CV (outflow) and negative where fluid enters
(inflow). This sign convention is what makes the integral give you the net outflow automatically.

+ dA is a differential area element on the control surface.

Applications of Reynolds Transport Theorem

The RTT becomes a specific conservation equation once you choose which extensive property B (and its
intensive counterpart b) to plug in.

1. Conservation of Mass

Dmsys _ R
ot~ = 0, giving:

Set b =1 (so B = m, the total mass). Since mass is conserved,
[ pdv+ [ .p(V:-A)dA=0

This says that any increase in mass stored inside the CV must be balanced by a net inflow through the
surface. For steady flow, nothing changes with time inside the CV, so the storage term vanishes and you
get:

[ep(V-R)dA=0
which simply means mass in equals mass out.
2. Conservation of Momentum

Set b = V (so B = mV, the total momentum). Newton's second law says D(mT\?s” = > F, giving:
SF=2[  Vpdv+ [ Vp(V-i)dA

Here ZI? includes all external forces on the CV contents: pressure forces at inlets/outlets, gravity (body
force), shear stresses on walls, and any reaction forces from supports. This equation is the workhorse for
calculating forces on pipe bends, nozzles, and vanes.

3. Conservation of Energy
Setb=e+ Y% + gz, where:
» € = specific internal energy
. VTZ = specific kinetic energy
« 92 = gpecific potential energy (with Z measured from a reference datum)
The first law of thermodynamics for the system gives:
Q-W=2[ (e+L+gz)pdv+ [ (e+¥ +gz)p(V 7A)dA
. Q is the rate of heat transfer into the CV (positive in).

« W is the rate of work done by the CV on its surroundings (positive out). This includes shaft work,
pressure work at the boundaries, and shear work.

Pattern to remember: Every application of the RTT follows the same three steps: (1) pick the extensive
property and its intensive counterpart, (2) set the left side equal to whatever the relevant conservation law
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says (zero for mass, net force for momentum, net heat/work for energy), and (3) evaluate the storage and
flux integrals for your specific control volume geometry and flow conditions.

6.2 Conservation of Mass (Continuity Equation)

Conservation of Mass (Continuity Equation)

The conservation of mass principle gives you a way to track fluid as it moves through a system. Because

mass can't be created or destroyed, any fluid entering a control volume must either accumulate inside it or
leave through an outlet. The continuity equation is the mathematical statement of this balance, and it's one
of the most-used tools in fluid mechanics for analyzing pipes, nozzles, ducts, and branching flow networks.

Conservation of Mass Equation

A control volume is a fixed region in space that you define for analysis. Fluid flows into and out of this
region through its boundary, called the control surface. Think of it like drawing an invisible box around a
section of pipe: you don't track individual fluid particles, you just monitor what crosses the boundaries.

The mass balance for a control volume says: the rate of change of mass stored inside the control volume,
plus the net mass flux leaving through the control surface, equals zero.

3 pdV+ [ pV-AdA=0
Here's what each term means:
+ P — fluid density (kg/m?)
V— velocity vector of the fluid (m/s)
* n — outward-pointing unit normal vector on the control surface
« dV — differential volume element (m?)
+ dA — differential area element on the control surface (m?)

The first integral tracks how much mass is accumulating (or depleting) inside the control volume over time.
The second integral sums up the mass flux across every part of the control surface. The dot product VA
is positive where flow leaves (outflow) and negative where flow enters (inflow), which is why this single
integral captures the net mass flow.

Continuity Equation Simplification
Two assumptions dramatically simplify the general equation:

Steady-state flow means flow properties at any fixed point don't change with time. The storage term drops
out:

a%fcvpdv: 0

Incompressible flow means density P is constant throughout the fluid. Since P doesn't vary, you can pull it
out of the surface integral and then cancel it entirely.

With both assumptions, the continuity equation reduces to:

[V AdA=0
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For a control volume with one inlet and one outlet where velocity is uniform across each cross-section, this
becomes:

AinVin = AoutVout

where A is the cross-sectional area (m2) and V is the average velocity (m/s). Both sides represent the
volume flow rate Q@ (m3/s), so you can also write this as Qin = Qout.

This relationship is why fluid speeds up when it enters a narrower section of pipe. If the area shrinks by
half, the velocity must double to maintain the same volume flow rate. A venturi meter exploits exactly this
effect to measure flow speed.

Mass Flow Rate Calculations

The mass flow rate m is the mass of fluid passing through a cross-section per unit time (kg/s):
m = pQ = pAV

For steady, incompressible flow with multiple inlets and outlets (like a branching pipe junction),
conservation of mass requires:

zmin = zn:’out
Since P is constant and cancels, this is equivalent to:
zAinVin = onutVout
Solving a typical problem follows these steps:
1. Sketch the control volume and identify all inlets and outlets.
2. Write the continuity equation: ZQ,-,, = ZQout.
3. Substitute @ = AV for each inlet and outlet.
4. Plug in known values (densities, areas, velocities) and solve for the unknown.

Example: Water flows into a T-junction through a 0.1 m? pipe at 3 m/s. It exits through two branches: one
with area 0.06 m? at 2 m/s, and one with area 0.04 m2. Find the velocity in the second branch.

A1V =AV, + AsVs

(0.1)(3) =(0.06)(2) + (0.04)(V3)

0.3=0.12+0.04V;

V3=318=45m/s

The key takeaway for area-velocity relationships: in steady, incompressible flow, A1V1 = A>V2 A
decrease in cross-sectional area always produces a proportional increase in velocity, and vice versa. This

inverse relationship between area and velocity shows up constantly in nozzle design, pipe sizing, and flow
measurement devices.
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6.3 Conservation of Momentum

Conservation of Momentum in Fluid Mechanics

Conservation of momentum extends Newton's second law to fluid systems flowing through a control
volume. It connects the forces acting on a fluid to the rate at which momentum changes inside the control
volume and the net momentum carried across its boundaries. This is the tool you'll use to find forces on
pipe bends, nozzles, turbine blades, and many other engineering components.

Conservation of Momentum Equation

The starting point is Newton's second law applied to a system of fixed identity (a fixed collection of fluid
particles):

ZF = %(m V)system

where F is the net force, M is the system mass, and V is velocity. To make this useful for flow problems,
you convert from a system (which moves with the fluid) to a control volume (a fixed region in space) using
the Reynolds Transport Theorem. That conversion gives two terms:

Rate of change of momentum stored inside the CV: %J‘cvp V dV This term captures unsteady effects. If
the flow is steady, it drops to zero.

Net momentum flux across the control surface (CS): fcsp V(V* n) dA This accounts for momentum
carried in and out by the flow. The outward unit normal A means outflow is positive and inflow is negative.

Combining these, the integral form of the momentum equation is:
SF=2[ovdy + [ pV(V-A)dA

Key variables: - P = fluid density (mass per unit volume) - 4 = outward-pointing unit normal on the control
surface - dV = differential volume element inside the CV - dA = differential area element on the CS

Note that this is a vector equation. In practice, you'll write separate scalar equations for the X-, ¥-, and Z
-directions and solve each one independently.

Forces on Control Volumes

The left-hand side, ZF, includes every external force acting on the fluid inside the control volume. These
fall into three categories:

Pressure forces act perpendicular to the control surface at every point:
Fp=—[,phdA

The negative sign appears because pressure pushes inward on the fluid while n points outward. At inlets
and outlets with uniform pressure, this simplifies to P * A applied in the appropriate direction.

Shear (viscous) forces act tangentially along the control surface, caused by velocity gradients in the fluid:

Fs= [ .TdA
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where T is the shear stress vector. In many problems you choose the control surface so that it cuts through
regions of negligible shear (like at inlets and outlets with uniform flow), which lets you ignore this term.

Body forces act on the entire volume of fluid inside the CV. Gravity is the most common:
Fp= J.CVPQ dv=mcv9

where 9 is gravitational acceleration. For horizontal-flow problems with small fluid weight relative to other
forces, this term is often negligible.

Momentum Equation Applications

Steady-state problems are the most common type you'll encounter. When the flow doesn't change with
time, the storage term vanishes and the equation reduces to:

SF=[cpV(V-H)dA

For discrete inlets and outlets with uniform velocity at each port, this simplifies further to:

2F=2mV - 2myV

out in
where m=p Vavg A is the mass flow rate at each port. This is the form you'll use most often.
Steps for solving a steady momentum problem:

1. Sketch the physical setup and choose a control volume. Draw it so that inlets and outlets are at
locations where you know (or can find) pressure and velocity.

2. Draw a free-body diagram showing all external forces on the fluid inside the CV: pressure forces at
every opening, the reaction force from any solid surface (pipe wall, vane, etc.), and gravity if relevant.

3. Establish a coordinate system and write the momentum equation in each relevant direction.

4. Substitute known values for m, velocities, pressures, and areas. Use the continuity equation if you
need to relate velocities at different ports.

5. Solve for the unknown force or velocity.

Unsteady problems retain the full time-derivative term. Examples include flow during valve opening/closing,
water hammer, and filling or draining of tanks. These require tracking how conditions inside the CV change
with time and are generally more involved.

Common simplifying assumptions (apply only when justified):
+ Uniform velocity profiles at inlets/outlets (plug flow)
« Incompressible flow (P = constant)
* Negligible viscous forces on the control surface
+ Steady flow

» Atmospheric pressure at free surfaces or open jets

Momentum-Flux Correction Factor

Real velocity profiles are not perfectly uniform across a cross-section. The momentum-flux correction
factor B corrects for this non-uniformity so you can still use the average velocity Vavg in your calculations.
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It's defined as:
=1[ (v\?
B=4Ju(v5) dA
This is the ratio of the true momentum flux to what you'd calculate assuming a flat (uniform) profile at Vavg.

Typical values:

Flow Type Profile Shape B value
Uniform (plug flow) Flat 1.00

Fully developed laminar (circular pipe) Parabolic 4/3 =1.33
Fully developed turbulent (circular pipe)  Flatter, fuller 1.01t0 1.10

Because turbulent flow profiles are relatively flat, B is close to 1, and many turbulent-flow problems simply
set B= 1. For laminar flow, the 33% correction is significant and shouldn't be ignored.

With B included, the momentum equation for discrete inlets and outlets becomes:

DF=2BMVag — 2BMVayg
in

out
Or in full integral form:

ZF = aitfcvp Vdy + ICSIB P Vavg (Vavg ' f’i) dA
6.4 Conservation of Energy

Conservation of Energy in Fluid Mechanics

Energy conservation in fluid mechanics extends the first law of thermodynamics to flowing systems. It lets
you track how kinetic, potential, and internal energy change as fluid moves through a control volume, and it
accounts for any heat added or work extracted along the way. This is the foundation for analyzing turbines,
pumps, heat exchangers, and piping systems.

Conservation of Energy Equation

The energy equation for a control volume comes directly from the first law of thermodynamics: energy can't
be created or destroyed, only converted between forms.

General integral form:

3[epdv+ [ epV-dA=Q— W+ [ LpV-dA

Here's what each piece represents:
« € = total specific energy (kinetic + potential + internal, per unit mass)
+ P = fluid density
Ve velocity vector

» Q = rate of heat transfer into the control volume (e.g., heat added by combustion)

. Ws = rate of shaft work done by the system (e.g., work extracted by a turbine). The subscript S
distinguishes shaft work from flow work, which is already captured by the pressure integral on the right
side.

Fiveable archived study guides Page 46



* P = pressure

The first term on the left is the rate of energy storage inside the control volume. The second term is the net
energy flux leaving through the control surface. The right side accounts for heat transfer, shaft work, and
flow work (the pressure term that pushes fluid across the control surface).

Simplified form for steady flow with one inlet (1) and one outlet (2):
V712+gzl+%+u1+%='§+gzz+%+u2+%

« V = fluid velocity

« 9 = gravitational acceleration

* Z = elevation above a chosen reference datum

+ U = internal (thermal) energy per unit mass

« m = mass flow rate

The P/p terms are the flow work (sometimes called pressure energy). They represent the work done by
pressure forces to push fluid into and out of the control volume. Combined with internal energy, they form
enthalpy: h=u+ P/p. You'll often see the steady-flow energy equation written in terms of enthalpy
instead.

Forms of Energy

Three forms of energy appear in the control volume energy equation. Understanding each one helps you
decide which terms matter in a given problem.

Kinetic energy is energy due to the fluid's bulk motion:
KE=1mV? (or per unit mass: %)

This term becomes significant when velocity changes are large, such as flow accelerating through a nozzle
or decelerating into a diffuser.

Potential energy is energy due to elevation in a gravitational field:

PE =mgz (or per unit mass: gz)

This matters when there's a meaningful height difference between inlet and outlet. Think of water falling
through a hydroelectric turbine or being pumped up to a rooftop tank.

Internal energy (Y) is the microscopic energy associated with molecular motion and intermolecular forces.
It depends on the fluid's temperature and thermodynamic state. For example, steam entering a turbine at
high temperature carries significant internal energy. When friction or viscous effects convert mechanical
energy into heat, that energy shows up as an increase in U.

In the absence of heat transfer and shaft work, the total energy (kinetic + potential + internal + flow work) of
a steady flow system is conserved between inlet and outlet. If you can also neglect changes in internal
energy, you recover the simpler mechanical energy balance.

Energy Transfer and Problem-Solving

Energy enters or leaves a control volume through two mechanisms beyond the fluid flow itself: work and
heat transfer.
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Work is energy transfer due to a force acting over a distance:
W= [Fds

In fluid systems, shaft work is the most common type. Pumps do work on the fluid (adding energy), while
turbines extract work from the fluid (removing energy). The sign convention matters: Ws is positive when
the system does work on the surroundings (turbine), and Q is positive when heat flows into the system.

Power is the rate of energy transfer:

— aw
W= dt

For a pump or turbine with a known mass flow rate, the shaft power relates to the energy change per unit
mass by Ws=m ' ws.

Steps for solving energy equation problems:
1. Define the control volume. Draw boundaries and label all inlets and outlets.

2. List your assumptions. Is the flow steady? Incompressible? Is there one inlet and one outlet? Can
you neglect elevation changes or heat transfer?

3. Choose the right form of the energy equation. For steady, single-inlet/single-outlet flow, use the
simplified form above. For unsteady or multi-port problems, go back to the integral form.

4. Identify known and unknown quantities. Write down pressures, velocities, elevations, temperatures,
and any given pump/turbine power.

5. Substitute and solve. Plug in known values, keeping units consistent, and solve for the unknown.

Mechanical Energy Conservation

Mechanical energy is the sum of kinetic and potential energy:
ME =1mV? + mgz

When a flow is steady, incompressible, and inviscid (no friction or viscosity), and there's no shaft work or
heat transfer, mechanical energy is conserved along a streamline. This gives you the Bernoulli equation:

2 2
LDign+l=L+gz+2

Bernoulli is really a special case of the energy equation with all the "messy" terms (internal energy
changes, heat, work, friction) set to zero. It's powerful for quick analysis of things like flow through a

converging nozzle or a Venturi meter, but it breaks down whenever viscous effects are significant.

What happens with friction? Dissipative forces like wall friction and viscous shearing convert mechanical
energy into internal energy (heat). This shows up as a head loss term, often written h., which you add to
the downstream side of the energy equation:

In a long pipe, for instance, wall friction causes a pressure drop along the length. That "lost" pressure
energy hasn't disappeared; it's been converted to thermal energy in the fluid. The extended Bernoulli
equation (with h. and optional pump/turbine work terms) bridges the gap between the idealized Bernoulli
equation and the full energy equation.
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Unit 7 — Differential Analysis of Fluid Flow

7.1 Navier-Stokes Equations

Derivation and Components of the Navier-Stokes Equations

The Navier-Stokes equations govern the motion of viscous fluids by combining conservation of mass and
momentum into a coupled system of partial differential equations. They form the foundation of differential
analysis in fluid mechanics, and nearly every analytical or computational fluid flow solution starts from
some form of these equations.

That said, they come with built-in assumptions: the fluid is treated as a continuum and (in the standard
incompressible form) as Newtonian. When those assumptions break down, you'll need modified
approaches. This section covers the derivation, the physical meaning of each term, common
simplifications, and the key limitations you should know.

Derivation of the Navier-Stokes Equations

The derivation rests on two conservation principles applied to an infinitesimal fluid element.
Conservation of mass gives the continuity equation:
B +V-(pd)=0

This says the rate of change of density P at a point plus the net mass flux out of that point must equal zero.
Mass is neither created nor destroyed.

Conservation of momentum starts from Newton's second law, F = m3, applied to a fluid element. The
forces acting on that element fall into two categories:

* Surface forces: pressure acting normal to the element's faces, and viscous stresses caused by
velocity gradients between adjacent fluid layers.

* Body forces: forces that act on the entire volume of the element, most commonly gravity (but also
electromagnetic forces in certain problems).

Combining these forces with the acceleration of the fluid element (which includes both local and convective
parts) yields the Navier-Stokes equations in their standard incompressible form:

p(4 +G-Vd) = —Vp + uv2u + pg

where P is pressure, H is dynamic viscosity, and § is the gravitational acceleration vector (or more
generally, body force per unit mass).

This is a vector equation, so in 3D it represents three scalar equations (one for each coordinate direction).
Together with the continuity equation, you have four equations for four unknowns: three velocity
components and pressure.

Components of the Navier-Stokes Equations

Each term in the equation has a distinct physical meaning. Understanding these is critical for knowing
which terms you can drop when simplifying a problem.
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Local acceleration p%—?: The rate of change of velocity at a fixed point in space. This term is zero for steady
flows.

Convective acceleration (U - VU): The change in velocity that a fluid particle experiences as it moves
through a spatially varying velocity field. Even in steady flow, a particle can accelerate if it moves into a
region of higher or lower velocity (think of flow speeding up as it enters a constriction).

Pressure gradient —VP: Fluid accelerates from regions of high pressure toward regions of low pressure.
The negative sign reflects this: a positive pressure gradient in the X-direction pushes fluid in the negative X
-direction.

Viscous diffusion V20 : The Laplacian of velocity captures how momentum diffuses through the fluid due
to viscous shear stresses. Where velocity gradients are sharp (near walls, for instance), this term is large.
In inviscid approximations (Euler equations), this entire term is dropped.

Body force Pg: External forces acting on the fluid volume. For most problems this is just gravity, but it can
include electromagnetic body forces in magnetohydrodynamics.

A useful way to remember the equation: the left side is "mass x acceleration” (inertia), and the right side is
the sum of all forces (pressure + viscous + body).

Application and Limitations of the Navier-Stokes Equations

Application to Fluid Flow Problems

Solving the full Navier-Stokes equations analytically is only possible for a handful of simple geometries and
flow conditions. The general approach is:

1.

Identify valid simplifications based on the physics of the problem: - Steady-state flow: Set % =0,
eliminating the local acceleration term. - Incompressible flow: Treat density P as constant, which simplifies
the continuity equation to V- 4 = 0. - Newtonian fluid: Assume shear stress is linearly proportional to strain
rate, T= IJS—;, which is already built into the standard form above. - Fully developed flow: Velocity profiles
no longer change in the streamwise direction, eliminating several convective terms.

2.

Write out the component equations in the appropriate coordinate system (Cartesian, cylindrical, or
spherical) and cancel terms that are zero based on your simplifications and geometry.

3.

Apply boundary conditions: - No-slip condition: Fluid velocity equals the wall velocity at a solid boundary
(usually zero for a stationary wall). - Free surface condition: Normal and tangential stresses must be
continuous across the interface. - Symmetry conditions: Velocity gradients normal to a symmetry plane or
axis are zero.

4.
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Integrate the reduced equations to obtain the velocity profile, then use it to find quantities like flow rate, wall
shear stress, or pressure drop.

Two classic analytical solutions worth knowing:

* Poiseuille flow (fully developed, steady, laminar flow in a pipe): Produces a parabolic velocity profile
with u(r) = ﬁ(—;’—i)(Rz —r?), where R is the pipe radius.

* Couette flow (flow between two parallel plates, one moving): Produces a linear velocity profile when
there's no pressure gradient, or a combination of linear and parabolic profiles with a pressure gradient.

Limitations of the Navier-Stokes Equations

Continuum assumption: The equations treat the fluid as a continuous medium with well-defined properties
at every point. This breaks down for rarefied gases where the mean free path of molecules becomes
comparable to the characteristic length of the flow. The Knudsen number Kn = ’Ll (ratio of mean free path A
to characteristic length L) quantifies this. When Kn > 0.1, the continuum assumption becomes
questionable, and kinetic theory or molecular dynamics approaches are needed.

Newtonian fluid assumption: The standard form assumes a linear relationship between stress and strain
rate. Non-Newtonian fluids like blood, polymer solutions, and many slurries exhibit shear-thinning,
shear-thickening, or viscoelastic behavior that requires modified constitutive equations.

Turbulence: Direct Numerical Simulation (DNS) resolves all scales of turbulent motion using the
unmodified Navier-Stokes equations, but the computational cost scales roughly as Re®* in 3D, making
DNS impractical for most engineering flows at high Reynolds numbers. Instead, approximate turbulence
models are used:

* RANS (Reynolds-Averaged Navier-Stokes): Time-averages the equations and models the effect of
turbulent fluctuations through additional closure models (e.g., k-€, k-W).

LES (Large Eddy Simulation): Resolves large-scale eddies directly and models only the smallest scales.
More accurate than RANS but more expensive.

Compressibility: The incompressible form shown above doesn't account for density variations driven by
pressure or temperature changes. For compressible flows (typically Ma > 0.3), you need the full
compressible Navier-Stokes equations, which couple in the energy equation and an equation of state
relating pressure, density, and temperature.
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7.2 Euler's Equation and Bernoulli's Equation

Euler's Equation and Bernoulli's Equation

Euler's equation describes how an inviscid (frictionless) fluid accelerates in response to pressure gradients
and gravity. Bernoulli's equation is a special case derived from Euler's equation under additional
assumptions, and it provides a direct energy-like relationship between pressure, velocity, and elevation
along a streamline. Together, these two results form the analytical backbone for a huge range of fluid flow
problems.

Euler's Equation

Derivation of Euler's Equation

The derivation starts from the Navier-Stokes equations and strips away viscous effects.

1. Start with the Navier-Stokes equations for an incompressible fluid:

1

—

pB¢ = =Vp + pg + uviv

1. Assume inviscid flow (M = 0). This eliminates the viscous diffusion term entirely:

1

P3¢ =—Vp + pg

1. Expand the material derivative. The material derivative %—‘Z captures how velocity changes for a fluid
particle as it moves through the flow field. It splits into a local (time) part and a convective (spatial) part:

p(g—‘z + (V- V)\7) =—-Vp + pg

This is Euler's equation. It governs the motion of any inviscid fluid, whether the flow is steady or unsteady,
compressible or incompressible.

Physical Interpretation of Euler's Equation

Each term in Euler's equation has a distinct physical role. Reading the equation as a force balance per unit
volume:

* Local acceleration p%—‘;’: How velocity changes with time at a fixed point. This term is zero in steady
flow.

» Convective acceleration p(\7 : V)\?: How velocity changes because the fluid particle moves to a new
location where the velocity field is different. Even in steady flow, a particle can accelerate if the velocity
varies in space (e.g., flow through a converging nozzle).

« Pressure gradient force —VP: The net pressure force per unit volume. Fluid accelerates from
high-pressure regions toward low-pressure regions.

* Body force Pg: Gravity (or any other body force) acting per unit volume. For most problems, g points
downward with magnitude 9.

The key takeaway: in an inviscid fluid, the only forces driving the flow are pressure differences and gravity.
There's no viscous shear to slow things down or redistribute momentum.
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Bernoulli's Equation

Deriving Bernoulli's Equation from Euler's Equation

Bernoulli's equation follows from Euler's equation with three additional assumptions: steady flow,
incompressible flow, and irrotational flow (or integration along a streamline). Here's the step-by-step path:

1. Assume steady flow (%—‘;/ = 0). Euler's equation reduces to:
p(V- V)V =—Vp + pg

1. Assume incompressible flow (P = constant). Divide through by P:
(V-V)V=-1Up+g

1. Apply the vector identity for the convective term:
(V-V)V=V(L)-Vx(VxV)
Substituting:
V(%) -Vx(VxV)=-1Up+g

1. Assume irrotational flow (V7 x V= 5). The cross-product term vanishes:
V(5)=-3vp+g

Note: if the flow is rotational but you integrate along a streamline (where ds is parallel to V), the
cross-product term also drops out because V X (V x V) is perpendicular to V. So Bernoulli's equation
holds along a streamline even in rotational flow, but for irrotational flow it holds between any two points in
the field.

1. Integrate between two points (along a streamline, or anywhere if irrotational). With gravity acting in
the —Z direction (g = —gk, so 9 * ds = —g dz):

v V2

S+ +gzn=3+%+gz

This is Bernoulli's equation. Each group of terms has units of energy per unit mass (J/kg), so the equation
is really a statement of mechanical energy conservation for an inviscid, incompressible fluid.

Applications of Bernoulli's Equation

The compact form is:

V{ + "—; + gz = constant along a streamline

The three terms are often called the dynamic pressure head (%), the pressure head (%), and the elevation
head (94). Their sum stays constant, so if velocity increases, pressure must drop (and vice versa).

Solving problems with Bernoulli's equation:
« Pick two points along the same streamline where you know (or want to find) V, P, or Z.
» Write Bernoulli's equation between those two points.

» Use the continuity equation for incompressible flow, A1V1 = A>V>, to relate velocities at different
cross-sections.
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* Solve the resulting system for the unknowns.
Common applications:

» Flow measurement devices: Venturi meters and orifice plates use the pressure drop caused by a
velocity increase in a constriction to measure flow rate.

+ Pipe and duct analysis: Determining pressure changes or required pipe diameters for a given flow
rate.

* Open-channel flows: Relating water depth and velocity in rivers or canals.
Limitations and modifications:

Bernoulli's equation assumes no viscous losses, no shaft work, and no heat transfer. For real engineering
systems, you'll often use the extended Bernoulli equation (also called the energy equation):

v? v?
71 + %1 + g9z1 + Wpump = 72 + %2 + 922 + hL + Wturbine

Here h. accounts for friction (major losses) and fittings/valves (minor losses), while Wpump and Wturbine
represent energy added or removed by machinery. Always check whether the assumptions behind the
standard Bernoulli equation are reasonable before applying it; if viscous effects, compressibility, or
unsteadiness matter, you need the more general forms.

7.3 Potential Flow Theory

Potential Flow Fundamentals

Potential flow theory simplifies fluid mechanics by assuming the flow is inviscid, incompressible, and
irrotational. Under these conditions, the velocity field can be described entirely by two scalar functions: the
velocity potential and the stream function. Both satisfy the Laplace equation, which means you can
leverage a huge library of known solutions and combine them through superposition to model surprisingly
complex flow patterns.

While potential flow can't capture viscous effects like boundary layers or turbulence, it remains a core tool
in aerodynamics and hydrodynamics for getting useful first approximations.

Velocity potential and stream function

The velocity potential ¢ is a scalar function whose gradient gives the velocity field. It exists whenever the
flow is irrotational (V x V= 0). The velocity components in 2D Cartesian coordinates are:

— 99 — 9%
u=sg, v=3y

The stream function ¥ is a scalar function whose contour lines (constant ¥) are streamlines. It exists
whenever the flow is incompressible (V - V= 0). The velocity components are:

— = W
u= W, v = _B_X
Both ¢ and ¥ satisfy the Laplace equation:

24 _ 3% 4 3% _ 2, = 2w o %y _
V¢—a7+y—0, V(,U—a7+$—0

This is the key mathematical fact that makes potential flow so tractable: the Laplace equation is linear,
well-studied, and has many known solutions.

Elementary flow building blocks:
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Uniform flow (freestream velocity U in the X-direction): ¢ = UxX, y=Uy

Source/sink (strength mM; positive M is a source, negative is a sink): ¢ = %In(r), = %9 where
(r, ) are polar coordinates centered on the source/sink. The volume flow rate emanating from a source
equals M per unit depth.

Doublet (strength K, oriented along the X-axis): ¢ = —£-<058, w=—L£:8 A goublet is the limiting

case of a source-sink pair brought infinitely close together while their product of strength and separation
stays constant.

Vortex (circulation I'): ¢ = 56, @ = —=-In(r) This element adds circulation to the flow, which is
essential for generating lift on an airfoil.

Flow field analysis techniques

Streamlines are curves everywhere tangent to the local velocity vector. In potential flow, they correspond to
lines of constant ¥. Equipotential lines are curves of constant ®. A useful geometric property: streamlines
and equipotential lines are always mutually perpendicular (they form an orthogonal grid).

The velocity magnitude at any point is:
- 2 2
V|=Vu?+v? =4 (2) +(%)

Stagnation points are locations where U = 0 and v = 0 simultaneously. These are physically important
because pressure reaches a local maximum there (by Bernoulli's equation). Examples include the front of
a cylinder in cross-flow or the leading edge of an airfoil.

To find stagnation points in a combined flow:
1. Write out the total Y and V components from the superposed solution.
2. Set both equal to zero.
3. Solve the resulting system for the coordinates (X, ¥) or (r, ).

Once you know the velocity field, you can find the pressure distribution using the Bernoulli equation for
irrotational flow:

p+iov?=p.+3ipU2
This is how potential flow connects velocity results to forces on a body.

Superposition in potential flow

Because the Laplace equation is linear, any sum of solutions is also a solution. This is the principle of
superposition, and it's the most powerful feature of potential flow theory.

Qtotai = P1+ P2 + -+, Wiotal = W1 + Yo + -

By combining the elementary building blocks, you can model flow around various body shapes:

Fiveable archived study guides Page 55



Rankine half-body: Uniform flow + single source. The dividing streamline (¥ = %) forms a semi-infinite
body shape. This is a good model for flow over a blunt nose.

Rankine oval: Uniform flow + source + sink (equal and opposite, separated by a distance). The dividing
streamline forms a closed oval whose shape depends on the ratio of source strength to freestream velocity
and the source-sink spacing.

Flow around a circular cylinder (no lift): Uniform flow + doublet. Setting the doublet strength to

k=Uja® 2m (where @ is the cylinder radius) produces a streamline ¥ = O that coincides with a circle of
. 2

radius @. The resulting stream function is: ¥ = U« rsin 6(1 - ‘:—2)

Lifting cylinder: Uniform flow + doublet + vortex. Adding a free vortex of circulation I breaks the top-bottom
symmetry and produces a net lift force per unit span given by the Kutta-Joukowski theorem: L' = pU.I"

Steps to build a superposed solution:
1. Identify the body shape or flow pattern you want to model.
2. Select the elementary flows that, when combined, could produce the right streamline pattern.
3. Sum the individual ¢ or ¥ expressions.
4. Locate stagnation points by setting U = v = 0.

5. Identify the dividing streamline (the ¥ value that passes through the stagnation points) to find the
body contour.

6. Apply Bernoulli's equation to get the pressure distribution and integrate to find forces.

Limitations of potential flow theory

Potential flow assumes the fluid is inviscid, incompressible, and irrotational. Each of these assumptions
breaks down in specific situations:

Inviscid assumption: Real fluids have viscosity. Potential flow cannot predict boundary layers, flow
separation, or wake regions. This leads to d'Alembert's paradox: potential flow predicts zero drag on a
body in steady flow, which contradicts physical observation.

Incompressibility assumption: Valid only when the Mach number is below roughly 0.3. Above that,
compressibility effects become significant and you need compressible flow theory.

Irrotationality assumption: Vorticity is generated at solid boundaries due to the no-slip condition. Potential
flow ignores this, so it cannot model flows where vorticity has diffused into the bulk of the fluid (e.g.,
turbulent pipe flow, separated wakes behind bluff bodies).
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Despite these limitations, potential flow remains valuable because:

« It gives accurate pressure distributions over the forward portions of streamlined bodies (before
separation occurs).

« It provides the outer "inviscid" solution that pairs with boundary layer theory in matched asymptotic
approaches.

« Airfoil design, ship hull hydrodynamics, and preliminary aerodynamic analysis all rely heavily on
potential flow methods.

* It serves as the foundation for panel methods and vortex lattice methods used in computational
aerodynamics.

Fiveable archived study guides Page 57



Unit 8 — Dimensional Analysis and
Similitude

8.1 Buckingham Pi Theorem

The Buckingham Pi Theorem provides a systematic way to reduce the number of variables in a fluid
mechanics problem by grouping them into dimensionless combinations called pi terms. This is foundational
for dimensional analysis: it tells you exactly how many independent dimensionless groups govern a
problem, which simplifies experiments, enables model-to-prototype scaling, and reveals the physical
parameters that actually matter.

Buckingham Pi Theorem

Principles of Buckingham Pi Theorem

The core idea is straightforward. If you have a physically meaningful equation involving 1 variables, you
can rewrite it in terms of P = N — K dimensionless groups (called T terms), where K is the number of
independent physical dimensions (typically mass, length, and time in fluid mechanics, so kK = 3).

This works because of dimensional homogeneity: every term in a valid physical equation must have the
same dimensions on both sides. The theorem exploits that constraint to collapse variables into fewer,
dimensionless combinations.

Why this matters for fluid mechanics:

» Complex problems with many variables become manageable when expressed in terms of a few T
terms

» Dynamic similarity between a scaled model and a full-size system requires matching these
dimensionless groups, not matching every individual variable

» Experimental data can be organized and correlated far more efficiently using dimensionless
parameters than raw dimensional variables

Application for Dimensionless Parameters

To apply the Buckingham Pi Theorem, follow these steps:
1. List all variables involved in the problem (both dependent and independent). Count them to get 1.

2. Identify the independent dimensions among those variables. In most fluid mechanics problems, these
are mass (M), length (L), and time (T), giving kK = 3. If temperature or another dimension appears, k
increases accordingly.

3. Choose k repeating variables. These must collectively contain all kK independent dimensions, and
they cannot form a dimensionless group by themselves. A common choice is density (P), velocity (V),
and a characteristic length (D or L).

4. Form P =N — K pi terms. For each remaining (non-repeating) variable, combine it with the repeating
variables raised to unknown exponents. Solve for those exponents by requiring the resulting group to
be dimensionless.

Rules for forming pi terms:
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* Each T term must be dimensionless
» Each TT term includes exactly one non-repeating variable

* The repeating variables appear in every 1T term but are raised to whatever powers are needed to
cancel dimensions

« The final result is a functional relationship: M1 = f(rz, 113, ...)

Significance of Dimensionless Parameters

The T terms you obtain aren't just mathematical artifacts. They typically have clear physical meaning as
ratios of competing forces, effects, or scales. The most common dimensionless numbers in fluid
mechanics:

VL . N : .
+ Reynolds number (Re = 'OT): Ratio of inertial forces to viscous forces. Low Re means viscous forces

dominate (laminar flow); high Re means inertial forces dominate (turbulent flow). For pipe flow, the

transition typically occurs around Re = 2300.
- _V
* Froude number (Fr ~ Vgt ): Ratio of inertial forces to gravitational forces. Critical for open-channel

flows and any problem with a free surface, such as ship hull design.

+ Mach number (Ma = %): Ratio of flow velocity to the local speed of sound. Determines whether
compressibility effects matter. Flows with Ma < 0.3 are generally treated as incompressible.

« Strouhal number (S5t = %): Relates a characteristic frequency of oscillation (like vortex shedding) to
the flow velocity and a length scale. Important in unsteady and oscillating flows.

These numbers enable dynamic similarity: if a model and prototype share the same values of the
governing dimensionless groups, their flow behavior will be geometrically and dynamically similar,
regardless of differences in size, speed, or fluid properties.

Variable Reduction with Pi Theorem

Here's a concrete example. Consider pressure drop (AP) for flow through a pipe. You suspect it depends
on pipe diameter (D), pipe length (L), fluid velocity (V), fluid density (P), and dynamic viscosity (M).

Step 1: List variables: AP, D, L, V, p, . That gives h = 6.
Step 2: Independent dimensions are M, L, T, so K = 3.

Step 3: Choose repeating variables: P, V, and D. Check that they span all three dimensions: - P has
dimensions ML ~3 - V has dimensions LT~1 - D has dimensions L

All three dimensions (M, L, T) are represented, and these three variables alone cannot form a
dimensionless group. Good choice.

Step 4: Form P = 6 — 3 = 3 pj terms, one for each remaining variable (AP, L, H):
M= ‘% (a pressure coefficient, sometimes called the Euler number)

2 = % the aspect ratio of the pipe)

o M3 = % (the Reynolds number)
The original six-variable problem reduces to:
AP _ (L pvu)

V2 Dr TH
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Instead of needing to vary six quantities independently in an experiment, you only need to vary two
dimensionless groups and measure a third. That's a massive reduction in experimental effort and gives you
results that apply to any pipe flow with the same 2 and T3 values, not just the specific pipe and fluid you
tested.

8.2 Dimensionless Parameters in Fluid Mechanics

Dimensionless Parameters in Fluid Mechanics

Dimensionless parameters are ratios that compare the relative magnitudes of different forces or effects
acting on a fluid. They let you classify flow behavior (laminar vs. turbulent, compressible vs.
incompressible) using a single number instead of tracking every variable independently. In similitude work,
matching these parameters between a model and its prototype is what makes scaled experiments valid.

This section covers the three most important dimensionless parameters: Reynolds number, Froude
number, and Mach number.

Key Dimensionless Parameters

Reynolds number (Re) is the ratio of inertial forces to viscous forces:

_ pvD
Re = T

where P is fluid density, V is characteristic velocity, D is characteristic length (often pipe diameter), and M

is dynamic viscosity. You can also write this as Re = YD '\where V = /P is the kinematic viscosity.

Froude number (Fr) is the ratio of inertial forces to gravitational forces:

Fr:L

VoL

where V is characteristic velocity, 9 is gravitational acceleration, and L is characteristic length (typically
flow depth in open-channel problems).

Mach number (Ma&) is the ratio of flow velocity to the local speed of sound:

Ma =

ol

where V is flow velocity and € is the speed of sound in the fluid. For an ideal gas, ¢ = \/ yRT, where Y is
the specific heat ratio, R is the specific gas constant, and T is absolute temperature.

Physical Significance

Each parameter tells you which forces or effects control the flow's behavior.
Reynolds number determines whether viscous damping or inertial momentum wins out.

- A low Re means viscous forces dominate. The flow stays orderly, with fluid moving in smooth parallel
layers (laminar flow).

« A high Re means inertial forces dominate. Small disturbances grow instead of being damped out,
producing chaotic mixing (turbulent flow).

Think of honey flowing slowly down a spoon (low Re, very viscous, very laminar) versus water blasting
from a fire hose (high Re, turbulent).

Froude number governs flows where gravity plays a major role, particularly open-channel flows and
free-surface problems like rivers, spillways, and ship wakes.
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« Fr < 1: Subcritical flow. Gravity dominates. Surface waves can travel upstream, so downstream
conditions influence the flow upstream (backwater effects).

« Fr = 1: Critical flow. Inertial and gravitational forces are balanced. Flow velocity equals the wave
propagation speed.

« Fr > 1: Supercritical flow. Inertia dominates. Waves cannot travel upstream, so the flow is controlled
entirely by upstream conditions. Transitions from supercritical back to subcritical produce hydraulic
jumps.

Mach number indicates how important compressibility effects are.

« Ma < 0.3: Incompressible flow. Density changes are negligible (less than about 5%), so you can treat
density as constant. Most liquid flows and low-speed gas flows fall here.

+ 0.3 < Ma < 0.8: Subsonic compressible flow. Density variations become significant and must be
accounted for.

+ 0.8 <Ma < 1.2: Transonic flow. Mixed subsonic and supersonic regions exist; shock waves can
form on surfaces even if the freestream is technically below Ma = 1.

« Ma > 1.2: Supersonic flow. Compressibility effects dominate, and oblique or normal shock waves are
common (e.g., supersonic jets, rocket exhaust nozzles).

Calculating Dimensionless Parameters

1. List the known variables and their units: velocity, density, viscosity (or kinematic viscosity),
characteristic length, speed of sound, gravitational acceleration, etc.

2. Convert to consistent units. If velocity is in km/h but length is in meters, convert velocity to m/s first.
Mixing Sl and imperial units is the most common source of errors here.

3. Choose the correct parameter based on what the problem asks. If the question involves pipe flow or
boundary layers, you almost certainly need Re. Open-channel or free-surface problems point to Fr.
High-speed gas flows point to Ma.

4. Substitute values into the formula and compute.
5. Interpret the result using the threshold values for that parameter.

Example: Water (0 = 998 kg/mg, M=1.002 x 1073 Pa-s) flows through a 0.05 m diameter pipe at 2
m/s.

— (998)(2)(0.05)
Re = 1.002 x 1073 99,600

Since Re > 4000, this flow is fully turbulent.

Dimensionless Parameters and Flow Regime Thresholds

Reynolds number (Re) for internal pipe flow:

+ Laminar: Re < 2300. Fluid moves in smooth parallel layers with no cross-stream mixing. Viscous
forces suppress disturbances.

« Transitional: 2300 < Re < 4000. Flow alternates between laminar and turbulent behavior. Small
disturbances sometimes grow and sometimes decay, producing intermittent bursts of turbulence.
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* Turbulent: Re > 4000. Chaotic, irregular motion with strong mixing between fluid layers. Inertial
forces dominate.

Note that these thresholds (2300 and 4000) are specific to flow in circular pipes. For flow over a flat plate,
the transition Re based on distance from the leading edge is around 5 x 10°. Always check which
geometry the threshold applies to.

Froude number (Fr) for open-channel flow:

Regime Condition Behavior

Subcritical Fr<l Deep, slow flow; disturbances
propagate upstream

Critical Fr=1 Flow depth equals critical depth;
specific energy is minimized

Superecritical Fr>1 Shallow, fast flow; disturbances cannot
travel upstream

Mach number (Ma) for compressibility:

Regime Condition Key Feature

Incompressible Ma <0.3 Density essentially constant

Subsonic 0.3<Ma<0.8 Compressibility matters, no shocks

Transonic 0.8<Ma<1l.2 Mixed sub/supersonic regions, shocks
possible

Supersonic Ma>1.2 Shock waves, expansion fans dominate

The value of these parameters goes beyond classification. In similitude, if you're testing a scale model of a
ship hull, you need to match Fr between model and prototype to correctly reproduce wave-making
resistance. If you're testing a scale model of a pipeline, you match Re instead. Knowing which parameter
controls the physics you care about is what makes dimensional analysis powerful.

8.3 Modeling and Scaling Laws

Modeling and Scaling Principles

Modeling and scaling laws let engineers study complex fluid systems without building and testing at full
scale. By creating smaller physical models or mathematical representations, you can predict how a fluid
will behave in the real system. The key idea: if certain dimensionless groups match between your model
and the real thing, the physics will be the same at both scales.

Principles of Modeling and Scaling

There are two main approaches to modeling fluid systems:

* Physical models are scaled-down versions of real systems. Wind tunnels for aircraft and tabletop
hydraulic models for dams are classic examples. You build a smaller version, run experiments on it,
and use scaling laws to translate the results back to full scale.

» Mathematical models use governing equations (like the Navier-Stokes equations) to simulate fluid
behavior computationally, without building anything physical.

Scaling is what connects the model to reality. By matching the right dimensionless groups between model
and prototype, you can study large-scale systems using smaller, more manageable setups.

Fiveable archived study guides Page 62



Why this matters in practice:

« Cost savings: Full-scale prototypes of bridges, ships, or aircraft are enormously expensive. A scaled
model costs a fraction of that.

* Flexibility: You can quickly test different flow rates, geometries, or operating conditions on a single
model.

« Safety: Dangerous scenarios (dam failures, explosions, extreme wind loads) can be studied in a
controlled lab environment.

Derivation of Scaling Laws

Scaling laws come from dimensional analysis, which identifies the dimensionless groups that govern a
system's behavior. The central tool here is the Buckingham Pi Theorem.

The theorem states: if you have a physically meaningful equation involving N variables and k independent
dimensions (such as mass, length, and time), you can rewrite that equation using h — k dimensionless
groups (called pi groups).

Procedure for applying the Buckingham Pi Theorem:

1. List all relevant variables and their dimensions. For example, pressure P, density P, velocity V,
characteristic length L, and dynamic viscosity H.

2. Count the number of independent dimensions k (typically 3: mass, length, time).

3. Select k repeating variables. Common choices are P, V, and L because together they span all three
dimensions.

4. Form n — k dimensionless groups by combining each remaining variable with the repeating
variables. For instance, pressure yields 2 and viscosity yields ﬁ.

i i P = f(p_VL)
5. Express the relationship between the groups: 5z o).

This tells you that the dimensionless pressure depends only on the Reynolds number, noton P, P, V, L, or
H individually.

Common dimensionless groups in fluid mechanics:

Dimensionless Group Definition Physical Meaning When It Dominates
VL
Reynolds number (Re) Re = pT Inertial forces / Viscous Pipe flow, boundary layers,
forces laminar-to-turbulent
transition
- _V
Froude number (Fr) Fr= JoL Inertial forces / Gravitational Open-channel flow, waves,
forces hydraulic jumps
Mach number (Ma) Ma = % Flow velocity / Speed of Compressible flows
sound (transonic, supersonic
regimes)

Each group represents a ratio of competing forces. Matching the right group between model and prototype
is what ensures the physics stays the same at both scales.
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Scaling Laws Application and Limitations

Application of Scaling Laws

Wind tunnel testing is one of the most common applications. A scaled model of a vehicle or structure is
placed in a wind tunnel where airspeed and angle of attack are carefully controlled. The goal is dynamic
similarity: the flow around the model must replicate the flow around the full-scale object.

* For viscous-dominated flows (boundary layers, drag on streamlined bodies), you match the Reynolds
number. If the model is 1/10th scale, you'd need to increase the flow velocity or use a denser fluid to
keep Re the same.

* For compressible flows (transonic or supersonic aircraft), you match the Mach number so that shock
wave patterns and compressibility effects are correctly reproduced.

Hydraulic modeling applies the same principles to water systems like rivers, harbors, dams, and spillways.
A scaled physical model of a harbor, for example, can predict wave behavior and sediment transport.

* For free-surface flows where gravity drives the motion (waves, hydraulic jumps, spillway discharge),
you match the Froude number. This is the dominant scaling criterion in most open-channel problems.

* For viscous-dominated hydraulic systems (pipe networks, slow seepage flows), the Reynolds number
takes priority instead.

Limitations in Fluid Flow Modeling

For a model to faithfully represent the real system, three types of similarity must hold:

» Geometric similarity: The model and prototype have the same shape. All lengths scale by the same
factor, preserving aspect ratios and angles.

+ Kinematic similarity: Velocity ratios at corresponding points are the same. Streamline patterns in the
model match those in the prototype.

* Dynamic similarity: Force ratios at corresponding points are the same. This means all relevant
dimensionless groups match between model and prototype.

In practice, achieving perfect similarity is often impossible. Here are the main challenges:

« Conflicting scaling requirements: You frequently cannot match all dimensionless groups
simultaneously. For example, matching both Re and Fr for a ship model would require a fluid with an
impossibly low viscosity. Engineers compromise by matching the most dominant group and correcting
for the others analytically. For ship hulls, Fr is matched in the model (to capture wave-making
resistance), and viscous drag is corrected separately using empirical correlations.

* Scale effects: Some physical phenomena don't scale cleanly. Surface roughness that's negligible at
full scale can become relatively large on a small model, altering boundary layer behavior. Turbulence
intensity and compressibility effects may also differ between scales, even when the primary
dimensionless group is matched.

» Measurement accuracy: Smaller models produce smaller forces and thinner boundary layers,
demanding high-precision instrumentation (sensitive pressure transducers, laser-based velocity
measurement) that may not have been needed at full scale.

* Boundary conditions: Reproducing realistic inlet conditions, outlet conditions, and wall effects from the
prototype in a lab setting can be difficult. A wind tunnel has walls that the real atmosphere doesn't, and
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a hydraulic model has edges that a real river doesn't.

These limitations don't make modeling useless. They mean you need to understand which physics your
model captures well and where corrections or judgment calls are needed. The best experimental
campaigns are designed with these trade-offs in mind from the start.
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Unit 9 — Viscous Flow in Pipes

9.1 Laminar and Turbulent Flow

Fluid flow in pipes falls into two main categories: laminar or turbulent. The distinction between them
governs how you calculate pressure drops, friction losses, and velocity distributions. The Reynolds number
is the single most important parameter for determining which regime you're dealing with, and it shows up
constantly in pipe flow analysis.

This guide covers how to identify flow regimes, apply the Hagen-Poiseuille equation for laminar flow, work
with friction factors for turbulent flow, and interpret velocity and shear stress profiles.

Laminar and Turbulent Flow in Pipes

Laminar vs turbulent flow

The Reynolds number (Re) is the dimensionless parameter that tells you which flow regime you're in:

— pVD
Re = T

where P is fluid density, V is the average (mean) velocity, D is the pipe's internal diameter, and H is
dynamic viscosity. Physically, Re represents the ratio of inertial forces to viscous forces. When viscous
forces dominate, flow stays orderly; when inertial forces dominate, flow becomes chaotic.

+ Laminar flow (Re < 2300)
* Fluid moves in smooth, parallel layers with no cross-stream mixing

* The velocity profile is parabolic: maximum velocity at the pipe center, zero at the wall (no-slip
condition)

Common in slow or highly viscous flows, such as oil in small-diameter hydraulic lines or flow through
capillary tubes

Turbulent flow (Re > 4000)
* Fluid motion is irregular and chaotic, with significant mixing between layers

* The velocity profile is much flatter than in laminar flow, meaning the velocity is more uniform across
the cross-section, but it still drops to zero at the wall

Common in most practical engineering systems: water mains, HVAC ducts, fast-flowing rivers
Transitional flow (2300 < Re < 4000)
* The flow is unstable and can switch between laminar and turbulent behavior unpredictably

» Design calculations in this range are unreliable, so engineers typically try to operate clearly in one
regime or the other
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Hagen-Poiseuille equation applications

The Hagen-Poiseuille equation gives the pressure drop for fully developed laminar flow in a circular pipe:
_ 128uLQ

AP = o

where L is the pipe length and Q is the volumetric flow rate. Rearranging to solve for flow rate:

— nD*AP
Q= 128uL

Notice the D4 dependence. This is critical: if you double the pipe diameter, the flow rate increases by a
factor of 16 for the same pressure drop. Conversely, even a small reduction in diameter (say from plaque
buildup in an artery) causes a dramatic increase in resistance to flow.

The equation assumes: - Steady, fully developed flow (not in the entrance region) - Incompressible,
Newtonian fluid - Laminar regime (Re < 2300)

Typical applications include: 1. Microfluidic devices (lab-on-a-chip systems) where flow rates are tiny and
Re is well below 2300 2. Pressure drop calculations in small-diameter tubing such as hydraulic lines and
capillary tubes 3. Biomedical analysis of blood flow in small vessels like arterioles and capillaries, where

the laminar assumption is reasonable

Turbulent Flow and Pipe Flow Analysis

Friction factors in turbulent flow

For turbulent flow, the Hagen-Poiseuille equation no longer applies. Instead, you use the Darcy-Weisbach
equation:

VZ
AP = FLeY’

where f is the Darcy friction factor. This equation actually works for both laminar and turbulent flow (for
laminar flow, f= 64/Re), but it's most commonly associated with turbulent analysis because that's where
finding f gets complicated.

The friction factor in turbulent flow depends on two things: the Reynolds number and the relative
roughness &/D, which is the ratio of the pipe wall's average roughness height (€) to the pipe diameter.
Smooth pipes like PVC or glass have very small €; rough pipes like cast iron or concrete have much larger
values.

Two main tools for finding f:

Moody diagram: A graphical chart that plots f against Re for various values of €/D. You look up your
Reynolds number on the x-axis, follow the curve for your pipe's relative roughness, and read f off the
y-axis. This is the fastest approach for quick estimates.

Colebrook equation: An implicit formula for f in the turbulent regime:

+=-2.0logio (57 + 22%)
Vr 910 3.7 ReVf

Because f appears on both sides, you can't solve it directly. You need an iterative approach:

1. Guess an initial value of f (a common starting point is 0.02)
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2. Plug it into the right side and compute a new f
3. Repeat until the value converges (typically 3-5 iterations)

Alternatively, the Haaland equation gives an explicit approximation that's accurate to within about 2% and
avoids iteration entirely.

Velocity and shear stress profiles

Laminar flow velocity profile:
The velocity at any radial position I from the center is:
utn =2v[1- (%))

where R is the pipe radius. This is a parabola: the maximum velocity at the centerline (r = 0) is exactly
twice the mean velocity V, and the velocity drops to zero at the wall (r = R).

Laminar flow shear stress:
Shear stress varies linearly from zero at the center to a maximum at the wall:
Tw="g

This linear distribution makes sense because the velocity gradient is steepest right at the wall and zero at
the centerline where the profile is flat.

Turbulent flow velocity profile:

The profile is much flatter than the parabolic laminar case. A common approximation is the power-law
profile:
7= (1-

Umax

)1/”

|~

where N depends on the Reynolds number (n = 7 is typical for many practical flows). Because the profile
is flatter, the mean velocity is much closer to the maximum velocity than in laminar flow.

Turbulent flow shear stress:
The wall shear stress is related to the friction factor:
T, = LfpV?

Unlike the linear laminar distribution, turbulent shear stress varies non-linearly across the cross-section,
with much higher values concentrated near the wall due to the steep velocity gradient in the thin viscous
sublayer.

Why these profiles matter in practice:

* Piping system design: Knowing the velocity profile helps you minimize pressure drop and size pumps
correctly

+ Heat transfer analysis: Convective heat transfer rates depend directly on the near-wall velocity
gradient and shear stress

« Erosion and corrosion: Regions of high wall shear stress experience more material wear, which
affects pipe lifespan and maintenance scheduling
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9.2 Major and Minor Losses in Pipe Systems
Major Losses in Pipe Systems

Darcy-Weisbach equation for friction losses

Whenever fluid flows through a pipe, friction between the fluid and the pipe wall converts some of the fluid's
energy into heat. This energy loss shows up as a drop in pressure along the pipe, and we quantify it as
head loss. The Darcy-Weisbach equation is the primary tool for calculating this friction-driven (major) loss:

he=f5¥%
« hr = head loss due to friction (m)
« f = Darcy friction factor (dimensionless)
« L = pipe length (m)
« D = pipe diameter (m)
« V = average flow velocity (m/s)
+ 9 = gravitational acceleration, 9.81 m/s?
Notice that head loss scales with \/2. That means if you double the velocity, friction losses quadruple.

Finding the friction factor (f)

The friction factor depends on two things: the Reynolds number (Re), which tells you whether the flow is
laminar or turbulent, and the relative roughness (£/D), which captures how rough the pipe interior is
compared to its diameter. Here € is the absolute roughness height of the pipe surface in meters.

« Laminar flow (Re < 2300): The friction factor depends only on Re and is calculated directly:

f=

Julcs
Y

* Turbulent flow (Re > 4000): The friction factor depends on both Re and €/D. You can find it two
ways:

 Moody diagram: A chart that plots f against Re for various values of £€/D. You look up your Re on the
x-axis, follow the curve for your relative roughness, and read f off the y-axis.

« Colebrook-White equation: An implicit equation for f that requires iterative solving (or an explicit
approximation like the Swamee-Jain equation). It gives the same results as the Moody diagram but in
equation form.

For the transition zone (2300 < Re < 4000), the flow is unstable and the friction factor is less
predictable. Most problems will specify clearly laminar or turbulent conditions.

Minor losses in pipe systems

Any fitting, valve, or geometric change in a pipe disrupts the smooth flow pattern and causes additional
energy loss beyond straight-pipe friction. These are called minor losses, though in short, heavily fitted
systems they can actually dominate the total loss.

The head loss from any single minor-loss element is:
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+ hm = head loss from the fitting or geometry change (m)

« K = loss coefficient (dimensionless), specific to the type of component
- V = average flow velocity at the relevant cross-section (m/s)

« 9 = gravitational acceleration (m/s?)

Values of K come from reference tables or manufacturer data. Here are the most common sources of
minor losses and why they cause energy dissipation:

» Sudden expansion: The pipe diameter abruptly increases. The flow separates from the wall and forms
eddies in the larger section, wasting kinetic energy. For a sudden expansion from area A1 to A2, theory

2
gives K = (1 - %) (based on upstream velocity).

» Sudden contraction: The pipe diameter abruptly decreases. The flow accelerates and forms a vena
contracta (a narrowed jet just downstream of the contraction), causing turbulent mixing and pressure
loss. Typical K values range from about 0.1 to 0.5 depending on the area ratio.

* Bends and elbows: Curved sections redirect the flow, creating secondary circulation patterns and
separation along the outer wall. A standard 90° threaded elbow has K = 1.5; a long-radius 90° bend is
closerto K= 0.2,

« Tees and wyes: Junctions where flow splits or merges. The K value depends on whether the flow
goes straight through (line run) or turns into the branch.

« Valves: Devices that regulate flow. A fully open gate valve has a low K (around 0.2), while a globe
valve has a much higher K (around 10) because the flow must make sharp turns inside the valve body.

Total Losses and Equivalent Length

Total head loss

The total head loss in a pipe system is simply the sum of all major and minor losses:

ho=hr+ 2 hm
h, = f%\z/—; + ZK,%

« h = total head loss (m)
« hr = friction (major) loss over the pipe length
. th = sum of all individual minor losses
When the pipe has a uniform diameter, you can factor out ‘2/—;:

h, = (f% + ZK,)\Z/—;

This compact form is useful for quick calculations and makes it clear that every loss term is proportional to
the velocity head.

Equivalent length of pipe systems

Instead of tracking each minor loss coefficient separately, engineers often convert minor losses into an
equivalent length of straight pipe that would produce the same head loss. Each fitting with loss coefficient
K is replaced by an additional pipe length of KiD/f, so the total equivalent length is:
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Le=L+2%P
« L = actual pipe length (m)
« K; = loss coefficient for each fitting or valve
* D = pipe diameter (m)
- f = Darcy friction factor

Once you have Le, you can compute the total head loss with a single Darcy-Weisbach calculation using Le
in place of L. This is especially handy for long systems with many fittings, because it reduces the problem
to one equation. Keep in mind that Le depends on f, which itself depends on flow conditions, so if f
changes you need to recalculate.

Factors affecting pipe head loss

Several design variables control how much head loss a system produces:

- Pipe roughness (€): Rougher pipes have higher friction factors. For example, new cast iron (€ = 0.26
mm) produces significantly more friction loss than smooth PVC (€ = 0.0015 mm) under the same flow
conditions.

* Pipe diameter (D): Smaller diameters force the same flow rate through a smaller area, which raises
velocity. Since head loss goes as \/2, reducing the diameter has a dramatic effect. In fact, for a given
flow rate @, velocity is V = Q/A, and because A scales with D2, head loss ends up scaling roughly as
1/D° in the Darcy-Weisbach equation. This is why upsizing a pipe even slightly can cut losses
substantially.

« Flow rate (Q): Higher flow rate means higher velocity. Doubling the flow rate quadruples the velocity
head (V2/29), so head loss roughly quadruples as well (assuming f stays approximately constant).

Getting these factors right matters for real applications like water distribution networks, industrial process
lines, and HVAC systems, where excessive head loss means oversized pumps, wasted energy, and higher
operating costs.

9.3 Pipe Network Analysis
Pipe Network Analysis

Pipe networks distribute fluid through interconnected pipes, junctions, and loops. Analyzing these systems
means figuring out how flow divides among different paths and what pressure drops result. Two
conservation laws govern the analysis, and the Hardy Cross method is the standard iterative technique for
solving the resulting equations.

Conservation Principles for Pipe Networks

Two fundamental laws constrain every pipe network: conservation of mass and conservation of energy.
Every valid solution must satisfy both simultaneously.

Conservation of mass requires that the total flow entering any junction equals the total flow leaving it:

ZOm = ZOout

This is sometimes called the junction equation or node equation. If three pipes meet at a junction and two
carry flow in, the third must carry the combined flow out. No fluid accumulates at a junction in steady-state
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analysis.

Conservation of energy requires that the net head loss around any closed loop in the network equals zero:

ZhL=O

loop

This is the loop equation. It follows from the fact that pressure at any point is unique. If you trace a path
around a loop and return to the starting node, all the pressure gains and losses must cancel. (Pipes
carrying flow in the assumed clockwise direction contribute positive head loss; pipes carrying flow against
that direction contribute negative head loss.)

For any single pipe segment, the energy equation between two points is:
%+g+a=%+%+a+m

Continuity along a single pipe with varying cross-section gives:

Q=viA1 = v;7A;

This lets you find velocity changes at expansions or contractions within a pipe segment.

Head loss equations. Friction losses in each pipe are typically computed with one of two formulas:

- Darcy-Weisbach (general, any fluid): i = %%

. - — _10.67L (~1.852
* Hazen-Williams (empirical, water only): h, = Cle52past Q

In both, head loss increases with pipe length L and decreases with pipe diameter D. The Darcy-Weisbach
equation uses the friction factor f (from the Moody chart or Colebrook equation), while Hazen-Williams
uses a roughness coefficient C that depends on pipe material (e.g., C = 150 for new PVC, C = 100 for
old cast iron).

Hardy Cross Method for Flow Analysis

The Hardy Cross method solves the loop equations iteratively. You start with a guess for how flow
distributes, then refine it until the energy balance around every loop is satisfied.

Step-by-step procedure:
1.

Set up the network topology. Identify all pipes, junctions, and independent loops. For a network with P
pipes and / junctions, the number of independent loops is P —J + 1.

2.

Assume an initial flow distribution. Assign a flow rate and direction to every pipe. The assumed flows must
satisfy conservation of mass at every junction, but they won't yet satisfy the loop energy equations.

3.

Assign sign conventions. Pick a direction (e.g., clockwise) as positive for each loop. Pipes with flow in the
positive direction get positive A, ; pipes flowing against it get negative hy.

4.

Calculate head loss in each pipe using Darcy-Weisbach or Hazen-Williams based on the current assumed
flow rates.
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5.

Compute the flow correction for each loop:

2 h

—_ loo,
AQ=—-5
foopao

For the Darcy-Weisbach equation (assuming f is roughly constant), h; « Q?, so % = %. The correction

becomes:

2 h
AO = loop

z 2]hd
Q
loop

Note the absolute value in the denominator. The numerator retains signs (positive or negative depending
on flow direction relative to the loop).

1.

Update flow rates. For each pipe in the loop, add AQ to the current flow: Qnew = Qoig + AQ. Pipes shared
by two loops receive corrections from both.

2.

Repeat steps 4-6 until AQ for every loop falls below an acceptable tolerance (e.g., less than 1% of the
smallest pipe flow).

A common mistake is forgetting the negative sign in the correction formula or mixing up sign conventions
for shared pipes. Be consistent with your clockwise/counterclockwise assignments.

Once converged flow rates are known, you can convert head loss to pressure drop for any segment:

Ap = pgh,
Pumping Power for Head Loss Compensation

Pumps add energy to the fluid to overcome elevation differences and friction losses. The power a pump
must deliver to the fluid is:

P = pgQH

where P is the hydraulic power (W), Q is the volumetric flow rate (m%s), and H is the total head the pump
must supply (m).

Total head H has two components:
« Static head: the elevation difference between the source and the delivery point.

* Loss head: the sum of all friction losses (major losses from pipe length) and minor losses (from
fittings, valves, bends, etc.) along the flow path.

The actual electrical power consumed will be higher because of pump and motor inefficiencies:

PgOH

PaCtua/ = Npump * Nmotor

For example, if a water distribution system requires Q = 0.05 m?/s against a total head of H = 30 m, the
hydraulic power is P = (998)(9.81)(0.05)(30) = 14,700 W or about 14.7 kW. With a combined
pump-motor efficiency of 70%, the actual power draw would be roughly 21 kW.
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Optimization of Pipe Network Design

Designing a pipe network involves trade-offs. The main variables are pipe diameters, network layout, and
pump placement.

Pipe sizing is the most direct trade-off: larger diameters reduce head loss (and therefore pumping costs)
but increase material and installation costs. Smaller diameters save on materials but drive up long-term
energy costs. Engineers typically evaluate this using life-cycle cost analysis, comparing the present value
of energy costs over the system's lifetime against the upfront capital cost of larger pipes.

Network configuration also matters:

« Parallel pipes between two nodes split the flow, reducing velocity in each pipe and lowering total head
loss compared to a single pipe carrying the full flow.

« Series pipes add their head losses together, increasing the total loss along the path.

* Looped networks (common in municipal water systems) provide redundancy and more uniform
pressure distribution compared to branching (tree) networks.

Formal optimization of large networks uses techniques like linear programming, genetic algorithms, or
particle swarm optimization. The objective function might minimize total cost (capital + operating), minimize
energy consumption, or meet minimum pressure requirements at all demand nodes. Constraints include
maximum allowable velocities, minimum pressures, and available pipe sizes.

These optimization approaches are applied in water distribution networks, district heating systems, gas
pipelines, and industrial process piping where the scale justifies the computational effort.
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Unit 10 — Flow over Immersed Bodies

10.1 Boundary Layer Theory

Boundary layers are thin regions near solid surfaces where viscous effects dominate, creating steep
velocity gradients. They govern drag, heat transfer, and flow separation, making them central to analyzing
flow over immersed bodies. This section covers how boundary layers form, the difference between laminar
and turbulent layers, key thickness definitions, and the role of pressure gradients.

Boundary Layer Fundamentals

Boundary Layer Formation

When fluid flows over a solid surface, particles right at the surface stick to it and have zero velocity relative
to the wall. This is the no-slip condition, and it's the reason boundary layers exist. Moving away from the
surface, the velocity increases until it reaches the undisturbed free-stream velocity U« at the outer edge of
the boundary layer.

Within this thin region, viscous forces are comparable in magnitude to inertial forces. Outside the boundary
layer, viscous effects are negligible and the flow behaves as if it were inviscid.

« The boundary layer thickness & grows along the surface in the flow direction. On a flat plate, for
instance, O is zero at the leading edge and increases downstream as more fluid is slowed by viscous
shear.

» The same concept applies to curved bodies like airfoils, though the growth rate depends on the
surface geometry and pressure distribution.

Laminar vs. Turbulent Boundary Layers

The boundary layer starts out laminar near the leading edge and, given enough distance (or a high enough
Reynolds number), transitions to turbulent. Each type has distinct characteristics:

Laminar boundary layer: - Flow is smooth and orderly, with streamlines remaining parallel. - The velocity
profile is roughly parabolic, meaning velocity changes gradually from zero at the wall to U«. - Produces
lower skin friction drag because the velocity gradient at the wall is smaller. - Persists at lower Reynolds
numbers (low velocity, small length scales, or high viscosity).

Turbulent boundary layer: - Flow is chaotic, with random velocity and pressure fluctuations superimposed
on the mean flow. - The velocity profile is fuller, meaning velocity increases rapidly near the wall and then
levels off. Most of the boundary layer moves close to U«. - Produces higher skin friction drag due to the
steeper velocity gradient at the wall. - Develops at higher Reynolds numbers (high velocity, large length
scales, or low viscosity). - The chaotic mixing enhances momentum and heat transfer, which is why
turbulent flow is preferred in applications like heat exchangers and combustion chambers.

A practical consequence: turbulent boundary layers resist flow separation better than laminar ones
because their fuller velocity profile carries more momentum near the wall. That's why golf balls have
dimples: the dimples trip the boundary layer into turbulence, delaying separation and reducing pressure
drag.
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Boundary Layer Characteristics

Boundary Layer Thickness Definitions

There are three thickness measures you need to know, each capturing a different physical idea.

1. Boundary layer thickness &

This is the distance from the surface where the local velocity reaches 99% of the free-stream velocity:
6=Y|u=0.99u.

It's a somewhat arbitrary cutoff (why 99% and not 98%7?), but it gives a practical measure of how far
viscous effects extend.

2. Displacement thickness & *

This quantifies how much the boundary layer "pushes" the external flow away from the surface. Physically,
it's the distance you'd need to displace the wall outward so that an inviscid flow would carry the same mass
flow rate as the actual viscous flow.

6" =[y(1—-g&)dy
Alarger 6 means the boundary layer is removing more mass flux from the free stream.

3. Momentum thickness 6

This measures the momentum deficit caused by the boundary layer compared to a uniform free-stream
flow:

6=[o¢(1-¢t)dy

Momentum thickness is directly tied to drag. For a flat plate with no pressure gradient, the total drag force
per unit span can be expressed as D = p Uozo 8, which is the basis of the momentum integral method.

The ratio H = & */8 is called the shape factor. For a laminar boundary layer on a flat plate, H = 2.6; for a
turbulent one, H = 1.3. A shape factor approaching higher values signals that separation may be
imminent.

Pressure Gradients in Boundary Layers

The pressure distribution along a surface has a major influence on boundary layer behavior.

Favorable pressure gradient (dP/dX < 0, accelerating flow): - Pressure decreases in the flow direction, so
the fluid accelerates. - The boundary layer stays thin because the accelerating outer flow energizes fluid
near the wall. - Transition from laminar to turbulent is delayed. - Flow separation is unlikely. This is the
situation on the front portion of an airfoil or in a converging nozzle.

Adverse pressure gradient (dP/dx > 0, decelerating flow): - Pressure increases in the flow direction,
working against the fluid's momentum. - The boundary layer thickens more rapidly as near-wall fluid
decelerates. - Transition to turbulence occurs earlier. - Flow separation becomes a real concern.
Separation happens through a specific sequence:

1. The adverse pressure gradient progressively decelerates fluid near the wall.

2. At the separation point, the velocity gradient at the wall drops to zero: g_ﬂy: 0 0
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3. Downstream of this point, reversed flow (negative velocity near the wall) appears, and the boundary
layer detaches from the surface.

Separation dramatically increases pressure drag and degrades performance. Classic examples include
airfoils at high angles of attack (leading to stall) and sudden expansions in pipe flow where the walls
diverge too quickly for the boundary layer to follow.

10.2 Drag and Lift Forces
Drag and Lift Forces

Drag and lift are the two fundamental forces that a fluid exerts on an immersed body. Drag acts parallel to
the flow direction and resists motion, while lift acts perpendicular to it. Both arise from the distribution of
pressure and shear stress over the body's surface, and quantifying them through non-dimensional
coefficients is central to designing anything that moves through a fluid.

Drag vs lift forces

Drag force acts parallel to the direction of fluid flow. It resists the motion of a body through the fluid. Think
of the force you feel pushing back on your hand when you stick it out a car window. Drag results from the
combined effects of pressure and shear stress acting on the body's surface.

Lift force acts perpendicular to the flow direction. It's generated whenever there's an asymmetric pressure
distribution around the body, or in certain cases by viscous effects. Airplane wings are the classic example,
but lift shows up in many geometries. A spinning soccer ball curving through the air is also experiencing a
lift force.

Pressure and shear stress contributions

Drag and lift each have two physical sources: pressure forces (acting normal to the surface) and shear
stress (acting tangent to the surface). Their relative importance depends on the body shape and the flow
regime.

Contributions to drag:

» Form drag (pressure drag) comes from the pressure difference between the upstream (high-pressure)
and downstream (low-pressure) sides of a body. For blunt objects like spheres or cylinders, form drag
dominates because the flow separates early and creates a large low-pressure wake behind the body.
Form drag also dominates at high Reynolds numbers.

« Skin friction drag comes from viscous shear stress acting directly on the body's surface. For
streamlined shapes like airfoils, where flow stays attached over most of the surface, skin friction is the
primary drag source. It prevails at low Reynolds numbers and on slender bodies.

Contributions to lift:

* Pressure-driven lift is the dominant mechanism for most lift-generating bodies. An asymmetric
pressure distribution develops with higher pressure on the bottom surface and lower pressure on the
top surface, producing a net upward force. This is how airplane wings generate lift.

+ Shear-driven lift occurs in specific situations like the Magnus effect. When a body spins (a cylinder or
sphere, for example), the boundary layer develops asymmetrically: the side spinning with the flow has a
thinner boundary layer and delayed separation, while the opposite side separates earlier. This
asymmetry creates a net lateral force. That's why a spinning baseball curves.
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Drag and lift coefficient calculations

Engineers use non-dimensional coefficients to compare drag and lift across different bodies, fluids, and
speeds. These coefficients normalize the actual force by the dynamic pressure and a reference area.
The drag coefficient is defined as:

Cp = L&
b= Lou7a

The lift coefficient follows the same form:

—_Fk

C, =
LT Tou7A

where:
+ Fp and F. are the drag and lift forces
* P is the fluid density
- U is the freestream velocity
« A is the reference area

The choice of reference area matters and varies by convention. For blunt bodies (spheres, cylinders), A is
typically the frontal area (the cross-section the flow "sees"). For wings and airfoils, A is the planform area
(the area viewed from above). Always check which convention is being used before comparing Cp or C.
values.

Both coefficients depend on several factors:
1. Body geometry (shape, size, and orientation relative to the flow)
2. Flow conditions (Reynolds number, Mach number, angle of attack)

3. Surface properties (roughness can trip the boundary layer and change both drag and lift)

Reynolds number and drag relationship

The Reynolds number characterizes the ratio of inertial forces to viscous forces in a flow:

= pUL
Re = 7

where L is a characteristic length (diameter for a sphere, chord length for an airfoil) and H is the fluid's
dynamic viscosity. The Reynolds number is the single most important parameter governing how Cp
behaves for a given geometry.

How Cp varies with Re:

« At low Re (laminar flow), viscous forces dominate and Cbp is inversely proportional to Re: Cp %.

For a sphere in Stokes flow (Re < 1), the exact result is Cp = %.

+ At high Re (turbulent flow), Cp becomes relatively independent of Re and levels off to a roughly
constant value that depends mainly on body shape.

« The transition from laminar to turbulent flow occurs at a critical Re that depends on body geometry
and surface roughness.

Why this matters through boundary layer behavior:
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- A laminar boundary layer (low Re) produces lower skin friction drag on the surface. However, laminar
layers separate from the surface more easily, which can create a large wake and high form drag on
blunt bodies.

« A turbulent boundary layer (high Re) has higher skin friction, but it carries more momentum near the
wall and resists separation much better. This delays separation, shrinks the wake, and can actually
reduce total drag on blunt bodies. Golf ball dimples exploit exactly this effect: the dimples trip the
boundary layer to turbulent, delaying separation and cutting the ball's drag roughly in half compared to
a smooth sphere.

This tradeoff between skin friction and form drag is one of the most important ideas in external flow. For
streamlined bodies, you want laminar flow as long as possible to minimize skin friction. For blunt bodies, a
turbulent boundary layer can be beneficial because reducing form drag matters more.

10.3 Flow Separation and Wakes

Flow separation occurs when fluid detaches from a surface due to adverse pressure gradients. This
phenomenon leads to wake formation, increased drag, and reduced lift. Understanding flow separation is
crucial for designing efficient aerodynamic and hydrodynamic systems.

Engineers employ various techniques to control flow separation and minimize its effects. These methods
include streamlining body shapes, active flow control like boundary layer suction, and passive control such
as vortex generators. Mastering these techniques is essential for optimizing fluid flow in real-world
applications.

Flow Separation

Flow separation causes

* Boundary layer detaches from a solid surface when fluid lacks sufficient momentum to overcome
adverse pressure gradient (increasing pressure in flow direction)

 Adverse pressure gradient opposes fluid motion causing deceleration
* Viscous effects near surface reduce fluid velocity to zero

» Separation point occurs where boundary layer detaches from surface
+ Characterized by reversal of flow direction near surface

* Influenced by surface geometry (sharp corners, curved surfaces), flow velocity, and fluid properties
(viscosity, density)

Wake formation behind bodies

* Region of disturbed flow downstream of an immersed body formed due to flow separation and
interaction of shear layers

+ Characterized by recirculation zones with reversed flow immediately behind body

+ Vortex shedding involves periodic release of vortices from alternating sides of body
» von Karman vortex street displays regular pattern of vortices in wake

* Increased turbulence and mixing in wake region

» Reduced velocity and increased pressure compared to freestream flow
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» Wake size and shape depend on body geometry (streamlined vs. bluff bodies) and flow conditions
(Reynolds number)

Effects and Control of Flow Separation

Effects on drag and lift

* Increased drag forces due to flow separation

* Pressure drag (form drag) caused by pressure difference between upstream and downstream sides of
body

* Separation creates larger wake increasing pressure drag

« Skin friction drag caused by shear stresses acting on body surface

+ Separation reduces skin friction drag due to detached boundary layer
* Affects lift forces

» Separation on upper surface of airfoil can lead to stall (sudden decrease in lift force at high angles of
attack)

* Separated flow disrupts pressure distribution around airfoil reducing lift

* Controlling flow separation is important for aerodynamic and hydrodynamic efficiency

Control of separation and wakes

« Streamlining involves designing body shapes to minimize flow separation
» Gradual changes in surface contours prevent sharp pressure gradients

+ Active flow control methods

* Boundary layer suction removes low-momentum fluid near surface
 Boundary layer blowing injects high-momentum fluid near surface

» Vortex generators create vortices to energize boundary layer

+ Passive flow control methods

* Vortex strakes generate streamwise vortices as fin-like protrusions

* Riblets reduce turbulent skin friction with micro-grooved surfaces

» Dimples create localized vortices delaying separation as surface indentations
* Oscillatory control uses unsteady actuation to control separation

* Synthetic jets create oscillatory flow as zero-net-mass-flux devices

+ Plasma actuators induce flow oscillations using ionized air
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Unit 11 — Pumps and Turbomachinery

11.1 Centrifugal and Axial Flow Pumps

Centrifugal and Axial Flow Pumps

Centrifugal and axial flow pumps convert mechanical energy into fluid energy, and they represent two
fundamental approaches to moving fluid through a system. Centrifugal pumps use impellers to generate
high head, while axial pumps use propellers to move large volumes at lower head. Understanding how
each type works, how to read their performance curves, and how to avoid problems like cavitation will help
you select and size pumps correctly.

Components of centrifugal vs axial pumps

Centrifugal pumps convert rotational kinetic energy into hydrodynamic energy by spinning fluid outward
through an impeller. The main components are:

 Impeller — the rotating component that imparts energy to the fluid by accelerating it radially outward

+ Casing (volute) — the stationary housing that collects fluid leaving the impeller and converts its
velocity into pressure as the flow area gradually expands

» Shaft — transmits mechanical energy from the motor to the impeller
* Seals — prevent fluid leakage and maintain system pressure (mechanical seals, packing glands)

Axial flow pumps develop head through the propelling (lifting) action of blades on the fluid, moving it
parallel to the shaft axis. Their main components are:

* Propeller — the rotating component with airfoil-shaped blades that push fluid axially
» Casing — a cylindrical housing that guides the fluid and contains the propeller
» Shaft — connects the propeller to the motor

» Guide vanes — stationary vanes (inlet or outlet) that straighten the flow and recover swirl energy,
improving efficiency

The key physical difference: in a centrifugal pump, fluid enters axially and exits radially. In an axial pump,
fluid enters and exits along the same axis.

Performance analysis of pumps

Three parameters define how a pump performs: head, flow rate, and efficiency.

Head (H) is the energy per unit weight of fluid, expressed in units of length (meters or feet). Total head is
the sum of;

« Static head (Hs) — elevation difference the fluid must overcome
2

« Velocity head (Hv = 35) — kinetic energy component

* Pressure head (Hp = ,;%) — pressure energy component

Flow rate (Q) is the volume of fluid discharged per unit time, in m?3/s or gal/min.
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Efficiency () is the ratio of useful hydraulic power output to mechanical power input:
— Pour _ pgQH
n=%,-= o

where P is fluid density, 9 is gravitational acceleration, T is shaft torque, and W is angular velocity.

Pump performance curves plot head, efficiency, and power against flow rate for a given impeller speed.
The point where efficiency is highest is called the best efficiency point (BEP). You want to operate as close
to the BEP as possible. Operating far from it wastes energy and accelerates wear. The intersection of the
pump curve with the system curve (which represents the head losses in your piping network) gives you the
actual operating point.

Pump selection and sizing

Selecting the right pump follows a logical sequence:

1. Determine system requirements. Calculate the required flow rate and total head based on the piping
layout, elevation changes, and friction losses in the system.

2. Choose the pump type. Centrifugal pumps are suited for high head, low-to-medium flow rate
applications (e.g., water supply systems, boiler feed). Axial flow pumps are suited for low head, high
flow rate applications (e.g., irrigation, flood control, cooling water circulation). Mixed-flow pumps fall
between the two.

3. Match to performance curves. Use manufacturer pump curves to find a model that delivers the
required head and flow rate near its BEP. Consider efficiency, operating costs, and maintenance needs.

4. Verify NPSH. Calculate the net positive suction head available (NPSH3) from your system layout and
confirm it exceeds the NPSH required (NPSH,) listed by the manufacturer. A common safety margin is
at least 0.5 to 1.0 m above NPSH,.

5. Check the system curve intersection. Make sure the operating point falls within the pump's
recommended operating range, not at the extremes of the curve.

Cavitation prevention in pumps

Cavitation occurs when local pressure in the fluid drops below the fluid's vapor pressure, causing vapor
bubbles to form. These bubbles then collapse violently when they move into higher-pressure regions. The
result is pitting and erosion of impeller surfaces, reduced pump performance and efficiency, and increased
noise and vibration.

Common causes of cavitation:
« Insufficient NPSH; (the available suction head doesn't exceed what the pump requires)
» Excessive suction lift (pump mounted too far above the fluid source)
+ High fluid temperature (raises vapor pressure, making cavitation more likely)
* Clogged or undersized suction piping (increases friction losses on the suction side)
Methods to prevent cavitation:

1. Increase NPSH, — lower the pump relative to the fluid source, reduce suction line length and
fittings, use larger-diameter suction piping, or reduce fluid temperature.

2. Add inducer stages — a small axial impeller upstream of the main impeller that boosts local pressure
before the fluid enters the eye of the impeller.
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3. Proper sizing and selection — ensure the pump operates within its recommended range and that
NPSH; exceeds NPSH; with an adequate safety margin across all expected operating conditions.

11.2 Turbines and Compressors

Types and Applications of Turbines and Compressors

Turbines and compressors sit on opposite sides of the same energy exchange. Turbines extract
mechanical work from a flowing fluid, while compressors put mechanical work into a fluid to raise its
pressure. Understanding both devices together makes sense because the thermodynamic analysis is
nearly identical, just running in reverse directions.

Turbines

A turbine converts the energy of a moving, pressurized fluid into shaft work (rotation). There are three main
types, classified by their working fluid:

* Gas turbines expand high-temperature, high-pressure combustion gases to produce shaft power.
You'll find them in jet engines, natural gas power plants, and oil and gas facilities.

» Steam turbines expand high-pressure steam to produce shaft power. They're the workhorse of
coal-fired and nuclear power plants, and they show up in chemical manufacturing for process heat
recovery.

* Hydraulic turbines convert the kinetic and potential energy of flowing water into mechanical energy.
These are the core of hydroelectric power generation at dams and run-of-river installations.

Compressors

A compressor does the opposite: it takes in low-pressure fluid and uses mechanical work to raise its
pressure. Three major categories exist:

+ Centrifugal compressors spin fluid outward through an impeller, converting kinetic energy into
pressure rise. Common in natural gas processing, refrigeration systems, and HVAC.

+ Axial compressors push fluid through a series of rotating and stationary blade rows, progressively
compressing it along the axis of rotation. These are standard in gas turbines and jet engines where high
flow rates are needed.

* Positive displacement compressors trap a fixed volume of fluid and physically reduce that volume to
raise pressure. Used in household refrigerators, heat pumps, and pneumatic tool systems.

The key distinction between centrifugal/axial (dynamic) compressors and positive displacement
compressors is how they raise pressure: dynamic compressors accelerate the fluid and then decelerate it
to convert velocity into pressure, while positive displacement compressors directly reduce volume.

Thermodynamics and Performance Characteristics

Thermodynamics of turbines and compressors

Both turbines and compressors are analyzed using the steady-flow energy equation applied to an open
system. The ideal benchmark for both is the isentropic process, where entropy remains constant (no
friction, no heat loss, fully reversible).
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Turbines undergo an expansion process. High-pressure, high-temperature fluid enters and low-pressure,
lower-temperature fluid exits, with the energy difference extracted as work.

* In an isentropic expansion, the turbine produces the maximum possible work for a given pressure
drop.

« In the actual expansion, irreversibilities (friction in blade passages, heat transfer to surroundings, flow
separation) reduce the work output below the isentropic ideal.

Compressors undergo a compression process. Low-pressure fluid enters and high-pressure,
higher-temperature fluid exits, requiring work input.

* In an isentropic compression, the compressor requires the minimum possible work for a given
pressure rise.

* In the actual compression, the same types of irreversibilities mean you need to supply more work than
the isentropic case.

Performance metrics

Power quantifies the rate of energy transfer. For both devices, apply the steady-flow energy equation
assuming negligible changes in kinetic and potential energy:

* Turbine power output:
We = m(hy = hy)
» Compressor power input:
We =m(h; = hy)
where m is the mass flow rate, f1 is the inlet specific enthalpy, and h2 is the outlet specific enthalpy.

Isentropic efficiency measures how close the real device comes to the ideal. Notice the formulas are
structured differently for turbines and compressors:

* Turbine isentropic efficiency:

—hh—-hp
Nt h1—has

This is actual work out divided by ideal work out (always < 1).

» Compressor isentropic efficiency:

— has—m
Ne = hy —m

This is ideal work in divided by actual work in (also always < 1).

In both expressions, h2s is the specific enthalpy at the outlet if the process were isentropic (same inlet
state, same exit pressure, but at constant entropy).

Pressure ratio is the ratio of outlet to inlet pressure (P2/P1 for compressors, P1/P> for turbines as an
expansion ratio). Higher pressure ratios generally increase the work per unit mass but also affect
efficiency, component sizing, and material requirements.
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Design Considerations and Operating Principles

Gas turbines and the Brayton cycle

Gas turbines operate on the Brayton cycle, which has four idealized steps:
1. Isentropic compression in the compressor: ambient air is compressed to high pressure.

2. Constant-pressure heat addition in the combustion chamber: fuel is mixed with compressed air and
burned.

3. Isentropic expansion in the turbine: hot, high-pressure gases expand through the turbine, producing
shaft work.

4. Constant-pressure heat rejection in the exhaust: spent gases are discharged to the atmosphere
(open cycle) or cooled in a heat exchanger (closed cycle).

The three main components are the compressor (raises air pressure), the combustion chamber (adds
thermal energy), and the turbine (extracts work). A significant portion of the turbine's output goes right back
to driving the compressor, so the net power output is the turbine work minus the compressor work.

Design challenges for gas turbines include:

* High-temperature materials: turbine inlet temperatures can exceed 1500°C, requiring nickel-based
superalloys and thermal barrier coatings.

+ Blade cooling: internal cooling passages, film cooling, and transpiration cooling keep blade metal
temperatures survivable.

» Emission control: technologies like dry low-NOx combustors reduce pollutant formation at the source.

Steam turbines and the Rankine cycle

Steam turbines operate on the Rankine cycle, which also has four idealized steps:
1. Isentropic compression in the pump: liquid water is pressurized.
2. Constant-pressure heat addition in the boiler: water is heated to high-pressure steam.
3. Isentropic expansion in the turbine: steam expands through the turbine, producing shaft work.

4. Constant-pressure heat rejection in the condenser: low-pressure steam is condensed back to liquid
water.

The four main components are the pump, boiler, turbine, and condenser, forming a closed loop.
Design challenges for steam turbines include:

» Steam quality and moisture separation: as steam expands, it can partially condense. Water droplets
erode turbine blades, so moisture separators are placed between turbine stages.

+ Blade erosion prevention: special coatings and stellite shields on leading edges protect against
droplet impact damage.

» Thermal efficiency improvements: regenerative feedwater heating (using bleed steam to preheat
boiler feedwater) and reheat stages (returning partially expanded steam to the boiler for reheating
before further expansion) both raise cycle efficiency. Modern plants commonly use multiple feedwater
heaters and one or two reheat stages.
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11.3 Pump and System Characteristics

Pump Performance and System Interaction

Pump performance curves are the primary tools for understanding how a pump behaves within a fluid
system. They let you find the operating point, check efficiency, and determine power requirements, all of
which are necessary for selecting the right pump and keeping it running well.

Interpretation of Pump Performance Curves

A pump's performance is described by several curves plotted against flow rate (Q):

» Head-capacity (H-Q) curve relates the pump's discharge head to its volumetric flow rate. As flow rate
increases, the head a centrifugal pump can deliver generally decreases.

« Efficiency curve shows how efficiently the pump converts input power to hydraulic energy at each flow
rate. Efficiency rises to a peak and then drops off on either side.

» Power curve shows the shaft power (brake horsepower) required at each flow rate. For many
centrifugal pumps, power increases with flow rate.

* NPSHR curve gives the net positive suction head required to prevent cavitation at each flow rate. This
value typically increases at higher flow rates because fluid velocities at the impeller eye are greater.

The operating point is where the pump's H-Q curve intersects the system resistance curve. That
intersection tells you the actual flow rate and head the pump will deliver once installed. For example, a
pump might settle at 200 gpm and 50 ft of head in a particular system.

Pump and System Interaction Analysis

The system resistance curve (also called the system curve) plots total head loss as a function of flow rate.
It has two components:

« Static head: the elevation difference the fluid must overcome, plus any pressure difference between
source and destination. This is constant regardless of flow rate.

« Friction head: losses from pipe friction, fittings (elbows, valves), and changes in pipe diameter. Friction
losses increase roughly with Q?, sothe system curve is parabolic.

Factors that shape the system curve include pipe diameter, length, material roughness, and the number
and type of fittings.

Pump selection means choosing a pump whose H-Q curve intersects the system curve near the pump's
best efficiency point (BEP). A well-matched pump might operate at 80% efficiency delivering 500 gpm, for
instance. Operating far from BEP wastes energy and accelerates wear.

To adjust the operating point after installation, you can:

* Throttle a valve to increase system resistance and shift the operating point left (lower flow, higher
head).

+ Use a variable frequency drive (VFD) to change pump speed. This shifts the entire H-Q curve up or
down according to the affinity laws, and it's more energy-efficient than throttling.
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Effects of System Resistance Changes

When system resistance increases (e.g., a partially closed valve or fouled pipe), the system curve
steepens. The operating point slides left along the H-Q curve:

* Flow rate drops.
* Head developed by the pump increases (say, from 50 ft to 60 ft).
« Efficiency often falls (e.g., from 85% to 75%) because you've moved away from BEP.

When system resistance decreases (e.g., opening a bypass line), the system curve flattens. The operating
point slides right:

* Flow rate rises.
* Head developed by the pump decreases (say, from 50 ft to 40 ft).

« Efficiency may improve if you move closer to BEP, but if flow increases too much, you risk overloading
the motor (current exceeds the rated value) and pushing NPSHR above NPSHA, which invites
cavitation.

Pump System Design and Troubleshooting

Causes of Pump Surging and Stalling

Surging is a cyclic oscillation between high and low flow rates. It happens when the pump's H-Q curve and
the system curve intersect at an unstable point, typically on a portion of the H-Q curve that has a positive
slope (head increases with flow). The pump hunts back and forth, producing excessive vibration, noise,
and fatigue damage to seals and piping.

Stalling occurs when the pump cannot generate enough head to overcome the system's resistance.
Common causes include:

* A sudden increase in system resistance (clogged filter, closed valve).
* A drop in pump speed (power supply issue, belt slip).

The result is a drastic loss of flow. With little or no fluid moving through the pump, internal temperatures
rise quickly, potentially seizing bearings or damaging seals.

Design of Pump Piping Systems

Head loss calculation is central to piping design. Friction losses in straight pipe sections are found with the
Darcy-Weisbach equation:

where f is the Darcy friction factor, L is pipe length, D is pipe diameter, V is flow velocity, and 9 is
gravitational acceleration. Minor losses from fittings are added using loss coefficients (K-values) or
equivalent lengths.

To minimize head loss, use larger-diameter pipes, smoother materials, and layouts with fewer bends and
fittings.

Cavitation is the formation and violent collapse of vapor bubbles in low-pressure regions, typically at the
impeller inlet. It causes pitting and erosion of impeller surfaces, reduced pump performance, and loud
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crackling noise. Preventing cavitation comes down to managing NPSH.
Net Positive Suction Head (NPSH) design check:

1. NPSHA (available) is the absolute pressure at the pump suction minus the fluid's vapor pressure,
expressed as head. It depends on suction tank pressure, elevation, fluid temperature, and suction-side
losses.

2. NPSHR (required) is the minimum NPSH the pump needs to avoid cavitation. The manufacturer
provides this on the performance curve.

3. The design rule is straightforward: NPSHA must exceed NPSHR, with a safety margin (a common
guideline is NPSHA = NPSHR + 2-3 ft, though this varies by application).

To increase NPSHA, you can shorten and enlarge suction piping, raise the liquid level above the pump
(flooded suction), reduce fluid temperature, or pressurize the suction vessel.
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Unit 12 — Open Channel Flow

12.1 Classification of Open Channel Flows

Classification of Open Channel Flows

Open channel flows are categorized based on how the flow behaves in space and time. These
classifications help engineers analyze hydraulic structures, predict flow patterns, and manage water
resources. The main tools for classifying flows are the Reynolds number, the Froude number, and the
concept of specific energy.

Laminar vs. Turbulent Flow

The Reynolds number determines whether open channel flow is laminar or turbulent, just as it does for
pipe flow. However, the thresholds are different for open channels.

Laminar flow occurs at low Reynolds numbers (Re < 500). Fluid particles move in smooth, parallel layers
without mixing, producing a parabolic velocity profile across the channel. Laminar flow is rare in real-world
open channels because natural flows almost always have enough velocity and depth to push Re well
above 500.

Turbulent flow occurs at high Reynolds numbers (Re > 2000). Fluid particles move irregularly and mix
across layers, which produces a more uniform velocity distribution. This is the dominant flow regime in
nearly all practical open channel situations.

For 500 < Re < 2000, the flow is in a transitional zone where it may exhibit characteristics of both
regimes.

The Reynolds number for open channels is typically defined as Re = @, where V is the mean velocity, R
is the hydraulic radius, and V is the kinematic viscosity of the fluid.

Temporal and Spatial Classifications

Open channel flows are classified along two independent axes: how properties change over time
(temporal) and how they change along the channel length (spatial).

Steady vs. Unsteady Flow

« Steady flow: Flow properties like depth, velocity, and discharge remain constant at a given location
over time. Most design problems assume steady flow conditions.

 Unsteady flow: Flow properties change with time at a given location. Examples include flood waves,
tidal flows, and dam-break scenarios.
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Uniform vs. Non-Uniform Flow

+ Uniform flow: Flow depth, velocity, and cross-sectional area stay constant along the channel length.
This requires a prismatic channel (constant slope, roughness, and cross-section). The water surface
runs parallel to the channel bed.

* Non-uniform (varied) flow: Flow properties change along the channel length. This is further divided
into two subtypes:

* Gradually varied flow (GVF): Changes in depth and velocity occur over a long distance. Backwater
curves upstream of a dam are a classic example.

* Rapidly varied flow (RVF): Changes happen abruptly over a short distance. Hydraulic jumps,
waterfalls, and flow over weirs are typical examples.

A flow can be both steady and non-uniform (e.g., water flowing through a channel constriction at constant
discharge), or unsteady and uniform (though this combination is mostly theoretical).

Critical Flow Classification (Froude Number)

The Froude number classifies flow based on the ratio of inertial forces to gravitational forces:

Fr:L

VgD

where V is the average flow velocity, 9 is gravitational acceleration, and D is the hydraulic depth
(cross-sectional area divided by the top width).

The physical meaning of Fr relates to wave propagation. The term +/ gD is the speed at which a small

surface disturbance (a shallow-water wave) travels through the flow. So the Froude number compares the
flow speed to the wave speed.

Subcritical flow (Fr < 1): Gravity forces dominate. The flow is relatively deep and slow. Surface
disturbances can travel upstream, so downstream conditions influence the flow. Found on mild slopes.

Critical flow (Fr = 1): Inertial and gravitational forces are in balance. The flow velocity exactly equals the
wave propagation speed. This condition corresponds to the minimum specific energy for a given discharge.

Supercritical flow (Fr > 1): Inertial forces dominate. The flow is shallow and fast. Surface disturbances
cannot travel upstream, so the flow is controlled by upstream conditions. Found on steep slopes.

A useful way to remember: in subcritical flow, a disturbance can propagate upstream (the flow is "slow
enough" for waves to fight the current). In supercritical flow, it cannot.

Specific Energy in Channels

Specific energy is the total mechanical energy per unit weight of fluid measured relative to the channel
bottom:

E=y+¥
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The first term, ¥, is the flow depth (potential energy component). The second term, ZV—_;, is the velocity head
(kinetic energy component).

Since discharge per unit width @ = V¥, you can also write specific energy as:

E A

This form is useful because it expresses E purely in terms of depth for a given discharge.

The Specific Energy Diagram
Plotting E against Y for a constant discharge produces a curve with two branches:

1. The upper branch (subcritical) curves to the right as depth increases, where potential energy
dominates.

2. The lower branch (supercritical) curves to the right as depth decreases, where kinetic energy
dominates.

The two branches meet at the critical depth ¥¢, which is the point of minimum specific energy for that
discharge. For a rectangular channel, critical depth is:

o= (9)"°

Why Specific Energy Matters

* It determines whether flow transitions between subcritical and supercritical states are possible for a
given energy budget.

* It helps analyze hydraulic jumps, where supercritical flow abruptly transitions to subcritical flow with an
associated energy loss.

« It guides the design of channel contractions and expansions, where changes in channel width force
changes in depth and velocity.

For any specific energy greater than the minimum, two possible depths exist (called alternate depths): one
subcritical and one supercritical. Both carry the same discharge at the same specific energy but with very
different depth-velocity combinations.

12.2 Energy and Momentum Principles

Energy and Momentum Principles in Open Channel Flows

Open channel flows are governed by energy and momentum principles. These concepts help engineers
analyze and predict flow behavior in rivers, canals, and other open waterways. Understanding energy
equations, critical depth, and specific energy is crucial for designing hydraulic structures and managing
water resources effectively.

Momentum principles play a vital role in analyzing hydraulic jumps, which occur when flow transitions from
supercritical to subcritical. These principles help engineers design stilling basins and energy dissipators to
control flow and prevent erosion downstream of hydraulic structures like dams.
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Energy Equation in Open Channels

The energy equation for open channels comes from the Bernoulli equation. At any cross-section, total
energy is the sum of three components:

* Elevation head (2): the height of the channel bottom above a reference datum

<|T

* Pressure head

—~

): related to the fluid pressure at that point

2

g): the kinetic energy per unit weight of the fluid

<

N

* Velocity head (

Between two cross-sections, the full energy equation is:

Vi v2
2+ +gthy=z+5+32+h

where hp is energy added by a pump (if present) and h. is energy lost to friction and other factors.

In open channels, the pressure distribution is hydrostatic, so the pressure head at any point simply equals
the depth of flow ¥ above that point. This lets you replace % with ¥, giving the simplified open-channel
energy equation:

tyi+ =z 4y + L 4h
ZitYit =221yt 55 L

This form is what you'll use most often. It tracks how flow depth, velocity, and energy change between
cross-sections along a channel, such as upstream and downstream of culverts or weirs.

Critical Depth: Concept and Significance

Critical depth (¥¢) is the flow depth at which specific energy reaches its minimum for a given discharge. It
marks the boundary between two fundamentally different flow regimes, identified by the Froude number:

Fr = —/Vi
vay

where V is the average velocity, 9 is gravitational acceleration, and ¥ is flow depth.

« Fr < 1: Subcritical (tranquil) flow. Gravity forces dominate. The flow is relatively deep and slow.
Disturbances can travel upstream.

» Fr = 1: Critical flow. This is the transition point, occurring at critical depth.

« Fr > 1: Supercritical (rapid) flow. Inertial forces dominate. The flow is shallow and fast. Disturbances
cannot travel upstream.

At critical depth, flow is inherently unstable. Small perturbations can push it into either regime, which is why
hydraulic jumps tend to form near critical conditions.

For a rectangular channel, critical depth is calculated as:
3 2
Y=Yy q?

where g = % is the discharge per unit width, Q is total discharge, and b is channel width. This equation
applies specifically to rectangular cross-sections; other geometries require solving a more general
relationship between area, top width, and discharge.

Critical depth is central to the design of spillways, chutes, and transitions where the flow regime must be
carefully controlled.
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Specific Energy and Critical Depth

Specific energy (E) is the total energy measured relative to the channel bottom (rather than a fixed datum).
It combines flow depth and velocity head:

= v?
E=y+ 75
Since V' = %, you can also write this in terms of discharge and cross-sectional area, which makes it clear
that for a fixed discharge, E depends only on Y.

The specific energy diagram plots flow depth Y (vertical axis) against specific energy E (horizontal axis) for
a given discharge. The curve has two branches:

» The upper branch corresponds to subcritical flow (deeper, slower).
* The lower branch corresponds to supercritical flow (shallower, faster).

The two branches meet at the critical point, where E is minimized. To find critical depth analytically, set the
derivative of E with respect to ¥ equal to zero. For a rectangular channel, this condition simplifies to:

dE—q1 -9 —
dy 1 e 0

Solving this gives the same critical depth formula from the previous section. The physical meaning: at
critical depth, the rate at which potential energy decreases (as depth drops) exactly equals the rate at
which kinetic energy increases (as velocity rises).

Typical problems you'll encounter:
1. Determining critical depth for a given discharge and channel geometry
2. Finding the discharge needed to maintain a specific flow depth

3. Analyzing how specific energy and flow depth change when channel slope or roughness changes
(e.g., transitioning from a concrete-lined channel to a natural earth channel)

Momentum Equation for Hydraulic Jumps

While the energy equation tracks energy conservation (with losses), the momentum equation applies
Newton's second law to a control volume of fluid. This is especially useful for hydraulic jumps, where
energy losses are large and difficult to calculate directly.

The general momentum equation between two cross-sections is:
B1oQV1 + YA1y, = BopQV; + YAzy, + Fy
where:

« B is the momentum correction factor, accounting for non-uniform velocity distribution across the
section (B =1 for uniform velocity)

* P is fluid density

+ Q is discharge

« A is cross-sectional area of flow

« ¥ is the depth from the water surface to the centroid of the cross-sectional area

« Ff represents external forces such as friction and pressure forces from channel boundaries
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A hydraulic jump occurs when supercritical flow is forced to transition to subcritical flow. The result is a
sudden, turbulent increase in depth and a corresponding decrease in velocity. Significant energy is
dissipated as turbulence and heat during this process.

The depths upstream (¥1) and downstream (¥2) of a hydraulic jump are called conjugate depths. For a
rectangular channel with B=1 and neglecting friction (Fr= Q), the conjugate depth relationship is:

L=1(-1+/1+8F2)

This is one of the most useful equations in open channel flow. It connects the upstream Froude number
directly to the depth ratio across the jump.

The upstream Froude number (Fr1) also classifies the type of hydraulic jump:

Fry Range Jump Type Characteristics

l<Frn<l1l.7 Undular jump Surface undulations, very little energy
loss

1.7<Fri1<2.5 Weak jump Small rollers form, low energy
dissipation

2.5<Fri <45 Oscillating jump Unstable, irregular pulsations, should

be avoided in design

45<Fr; <9.0 Steady jump Well-defined, stable, 45-70% energy
dissipation; best for stilling basin design

Fri >9.0 Strong jump Very rough, high energy dissipation but
can cause downstream erosion

Engineers use these classifications when designing stilling basins and energy dissipators downstream of
dams and spillways. The goal is to force a controlled hydraulic jump that dissipates excess kinetic energy
before the flow continues downstream, preventing scour and erosion of the channel bed.

12.3 Uniform and Gradually Varied Flow

Uniform Flow in Open Channels

Open channels carry water through rivers, canals, and drainage systems using gravity rather than
pressure. Uniform flow is the simplest case: depth and velocity stay constant along the channel because
gravity pulling the water downhill is exactly balanced by friction slowing it down. Gradually varied flow
(GVF) is what happens when that balance breaks, causing depth to change gradually along the channel.
GVF profiles describe how the water surface behaves under different slope and depth conditions.

Characteristics of uniform channel flow

For uniform flow to exist, three conditions must hold: the channel is prismatic (constant cross-sectional
shape and slope), the flow is steady (nothing changes with time at a given point), and depth, velocity, and
cross-sectional area remain constant along the channel length.

The driving mechanism is a balance between two forces:
* Gravitational force pulls water downstream, determined by channel slope and fluid weight

* Resistance force opposes motion through friction between the fluid and the channel boundary (think
rough concrete linings vs. natural streambeds with rocks and vegetation)
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When these forces balance perfectly, the energy grade line (EGL) and hydraulic grade line (HGL) both run
parallel to the channel bottom. The EGL represents total energy head (elevation head + pressure head +
velocity head), while the HGL represents piezometric head (elevation head + pressure head only). In
uniform flow, the slopes of the EGL, HGL, and channel bed are all equal.

Chezy and Manning equations

Two classical equations relate flow velocity to channel geometry and roughness.
Chezy equation:
V=CVRs
« V = average flow velocity
« C = Chezy coefficient, which depends on channel roughness (units: mm/s)
* R = hydraulic radius, defined as cross-sectional flow area divided by wetted perimeter: R = A/P
+ S = channel bed slope (dimensionless)
Manning equation (more commonly used in practice):
V= 1R23512

« N = Manning's roughness coefficient (units: s/m/3), with tabulated values for different materials. For
example, finished concrete might have n = 0.012, while a natural stream with heavy vegetation could
be n = 0.05 or higher.

Once you have velocity, discharge follows from the continuity equation:
Q=VA

where A is the cross-sectional area of flow. Combining Manning's equation with continuity gives you
discharge directly for a known channel geometry and normal depth.

Gradually Varied Flow in Open Channels

Analysis of gradually varied flow

Gradually varied flow (GVF) occurs when depth and velocity change slowly along the channel. The flow is
still steady (no time variation), but it's non-uniform because conditions vary with position. Streamlines
remain nearly parallel, so the pressure distribution across any cross-section is still approximately
hydrostatic.

GVF profiles are classified by comparing three depths:
« Actual depth (¥): the depth you observe or calculate at a given section
+ Normal depth (¥n): the depth that would exist if the flow were uniform at the given discharge and slope

» Critical depth (¥Y¢): the depth at which the Froude number equals 1, marking the boundary between
subcritical and supercritical flow

Fr = —/Vi
vay

When Fr < 1, flow is subcritical (deeper, slower). When Fr > 1, flow is supercritical (shallower, faster).
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Profile classification depends on the channel slope category and where the actual depth sits relative to ¥n

and Ye:
Slope type Label Condition Zones
Mild M ¥n = Yc (subcritical normal ~ M1: ¥ = ¥n, M2:

flow) Yn=Y=>Yc M3 Y<VYc
Critical C Yn=Yc c1:¥Y=>Ye, c3:Y<Yc
Steep S Ye¢ = ¥n (supercritical S1:¥Y = Yc,s2:

normal flow) Ye=2Y>Yn s3:Y<Y¥Yn
Horizontal H S0 = 0 (no normal depth H2, H3

exists)
Adverse A So < 0 (uphill bed, no A2, A3

normal depth)

Each zone number (1, 2, or 3) tells you whether the actual depth is above both reference depths, between
them, or below both.

Water surface profiles in prismatic channels

The gradually varied flow equation (GVFE) governs how depth changes with distance:

dy _ So—5¢
dx — 1-Fr?

- dy/dx = rate of change of water depth along the channel
+ So = channel bed slope

+ 5 = friction slope (slope of the energy grade line), typically computed using Manning's equation
applied locally

 Fr = Froude number at the section

The sign of dy/dXx tells you whether the water surface is rising or falling. The numerator compares gravity's
pull (So) to frictional resistance (Sr). The denominator flips sign at critical depth (Fr = 1), which is why the
water surface behavior changes between subcritical and supercritical regimes.

Solving the GVFE requires numerical methods because it's a nonlinear first-order ODE. Two standard
approaches:

1. Direct step method: You pick increments of depth (AY) and solve for the corresponding distance (Ax
)- Works well for prismatic channels.

2. Standard step method: You pick distance increments (Ax) and iterate to find the depth at each
station. More flexible for natural channels with varying cross-sections.

Boundary conditions are essential to start the computation:
» A known water depth at a specific location, such as a downstream weir, sluice gate, or free overfall
« The discharge Q and whether the flow is subcritical or supercritical

For subcritical flow, computations proceed upstream from a downstream control. For supercritical flow,
computations proceed downstream from an upstream control. The computed profile should match the
expected GVF profile type (M1, S2, etc.) based on the channel slope and boundary conditions. If it doesn't,
recheck your boundary condition and flow regime assumption.
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12.4 Hydraulic Jumps and Rapidly Varied Flow
12.4 Hydraulic Jumps and Rapidly Varied Flow

Hydraulic jumps occur when fast, shallow water suddenly transitions to slower, deeper flow. This abrupt
change produces intense turbulence and significant energy loss. The jump's intensity depends on the
upstream Froude number, which characterizes how "supercritical" the incoming flow is.

Rapidly varied flow refers to situations where water depth changes dramatically over a short distance.
You'll encounter this at spillways, weirs, sluice gates, and other hydraulic structures. Designing these
structures safely requires predicting both the flow behavior and the energy losses involved.

Hydraulic Jumps

Formation of hydraulic jumps

A hydraulic jump forms when supercritical flow (Fr > 1, high velocity, shallow depth) is forced to transition
into subcritical flow (Fr < 1, low velocity, greater depth). The flow can't make this transition smoothly, so
instead it "jumps" through a violent, turbulent region.

What you'll observe in a hydraulic jump:
+ A sudden rise in the water surface elevation
* Intense turbulence and mixing within the jump itself

« A roller near the surface, which is a recirculating zone where water curls back upstream, along with
eddies that entrain air into the flow

Several factors control whether and where a jump forms:

» Channel slope: steeper slopes generate faster flow, promoting supercritical conditions upstream of the
jump

* Upstream and downstream boundary conditions: the discharge and the downstream depth (often set
by a control structure or tailwater level) determine whether the depths are compatible with a jump

» Channel geometry: width, roughness, and cross-sectional shape all influence the flow regime

Classification by Froude numbers

Hydraulic jumps are classified by the upstream Froude number (Fr1). Each type has a distinct appearance
and dissipates a different fraction of the flow's energy.

+ Undular jump (1 < Fr1 < 1.7): The water surface rises through a series of smooth, standing waves
rather than a sharp front. Energy dissipation is minimal.

» Weak jump (1.7 < Fry < 2.5): A small roller develops at the surface. The jump is well-defined but
energy loss is still relatively low.

» Oscillating jump (2.5 < Fr1 < 4.5): The jump becomes unstable, with the toe oscillating back and
forth. Irregular waves propagate downstream, making this type problematic for design because the
unsteady forces can damage channel linings.

+ Steady jump (4.5 < Fr1 < 9.0): The most well-behaved and commonly designed-for jump. It's stable,
clearly defined, and dissipates a significant amount of energy through strong turbulence. This is the
range most stilling basins are designed to operate in.
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« Strong jump (Fr1 > 9.0): Extremely violent turbulence with large rollers and heavy air entrainment.
Energy dissipation is very high, but the forces involved can be destructive if the structure isn't designed
to handle them.

Energy dissipation in hydraulic jumps

The energy lost in a hydraulic jump comes from the turbulent mixing inside the jump itself. You quantify this
loss as a head loss (AH) between the upstream and downstream sections.
The head loss is given by:

— 2-y)?
AH = a1y

where Y1 is the upstream (supercritical) depth and ¥2 is the downstream (subcritical) depth. Notice that
this depends only on the two conjugate depths, not on velocity directly.

To find the relationship between those two depths, you use the sequent depth (Bélanger) equation, derived
from conservation of momentum (not energy, since energy is lost):

v=1(/1+8F2 1)

The pair Y1 and ¥2 are called conjugate depths. For a given Fr1, there's exactly one conjugate depth ratio.
As Fr1 increases, the ratio ¥2/Y1 increases, meaning the jump produces a larger depth change and
dissipates more energy.

Here's a practical workflow for solving hydraulic jump problems:
1. Determine the upstream conditions: depth ¥'1, velocity V1, and discharge 9.

— Vv
2. Calculate the upstream Froude number: Fry= \,ﬁ.

3. Use the sequent depth equation to find ¥2.
4. Compute the head loss using the formula above.

5. Classify the jump type based on Fri to understand its stability and character.

Rapidly Varied Flow

Flow over spillways and weirs

Rapidly varied flow occurs wherever the depth changes significantly over a short distance. Common
examples include flow over spillways, flow over weirs, and flow through sluice gates and culverts.

Specific energy ties these situations together. It's defined as:

E=y+4

This represents the total energy per unit weight measured relative to the channel bottom. For a given
discharge, there's a minimum value of E that corresponds to critical depth (¥Y¢), where Fr = 1. Flow
transitions between subcritical and supercritical regimes pass through this critical depth, which is why it
shows up repeatedly in rapidly varied flow problems.

For a rectangular channel, critical depth is:

3 2
—+/ 4
Ye=\7g

Fiveable archived study guides Page 98



where 9 is the discharge per unit width and 9 is gravitational acceleration.

Broad-crested weirs produce nearly parallel streamlines over the crest, so the flow approaches critical
depth on top of the weir. The discharge equation is:

Q=CqyL+2g H3?

where Cy is the discharge coefficient (dependent on weir geometry), L is the crest length, and H is the
upstream head measured above the weir crest.

Ogee spillways are shaped to match the trajectory of the lower nappe of a freely falling sheet of water (a
ventilated nappe). This design keeps the water in contact with the spillway surface, minimizing
sub-atmospheric pressures and reducing cavitation risk.

Sharp-crested weirs are thinner structures where the nappe springs free from the crest. The discharge
formulas depend on the weir shape:

* Rectangular weir:

Q=2CyV2g9 LH”?

where Cy typically ranges from 0.6 to 0.65 for standard installations (values up to about 0.8 can occur with
specific approach conditions and suppressed contractions).

* V-notch (triangular) weir:
Q=2£Cy\/29 tan(g) H>?

where 8 is the notch angle. Common angles are 90°, 60°, and 45°. V-notch weirs are particularly useful for
measuring low discharges because the H5/2 relationship makes them more sensitive to small changes in
head than rectangular weirs.
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Unit 13 — Compressible Flow

13.1 Speed of Sound and Mach Number
Speed of Sound and Mach Number

Sound travels through fluids at different speeds depending on the medium's properties. The speed of
sound in air is about 343 m/s at room temperature, while in water it's much faster at roughly 1,480 m/s.
Temperature, compressibility, and molecular weight all play a role.

Mach number is the ratio of a flow's velocity to the local speed of sound. It's the single most important
parameter for classifying compressible flow regimes: subsonic, transonic, supersonic, or hypersonic. Each
regime brings different physics, different governing assumptions, and different engineering challenges.

Speed of Sound in Fluids

The speed of sound is the speed at which small pressure disturbances (sound waves) propagate through a
fluid. You can think of it as how quickly the fluid "communicates" a pressure change from one location to
another.

For an ideal gas, the speed of sound is:
c=vYRT
where:

« Y = ratio of specific heats (Cp/Cv). For air at standard conditions, ¥ = 1.4 This parameter captures
how the gas stores energy internally.

« R = specific gas constant (per unit mass, not the universal gas constant). For air, R = 287 J/(kg'K).
T = absolute temperature in Kelvin. Room temperature is about 293 K.
A few key trends to remember:

» Temperature increases sound speed. Higher temperature means faster molecular motion, so
disturbances propagate more quickly. Air at 20°C gives € = 343 m/s; air at 100°C gives ¢ = 386 m/s.

» Lower compressibility increases sound speed. Liquids are much less compressible than gases, which
is why sound travels at ~1,480 m/s in water but only ~343 m/s in air.

+ Heavier molecules slow sound down. Molecular weight appears implicitly through R (since R = Ru/My
, where Ru is the universal gas constant and My is molar mass). Helium (light) has ¢ = 1,007 my/s,
while carbon dioxide (heavy) has ¢ = 259 my/s.

Calculation of Mach Number

The Mach number is a dimensionless ratio that quantifies how fast a flow moves relative to the local speed
of sound:

M=Y
- V/ = flow velocity (e.g., aircraft speed, gas velocity in a nozzle)

* C = |ocal speed of sound, which depends on the fluid's properties and temperature at that point
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The word "local" matters here. Because temperature can vary throughout a flow field, € is not necessarily
constant. A flow can be subsonic in one region and supersonic in another.

Steps to calculate Mach number:
1. Find the flow velocity V from the problem statement, a pitot tube measurement, or a flow equation.
2. Calculate the local speed of sound € using ¢ = \/ﬁ with the temperature at the point of interest.
3. Divide: M = V/c.

Quick example: An aircraft flies at 680 m/s through air at 220 K (typical at cruise altitude). The local speed
of soundis c = V1.4 x 287 x 220 = 297 m/s. So M = 680/297 = 2.29, which is supersonic.

Flow Regimes vs. Mach Number

Regime Mach Range Key Characteristics Examples
Subsonic M<0.8 Compressibility effects are Propeller aircraft, low-speed
minimal. Density changes wind tunnels

are small, so the flow is often
treated as incompressible.

Transonic 08=M=s1.2 Mixed subsonic and Commercial jet aircraft at
supersonic regions coexist. cruise, high-speed wind
Local shock waves can form tunnels
on surfaces even if the
freestream is below Mach 1.
This is the trickiest regime to

analyze.
Supersonic 1.2<M<5 Compressibility effects Fighter jets, rocket nozzle
dominate. Oblique and exhaust

normal shock waves create
abrupt jumps in pressure,
temperature, and density.

Hypersonic M=5 Extreme temperatures Reentry vehicles, scramjets
behind shock waves can
cause chemical dissociation
and ionization of the gas.
The thin shock layer and
intense heating require
specialized analysis.

The boundaries (0.8, 1.2, 5) are approximate conventions, not sharp physical thresholds. The transonic
range is particularly important because small changes in Mach number can cause large changes in
aerodynamic forces.

Significance of Mach Number

Mach number determines which physical effects you can ignore and which you can't:

« Below about M = 0.3, density changes are less than ~5%, so incompressible flow equations (like
Bernoulli's) work well.

- Above M = 0.3, compressibility corrections become necessary. The full compressible flow equations
(isentropic relations, normal/oblique shock relations) come into play.
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» Shock wave behavior depends directly on Mach number. Shock strength, angle, and the resulting
pressure/temperature jumps are all functions of M.

From a design standpoint, Mach number drives fundamentally different engineering choices:
+ Subsonic aircraft prioritize high-aspect-ratio wings for efficient lift and streamlined shapes for low drag.

+ Supersonic aircraft use swept or delta wings to manage shock waves, and they need thermal
protection for aerodynamic heating.

* Rocket nozzles use converging-diverging geometry specifically to accelerate flow from subsonic to
supersonic, with the throat at M = 1 and the exit Mach number set by the area ratio.

13.2 Isentropic Flow
Isentropic Flow

Isentropic flow definition and assumptions

Isentropic flow describes an idealized gas flow that is both reversible and adiabatic. "Adiabatic" means no
heat is exchanged with the surroundings, and "reversible" means no entropy is generated by friction,
viscosity, or turbulence. Together, these conditions keep entropy constant throughout the flow, which is
where the name "isentropic" comes from.

Beyond the reversible-adiabatic requirement, the standard assumptions are:

- Steady, one-dimensional flow of an ideal gas with constant specific heats (¢ and €v don't change
with temperature)

* No shaft work from turbines or compressors
* Gravity effects are negligible

These assumptions sound restrictive, but they apply surprisingly well to real flows through nozzles and
diffusers where friction losses are small and the process happens fast enough that heat transfer is minimal.

Derivation of isentropic flow relations

The isentropic relations come from combining the first law of thermodynamics (conservation of energy)
with the ideal gas law and the definition of an isentropic process (Pv" = const, where Y = Cp/Cv is the
specific heat ratio).

The three core relations link pressure P, density P, and temperature T between any two points (1 and 2) in
the flow:

* Pressure—density-temperature ratio:
== ()
+ Density ratio (equivalent forms):
B=() =G
» Temperature ratio (equivalent forms):
-

T, — (P2 Tl_ p2\¥—1
7= 7 =(%)
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Notice these are not three independent equations. They're all rearrangements of the same underlying
relation P  P¥ _If you know any one ratio (say P2/P1), you can find the other two.

Calculation of isentropic flow properties

Using the relations above in practice follows a straightforward pattern:

1. Identify known quantities at a reference point (often the stagnation state, where velocity is zero). You
need at least two independent properties (for example, Po and To).

2. Determine the property ratio between the reference point and the point of interest. This usually
comes from a Mach number relation or a given pressure/temperature measurement.

3. Apply the isentropic relation to find the unknown property.

For example, if you know the pressure and temperature at a point, you can find density directly from the
ideal gas law:

P=rr
where R is the specific gas constant for the working fluid (for air, R = 287 J/(kg-K)).

This approach lets you map out pressure, density, and temperature throughout a nozzle or diffuser without
needing to solve the full Navier-Stokes equations.

Nozzle behavior in isentropic flow

How a nozzle affects the flow depends on its geometry and whether the flow is subsonic or supersonic.
Converging nozzles:

1. As the cross-sectional area decreases, flow velocity increases.

2. Pressure, density, and temperature all decrease along the flow direction.

3. The maximum velocity is reached at the throat (the point of minimum area). For a purely converging
nozzle, the throat is the exit, and the flow there can reach at most Mach 1.

Diverging sections (downstream of a throat):
The behavior here depends on the pressure ratio across the nozzle:

1. Subsonic flow (back pressure is not low enough to reach the critical ratio): velocity decreases in the
diverging section while pressure, density, and temperature increase. The diverging section acts as a
diffuser.

2. Supersonic flow (back pressure is low enough): velocity continues to increase past the throat while
pressure, density, and temperature continue to decrease. This is how converging-diverging (de Laval)
nozzles accelerate flow to supersonic speeds.

The transition between these regimes is governed by the critical pressure ratio:

* Y
P' — (2 \yT
=)
Here P is the pressure at the throat when the flow is exactly sonic (Mach 1), and Po is the stagnation
pressure. For air (Y = 1.4), this ratio works out to approximately 0.528. If the back pressure drops below
P ", the throat becomes choked at Mach 1 and the mass flow rate reaches its maximum for that stagnation
condition.
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13.3 Normal Shock Waves

Normal shock waves are abrupt, irreversible transitions that convert supersonic flow to subsonic flow. They
show up whenever supersonic flow hits an obstacle or encounters certain pressure conditions in a duct or
nozzle. Getting comfortable with the normal shock relations is essential because they let you predict
exactly how pressure, temperature, density, and Mach number change across the shock, which matters for
everything from wind tunnel design to jet engine performance.

Characteristics and Formation of Normal Shock Waves

Characteristics of normal shock waves

A normal shock wave is an extremely thin region (on the order of a few mean free paths) where flow
properties change almost discontinuously. The wave is oriented perpendicular to the flow direction, which
is why it's called "normal."

Across a normal shock, the following always happens:
* Pressure, density, and temperature increase (often dramatically)

» Velocity and Mach number decrease — the flow goes from supersonic (M1 > 1) upstream to subsonic
(M2 < 1) downstream

* Total (stagnation) pressure drops — this is the hallmark of an irreversible process
« Total temperature stays constant — the shock is adiabatic (no heat transfer), so Tr1 = Tt2

Normal shocks form in situations like converging-diverging nozzles operating off-design, supersonic wind
tunnels, and ahead of blunt bodies in supersonic flight. The key requirement is that the upstream flow must
be supersonic; you cannot have a normal shock in subsonic flow.

Normal Shock Relations and Flow Properties

Normal shock relations calculations

The normal shock relations come from applying conservation of mass, momentum, and energy across the
shock. All downstream properties can be determined from just the upstream Mach number M1 and the
specific heat ratio ¥ (typically 1.4 for air).

Pressure ratio:
P2 — 2YMi—(y-1)
P y+1
Density ratio:

pz — _(y+ 1M}
P (y—1)M7 +2

Temperature ratio:

To — [2yM} - (v = DIy = 1)M] + 2]
T (y+1)2m?

Downstream Mach number:

2 _ (y-1MZ2+2
M3 T oyMi-(y-1)
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To use these in practice, follow these steps:
1. Identify the upstream Mach number M1 and the value of Y for the gas.
2. Plug M1 into the downstream Mach number equation to find M2.

3. Use the pressure, density, and temperature ratio equations to find P2, P2, and T2 from the known
upstream values.

4. If you need downstream stagnation properties, use isentropic relations on the downstream side with
M.

As a quick check: for M1 =2.0 and Y = 1.4, you get P2/p1=4.5,T>/T1 = 1.687, and M> = 0.577.
Notice how the pressure nearly quintuples while the Mach number drops well below 1. Normal shock tables
in your textbook tabulate these ratios so you don't have to compute them by hand every time, but you
should be able to derive and use the equations directly.

Entropy and pressure across shocks

Normal shocks are non-isentropic. Entropy increases across the shock because kinetic energy is
irreversibly dissipated through viscous effects and heat conduction within the thin shock layer.

The entropy change can be related to the total pressure ratio:

2 154 1
P2 _ (y+ 1My |v-1 y+1 y-1
z | |

Pa ™ |24 (y— M2 2yM7 —(y—1)

Since entropy rise and total pressure loss are connected by As = —RIn(pt2/pt1), a larger total pressure
drop means more entropy generation. Both effects grow with shock strength: a shock at M1 = 1.2 causes
a modest total pressure loss of a few percent, while a shock at M1 = 3.0 can destroy over 30% of the total
pressure.

This matters for real systems because total pressure represents the flow's ability to do useful work. In a
ramjet or scramjet, every bit of total pressure lost to shocks is energy that can't be converted to thrust.
That's why engineers work hard to replace strong normal shocks with weaker oblique shock systems
whenever possible.

Effects of Back Pressure on Normal Shock Waves in Nozzles

Back pressure effects on shocks

Back pressure is the ambient or imposed pressure at the nozzle exit. In a converging-diverging (C-D)
nozzle, varying the back pressure controls whether and where a normal shock appears in the diverging
section.

Here's how the shock location shifts as you change back pressure (starting from the fully expanded,
shock-free design condition):

1. Back pressure equals the design exit pressure — the flow is fully supersonic throughout the diverging
section with no shock. This is the ideal operating point.

2. Back pressure is raised above the design value but below a critical threshold — a normal shock
forms inside the diverging section. The flow is supersonic upstream of the shock and subsonic
downstream. The subsonic flow then decelerates further (pressure rises) to match the back pressure at
the exit.
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3. Back pressure increases further — the shock moves upstream toward the throat. Because the Mach
number in the diverging section is lower closer to the throat, the shock becomes weaker (smaller jumps
inP, P, T).

4. Back pressure reaches the value corresponding to a shock at the throat — the shock sits right at the
throat and is very weak (M1 just above 1). Raising back pressure beyond this point eliminates the
shock entirely, and the flow becomes subsonic throughout the diverging section.

The practical takeaway: the presence of a shock in the nozzle reduces exit velocity and therefore thrust
compared to the shock-free design condition. Engineers optimize nozzle geometry (specifically the area
ratio Ae/A *) and control back pressure to keep the nozzle operating as close to its design point as
possible, minimizing shock losses.

13.4 Oblique Shock Waves and Expansion Waves

Oblique Shock Waves and Expansion Waves

When supersonic flow hits a change in geometry, the flow can't adjust gradually the way subsonic flow
does. Instead, it adjusts through discrete waves: oblique shock waves at concave corners and expansion
waves at convex corners. These two wave types are the building blocks for analyzing almost any
supersonic flow problem, from airfoil design to nozzle shaping.

Oblique Shock Waves

Oblique shocks vs expansion waves

Oblique shock waves form when supersonic flow encounters a concave corner (a compression ramp). The
flow turns toward the surface, and properties change abruptly across the shock:

* Pressure, density, and temperature all increase
* Velocity decreases
» The flow deflects toward the surface by an angle 8

Expansion waves form when supersonic flow encounters a convex corner. The flow turns away from the
surface, and properties change gradually through a fan of Mach waves:

* Pressure, density, and temperature all decrease
* Velocity increases
» The flow deflects away from the surface by an angle 6

A useful way to remember the distinction: shocks compress and slow the flow; expansion waves do the
opposite. Shocks are abrupt (a single wave front), while expansion waves spread out over a fan-shaped
region.

Oblique shock flow calculations

The key idea is that you can reuse the normal shock relations you already know by decomposing the flow
into components normal and tangential to the shock front. The tangential component passes through
unchanged; only the normal component "sees" the shock.

Step-by-step procedure:
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1. Find the normal Mach number upstream. Given the upstream Mach number M1 and the shock wave
angle B (measured from the upstream flow direction to the shock):

Mip = M]_SinB
1.

Apply normal shock relations. Use M1, in the standard normal shock tables or equations to find the
downstream normal Mach number M2n, as well as the pressure ratio p2/p1, temperature ratio T2/T1, and
density ratio 02/P1.

2.

Recover the full downstream Mach number. The downstream Mach number accounts for the fact that the

flow has been deflected by O:
— _ My,
Mz = sin(,Bz— 0)

Finding the wave angle B: If you know M1 and the deflection angle 6 (set by the geometry), use the 8-B-
M relation:
M2sin? B -1

tan6 = 2cotB MZ(y +cos 2B) + 2

This equation is implicit in B, so you typically solve it iteratively or read B from a 8-8-M chart. For a given
M1 and 8, there are generally two solutions:

» The weak shock (smaller B), which is the one that usually occurs in practice. The downstream flow
remains supersonic in most cases.

* The strong shock (larger B), where the downstream flow is subsonic. This solution requires special
back-pressure conditions and is less common.

If 8 exceeds the maximum deflection angle for a given M1, no attached oblique shock solution exists and
the shock detaches from the body.

Expansion Waves and Interactions

Expansion wave property determination

Expansion waves are isentropic, so there's no entropy increase and total pressure is conserved. The
Prandtl-Meyer function V(M) is the tool for these calculations.

Prandtl-Meyer function:
V(M) =/ L5 tan~1 /L1 (M2 1) — tanTVMZ -1

This function gives the angle (in radians or degrees, depending on your table) through which a flow at
Mach 1 must expand to reach Mach number M. Note thatv=0 atM = 1.

Step-by-step procedure:
1. Look up (or compute) the upstream Prandtl-Meyer angle V1 corresponding to M1.
2. Add the deflection angle to get the downstream value:

v, =v1+6
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1. Invert the Prandtl-Meyer function to find M2 from V2. This is done with tables, charts, or a numerical
solver since the function can't be inverted analytically.

2. Compute downstream properties using isentropic relations. Because total pressure Po and total
temperature To are constant across the expansion fan:

Pz _ (1+ V%lMl?)V/(V—l)
= T V=12 viv—1)
P1 1+ VTMZZ)W(V 1

The same pattern applies for temperature and density ratios.

Wave interactions with boundaries

Waves don't just disappear when they hit a wall or a free boundary. How they reflect matters for real
designs.

Oblique shock reflection from a solid wall:

* Regular reflection: The incident shock hits the wall and produces a reflected shock. The flow
downstream of the reflected shock is turned back parallel to the wall. You solve for the reflected shock
by treating the post-incident-shock flow as a new "upstream" condition and finding the B that turns the
flow back by the required angle.

» Mach reflection: If the required deflection for regular reflection exceeds the maximum deflection angle
at the local Mach number, regular reflection is impossible. Instead, a normal shock segment (the Mach
stem) forms perpendicular to the wall, connecting the incident and reflected shocks. The flow behind
the Mach stem is subsonic.

Expansion wave reflection from a solid wall:
» An expansion fan reflects off a solid boundary as another expansion fan.

* The net effect is that the flow downstream of the reflected fan is again parallel to the wall, but at a
higher Mach number and lower pressure than the incoming flow.

At a free boundary (like a jet boundary with ambient air), the reflection type reverses: shocks reflect as
expansion waves and expansion waves reflect as shocks, because the boundary condition is constant
pressure rather than zero flow deflection.

Applications in supersonic design

Supersonic airfoils use oblique shocks and expansion waves together to generate lift while managing drag:

+ A diamond (double-wedge) airfoil is a classic example. The sharp leading edge creates attached
oblique shocks on both surfaces. At the midpoint, the surface angle changes and expansion fans form.
At the trailing edge, additional waves adjust the flow back to the freestream direction.

* The pressure difference between the upper and lower surfaces produces lift. Wave drag arises
because the shocks are irreversible (entropy-producing), so minimizing shock strength is a central
design goal.

Supersonic nozzles (converging-diverging, or De Laval nozzles) accelerate flow from subsonic to
supersonic:

* The throat reaches M = 1, and the diverging section accelerates the flow further.

« If the nozzle is perfectly expanded, the exit pressure matches the back pressure and the flow exits
cleanly. If not, oblique shocks or expansion fans form at the nozzle exit to adjust the pressure,
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producing either overexpanded or underexpanded jet patterns.

Understanding where shocks and expansion waves form in these systems, and how strong they are, is
what lets you predict forces, heating, and performance in any supersonic design problem.
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Unit 14 — Non—-Newtonian Fluids

14.1 Classification of Non-Newtonian Fluids

Classification of Fluids

Newtonian fluids follow a simple rule: shear stress is directly proportional to shear rate, with viscosity as
the constant linking them. Non-Newtonian fluids break that rule. Their viscosity changes depending on how
fast you shear them, how long you shear them, or both. Since most real-world fluids (blood, food products,
polymers, drilling muds) are non-Newtonian, classifying their behavior is essential for choosing the right
models in engineering analysis.

Newtonian vs Non-Newtonian Fluids

A Newtonian fluid obeys a linear constitutive equation:
T=H%

where T is shear stress, H is the dynamic viscosity (a constant for a given temperature and pressure), and
ﬁ—; is the shear rate (velocity gradient). On a plot of T vs. 3—;, a Newtonian fluid gives a straight line through
the origin. Water, air, and glycerin are common examples. Honey is also Newtonian, though its high
viscosity sometimes makes people assume otherwise.

A non-Newtonian fluid has a nonlinear or offset relationship between shear stress and shear rate. Its
apparent viscosity (defined as /1= ,‘T,) changes with shear rate, time, or both. Blood, ketchup, and
toothpaste are everyday examples. Because the behavior varies so widely, non-Newtonian fluids are
subdivided into three major categories.

Categories of Non-Newtonian Fluids

Time-independent (purely viscous) fluids have shear stress that depends only on the current shear rate,
not on how long the fluid has been sheared. The viscosity at any moment is fully determined by the
instantaneous shear rate. This category includes:

» Shear-thinning (pseudoplastic) fluids, where viscosity decreases as shear rate increases (paint,
ketchup, blood)

+ Shear-thickening (dilatant) fluids, where viscosity increases as shear rate increases (concentrated
cornstarch-water suspensions, certain dense colloids)

+ Viscoplastic fluids, which require a minimum yield stress before they flow at all (toothpaste,
mayonnaise)

Time-dependent fluids have shear stress that depends on both the current shear rate and the duration of
shearing. Their internal structure gradually builds up or breaks down over time:

* Thixotropic fluids thin over time at a constant shear rate. Their microstructure breaks down with
sustained shearing and rebuilds at rest. Yogurt and many paints are thixotropic: they become easier to
spread the longer you work them.

» Rheopectic fluids thicken over time at a constant shear rate. This is rarer. Some printer inks and
gypsum pastes show rheopectic behavior.
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Viscoelastic fluids exhibit both viscous (liquid-like) and elastic (solid-like) responses. When deformed, they
partially flow and partially spring back. Polymer solutions, polymer melts, and silly putty all fall into this
category. Viscoelastic behavior shows up as stress relaxation (stress decays when strain is held constant)
and creep (strain increases slowly under constant stress).

Non-Newtonian Fluid Characteristics

Shear-Dependent Fluids and the Power-Law Model

Both shear-thinning and shear-thickening fluids can be described by the power-law (Ostwald-de Waele)
model:

T=K(g)

Here K is the consistency index (units depend on N; higher K means a "thicker" fluid overall) and 1 is the
flow behavior index, which controls the shape of the curve:

« n < 1: shear-thinning. Viscosity drops as shear rate rises. Blood (n = 0.7) and many polymer
solutions fall here. Ketchup is a familiar example: shaking or squeezing lowers its resistance to flow.

+ n = 1: the model reduces to the Newtonian case (K becomes H).

« n > 1: shear-thickening. Viscosity increases with shear rate. A concentrated cornstarch-water mixture
stiffens when you punch it because the suspended particles jam together under rapid deformation.

The power-law model is simple and widely used, but it has limitations. It predicts zero viscosity at infinite
shear rate for shear-thinning fluids and infinite viscosity at zero shear rate, neither of which is physical. For
more accurate behavior at extreme shear rates, models like the Carreau or Cross model are used.

Yield Stress in Viscoplastic Fluids

Some fluids won't flow at all until the applied shear stress exceeds a critical value called the yield stress Ty.
Below Ty, the material behaves like a solid (it deforms elastically or not at all). Above Ty, it flows.
Toothpaste sits on your brush without dripping because the stress from gravity is below its yield stress;
squeezing the tube pushes the stress above Ty and it flows.

Two common constitutive models describe viscoplastic fluids:
1. Bingham plastic model: T = Ty + .upg—;

Once the yield stress is exceeded, the fluid flows with a constant plastic viscosity Mp. The relationship
between stress and shear rate above Ty is linear. Drilling muds and some slurries approximate Bingham
behavior.

1. Herschel-Bulkley model: T = Ty + K(24)"

This combines a yield stress with power-law behavior above the yield point. It's more general than the
Bingham model because it captures shear-thinning (1 < 1) or shear-thickening (n > 1) after yielding.
Many real viscoplastic fluids (food pastes, cement, waxy crude oil) fit a Herschel-Bulkley model better than
a simple Bingham model.

For both models, the key condition is: no flow occurs when T < Ty_ In pipe flow problems, this creates a
solid "plug" region in the center of the pipe where the shear stress is below the yield value.
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14.2 Rheological Models

Rheological Models for Non-Newtonian Fluids

Rheological models are mathematical equations that describe how a fluid's shear stress relates to its shear
rate. For Newtonian fluids like water, that relationship is simply a straight line through the origin with a
constant slope (the viscosity). Non-Newtonian fluids break that linearity: their effective viscosity can
change with shear rate, or they may require a minimum stress before they flow at all. Rheological models
capture these behaviors so engineers can predict pressure drops in pipes, size pumps correctly, and
design processes like extrusion or mixing for complex fluids.

Purpose of Rheological Models

* Provide a mathematical relationship between shear stress (T) and shear rate (V) that characterizes a
fluid's flow behavior.

* Allow engineers to predict how a fluid will respond under different flow conditions, rather than relying
on trial and error.

» Guide equipment selection and process design: choosing pipe diameters, pump types, and operating
speeds all depend on knowing how the fluid behaves under shear.

« Newtonian fluids follow T = 4Y with a constant viscosity H. Non-Newtonian models extend this to
capture variable viscosity, yield stress, or both.

Power-Law Model (Ostwald—de Waele)

The power-law model is the simplest and most widely used model for fluids whose viscosity changes with
shear rate. It's written as:

T=Ky
* T = shear stress

« K = consistency index, which represents the fluid's effective viscosity at a shear rate of 1 s~1. Higher
K means a "thicker" fluid overall.

- ¥ = shear rate
» n = flow behavior index, which controls how the viscosity changes with shear rate
The value of 1 tells you everything about the fluid's character:

« Shear-thinning (pseudoplastic): n < 1. Viscosity decreases as shear rate increases. Most polymer
solutions, blood, and paint fall here. This is why paint spreads easily under a brush but doesn't drip off a
wall.

- Shear-thickening (dilatant): n > 1. Viscosity increases as shear rate increases. Concentrated
cornstarch-in-water suspensions are the classic example.

» Newtonian: n = 1. The model collapses to T = Kf/, and K simply equals the Newtonian viscosity H.

Limitation: The power-law model has no yield stress term. It assumes the fluid begins to flow the instant
any stress is applied, which makes it a poor fit for fluids like toothpaste or concrete that resist flow until a
threshold is exceeded.
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Bingham Plastic Model

Some fluids behave as if they're solid until the applied stress exceeds a critical value called the yield stress
(To). Below that stress, there's no flow. Above it, the fluid shears linearly like a Newtonian fluid. The
Bingham plastic model captures this:

T=To+ MpY
- To = yield stress, the minimum shear stress needed to initiate flow
* Hp = plastic viscosity, the constant slope of the T vs. ¥ curve once flow begins
- ¥ = shear rate

Toothpaste is a good example: it sits in the tube without flowing (stress below To), but once you squeeze
hard enough, it flows steadily. Mayonnaise, drilling muds, and some cement slurries also follow this model
reasonably well.

Limitation: Once flow starts, the Bingham model assumes a constant viscosity (He). Many real yield-stress
fluids also shear-thin or shear-thicken above the yield point, which this model can't capture.

Herschel-Bulkley Model

The Herschel-Bulkley model is essentially a hybrid of the power-law and Bingham models. It accounts for
both a yield stress and a nonlinear viscosity response:

T="To+Ky"
« To = yield stress
« K = consistency index
» N = flow behavior index
- ¥ = shear rate

This makes it the most versatile of the three models. It reduces to the others as special cases:

Condition Model it reduces to
To=0 Power-law model

n=1 Bingham plastic model
To=0andn=1 Newtonian fluid (T = KY)

Because it has three fitting parameters instead of two, the Herschel-Bulkley model fits a wider range of
real fluids, particularly yield-stress fluids that also shear-thin (n < 1) or shear-thicken (n > 1) above the
yield point. Examples include waxy crude oils, food pastes, and many biological fluids.

The trade-off is that fitting three parameters requires more experimental data, and the model can
sometimes overfit noisy rheometer measurements. For fluids that are well-described by the simpler
power-law or Bingham models, there's no advantage to using Herschel-Bulkley.
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14.3 Flow Behavior of Non-Newtonian Fluids

Flow Behavior of Non-Newtonian Fluids

Non-Newtonian fluids have a viscosity that changes depending on how much stress or deformation you
apply to them. Unlike Newtonian fluids (where viscosity is constant at a given temperature), these fluids
can thin out, thicken up, or refuse to flow until a threshold force is reached. Understanding their flow
behavior is essential for designing piping systems, pumps, and industrial processes that handle everything
from polymer melts to food products.

Flow of Non-Newtonian Fluids

Non-Newtonian fluids fall into several categories based on how their viscosity responds to shear rate (the
rate at which fluid layers slide past each other):

+ Shear-thinning (pseudoplastic) fluids have a viscosity that decreases as shear rate increases.
Ketchup is a classic example: it resists flowing in the bottle, but once you shake or squeeze it, the
viscosity drops and it pours easily. Paint behaves similarly so it spreads smoothly under a brush but
doesn't drip off the wall.

« Shear-thickening (dilatant) fluids have a viscosity that increases with shear rate. A cornstarch-water
suspension ("oobleck") flows freely when stirred slowly but becomes nearly solid if you punch it or stir it
fast.

» Bingham plastics don't flow at all until the applied stress exceeds a threshold called the yield stress (
To). Once that threshold is exceeded, they flow roughly like a Newtonian fluid. Toothpaste and
mayonnaise are good examples: they hold their shape on a surface but flow when you squeeze or
spread them.

Pipe flow differences from Newtonian fluids:

In a Newtonian fluid, fully developed laminar pipe flow produces a parabolic velocity profile.
Non-Newtonian fluids deviate from this:

 Shear-thinning fluids develop a flatter velocity profile in the core of the pipe. Because viscosity drops
near the wall (where shear rate is highest), the fluid moves more uniformly across the cross-section.

 Shear-thickening fluids show steeper velocity gradients near the wall, since viscosity increases in the
high-shear region close to the pipe surface.

» Bingham plastics develop a plug flow region in the center of the pipe where the shear stress is below
To. In this central plug, the fluid moves as a solid block, with shearing only occurring in the annular
region closer to the wall.

Flow in rectangular channels follows similar trends, but the velocity distribution depends on the channel
geometry and the specific rheological model of the fluid.

Calculations for Non-Newtonian Fluids

Rheological Models

These models relate shear stress (T) to shear rate (V) and are the starting point for any flow calculation.
Power-law (Ostwald-de Waele) model:

T=Ky
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« K = consistency index (units depend on n; higher K means the fluid is "thicker" overall)
+ N = flow behavior index:

* n < 1: shear-thinning

» h > 1: shear-thickening

« n = 1: Newtonian (and K reduces to dynamic viscosity H)

This model is simple and widely used, but it has no yield stress term, so it can't describe Bingham-type
behavior. It also breaks down at very low and very high shear rates where most real fluids plateau to a
constant viscosity.

Bingham plastic model:
T="To+Hpy
« To = yield stress (the minimum stress to initiate flow)
* Mp = plastic viscosity (the slope of the stress-vs.-shear-rate curve once flow begins)

If T < To, the material behaves as a rigid solid and y=0.

Pressure Drop in Pipe Flow

For power-law fluids, the modified Hagen-Poiseuille equation gives the pressure drop over a pipe of length

(o]

8P = 2 (253)" (%)

where: - R = pipe radius, D = pipe diameter - V = mean (bulk average) velocity - L = pipe length

Notice that when n = 1, the correction factor (3”4; 1) equals 1 and this reduces to the standard

Hagen-Poiseuille result.

For Bingham plastic fluids, the Buckingham-Reiner equation applies:

P=R(1-P+1)+32(1-9)

where the dimensionless yield stress parameter is:

A = RTo
2upV

The parameter A compares the yield stress to the viscous stress. When A = 0 (negligible yield stress), the
equation approaches the Newtonian Hagen-Poiseuille result.

Velocity Profiles

Power-law fluid in a pipe:

n+1

vir) = (77) (480) R — 4]

« v(r) = velocity at radial position I from the centerline
» As N decreases below 1, the profile flattens toward plug-like flow
« At n = 1, this reduces to the standard parabolic profile

Bingham plastic in a pipe:
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vin=4gr(1- )~ 3 -5

This expression applies in the sheared annular region (" = Ipvlug). Inside the plug radius, the velocity is
constant and equal to the value at " = plug.

Challenges with Non-Newtonian Fluids

Pumping and transport present several difficulties:

* Pressure drops are generally higher than for Newtonian fluids at the same flow rate, which means
more pumping power is needed.

* Flow instabilities can develop, especially in shear-thickening fluids or near the yield-stress transition in
Bingham plastics. These instabilities can cause non-uniform flow and processing defects.

* Pump selection matters: positive-displacement pumps (like progressive cavity pumps) are often
preferred over centrifugal pumps for high-viscosity or yield-stress fluids.

Heat transfer is affected because viscosity influences convective transport:

« Standard Newtonian heat transfer correlations (like Dittus-Boelter) don't apply directly. Modified
correlations that account for the shear-rate-dependent viscosity are required.

* High-viscosity regions (e.g., the plug zone in a Bingham plastic) reduce convective mixing, which can
lower heat transfer efficiency and create hot spots.

Mixing and agitation require special attention:

* Higher viscosities and yield stresses demand more impeller power. Dead zones can form in regions
where the local stress doesn't exceed the yield stress, leading to poor mixing and inconsistent product
quality.

« Impeller choice is critical: anchor, helical ribbon, or planetary mixers are common for high-viscosity
non-Newtonian fluids, whereas turbine impellers work well for low-viscosity Newtonian systems.

Rheological characterization underpins all of the above:

+ Accurate measurement of K, n, To, and Hp requires testing across the relevant shear rate range for
your application.

» Temperature and time-dependent effects (thixotropy, rheopexy) can shift the rheological parameters,
so testing conditions should match process conditions as closely as possible.

Applications of Non-Newtonian Fluids

Polymer processing is one of the largest application areas:

« Extrusion: Molten polymers are strongly shear-thinning, which is actually beneficial because viscosity
drops as the material is forced through the die, reducing the required pressure. Products include plastic
sheets, pipes, and films.

* Injection molding: The flow behavior index 1 directly affects how the melt fills the mold cavity. Poor
rheological understanding leads to short shots, weld lines, and warped parts.

* Fiber spinning: Elongational (extensional) viscosity, not just shear viscosity, controls whether a fiber
can be drawn stably without breaking. This is critical for producing synthetic fibers and textiles.

Food engineering relies heavily on non-Newtonian fluid mechanics:

Fiveable archived study guides Page 116



* Pumping products like ketchup, mayonnaise, and yogurt requires accounting for yield stress and
shear-thinning behavior to size pumps and pipelines correctly.

* Extrusion of pasta and snack foods involves starch-based materials that exhibit complex rheology
depending on moisture, temperature, and shear history.

» Dough mixing is a high-viscosity, yield-stress problem where dead zones lead to inconsistent product.
Other industrial applications:

* Drilling fluids (oil and gas) are designed to be shear-thinning with a yield stress: they flow easily during
pumping but gel when circulation stops, suspending rock cuttings in the wellbore.

* Blood flow (biomedical engineering): Blood is shear-thinning due to red blood cell aggregation at low
shear rates and deformation at high shear rates. This matters for designing artificial organs, stents, and
dialysis equipment.

« Slurry transport (mining, construction): Concentrated particle suspensions can be shear-thickening or
exhibit yield stresses, affecting pipeline design and energy costs.

* Printing inks and coatings: These formulations are tuned to be shear-thinning so they flow through
nozzles or onto rollers but set quickly on the substrate.

Fiveable archived study guides Page 117



Unit 15 — Fluid Measurements in
Chemical Engineering

15.1 Flow Measurement Techniques

Flow Measurement Techniques

Flow measurement techniques let engineers quantify and control fluid movement through pipes and ducts.
In chemical engineering, accurate flow measurement directly affects process control, safety, and efficiency.
This section covers three core devices: orifice plates, Venturi meters, and Pitot tubes.

Principles of flow measurement techniques

All three devices rely on the relationship between fluid velocity and pressure. When a fluid speeds up, its
pressure drops (and vice versa). Each device exploits this principle differently.

Orifice Plates create a pressure drop by forcing fluid through a thin plate with a hole (the orifice) smaller
than the pipe diameter. As fluid squeezes through the opening, velocity increases and pressure decreases.
Engineers measure the pressure difference across the plate to determine flow rate.

» Widely used in industrial settings due to simplicity, low cost, and easy installation

+ Limitations: high permanent pressure loss (the fluid doesn't recover most of that pressure), limited
accuracy (typically £1-2%), and susceptibility to wear and erosion at the orifice edge over time

Venturi Meters use a gradually converging section (the inlet cone), a narrow throat, and a gradually
diverging section (the diffuser). The smooth, gradual geometry is what sets them apart from orifice plates.

« Suitable for clean, non-corrosive fluids in large pipes

« Offer high accuracy (£0.5-1%), low permanent pressure loss (because the diffuser recovers most of
the pressure), and a wide measurable flow range

» Drawbacks: more expensive than orifice plates and require significantly more physical space for
installation

Pitot Tubes measure the local velocity at a single point in the flow rather than the average flow rate across
the whole pipe cross-section. A Pitot tube has a small opening that faces directly into the flow, capturing
the stagnation pressure, while a separate tap or a concentric outer tube measures the static pressure.

» Commonly used in air and gas flow measurement (wind tunnels, aircraft airspeed indicators, HVAC
ducts)

+ Simple, inexpensive, and capable of measuring high-velocity flows

« Limitations: only measures velocity at one point (you'd need to traverse the pipe cross-section for an
average), sensitive to alignment with the flow direction, and requires a separate static pressure
measurement

Flow rate calculations using equations

Two foundational equations underpin all three devices.

Bernoulli Equation (for steady, incompressible, inviscid flow along a streamline):
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P+ %pvf + pgh1 =P> + %pv% + pgh>

This relates pressure (P), velocity (V), and elevation (h) between two points. For horizontal flow, the
elevation terms cancel out.

Continuity Equation (conservation of mass for steady, incompressible flow):
Aivi = A,

This says the volumetric flow rate is the same at every cross-section. If the area shrinks, velocity must
increase.

Calculating flow rate for orifice plates and Venturi meters:

1. Measure the pressure difference AP = P1 — P> between the upstream section and the constriction
(orifice or throat).

2. Use the continuity equation to express one velocity in terms of the other: V1 = Vzﬁ—f.

3. Substitute into Bernoulli's equation and solve for the velocity at the constriction:
1-(%)
1. Multiply by the constriction area to get the ideal volumetric flow rate: Qjgear = A2 * V2.

2. Apply a discharge coefficient (Cq) to account for real-world losses (friction, vena contracta effects):
Qactual = Cq* Az - V2, Typical C¢ values are ~0.60-0.65 for orifice plates and ~0.95-0.99 for Venturi
meters.

Calculating velocity with a Pitot tube:

1. Measure the stagnation pressure Po (from the Pitot tube opening facing the flow) and the static
pressure Ps (from a wall tap or the outer tube).

2. Apply Bernoulli's equation, noting that velocity at the stagnation point is zero:

2(Po — Ps)

v= 5

This gives the local velocity at the measurement point, not the average pipe velocity.

Comparison of flow measurement methods

Feature Orifice Plate Venturi Meter Pitot Tube
Accuracy Moderate (x1-2%) Highest (+0.5-1%) Lower; measures local
velocity only
Flow range Limited; risk of cavitation at Wide; handles varied flow Can measure high velocities,
high velocities rates well but single-point
Permanent pressure loss Highest (significant energy Low (diffuser recovers Negligible (minimal
cost) ~80-90% of pressure) obstruction)
Cost Low High Low
Space required Minimal Large (long Minimal
converging/diverging
sections)
Best for General industrial liquids and  Clean fluids in large pipes Gas flows, airspeed,
gases needing accuracy spot-checks
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The tradeoff to remember: orifice plates are cheap but waste energy through pressure loss. Venturi meters
preserve energy but cost more and take up space. Pitot tubes are simple but don't give you the full-pipe
flow rate directly.

Selection of flow measurement devices

Choosing the right device depends on matching the measurement need to the device's strengths. Consider
these factors:

* Fluid properties: viscosity, density, corrosiveness, and whether the fluid carries solids
* Flow conditions: temperature, pressure, velocity range, and whether the flow is steady or pulsating
* Required accuracy and turndown ratio (the range of flow rates you need to measure reliably)

« Allowable pressure drop: in systems where pumping energy is expensive, a high permanent pressure
loss matters

« Installation constraints: available straight pipe lengths upstream/downstream, physical space, and
access for maintenance

* Cost: both upfront purchase and long-term maintenance
Typical application matches:

1. Clean, non-corrosive liquids in large pipes (e.g., water mains, process water): Venturi meters, for
their accuracy and low pressure loss

2. Slurries or highly viscous fluids: Orifice plates with larger bore sizes to reduce clogging risk, though
wear must be monitored

3. High-velocity gas flows (e.g., wind tunnels, aircraft, stack emissions): Pitot tubes, since they
introduce almost no obstruction

4. Corrosive or high-temperature fluids: Any of the three devices can work if constructed from
appropriate materials (e.g., ceramic-lined orifice plates, Hastelloy Venturi meters), so the choice then
comes down to the other factors above

15.2 Pressure and Temperature Measurements

Pressure Measurement Devices

Pressure measurement is one of the most fundamental tasks in fluid mechanics and chemical engineering.
Accurate pressure data drives everything from flow calculations to equipment safety, so understanding
how each device works (and when to use it) matters a great deal.

Principles of pressure measurement devices

Manometers balance fluid pressure against a liquid column. The height difference in the liquid directly
indicates the pressure difference, governed by the hydrostatic equation AP = pgh.

» U-tube manometer — A U-shaped tube filled with a manometric fluid (typically mercury or water). You
apply pressure to one side, and the height difference h between the two legs gives you the pressure
difference. Simple, no moving parts, and very reliable for moderate pressure ranges.
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* Inclined manometer — Same principle as the U-tube, but one leg is tilted at an angle. This spreads a
small vertical height change over a longer readable length, giving you much better resolution for small
pressure differences (common in HVAC and low-velocity airflow work).

Pressure gauges measure pressure through mechanical deformation of a sensing element, then translate
that deformation into a dial reading.

 Bourdon tube gauge — Contains a curved, hollow metal tube sealed at one end. When internal
pressure increases, the tube tends to straighten. That motion is linked through a gear mechanism to a
pointer on a calibrated dial. These are the most common industrial pressure gauges.

 Diaphragm gauge — Uses a thin, flexible membrane that deflects under applied pressure. The
deflection is measured mechanically or optically and converted to a pressure reading. Diaphragm
gauges handle low pressures well and are a good choice when the process fluid is corrosive, since the
diaphragm can act as an isolation barrier.

Pressure transducers convert pressure into an electrical signal, making them essential for automated
process control and data logging.

« Strain gauge transducer — A diaphragm deforms under pressure, and bonded strain gauges on its
surface change electrical resistance proportionally. The resistance change is measured (usually via a
Wheatstone bridge) and converted to a pressure value.

+ Capacitive transducer — A diaphragm sits between two fixed plates, forming a capacitor. Pressure
deflects the diaphragm, changing the gap and therefore the capacitance. These offer excellent
sensitivity and are common in precision applications.

+ Piezoelectric transducer — A piezoelectric crystal (e.g., quartz) generates an electrical charge when
mechanically stressed by pressure. Because the response is very fast, these are best suited for
dynamic pressure measurements like pressure pulsations, transient events, or combustion studies.
They are not ideal for static pressure measurement since the charge dissipates over time.

Temperature Measurement Techniques

Temperature measurement in fluid systems tells you about energy content, reaction conditions, and
thermal behavior. The three most common approaches each have distinct strengths.

Temperature measurement techniques

Thermocouples are the workhorses of industrial temperature measurement. They consist of two wires
made of dissimilar metals, joined at one end (the hot junction).

+ A temperature difference between the hot junction (in the process) and the reference junction (cold
junction, at a known temperature) generates a small voltage. This is the Seebeck effect.

* That voltage is measured and converted to temperature using standard thermocouple reference
tables or polynomial calibration equations.

« Different thermocouple types cover different ranges and environments:
* Type K (chromel-alumel): general purpose, roughly —200°C to +1250°C
« Type J (iron-constantan): good for reducing atmospheres, up to about +760°C

- Type T (copper-constantan): excellent accuracy at low temperatures, roughly —200°C to +350°C
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» Thermocouples are inexpensive, rugged, and cover a very wide temperature range, but their accuracy
(typically £1-2°C) is lower than RTDs.

Resistance Temperature Detectors (RTDs) measure temperature through the change in electrical
resistance of a metal element, most commonly platinum (Pt100 or Pt1000 sensors).

* Resistance increases with temperature in a predictable, nearly linear fashion.

* A Wheatstone bridge circuit is commonly used to measure the small resistance changes accurately.
Three-wire and four-wire configurations help eliminate lead-wire resistance errors.

« RTDs offer high accuracy (=0.1°C or better) and excellent long-term stability, making them the
preferred choice when precision matters. Their main limitations are slower response time and higher
cost compared to thermocouples.

Infrared (IR) thermometers measure temperature by detecting the infrared radiation emitted by an object's
surface.

* This is a non-contact technique, which makes it ideal for measuring moving objects, electrically live
components, or surfaces in hazardous environments where you can't install a probe.

* Accurate readings require knowing the emissivity of the target surface. Emissivity is the ratio of energy
radiated by the object to that radiated by a perfect blackbody at the same temperature. It varies with
material, surface finish, and temperature. A polished metal surface, for example, has low emissivity and
will give misleadingly low readings if you don't compensate.

Accuracy factors in measurements

Getting a good sensor isn't enough on its own. How you install, calibrate, and protect it determines whether
your data is trustworthy.

Calibration should be performed regularly against known standards traceable to national or international
references (e.g., NIST). Without periodic calibration, sensor drift can introduce systematic errors that go
unnoticed.

Environmental factors can corrupt both pressure and temperature readings:

» Temperature swings cause thermal expansion or contraction of pressure-sensing elements.
Temperature-compensated transducers include internal correction circuits to minimize this effect.

» Ambient temperature fluctuations influence temperature sensors themselves. Proper insulation and
shielding of sensor leads and connections reduce this impact.

Sensor placement and installation are critical for getting measurements that actually represent the process:

* Pressure sensors should be located away from flow disturbances like bends, valves, or partially open
fittings, which create localized pressure variations that don't reflect the bulk flow.

» Temperature sensors should be in direct contact with the process fluid. When a thermowell is used (a
protective pocket welded into the pipe), adequate immersion depth is necessary to minimize stem
conduction errors, where heat travels along the sensor body and biases the reading toward ambient
temperature.

Harsh process conditions also matter. Extreme temperatures, high pressures, and corrosive or abrasive
media degrade sensor performance over time. Selecting appropriate materials (e.g., Hastelloy or tantalum
for corrosive service) and ensuring the sensor's rated operating range covers your process conditions are
essential for long-term reliability.
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Signal integrity is the final link in the chain. Proper shielding, grounding, and signal conditioning
(amplification and filtering) prevent electrical noise from degrading your measurement. Digital
communication protocols like HART or Fieldbus further improve signal reliability over long cable runs.

Selection of measurement devices

Choosing the right pressure or temperature device involves balancing several factors. Here's a structured
approach:

1.

Assess process fluid properties - Chemical compatibility of wetted sensor materials with the fluid -
Operating temperature and pressure ranges - Presence of particulates, bubbles, or contaminants that
could foul or damage the sensor

2.

Define accuracy and precision requirements - Determine what measurement uncertainty is acceptable for
your application - Consider how measurement errors propagate into process control decisions and product
quality

3.

Evaluate environmental and process conditions - Ambient temperature and pressure fluctuations at the
installation point - Vibration, mechanical shock, or other stresses - Corrosive, abrasive, or hazardous
environments may require special alloys, coatings, or explosion-proof housings

4.

Check installation constraints - Available physical space for the sensor and any associated fittings -
Accessibility for routine maintenance and calibration - Whether remote monitoring or wireless
communication is needed

5.

Weigh cost against lifecycle needs - Initial purchase cost - Long-term calibration and maintenance
expenses - Expected sensor lifespan under your specific process conditions

6.

Consult industry standards - ASME PTC 19.2 for pressure measurement best practices - ASTM E230 for
thermocouple reference tables and tolerances - Regulatory requirements for hazardous areas (e.g., ATEX,
IECEX) or food/pharmaceutical processing (e.g., 3-A sanitary standards)

15.3 Applications in Chemical Process Industries

Fluid measurement techniques are crucial in chemical process industries. They involve various devices to
accurately measure flow rates, pressure, and temperature. These measurements play a vital role in
optimizing processes, ensuring product quality, and maintaining safety standards.

Fluid properties like viscosity, density, and compressibility significantly impact measurement accuracy and
system design. Understanding these effects is essential for selecting appropriate devices, troubleshooting
issues, and designing cost-effective measurement systems that meet process requirements and industry
standards.

Fiveable archived study guides Page 123



Fluid Measurement in Chemical Process Industries

Fluid measurement techniques

* Flow measurement techniques employ various devices to accurately measure flow rates in chemical
processes

« Differential pressure devices create a pressure drop to infer flow rate (orifice plates, venturi tubes, flow
nozzles)

* Velocity-based devices measure fluid velocity to calculate flow rate (turbine meters, vortex meters)

* Positive displacement meters measure the volume of fluid displaced over time (gear meters, oval gear
meters)

* Mass flow meters directly measure the mass flow rate (Coriolis meters, thermal mass flow meters)
* Pressure measurement techniques monitor and control pressure in chemical processes

* Pressure gauges convert pressure into a mechanical displacement (Bourdon tube, diaphragm,
bellows)

* Pressure transducers convert pressure into an electrical signal (strain gauge, capacitive, piezoelectric)
« Differential pressure transmitters measure the pressure difference between two points
» Temperature measurement techniques monitor and control temperature in chemical processes

» Thermocouples generate a voltage proportional to the temperature difference between two dissimilar
metals

* Resistance temperature detectors (RTDs) measure temperature based on the change in electrical
resistance of a metal

» Thermistors measure temperature based on the change in electrical resistance of a semiconductor
* Infrared sensors measure temperature by detecting the infrared radiation emitted by an object
* Control strategies ensure stable and efficient operation of chemical processes

 Feedback control loops adjust process variables based on the difference between the measured and
desired values

 Feedforward control anticipates disturbances and adjusts process variables before the disturbance
affects the output

» Cascade control uses multiple control loops to improve the performance of a single process variable

« Ratio control maintains a constant ratio between two process variables (flow rates)

Role of measurements in processes

* Process efficiency is enhanced by fluid measurements that optimize resource utilization and minimize
waste

» Monitoring and controlling key process parameters ensures optimal operating conditions
(temperature, pressure, flow rate)

« Identifying and minimizing process bottlenecks improves throughput and reduces delays

Fiveable archived study guides Page 124



* Reducing energy consumption and waste minimizes environmental impact and operating costs

* Product quality is maintained by fluid measurements that ensure consistent and desired product
characteristics

* Ensuring consistent product specifications meets customer requirements and regulatory standards
+ Detecting and correcting process deviations prevents off-spec products and minimizes rework

+ Maintaining optimal reaction conditions (temperature, pressure, residence time) maximizes yield and
selectivity

« Safety is enhanced by fluid measurements that prevent accidents and protect personnel and
equipment

* Preventing equipment failures and leaks avoids unplanned shutdowns and environmental releases

* Detecting and mitigating hazardous conditions (high pressure, high temperature, flammable
atmospheres) protects personnel

» Complying with safety regulations and standards (OSHA, EPA, NFPA) ensures legal and ethical
operation

Fluid Properties and Measurement System Design

Fluid properties and measurement devices

* Viscosity effects influence the performance of measurement devices and process equipment

* Pressure drop in pipes and fittings increases with higher viscosity, affecting pump sizing and energy
consumption

* Accuracy of flow measurement devices (orifice plates, venturi tubes) is affected by changes in
viscosity

* Pump and compressor performance is reduced by high viscosity fluids, requiring larger and more
expensive equipment

* Density effects impact the accuracy and interpretation of volume-based measurements

* Accuracy of volume-based flow measurements (turbine meters, positive displacement meters) is
affected by changes in density

* Hydrostatic pressure in tanks and vessels is proportional to the density of the fluid

» Buoyancy effects on level measurements (displacers, float switches) are influenced by the density
difference between the fluid and the sensor

» Compressibility effects are significant in gas flow measurements and compressible fluid systems

+ Gas flow measurements require correction for compressibility to obtain accurate mass or standard
volume flow rates

* Pressure drop in compressible fluid systems is affected by the change in density along the flow path

* Accuracy of gas volume measurements is influenced by the compressibility factor, which varies with
pressure and temperature
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Design of fluid measurement systems

* Measurement system design involves selecting and integrating appropriate devices based on process
requirements

* Selecting appropriate measurement techniques based on process requirements (accuracy, range,
response time, compatibility)

» Determining measurement range, accuracy, and response time to ensure adequate process control
and monitoring

« Considering process conditions (temperature, pressure, corrosiveness) to select suitable materials
and protection methods

* Integrating measurement devices with control systems (DCS, PLC, SCADA) for automated monitoring
and control

* Troubleshooting fluid measurement systems is essential for maintaining accurate and reliable
measurements

« Identifying sources of measurement errors (calibration drift, installation effects, process noise) and
implementing corrective actions

* Calibrating and maintaining measurement devices according to manufacturer recommendations and
industry standards

+ Diagnosing and resolving process issues related to fluid measurements (plugged impulse lines,
damaged sensors, control valve failures)

+ Cost-effectiveness is a key consideration in the design and operation of fluid measurement systems

« Balancing measurement accuracy and reliability with installation and maintenance costs to achieve
the desired performance at the lowest cost

+ Optimizing measurement system design to minimize total cost of ownership (initial cost, operating
cost, maintenance cost)

+ Considering the economic impact of measurement-related process improvements (increased
efficiency, reduced waste, improved quality) in the overall cost-benefit analysis

15.4 Computational Fluid Dynamics (CFD) in Chemical Engineering

Fundamentals of Computational Fluid Dynamics (CFD) in Chemical
Engineering

Computational Fluid Dynamics (CFD) uses numerical methods to solve complex fluid flow problems that
can't be solved analytically. In chemical engineering, CFD lets you simulate fluid behavior, heat transfer,
and chemical reactions inside real equipment, so you can optimize designs and troubleshoot problems
before building or modifying physical systems.

CFD applications range from process design to diagnosing operational issues. By analyzing simulation
results, engineers can reduce energy consumption, increase yields, and improve product quality. That
said, CFD comes with real limitations: simulations can be computationally expensive, and getting reliable
results requires significant expertise in both the physics and the numerical methods.
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Principles of CFD in Chemical Engineering

At its core, CFD works by breaking a physical domain into thousands (or millions) of small cells, applying
the governing physics equations to each cell, and then solving those equations iteratively until the solution
converges. Convergence means the solution stops changing significantly between iterations.

The process follows three steps:
1. Discretize the domain into small elements or volumes (cells)
2. Apply the governing equations to each cell
3. Solve the equations iteratively until convergence is achieved
The governing equations describe the conservation laws that all fluid systems obey:
Continuity equation (conservation of mass):
B +V-(pv)=0

where P is density, t is time, and V is the velocity vector. This equation says that mass can't be created or
destroyed within a control volume.

Momentum equation (Navier-Stokes equations, conservation of momentum):
pBl=-Vp+V: T+ pg

where P is pressure, T is the stress tensor, and § is gravitational acceleration. Each term on the right
represents a different force acting on the fluid: pressure gradients, viscous stresses, and gravity.

Energy equation (conservation of energy):
pcpBt =V - (kVT) + &

where Cp is specific heat capacity, T is temperature, K is thermal conductivity, and @ is viscous dissipation
(heat generated by internal fluid friction).

Species transport equation (conservation of chemical species):
AoM) 1+ - (pVY)) = =V Ji +R;

where Y is the mass fraction of species /, ﬁ is the diffusive flux (movement driven by concentration
gradients), and R; is the reaction rate (production or consumption of that species). This equation is what
makes CFD especially useful in chemical engineering, since it tracks how reactants and products move
and transform throughout the system.

Applications and Analysis of CFD in Chemical Engineering

Application of CFD Techniques

Every CFD simulation follows three stages: preprocessing, solving, and postprocessing.
Preprocessing sets up the problem:

1. Create the computational domain representing the physical system (the geometry of your reactor,
pipe, or heat exchanger)

2. Mesh the domain by dividing it into small cells. Finer meshes give more accurate results but cost
more computation time.
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3. Specify boundary conditions (inlet velocity, outlet pressure, wall temperatures) and initial conditions
(starting values for all variables)

Solving numerically solves the governing equations using one of several methods:

* Finite Difference Method (FDM) approximates derivatives using differences between neighboring grid
points. Straightforward to implement but works best on simple, structured grids.

* Finite Volume Method (FVM) integrates the governing equations over each cell, naturally conserving
mass, momentum, and energy. This is the most common method in commercial CFD codes like
ANSYS Fluent and OpenFOAM.

* Finite Element Method (FEM) divides the domain into elements and approximates the solution using
simple shape functions. Particularly strong for complex geometries and structural problems.

Postprocessing is where you extract meaning from the simulation:
« Contour plots show how a variable (pressure, velocity, temperature) is distributed across the domain
* Vector plots display flow direction and magnitude at each point
« Streamlines trace the paths that fluid particles follow

* Quantitative extraction pulls numerical values at specific locations for comparison with experimental
data or design specifications

Analysis of CFD Simulation Results

Process design optimization uses CFD to identify the best design parameters. For example, you might
simulate several impeller speeds in a stirred-tank reactor to find the configuration that maximizes mixing
while minimizing power consumption. Goals typically include:

* Improved efficiency (reduced energy use, increased throughput)
* Higher yield (more desired product formed per unit of reactant)
* Better product quality (uniformity, purity)

Troubleshooting operational issues is one of CFD's most practical uses. Simulations can reveal problems
that are difficult or impossible to measure directly:

* Flow maldistribution: non-uniform flow patterns that reduce equipment performance (e.g., uneven flow
through a packed bed)

* Hotspots: localized high-temperature regions that can degrade product or damage equipment

* Dead zones: stagnant regions with poor mixing, which lower conversion in reactors
Equipment performance evaluation compares different configurations side by side:

» Reactor types (stirred tank, bubble column, packed bed)

* Heat exchanger designs (shell-and-tube, plate, spiral)

 Separator types (gravity, centrifugal, membrane)

Running these comparisons computationally is far cheaper and faster than building and testing physical
prototypes.
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Limitations and Challenges of CFD in Chemical Engineering

Limitations of CFD in Practice

CFD is powerful, but it's not a black box. Understanding its limitations is just as important as knowing how
to use it.

Computational resource requirements can be substantial. Simulations become especially expensive for:
* Large-scale geometries (full industrial-scale equipment rather than lab-scale)
+ High-resolution meshes (millions of cells needed to capture fine geometric details)
» Complex physics (multiphase flows, detailed chemical kinetics, turbulence modeling)

A single high-fidelity simulation of an industrial reactor can take days or even weeks on a computing
cluster.

Model validation is essential for ensuring that CFD results actually reflect reality. This involves:

1. Comparing simulation predictions with experimental data (from pilot-scale tests, published literature,
or plant measurements)

2. Performing sensitivity analyses to see how results change with different model assumptions
(boundary conditions, material properties, turbulence model choice)

3. Quantifying uncertainty in input parameters and understanding how that uncertainty propagates to
the outputs

Without validation, a CFD result is just a number with no guaranteed connection to the real system.

User expertise is critical at every stage. Poor choices can produce results that look reasonable but are
physically meaningless. Key areas where expertise matters:

« Selecting appropriate sub-models (turbulence closure, chemical kinetics scheme, multiphase flow
model)

» Generating a suitable mesh (refining in regions with steep gradients, verifying mesh independence by
showing results don't change with further refinement)

» Choosing numerical schemes and solution algorithms that balance stability, accuracy, and
convergence speed

* Interpreting results with an understanding of what the simulation can and cannot capture
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