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Unit 1 — Molecular Physics: Quantum
Fundamentals

1.1 Historical development of molecular physics

Molecular physics unravels the mysteries of atoms and molecules, bridging quantum mechanics and
chemistry. From Planck's quantum theory to Schrédinger's wave equation, it's transformed our
understanding of matter at its most fundamental level.

This field has revolutionized chemistry, materials science, and biology. It's given us powerful tools like
spectroscopy and computational modeling, allowing us to probe and manipulate molecules in ways once
thought impossible.

Milestones in Molecular Physics

Quantum Mechanics and Wave-Particle Duality

* In the early 20th century, the development of quantum mechanics provided a mathematical framework
for describing the behavior of atoms and molecules

» Quantum mechanics revolutionized our understanding of the microscopic world
« It introduced concepts such as quantized energy levels and the probabilistic nature of particles

* The discovery of the wave-particle duality of matter by Louis de Broglie in 1924 was a crucial
milestone

» Wave-particle duality suggests that particles can exhibit wave-like properties
* This concept is fundamental to the description of atoms and molecules in quantum mechanics

* Examples of wave-particle duality include the double-slit experiment and the photoelectric effect

Schrédinger Equation and Born-Oppenheimer Approximation

* The formulation of the Schrédinger equation in 1926 by Erwin Schrédinger provided a powerful tool for
calculating the energy levels and wavefunctions of atoms and molecules

» The Schrédinger equation is a mathematical expression that describes the quantum state of a system

« It allows for the determination of the probability distribution of particles in space and the calculation of
observable quantities

» The Born-Oppenheimer approximation, proposed by Max Born and J. Robert Oppenheimer in 1927,
simplified the treatment of molecules by separating the motion of nuclei and electrons

* This approximation assumes that the motion of electrons is much faster than that of nuclei due to their
significant mass difference

« It allows for the separate treatment of electronic and nuclear motion, greatly simplifying molecular
calculations
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Spectroscopy and Lasers

» The development of spectroscopic techniques, such as infrared and Raman spectroscopy, in the
mid-20th century enabled the experimental study of molecular structure and dynamics

» Spectroscopy involves the interaction of electromagnetic radiation with matter

« Different spectroscopic techniques probe different aspects of molecules (vibrational modes, rotational
transitions, electronic transitions)

* Spectroscopic data provide information about bond lengths, bond angles, and molecular symmetry

» The advent of lasers in the 1960s revolutionized molecular physics by providing intense, coherent light
sources for probing and manipulating molecules

* Lasers enable high-resolution spectroscopy, allowing for the precise measurement of molecular
energy levels

* Laser-based techniques such as laser-induced fluorescence and multiphoton ionization have greatly
expanded the toolkit of molecular physicists

Computational Methods and Simulations

* In recent decades, advances in computational methods and high-performance computing have
allowed for accurate simulations of complex molecular systems

» Computational chemistry and molecular dynamics simulations have become invaluable tools in
molecular physics

» These methods enable the prediction of molecular properties, reaction mechanisms, and the behavior
of large molecular systems

« Examples include density functional theory (DFT) calculations and molecular dynamics simulations of
proteins and materials

Key Contributors to Molecular Physics

Pioneers of Quantum Mechanics

» Max Planck introduced the concept of quantized energy in 1900, laying the groundwork for quantum
mechanics

* Planck proposed that energy is absorbed or emitted in discrete packets called quanta
* This idea resolved the ultraviolet catastrophe in the blackbody radiation problem

* Niels Bohr proposed the Bohr model of the atom in 1913, which incorporated quantized energy levels
and explained the discrete spectral lines of hydrogen

* Bohr's model introduced the concept of stationary states and transitions between energy levels
« It provided a successful explanation for the observed spectral lines of the hydrogen atom

» Werner Heisenberg developed matrix mechanics in 1925, providing a mathematical formalism for
quantum mechanics

» Matrix mechanics uses matrices to represent physical quantities and operators
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* It is equivalent to Schrodinger's wave mechanics but offers a different mathematical approach

Developers of Wave Mechanics and Quantum Chemistry

+ Erwin Schrédinger formulated wave mechanics and the Schrddinger equation in 1926, which became
the foundation for describing the behavior of atoms and molecules

» Schrodinger's wave mechanics represents particles as wavefunctions that evolve according to the
Schrédinger equation

» The Schrédinger equation is a fundamental equation in quantum mechanics and is widely used in
molecular physics

» Max Born interpreted the wavefunction as a probability amplitude and introduced the Born rule for
calculating probabilities in quantum mechanics

+ Born's statistical interpretation of the wavefunction provided a probabilistic framework for quantum
mechanics

» The Born rule relates the probability of measuring a particular outcome to the square of the absolute
value of the wavefunction

« J. Robert Oppenheimer co-developed the Born-Oppenheimer approximation, which separates the
motion of nuclei and electrons in molecules

* The Born-Oppenheimer approximation is a key simplification in molecular physics
« It allows for the decoupling of electronic and nuclear motion, making molecular calculations tractable

* Linus Pauling applied quantum mechanics to the study of chemical bonding and developed the
concept of hybridization and resonance structures

+ Pauling's work laid the foundation for modern quantum chemistry

* He introduced concepts such as hybrid orbitals (sp, sp2, sp3) and resonance structures to explain
molecular geometry and bonding

Quantum Electrodynamics and Feynman Diagrams

+ Richard Feynman introduced the path integral formulation of quantum mechanics and developed the
Feynman diagram technique for calculating interactions between particles

* The path integral formulation provides an alternative approach to quantum mechanics based on
summing over all possible trajectories

* Feynman diagrams are pictorial representations of the mathematical expressions describing particle
interactions

» They have become an essential tool in quantum field theory and particle physics

Impact of Molecular Physics on Matter

Electronic Structure and Chemical Bonding

» Molecular physics has provided a detailed understanding of the electronic structure of atoms and
molecules, explaining the origin of chemical bonding and the formation of molecules
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» Quantum mechanics describes the distribution of electrons in atoms and molecules using
wavefunctions and orbitals

» The overlap and interaction of atomic orbitals give rise to chemical bonds (covalent, ionic, metallic)
* Molecular orbital theory provides a framework for understanding the electronic structure of molecules

* The study of molecular spectra has revealed the quantized energy levels of molecules and the
transitions between them, enabling the identification and characterization of molecular species

» Molecular spectra arise from transitions between different electronic, vibrational, and rotational energy
levels

» Each molecule has a unique spectral fingerprint that allows for its identification and characterization

» Examples of molecular spectra include infrared absorption, Raman scattering, and electronic
absorption and emission spectra

Intermolecular Forces and States of Matter

* Molecular physics has elucidated the nature of intermolecular forces, such as van der Waals
interactions and hydrogen bonding, which govern the behavior of gases, liquids, and solids

* Van der Waals forces are weak attractive forces between molecules arising from induced dipoles

* Hydrogen bonding is a stronger intermolecular force that occurs between a hydrogen atom bonded to
an electronegative atom (oxygen, nitrogen) and another electronegative atom

* The strength and nature of intermolecular forces determine the physical properties and phase
behavior of substances

* The understanding of molecular structure and dynamics has led to the development of advanced
materials with tailored properties, such as polymers, semiconductors, and nanomaterials

» Molecular physics provides insights into the structure-property relationships of materials

* It enables the design and synthesis of materials with specific functionalities (conductivity, optical
properties, mechanical strength)

» Examples include conductive polymers, organic semiconductors, and carbon nanotubes

Chemical Reactions and Catalysis

* Molecular physics has provided insights into the mechanisms of chemical reactions, including the role
of transition states, reaction rates, and catalysis

» Quantum mechanics allows for the calculation of reaction energetics and the determination of reaction
pathways

* Transition state theory describes the kinetics of chemical reactions and the role of activated
complexes

*» Molecular physics has shed light on the mechanisms of catalysis, including enzyme catalysis and
heterogeneous catalysis

* The principles of molecular physics have been applied to the study of biological systems, contributing
to the understanding of protein folding, enzyme catalysis, and the structure and function of
biomolecules

Fiveable archived study guides Page 5



* Molecular physics methods, such as X-ray crystallography and NMR spectroscopy, have been
instrumental in determining the three-dimensional structures of proteins and nucleic acids

» Quantum mechanical calculations and molecular dynamics simulations provide insights into the
dynamics and function of biomolecules

» Examples include the study of protein-ligand interactions, enzyme reaction mechanisms, and the
folding of RNA molecules

Molecular Physics: Interdisciplinary Connections

Chemistry and Spectroscopy

 Molecular physics is inherently interdisciplinary, drawing upon concepts and techniques from physics,
chemistry, and mathematics

* It combines the fundamental principles of quantum mechanics with the chemical understanding of
atoms and molecules

» Mathematical methods, such as group theory and linear algebra, are extensively used in molecular
physics

* The principles of quantum mechanics, which form the foundation of molecular physics, have been
extensively applied in chemistry to explain chemical bonding, molecular structure, and reactivity

» Quantum chemistry uses the principles of quantum mechanics to calculate molecular properties and
predict chemical behavior

» Concepts such as molecular orbitals, hybridization, and resonance structures have become integral to
modern chemistry

* Spectroscopic techniques developed in molecular physics, such as NMR and X-ray crystallography,
have become essential tools in chemistry for structure determination and analysis

* NMR spectroscopy probes the magnetic properties of atomic nuclei and provides information about
molecular structure and dynamics

« X-ray crystallography uses the diffraction of X-rays by crystals to determine the three-dimensional
structure of molecules

* These techniques have revolutionized the field of structural chemistry and have enabled the study of
complex molecular systems

Physical Chemistry and Biophysics

» Molecular physics has close ties to physical chemistry, which focuses on the application of physical
principles to chemical systems, including thermodynamics, kinetics, and statistical mechanics

* Physical chemistry uses the tools of molecular physics to study chemical equilibria, reaction rates, and
the behavior of chemical systems

« Statistical mechanics, which is based on the principles of quantum mechanics, provides a framework
for understanding the macroscopic properties of matter in terms of its microscopic constituents

* The study of molecular interactions and dynamics is crucial for understanding the behavior of
biological systems, such as protein folding, enzyme catalysis, and cell signaling
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* Molecular physics provides the fundamental principles underlying the structure and function of
biological molecules

*» Techniques such as fluorescence spectroscopy and single-molecule imaging, which have their roots
in molecular physics, are widely used in biophysical research

» Examples include the study of protein-protein interactions, the dynamics of molecular motors, and the
conformational changes of ion channels

* Molecular physics has contributed to the development of biophysical techniques, such as
fluorescence spectroscopy and single-molecule imaging, which are widely used in biological research

* Fluorescence spectroscopy uses the emission of light by molecules to study their structure, dynamics,
and interactions

« Single-molecule imaging techniques, such as atomic force microscopy and super-resolution
microscopy, allow for the visualization of individual molecules and their behavior

* These techniques have provided unprecedented insights into the workings of biological systems at the
molecular level

Materials Science and Nanotechnology

* The principles of molecular physics are also relevant to materials science, as they govern the
properties and behavior of materials at the atomic and molecular scale

* Molecular physics provides the fundamental understanding of the electronic, optical, and mechanical
properties of materials

« It enables the design and development of novel materials with tailored functionalities, such as
high-strength composites, light-emitting diodes, and solar cells

» Examples include the study of electronic band structures, the design of molecular switches, and the
development of self-assembling materials

» Nanotechnology, which deals with the manipulation and control of matter at the nanoscale, relies
heavily on the principles of molecular physics

* Molecular physics provides the tools for characterizing and manipulating individual atoms and
molecules

* It enables the fabrication of nanoscale devices and the study of their properties and behavior

» Examples include the development of carbon nanotubes, quantum dots, and molecular machines

1.2 Quantum mechanics principles and postulates
Quantum Mechanics Postulates

Fundamental Postulates and Their Implications

Quantum mechanics rests on a small set of postulates that govern how particles behave at atomic and
molecular scales. These postulates replace the deterministic rules of classical mechanics with a
probabilistic framework.

Postulate 1: The Wave Function. The state of a quantum system is completely described by its wave
function, W(x, t). This single mathematical object contains all the information you can ever extract about
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the system.

Postulate 2: Observables as Operators. Physical quantities like position, momentum, and energy are
represented by mathematical operators that act on the wave function. The eigenvalues of these operators
are the only possible outcomes you can get from a measurement. For example, the momentum operator in
one dimension is 13 = —iﬁ%, and its eigenvalues are the allowed momentum values.

Postulate 3: Measurement and Collapse. When you measure a physical quantity, the wave function
collapses into one of the eigenstates of the corresponding operator. The probability of landing in a
particular eigenstate is given by the square of the absolute value of the overlap between the wave function
and that eigenstate. Before measurement, the system can be in a combination of eigenstates; after
measurement, it's in exactly one.

Schrddinger Equation and Heisenberg Uncertainty Principle

The Schrodinger equation governs how the wave function evolves in time. In its time-dependent form:
ihgW(x, t) = HW(x, t)

where { is the Hamiltonian operator (total energy). This equation plays the same role in quantum
mechanics that Newton's second law plays in classical mechanics: given the current state and the forces
involved, it tells you what happens next.

The Heisenberg uncertainty principle places a hard limit on how precisely you can simultaneously know
certain pairs of quantities. For position and momentum:

Ax-Ap =1

This isn't a limitation of your measuring equipment. It's built into nature. The reason traces back to the fact
that the position and momentum operators don't commute: [X, p1 = ih . Non-commuting operators can
never have simultaneously well-defined values, which is a direct consequence of the wave-like nature of
quantum objects.

Wave Function and Quantum States

Properties of Wave Functions

The wave function W(X, t) is a complex-valued function, meaning it has both real and imaginary parts. You
can't measure it directly, but its modulus squared, |W(x, t)|?, gives the probability density of finding the
particle at position X at time t.

A valid wave function must satisfy the normalization condition:

J_Wix, t2dx=1

This just says the particle has to be somewhere with 100% certainty. Wave functions must also be
continuous and (typically) have continuous first derivatives, so that the physics they describe stays
well-behaved.

Superposition and Entanglement

Superposition means a quantum system can exist in a combination of multiple states at once. If W1 and V2
are both valid states, then W = c1W1 + c2W; is also a valid state, where €1 and €2 are complex
coefficients. A spin-1/2 particle, for instance, can be in a superposition of spin-up and spin-down until you
measure it. The probabilities of each outcome are |c1]|? and |c2|?.

Fiveable archived study guides Page 8



Entanglement is a correlation between particles that has no classical analog. When two particles are
entangled, measuring one instantly constrains what you'll find when you measure the other, regardless of
the distance between them. In a pair of entangled photons, for example, measuring the polarization of one
photon immediately determines the polarization of the other. The key point: this correlation is stronger than
anything classical probability can produce, as confirmed by violations of Bell's inequalities.

Solving the Schrédinger Equation

Time-Independent Schrodinger Equation

For systems where the potential doesn't change with time, you can separate out the time dependence and
work with the time-independent Schrédinger equation:

HY = EVY

This is an eigenvalue equation. The Hamiltonian operator H consists of two parts:
* Kinetic energy operator: —%Vz
« Potential energy operator: V(x)

So the full equation in one dimension reads:

—D2PY 4 (X)W = EV

2m ¢x?

To solve it, you apply boundary conditions (what happens to W at the edges of the system) and the
normalization requirement. These constraints are what force the energy to take on only specific, discrete
values.

Quantized Energy Levels and Simple Quantum Systems

The solutions to the Schrédinger equation yield quantized energy levels: the system can only have certain
discrete energies, not a continuous range. This quantization is what gives quantum mechanics its name.

Three model systems show up constantly in molecular physics:

* Particle in a box: A particle confined between rigid walls (infinite potential at the boundaries). The
222p2
allowed energies are En = ”2;'7[’2 ,where n=1,2,3, ... and L is the box length. This model illustrates

why confinement leads to discrete energy levels.

« Harmonic oscillator: A particle in a parabolic potential (V(x) = %mwzxz). The energy levels are
evenly spaced: En = hw(n + 1). The 1hw ground-state energy (zero-point energy) means the particle
is never completely at rest.

* Hydrogen atom: A proton-electron system solved in spherical coordinates. The energy levels go as
E, = —13.6 eV/n?. This is the simplest real atom and the starting point for understanding
multi-electron systems and molecular bonding.

Quantum Mechanics vs Classical Determinism

Probabilistic Nature of Quantum Mechanics

In classical mechanics, if you know a system's initial position and momentum exactly, you can predict its
future with certainty. Quantum mechanics breaks this completely. The outcome of any single measurement
is fundamentally random; you can only predict the probability distribution of results.
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The Born rule formalizes this: the probability of measuring a particular value of an observable is |W(x, 1.')|2
(for position) or more generally |C,,|2 for finding the system in eigenstate n. This isn't a statement about
incomplete knowledge. Even with perfect information about the wave function, the outcome of an individual
measurement remains unpredictable.

Experimental Evidence and Implications

Several landmark experiments confirm the probabilistic framework:

* Double-slit experiment: Send particles (electrons, photons) one at a time through two slits. Each
particle lands at a single spot on the detector, but over many trials, an interference pattern builds up.
This demonstrates that each particle's wave function passes through both slits simultaneously, and the
probability distribution follows wave-like interference.

« Stern-Gerlach experiment: A beam of silver atoms passes through an inhomogeneous magnetic field
and splits into discrete spots rather than a continuous smear. This shows that angular momentum is
quantized and that measurement yields only specific eigenvalues, not a continuum.

These results have practical consequences beyond philosophy. The probabilistic and superposition
properties of quantum systems underpin technologies like quantum computing (where qubits exploit
superposition to process information) and quantum cryptography (where measurement-induced collapse
provides security guarantees that classical systems cannot match).

1.3 Wave-particle duality and uncertainty principle
Wave-Particle Duality of Matter

Concept and Experimental Evidence

Wave-particle duality is the idea that matter exhibits both wave-like and particle-like properties, depending
on the experimental setup and what you're measuring. This isn't just a theoretical curiosity; it's one of the
core principles that forced physicists to abandon classical mechanics at small scales.

The double-slit experiment is the most famous demonstration. When electrons (or photons) pass through
two narrow slits and hit a detector screen, they produce an interference pattern of alternating bright and
dark bands. That pattern is the signature of wave behavior. The strange part: even when you send
particles through one at a time, the interference pattern still builds up over many detections. Each particle
seems to interfere with itself, as if it passed through both slits simultaneously as a wave.

Other key evidence includes:

» The photoelectric effect, where light ejects electrons from a metal surface. The results only make
sense if light arrives in discrete packets (photons) with energy E = hv, showing particle-like behavior of
light.

» The de Broglie wavelength, which assigns a wavelength to any particle with momentum: A= f—;. This
relationship connects wave and particle descriptions directly. For example, an electron accelerated
through 100 V has a de Broglie wavelength of about 1.2 x 1071% m, comparable to atomic spacing,
which is why electron diffraction works.
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Challenges to Classical Physics

Classical physics treats particles as objects with definite positions and momenta at all times, following
deterministic trajectories. Wave-particle duality breaks this picture. A quantum object doesn't have a single
well-defined path between two points; instead, its behavior is governed by a wave function that encodes
probabilities.

This failure of classical concepts at atomic and subatomic scales is what drove the development of
quantum mechanics as a fundamentally new framework. The dual nature of matter isn't a quirk to explain
away; it's a starting point you have to accept before the rest of quantum theory makes sense.

Complementarity in Quantum Mechanics

Concept and Implications

Complementarity, proposed by Niels Bohr, states that the wave and particle aspects of matter are mutually
exclusive: you cannot observe both in a single experiment. The experimental setup you choose determines
which aspect you see.

« If you measure position (a particle-like property), you suppress the wave-like interference pattern. For
instance, placing a detector at one slit to determine which slit the electron went through destroys the
interference fringes.

« If you measure momentum or look for interference (wave-like properties), you lose information about
which path the particle took.

This isn't a limitation of your equipment. It reflects something fundamental about how quantum systems
behave. A complete description of a quantum object requires both the wave and particle pictures, even
though you can never access both at once.

Conjugate Variables

Conjugate variables are pairs of physical quantities linked by the uncertainty principle. The most important
pairs are:

« Position and momentum (X and P)
« Energy and time (E and t)

Measuring one variable in a conjugate pair with high precision necessarily increases the uncertainty in the
other. This trade-off is a direct consequence of wave-particle duality. Mathematically, conjugate variables
are related through Fourier transforms: a wave function that is sharply peaked in position space
(well-defined position) is spread out in momentum space (poorly defined momentum), and vice versa.

Heisenberg Uncertainty Principle

Mathematical Formulation

The Heisenberg uncertainty principle puts a quantitative floor on how precisely you can simultaneously
know conjugate variables. For position and momentum:

Ax-Ap=1

where b = % =~ 1.055 x 10734 |'s is the reduced Planck's constant, Ax is the uncertainty in position,
and Ap is the uncertainty in momentum.
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A similar relation holds for energy and time:

AE-At=1

To see why this matters at the quantum scale but not in everyday life: for a baseball (mass = 0.15 kg)
with position uncertainty of 1071% m, the minimum momentum uncertainty is about 5 x 10~2> kg-m/s,
which corresponds to a velocity uncertainty far too small to ever notice. For an electron (mass

=~ 9.1 x 103! kg) confined to an atom-sized region (Ax = 10~1% m), the momentum uncertainty
becomes significant, on the order of 5 X 102> kg-m/s, giving a velocity uncertainty of about 5 x 10° m/s.

Consequences and Implications

The uncertainty principle is not about clumsy measurements or imperfect instruments. It's an intrinsic
property of quantum systems that arises from their wave nature.

Several important physical consequences follow:

 Zero-point energy: A particle confined to a finite region (like an electron in an atom) cannot have zero
kinetic energy. Confining it to a small Ax forces a minimum AP, which means a minimum kinetic
energy. This is the ground state energy.

+ Atomic stability: Classically, an electron orbiting a nucleus should radiate energy and spiral inward.
The uncertainty principle prevents this collapse: confining the electron too close to the nucleus would
require enormous kinetic energy, creating a stable minimum-energy configuration.

» Quantum tunneling: A particle can pass through an energy barrier that it classically shouldn't be able
to cross. The energy-time uncertainty relation allows brief "borrowing" of energy over short timescales,
enabling tunneling through thin barriers.

Philosophical Implications of Quantum Mechanics

Challenges to Classical Determinism

Wave-particle duality and the uncertainty principle together undermine the classical deterministic
worldview, where knowing a system's initial conditions lets you predict its future exactly. In quantum
mechanics, the state of a system is described by a wave function (¥), and the square of its amplitude (|lp|2
) gives the probability of finding a particular measurement outcome, not a certainty.

The act of measurement itself plays an active role. Before measurement, a quantum system can exist in a
superposition of multiple states. Measurement collapses the wave function into one definite outcome, but
which outcome you get is fundamentally probabilistic.

Interpretations of Quantum Mechanics

The math of quantum mechanics is not in dispute, but what it means about reality is. Several
interpretations attempt to make sense of the formalism:

» Copenhagen interpretation (Bohr, Heisenberg): The wave function doesn't describe an underlying
reality; it's a tool for calculating probabilities. Measurement causes collapse, and asking what the
particle was "doing" before measurement is meaningless.

* Many-worlds interpretation (Hugh Everett, 1957): Every quantum measurement causes the universe
to branch. All possible outcomes actually occur, each in its own branch. There's no collapse; the wave
function always evolves deterministically.
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 Hidden-variable theories (e.g., de Broglie-Bohm pilot wave theory): Particles do have definite positions
and trajectories at all times, guided by a "pilot wave." The apparent randomness comes from our
ignorance of these hidden variables. Note that Bell's theorem (1964) and subsequent experiments have
ruled out local hidden-variable theories, though nonlocal versions like de Broglie-Bohm remain viable.

Limits on the Knowability of Reality

Complementarity tells you that both the wave and particle descriptions are necessary for a complete
picture, yet you can never access both simultaneously. The uncertainty principle sets a hard boundary on
what can be known about a quantum system, not because of technological limits, but because of the
structure of nature itself.

These results raise deep questions: Is the quantum world fundamentally random, or is there a deeper layer
we haven't found? Does measurement create reality, or reveal it? These aren't just philosophical puzzles;
they continue to shape active research in quantum foundations, quantum information, and quantum
computing.

1.4 Operators and observables in quantum mechanics
Operators in Quantum Mechanics

Definition and Properties

An operator in quantum mechanics is a mathematical instruction that acts on a function (typically a
wavefunction) to produce another function. Each measurable physical quantity, called an observable, has
a corresponding operator. Position, momentum, and energy are all examples of observables.

Operators used in quantum mechanics are linear, which means they satisfy two properties:
« Additivity: A(yq + w2) = Ay + Ay,
» Homogeneity: Alc W) = CA!,U, where € is a constant

To extract a measurable prediction from a wavefunction, you calculate the expectation value of an
operator. For an operator A, the expectation value is:

(A)= [y Aydx

This integral gives the average result you'd expect if you measured the observable many times on
identically prepared systems.

Hermitian Operators and Physical Observables

All operators that represent physical observables must be Hermitian (also called self-adjoint). An operator
[\ is Hermitian if it satisfies:

o " (Apydx=[(Ap) wdx
for all well-behaved functions ¢ and ¥.
Why does this matter? Hermitian operators guarantee two things that physics demands:

* Real eigenvalues. Measurement outcomes must be real numbers, not complex ones. Hermiticity
ensures this.

Fiveable archived study guides Page 13



» Orthonormal eigenfunctions. The eigenfunctions of a Hermitian operator form a complete, orthonormal
basis. This means any arbitrary wavefunction can be expanded as a sum of these eigenfunctions,
which is the mathematical foundation for calculating measurement probabilities.

The position, momentum, and Hamiltonian operators are all Hermitian.

Common Quantum Operators

Position, Momentum, and Energy Operators

Position operator x: In the position representation, this operator simply multiplies the wavefunction by X:
X @(x) = x y(x)

In three dimensions, the position operator becomes r, which multiplies by the position vector.
Momentum operator ,5: In the position representation, momentum involves a derivative:

p= —iﬁo%(

The factor of —ih is not arbitrary. It arises from the de Broglie relation connecting wavelength to
momentum, and it ensures the operator is Hermitian. In three dimensions, this generalizes to |5 = —JihV.

Hamiltonian operator H: This represents the total energy of the system. It's built from the kinetic and
potential energy operators:

A ~2 n
H=L2- 4+ V(X) = - 222 4+ v(x)

The Hamiltonian is central to quantum mechanics because the time-independent Schrédinger equation is
just the eigenvalue equation for 4

I-Alw =Ey
Angular Momentum Operators

The angular momentum operators l:x, l:y, and I:z describe rotational motion of a quantum system. They
are defined in terms of position and momentum operators. For example:

[ — %A —Up — —iho
Lz—xpy Yphx= ’hﬁ
where @ is the azimuthal angle in spherical coordinates.

These operators satisfy characteristic commutation relations (covered below) that have deep
A2
consequences for how angular momentum is quantized. The operator L = L + L + L commutes with

each component, which is why you can simultaneously know the total angular momentum and one
component (conventionally L), but not two different components at once.

Eigenvalues and Eigenfunctions

Eigenvalue Equation
The eigenvalue equation for an operator Ais:

Aly) = aly)
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Here, |¥) is an eigenfunction (or eigenstate) of A, and @ is the corresponding eigenvalue. The defining
feature is that the operator doesn't change the form of the function; it only scales it by the constant 4.

The eigenfunctions of a Hermitian operator form a complete, orthonormal basis for the Hilbert space.
"Complete" means any wavefunction in that space can be written as a linear combination of these
eigenfunctions. "Orthonormal" means distinct eigenfunctions are orthogonal and individually normalized.

Solving the Eigenvalue Equation

Finding eigenvalues and eigenfunctions typically involves these steps:
1. Write out the operator in a specific representation (e.g., position representation).
2. Set up the eigenvalue equation Al,u = ay, which usually becomes a differential equation.

3. Apply boundary conditions appropriate to the physical problem (e.g., the wavefunction must be
normalizable, or it must vanish at certain boundaries).

4. Solve for the allowed values of @ (the eigenvalues) and the corresponding functions ¥ (the
eigenfunctions).

For the quantum harmonic oscillator, for instance, solving I-All,un = E,y, yields the quantized energy levels
En=hw(n+ 1) withn=0,1,2, ... and eigenfunctions that are Hermite polynomials multiplied by a
Gaussian envelope.

In finite-dimensional problems (like spin), the eigenvalue equation becomes a matrix equation, and you find
eigenvalues by solving det(A —al) =0.

Significance of Eigenvalues and Eigenfunctions

Eigenvalues of an operator are the only possible outcomes of measuring that observable. You will never
measure a value that isn't an eigenvalue of the corresponding operator.

If a system is already in an eigenstate |¥n) of A, measuring A will yield the eigenvalue @n with certainty.

If the system is in a general state |W), you expand it in the eigenbasis:

W) = > cnlwn)

The probability of measuring eigenvalue @n is |Cn|2- This is the Born rule, and it connects the mathematical
formalism of operators directly to experimental predictions.

Commutation Relations and Observables

Commutation Relations

The commutator of two operators ,2\ and é is defined as:
[A, B]1=AB — BA
Whether two operators commute determines whether you can know both observables precisely at the

same time.

o If [A, é] = 0 (they commute): the two observables can be measured simultaneously with arbitrary
precision. The system can exist in a simultaneous eigenstate of both operators, and measuring one
doesn't disturb the value of the other.
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o If [AA\, é] # 0 (they don't commute): the two observables cannot both be precisely determined at the
same time. Measuring one necessarily introduces uncertainty into the other.

Heisenberg Uncertainty Principle
The most important example of non-commuting operators is position and momentum. Their commutator is:
[x,p]l=ih
You can verify this by acting on a test function f(x):
1. Compute Xpf = x(—ih4L)
2. Compute pXf= —ih Z(xf) = —ih (f+ x4L)
3. Subtract: [x, plf=ih f
Since this holds for any f, the commutator is ih.
This non-zero commutator leads directly to the Heisenberg uncertainty principle:
AxhDp =1

where Ax and AP are the standard deviations (uncertainties) in position and momentum. No matter how
clever your experiment, you cannot beat this bound. It's not a limitation of measurement technology; it's a
fundamental property of nature encoded in the operator algebra.

More generally, for any two observables with operators A and B:

AAAB = L[([A, B])|

Role in Quantum Theory

Commutation relations are structural pillars of quantum mechanics. The canonical commutation relation
[x, p] = ih is sometimes taken as a starting axiom of the theory rather than a derived result.

These relations are also essential for:

« Angular momentum algebra: The commutation relations [l:,-, Ej] = ihafjkl:k determine the quantization
of angular momentum and the allowed quantum numbers [ and M.

+ Ladder operator methods: Commutation relations let you construct raising and lowering operators
(e.g., for the harmonic oscillator or angular momentum), which provide elegant algebraic solutions
without solving differential equations directly.

* Quantum field theory: The extension of commutation relations to field operators underlies the entire
framework of second quantization.

Understanding how operators commute (or don't) is what separates quantum mechanics from classical
mechanics, where all observables can in principle be known simultaneously.
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Unit 2 — Schrodinger Equation and
Wavefunctions

2.1 Time-dependent and time-independent Schrdédinger equations

Time-dependent and Time-independent Schrodinger Equations

The Schrodinger equation governs how quantum systems behave. It comes in two forms: the
time-dependent version describes how a system's wavefunction evolves over time, while the
time-independent version identifies the stationary states and allowed energy levels. Together, they provide
the complete framework for analyzing everything from single particles in wells to electrons in molecules.

Time-dependent vs Time-independent Schrdédinger Equations

Describing the evolution and stationary states of quantum systems

The time-dependent Schrodinger equation (TDSE) is the more general form:
in¥xt = fy(x, t)

This is a partial differential equation that tells you how the full wavefunction W(x, t) changes with time. Its
solutions are complex-valued functions of both position and time.

The time-independent Schrédinger equation (TISE) is an eigenvalue equation:
Hy(x) = Ey(x)

This version has no time derivative. It asks: for what functions ¥(X) and values E does the Hamiltonian
acting on ¥ simply return ¥ multiplied by a constant? Those functions are the energy eigenstates, and
those constants are the energy eigenvalues.

You can derive the TISE from the TDSE through separation of variables. If the potential V(X) doesn't

depend on time, you assume the wavefunction factors as:
W(x, t) = p(x)e™ ="

Substituting this into the TDSE and dividing through gives you the TISE for the spatial part w(x). The
time-dependent factor e ~E¥P contributes only a phase, which is why these states are called "stationary":
their probability density |W(x, t)|? = |@(x)|? doesn't change in time.

One clarification: the solutions to the TISE are not necessarily real-valued. They can often be chosen to be
real for bound states in one dimension, but this isn't guaranteed in general (e.g., states with nonzero
angular momentum are complex).

Applications of the time-dependent and time-independent Schrdodinger
equations
The TDSE is the tool you need whenever a system changes over time:

» Quantum tunneling: a particle encountering a potential barrier has a nonzero probability of appearing
on the other side, even when its energy is below the barrier height
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» Quantum coherence: a system prepared in a superposition of energy eigenstates evolves with
well-defined phase relationships between components

» Wave packet dynamics: tracking how a localized particle spreads and moves through a potential
The TISE is what you solve to find the energy structure of a system:

» Atoms: the hydrogen atom energy levels and orbitals

* Molecules: electronic states of species like H2+ and H>

* Nanostructures: quantum dots and quantum wells, where confinement determines the allowed
energies

The solutions to the TISE also provide the building blocks for solving time-dependent problems, since any
general wavefunction can be expanded in the energy eigenbasis.

Solving the Schrédinger Equation for Simple Systems

Setting up and solving the time-independent Schrédinger equation

Solving the TISE follows a consistent procedure:

1. Write down the Hamiltonian for your system by specifying the kinetic energy operator and the
potential V(x).

2. Set up the eigenvalue equation I:Iw = Ey and write it out as a differential equation.

3. Apply boundary conditions appropriate to the physical situation (e.g., the wavefunction must vanish
at the walls of an infinite well, or go to zero at infinity for bound states).

4. Solve the differential equation to find the eigenfunctions ¥n(X) and eigenvalues En, where N is a
quantum number labeling each state.

5. Normalize the solutions so that flwn(X)|2dx =1.
The resulting eigenfunctions form a complete orthonormal set. Orthonormality means:
J 9 (X)gn(x) dx = 61

where Omn is the Kronecker delta (1 if m = n, 0 otherwise). Completeness means any well-behaved
function in the space can be expanded as a sum of these eigenfunctions.

Analytically solvable quantum systems

Three systems show up constantly because they can be solved exactly and they model real physical
situations:
Infinite square well (particle in a box with impenetrable walls):
. ; . F. = n’n’n?
Energy eigenvalues: En LT
width

where =1, 2, 3, ..., mis the particle mass, and L is the well

« Eigenfunctions: y,(x) = \/?sin("Lﬂ)
» The energy scales as n2, so the spacing between levels increases with 1

Quantum harmonic oscillator (parabolic potential, models molecular vibrations):
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« Energy eigenvalues: En = (n + 3)Aw, where n =0, 1,2, ... and W is the angular frequency

« Eigenfunctions: ¥n(X) = %(%)1/4exp(_m§;’xz)Hn(v o X), where Hp are the Hermite

V2rn!
polynomials

* The levels are evenly spaced by Aw, and the ground state (1 = 0) has a nonzero zero-point energy
of 3hw
Hydrogen atom (Coulomb potential):

_136eV
n’

- Energy eigenvalues: En = wheren=1,2,3, ...

* Eigenfunctions involve products of radial functions (associated Laguerre polynomials) and angular
functions (spherical harmonics), characterized by quantum numbers n, I/, m;

» The spacing between levels decreases with increasing 17, converging toward the ionization threshold
atE=0

These exactly solvable systems serve as reference points for tackling more complex problems through
approximate methods.

The Hamiltonian Operator in the Schrédinger Equation

Components of the Hamiltonian operator
The Hamiltonian operator H represents the total energy of the system. It has two parts:
H=T+V=-2292+V(r)

* The kinetic energy operator T= —%Vz involves the Laplacian V2, which is the sum of second spatial

N . . 2 _ d? . . . L .
derivatives. In one dimension, V* = #. In three dimensions, it includes derivatives with respect to all
three coordinates.

» The potential energy operator v depends on the physical setup: a Coulomb potential for atoms, a
parabolic potential for oscillators, etc.

For more advanced problems, the Hamiltonian can include additional terms:
* Magnetic fields: the kinetic term is modified using the vector potential A

* Spin-orbit coupling: an interaction between a particle's orbital motion and its spin, proportional to
(VV X p) - G, where & represents the Pauli matrices

The form of the Hamiltonian determines everything about the physics of the system, so writing it down
correctly is always the first step.

Properties of the Hamiltonian operator

The Hamiltonian is a Hermitian (self-adjoint) operator. This has two major consequences:

« All energy eigenvalues are real. You'll never get a complex number for a measurable energy. This is
physically required since energies are observable quantities.

* Eigenfunctions corresponding to different eigenvalues are orthogonal. Combined with normalization,
this gives you the orthonormal basis discussed above.

Hermiticity means the operator satisfies:
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(WmlH|wn) = (WalHlwm) "

The completeness of the energy eigenfunctions is what makes them so powerful. Any arbitrary
wavefunction in the system's Hilbert space can be written as:

W(x) = D cnn(x)
n
where the coefficients Cn are complex numbers found by projection: €n = (@n|W). This expansion is the
quantum-mechanical analog of a Fourier series.
With this basis, you can compute expectation values and matrix elements of any observable o) using:

(WmlOlwn) = [y (X) O wn(x) dlx
Energy Eigenvalues and Eigenfunctions

Applying the Schroédinger equation to calculate energy eigenvalues and
eigenfunctions
The general workflow for finding eigenvalues and eigenfunctions:

1. Construct the Hamiltonian A with the appropriate kinetic and potential terms.

2. Write out I:I(p = Ey as an explicit differential equation.

3. For simple potentials (infinite well, harmonic oscillator), solve analytically using techniques like power
series expansions or operator methods (raising/lowering operators for the harmonic oscillator).

4. For complex systems (multi-electron atoms, molecules), use approximate methods: - Variational
method: propose a trial wavefunction with adjustable parameters and minimize (llJll-AIlw). This always
gives an upper bound on the true ground-state energy. - Perturbation theory: start from a system you
can solve exactly, then treat the additional complexity as a small perturbation. This yields corrections to
both energies and wavefunctions order by order.

Applications of energy eigenvalues and eigenfunctions

Once you have the eigenvalues and eigenfunctions, you can extract all the physics of the system:
« Probability density: |@n(X)|? tells you where the particle is likely to be found in state N
« Expectation values: for any observable O, the average measured value in state ¥ is (é) = ((p|(5|qu)

« Transition probabilities: the probability of a transition from state 7 to state 1 under a perturbation \“/f is
al
proportional to |{w, |V [@m}|?

The energy eigenvalues directly determine the spectroscopic transitions of the system. The frequency of a
photon absorbed or emitted during a transition between levels m and 1 is:

|En = Em|

v= "

This connects the abstract eigenvalue problem to measurable absorption, emission, and Raman spectra.

The eigenfunctions give you spatial information: atomic and molecular orbitals are just the eigenfunctions
(or linear combinations of them) for the relevant Hamiltonian. Visualizing |lp|2 for different quantum
numbers reveals the nodal structure and spatial extent of each state, which in turn governs chemical
bonding and reactivity.
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In applied contexts, control over energy eigenvalues and eigenfunctions is central to designing
quantum-confined structures like quantum dots and quantum wells, where the discrete energy spectrum
depends sensitively on the size and shape of the confining potential.

2.2 Wavefunctions and their physical interpretation
Wavefunction Properties

Fundamentals of Wavefunctions

A wavefunction, denoted W(X, t), is a complex-valued function that completely describes the quantum
state of a particle or system. It's the central object in quantum mechanics: once you know ¥, you can
extract every measurable property of the system.

Wavefunctions are solutions to the Schrédinger equation, which governs how quantum states evolve in
time. Their physical meaning comes from the Born rule: the probability of finding a particle at a given
location is proportional to |W(x, i‘)lz, the squared modulus of the wavefunction at that point. This is what
connects the abstract math to actual lab measurements.

Because W is complex-valued, it has both an amplitude and a phase. The amplitude relates to probability,
while the phase encodes information about how the wave oscillates across space and time. Phase
differences between wavefunctions become physically important in interference and superposition.

Essential Properties of Wavefunctions

For a wavefunction to be physically meaningful, it must satisfy three conditions:

» Normalization: The total probability of finding the particle somewhere in all of space must equal 1.
Mathematically:

J_Wix, t2dx=1

If this integral diverges or equals zero, the wavefunction doesn't represent a physical state. You often need
to find a normalization constant to enforce this condition.

Continuity: Both W and its first spatial derivative 9W/dx must be continuous everywhere, except at points
where the potential energy is infinite. This requirement comes from the Schrédinger equation itself: a
discontinuous W or 8W/ax would make the kinetic energy term blow up. The one exception is an infinite
potential wall (like the boundaries of an infinite square well), where the derivative can be discontinuous.

Single-valuedness: At every point in space, W must have exactly one value. If the wavefunction were
multi-valued, the probability density would be ambiguous, and you couldn't make consistent predictions.

Probability from Wavefunctions

Probability Density and Its Calculation

The probability density is defined as:
plx, t) = |W(x, t)]? =W (x, t) WU(x, t)
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This quantity is always real and non-negative, which makes sense since it represents a probability per unit
length (in 1D). It tells you how likely you are to find the particle near position X at time t.

To find the probability of the particle being in a specific region between X = @ and X = b, integrate the
probability density over that interval:

b
Plasx=b)=[_|W(x t)|2dx

The limits depend on what you're asked. If you want the probability over all space, integrate from — < to
+ (which gives 1 for a normalized wavefunction).

Probability Current and the Continuity Equation

Probability doesn't just sit still; it can flow through space. The probability current /(X, £) quantifies this flow:
J(x,t) = SR [W7 g —wags

2mi

Here h is the reduced Planck constant, M is the particle mass, and / is the imaginary unit. Despite the
complex quantities involved, / itself is real-valued. It tells you the rate at which probability is being
transported past a point, and its sign indicates the direction of flow.

The probability current and density are linked by the continuity equation:

px. t) 4 xt)
ot + X =0

This is a statement of conservation of probability: probability can't appear or disappear, it can only flow
from one region to another. This is the quantum analogue of charge conservation in electromagnetism.

Wavefunctions and Measurables

Observables and Operators

Every measurable quantity (observable) in quantum mechanics corresponds to a Hermitian operator that
acts on the wavefunction. Hermitian operators are guaranteed to have real eigenvalues, which is
necessary since measurement outcomes are real numbers. Key examples:

« Position: x (multiply by X)
- Momentum: p = —ih &

« Energy (Hamiltonian): H = —%3‘1—22 + V(x)

The expectation value of an observable A gives the average result you'd obtain over many identical
measurements on identically prepared systems:

(A)=[__ W' (x,H AW(x, t) dx
This is the bridge between the wavefunction formalism and experimental results.
Uncertainty Principle and Wavefunction Collapse

The Heisenberg uncertainty principle places a fundamental limit on how precisely you can simultaneously
know two complementary observables. For position and momentum:

OxOp =14
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where Ox and Op are the standard deviations of position and momentum. This isn't about measurement
imperfections; it's built into the structure of wavefunctions. A wavefunction that's sharply localized in
position (small Ox) necessarily has a broad spread in momentum (large 9p), and vice versa.

Wavefunction collapse describes what happens upon measurement. Before you measure, the system can
exist in a superposition of eigenstates of the observable. When you perform the measurement, the
wavefunction instantaneously reduces to the eigenstate corresponding to the result you obtained. After
collapse, the system is in a definite state for that observable, and repeating the same measurement
immediately will give the same result.

Wavefunction Behavior in Systems

Infinite Square Well

In the infinite square well (a particle confined between rigid walls at x = 0 and x = L), the wavefunctions
are standing waves that vanish at both boundaries:

Wo(x) = /2sin (), n=1,2,3,...

The corresponding energy levels are quantized:

2n2h2
2mL?

n=

Note that the ground state (n = 1) has nonzero energy, a direct consequence of the uncertainty principle.
Each successive state has one additional node (zero crossing) inside the well.

Quantum Harmonic Oscillator

For the harmonic oscillator potential V(x) = %mwzxz, the wavefunctions involve Hermite polynomials
multiplied by a Gaussian envelope:

0,00« o T e ()

The energy levels are evenly spaced:

En=(n+3)hw, n=0,1,2,..

The ground state (N = 0) is a pure Gaussian, the most localized state possible. Excited states spread out
further and develop additional nodes. The equal spacing hw between levels is a distinctive feature of this
system.

Hydrogen Atom

The hydrogen atom wavefunctions separate into radial and angular parts, labeled by three quantum
numbers:

* Principal quantum number n (n =1, 2, 3, ...): determines the energy and overall size of the orbital

+ Angular momentum quantum number / (/ =0, 1, ..., n — 1): determines the shape (s, p, d, f for
1=0,1,2,3)

« Magnetic quantum number M (M; = =1, ..., +): determines the orientation in space

The angular parts are spherical harmonics Y,m'(a. @), and the radial parts involve associated Laguerre
polynomials. The shell structure of atoms (and the periodic table) follows directly from these quantum
numbers.
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Quantum Tunneling

Tunneling occurs when a particle passes through a potential barrier that it classically wouldn't have enough
energy to overcome. Inside the barrier, the wavefunction doesn't oscillate but instead decays exponentially:

WY(x) xe ™, where k= Vzm(hﬁ

If the barrier is thin enough, the wavefunction hasn't fully decayed by the time it reaches the other side,
giving a nonzero transmission probability. The tunneling probability decreases exponentially with both the
barrier width and /oy — E, where Vo is the barrier height and E is the particle's energy.

Visualization Techniques

Plotting wavefunctions in different ways reveals different physical content:
+ Real and imaginary parts of W(X, t) separately show the oscillatory character and phase relationships

« Probability density |W(X, t)|? shows where the particle is most likely to be found, which is usually the
most physically intuitive plot

« Probability current /(X, t) reveals the direction and rate of probability flow, which is especially useful
for scattering problems and tunneling

For bound states (like the square well or harmonic oscillator), the probability density is stationary in time for
energy eigenstates. For superpositions of energy eigenstates, the probability density oscillates, and these
time-dependent plots can build intuition about quantum dynamics.

2.3 Boundary conditions and normalization

Boundary conditions and normalization are crucial concepts in quantum mechanics. They define how
wavefunctions behave at system edges and ensure probabilities make sense. These ideas help us solve
the Schrodinger equation and find allowed energy states for particles in various potentials.

Understanding these concepts is key to grasping how quantum systems work. They explain why energy
levels are quantized in bound systems and how wavefunctions represent particle behavior. This knowledge
forms the foundation for studying more complex quantum phenomena.

Boundary Conditions for Schrodinger Equation

Constraints on Wavefunction at System Boundaries

» Boundary conditions are constraints on the wavefunction at specific points in space, typically at the
boundaries of the system

* For a particle in an infinite potential well, the wavefunction must be zero at the walls of the well (
w(0) = (L) = 0)

* This ensures that the particle cannot exist outside the well, as the potential energy is infinite in those
regions

» The wavefunction being zero at the boundaries is a consequence of the particle being confined within
the well

+ For a particle in a finite potential well, the wavefunction and its derivative must be continuous at the
boundaries
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* This condition arises from the requirement that the probability density and probability current density
are continuous across the boundaries

* The continuity of the wavefunction and its derivative ensures a smooth transition between the regions
inside and outside the well

Periodic Boundary Conditions and Solving the Schrédinger Equation

* In the case of periodic boundary conditions, the wavefunction and its derivative must be equal at the
boundaries (¥(0) = ¢(L) and ¢/(0) = ¢'(L))

+ Periodic boundary conditions are often used in systems with translational symmetry, such as a particle
on aring or a crystal lattice

* These conditions ensure that the wavefunction is continuous and smooth when wrapping around the
periodic boundaries

* Applying boundary conditions to the general solution of the Schrédinger equation allows for the
determination of allowed energy levels and corresponding wavefunctions

* The general solution of the Schrédinger equation contains arbitrary constants that are determined by
the specific boundary conditions of the system

* By applying the appropriate boundary conditions, the allowed energy levels and their corresponding
wavefunctions can be found

 For example, in an infinite potential well, applying the boundary conditions w(0) = (L) =0to the
general solution leads to the quantization of energy levels and the sinusoidal form of the wavefunctions

Wavefunction Normalization

Probability Conservation and Normalization Condition

» Normalization ensures that the total probability of finding a particle in all possible states is equal to 1

* This is a fundamental requirement of quantum mechanics, as the probability of a particle existing
somewhere must be 100%

» Normalization is essential for the proper interpretation of the wavefunction as a probability amplitude

» The normalization condition is expressed as the integral of the absolute square of the wavefunction
over all space, which must equal 1: [ |w(x)|2dx = 1

« The absolute square of the wavefunction, |@(x)|?, represents the probability density of finding the
particle at a given position X

« Integrating the probability density over all space gives the total probability, which must be equal to 1
for a properly normalized wavefunction

Normalizing Wavefunctions and Example

« To normalize a wavefunction, multiply it by a normalization constant (N) determined by solving the
normalization condition equation

» The normalization constant ensures that the wavefunction satisfies the normalization condition

* The value of N is found by evaluating the integral f|Nw(x)|2dx = 1 and solving for N
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« For a particle in an infinite potential well, the normalized wavefunction is @, (x) = \/%sin(”Lﬂ), where

L is the width of the well and N is a positive integer

» The normalization constant for this case is N = % which is determined by solving the normalization
condition equation

» The normalized wavefunctions for the infinite potential well ensure that the total probability of finding
the particle within the well is equal to 1

Continuous vs Discrete Energy Spectra

Characteristics of Continuous and Discrete Energy Spectra

* The energy spectrum of a quantum system can be either continuous or discrete, depending on the
potential energy function

 The nature of the energy spectrum is determined by the shape and properties of the potential energy
function that the particle experiences

* The energy spectrum has significant implications for the allowed energy states and the behavior of the
quantum system

+ A continuous energy spectrum occurs when a particle is not confined by a potential, such as a free
particle or a particle above a finite potential barrier

* In these cases, the particle can have any energy value within a continuous range

» Examples of systems with continuous energy spectra include a free electron or a particle with enough
energy to escape a finite potential well

« A discrete energy spectrum arises when a particle is confined within a potential well, such as an
infinite or finite potential well

* In these cases, the particle can only have specific, discrete energy values

» Examples of systems with discrete energy spectra include electrons in atoms, molecules, or quantum
dots

Consequences of Boundary Conditions and Energy Level Spacing

* The discrete energy levels are a consequence of the boundary conditions imposed on the
wavefunction, which restrict the allowed solutions to the Schrédinger equation

» The boundary conditions, such as the wavefunction being zero at the walls of an infinite potential well,
lead to the quantization of energy levels

* Only specific wavefunctions that satisfy the boundary conditions are allowed, resulting in a discrete set
of energy levels

» The spacing between adjacent energy levels in a discrete spectrum depends on the system's
characteristics, such as the width of the potential well or the strength of the confinement

« In an infinite potential well, the energy level spacing is proportional to L% where L is the width of the
well

* A narrower potential well leads to larger energy level spacing, while a wider well results in smaller
spacing between energy levels
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* The strength of the confinement, such as the depth of a finite potential well, also influences the energy
level spacing

Energy Levels and Wavefunctions for Bound Systems

Characteristics of Bound Systems

* Bound systems are characterized by discrete energy levels and normalized wavefunctions that satisfy
the boundary conditions

* In a bound system, the particle is confined within a potential well and cannot escape to infinity

» The confinement leads to the quantization of energy levels and the existence of specific allowed
wavefunctions

» The allowed energy levels and wavefunctions depend on the specific potential energy function of the
system

« Different potential energy functions, such as the infinite potential well, finite potential well, or harmonic
oscillator potential, result in different sets of energy levels and wavefunctions

» The shape and properties of the potential determine the spacing between energy levels and the form
of the wavefunctions

Infinite Potential Well Example
« For a particle in an infinite potential well of width L, the allowed energy levels are given by En= %
where N is a positive integer, h is Planck's constant, and m is the particle's mass

» The energy levels are proportional to the square of the quantum number N, resulting in a non-linear
spacing between consecutive levels

« The ground state (n = 1) has the lowest energy, and the energy increases quadratically with
increasing N

* The corresponding normalized wavefunctions for the infinite potential well are y,(x) = \/%sin(”Lﬂ)

» The wavefunctions are sinusoidal standing waves that satisfy the boundary conditions of being zero at
the walls of the well

» The number of nodes (points where the wavefunction is zero) in the wavefunction increases with
increasing quantum number 1

» The wavefunctions are orthogonal, meaning that the integral of the product of any two different
wavefunctions over the well width is zero

Finite Potential Well

* In the case of a finite potential well, the energy levels are determined by solving the Schrédinger
equation and applying the continuity conditions at the boundaries

« The finite potential well has a finite depth Vo, allowing for the possibility of the particle to tunnel
through the potential barriers

* The continuity conditions require that the wavefunction and its derivative are continuous at the
boundaries between the well and the barriers
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» The energy levels for a finite potential well are found by numerically solving the transcendental
equation that results from applying the boundary conditions

*» The transcendental equation involves the wave numbers inside and outside the well and the well width

* The solutions to the transcendental equation give the allowed energy levels, which are not evenly
spaced and depend on the well depth and width

» The wavefunctions for a finite potential well are composed of sinusoidal functions inside the well and
exponential functions in the classically forbidden regions

* Inside the well, the wavefunctions are similar to those of the infinite potential well, with sinusoidal
behavior

* In the classically forbidden regions (where the particle's energy is less than the potential energy), the
wavefunctions decay exponentially, representing the possibility of tunneling

» The wavefunctions must satisfy the continuity conditions at the boundaries, ensuring a smooth
transition between the different regions

2.4 Simple quantum systems: particle in a box and harmonic oscillator

Simple quantum systems like the particle in a box and harmonic oscillator are the workhorses of
introductory quantum mechanics. They demonstrate how confinement and restoring forces lead to
quantized energy levels and discrete wavefunctions, and the mathematical techniques you develop here
carry directly into more complex problems like molecular vibrations and electronic structure.

Particle in an Infinite Potential Well

Solving the Schrodinger Equation

The one-dimensional infinite potential well confines a particle between two impenetrable walls at x = 0 and
X = L. The potential energy is defined as:

« V(x) = 0 inside the well (0 <x <L)
« V(x) = « outside the well (x = 0 and x = L)

Because the potential is infinite outside the well, the particle has zero probability of existing there, which
forces the wavefunction to vanish at the boundaries: ¥(0) = @(L) = 0. These are your boundary
conditions.

Inside the well, where V = 0, the time-independent Schrédinger equation simplifies to:

_n2d% _
2m dx2 - Ew

Here h is the reduced Planck's constant, M is the particle mass, E is the energy, and ¥ is the
wavefunction. This is just a second-order differential equation whose general solution is a combination of
sines and cosines. Applying the boundary conditions eliminates the cosine term and restricts the sine
argument to integer multiples of /L.

Energy Levels and Wavefunctions

The boundary conditions force quantization. Only specific energies are allowed:

— n’n’n?

2mL?
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where n=1, 2,3, ... is a positive integer called the quantum number. Notice two things: the energies
scale as n? (so the spacing between levels increases with 1), and they depend inversely on both m and
L2. A heavier particle or a wider box means more closely spaced energy levels.

The corresponding normalized wavefunctions are:
Yn(x) = \/ Bsin (252)

These are sinusoidal standing waves. The quantum number N determines how many half-wavelengths fit
inside the box:

« n = 1: one half-wavelength, no interior nodes
- n = 2: two half-wavelengths, one interior node (at x = L/2)
« n = 3: three half-wavelengths, two interior nodes

The probability density |l,Un(X)|2 tells you where the particle is likely to be found. At nodes, the probability is
zero. At antinodes, it's at a maximum. For the ground state (n = 1), the particle is most likely found near
the center of the box.

Quantum Harmonic Oscillator

Potential Energy and Schrédinger Equation

The quantum harmonic oscillator models a particle experiencing a restoring force proportional to its
displacement, like a mass on a spring obeying Hooke's law. This makes it directly relevant to molecular
vibrations, where atoms oscillate about their equilibrium bond lengths.

The potential energy is parabolic:

V(x) = Lkx?

where K is the spring constant (or force constant) and X is the displacement from equilibrium. Unlike the
infinite well, this potential extends smoothly to infinity in both directions rather than having sharp walls.

The time-independent Schrédinger equation becomes:

_R2Y L 1p2 —
mm‘*‘ik" y=Ey

Solving this equation is more involved than the particle in a box. The standard approach uses either a
power series method or the elegant ladder operator (creation/annihilation operator) technique. Both yield
the same results.

Energy Levels and Wavefunctions
The allowed energy levels are:
En=(n+3)hw

where n=0,1, 2, ... is a non-negative integer and ¢y = \ k/m is the classical angular frequency of the
oscillator. Two features stand out:

+ The energy levels are evenly spaced by Aw, regardless of N. This is very different from the particle in
a box.

« The quantum number starts at n = 0, not n = 1. The ground state already carries a zero-point energy
of Eo = 1hw,
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The wavefunctions have the form:

Wn(x) = ﬁ(%)mexp (—mé"rfz)"’n( mw x)

where Hn(X) are the Hermite polynomials (Ho = 1, H1 = 2x, H, = 4x? — 2, etc.). The structure is a
Gaussian envelope multiplied by a polynomial. The Gaussian ensures the wavefunction decays at large
displacements, while the Hermite polynomial introduces nodes: ¥n has exactly N nodes.

The probability density |lIJn(X)|2 is centered on the equilibrium position and decays exponentially at large
|X]. One striking quantum feature: there's a nonzero probability of finding the particle in the classically
forbidden region (beyond the classical turning points where E < V). This is quantum tunneling into the
potential walls.

Particle in a Box vs Harmonic Oscillator

Similarities
+ Both are exactly solvable model systems that form the foundation for more complex quantum
problems.
* Both exhibit quantized energy levels and normalized wavefunctions.

 Both have a nonzero ground state energy (zero-point energy).

Differences

Feature Particle in a Box Harmonic Oscillator

Potential Infinite walls at X = 0 and X = L; zero  Parabolic: V(x) = %kXZ, extends to
inside infinity

Quantum number n=1,2,3,... n=0,1,2,...

Energy scaling E, x n? Enpx(n+ %)

Energy spacing Increases with 1 (non-uniform) Constant at hw (uniform)

Ground state energy Depends on box size L Depends on angular frequency W

Wavefunctions Sinusoidal (sine functions) Gaussian x Hermite polynomials

Wavefunction at boundaries Strictly zero at the walls Decays exponentially but never exactly

zero
Classically forbidden region No penetration (infinite walls) Nonzero probability beyond classical

turning points

The energy spacing difference is worth remembering: for the box, higher levels get farther apart (spacing
grows as 2n + 1), while for the oscillator, every adjacent pair of levels is separated by exactly Aw.

Quantization and Zero-Point Energy

Quantization

Quantization means that certain physical quantities can only take discrete values rather than varying
continuously. In both model systems, the act of confining or binding a particle forces its energy into a
discrete set of allowed values.

For the particle in a box: En = ”Zzﬁr’zz withn=1,2,3,...
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For the harmonic oscillator: En = (n + 3)Aw, withn=0,1, 2, ...

The physical origin is the same in both cases: the boundary conditions (or normalizability requirements) on
the wavefunction restrict which solutions are acceptable, and only certain energies produce valid
wavefunctions.

Zero-Point Energy

Zero-point energy is the energy of the lowest allowed quantum state. Even at the ground state, a quantum
particle cannot be perfectly at rest because that would simultaneously fix its position and momentum,
violating the Heisenberg uncertainty principle.

. . . . -1 o " n’h?
For the harmonic oscillator, the zero-point energy is Eo = 37w For the particle in a box, it's E1 = SmLZ

Neither is zero.
Zero-point energy has real physical consequences:

* Molecular stability: Molecules retain vibrational energy even at absolute zero temperature, which
affects bond lengths and dissociation energies.

* Phonons in solids: Crystal lattice vibrations never fully cease, influencing thermal properties at low
temperatures.

» The Casimir effect: An attractive force arises between two uncharged conducting plates due to the
zero-point fluctuations of the electromagnetic field between them.

These two model systems generalize naturally. The same quantization principles apply to a particle in a
finite potential well (where tunneling into the walls becomes possible), a particle in a two- or
three-dimensional box (where degeneracy appears), and the rigid rotor (used to model molecular rotations
with quantized angular momentum).
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Unit 3 — Atomic Orbitals and Electronic
Structure

3.1 Hydrogen atom and quantum numbers

Quantum Mechanical Model of Hydrogen

The hydrogen atom is the simplest atomic system, with just one proton and one electron. Solving the
Schrddinger equation for this system gives us atomic orbitals: mathematical functions that describe where
the electron is likely to be found. This solution also explains why atoms emit light at only specific
wavelengths, producing discrete spectral lines rather than a continuous spectrum.

Schrddinger Equation and Atomic Orbitals

The Schrodinger equation treats the electron not as a particle orbiting the nucleus, but as a wave
described by a wave function (¥). The square of the wave function, |lp|2, gives the probability density for
finding the electron at a given point in space. The regions where this probability is significant are what we
call atomic orbitals.

Solving the Schrodinger equation for hydrogen reveals that the electron can only occupy specific,
quantized energy states. The allowed energies depend on the principal quantum number N:

En = _13.nGEeV

where N is a positive integer (1, 2, 3, ...). The negative sign means the electron is bound to the nucleus. At
n =1 (the ground state), the energy is —13.6 eV. Atn = 2, it's —3.4 eV. As N = ®, the energy
approaches zero, which corresponds to a free electron.

Implications and Applications

When an electron transitions from a higher energy level to a lower one, it emits a photon whose energy
equals the difference between the two levels. This is why hydrogen's emission spectrum consists of sharp
lines at specific wavelengths rather than a continuous glow. The Balmer series (visible light) corresponds
to transitions down to n = 2, while the Lyman series (ultraviolet) corresponds to transitions downto n = 1.

The Heisenberg uncertainty principle places a fundamental limit on how precisely you can simultaneously
know an electron's position and momentum. You cannot trace the electron's path around the nucleus the
way you'd track a planet. Instead, the wave function gives you a probability distribution, and that's the best
description nature allows.

The hydrogen atom solution serves as the foundation for understanding more complex atoms. While
multi-electron atoms require additional considerations (electron-electron repulsion, shielding), the orbital
framework and quantum number system developed for hydrogen carries over directly.

Quantum Numbers and Atomic Structure

Four Quantum Numbers

Each electron in an atom is described by four quantum numbers. Together, they specify the electron's
energy, the shape of its orbital, the orbital's orientation, and the electron's spin.
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Principal quantum number (1) determines the main energy level and the average distance of the electron
from the nucleus. It takes positive integer values: 1, 2, 3, ... Larger N values mean higher energy and a
larger orbital.

Angular momentum quantum number (/) describes the shape of the orbital. For a given 1, [ can range from
0 to n — 1. Each value of / corresponds to a letter designation:

« /=0 - s orbital
« /=1 - porbital
« /=2 - d orbital
« | =3 - forbital
These letter names come from old spectroscopic terminology: sharp, principal, diffuse, and fundamental.

Magnetic quantum number (/) specifies the orientation of the orbital in space. It takes integer values from
—I to +/, including 0. For a p orbital (/ = 1), the three allowed values are m; = —1, 0, + 1, giving three
distinct spatial orientations.

Spin quantum number (Ms) describes the electron's intrinsic angular momentum. It has only two possible
values: +% (spin up) and —% (spin down). Spin is not a classical rotation but an intrinsic quantum property
with no direct macroscopic analogy.

Uniquely Identifying Electrons

The Pauli exclusion principle states that no two electrons in the same atom can share the same set of all
four quantum numbers. This means each orbital (defined by 1, /, and /) can hold at most two electrons,
and those two must have opposite spins. This principle is what forces electrons into progressively higher
energy levels and ultimately explains the structure of the periodic table.

Energy Levels and Orbitals in Hydrogen

Energy Levels and Subshells

In hydrogen, energy depends only on N. The ground state (n = 1) is the lowest energy state, while
n=2,3,4,... are excited states. A key feature of hydrogen specifically: all subshells within the same
shell have the same energy. The 2s and 2p subshells are degenerate (equal in energy) in hydrogen. This
degeneracy breaks down in multi-electron atoms due to electron-electron interactions.

Each shell contains 1 subshells. Here's how that plays out:
« n = 1: one subshell (1s)
* n = 2: two subshells (2s, 2p)
« n = 3: three subshells (3s, 3p, 3d)

» n = 4: four subshells (4s, 4p, 4d, 4f)

Orbitals and Electron Capacity

Within each subshell, the number of orbitals is given by 2/ + 1:
+ s subshell (/ = 0): 1 orbital

* p subshell (/ = 1): 3 orbitals
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« d subshell (/ = 2): 5 orbitals
« f subshell (/ = 3): 7 orbitals

Since each orbital holds a maximum of two electrons (one spin up, one spin down), the total electron
capacity of a shell is 2n2. The first shell holds 2 electrons, the second holds 8, the third holds 18, and so
on.

Shapes and Orientations of Atomic Orbitals

The angular momentum quantum number | determines the shape of an orbital, while the magnetic
quantum number M determines its orientation in space.

s, p, and d Orbitals

s orbitals (/ = 0) are spherically symmetric. They look the same from every direction, with a single
orientation (mM; = 0). The probability density is highest near the nucleus and decreases with distance.
Higher-n s orbitals (2s, 3s, ...) are larger and contain radial nodes, which are spherical surfaces where the
probability density drops to zero.

p orbitals (/ = 1) have a dumbbell shape with two lobes on opposite sides of the nucleus, separated by a
nodal plane where the probability of finding the electron is zero. The three p orbitals (Px, Py, Pz) are
aligned along the three Cartesian axes, correspondingto m;=—1,0, + 1.

d orbitals (/ = 2) have five orientations and more complex shapes. Four of them (xy, dxz, dyz, Ax? - y2)
have a cloverleaf pattern with four lobes. The fifth (d22) has a dumbbell shape along the z-axis with a torus
(donut) in the xy-plane. These orbitals are particularly important for describing the chemistry of transition
metals.

f Orbitals and Implications for Bonding

f orbitals (/ = 3) have seven orientations and highly intricate shapes that are difficult to visualize. They
become relevant in the electronic structure of lanthanides and actinides, where electrons fill the 4f and 5f
subshells.

The shapes and orientations of orbitals directly influence chemical bonding. Bonds form through the
overlap of orbitals on adjacent atoms, and the spatial distribution of those orbitals determines the geometry
and directionality of bonds. This is why, for example, carbon's sp> hybridized orbitals produce tetrahedral
geometry, and why p orbitals can overlap side-by-side to form pi bonds. Understanding orbital shapes is
the first step toward predicting molecular geometry and reactivity.

3.2 Many-electron atoms and electron configurations

Many-electron atoms are complex systems that require sophisticated models to understand. The quantum
mechanical approach becomes increasingly challenging as the number of electrons grows, necessitating
approximation methods to solve the Schrédinger equation.

Electron configurations describe how electrons are arranged in atoms. The Pauli exclusion principle,
aufbau principle, and Hund's rule govern these arrangements. Understanding these principles is crucial for
predicting atomic properties and chemical behavior.
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Multi-electron atoms

Quantum mechanical model for multi-electron atoms

» The Schrodinger equation can be applied to atoms with multiple electrons, but it becomes increasingly
complex and cannot be solved exactly for atoms with more than one electron

» The wave function for a multi-electron atom depends on the coordinates of all the electrons, making it
a function of many variables

» Approximation methods, such as the Hartree-Fock method and density functional theory, are used to
solve the Schrédinger equation for multi-electron atoms

Principles governing electron arrangement in multi-electron atoms

» The Pauli exclusion principle states that no two electrons in an atom can have the same set of
quantum numbers (n, |, ml, ms), which determines the arrangement of electrons in an atom

 The aufbau principle describes the order in which electrons fill orbitals in a multi-electron atom,
starting from the lowest energy orbital and progressing to higher energy orbitals

« Electrons fill orbitals in the order of increasing energy: 1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f,
5d, 6p, 7s, 5f, 6d, 7p

* Hund's rule states that when there are degenerate orbitals (same n and | quantum numbers),
electrons will occupy separate orbitals with parallel spins before pairing up in the same orbital with
opposite spins

* This minimizes electron-electron repulsion and results in a lower energy state for the atom

Electron configuration notation

Standard notation for electron configurations

« Electron configurations are written using the standard notation, which includes the principal quantum
number (n), the orbital type (s, p, d, f), and the number of electrons in each orbital as a superscript

+ For example, the electron configuration of carbon (Z=6) is 1s22s?2p?, and the electron configuration of
iron (Z=26) is 1s?2s?2p°®3s23p°4s23d°®

* The superscript indicates the number of electrons in each orbital, and the order of the orbitals follows
the aufbau principle

Noble gas notation for electron configurations

* The electron configuration can also be abbreviated using the noble gas notation, where the electron
configuration of the preceding noble gas is represented by its chemical symbol in square brackets

 For example, the electron configuration of iron can be written as [Ar] 4s23d¢, where [Ar] represents the
electron configuration of argon (1s22s22p®3s23p°®)

« This notation simplifies the representation of electron configurations for elements with many electrons
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Ground state electron configuration

Determining the ground state electron configuration

» The ground state electron configuration of an atom can be determined by following the aufbau
principle, Pauli exclusion principle, and Hund's rule

* Electrons are added to the lowest available energy orbitals first, with no more than two electrons per
orbital (Pauli exclusion principle) and with parallel spins in degenerate orbitals (Hund's rule)

» For example, the ground state electron configuration of phosphorus (Z=15) is 1s22s?2p®3s23p?, which
follows the aufbau principle and Hund's rule

Exceptions to the aufbau principle

» Exceptions to the aufbau principle occur when the energy difference between two orbitals is small,
and half-filled or completely filled subshells are more stable

* For example, chromium (Z=24) has the electron configuration [Ar] 4s'3d° instead of [Ar] 4s23d*,
because the half-filled 3d subshell is more stable

« Similarly, copper (Z=29) has the electron configuration [Ar] 4s'3d'° instead of [Ar] 4s23d°, because the
completely filled 3d subshell is more stable

Valence electrons and chemical properties

Definition and significance of valence electrons

* Valence electrons are the electrons in the outermost shell (highest principal quantum number) of an
atom, which participate in chemical bonding and reactions

» The number of valence electrons determines an element's chemical properties, such as its reactivity,
oxidation state, and the types of bonds it can form

 For example, alkali metals (group 1) have one valence electron and are highly reactive, while noble
gases (group 18) have a complete octet of valence electrons and are chemically inert

Relationship between valence electrons and periodic trends

+ Elements in the same group of the periodic table have similar chemical properties because they have
the same number of valence electrons

* As you move down a group, the valence electrons are in higher principal quantum number shells,
resulting in a larger atomic radius and lower ionization energy

* As you move from left to right across a period, the number of valence electrons increases, resulting in
a smaller atomic radius, higher ionization energy, and higher electronegativity

Octet rule and chemical reactivity

» Atoms tend to gain, lose, or share electrons to achieve a stable octet configuration (8 valence
electrons) in their outermost shell, which is similar to the electron configuration of the nearest noble gas

* The reactivity of an element is related to its electron configuration and the stability of its valence shell
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 Elements with one or two valence electrons (alkali and alkaline earth metals) tend to lose electrons
and form cations

* Elements with six or seven valence electrons (halogens and chalcogens) tend to gain electrons and
form anions

 For example, sodium (Na) has one valence electron and readily loses it to form Na*, while chlorine (Cl)
has seven valence electrons and readily gains one to form CI-, resulting in the formation of the ionic
compound NaCl

3.3 Pauli exclusion principle and Hund's rules

The Pauli exclusion principle and Hund's rules are key concepts in understanding atomic structure. They
explain how electrons arrange themselves in orbitals, shaping an atom's properties and behavior. These
principles are crucial for grasping the periodic table and predicting chemical reactions.

These rules also impact atomic stability and reactivity. By determining electron configurations, they help us
understand why some atoms are more stable or reactive than others. This knowledge is essential for
predicting how elements will interact and form compounds.

Pauli exclusion principle

Fundamental principle and implications

» The Pauli exclusion principle states that no two electrons in an atom can have the same set of four
quantum numbers (n, I, ml, ms)

* This principle implies that each orbital can hold a maximum of two electrons with opposite spins (ms =
+1/2 and -1/2)

» The Pauli exclusion principle determines the arrangement of electrons in an atom's orbitals, leading to
the concept of electron configuration

Electron configuration and periodic table

« Electron configuration is the distribution of electrons among the available orbitals in an atom, following
the Aufbau principle, Hund's rules, and the Pauli exclusion principle

+ The Pauli exclusion principle is responsible for the structure of the periodic table and the chemical
properties of elements

* Example: The electron configuration of carbon (atomic number 6) is 1s? 2s? 2p?, which follows the
Pauli exclusion principle and explains its tetravalent nature

Hund's rules for electron configuration

Hund's three rules

» Hund's first rule states that electrons occupy orbitals of the same energy (degenerate orbitals) singly
before pairing up, with their spins aligned (parallel)

* Hund's second rule states that the most stable configuration for an atom is the one with the maximum
number of unpaired electrons allowed by the Pauli exclusion principle

» Hund's third rule states that in a set of degenerate orbitals, the configuration with the highest total spin
multiplicity (2S+1) is the most stable
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Applying Hund's rules

 To determine the ground state electron configuration, first fill the orbitals according to the Aufbau
principle, then apply Hund's rules to distribute electrons among degenerate orbitals

* Hund's rules help predict the ground state electron configuration, which is the most stable and lowest
energy state of an atom

» Example: The ground state electron configuration of nitrogen (atomic number 7) is 1s? 2s? 2p3, with
three unpaired electrons in the 2p subshell, following Hund's rules

Atomic stability and reactivity

Stability based on electron configuration

» Atoms with completely filled valence shells (noble gas configurations) are generally more stable and
less reactive than those with partially filled valence shells

» Atoms with half-filled or fully filled subshells (e.g., p?, d°, d'°) have extra stability due to exchange
energy and symmetry, making them less reactive

* Example: Neon (1s? 2s? 2p®) and argon (1s? 2s? 2p® 3s? 3p®) are highly stable and unreactive due to
their complete octet valence configurations

Reactivity based on electron configuration

» Atoms with one or two electrons more than a stable configuration (e.g., alkali and alkaline earth
metals) are highly reactive due to their tendency to lose electrons and achieve a stable configuration

» Atoms with one or two electrons fewer than a stable configuration (e.g., halogens) are highly reactive
due to their tendency to gain electrons and achieve a stable configuration

* The reactivity of an atom can be predicted by its electron configuration and its proximity to a stable
(noble gas) configuration

» Example: Sodium (1s? 2s? 2p® 3s") is highly reactive because it can easily lose one electron to achieve
a stable neon-like configuration

Electron shielding and atomic properties

Concept of electron shielding

« Electron shielding, also known as screening, is the reduction of the effective nuclear charge (Zeff)
experienced by an electron due to the repulsive forces of other electrons in the atom

* Inner shell electrons (core electrons) shield the outer shell electrons (valence electrons) from the full
attractive force of the positively charged nucleus

* The shielding effect is more pronounced for electrons in the same principal quantum shell (n) and less
pronounced for electrons in different shells

Effects on atomic properties

« Electron shielding affects the atomic radius, ionization energy, and electron affinity of an atom

Fiveable archived study guides Page 38



* As the number of shielding electrons increases, the atomic radius increases, while the ionization
energy and electron affinity decrease

* Electron shielding helps explain the periodic trends in atomic properties across the periodic table,
such as the decrease in ionization energy and increase in atomic radius from top to bottom in a group

* Example: In the lithium atom (1s? 2s'), the 2s electron is shielded by the two 1s electrons, resulting in
a larger atomic radius and lower ionization energy compared to helium (1s?)

3.4 Periodic table and trends in atomic properties

The periodic table organizes elements by atomic number and electron configuration, revealing patterns in
atomic properties that help predict chemical behavior. These patterns arise from the interplay between
effective nuclear charge and electron shielding, and they govern everything from atomic size to reactivity
and bonding tendencies.

Organization of the Periodic Table

Arrangement and Atomic Number

The periodic table is arranged in order of increasing atomic number, which equals the number of protons in
an atom's nucleus. Elements fall into periods (rows) and groups (columns) based on their electron
configurations and chemical properties.

Valence Electrons and Chemical Behavior

Elements in the same group share similar electron configurations in their outermost energy level. These
outermost electrons are called valence electrons, and they're the reason elements in a group behave
similarly in chemical reactions.

Moving left to right across a period, the number of valence electrons increases. This shift causes elements
to become progressively more nonmetallic in character. Carbon, nitrogen, and oxygen illustrate this
progression across Period 2.

Periodic Table Blocks

The table is divided into four blocks based on which subshell receives the last electron in the ground-state
configuration:

+ s-block: Groups 1 and 2 (alkali metals and alkaline earth metals), plus helium. These elements have
their outermost electron in an s orbital.

* p-block: Groups 13-18 (main group elements on the right side). The last electron enters a p orbital.
« d-block: Groups 3-12 (transition metals). The last electron enters a d orbital.

« f-block: The two rows pulled out below the main table (lanthanides and actinides). The last electron
enters an f orbital.

Periodic Trends in Atomic Properties

Atomic Radius

Atomic radius is the distance from the nucleus to the outermost electron orbital of an atom.
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* Across a period (left - right): Atomic radius generally decreases. For example, lithium is much larger
than neon. Each additional proton increases the effective nuclear charge, pulling the electron cloud
inward, while electrons added to the same shell don't shield each other very well.

» Down a group (top — bottom): Atomic radius increases. Lithium is smaller than cesium because each
new period adds another electron shell, pushing the outermost electrons farther from the nucleus.

lonization Energy

lonization energy (IE) is the minimum energy required to remove an electron from a neutral atom in the
gaseous state.

* Across a period (left - right): IE generally increases. From sodium to argon, the growing effective
nuclear charge holds electrons more tightly, making them harder to remove.

* Down a group (top - bottom): IE decreases. Fluorine has a much higher IE than iodine because the
outermost electrons in larger atoms are farther from the nucleus and more shielded by inner electrons,
so they're easier to remove.

Notice the inverse relationship with atomic radius: smaller atoms hold their electrons more tightly, so they
have higher ionization energies.

Electron Affinity

Electron affinity (EA) is the energy change when an electron is added to a neutral atom in the gaseous
state. A more negative value means the atom releases more energy upon gaining an electron, indicating a
stronger "desire" for that extra electron.

* Across a period (left - right): EA generally becomes more negative. From beryllium to chlorine, higher
effective nuclear charge creates a stronger pull on incoming electrons.

» Down a group (top — bottom): EA becomes less negative. Fluorine attracts an added electron more
strongly than iodine does, because the larger atomic size in heavier elements weakens the attraction
between the nucleus and an incoming electron.

Interplay of Effective Nuclear Charge and Shielding

All of these trends trace back to two competing factors:

« Effective nuclear charge (£eff): The net positive charge felt by valence electrons after accounting for
shielding. It increases across a period because each added proton isn't fully offset by the added
electron in the same shell.

+ Shielding (screening) effect: Inner-shell electrons partially block the nuclear charge from reaching
outer electrons. Shielding increases significantly down a group (more inner shells), but stays roughly
constant across a period (electrons are added to the same shell).

Across a period, rising Zefr with nearly constant shielding explains why atoms shrink, IE rises, and EA
becomes more negative. Down a group, the addition of whole new electron shells overwhelms the increase
in nuclear charge, so atoms get larger and hold their outer electrons less tightly.

Predicting Element Properties

Similar Properties within Groups

Because group members share the same valence electron configuration, they display similar chemistry:
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« Alkali metals (Group 1): One valence electron, highly reactive, readily form +1 cations. Reactivity
increases down the group as IE drops (cesium is more reactive than lithium).

» Halogens (Group 17): Seven valence electrons, highly reactive, readily form —1 anions. Reactivity
decreases down the group as electron affinity weakens (fluorine is more reactive than iodine).

Metallic and Nonmetallic Character

* Metallic character increases toward the bottom-left of the table. Metals are good conductors,
malleable, and ductile. They tend to have low ionization energies and low electronegativities.

» Nonmetallic character increases toward the top-right. Nonmetals are poor conductors, often brittle as
solids, and have high electronegativities.

This diagonal trend means elements near the boundary (like silicon and germanium) show intermediate, or
metalloid, behavior.

Reactivity Trends

» Metals become more reactive going down a group. Lower ionization energies make it easier to lose
electrons. Cesium reacts explosively with water; lithium reacts much more gently.

* Nonmetals become more reactive going up a group. Stronger electron affinities make it easier to gain
electrons. Fluorine is the most reactive nonmetal; iodine is comparatively mild.

Gradual Changes within Periods

Within a single period, properties shift gradually as atomic number increases:
* lonization energy trends upward (lithium to neon)
* Electronegativity trends upward (sodium to chlorine)
 Atomic radius trends downward

These aren't perfectly smooth progressions. Subshell effects create small irregularities (for example, boron
has a slightly lower IE than beryllium because boron's outermost electron occupies a higher-energy 2p
orbital rather than the filled 2s).

Atomic Properties and Reactivity

Influence on Chemical Bonding
The trends in atomic radius, ionization energy, and electron affinity directly shape how elements bond:

+ Elements with smaller radii and higher ionization energies tend to share electrons, favoring covalent
bonding. Carbon is a classic example, forming four strong covalent bonds.

+ Elements with larger radii and lower ionization energies tend to transfer electrons, favoring ionic
bonding. Sodium chloride (NaCl) forms when sodium loses an electron and chlorine gains one.

Reactivity of Metals and Nonmetals

« Alkali metals have low ionization energies and low electronegativities, so they lose electrons easily.
Sodium reacts vigorously with water, producing hydrogen gas and sodium hydroxide.
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» Halogens have high ionization energies and high electronegativities, so they gain electrons readily.
Chlorine is a powerful oxidizing agent, stripping electrons from many metals and nonmetals.

Transition Metals

Transition metals sit in the d-block and have intermediate ionization energies and electronegativities. A
defining feature is their ability to form multiple oxidation states. Iron, for instance, commonly exists as
Fe?* and Fe®* , each with distinct chemical properties (rust is primarily Fe3* oxide, while Fe? *
compounds tend to be pale green in solution). This versatility gives transition metals a wide range of
reactivities.

Predicting Bonding and Stability

You can use electronegativity differences between two elements to predict bond type:

« Large electronegativity difference (typically > 1.7) - ionic bonding. Potassium fluoride (KF) is a stable
ionic compound because potassium and fluorine differ greatly in electronegativity.

+ Small electronegativity difference - covalent bonding. Water (H20) and carbon dioxide (CO2) involve
atoms with relatively similar electronegativities sharing electrons.

Stability also follows from these trends. lonic compounds formed between elements at opposite ends of the
electronegativity scale (like KF) tend to have very high lattice energies and are quite stable. Compounds
between elements with similar electronegativities, such as hydrogen peroxide (H202), can be less stable
and more reactive.
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Unit 4 — Chemical Bonding: Types and
Characteristics

4.1 Valence bond theory and molecular orbital theory

Chemical bonding is what holds atoms together in molecules. Valence bond theory and molecular orbital
theory are two complementary frameworks for understanding how electrons interact to form those bonds.
Each theory has distinct strengths: valence bond theory gives you an intuitive, localized picture of bonding,
while molecular orbital theory provides a more complete description of electronic structure across entire
molecules.

Valence Bond Theory

Fundamental Principles and Concepts

Valence bond theory (VBT) explains bonding through the overlap of atomic orbitals on adjacent atoms.
When two half-filled orbitals overlap, the electrons pair up and become shared between the two nuclei,
forming a localized bond.

Two types of bonds arise from orbital overlap:

« Sigma (o) bonds form from head-on overlap along the internuclear axis. These are the strongest type
of covalent bond.

* Pi (11) bonds form from side-by-side overlap of p orbitals above and below the internuclear axis.
They're weaker than o bonds and only occur alongside an existing o bond.

Hybridization is a central concept in VBT. Atomic orbitals on the same atom mix together to produce new
hybrid orbitals with specific geometries suited for bonding. The type of hybridization determines molecular
shape:

+ sp - 2 hybrid orbitals — linear geometry (180°), as in BeH:>
- »*spy2->3hybridorbitals—trigonalplanargeometry(120°), asin\text{BF}_3- **spA3 - 4 hybrid
orbitals — tetrahedral geometry (109.5°), as in CHa

Applications and Limitations

VBT is straightforward to apply for predicting geometry and bonding in simple molecules. For example, in
ethene (C2Ha), each carbon is sz hybridized: three sz orbitals form o bonds, and the remaining
unhybridized p orbital on each carbon overlaps sideways to form the 1 bond of the double bond. In ethyne
(C2H2), each carbon is SP hybridized, leaving two p orbitals per carbon to form two 1 bonds (a triple bond
overall).

Where VBT falls short:
« It can't easily explain molecules with unpaired electrons, since it focuses on paired, localized bonds.
* It doesn't directly predict magnetic properties (paramagnetism vs. diamagnetism).

« It handles resonance awkwardly, requiring multiple equivalent structures rather than a single unified
picture.
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Molecular Orbital Theory

Fundamental Principles and Concepts

Molecular orbital theory (MOT) takes a different approach. Instead of keeping electrons localized between
two atoms, it combines atomic orbitals mathematically through linear combination of atomic orbitals
(LCAO) to produce molecular orbitals that spread across the entire molecule.

When two atomic orbitals combine, they produce two molecular orbitals:

* A bonding molecular orbital (lower energy), where electron density concentrates between the nuclei,
stabilizing the molecule.

« An antibonding molecular orbital (higher energy, marked with an asterisk like ™ or 7*), where
electron density is pushed away from the region between nuclei.

Electrons fill molecular orbitals following the same rules as atomic orbitals:
1. Aufbau principle: fill lowest-energy orbitals first.
2. Pauli exclusion principle: each orbital holds at most 2 electrons with opposite spins.
3. Hund's rule: when orbitals of equal energy are available, electrons fill them singly before pairing.

Bond order quantifies bond strength and is calculated as:

(number of bonding electrons) — (number of antibonding electrons)
2

Bond order =

A higher bond order means a stronger, shorter bond. A bond order of zero means no stable bond forms.

Applications and Predictions

MOT is especially powerful for diatomic molecules. You can construct molecular orbital diagrams for
species like H2, N2, Oz, and F2 and read off their bond order, stability, and magnetic behavior directly.

A classic example: VBT predicts Oz should have all electrons paired (diamagnetic), but experiments show
O3 is paramagnetic. MOT correctly predicts this because the MO diagram for Oz places two electrons in
degenerate 1~ antibonding orbitals, and by Hund's rule, they remain unpaired.

MOT also introduces the concept of frontier molecular orbitals:
*+ HOMO (highest occupied molecular orbital): the highest-energy orbital that contains electrons.
* LUMO (lowest unoccupied molecular orbital): the lowest-energy empty orbital.

The HOMO-LUMO gap governs chemical reactivity and spectroscopic properties. Molecules absorb light
when electrons transition from occupied to unoccupied molecular orbitals, and the energy of that transition
corresponds to the HOMO-LUMO energy difference.
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Valence Bond vs. Molecular Orbital Theory

Key Differences and Comparisons

Feature Valence Bond Theory Molecular Orbital Theory

Electron description Localized between bonded atoms Delocalized across the molecule

Key concept Hybridization and orbital overlap LCAO - bonding/antibonding MOs

Geometry prediction Directly through hybridization Not the primary focus

Magnetic properties Cannot predict Predicts para-/diamagnetism

Resonance Requires multiple structures Naturally handled by delocalization

Ease of use More intuitive for simple molecules Requires more quantum mechanical
background

Strengths and Weaknesses

VBT gives you a clear, visual picture of where bonds are and what shape a molecule takes. It's the go-to
for quickly determining molecular geometry and understanding localized g and 1T bonds. But it breaks
down for molecules where electrons aren't neatly localized between two atoms.

MOT provides a more complete and accurate electronic description. It handles delocalized electrons,
unpaired electrons, and magnetic properties naturally. The tradeoff is that it requires more mathematical
sophistication and is harder to visualize for large molecules.

In practice, chemists use both theories together. VBT is typically used to describe molecular geometry and
localized bonding, while MOT is brought in when you need to explain electronic properties, magnetism, or
reactivity involving delocalized electrons.

Electronic Structure of Molecules

Molecular Orbital Analysis

To determine the electronic structure of a molecule using MOT:
1. Identify the atomic orbitals available on each atom.
2. Combine them to form the molecular orbital energy-level diagram.

3. Fill electrons into the MOs from lowest to highest energy, following the aufbau principle, Hund's rule,
and the Pauli exclusion principle.

4. Calculate the bond order using the formula above.

The bond order tells you about stability and bond length: higher bond order means greater stability and
shorter bond length. For instance, N2 has a bond order of 3 (triple bond), making it extremely stable with a
short bond length of 1.10 A.

Photoelectron spectroscopy (PES) provides experimental evidence for MOT. The ionization energies
observed in PES spectra correspond to the energies of occupied molecular orbitals, giving direct
confirmation of the MO energy-level ordering.
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Valence Bond Interpretation

VBT remains valuable for understanding localized bonding patterns. The tetrahedral geometry of CHa
follows directly from Sp3 hybridization: carbon's 2s and three 2p orbitals mix to form four equivalent S,D3
hybrid orbitals pointing toward the corners of a tetrahedron, each overlapping with a hydrogen 1s orbital.

For molecules like benzene (CeHe), VBT uses resonance structures to approximate electron
delocalization. The two equivalent Kekulé structures suggest that the real electronic structure is an
average of both, with equal bond lengths throughout the ring. This is where VBT reaches its limits and
MOT's delocalized picture becomes more natural: MOT describes benzene's 1 electrons as occupying
molecular orbitals that span the entire ring, rather than alternating single and double bonds.

4.2 Covalent bonding and Lewis structures

Covalent bonds form when atoms share electrons, creating stable molecules. This sharing leads to specific
bond properties, like length and angle, which influence molecular structure and behavior.

Lewis structures visually represent electron arrangements in molecules, helping predict their shape and
properties. Understanding these concepts is crucial for grasping how atoms interact and form compounds.

Covalent bond formation and characteristics

Covalent bond formation

 Covalent bonds form when atoms share one or more pairs of electrons
* Typically occurs between nonmetals (carbon, oxygen, nitrogen)

» Shared electrons are attracted to the nuclei of both atoms

« Attraction results in a stable bond between the atoms

* Number of shared electron pairs determines bond order (single, double, triple)

Covalent bond properties
» Covalent bonds are directional with specific bond lengths and angles
» Bond length is the distance between the nuclei of the bonded atoms
» Bond angle is the angle formed by the imaginary lines connecting the nuclei
« Strength of a covalent bond depends on bond order and electronegativity difference
* Higher bond order (double or triple bonds) results in stronger bonds

* Greater electronegativity difference leads to more polar covalent bonds
Lewis structures for molecules and ions

Constructing Lewis structures

+ Lewis structures represent the arrangement of atoms and electrons in a molecule or polyatomic ion
» Each atom is represented by its chemical symbol

* Valence electrons are shown as dots surrounding the symbol
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» Atoms are connected by lines representing shared electron pairs (covalent bonds)

+ Octet rule states that atoms tend to achieve a stable electron configuration with eight valence
electrons (except hydrogen, which requires two)

* Lone pairs are unshared electron pairs not involved in bonding

Guidelines for drawing Lewis structures

* Place the least electronegative atom at the center (usually carbon or the least electronegative
nonmetal)

« Arrange the remaining atoms around the central atom
« Distribute the available valence electrons as lone pairs or bonding pairs
* Assign formal charges to atoms to determine the most stable arrangement

» Formal charge = [# of valence electrons in free atom] - [# of non-bonding electrons] - (1/2)[# of
bonding electrons]

» Aim for the most stable structure with the lowest formal charges and satisfying the octet rule

Molecular geometry and polarity

VSEPR theory and molecular geometry

* VSEPR (Valence Shell Electron Pair Repulsion) theory predicts molecular geometry based on
electron domains (bonding and nonbonding) around the central atom

« Electron domains repel each other and arrange to minimize repulsion

* Five basic electron domain geometries: linear (2 domains), trigonal planar (3 domains), tetrahedral (4
domains), trigonal bipyramidal (5 domains), octahedral (6 domains)

* Molecular geometry is determined by the arrangement of atoms, not considering lone pairs

* Lone pairs affect bond angles and overall molecular shape (bent, trigonal pyramidal, seesaw,
T-shaped, square pyramidal)

Molecular polarity

* Polarity depends on geometry and electronegativity differences between bonded atoms

+ Polar molecules have an uneven charge distribution due to polar covalent bonds and asymmetric
geometry (water, ammonia)

* Nonpolar molecules have a symmetric charge distribution, either due to absence of polar covalent
bonds (02, N2) or symmetric arrangement of polar bonds (CO2, BF3)

* Dipole moment is a vector quantity that measures the magnitude and direction of polarity

» Molecules with a net dipole moment are polar, while those with a zero net dipole moment are nonpolar

Fiveable archived study guides Page 47



Resonance and molecular stability

Resonance structures

* Resonance occurs when a molecule or polyatomic ion can be represented by multiple valid Lewis
structures

« Actual structure is a hybrid of these resonance structures, with electron density distributed among
them

» Resonance structures are not different molecules, but different representations of the same molecule
or ion

* Resonance structures are connected by double-headed arrows, indicating they contribute to the
overall electronic structure

Resonance and stability

* More resonance structures lead to greater stability due to electron delocalization

* Delocalization lowers the overall energy of the molecule or ion compared to any single resonance
structure

« Stability gained through resonance is called resonance energy

» Resonance affects bond lengths, with actual bond lengths intermediate between single and double
bonds

» Examples of molecules with significant resonance: benzene, nitrate ion, carbonate ion

4.3 lonic bonding and electronegativity

lonic bonding and electronegativity are key concepts in understanding chemical bonds. They explain how
atoms interact to form stable compounds through electron transfer and attraction. These principles are
crucial for predicting compound formation and properties.

Electronegativity differences determine bond types, from ionic to polar covalent. This knowledge helps us
predict how elements will combine and behave in various chemical reactions, forming the foundation for
understanding more complex molecular interactions.

lonic bond formation

Complete transfer of valence electrons

* lonic bonds form when valence electrons are completely transferred from a metal to a nonmetal

* Results in the formation of positively charged cations (metals) and negatively charged anions
(nonmetals)

» Example: In sodium chloride (NaCl), the sodium atom loses its valence electron to the chlorine atom,
forming Na+ and CI- ions

Electrostatic attraction between ions

* The primary force holding ionic compounds together is the electrostatic attraction between oppositely
charged ions
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« Cations and anions are strongly attracted to each other due to their opposite charges

« This attraction is the basis for the stability of ionic compounds

Properties of ionic compounds

High melting and boiling points
« Strong electrostatic forces between ions in the solid state lead to high melting and boiling points
» Example: Sodium chloride (NaCl) has a melting point of 801°C and a boiling point of 1,413°C
Brittleness
* lonic compounds are typically brittle and can shatter upon impact

* This is due to the rigid arrangement of ions in the crystal lattice, which does not allow for easy
deformation

Electrical conductivity
* In the solid state, ionic compounds do not conduct electricity due to the fixed positions of the ions
* When molten or dissolved in water, ionic compounds become excellent conductors
* Mobile ions can carry electrical charge

» Example: Molten sodium chloride (NaCl) is an excellent conductor of electricity

Electronegativity and bond polarity

Electronegativity

Electronegativity is a measure of an atom's ability to attract electrons in a chemical bond
» Atoms with higher electronegativity have a greater tendency to attract electrons
» Example: Fluorine (F) has the highest electronegativity of all elements
Electronegativity determines bond type and polarity
* The difference in electronegativity between two atoms determines the type of bond formed
* Large difference (> 1.7): lonic bond
» Small difference (< 0.4): Nonpolar covalent bond

« Difference between 0.4 and 1.7: Polar covalent bond
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Polar covalent bonds

In a polar covalent bond, the electron density is unevenly distributed between the bonded atoms
» The more electronegative atom has a higher electron density and a partial negative charge (5-)
*» The less electronegative atom has a lower electron density and a partial positive charge (&+)

* Example: In a water molecule (H20), oxygen is more electronegative than hydrogen, resulting in a
polar covalent bond

The degree of polarity in a bond depends on the difference in electronegativity between the bonded atoms
* Larger differences result in more polar bonds

* The polarity of a bond can be represented by a dipole moment, which is a vector quantity

Predicting ionic compound formation

Periodic trends in electronegativity

Electronegativity generally increases from left to right across a period in the periodic table

« Effective nuclear charge increases and atomic radius decreases, leading to a greater attraction for
electrons

« Example: In period 2, electronegativity increases from lithium (Li) to fluorine (F)
Electronegativity generally decreases from top to bottom within a group in the periodic table

 Atomic radius increases and effective nuclear charge decreases, leading to a weaker attraction for
electrons

* Example: In group 1 (alkali metals), electronegativity decreases from lithium (Li) to francium (Fr)

Formation of ionic compounds

lonic compounds are most likely to form between elements with a large difference in electronegativity

* Typically between metals from the left side of the periodic table (low electronegativity) and nonmetals
from the right side (high electronegativity)

» Example: Sodium chloride (NaCl) forms between sodium (Na), a metal, and chlorine (Cl), a nonmetal

The charge of the ions formed in an ionic compound can be predicted based on the electron configuration
of the elements involved

+ Elements tend to achieve a stable octet configuration by losing or gaining electrons

Fiveable archived study guides Page 50



* Example: Sodium (Na) forms a +1 cation (Na+) by losing its single valence electron, while chlorine
(ClI) forms a -1 anion (CI-) by gaining one electron

Crystal structures and lattice energies

Crystal lattices

lonic compounds form crystal lattices, which are regular, repeating arrangements of cations and anions in
three-dimensional space

» The most common crystal structures for ionic compounds are:
» Sodium chloride (NaCl) structure
+ Cesium chloride (CsCl) structure
* Zinc blende (ZnS) structure
The type of crystal structure adopted by an ionic compound depends on several factors
* Relative sizes of the cations and anions
* Charge ratio between the ions

* Coordination number of the ions (the number of nearest neighbors)

Lattice energy

Lattice energy is the energy required to separate a mole of an ionic solid into its constituent gaseous ions
* It is a measure of the stability of an ionic compound
* Higher lattice energies indicate stronger electrostatic forces between the ions and greater stability
Factors influencing lattice energy
» Charge of the ions: Higher charges lead to higher lattice energies
« Size of the ions: Smaller ions result in higher lattice energies due to closer packing
* Crystal structure: Different crystal structures have different lattice energies
Properties related to lattice energy
* lonic compounds with higher lattice energies tend to have:
* Higher melting points
* Higher boiling points

» Greater hardness
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* These properties are a result of the stronger electrostatic forces holding the ions together
Born-Haber cycle
» The Born-Haber cycle is used to calculate the lattice energy of an ionic compound

« It considers the various energy changes involved in the formation of the compound from its constituent
elements

* Example: The Born-Haber cycle for sodium chloride (NaCl) includes the sublimation of sodium,
ionization of sodium, dissociation of chlorine, and formation of the ionic solid

4.4 Metallic bonding and band theory

Metallic bonding is all about shared electrons. In metals, valence electrons roam freely, creating a "sea" of
negative charge around positive metal ions. This unique structure gives metals their special properties.

Band theory explains how electrons behave in metals. Energy levels merge into bands, with valence and
conduction bands overlapping. This overlap allows electrons to move easily, making metals great
conductors of heat and electricity.

Metallic Bonding

Nature and Characteristics of Metallic Bonds

» Metallic bonds are the electrostatic attractive forces between the delocalized electrons and the
positively charged metal cations in the crystal lattice

* The strength of metallic bonds depends on factors such as
* Number of delocalized electrons

+ Size of the metal cations

« Packing efficiency of the crystal structure

* Metallic bonds are non-directional, allowing metals to be malleable and ductile as the bonds can be
easily broken and reformed without disrupting the overall structure

* The sea of delocalized electrons in a metal contributes to its lustrous appearance as these electrons
can absorb and re-emit light at various frequencies (silver, gold)

Electrical and Thermal Conductivity in Metals

» Metals have high electrical and thermal conductivity due to the presence of delocalized electrons that
are free to move throughout the crystal structure

* The delocalized electrons easily transport charge and energy through the crystal structure, resulting in
high conductivity (copper, aluminum)

» The overlapping of the valence and conduction bands in the electronic structure of metals results in a
high density of states near the Fermi level, contributing to their good electrical conductivity
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Delocalized Electrons in Metals

Shared Valence Electrons

* In metallic bonding, the valence electrons of the metal atoms are not confined to specific atoms but
are instead shared among all the atoms in the crystal lattice

» The number of delocalized electrons per atom in a metal depends on the valence electron
configuration of the metal and its position in the periodic table (sodium, magnesium)

Electron Sea Model

* The delocalized electrons form a "sea" or "cloud" of negative charge that surrounds the positively
charged metal cations, holding the structure together through electrostatic attraction

* The delocalized nature of the electrons allows them to move freely throughout the metal, contributing
to the high electrical and thermal conductivity of metals

 The concept of delocalized electrons helps explain the unique properties of metals, such as their
malleability, ductility, and luster

Band Theory for Metals

Energy Bands and Electron Distribution

» Band theory is a quantum mechanical model that describes the electronic structure of solids, including
metals, in terms of energy bands and the distribution of electrons within these bands

* In metals, the energy levels of the valence electrons are so close together that they form a continuous
band called the valence band, which overlaps with the next higher energy band called the conduction
band

* The overlapping of the valence and conduction bands in metals results in the presence of delocalized
electrons that are free to move within the crystal structure, contributing to the metal's electrical and
thermal conductivity

Factors Influencing Energy Bands

» The Fermi level is the highest occupied energy state in a metal at absolute zero temperature and is
located within the overlapping region of the valence and conduction bands

* The density of states, which represents the number of electronic states per unit energy, varies within
the valence and conduction bands and influences the electronic properties of the metal

» The shape and width of the energy bands in a metal can be influenced by factors such as
* Crystal structure
* Atomic number

* Presence of impurities or defects (doped semiconductors)
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Metal Properties and Bonding

Mechanical Properties

» The non-directional nature of metallic bonds allows metals to be malleable and ductile as the bonds
can be easily broken and reformed without disrupting the overall structure when the metal is subjected
to stress

* The strength of the metallic bond, which depends on factors such as the number of delocalized
electrons and the size of the metal cations, influences the melting point, boiling point, and hardness of
the metal (tungsten, osmium)

Electronic and Optical Properties

» The presence of delocalized electrons in the metallic bond results in high electrical and thermal
conductivity as these electrons can easily transport charge and energy through the crystal structure

* The sea of delocalized electrons in a metal contributes to its lustrous appearance as these electrons
can absorb and re-emit light at various frequencies, giving metals their characteristic shine (silver, gold)

* The overlapping of the valence and conduction bands in the electronic structure of metals results in a
high density of states near the Fermi level, contributing to their good electrical conductivity and other
electronic properties

Impact of Impurities and Alloying

» The presence of impurities, defects, or alloying elements in a metal can alter its electronic structure
and bonding, leading to changes in its physical and chemical properties

» Conductivity
* Hardness
* Reactivity

* Alloying metals with other elements can create materials with tailored properties for specific
applications (stainless steel, brass)
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Unit 5 — Molecular Geometry and
Hybridization
5.1 VSEPR theory and molecular shapes

Molecular Geometry Predictions

VSEPR theory (Valence Shell Electron Pair Repulsion) predicts molecular shapes by looking at how
electron groups arrange themselves around a central atom. The core idea: electron domains repel each
other, so they spread out as far apart as possible to minimize that repulsion. This gives us predictable 3D
geometries that directly influence a molecule's chemical behavior, polarity, and reactivity.

VSEPR Theory and Electron Domain Geometry

An electron domain is any region of electron density around a central atom. That includes bonding pairs
(shared electrons forming a bond) and lone pairs (non-bonding valence electrons sitting on the central
atom). Double and triple bonds each count as a single electron domain, since all the electrons in that bond
occupy roughly the same region of space.

The total number of electron domains determines the electron domain geometry:

Electron Domains Electron Domain Geometry Ideal Bond Angles
2 Linear 180°

3 Trigonal planar 120°

4 Tetrahedral 109.5°

5 Trigonal bipyramidal 90° and 120°

6 Octahedral 90°

To find the number of electron domains, draw the Lewis structure first, then count the groups of electrons
(bonds + lone pairs) around the central atom.

Predicting Molecular Geometry

Here's how to predict geometry step by step:
1. Draw the Lewis structure for the molecule or ion.

2. Count the total electron domains (bonding pairs + lone pairs) around the central atom. Remember:
multiple bonds count as one domain.

3. Identify the electron domain geometry from the table above.
4. Determine how many of those domains are lone pairs vs. bonding pairs.
5. Name the molecular geometry based on where the atoms are (ignoring lone pairs).
When there are zero lone pairs, the molecular geometry matches the electron domain geometry:
» BeF3: 2 bonding pairs, 0 lone pairs - linear

« BCl3: 3 bonding pairs, 0 lone pairs — trigonal planar
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+ CHa: 4 bonding pairs, 0 lone pairs - tetrahedral
« PCls: 5 bonding pairs, 0 lone pairs — trigonal bipyramidal

+ 5F6: 6 bonding pairs, 0 lone pairs - octahedral

Molecular Shape and Bond Angles

Determining Molecular Shape

This is a distinction that trips people up: electron domain geometry describes the arrangement of all
electron domains, while molecular geometry describes only the positions of the bonded atoms. You can't
see lone pairs in the physical shape of a molecule, but they're still there influencing everything.

When all electron domains are bonding pairs, the two geometries are identical. The molecular geometries
listed above (linear, trigonal planar, tetrahedral, etc.) apply directly. Things get more interesting when lone
pairs enter the picture.

Bond Angles in Molecular Geometries

Bond angles are set by the electron domain geometry but modified by lone pairs. The ideal angles for each
geometry are:

* Linear: 180°
* Trigonal planar: 120°
* Tetrahedral: 109.5°
« Trigonal bipyramidal: 90° (axial-equatorial) and 120° (equatorial-equatorial)
» Octahedral: 90°
Some concrete examples with no lone pairs on the central atom:
+ CO3: linear, 180° bond angles
+ SO3: trigonal planar, 120° bond angles
« SiHa: tetrahedral, 109.5° bond angles

These ideal angles only hold perfectly when all the domains are equivalent. Once lone pairs show up, the
angles shift.

Electron Domain vs. Molecular Geometry

Differences Between Electron Domain and Molecular Geometry

The key distinction worth repeating: electron domain geometry accounts for every electron group around
the central atom, while molecular geometry only reflects where the bonded atoms sit in space.

If a molecule has no lone pairs on the central atom, the two geometries are the same. But as soon as lone
pairs are present, the molecular geometry becomes a "subset" of the electron domain geometry. For
example, water (H20) has four electron domains (tetrahedral electron domain geometry), but only two of
those are bonding pairs. The molecular geometry you'd report is bent, not tetrahedral.
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Effect of Lone Pairs on Molecular Geometry

Lone pairs repel more strongly than bonding pairs. This happens because lone pair electrons are held
closer to the central atom and spread over a larger angular region, so they push harder on neighboring
electron domains.

The repulsion hierarchy is:
Lone pair-lone pair > Lone pair-bonding pair > Bonding pair-bonding pair

This ordering explains why bond angles compress when lone pairs are present, and why lone pairs in
trigonal bipyramidal geometries always occupy equatorial positions (where they have more room).

Lone Pairs and Molecular Geometry

Lone Pair Effects on Bond Angles

Because lone pairs take up more angular space than bonding pairs, they squeeze the bonding pairs closer
together. The more lone pairs on the central atom, the greater the compression of bond angles away from
the ideal values.

For the tetrahedral electron domain family, this trend is clear:
+ CHy: 0 lone pairs - 109.5° (ideal tetrahedral)
« NH3: 1 lone pair — approximately 107° (compressed from 109.5°)
+ H20: 2 lone pairs - approximately 104.5° (compressed even further)

Each additional lone pair pushes the bond angles down by a few degrees.

Examples of Lone Pair Effects

Starting from tetrahedral electron domain geometry (4 domains):
+ 1 lone pair - trigonal pyramidal (e.g., NH3, bond angles ~107°)
+ 2 lone pairs - bent (e.g., H20, bond angles ~104.5°)
Starting from trigonal bipyramidal electron domain geometry (5 domains):
Lone pairs preferentially occupy equatorial positions to minimize 90° repulsive interactions.
+ 1 lone pair - seesaw (e.g., SFa)
+ 2 lone pairs - T-shaped (e.g., CIF3)
« 3 lone pairs - linear (e.g., 3 )
Starting from octahedral electron domain geometry (6 domains):
+ 1 lone pair — square pyramidal (e.g., BrFs)

+ 2 lone pairs — square planar (e.g., XéF4); the two lone pairs sit opposite each other to minimize lone
pair-lone pair repulsion

In all these cases, the bond angles deviate from the ideal values of the parent electron domain geometry
due to the extra repulsion from lone pairs.
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5.2 Hybridization of atomic orbitals

Hybridization of Atomic Orbitals

Hybridization explains how atoms mix their standard atomic orbitals to form new, equivalent hybrid orbitals
better suited for bonding. Without this concept, we can't account for the observed geometries of most
molecules. For example, carbon's ground-state electron configuration (1522522p2) suggests it should
form only two bonds, yet methane (CH4) has four identical bonds arranged tetrahedrally. Hybridization
resolves this discrepancy.

By identifying an atom's hybridization state, you can predict molecular geometry, bond angles, and the
types of bonds (sigma vs. pi) a molecule contains.

Hybridization in Covalent Bonding

Concept and Role of Hybridization

Hybridization is the mathematical mixing of atomic orbitals on the same atom to produce new hybrid
orbitals with intermediate shapes and energies. The number of hybrid orbitals produced always equals the
number of atomic orbitals mixed.

* Hybrid orbitals form by combining s and p orbitals (and sometimes d orbitals) within the same principal
energy level

» Example: sp hybridization combines one s orbital and one p orbital to produce two equivalent sp
hybrid orbitals

* The resulting hybrid orbitals point in specific directions, which maximizes overlap with orbitals on
neighboring atoms. Greater overlap means stronger, more stable sigma (O) bonds.

* The type of hybridization an atom undergoes depends on the number of electron domains (bonding
pairs and lone pairs) surrounding it

Why Hybridization Matters for Covalent Bonding

Standard atomic orbitals (s, p, d) don't explain the geometries we actually observe. Pure p orbitals are
oriented at 90° to each other, yet molecules like CH4 have bond angles of 109.5°. Hybridization accounts
for this.

* Hybrid orbitals have shapes and orientations that maximize overlap between bonding atoms,
producing stronger bonds than unhybridized orbitals would

+ Hybridization also explains multiple bonds: after an atom forms its hybrid orbitals, any leftover
unhybridized p orbitals are available for pi ('T) bonding

» Understanding hybridization lets you predict structure, stability, and reactivity from a Lewis structure
alone

Hybridization State of Atoms

Determining Hybridization State

The hybridization state of a central atom is set by the number of electron domains around it. An electron
domain is any region of electron density: a single bond, a double bond, a triple bond, or a lone pair. (A
double bond counts as one electron domain, not two.)
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Electron Domains Hybridization Electron Domain Bond Angle Example

Geometry
2 sp Linear 180° BeCl,
3 sp? Trigonal planar 120° BF;
4 sp® Tetrahedral 109.5° CHy

To find the hybridization of any central atom:
1. Draw the Lewis structure of the molecule

2. Count the total electron domains around the central atom (bonds + lone pairs, where each multiple
bond counts as one domain)

3. Match the count to the table above

Exceptions and Special Cases

+ Multiple bonds: A double or triple bond counts as a single electron domain for determining
hybridization. In C2Ha4 (ethene), each carbon has three electron domains (two C-H bonds and one C=C
bond), so each carbon is sp? hybridized. The second bond in the double bond is a T bond from
unhybridized p orbitals, not from hybrid orbitals.

» Expanded octets: Atoms in the third period and below can use d orbitals in hybridization. For example,
SFs has six electron domains around sulfur and undergoes sp®d? hybridization, producing an octahedral
geometry. Similarly, PCls is sp*d hybridized with a trigonal bipyramidal geometry (five electron
domains).

Formation of Hybrid Orbitals
Types of Hybrid Orbitals and Their Geometries

Each type of hybridization produces a characteristic number of orbitals with a specific spatial arrangement:

* sp hybridization: One s + one p orbital - two sp hybrid orbitals oriented 180° apart (linear). Two p
orbitals remain unhybridized.

Example: In CO2, carbon is sp hybridized. The two unhybridized p orbitals form T bonds with each oxygen.

sp? hybridization: One s + two p orbitals — three sp? hybrid orbitals oriented 120° apart (trigonal planar).
One p orbital remains unhybridized.

Example: In BF3, boron is sp? hybridized with all three hybrid orbitals forming O bonds to fluorine.

sp® hybridization: One s + three p orbitals — four sp® hybrid orbitals oriented 109.5° apart (tetrahedral). No
p orbitals remain unhybridized.

+ Example: In NH3, nitrogen is sp® hybridized. Three hybrid orbitals form bonds to hydrogen; the fourth
holds a lone pair.
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Unhybridized Orbitals and Multiple Bonds

After hybridization, any leftover p orbitals don't disappear. They sit perpendicular to the hybrid orbital plane
and can overlap sideways with p orbitals on adjacent atoms to form pi ('T) bonds.

* A single bond = one O bond (head-on overlap of hybrid orbitals)
+ A double bond = one O bond + one T bond
* A triple bond = one O bond + two T bonds

For example, in N2, each nitrogen is sp hybridized. One sp orbital on each nitrogen overlaps head-on to
form the O bond. Each nitrogen has two unhybridized p orbitals, and these overlap sideways to form two T
bonds, giving the triple bond (N = N).

In C2H4 (ethene), each carbon is sp? hybridized. The remaining unhybridized p orbital on each carbon
overlaps sideways to form one T bond above and below the molecular plane.

Hybridization Theory for Molecular Structure

Predicting Molecular Structure Using Hybridization

Here's a systematic approach:
1. Draw the Lewis structure of the molecule, showing all bonds and lone pairs

2. Count electron domains around the central atom (single bonds, double bonds, triple bonds, and lone
pairs each count as one domain)

3. Assign the hybridization based on the electron domain count (2 - sp, 3 - sp?, 4 - sp?)
4. Determine the electron domain geometry from the hybridization (linear, trigonal planar, or tetrahedral)
5. Identify the molecular shape by considering only the positions of atoms (not lone pairs)
6. Assign bond types: hybrid orbitals form O bonds; unhybridized p orbitals form T bonds

Example: For NH3, nitrogen has four electron domains (three N-H bonds + one lone pair) - sp® hybridized
- tetrahedral electron domain geometry — but the molecular shape is trigonal pyramidal because the lone
pair is invisible to molecular shape.

Bond Angles and Molecular Shape

The ideal bond angles come directly from the hybridization:
*sp - 180°
*sp? - 120°
*+ sp® - 109.5°

However, lone pairs compress bond angles because they occupy more space than bonding pairs. Lone
pair electron density is held closer to the nucleus and spreads out more, squeezing bonding pairs together.

« In NH3, the H-N-H bond angle is about 107°, slightly less than the ideal 109.5°, because of one lone
pair

+ In H20, the H-O-H bond angle is about 104.5°, compressed further because oxygen has two lone
pairs
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This distinction between electron domain geometry (includes lone pairs) and molecular shape (atoms only)
is critical. The hybridization tells you the electron domain geometry; the molecular shape depends on how
many of those domains are lone pairs versus bonds.

5.3 Molecular symmetry and point groups

Molecular symmetry and point groups are crucial concepts in understanding molecular geometry and
bonding. They help us classify molecules based on their symmetry elements, like rotation axes and
reflection planes. This classification system is key to predicting molecular properties and behavior.

By assigning molecules to point groups, we can better understand their polarity, chirality, and
spectroscopic properties. This knowledge connects directly to molecular geometry and hybridization,
helping us predict and explain molecular shapes and bonding patterns.

Molecular Symmetry Elements

Types of Symmetry Elements

» Symmetry elements are geometric features that describe the symmetry of a molecule

» Four main types of symmetry elements exist: rotation axes, reflection planes, inversion centers, and
improper rotation axes

« Identifying symmetry elements is crucial for assigning molecules to their appropriate point groups and
understanding their properties

Rotation and Improper Rotation Axes

+ Rotation axes (Cn) are imaginary lines about which a molecule can be rotated by 360°/n to produce
an identical configuration

» The order of the axis (n) represents the number of times the molecule can be rotated to produce an
identical configuration (C2, C3, C4, etc.)

* Improper rotation axes (Sn) involve a rotation followed by a reflection through a plane perpendicular to
the axis of rotation

* The order of the improper rotation axis (n) is the number of times the molecule can be rotated and
reflected to produce an identical configuration (S4, S6, etc.)

Reflection Planes and Inversion Centers

+ Reflection planes (o) are imaginary planes that divide a molecule into two mirror images
» Two types of reflection planes exist: vertical (gv) and horizontal (ch)

« Vertical reflection planes (av) contain the principal rotation axis and bisect the angle between two C2
axes

* Horizontal reflection planes (oh) are perpendicular to the principal rotation axis

« Inversion centers (i) are points in a molecule where all atoms can be reflected through the center to
produce an identical configuration
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Point Group Assignment

Point Group Classification System

* Point groups are a classification system for molecules based on their symmetry elements
» Molecules with the same set of symmetry elements belong to the same point group

» The Schoenflies notation is commonly used to denote point groups, with letters and subscripts
representing the symmetry elements present in the molecule (Cs, C2v, D3h, etc.)

* The identity operation (E) is present in all point groups and represents the molecule in its original
configuration

Common Point Groups and Their Symmetry Elements

» The Cn point groups have an n-fold rotation axis (C2, C3, C4, etc.)
» The Cnv point groups have an n-fold rotation axis and n vertical reflection planes (C2v, C3v, C4v, etc.)

» The Dnh point groups have an n-fold rotation axis, n vertical reflection planes, and a horizontal
reflection plane (D2h, D3h, D4h, etc.)

» The Dn point groups have an n-fold rotation axis and n two-fold rotation axes perpendicular to the
principal axis (D2, D3, D4, etc.)

* The Td, Oh, and Ih point groups are highly symmetric and represent tetrahedral, octahedral, and
icosahedral symmetry, respectively

* Molecules with no symmetry elements other than the identity operation belong to the C1 point group
(asymmetric molecules)

Examples of Molecular Point Groups

» Water (H20) belongs to the C2v point group, with a C2 axis and two vertical reflection planes (ov and
av')

* Ammonia (NH3) belongs to the C3v point group, with a C3 axis and three vertical reflection planes
(ov)

* Methane (CH4) belongs to the Td point group, with four C3 axes, three C2 axes, and six reflection
planes (ad)

» Benzene (C6H6) belongs to the D6h point group, with a C6 axis, six C2 axes, a horizontal reflection
plane (oh), and six vertical reflection planes (av)

Symmetry Operations and Character Tables

Symmetry Operations

» Symmetry operations are the specific actions (rotations, reflections, inversions, and improper
rotations) that can be performed on a molecule to produce an identical configuration

» Each point group has a unique set of symmetry operations that define its symmetry

» The number of symmetry operations in a point group is equal to the order of the point group
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* Examples of symmetry operations include the identity operation (E), rotation about an axis (Cn),
reflection through a plane (), inversion through a center (i), and improper rotation (Sn)

Character Tables and Irreducible Representations

 Character tables are matrices that provide information about the symmetry operations and irreducible
representations of a point group

» The character of a symmetry operation is the trace (sum of diagonal elements) of the matrix
representation of that operation

*» The character indicates how the operation transforms the basis functions of the irreducible
representation

« Irreducible representations (I') are the smallest sets of basis functions that transform according to the
symmetry operations of the point group

« Irreducible representations are labeled as A, B, E, and T, with subscripts and superscripts denoting
additional properties (A1, A2, B1, B2, E, T1, T2, etc.)

Examples of Character Tables

» The C2v point group, common in molecules like water and hydrogen peroxide, has four symmetry
operations: E, C2, av(xz), and ov'(yz)

» The C2v character table consists of four irreducible representations: A1, A2, B1, and B2

» The D3h point group, found in molecules like boron trifluoride and the carbonate ion, has 12 symmetry
operations: E, 2C3, 3C2, gh, 2S3, 3av

» The D3h character table has six irreducible representations: A1', A2', E', A1", A2", and E"

Symmetry and Molecular Properties

Polarity and Symmetry

» Molecular symmetry plays a crucial role in determining the polarity of molecules

* Polarity refers to the uneven distribution of electron density in a molecule, resulting in a net dipole
moment

» Molecules with high symmetry, such as those belonging to the Td or Oh point groups, are typically
non-polar due to the cancellation of individual bond dipole moments (methane, sulfur hexafluoride)

* Molecules with lower symmetry, such as those in the C2v or C3v point groups, may be polar if the
individual bond dipole moments do not cancel out, resulting in a net dipole moment (water, ammonia)

Chirality and Symmetry

* Chirality is the property of a molecule being non-superimposable on its mirror image

« Chiral molecules lack an improper rotation axis (Sn) and are optically active, meaning they rotate
plane-polarized light

* Molecules with an improper rotation axis (Sn) or a reflection plane (o) are achiral and optically inactive
(molecules belonging to the Cs, Ci, Dnd, and Dnh point groups)
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* The presence of a chiral center (usually a carbon atom with four different substituents) is a common
cause of chirality in organic molecules (amino acids, sugars)

» Some molecules with chiral centers may still be achiral if they possess additional symmetry elements,
such as a reflection plane or an inversion center (meso compounds)

Spectroscopy and Selection Rules

» Symmetry-based selection rules can be used to predict the allowed transitions in vibrational and
electronic spectroscopy

* The allowed transitions depend on the symmetry of the initial and final states and the symmetry of the
transition moment operator

* For a transition to be allowed, the direct product of the irreducible representations of the initial state,
the transition moment operator, and the final state must contain the totally symmetric irreducible
representation (A1 or A1")

« Forbidden transitions, which do not satisfy the selection rules, may still occur with low intensity due to
vibronic coupling or other perturbations (n — * transitions in carbonyl compounds)

Fiveable archived study guides Page 64



Unit 6 — Molecular Vibrations and
Rotations

6.1 Molecular vibrations and normal modes

Molecular vibrations are the rhythmic dance of atoms within molecules. These movements, like stretching
and bending, shape a molecule's behavior. Understanding vibrations helps us grasp how molecules
interact with light and each other, key to many chemical processes.

Normal modes are the unique vibration patterns of molecules. They're like fingerprints, revealing a
molecule's structure and properties. By studying these modes, we can predict how molecules will behave
in different environments and reactions, crucial for many applications in chemistry and physics.

Molecular vibrations and their characteristics

Types of molecular vibrations

+» Molecular vibrations involve the periodic motion of atoms in a molecule relative to each other, resulting
in changes in bond lengths (stretching) and angles (bending)

« Stretching vibrations involve changes in the interatomic distances along bond axes

+ Can be symmetric (in-phase motion) or asymmetric (out-of-phase motion), depending on the
symmetry of the molecule (CO2, H20)

 Bending vibrations involve changes in the angles between bonds

* Include rocking, scissoring, wagging, and twisting motions, which are distinguished by the relative
motion of the atoms in the molecular plane (CH4, NH3)

Factors influencing vibrational modes
» The number and types of vibrational modes depend on the molecular structure and symmetry
* More complex molecules have a greater number of vibrational modes (benzene, glucose)

» The frequency and energy of a vibrational mode are determined by the masses of the atoms involved
and the strength of the bonds

» Heavier atoms and weaker bonds lead to lower frequencies and energies (C-H vs. C-Cl stretching)

* The reduced mass (u) of the vibrating atoms affects the frequency, given by p = (m1 x m2) / (m1 +
m2), where m1 and m2 are the masses of the vibrating atoms

* A higher reduced mass results in a lower vibrational frequency (H-CI vs. H-Br stretching)

Normal modes of molecular vibration

Characteristics of normal modes

* Normal modes are the independent, collective motions of atoms in a molecule that occur at specific
frequencies
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« Each normal mode involves all atoms in the molecule vibrating with the same frequency and phase,
but with different amplitudes

* Normal modes are orthogonal, meaning they are independent of each other and can be excited
separately (CO2 symmetric and asymmetric stretching)

Symmetry and normal modes

» Symmetry plays a crucial role in determining the normal modes of a molecule
* Modes that belong to the same symmetry species are allowed to couple and mix (benzene)

* Group theory can be used to predict the number and symmetry of normal modes based on the
molecular point group

* The character table of a point group provides information on the symmetry species and their
vibrational activity (H20, NH3)

Degrees of freedom and normal modes

» The number of normal modes in a molecule is determined by the degrees of freedom
* 3N - 6 for non-linear molecules and 3N - 5 for linear molecules, where N is the number of atoms

» The 3N term represents the total degrees of freedom for N atoms, each having three translational
degrees of freedom (x, y, z)

* In a non-linear molecule, 6 degrees of freedom are subtracted to account for the three translational
and three rotational modes of the entire molecule, which do not contribute to vibrations

* In a linear molecule, only 5 degrees of freedom are subtracted because there are only two rotational
modes (rotation about the molecular axis does not change the molecule's orientation)

Frequencies and energies of vibrations

Calculating vibrational frequencies

*» The frequency of a molecular vibration depends on the reduced mass of the vibrating atoms and the
force constant of the bond

* The force constant (k) is a measure of the strength of the bond and can be determined experimentally
or calculated using computational methods

* The vibrational frequency (v) is related to the reduced mass and force constant by the equation:
v=(1/2m) %V (k/u)

* Higher force constants and lower reduced masses lead to higher vibrational frequencies (C=C vs.
C=C stretching)

Quantization of vibrational energy

* The energy of a vibrational mode is quantized, with each quantum level separated by hv, where h is
Planck's constant

* The vibrational energy levels can be described by the harmonic oscillator model, with the energy given
by E =(n+ 1/2)Xhv, where n is the vibrational quantum number (n =0, 1, 2, ...)
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* The lowest energy level (n = 0) is called the ground state or zero-point energy

» Anharmonicity in real molecules leads to deviations from the harmonic oscillator model, resulting in
non-equidistant energy levels and the possibility of vibrational overtones and combination bands

» Overtones occur at approximately integer multiples of the fundamental frequency (2v, 3v, etc.)

« Combination bands result from the simultaneous excitation of two or more normal modes (v1 + v2, v1
+v3, etc.)

Vibrational degrees of freedom

Definition and calculation

« Vibrational degrees of freedom refer to the number of independent ways a molecule can vibrate,
determined by the number of atoms and the molecular structure

* For a non-linear molecule with N atoms, there are 3N - 6 vibrational degrees of freedom, while for a
linear molecule, there are 3N - 5 vibrational degrees of freedom

* Example: H20 (non-linear, N = 3) has 3 x 3 - 6 = 3 vibrational degrees of freedom

* Example: CO2 (linear, N = 3) has 3 x 3 - 5 = 4 vibrational degrees of freedom

Relationship to normal modes and vibrational spectra

» The number of vibrational degrees of freedom determines the number of normal modes and the
complexity of the vibrational spectrum of a molecule

» Each normal mode corresponds to a specific vibrational degree of freedom

* The vibrational spectrum of a molecule, typically obtained through infrared or Raman spectroscopy,
reflects the number and characteristics of the normal modes

* The number of peaks in the spectrum is related to the number of vibrational degrees of freedom,
although some modes may be inactive or degenerate

* The position, intensity, and shape of the peaks provide information about the frequencies, energies,
and nature of the vibrational modes

6.2 Rotational motion of diatomic and polyatomic molecules

Rotational Motion of Molecules

Rotational motion in molecules connects directly to molecular spectra: the patterns of light a molecule
absorbs or emits depend on how it tumbles in space. By understanding rotational energy levels, you can
extract precise information about bond lengths, molecular geometry, and symmetry from spectroscopic
data.

Diatomic molecules are the simplest case, with rotation described by a single moment of inertia.
Polyatomic molecules get more involved, requiring classification by their principal moments of inertia
(linear, symmetric top, asymmetric top, spherical top). This section covers both.
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Rotational Axes and Energy Levels

A diatomic molecule rotates about axes perpendicular to the bond. Since both perpendicular axes give the
same moment of inertia, you only need one value of / to describe the rotation. There's no rotation about the
bond axis itself because the nuclei lie on that axis and contribute zero moment of inertia around it.

Polyatomic molecules are more complex. Depending on geometry and symmetry, they're classified as:

« Linear molecules (e.g., CO2): Two equal moments of inertia perpendicular to the molecular axis; the
moment about the molecular axis is zero. Spectra resemble diatomic molecules.

+ Symmetric top molecules (e.g., NH3): Two equal moments of inertia (la = Is) and a distinct third (Ic).
This introduces an additional quantum number K.

» Spherical top molecules (e.g., CH4): All three moments of inertia are equal (/a = Ig = Ic). Energy
levels are highly degenerate.

+ Asymmetric top molecules (e.g., H20): Three distinct moments of inertia (/4 # Iz # I¢c). These
produce the most complex rotational spectra.

Because polyatomic molecules can have different moments of inertia around each principal axis, they have
a greater number of distinct rotational energy levels and more intricate spectra than diatomics.

Selection Rules and Transitions

Rotational transitions are driven by the interaction of electromagnetic radiation with the molecule's electric
dipole moment. The fundamental requirement is:

* A molecule must have a permanent electric dipole moment to show a pure rotational absorption or
emission spectrum. Polar molecules like HCI and H2O are rotationally active; non-polar molecules like
O3, N7, and CO> are not (their rotational transitions are electric-dipole forbidden).

For molecules that do have a permanent dipole:
» Diatomic and linear molecules: &4/ = =1

+ Symmetric top molecules: &/ =0, £ 1 and AK = 0 (the component of angular momentum along the
symmetry axis doesn't change)

» Asymmetric top molecules: Selection rules are more relaxed because the lower symmetry lifts
degeneracies and allows additional transitions

The parity of rotational wavefunctions also constrains which transitions occur. For molecules with inversion
symmetry, only states of opposite parity are connected by electric dipole transitions (+ < —).

Rotational Energy Levels for Diatomic Molecules

Rigid Rotor Approximation and Hamiltonian

The rigid rotor model treats the diatomic molecule as two point masses separated by a fixed bond length r.
The molecule rotates freely, and the bond doesn't stretch or compress. This is a good first approximation at
low /.

The rotational Hamiltonian is:

2

|\-.>

H=

N

!
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where f is the angular momentum operator and / is the moment of inertia.

Quantized Energy Levels and Wavefunctions

Solving the Schrodinger equation with this Hamiltonian gives quantized energy levels:

—_ JU+1)n?
Ef - 21

where [ =0, 1, 2, ... is the rotational quantum number and h is the reduced Planck constant.
In spectroscopy, this is often written using the rotational constant B:

Ej=hBJ(+1), where B=7,

Each energy level has a degeneracy of 2/ + 1, corresponding to the magnetic quantum number
M=-),-J+1,....J.

Example (CO molecule): With | = 1.46 x 10~ kg m2, the first few energy levels are Eo =0,
E1=7.63x10723J, E; =2.29 x 10722 J. Notice the spacing between adjacent levels increases with /
: the gap between / = 1 and / = 2 is larger than between /| = 0 and / = 1. This increasing spacing is a
signature of the /(/ + 1) dependence.

The rotational wavefunctions are the spherical harmonics YJM(Q. ®). These describe the probability
distribution for the orientation of the molecular axis in space. For / = 0, the distribution is isotropic (equal in
all directions); for higher /, the molecule preferentially orients in certain directions.

Symmetry Effects on Rotational Motion

Degenerate Energy Levels and Symmetry

Molecular symmetry determines which energy levels are degenerate (have the same energy):

« Linear molecules (e.g., CO2): Each level | is (2] + 1)-fold degenerate due to the M quantum number,
the same as a diatomic.

« Symmetric top molecules (e.g., NH3): Levels with K # 0 are doubly degenerate because +K and —K
give the same energy. The total degeneracy for K # 0 is 2(2/ + 1).

« Spherical top molecules (e.g., CHa4): All three moments of inertia are equal, so the energy depends
only on /. The degeneracy is (2/ + 1)2.

+ Asymmetric top molecules (e.g., H20): All three moments of inertia differ, so the K-degeneracy is
lifted. Energy levels are non-degenerate (aside from the M-degeneracy), and spectra become
considerably more complex.

Electric Dipole Moment and Selection Rules

The connection between symmetry and spectroscopic activity comes down to the dipole moment:
» Polar molecules (HCI, H>O, NH3) have allowed pure rotational transitions with &/ = +1.

» Non-polar molecules (Oz, N2, homonuclear diatomics) have no permanent dipole, so pure rotational
transitions are electric-dipole forbidden. These molecules can still be studied via Raman spectroscopy,
which has the selection rule &) =0, =2,

For molecules with a center of inversion, parity selection rules apply: transitions connect states of opposite
parity (+ € — ). Asymmetric top molecules, lacking high symmetry, have more relaxed parity constraints
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and correspondingly denser spectra.

Moments of Inertia for Different Geometries

The moment of inertia quantifies how the mass of a molecule is distributed relative to a rotational axis.
Larger | means more closely spaced rotational energy levels (since Ej * 1/1), so heavier or more extended
molecules have denser rotational spectra.

Diatomic and Linear Molecules

For a diatomic molecule, the moment of inertia is:
I=pur?
where H = % is the reduced mass and I is the equilibrium bond length.

Example (HCI): With my = 1.67 x 10727 kg, m¢; = 5.89 X 1072° kg, and r=1.27 x 10~ m:
M= e =1.63x107% kg [ =pr? =2.63 x 10™*7 kg m?

my + Mcy

Linear polyatomic molecules (like CO2 or HCN) have two equal moments of inertia perpendicular to the
molecular axis (/s = Ic) and Ia = 0 along the axis. You calculate / by summing mir,'z for each atom, where
I'i is the perpendicular distance from the molecular axis (which, for a linear molecule, is the distance from
the center of mass).

Symmetric and Asymmetric Top Molecules

Symmetric tops have two equal principal moments of inertia:
« Prolate symmetric top (/4 < /g = Ic): Shaped like a rugby ball. Example: CH3Cl.
» Oblate symmetric top (/a = Is <Ic): Shaped like a frisbee. Example: BFs.

The rotational energy for a symmetric top is:

E.k=BJ(J+ 1)+ (A-B)K?

where A and B are rotational constants related to the distinct and degenerate moments of inertia,
respectively,and K=0, £1, ..., =/

Asymmetric tops (e.g., H20, H203) have three distinct moments of inertia (la # Iz # Ic). There's no
closed-form energy expression; energy levels must be found by diagonalizing the rotational Hamiltonian
matrix for each /.

The principal moments of inertia are calculated from:
I = Zm,-ri2
i

where i is the perpendicular distance of atom / from the relevant principal axis. Finding the principal axes
themselves requires diagonalizing the inertia tensor.

Example (H20): With fron = 0.958 A and ZHOH = 104.5°, the three principal moments of inertia are: -
[h=1.02x10"% kgm2-1g=1.92x 10"* kgm?- [¢ = 2.94 x 10~%7 kg m?

Since all three differ, water is an asymmetric top. Note that Ic = Ia + Ig, which holds exactly for any planar
molecule (this is the perpendicular axis theorem).

A note on methane (CHa4): despite being listed alongside symmetric tops in some texts, methane is
actually a spherical top because its tetrahedral symmetry makes all three principal moments of inertia
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equal.

6.3 Energies and selection rules for vibrational and rotational transitions

Energies and selection rules for vibrational and rotational transitions are key to understanding molecular
motion. These rules determine which energy jumps are allowed, shaping the unique spectral fingerprints of
different molecules.

By studying these transitions, we can unlock secrets about molecular structure and behavior. This
knowledge helps us interpret spectra, identify compounds, and predict how molecules will interact in
various situations.

Selection Rules for Vibrational and Rotational Transitions

Vibrational Selection Rule

* The selection rule for vibrational transitions is Av = £1, where v is the vibrational quantum number
« Transitions can only occur between adjacent vibrational energy levels (v=0->v=10orv=2->v=1)

+ This selection rule is based on the conservation of energy and the properties of the vibrational
wavefunctions

» Example: In a diatomic molecule like CO, the allowed vibrational transitions are fromv=0tov=1,v =
1tov=2,and soon

Rotational Selection Rules

* The selection rule for rotational transitions depends on the type of molecule and the nature of the
transition

* For electric dipole transitions in heteronuclear diatomic molecules (CO, HCI), the selection rule is AJ =
+1, where J is the rotational quantum number

» For homonuclear diatomic molecules (N2, O2), electric dipole transitions are forbidden, and the
selection rule for quadrupole transitions is AJ = +2

* The specific rotational selection rule is determined by the symmetry of the molecule and the presence
of a permanent electric dipole moment

* The parity of the rotational wavefunction, related to the symmetry of the molecule, also influences the
allowed rotational transitions

Allowed Transitions in Vibrational-Rotational Spectra

Vibrational Transitions

+ Only transitions between adjacent vibrational energy levels (Av = +1) are allowed due to the
vibrational selection rule

» Examples of allowed vibrational transitions:
*v =0 - v =1 (fundamental transition)
*v=1-v =2 (first overtone)

*v=2-v=1 (hot band transition)
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« Vibrational transitions with Av > £1 are forbidden but can sometimes be observed with lower intensity
due to anharmonicity or other mechanisms

Rotational Transitions

* In heteronuclear diatomic molecules, rotational transitions with AJ = +1 are allowed (P-branch: AJ =
-1, R-branch: AJ = +1)

* In homonuclear diatomic molecules, only quadrupole transitions with AJ = +2 are allowed (O-branch:
AJ = -2, S-branch: AJ = +2)

» Examples of allowed rotational transitions in heteronuclear molecules:
*J=0-J=1(R-branch)
+J=2-J=1(P-branch)

* The allowed transitions for more complex molecules depend on their symmetry and the presence of a
permanent electric dipole moment

« Forbidden transitions that violate the selection rules can sometimes be observed with lower intensity
due to mechanisms like vibronic coupling or magnetic dipole transitions

Energies of Vibrational and Rotational Transitions

Vibrational Transition Energies

* The energy of a vibrational transition is given by AE_vib = hv(v + 1) - hv(v) = hv, where h is Planck's
constant and v is the vibrational frequency

* The vibrational frequency (v) depends on the reduced mass of the molecule and the force constant of
the bond

» The energy spacing between vibrational levels is constant in the harmonic oscillator approximation but
decreases slightly with increasing v due to anharmonicity

« Example: In a diatomic molecule like HCI, the vibrational frequency is determined by the reduced
mass of H and Cl and the strength of the H-Cl bond

Rotational Transition Energies

* The energy of a rotational transition is given by AE_rot = heB[J(J + 1) - J'(J' + 1)], where h is Planck's
constant, c is the speed of light, B is the rotational constant, and J and J' are the initial and final
rotational quantum numbers

* The rotational constant (B) depends on the moment of inertia of the molecule and can be calculated
using the reduced mass and the bond length

» The energy spacing between rotational levels increases with increasing J, resulting in a series of
equally spaced lines in the rotational spectrum

» Example: In a diatomic molecule like CO, the rotational constant is determined by the reduced mass
of C and O and the C-O bond length
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Vibrational-Rotational Transition Energies

» The energy of a vibrational-rotational transition is the sum of the vibrational and rotational transition
energies: AE_total = AE_vib + AE_rot

* The vibrational and rotational transitions occur simultaneously, leading to a series of bands in the
vibrational-rotational spectrum, each corresponding to a specific vibrational transition and containing a
series of rotational lines

* The energy spacing between the vibrational bands is determined by the vibrational frequency, while
the spacing between the rotational lines within a band is determined by the rotational constant

Interpreting Vibrational-Rotational Spectra

Vibrational-Rotational Bands

« Vibrational-rotational spectra consist of a series of bands, each corresponding to a specific vibrational
transition (Av) and containing a series of rotational lines

» The spacing between the vibrational bands is determined by the vibrational frequency (v) of the
molecule

* The intensity of the bands depends on the population of the initial vibrational state (governed by the
Boltzmann distribution) and the transition dipole moment

» Example: In the vibrational-rotational spectrum of HCI, the fundamental band (v =0 —» v = 1) is the
most intense, followed by the first overtone (v =0 - v =2) and the hot band (v=1->v =2)

Rotational Structure within Vibrational Bands

+ Each vibrational band contains a series of rotational lines, corresponding to transitions between
different rotational levels (AJ)

* The spacing between the rotational lines within a band is determined by the rotational constant (B) of
the molecule

* The intensity of the rotational lines follows a Boltzmann distribution, with the most intense lines
corresponding to the most populated rotational states

» The presence of a Q-branch (AJ = 0) indicates a molecule with a non-zero angular momentum in the
excited vibrational state (linear molecules), while the absence of a Q-branch and the presence of only
P-branch (AJ = -1) and R-branch (AJ = +1) transitions indicate a molecule with zero angular momentum
in the excited vibrational state (diatomic molecules in a Z electronic state)

Extracting Molecular Information from Spectra

» The analysis of vibrational-rotational spectra provides valuable information about the molecular
structure, bond lengths, force constants, and vibrational frequencies

* The vibrational frequency can be determined from the spacing between the vibrational bands, while
the rotational constant can be obtained from the spacing between the rotational lines within a band

* The intensity distribution of the rotational lines can be used to determine the temperature of the
sample and the population of different rotational states
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« Example: The vibrational-rotational spectrum of CO can be used to determine the C-O bond length,
the force constant of the bond, and the vibrational frequency of the molecule
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Unit 7 — Spectroscopy and Selection
Rules

7.1 Electromagnetic spectrum and molecular energy levels

Electromagnetic Spectrum and Molecular Energy

The electromagnetic spectrum provides the toolkit for probing molecular structure. Different regions of the
spectrum carry different photon energies, and those energies map directly onto the spacing between a
molecule's quantized energy levels. Matching the right spectral region to the right type of molecular motion
is the foundation of all spectroscopy.

Electromagnetic Radiation Characteristics

Electromagnetic radiation travels as oscillating electric and magnetic fields. You can describe any photon
by three interrelated quantities: wavelength (A), frequency (V), and energy (E).

The core relationships are:

c=Av

E=hv="¢

where h is Planck's constant (6.626 x 1073% J-s) and € is the speed of light (3.00 x 108 m/s).
* Energy is directly proportional to frequency: double the frequency, double the energy.
* Energy is inversely proportional to wavelength: halve the wavelength, double the energy.

A photon at 6 x 1014 Hz carries twice the energy of one at 3 x 1014 Hz. Equivalently, a 500 nm photon
carries twice the energy of a 1000 nm photon.

The energy of the photon determines which region of the spectrum it belongs to and, therefore, which type
of molecular transition it can drive.

Molecular Energy Levels and Transitions

Molecules don't have a continuous range of allowed energies. Instead, they occupy discrete, quantized
energy levels that emerge as solutions to the Schrédinger equation for the molecular system. These levels
fall into three broad categories, each with a characteristic energy scale:

* Rotational levels (lowest energy, smallest spacing)
+ Vibrational levels (intermediate energy)
« Electronic levels (highest energy, largest spacing)
A transition between two levels happens in one of two ways:

1. Absorption: the molecule absorbs a photon whose energy exactly matches the gap AE between a
lower and a higher level, promoting the molecule upward.

2. Emission: the molecule drops from a higher level to a lower one, releasing a photon with energy AE.

The condition for both processes is the same:
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AE = hv

This equation is what links molecular structure to the electromagnetic spectrum. A molecule with closely
spaced rotational levels absorbs low-energy microwave photons; one undergoing an electronic transition
absorbs high-energy UV or visible photons.

Regions of the Electromagnetic Spectrum

Each spectral region probes a different type of molecular motion. The table below summarizes the key
regions from low to high energy:

Region

Microwave

Infrared

Visible

Ultraviolet

X-ray / Gamma

Wavelength Range

~Immto~1m

~700 nm to ~1 mm

~400 to ~700 nm

~10 to ~400 nm

<~10 nm

Transition Type

Rotational

Vibrational

Electronic

Electronic (higher energy)

Core-electron / nuclear

Spectroscopic Example

Microwave spectroscopy of
small polar molecules (e.g.,
HCI, OCS)

IR spectroscopy to identify
functional groups (e.g., C=0
stretch near 1700 cm™)

Absorption spectroscopy of
conjugated r-systems and
transition-metal complexes

UV-Vis spectroscopy of
aromatic compounds and
lone-pair - T transitions

X-ray diffraction for crystal
structures; gamma
spectroscopy for nuclear
transitions

A few things to note:

* The infrared and microwave regions probe nuclear motion (vibrations and rotations), while the visible
and UV regions probe electronic rearrangements.

« X-rays and gamma rays carry enough energy to ionize molecules or excite nuclear transitions, which
is why they sit at the extreme high-energy end.

» The boundaries between regions are approximate conventions, not hard cutoffs.

Quantized Energy Levels in Detail

Quantum Numbers

Each type of molecular energy level is labeled by its own set of quantum numbers:

« Electronic states are described by quantum numbers analogous to atomic ones (1, [, My, Ms),

adapted for molecular orbital symmetry. In molecular spectroscopy, electronic states are often labeled
1y + o

by term symbols (e.g., Zg ) rather than individual electron quantum numbers.

« Vibrational states are labeled by the vibrational quantum number v =0, 1, 2, ... for each normal
mode. For a harmonic oscillator, the energy is Ev = hvo(v + 1) where Vo is the classical vibration
frequency.

* Rotational states are labeled by /| =0, 1, 2, ... (total rotational angular momentum). For a rigid rotor,
E; = BJ(/ + 1), where B is the rotational constant. Symmetric and asymmetric tops introduce additional
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guantum numbers K and M.

The total energy of a molecular state is approximately the sum of its electronic, vibrational, and rotational
contributions:

Etotal = Eelec + Evib + Erot

This separation works because the three energy scales differ by roughly orders of magnitude:
Eeclec > Eyip > Erot. This hierarchy is the physical basis of the Born-Oppenheimer approximation.

Spectroscopic Techniques

Different techniques exploit different parts of this energy-level structure:

1. Absorption spectroscopy measures which wavelengths a sample removes from a broadband light
source, revealing AE values directly.

2. Emission spectroscopy collects light emitted by excited molecules (e.g., after thermal or electrical
excitation) to map out energy-level spacings.

3. Raman spectroscopy measures the shift in wavelength of scattered light. The molecule gains or
loses a quantum of vibrational (or rotational) energy during the scattering event, so the frequency shift
equals the energy-level spacing.

Not every transition between levels is allowed. Selection rules, derived from the symmetry of the
wavefunctions and the transition dipole moment integral, dictate which transitions can occur with
appreciable probability. For example, in a molecule with a center of symmetry, transitions between states
of the same parity (both gerade or both ungerade) are electric-dipole forbidden. You'll encounter specific
selection rules for rotational, vibrational, and electronic spectroscopy throughout the rest of this unit.

Connecting Photon Energy to Spectra

When you look at a molecular spectrum, every absorption or emission line corresponds to a specific AE
between two quantized levels. The position of that line on the frequency (or wavelength, or wavenumber)
axis tells you the size of the energy gap.

Wavenumber (U, in cm™") is commonly used in vibrational and rotational spectroscopy because it's directly
proportional to energy:

E=hcv
This makes wavenumber a convenient "energy unit" when reading IR or microwave spectra.

The key takeaway: the electromagnetic spectrum isn't just a classification scheme. It's a direct map
between photon properties and the internal energy structure of molecules. Knowing where a transition falls
on the spectrum immediately tells you what kind of molecular motion is involved, and measuring the exact
frequency gives you quantitative information about bond strengths, bond lengths, and electronic structure.

7.2 Absorption, emission, and scattering processes

Absorption, emission, and scattering are key processes in molecular spectroscopy. These phenomena
involve interactions between molecules and electromagnetic radiation, revealing crucial information about
molecular structure and energy states.

Understanding these processes is essential for interpreting spectroscopic data. By studying the ways
molecules absorb, emit, and scatter light, scientists can uncover valuable insights into chemical
composition, molecular dynamics, and material properties.
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Molecular Spectroscopy Processes

Absorption, Emission, and Scattering

 Absorption involves a molecule taking in energy from electromagnetic radiation, causing it to transition
from a lower energy state to a higher energy state

» Emission occurs when a molecule releases energy in the form of electromagnetic radiation,
transitioning from a higher energy state to a lower energy state

« Scattering is the process by which electromagnetic radiation interacts with a molecule, causing the
radiation to be deflected or redirected without being absorbed or emitted by the molecule

Energy Transfer and Spectral Characteristics

+ Absorption and emission processes involve energy transfer between the molecule and the
electromagnetic radiation, while scattering processes do not involve energy transfer

+ Absorption and emission spectra are typically characterized by discrete, well-defined peaks
corresponding to specific molecular transitions (electronic, vibrational, or rotational)

« Scattering spectra are generally continuous and less structured compared to absorption and emission
spectra

* The intensity of absorbed or emitted radiation depends on the population of molecules in the initial and
final energy states, as described by the Boltzmann distribution

Absorption and Emission Mechanisms

Absorption Mechanism

* Absorption occurs when the energy of the incident electromagnetic radiation matches the energy
difference between two molecular energy states

* This causes the molecule to transition from the lower to the higher energy state
* The probability of absorption is determined by the transition dipole moment

* The transition dipole moment depends on the change in the electronic, vibrational, or rotational state
of the molecule

* The intensity of the absorbed radiation is proportional to the population of molecules in the lower
energy state

Emission Mechanisms

» Emission occurs when a molecule in a higher energy state releases energy in the form of
electromagnetic radiation, transitioning to a lower energy state

» Spontaneous emission is the process by which a molecule in an excited state spontaneously decays
to a lower energy state, releasing a photon

» The emitted photon has a specific energy corresponding to the energy difference between the initial
and final states
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« Stimulated emission is the process by which an incident photon interacts with a molecule in an excited
state, causing it to emit an additional photon

» The emitted photon has the same energy, phase, and direction as the incident photon

* The intensity of the emitted radiation is proportional to the population of molecules in the higher
energy state

Scattering Principles

Rayleigh Scattering

*» Rayleigh scattering is an elastic scattering process in which the incident electromagnetic radiation
interacts with a molecule, causing it to oscillate and re-emit radiation at the same frequency as the
incident radiation

* The intensity of Rayleigh scattering is proportional to the square of the polarizability and inversely
proportional to the fourth power of the wavelength of the incident radiation

* Rayleigh scattering is responsible for the blue color of the sky, as shorter wavelengths (blue light) are
more strongly scattered by molecules in the atmosphere

Raman Scattering

* Raman scattering is an inelastic scattering process in which the incident electromagnetic radiation
interacts with a molecule, causing it to transition to a different vibrational or rotational energy state and
re-emit radiation at a different frequency than the incident radiation

+ Stokes Raman scattering occurs when the scattered radiation has a lower frequency (longer
wavelength) than the incident radiation, corresponding to a transition from a lower to a higher
vibrational or rotational energy state

* Anti-Stokes Raman scattering occurs when the scattered radiation has a higher frequency (shorter
wavelength) than the incident radiation, corresponding to a transition from a higher to a lower
vibrational or rotational energy state

* The frequency shifts observed in Raman scattering provide information about the vibrational and
rotational energy levels of molecules

Brillouin Scattering

* Brillouin scattering is an inelastic scattering process that involves the interaction of electromagnetic
radiation with acoustic phonons (collective vibrational modes) in a material

* The interaction results in a small frequency shift in the scattered radiation

» The frequency shift in Brillouin scattering is determined by the velocity of the acoustic phonons in the
material and the wavelength of the incident radiation

* Brillouin scattering provides information about the acoustic properties of materials, such as the elastic
constants and sound velocities
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Factors Influencing Scattering

Molecular Properties

* The intensity of scattered radiation depends on the polarizability of the molecule, which is a measure
of how easily the electron cloud of the molecule can be distorted by an external electric field

* The intensity of Raman scattering depends on the change in polarizability during molecular vibrations
or rotations and is typically much weaker than Rayleigh scattering

* The frequency of the scattered radiation in Raman scattering is determined by the energy difference
between the initial and final vibrational or rotational states of the molecule

Material Properties and External Factors

* The intensity of Brillouin scattering depends on the elasto-optic properties of the material, which
describe how the refractive index changes with applied stress

* The intensity and frequency of scattered radiation can also be influenced by factors such as:

» The concentration of the scattering molecules (higher concentration leads to increased scattering
intensity)

» The temperature (higher temperature leads to increased population of higher energy states and more
anti-Stokes Raman scattering)

* The presence of intermolecular interactions or external fields (can modify the polarizability and
scattering properties of molecules)

» Understanding the factors that influence scattering processes is crucial for interpreting spectroscopic
data and designing experiments to probe the properties of molecules and materials

7.3 Selection rules and transition probabilities

Selection rules and transition probabilities are crucial concepts in molecular spectroscopy. They determine
which energy transitions are allowed and how likely they are to occur, helping us understand and predict
spectral patterns in atoms and molecules.

These rules stem from quantum mechanics and conservation laws. By applying them, we can interpret
spectra, identify molecular structures, and gain insights into the behavior of matter at the atomic and
molecular level.

Selection Rules for Transitions

Defining Selection Rules and Their Role

« Selection rules are quantum mechanical principles governing the probability of transitions between
energy levels in atoms and molecules

+» Determine if a transition is allowed (non-zero probability) or forbidden (zero or negligibly small
probability)

* Probability of a transition relates to the transition moment integral involving wavefunctions of initial and
final states and the transition operator (electric dipole, magnetic dipole, or electric quadrupole)

+ Allowed transitions satisfy selection rules, while forbidden transitions violate them
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« Selection rules are based on conservation of quantum numbers such as angular momentum and
parity

Concept of Transition Probabilities

* Transition probabilities quantify the likelihood of a transition occurring between two energy levels

* Proportional to the square of the transition moment integral, which depends on wavefunctions of initial
and final states and the transition operator

* Selection rules determine if a transition is allowed or forbidden based on symmetry and quantum
numbers of initial and final states

* Allowed transitions have non-zero transition probabilities, while forbidden transitions have zero or
negligibly small probabilities

« Strength of a transition directly relates to its probability; stronger transitions have higher probabilities
and are more likely to occur

Transition Probabilities and Selection Rules

Applying Selection Rules to Predict Allowed Transitions

* Electric dipole selection rules:

» Change in orbital angular momentum quantum number (Al) must be +1
» Change in magnetic quantum number (Aml) must be 0, £1

» Change in spin quantum number (AS) must be 0

» Change in total angular momentum quantum number (AJ) must be 0, +1, butJ=0toJ=0is
forbidden

» Magnetic dipole selection rules:

» Change in orbital angular momentum quantum number (Al) must be 0
» Change in magnetic quantum number (Aml) must be 0, £1

» Change in spin quantum number (AS) must be 0, +1

» Change in total angular momentum quantum number (AJ) mustbe O, 1, butJ=0toJ=0is
forbidden

* Vibrational selection rules (for diatomic molecules):

» Change in vibrational quantum number (Av) must be 11 for fundamental transitions
+ Overtone transitions (Av = +2, +3, ...) are allowed but have lower probabilities

* Rotational selection rules (for diatomic molecules):

» Change in rotational quantum number (AJ) must be £1
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Selection Rules in Spectroscopy

Role of Symmetry in Determining Allowed Transitions

* In centrosymmetric molecules, transitions between states with the same parity (gerade to gerade or
ungerade to ungerade) are forbidden for electric dipole transitions

* In non-centrosymmetric molecules, transitions between states with different parity are allowed for
electric dipole transitions

» Symmetry plays a crucial role in determining the allowed transitions based on the overlap integral of
the initial and final state wavefunctions and the transition operator

Franck-Condon Principle and Vibrational Transitions

* Franck-Condon principle states the most probable vibrational transitions are those with the greatest
overlap between the vibrational wavefunctions of initial and final states

+ Franck-Condon factor quantifies the overlap integral between vibrational wavefunctions and
determines intensity of vibrational transitions

« Allows for prediction of relative intensities of vibrational bands in electronic spectra (absorption and
emission)

* Explains the appearance of vibrational progressions in electronic spectra, where a series of vibrational
transitions accompany an electronic transition

Factors Influencing Transition Probabilities

Transition Dipole Moment and Probability

* Transition probability depends on the magnitude of the transition dipole moment

* Transition dipole moment determined by the overlap integral of initial and final state wavefunctions
and the dipole moment operator

« Larger transition dipole moments lead to higher transition probabilities and stronger spectral lines

* Transition dipole moment can be calculated using quantum mechanical methods and used to predict
relative intensities of spectral lines

Vibronic Coupling and Relaxation of Selection Rules

« Vibronic coupling involves the interaction between electronic and vibrational motion in molecules
« Can lead to the relaxation of selection rules and the appearance of forbidden transitions

» Occurs when there is a change in the electronic state during a vibrational transition, leading to a
breakdown of the Born-Oppenheimer approximation

* Results in the mixing of electronic and vibrational wavefunctions, allowing for transitions that would
otherwise be forbidden

* Manifests as weak bands or satellite peaks in the spectra, providing information about the coupling
between electronic and vibrational degrees of freedom
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Unit 8 — Rotational and Vibrational
Spectroscopy

8.1 Microwave spectroscopy and rotational spectra

Microwave spectroscopy uses microwave radiation to probe the rotational energy levels of molecules in the
gas phase. By analyzing how molecules absorb this radiation, you can extract precise information about
bond lengths, bond angles, dipole moments, and overall molecular geometry.

This topic covers the principles behind rotational spectroscopy, how to read and interpret rotational
spectra, the selection rules that govern allowed transitions, and how molecular symmetry shapes the
spectra you observe.

Microwave Spectroscopy Principles

Fundamentals of Microwave Spectroscopy

Microwave spectroscopy measures the absorption of microwave radiation (typically 1-100 GHz) as
molecules transition between quantized rotational energy levels. Because angular momentum is quantized,
molecules can only rotate at specific discrete energies rather than at any arbitrary rate.

The spacing between these energy levels depends on the molecule's moment of inertia (/), which reflects
how mass is distributed relative to the rotation axis.

« Lighter molecules with mass concentrated near the center of mass have larger rotational constants
and more widely spaced energy levels.

» Heavier molecules or those with mass spread far from the center have smaller rotational constants
and more closely spaced levels.

The rotational constant B captures this relationship quantitatively (more on this below).

Interaction of Microwave Radiation with Molecules

A molecule must have a permanent electric dipole moment to show a pure rotational spectrum. The
oscillating electric field of the microwave radiation couples to this dipole, driving transitions between
rotational states. Homonuclear diatomics like N2 and O2 have no dipole moment and are therefore
microwave-inactive.

Microwave spectroscopy is especially powerful for small, gas-phase molecules (e.g., HCI, H2O | NH3),
where rotational lines are sharp and well-resolved. Beyond static structure, rotational spectroscopy can
also reveal dynamic phenomena such as internal rotation (e.g., methyl group torsion), quantum tunneling
motions, and the effects of molecular collisions on rotational energy transfer.

Rotational Spectra Analysis

Interpretation of Rotational Spectra

For a rigid linear molecule, the rotational spectrum consists of a series of equally spaced absorption lines.
The spacing between adjacent lines is 2B, where B is the rotational constant defined as:

=_h_
B= 8n?l

Fiveable archived study guides Page 83



Here h is Planck's constant and / is the moment of inertia. A larger B means wider line spacing; a smaller
B means the lines are packed more closely together.

The intensity of each rotational line depends on two factors:

* Population of the initial state: Rotational state populations follow a Boltzmann distribution.
Lower-energy states are more populated, but the degeneracy of each level (2/ + 1) increases with /.
The interplay of these two effects means that line intensity rises with /, reaches a maximum, and then
falls off.

* Transition dipole moment: This determines the intrinsic probability of the transition.

The overall appearance of the spectrum depends on molecular geometry. Linear molecules produce
simple, equally spaced patterns. Nonlinear molecules (H20, NH3) have multiple distinct moments of
inertia, leading to more complex spectra with additional quantum numbers and selection rules.

Extracting Molecular Structure and Properties

For a diatomic molecule, you can extract the bond length directly from the rotational constant. The
relationship is:

=,/ _
r 8m’uB
mim»

where M is the reduced mass of the two atoms (M = 77, +5;)-

Step-by-step: Finding a bond length from a rotational spectrum
1. Measure the spacing between adjacent spectral lines. This spacing equals 2B.
2. Divide by 2 to get B (in frequency units).
3. Calculate the moment of inertia: / = ﬁ.
4. Compute the reduced mass M from the atomic masses.
5. Solve for the bond length: r= v/ I/u.

At higher / values, you'll notice the line spacing gradually decreases. This is centrifugal distortion: as the
molecule spins faster, centrifugal force stretches the bond slightly, increasing / and reducing the effective B
. The centrifugal distortion constant D quantifies this effect and connects rotational spectra to the
molecule's vibrational force constant.

Isotopic substitution is another powerful technique. Replacing an atom with a heavier isotope (e.g., H = D)
changes M and therefore B, without altering the electronic structure or bond length. By comparing
rotational constants of isotopologues, you can pinpoint the position of the substituted atom within a
polyatomic molecule.

Selection Rules for Rotational Transitions

Angular Momentum Conservation and Selection Rules

Selection rules determine which transitions are allowed and therefore observable. For pure rotational
transitions, the key rule is:

A =+1
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This arises from angular momentum conservation. A microwave photon carries one unit of angular
momentum (h), so absorbing or emitting a photon must change the molecule's rotational quantum number
by exactly one.

«AJ=+1 (/=] + 1): absorption of a photon
«AJ=—1 (/-] — 1): emission of a photon

In a thermal sample, absorption lines dominate because lower-/ states are more populated.

Selection Rules for Different Molecular Geometries

Linear molecules have the simplest case. The &f = %1 rule produces equally spaced lines with transition
frequencies:

v=2B(/+1)
where [ is the quantum number of the lower state. So the first few lines appear at 2B, 4B, 6B, and so on.

Symmetric top molecules (e.g., NH3, CH3Cl) require an additional quantum number K, which is the
projection of angular momentum onto the molecular symmetry axis. The selection rules are &) = =1 and
AK = 0. Since K doesn't change, you get a series of equally spaced lines for each value of K, with
spacings determined by the rotational constants A and B.

Asymmetric top molecules (e.g., H20, SO3) have three distinct moments of inertia and are labeled by
quantum numbers /, Ka, and Kc. The selection rules become &/ = 0, = 1 with AK; and AK¢ each equal to
0 or £1, subject to symmetry constraints. Their spectra are considerably more complex and typically
require computational methods to assign.

Molecular Symmetry and Rotational Spectra

Classification of Molecules Based on Symmetry

Molecular symmetry determines how many distinct moments of inertia a molecule has, which in turn
controls the complexity of its rotational spectrum. There are four categories:

Linear molecules (e.g., HCN, CO>) have one unique moment of inertia (/e = Ic, with /4 = 0 along the bond
axis). Their energy levels follow:

EY)=B/(+1)
This gives the simplest rotational spectra.

Spherical top molecules (e.g., CHa, S5Fg) have three equal moments of inertia (/a = Is = Ic). Because of
their high symmetry, they have no permanent dipole moment and therefore produce no pure rotational
spectrum.

Symmetric top molecules (e.g., NH3, CH3Cl) have two equal moments of inertia and one distinct moment.
They come in two flavors:

« Prolate (cigar-shaped): la < /g =Ic (e.g., CH3Cl)

« Oblate (disk-shaped): la =g <Ic (e.g., BCl3)
Their energy levels depend on both [ and K:
E(,K)=BJ(/ + 1) + (A — B)K?
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Asymmetric top molecules (e.g., H20, SO3) have three distinct moments of inertia (la # Is # Ic). Their
energy levels require three rotational constants (A, B, C) and cannot be written in a simple closed-form
expression. Numerical diagonalization of the rotational Hamiltonian is typically needed.

Effects of Molecular Symmetry on Rotational Spectra

Symmetry can cause certain transitions to be forbidden, leading to missing lines in the spectrum. A classic
example is NH3: its umbrella-like inversion motion splits each rotational level into a symmetric and an
antisymmetric component. Transitions between states of the same symmetry type are forbidden, so some
expected lines are absent.

Nuclear spin statistics also affect line intensities. When a molecule contains identical nuclei (e.g., the two H
atoms in H2, or the three H atoms in NH3), the total wavefunction must obey the Pauli exclusion principle.
Different nuclear spin arrangements have different statistical weights, which means rotational levels with
certain / values are more heavily populated than others. This produces an alternating intensity pattern in
the spectrum. For CO>, which has two identical 1®0 nuclei (spin-0 bosons), every other rotational level is
missing entirely.

8.2 Infrared spectroscopy and vibrational spectra

Infrared Spectroscopy Principles

Infrared spectroscopy reveals molecular vibrations by analyzing how molecules absorb specific infrared
frequencies. This technique is one of the most practical tools for identifying functional groups and
molecular structures, since different chemical bonds absorb at predictable, characteristic frequencies.

Fundamentals of Infrared Spectroscopy

Molecules absorb specific frequencies of infrared radiation that match their natural vibrational modes.
When IR light at the right frequency hits a molecule, energy transfers into the bond vibration, producing a
characteristic absorption band in the spectrum.

The frequency of each vibrational mode depends on two things: the strength of the chemical bond and the
masses of the atoms involved. This relationship is quantified by the harmonic oscillator model (covered
below), and it's the reason IR spectroscopy can distinguish between different functional groups so reliably.

Common applications include structural elucidation, functional group identification, and quantitative
analysis across fields like pharmaceuticals, polymer science, and environmental monitoring.

Regions of the IR Spectrum

The IR spectrum is divided into three regions:

Region Range Primary Use

Near-IR 12500-4000 cm ~1! Overtone and combination bands

Mid-IR 4000-400 cm 1! Fundamental vibrational transitions

Far-IR 400-10 cm ! Low-frequency vibrations, lattice modes
in solids

The mid-IR region is where most of the action is for molecular spectroscopy. It contains the fundamental
transitions of nearly all common functional groups, which is why most routine IR analysis focuses here.
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The near-IR region picks up weaker overtone and combination bands (useful for quantitative work), while
the far-IR region captures heavy-atom vibrations and crystal lattice modes.

Vibrational Spectra Analysis

Characteristic Absorption Bands of Functional Groups

Different functional groups absorb in predictable frequency ranges, making IR spectroscopy a powerful
diagnostic tool. Here are the most important ones to know:

« Carbonyl (C=0) stretch: Strong, narrow band at 1700-1800 cm~!. The exact position shifts
depending on the type of carbonyl compound. Esters and carboxylic acids absorb toward the higher
end, while ketones and amides absorb lower.

« Hydroxyl (O-H) stretch: Broad, intense band at 3200-3600 cm 2. The broadness comes from
hydrogen bonding. A free (non-hydrogen-bonded) O-H appears as a sharper peak near the
high-frequency end.

« Amine (N-H) stretch: Medium-to-strong band at 3300-3500 cm ™. Primary amines (-NH2) show two
bands (symmetric and asymmetric stretch), while secondary amines (-NH-) show only one.

« Alkyl (C-H) stretch: Medium-to-weak bands at 2850-3000 cm L. The exact position tells you about
hybridization: Sp3 C-H absorbs below 3000 cm~!, while sz and SP C-H absorb above 3000 cmm 1.

Fingerprint Region and Molecular Identification

The fingerprint region (1500-400 cm 1) contains a dense, complex pattern of absorption bands that is
unique to each molecule. Think of it as a molecular barcode.

This region includes bending, wagging, and twisting vibrations of various groups, plus skeletal vibrations of
the molecular backbone. These modes are highly sensitive to the overall molecular structure, so even
molecules with the same functional groups will have different fingerprint patterns.

Identification works by comparing the fingerprint region of an unknown spectrum against reference spectra.
Spectral libraries and databases (like the SDBS or NIST databases) contain thousands of reference
spectra, making this comparison practical for routine analysis.

Selection Rules for Vibrations

Dipole Moment Change and IR Activity

Not every vibration produces an IR absorption band. The fundamental selection rule for IR spectroscopy is:

A vibrational mode is IR-active only if it causes a change in the dipole moment of the molecule during the
vibration.

This is why homonuclear diatomic molecules like N2 and Oz are IR-inactive. Their symmetric stretch
doesn't change the dipole moment (which is zero throughout), so there's no mechanism for IR light to
couple with the vibration.

Asymmetric stretching and bending vibrations are usually IR-active because they do produce a changing
dipole moment. For the quantum mechanical selection rule, the allowed fundamental transitions are
Av = =1 in the harmonic approximation.
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The intensity of an absorption band is proportional to the square of the change in dipole moment during the

o

2
vibration: / « (E) , where Q is the normal coordinate. Larger dipole moment changes mean stronger

absorptions.

Overtone and Combination Bands

Real molecules aren't perfect harmonic oscillators. Anharmonicity allows transitions beyond Av = £1,
giving rise to overtone and combination bands.

- Overtones occur when a mode is excited by more than one quantum atonce (v=0-2,v=0- 3,
etc.). The first overtone appears at roughly twice the fundamental frequency, the second at roughly
three times, and so on.

» Combination bands result from the simultaneous excitation of two or more different vibrational modes.
Their frequency is approximately the sum of the contributing fundamentals.

Both types are generally much weaker than fundamental transitions because they rely on anharmonic
contributions. They typically appear in the near-IR region and can provide additional structural information
or serve as the basis for quantitative near-IR analysis methods.

Molecular Structure and Vibrational Bands

Factors Influencing Vibrational Frequencies

The vibrational frequency of a bond is described by the harmonic oscillator (Hooke's law) model:

v=

3=
=i~

where Kk is the force constant of the bond (in N/m) and H is the reduced mass of the two atoms:

= M1 -my
u_ mi +m;

Two trends follow directly from this equation:

1. Stronger bonds (higher k) vibrate at higher frequencies. Bond order matters: C=N > C=N > C-N,
and C=0 > C-0.

2. Lighter atoms (lower ) vibrate at higher frequencies. For the same bond type, C-F absorbs at a
higher frequency than C-CI, which absorbs higher than C-Br.

This is why O—-H and C—H stretches appear at the high-frequency end of the mid-IR (above 2500 cm™1),
while bonds involving heavier atoms like C-Cl appear at much lower frequencies.

Factors Influencing Band Intensities

Band intensity depends on both molecular properties and experimental conditions:

* Dipole moment change: Polar functional groups (C=0, O-H, N-H) produce stronger bands than
non-polar ones (C-H, C=C) because the dipole moment changes more during vibration.

« Concentration and path length: The Beer-Lambert law governs this quantitatively: A = ebc, where A
is absorbance, € is the molar absorptivity, b is the path length, and C is the concentration.

» Hydrogen bonding broadens and shifts O-H and N-H bands. A hydrogen-bonded O-H stretch is
broad and shifted to lower frequency compared to a free O-H.
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+ Conjugation and resonance lower the effective force constant of a bond by delocalizing electron
density. For example, a conjugated C=0 absorbs at a lower frequency than an isolated C=0 because
resonance gives the bond partial single-bond character.

8.3 Raman spectroscopy and molecular symmetry

Raman spectroscopy unveils molecular vibrations through light scattering. It's a powerful tool that
complements infrared spectroscopy, revealing different aspects of molecular structure. Together, they
paint a fuller picture of how molecules move and interact.

Symmetry plays a crucial role in Raman spectroscopy. It determines which vibrations are "Raman-active"
and how intense the signals are. Understanding symmetry helps us interpret Raman spectra and unlock
the secrets of molecular structure and behavior.

Raman Spectroscopy Principles

Inelastic Scattering and Molecular Polarizability

* Raman spectroscopy is based on the inelastic scattering of monochromatic light, typically from a laser
source, by molecules

* The interaction between the incident photons and the molecule's polarizability results in a change in
the photon's energy, which corresponds to the energy of molecular vibrations

* Polarizability measures the ease with which the electron cloud of a molecule can be distorted by an
external electric field

» Changes in polarizability during molecular vibrations give rise to Raman scattering

* Raman scattering can be classified as Stokes (photon loses energy) or anti-Stokes (photon gains
energy) depending on the initial vibrational state of the molecule

Complementarity to Infrared Spectroscopy

* Raman spectroscopy probes the changes in molecular polarizability during vibrations, while infrared
spectroscopy probes the changes in the dipole moment

* Dipole moment is the product of the magnitude of the charges and the distance between them in a
molecule

« Infrared spectroscopy detects vibrations that cause a change in the dipole moment

* Vibrational modes that are Raman-active may be IR-inactive, and vice versa, making the two
techniques complementary in providing a complete picture of a molecule's vibrational modes

» Symmetric vibrations (CO2 symmetric stretch) are often Raman-active but IR-inactive

» Asymmetric vibrations (CO2 asymmetric stretch) are often IR-active but Raman-inactive

Selection Rules for Raman Transitions

Symmetry and Raman Activity

* Raman transitions occur between vibrational energy levels and are governed by selection rules based
on the symmetry of the molecule
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* For a vibrational mode to be Raman-active, there must be a change in the polarizability of the
molecule during the vibration

* The polarizability tensor, which describes the polarizability in different directions, must have at least
one non-zero component

» The symmetry of a vibrational mode determines whether it is Raman-active or inactive. Modes that are
symmetric with respect to the center of symmetry are Raman-active

* In centrosymmetric molecules (benzene), vibrations with gerade (g) symmetry are Raman-active,
while those with ungerade (u) symmetry are Raman-inactive

Intensity and Overtones

* The intensity of Raman bands is proportional to the square of the change in polarizability during the
vibration

« Vibrational modes with a large change in polarizability (C-C stretching) will have strong Raman bands
» Modes with a small change in polarizability (C-H bending) will have weak Raman bands

» Overtone and combination bands can also be observed in Raman spectra, although they are usually
weaker than fundamental transitions

+» Overtones occur at frequencies that are integer multiples of the fundamental frequency (2v, 3v)

» Combination bands result from the simultaneous excitation of two or more fundamental modes (v1 +
v2)

Interpreting Raman Spectra

Raman Shift and Molecular Vibrations

* Raman spectra display the intensity of scattered light as a function of the Raman shift, which is the
difference in energy between the incident and scattered photons

» Raman shift is usually expressed in wavenumbers (cm”-1#), which are proportional to the energy of
the vibration

* The position of Raman bands corresponds to the energy of specific vibrational modes, providing
information about the types of chemical bonds and functional groups present in the molecule

* High-frequency vibrations (C=C stretching, ~2200 cm”*-12) involve light atoms and strong bonds

* Low-frequency vibrations (C-I stretching, ~500 cm”-14) involve heavy atoms and weak bonds

Molecular Structure and Environment

* The relative intensities of Raman bands can provide information about the symmetry and polarizability
of the associated vibrational modes

* Totally symmetric vibrations (breathing modes in aromatic rings) often have strong Raman bands
» Non-totally symmetric vibrations (C-H bending in alkanes) often have weak Raman bands

* Raman spectra can be used to identify molecules by comparing the observed band positions and
intensities with reference spectra or theoretical predictions
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* Characteristic Raman bands (S-S stretching in disulfides, ~500 cm”-12) can serve as fingerprints for
specific functional groups or molecular structures

« Shifts in Raman band positions can indicate changes in the molecular structure, such as bond lengths,
angles, or intermolecular interactions

* Hydrogen bonding (O-H---O) can cause a shift in the O-H stretching frequency to lower wavenumbers

* Conjugation (C=C-C=C) can cause a shift in the C=C stretching frequency to lower wavenumbers

Group Theory for Vibrational Modes
Point Groups and Symmetry Species

* Group theory is a mathematical framework that describes the symmetry of molecules and their
vibrational modes

* Molecules are classified into point groups based on their symmetry elements, such as rotation axes,
mirror planes, and inversion centers

» Water (H20) belongs to the C2v point group, with a C2 rotation axis and two vertical mirror planes

* Ammonia (NH3) belongs to the C3v point group, with a C3 rotation axis and three vertical mirror
planes

» The character table for a point group provides information about the symmetry species (irreducible
representations) of the vibrational modes

» Symmetry species are labeled with symbols (A, B, E) that indicate their symmetry with respect to the
symmetry elements

* The subscripts (1, 2, g, u) provide additional information about the symmetry properties

Reducible Representation and Raman Activity

» The number of vibrational modes in each symmetry species can be determined using the reducible
representation, which is obtained from the character table and the symmetry operations of the molecule

* The reducible representation is a sum of the irreducible representations, weighted by their frequencies

» The number of vibrational modes in each symmetry species is given by the reduction formula, which
involves the characters of the reducible representation and the order of the point group

» The Raman activity of a vibrational mode depends on whether the symmetry species of the mode is
the same as one of the symmetry species of the polarizability tensor

+ In the C2v point group, vibrational modes with A1, A2, and B2 symmetry are Raman-active, while
those with B1 symmetry are Raman-inactive

* In the C3v point group, vibrational modes with A1 and E symmetry are Raman-active, while those with
A2 symmetry are Raman-inactive
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Raman vs Infrared Spectroscopy

Complementary Selection Rules

* Both infrared and Raman spectroscopy probe the vibrational energy levels of molecules, but they are
based on different selection rules and provide complementary information

* Infrared spectroscopy is sensitive to changes in the dipole moment during a vibration
* Raman spectroscopy is sensitive to changes in the polarizability

» Some vibrational modes may be active in both infrared and Raman spectroscopy, while others may be
active in only one or neither technique

* In centrosymmetric molecules (CO2), modes that are symmetric with respect to the center of
symmetry are Raman-active but IR-inactive, and vice versa

* In non-centrosymmetric molecules (H20), some modes may be active in both techniques, while others
may be active in only one

Strengths and Applications

« Infrared spectroscopy is particularly useful for identifying functional groups with strong dipole
moments, such as carbonyl groups or hydroxyl groups

» The C=0 stretching vibration in ketones (~1700 cm*-1%) is a strong IR band but a weak Raman band
* The O-H stretching vibration in alcohols (~3300 cm”*-14) is a strong IR band but a weak Raman band

* Raman spectroscopy is more sensitive to symmetric vibrations, such as C-C stretching modes in
carbon chains or breathing modes in ring structures

» The C-C stretching vibration in alkanes (~1000 cm”-14) is a strong Raman band but a weak IR band
* The breathing mode in benzene (~1000 cm”-1%) is a strong Raman band but IR-inactive

» The combination of infrared and Raman spectroscopy can provide a more complete picture of a
molecule's vibrational modes and structure than either technique alone

* In complex molecules (proteins), IR and Raman spectroscopy can provide complementary information
about the secondary structure and conformation

* In materials science (graphene), IR and Raman spectroscopy can probe different aspects of the
electronic and vibrational properties
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Unit 9 — Electronic Spectroscopy &
Franck-Condon

9.1 UV-visible spectroscopy and electronic transitions

Principles of UV-Vis Spectroscopy

UV-visible spectroscopy measures how molecules absorb ultraviolet and visible light (roughly 200-800

nm). When a molecule absorbs a photon in this range, an electron gets promoted from a lower-energy

orbital to a higher-energy one. The energy of the absorbed photon matches the gap between those two
states:

AE = hv

where h is Planck's constant and V is the photon's frequency. Because different electronic transitions
require different energies, the wavelengths a molecule absorbs act as a fingerprint of its electronic
structure.

Molecular Characterization and Quantitative Analysis

UV-Vis spectroscopy is widely used for both identification and measurement:

+ Electronic structure probing: The positions and shapes of absorption bands reveal information about
conjugation, functional groups, and orbital energy gaps.

- Quantitative analysis: The Beer-Lambert law, A = &fc, relates absorbance (A) to the molar extinction
coefficient (€), path length (£), and concentration (€). This makes UV-Vis a standard tool for
determining concentrations of absorbing species.

» Reaction monitoring: Changes in absorption over time can track molecular interactions, reaction
kinetics, and conformational changes.

Electronic Transitions in Molecules

Types of Electronic Transitions

Not all electronic transitions require the same energy. The four main types, ordered roughly from highest to
lowest energy:

<0 —- 0" : An electron in a bonding O orbital is promoted to the corresponding antibonding o~ orbital.
These transitions require high energy (short-wavelength UV, typically below 200 nm), so they're rarely
observed in standard UV-Vis instruments. Saturated hydrocarbons like ethane only show this type.

«n-0": A non-bonding (lone pair) electron on a heteroatom (O, N, S) is promoted to a g™ orbital.
These still require fairly high energy but fall in the accessible UV range (around 150-250 nm). Water
and simple alcohols show this transition.

«m- 1" : An electron from a bonding T orbital moves to an antibonding " orbital. These are common
in molecules with double bonds, conjugated systems, and aromatics. Extended conjugation pushes
Amax to longer wavelengths, which is why B-carotene absorbs visible light and appears orange.
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«n-m": Alone pair electron on a heteroatom is promoted into a i1~ orbital. These occur in carbonyl
compounds (C=0), azo groups (N=N), and similar systems. They tend to be weak absorptions because
they are symmetry-forbidden in many molecular geometries.

The key trend: transitions involving T systems generally absorb at longer wavelengths (lower energy) than
those involving only O bonds, and increasing conjugation shifts absorption further toward the visible region.

Charge-Transfer Transitions

Charge-transfer (CT) transitions involve moving an electron from a donor region to an acceptor region
within a molecule or complex. They produce large changes in dipole moment and typically give rise to very
intense absorption bands (high € values).

Two common examples:

« Metal-to-ligand charge transfer (MLCT): An electron moves from a metal d-orbital to a ligand i~
orbital. This is responsible for the deep colors of many transition metal complexes, such as the purple of
permanganate (MNO, ).

« Intermolecular charge transfer: Occurs in donor-acceptor complexes where one molecule donates
electron density to another. These often produce new absorption bands not present in either
component alone.

Analyzing UV-Vis Spectra

Interpreting Spectral Features

Three quantities carry the most information in a UV-Vis spectrum:

+ Amax (wavelength of maximum absorption): Tells you the energy of the most probable electronic
transition. A longer Amax means a smaller energy gap between ground and excited states.

* Molar extinction coefficient (€): Measures how strongly a molecule absorbs at a given wavelength.
High € values (on the order of 10 or higher) indicate allowed transitions; low values (below 10?)
suggest forbidden or weakly allowed transitions.

» Band shape and width: Broad absorption bands arise because each electronic transition is
accompanied by many simultaneous vibrational transitions (vibrational fine structure). The broader the
band, the greater the vibrational-electronic coupling. In gas-phase spectra, you can sometimes resolve
individual vibronic peaks; in solution, thermal motion and solvent interactions smear them into smooth
envelopes.

Solvent Effects and Multiple Chromophores

Multiple absorption bands in a spectrum can indicate either different types of electronic transitions within
one chromophore or the presence of several distinct chromophores in the molecule.

Solvent polarity also matters:

» Bathochromic (red) shift: Polar solvents can stabilize a polar excited state more than the ground state,
shrinking the energy gap and shifting Amax to longer wavelengths. This is common for T ="
transitions.

« Hypsochromic (blue) shift: For n = " transitions, polar solvents often stabilize the ground state
(which has the lone pair) more than the excited state, increasing the energy gap and shifting Amax to
shorter wavelengths.
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Tracking how Amax shifts with solvent polarity can help you identify which type of transition you're looking
at.

Selection Rules for Electronic Transitions

Selection rules determine which transitions are "allowed" (strong absorption) and which are "forbidden"
(weak or absent). Three main rules govern electronic transitions.

Spin and Laporte Selection Rules

Spin selection rule: The total spin quantum number must not change during the transition (AS = 0).
« Singlet = singlet: allowed
* Triplet = triplet: allowed
« Singlet = ftriplet: forbidden (and vice versa)

Singlet-to-triplet transitions can occur weakly through spin-orbit coupling, especially in molecules
containing heavy atoms, but they remain much less intense than spin-allowed transitions.

Laporte (parity) selection rule: In centrosymmetric molecules (those with an inversion center), transitions
must involve a change in parity. Transitions labeled 9 €* U are allowed, while 9 9 and U © U are
forbidden. This is why d-d transitions in octahedral metal complexes are characteristically weak.

Symmetry Selection Rule and Vibronic Coupling

The symmetry selection rule provides a more general framework: a transition is allowed only if the direct
product of the irreducible representations of the initial state, the transition dipole operator, and the final
state contains the totally symmetric representation. In practice, this means the transition dipole moment
integral must be non-zero.

The intensity of a transition is proportional to the square of the transition dipole moment. Larger transition
dipole moments produce stronger absorptions.

"Forbidden" transitions don't necessarily vanish entirely. Vibronic coupling mixes vibrational and electronic
wavefunctions, effectively breaking the strict symmetry of the molecule during a vibration. This relaxes the
selection rules and allows formally forbidden transitions to appear, though with reduced intensity.

Selection Rules in Practice

Selection rules directly explain patterns you'll see in real spectra:

+ Benzene at ~260 nm: The m—= " transition is symmetry-forbidden by the Laporte rule, but vibronic
coupling lets it appear as a weak, structured absorption band. The vibrational fine structure visible in
this band is a classic example of vibronic borrowing of intensity.

« B-Carotene at ~450 nm: The m— i~ transition is fully allowed (no symmetry restrictions, no spin
change), and the extended conjugation across 11 double bonds gives it a very large transition dipole
moment. The result is an extremely intense absorption (¢ > 10°) in the visible region, which is why
carrots are orange.

These examples illustrate a useful rule of thumb: if € is large ( > 103), the transition is likely allowed; if € is
small ( < 10?), suspect a forbidden transition gaining intensity through vibronic coupling or spin-orbit
effects.
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9.2 Franck-Condon principle and vibronic transitions

The Franck-Condon principle explains why electronic transitions happen faster than nuclear movements.
This causes vertical jumps on energy diagrams. It's key to understanding electronic spectra, showing
which transitions are more likely based on wavefunction overlap.

Vibronic transitions involve changes in both electronic and vibrational states. They create patterns in
spectra, with peak spacing revealing excited state vibrations. Intensity depends on Franck-Condon factors,
which measure wavefunction overlap between initial and final states.

Franck-Condon principle

Principle and timescales

» The Franck-Condon principle states that electronic transitions occur on a much faster timescale than
nuclear motions, resulting in vertical transitions on a potential energy diagram

» The principle assumes that the nuclei remain stationary during an electronic transition, and the
transition probability is proportional to the square of the overlap integral between the vibrational
wavefunctions of the initial and final states

« Electronic transitions typically occur on a timescale of 10*-15 to 10*-16 seconds, while nuclear
motions (vibrations and rotations) occur on a timescale of 10*-12 to 10*-14 seconds

Significance in electronic spectroscopy

* The Franck-Condon principle is crucial in understanding the shape and intensity distribution of
electronic spectra, as it determines which vibronic transitions are more likely to occur

+ According to the Franck-Condon principle, the most intense vibronic transitions occur when the
vibrational wavefunctions of the initial and final states have the greatest overlap

» The Franck-Condon principle helps explain the presence of vibrational fine structure in electronic
spectra and the relative intensities of different vibronic transitions (absorption and emission spectra)

Vibronic transitions in spectra

Concept and coupling

« Vibronic transitions are electronic transitions that are accompanied by simultaneous changes in the
vibrational state of the molecule

« In a vibronic transition, the molecule undergoes a change in both its electronic and vibrational energy
levels, resulting in the observation of vibrational fine structure in electronic spectra

» The coupling between electronic and vibrational motions leads to the formation of vibronic states,
which are characterized by a specific combination of electronic and vibrational quantum numbers

Spectral features

« Vibronic transitions give rise to progressions in electronic spectra, where a series of peaks
corresponding to different vibrational levels of the excited electronic state are observed

* The spacing between the vibronic peaks in a progression is related to the vibrational frequency of the
excited state, providing information about the molecular structure and bonding
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* The intensity of a vibronic transition depends on the Franck-Condon factors, which are determined by
the overlap of the vibrational wavefunctions of the initial and final states

Franck-Condon factors and intensity

Quantifying overlap

» The Franck-Condon factors quantify the overlap between the vibrational wavefunctions of the initial
and final states in a vibronic transition

* The intensity of a vibronic transition is proportional to the square of the Franck-Condon factor, with
larger overlaps resulting in more intense transitions

» The most intense vibronic transition occurs when the Franck-Condon factor is at its maximum,
corresponding to the greatest overlap between the vibrational wavefunctions

Intensity distribution and calculations

* The intensity distribution of vibronic transitions in an electronic spectrum can be understood by
considering the relative magnitudes of the Franck-Condon factors for different vibrational levels

* Transitions with small Franck-Condon factors, indicating poor overlap between the vibrational
wavefunctions, will result in weak or absent peaks in the electronic spectrum

» The Franck-Condon factors can be calculated using the vibrational wavefunctions obtained from
solving the Schrddinger equation for the molecular potential energy curves

Predicting vibronic transitions

Potential energy curves

* To predict the most probable vibronic transitions, one needs to consider the shape and relative
position of the potential energy curves for the ground and excited electronic states

» The most probable vibronic transitions occur when the vibrational wavefunctions of the initial and final
states have the greatest overlap, resulting in large Franck-Condon factors

+ In cases where the equilibrium bond lengths of the ground and excited states are similar, the most
probable transition is typically from the ground vibrational state of the initial electronic state to the
ground vibrational state of the final electronic state (0-0 transition)

Computational methods

* When the equilibrium bond lengths of the ground and excited states differ significantly, the most
probable transition may involve higher vibrational levels of the excited state, resulting in a vibrational
progression

» The Franck-Condon principle can be used to qualitatively predict the relative intensities of different
vibronic transitions based on the overlap of the vibrational wavefunctions

« Computational methods, such as the calculation of Franck-Condon factors using quantum chemistry
software (Gaussian, MOLPRO), can provide quantitative predictions of the most probable vibronic
transitions and their intensities
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9.3 Fluorescence and phosphorescence phenomena
Fluorescence and Phosphorescence

Mechanisms and Underlying Processes

Fluorescence and phosphorescence both involve a molecule absorbing a photon, reaching an excited
electronic state, and then emitting light as it returns toward the ground state. The critical difference lies in
which excited state the emission comes from.

In fluorescence, the molecule is excited to a singlet state (S1), and emission occurs directly from S1 back
to the ground state So. Because this is a spin-allowed transition (singlet - singlet), it happens fast, typically
within nanoseconds. The emitted photon has a longer wavelength (lower energy) than the absorbed
photon. This energy difference is called the Stokes shift, and it arises because the molecule undergoes
vibrational relaxation within S1 before emitting.

In phosphorescence, the molecule first reaches S1 but then undergoes intersystem crossing (ISC) into a
triplet excited state (T1). Emission then occurs from T1 back to So. This triplet - singlet transition is
spin-forbidden, which is why phosphorescence is much slower, with lifetimes ranging from milliseconds to
hours. The emitted light is also at an even longer wavelength than fluorescence, since T1 sits lower in
energy than S1.

The Jablonski diagram is the standard way to visualize all of these pathways: absorption, vibrational
relaxation, fluorescence, intersystem crossing, phosphorescence, and non-radiative decay. If you can
sketch and label a Jablonski diagram from memory, you're in good shape for this topic.

Quantum Yield and Efficiency
Quantum yield (®) measures how efficiently a molecule converts absorbed photons into emitted photons.

It's defined as the ratio of the radiative decay rate to the total decay rate:

o=_K

Kr + Knr

where K is the radiative rate and Knr is the sum of all non-radiative rates. A quantum yield of 1.0 means
every absorbed photon produces an emitted photon; real molecules are always lower because
non-radiative processes compete.

Non-radiative pathways that reduce quantum yield include:

« Internal conversion: radiationless transition between states of the same spin multiplicity (e.g., S1 = So

)

« Intersystem crossing: radiationless transition between states of different spin multiplicity (e.g., S1 = T1
). This reduces fluorescence yield but increases phosphorescence vyield.

« Vibrational relaxation: excess vibrational energy dissipated as heat to the surroundings
Structural and atomic factors play a big role:

* Rigid molecular structures (like polycyclic aromatic hydrocarbons) restrict bond rotations that would
otherwise dissipate energy non-radiatively, leading to higher quantum yields.

* Heavy atoms (bromine, iodine) enhance spin-orbit coupling, which increases the rate of intersystem
crossing. This tends to decrease fluorescence yield while increasing phosphorescence yield. This is
called the heavy atom effect.
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The Franck-Condon principle also matters here. Transitions are most probable when the vibrational
wavefunctions of the initial and final electronic states have the greatest overlap. Larger Franck-Condon
overlap integrals mean stronger absorption and emission bands, directly affecting the efficiency of radiative
transitions.

Fluorescence vs. Phosphorescence

Emission Lifetime and Wavelength

The most practical way to distinguish fluorescence from phosphorescence is by their timescales and
emission wavelengths:

« Fluorescence: emission lifetime on the order of 107° to 10~7 s (nanoseconds). The transition
5159 is spin-allowed, so it's fast.

« Phosphorescence: emission lifetime from 1073 s to hours. The transition T1 = So is spin-forbidden,
making it inherently slow.

Regarding wavelength:

* Fluorescence emission is red-shifted relative to absorption (the Stokes shift), because the molecule
relaxes to the lowest vibrational level of S1 before emitting.

+ Phosphorescence emission is red-shifted even further, because T1 is lower in energy than 51. So the
order, from shortest to longest wavelength, is: absorption < fluorescence < phosphorescence.

Environmental Sensitivity

Fluorescence is generally more sensitive to the local environment than phosphorescence:

* pH changes can alter the protonation state of a fluorophore, shifting its absorption and emission.
Fluorescein, for example, changes brightness dramatically between pH 5 and pH 9.

« Solvent polarity affects the energy gap between ground and excited states, causing emission
wavelength shifts. This phenomenon is called solvatochromism.

* Quenchers like molecular oxygen or heavy metal ions can deactivate excited singlet states through
collisional or static quenching, reducing fluorescence intensity.

You might expect the long-lived triplet state in phosphorescence to be more vulnerable to quenching (since
the molecule sits in the excited state longer, giving it more time to encounter quenchers). And indeed,
phosphorescence is extremely sensitive to oxygen quenching. The statement that phosphorescence is
"less affected by environmental factors" applies mainly to solvent polarity and pH effects on the emission
spectrum itself, not to quenching. In practice, phosphorescence measurements often require
deoxygenated conditions or rigid matrices precisely because the triplet state is so easily quenched by O>.

Factors Affecting Fluorescence and Phosphorescence

Temperature and Viscosity Effects
Temperature and viscosity influence the competition between radiative and non-radiative decay.
Higher temperatures generally decrease emission efficiency because:

* Increased thermal energy promotes vibrational relaxation and internal conversion, providing more
non-radiative pathways.
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* Collisional quenching rates increase as molecular motion speeds up.
The temperature dependence of the non-radiative decay rate follows an Arrhenius-type relationship:

ke = Aexp (35)

where A is the pre-exponential factor, Ea is the activation energy for the non-radiative process, R is the gas
constant, and T is the temperature. As T increases, Knr increases, and quantum yield drops.

Higher viscosity has the opposite effect: it increases emission efficiency. In a viscous medium, molecular
rotations and conformational changes are restricted, shutting down non-radiative relaxation pathways. The
Forster-Hoffmann equation captures this relationship:

Q= Cf’)x

where ®; is the fluorescence quantum yield, /7 is the solvent viscosity, and C and X are empirical
constants. This is the basis for "molecular rotor" fluorescent probes that report on local viscosity in
biological membranes.

Quenching and Energy Transfer

Quenching reduces emission intensity, and it comes in two main forms:

» Collisional (dynamic) quenching: the excited molecule encounters a quencher (e.g., O2) and transfers
its energy non-radiatively during a collision. The molecule returns to the ground state without emitting.
This type of quenching is described by the Stern-Volmer equation: ’70 =1+ Ksy[Q], where lo and I are
the fluorescence intensities without and with quencher, Ksy is the Stern-Volmer constant, and [Qlis
the quencher concentration.

« Static quenching: the fluorophore forms a non-fluorescent ground-state complex with the quencher,
reducing the number of molecules available to fluoresce in the first place.

Two important energy transfer mechanisms also affect luminescence:

« Forster resonance energy transfer (FRET): a non-radiative, through-space transfer of energy from a
donor to an acceptor via dipole-dipole coupling. FRET efficiency depends strongly on distance ( « 1/r®
), making it a powerful "spectroscopic ruler" for measuring distances in the 1-10 nm range. A classic
application is studying protein-protein interactions using fluorescent protein pairs.

« Dexter energy transfer: involves direct exchange of electrons between donor and acceptor, requiring
orbital overlap. It operates over shorter distances than FRET (typically < 1 nm) and is important in
processes like triplet-triplet annihilation in OLEDs.

Applications of Fluorescence and Phosphorescence

Spectroscopy and Imaging Techniques

Fluorescence spectroscopy is one of the most widely used tools in molecular and biological research:

* FRET measurements reveal distances between two labeled sites on a biomolecule, providing
information about conformations and binding events (e.g., monitoring protein-protein interactions in live
cells).

« Time-resolved fluorescence spectroscopy tracks how fluorescence intensity decays after a short
excitation pulse, revealing dynamics on picosecond to nanosecond timescales (e.g., protein folding
kinetics).
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Phosphorescence spectroscopy probes triplet-state properties and ISC mechanisms. Time-resolved
phosphorescence is particularly useful for studying photosensitizers used in photodynamic therapy, where
triplet-state lifetimes and energies determine therapeutic efficacy.

Imaging techniques that rely on luminescence include:

* Fluorescence microscopy: uses fluorescent labels to visualize specific structures (e.g., GFP-tagged
proteins in living cells)

 Confocal microscopy: uses a pinhole aperture to reject out-of-focus light, producing sharp optical
sections (useful for single-molecule tracking)

» Two-photon microscopy: excites fluorophores by simultaneous absorption of two lower-energy
photons, enabling deeper tissue penetration with less photodamage (e.g., imaging neurons in intact
brain tissue)

Sensors and Probes

Fluorescent sensors are designed so that binding a target analyte changes the probe's emission
properties:

+ Calcium indicators like Fura-2 and Fluo-4 change fluorescence intensity or excitation wavelength in
response to Ca®* concentration, enabling real-time monitoring of neuronal activity.

* pH-sensitive dyes like BCECF and SNAREF shift their emission with proton concentration, useful for
mapping intracellular pH during metabolic processes.

Phosphorescent probes based on transition metal complexes offer distinct advantages, especially their
long emission lifetimes and oxygen sensitivity:

* Ruthenium(ll) and iridium(lll) complexes are widely used as oxygen sensors. Their phosphorescence
is efficiently quenched by O2, so emission intensity reports directly on local oxygen concentration in
biological samples.

+ Lanthanide complexes (europium(lll), terbium(lll) chelates) have very long-lived, narrow emission
bands. These properties make them ideal for time-resolved fluorescence immunoassays, where a time
delay after excitation eliminates short-lived background fluorescence, improving sensitivity for detecting
biomarkers and pathogens.

Materials and Devices

Phosphorescent and fluorescent materials are central to several technologies:

* OLEDs: Iridium(lll) and platinum(ll) complexes serve as phosphorescent dopants. Because
phosphorescent emitters can harvest both singlet and triplet excitons (which form in a 1:3 ratio during
electrical excitation), they can theoretically reach 100% internal quantum efficiency, compared to only
25% for fluorescent-only emitters. This makes them essential for efficient displays and lighting.

* Persistent phosphors exhibit afterglow lasting minutes to hours after excitation stops. They find use in
bioimaging and theranostics, such as in vivo cell tracking and drug delivery monitoring, where the long
emission avoids the need for continuous excitation.

* Fluorescent solar concentrators use organic dyes (perylene diimides, BODIPY derivatives) to absorb
sunlight and re-emit it at longer wavelengths, guiding light to solar cells at the edges of a panel.

» Quantum dots are semiconductor nanocrystals whose fluorescence wavelength depends on particle
size due to quantum confinement. They're used in display technologies and as bright, photostable
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labels for multiplexed biological imaging.
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Unit 10 — Intermolecular Forces & Energy
Surfaces

10.1 Types of intermolecular forces
Intermolecular Forces: Types and Strengths

The Main Types of Intermolecular Forces

Three categories of intermolecular forces govern how molecules attract one another: London dispersion
forces, dipole-dipole interactions, and hydrogen bonding. Each arises from a different physical origin, but
all are electrostatic in nature.

London dispersion forces (also called induced dipole—induced dipole interactions) are present between all
molecules, including nonpolar ones. They arise from temporary fluctuations in electron density that create
instantaneous dipoles; these fleeting dipoles then induce dipoles in neighboring molecules, producing a net
attraction (e.g., Ar, CHa, N2).

Dipole-dipole interactions occur between polar molecules. The partially positive end (6 ™) of one molecule
is attracted to the partially negative end (6 ™) of another (e.g., HCI, 503).

Hydrogen bonding is a particularly strong subset of dipole-dipole interaction. It occurs when a hydrogen
atom bonded to a highly electronegative atom (N, O, or F) interacts with a lone pair on another N, O, or F
atom. The small radius of hydrogen allows an unusually close approach, making the interaction stronger
and more directional than a typical dipole-dipole force (e.g., H20, NH3 HF).

Relative Strengths of Intermolecular Forces

As a rough ranking from weakest to strongest:

London dispersion < dipole-dipole < hydrogen bonding

This ranking holds for molecules of comparable size, but there are important nuances:

London dispersion forces scale with polarizability. Larger molecules with more electrons have a more
easily distorted electron cloud, so their dispersion forces can be substantial. For instance, |2 (a nonpolar
molecule) is a solid at room temperature because its large electron cloud produces strong dispersion
forces, while Clz is a gas.

Dipole-dipole strength depends on dipole moment magnitude. Molecules with larger permanent dipole
moments experience stronger attractions. HF (4 = 1.83 D) has a larger dipole moment than HCI (
H =1.08 D), contributing to stronger dipole-dipole interactions.
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Hydrogen bonds are typically the strongest of the three because the high electronegativity of N, O, or F
concentrates charge on the hydrogen, and hydrogen's lack of inner-shell electrons leaves it partially
unshielded. This combination produces interactions roughly 5-30 kJ/mol in strength, compared to
~0.05-40 kJ/mol for dispersion forces (range depends heavily on molecular size) and ~5-25 kJ/mol for
ordinary dipole-dipole forces.

Be careful with the ranking. In large nonpolar molecules, London dispersion forces can actually exceed the
hydrogen bonding in small molecules. Pentane (CsH12, bp 36 °C) boils higher than formaldehyde (CH20,
bp —19 °C) even though formaldehyde is polar. Size matters.

Origin and Nature of Intermolecular Forces

Dipole-Dipole Interactions

Polar molecules have a permanent dipole moment because bonded atoms differ in electronegativity,
pulling electron density unevenly across the bond. In HCI, chlorine's higher electronegativity draws
electron density toward itself, giving the molecule a permanent 5 * (H end) and 6 ~ (Cl end).

When two polar molecules approach each other, they orient so that opposite partial charges face one

. . . 1 ) . . 1
another. The interaction energy between two dipoles falls off as 75 for fixed orientations, or as 7 when
thermal averaging is included (the Keesom interaction). This steep distance dependence means
dipole-dipole forces are most significant when molecules are close together in the liquid or solid phase.

Comparing HCI (4 =1.08 D bp -85 °C) with HBr (4 = 0.82 D, bp -67 °C) illustrates a subtlety: HBr
actually boils higher despite its smaller dipole moment, because its larger electron cloud produces stronger
London dispersion forces that more than compensate. This is a good reminder that you can't look at one
type of force in isolation.

London Dispersion Forces

At any instant, the electrons in a molecule may be distributed asymmetrically, creating a transient dipole.
This instantaneous dipole induces a complementary dipole in a neighboring molecule, and the two attract
each other. Averaged over time, the net effect is always attractive.

Key factors controlling dispersion force strength:

* Number of electrons / molar mass. More electrons means a larger, more easily distorted electron
cloud. |2 (254 g/mol, solid at 25 °C) vs. F2 (38 g/mol, gas at 25 °C) is a dramatic example.

* Molecular shape. Elongated molecules have more surface area for contact than compact, spherical
ones. n-Pentane (bp 36 °C) boils higher than neopentane (bp 9.5 °C) even though they share the same
molecular formula (CsH12).

Dispersion forces are the only intermolecular force available to nonpolar species like noble gases (He, Ne,
Ar) and homonuclear diatomics (N2, O2). They are also present in polar molecules, layered on top of
dipole-dipole and hydrogen-bonding contributions.

Hydrogen Bonding

Hydrogen bonding requires a specific arrangement: a hydrogen atom covalently bonded to N, O, or F (the
donor) interacting with a lone pair on another N, O, or F atom (the acceptor).

Why is this interaction so much stronger than an ordinary dipole-dipole force?

1. N, O, and F are among the most electronegative elements, so the X-H bond is highly polar.
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2. Hydrogen has no inner-shell electrons. Once its bonding electrons are pulled toward the
electronegative atom, the remaining positive charge is barely shielded, allowing an unusually close
approach to the acceptor's lone pair.

3. The interaction is strongly directional, typically forming along the axis of the lone pair, which gives it
partial covalent character.

Water is the classic example. Each H2O molecule can donate two hydrogen bonds (one per H) and accept
two (one per lone pair), creating an extensive three-dimensional network. This network explains water's
anomalously high boiling point (100 °C) compared to H2S (-60 °C), which cannot hydrogen bond despite
being heavier.

Hydrogen bonding also underpins DNA base pairing: guanine—cytosine pairs form three hydrogen bonds,
while adenine-thymine pairs form two, making G-C pairs more thermally stable.

Intermolecular Forces: Impact on Properties

Physical Properties

Intermolecular forces directly determine melting point, boiling point, vapor pressure, viscosity, and surface
tension. The logic is straightforward: stronger attractions between molecules mean you need more energy
to pull them apart.

+ Boiling and melting points increase with stronger intermolecular forces. Water (H20, bp 100 °C) boils
far higher than methane (CH4, bp =161 °C) despite its lower molar mass, because water has extensive
hydrogen bonding while methane relies solely on weak dispersion forces.

* Vapor pressure decreases as intermolecular forces strengthen, because fewer molecules have
enough Kinetic energy to escape into the gas phase.

» Viscosity and surface tension both increase with stronger intermolecular forces. Glycerol (C3HgQO3),
which can form up to three hydrogen bonds per molecule, is far more viscous than ethanol (C2HsOH),
which can form only one donor hydrogen bond.

Solubility and Miscibility

The guiding principle is "like dissolves like": substances with similar intermolecular forces tend to be
mutually soluble.

« Polar solutes in polar solvents. NaCl dissolves readily in water because strong ion-dipole interactions
between Na * /Cl = and H20 replace the lattice energy of the crystal. In nonpolar hexane (CeH14), no
comparable interactions exist, so NaCl is essentially insoluble.

» Nonpolar solutes in nonpolar solvents. Hexane and benzene are miscible because both interact
primarily through dispersion forces of similar magnitude.

« Miscibility of liquids follows the same logic. Ethanol and water are fully miscible because ethanol's OH
group hydrogen bonds with water. Qil (long nonpolar hydrocarbon chains) and water are immiscible
because the strong hydrogen-bond network of water would have to be disrupted without adequate
replacement interactions.

Biological Systems

Intermolecular forces are central to the structure and function of biological macromolecules.
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- Protein secondary structure. The @-helix is stabilized by hydrogen bonds between the C=0 of one
amino acid and the N-H four residues later along the chain. B-sheets are held together by hydrogen
bonds between adjacent strands.

* DNA double helix. Complementary base pairing relies on hydrogen bonds (G-C: 3 bonds, A-T: 2
bonds), providing both stability and specificity for genetic information storage.

+ The hydrophobic effect. When nonpolar molecules are introduced into water, they disrupt the
hydrogen-bond network. Water molecules reorganize around the nonpolar surface, losing entropy. To
minimize this disruption, nonpolar groups aggregate together. This drives protein folding (burying
hydrophobic residues in the interior), micelle formation by surfactants, and the assembly of lipid bilayers
in cell membranes.

Intermolecular Forces: Prediction and Interpretation

Predicting Relative Strengths

To predict which substance has stronger intermolecular forces, work through these steps:

1. Identify the types of forces present. Can the molecule hydrogen bond (H bonded to N, O, or F)? Is it
polar (dipole-dipole)? All molecules have London dispersion forces.

2. Compare hydrogen-bonding capability. If one molecule can hydrogen bond and the other cannot, the
hydrogen-bonding molecule usually has stronger overall intermolecular forces (assuming similar size).

3. Compare polarity. Among non-hydrogen-bonding molecules, a larger dipole moment generally
means stronger dipole-dipole interactions.

4. Compare size and polarizability. For molecules with similar polarity, the larger molecule will have
stronger dispersion forces.

Example: Ethanol (CH3CH20H) vs. ethane (CH3CH3). Ethanol can form hydrogen bonds; ethane cannot.
Despite similar molar masses (~46 vs. 30 g/mol), ethanol boils at 78 °C while ethane boils at -89 °C.

Explaining Differences in Physical Properties

Once you've identified the dominant intermolecular forces, you can explain property differences
quantitatively.

+ Water (H20, 18 g/mol, bp 100 °C) vs. methane (CH4, 16 g/mol, bp =161 °C): nearly the same molar
mass, but a 261 °C difference in boiling point. Water's extensive hydrogen-bond network requires far
more energy to disrupt.

« Ethanol vs. glycerol: glycerol has three OH groups and can form a denser hydrogen-bond network,
resulting in much higher viscosity (about 1,500 mPa-s vs. 1.1 mPa-s at 20 °C).

Predicting Solubility and Miscibility
Apply the "like dissolves like" principle systematically:
1. Determine the dominant intermolecular forces in the solute.

2. Determine the dominant intermolecular forces in the solvent.

3. If they match (both polar, both nonpolar, or both capable of hydrogen bonding), predict good
solubility. If they differ significantly, predict poor solubility.
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Example: Will caffeine dissolve better in water or in dichloromethane (CH2Cl>)? Caffeine is a moderately
polar molecule with hydrogen-bond acceptor sites. Dichloromethane is polar enough to interact with
caffeine's polar groups, and caffeine's aromatic rings also interact favorably with the organic solvent. In
practice, caffeine is more soluble in dichloromethane than in water, which is why CHCl; is used to extract
caffeine from aqueous coffee solutions.

Interpreting Behavior of Mixtures and Solutions

Real-world phenomena often involve a competition between different intermolecular forces.

* Micelle formation. Surfactant molecules have a polar head and a nonpolar tail. In water, the tails
cluster inward to avoid disrupting water's hydrogen-bond network, while the polar heads face outward
and interact with water. The result is a spherical micelle, driven by the hydrophobic effect.

« Liquid-liquid extraction. Separating a polar compound from a nonpolar one works because each
preferentially dissolves in the solvent whose intermolecular forces match its own. Shaking a mixture of
caffeine (polar) and oils (nonpolar) with water and dichloromethane partitions the components into
different layers based on their intermolecular interactions.

10.2 Potential energy surfaces and molecular interactions

Potential energy surfaces are the backbone of molecular interactions, showing how atoms and molecules
behave. They map out energy changes as molecules move, bond, and react. Understanding these
surfaces is key to grasping how molecules interact and transform.

This topic dives into how potential energy surfaces work and what they reveal about molecular behavior.
We'll explore stability, transition states, and how different forces shape these surfaces. This knowledge is
crucial for predicting and explaining molecular interactions.

Potential energy surfaces for molecular interactions

Multidimensional representation of potential energy

* Potential energy surfaces (PES) are multidimensional representations of the potential energy of a
molecular system as a function of its atomic coordinates or molecular geometry

» The potential energy is plotted against the relevant degrees of freedom, such as bond lengths, bond
angles, or torsional angles

* PES can be visualized as a landscape with hills, valleys, and saddle points, representing different
molecular configurations and their relative energies

» The dimensionality of the PES depends on the number of degrees of freedom considered, ranging
from simple diatomic molecules to complex biomolecular systems

Framework for understanding molecular interactions

* PES provide a framework for understanding the energetic landscape of molecular interactions,
including stable configurations, transition states, and reaction pathways

« Stable configurations correspond to minima on the PES, representing low-energy molecular
geometries (equilibrium structures)

* Transition states are represented by saddle points on the PES, which are high-energy configurations
that connect different minima and govern the kinetics of molecular transformations (rate-limiting steps)
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* Reaction pathways are described by the connectivity of minima and saddle points on the PES,
indicating the sequence of molecular rearrangements during a chemical reaction or conformational
change

Interplay of intramolecular and intermolecular forces

* The shape of the PES is determined by the interplay of various intramolecular and intermolecular
forces, such as covalent bonding, van der Waals interactions, electrostatic interactions, and hydrogen
bonding

» Covalent bonding, characterized by the sharing of electrons between atoms, generates deep and
narrow potential energy wells, resulting in stable and rigid molecular structures (carbon-carbon bonds in
organic molecules)

 Van der Waals interactions, arising from induced dipole-induced dipole forces, contribute to shallow
and broad potential energy wells, resulting in weakly bound molecular complexes (noble gas dimers)

* Electrostatic interactions, such as dipole-dipole or ion-dipole interactions, create deeper and more
directional potential energy wells, leading to stronger and more specific molecular recognition
(protein-ligand binding)

» Hydrogen bonding, a specific type of electrostatic interaction involving hydrogen atoms bonded to
electronegative elements, results in highly directional and relatively strong potential energy wells,
stabilizing molecular assemblies (DNA base pairing)

Topography and its influence on molecular behavior

 The topography of the PES, including the presence of multiple minima, saddle points, and barriers,
governs the dynamics and reactivity of molecular systems

» Multiple minima on the PES indicate the existence of different stable configurations or conformers of a
molecular system, which may interconvert through conformational changes or isomerization processes
(chair and boat conformations of cyclohexane)

» The energy barriers between minima determine the kinetics of molecular transformations, with higher
barriers leading to slower rates and increased stability of specific structures

* The curvature of the PES around a minimum reflects the vibrational frequencies and the stiffness of
the molecular system in different degrees of freedom, influencing its spectroscopic properties and
thermal behavior

Interpreting potential energy surfaces

Stability and metastability of molecular configurations

* The global minimum on a PES represents the most stable configuration of a molecular system,
corresponding to the ground state or equilibrium geometry

+ Local minima on the PES indicate metastable configurations, which may be accessible through
conformational changes or isomerization processes

» The depth of a potential energy well relative to the surrounding energy landscape determines the
stability of a particular molecular configuration

» Deeper wells correspond to more stable configurations, requiring more energy to overcome the
barriers and escape the well (cis and trans isomers of azobenzene)
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+ Shallower wells represent less stable configurations, which can more easily interconvert or undergo
conformational changes (rotamers of butane)

Transition states and reaction kinetics

* Transition states, represented by saddle points on the PES, are high-energy configurations that
connect different minima and govern the kinetics of molecular transformations

» The energy barrier between a minimum and a saddle point determines the activation energy required
for a molecular system to undergo a conformational change or chemical reaction

* Higher energy barriers lead to slower reaction rates, as the system needs to accumulate sufficient
energy to overcome the barrier (high-temperature reactions)

* Lower energy barriers facilitate faster reaction rates, allowing the system to readily interconvert
between different configurations (low-temperature reactions)

* The relative heights of energy barriers along different reaction pathways determine the preferred
mechanism and the selectivity of chemical reactions (SN1 vs SN2 reactions)

Vibrational frequencies and molecular flexibility

* The curvature of the PES around a minimum reflects the vibrational frequencies and the stiffness of
the molecular system in different degrees of freedom

« Steeper curvatures indicate higher force constants and higher vibrational frequencies, corresponding
to stiffer and less flexible molecular motions (C-H stretching vibrations)

« Shallower curvatures indicate lower force constants and lower vibrational frequencies, corresponding
to softer and more flexible molecular motions (torsional vibrations)

* The vibrational frequencies and the associated normal modes provide insights into the spectroscopic
properties and the thermal behavior of molecular systems (infrared and Raman spectroscopy)

Potential energy surfaces and intermolecular forces

Strength and directionality of intermolecular forces

» The depth and shape of the potential energy wells on a PES are determined by the strength and
directionality of the underlying intermolecular forces

« Stronger intermolecular forces, such as hydrogen bonding or electrostatic interactions, result in
deeper potential energy wells and more stable molecular complexes (water clusters)

» Weaker intermolecular forces, such as van der Waals interactions, give rise to shallower potential
energy wells and less stable molecular associations (noble gas clusters)

« Directional intermolecular forces, such as hydrogen bonding or dipole-dipole interactions, create
anisotropic potential energy surfaces with preferred orientations for molecular recognition and binding
(enzyme-substrate complexes)

» Non-directional intermolecular forces, such as dispersion forces, result in more isotropic potential
energy surfaces with less specific molecular arrangements (liquid noble gases)
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Lennard-Jones potential and nonbonded interactions

* The interplay between attractive and repulsive forces, as described by the Lennard-Jones potential,
gives rise to the characteristic shape of the PES for nonbonded interactions

* The Lennard-Jones potential combines a short-range repulsive term (r*-12) and a long-range
attractive term (r*-6), where r is the distance between the interacting particles

* The repulsive term dominates at short distances, preventing the overlap of electron clouds and
maintaining the spatial separation of molecules (steric repulsion)

* The attractive term dominates at longer distances, accounting for the dispersive and induced
dipole-induced dipole interactions (van der Waals forces)

» The balance between the repulsive and attractive terms determines the equilibrium distance and the
depth of the potential energy well for nonbonded interactions (intermolecular distances in liquids and
solids)

Hydrogen bonding and molecular assemblies

» Hydrogen bonding, a specific type of electrostatic interaction involving hydrogen atoms bonded to
electronegative elements (O, N, F), results in highly directional and relatively strong potential energy
wells, stabilizing molecular assemblies

* Hydrogen bonds form when a hydrogen atom bonded to an electronegative donor atom interacts with
a lone pair of electrons on an electronegative acceptor atom

* The directionality of hydrogen bonds arises from the localized nature of the electron density and the
preferential alignment of the donor-hydrogen-acceptor angle (180° in linear hydrogen bonds)

» Hydrogen bonding plays a crucial role in the self-assembly and stability of many biological and
supramolecular structures, such as DNA double helix, protein secondary structures, and host-guest
complexes (base pairing in DNA, a-helices in proteins, crown ether-cation complexes)

* The strength and cooperativity of hydrogen bonds contribute to the unique properties of
hydrogen-bonded systems, such as high boiling points, high viscosity, and enhanced solubility of polar
compounds in polar solvents (water, alcohols)

Potential energy surfaces and molecular properties

Molecular structure and conformational equilibria

* The global minimum on the PES dictates the most stable molecular structure, which often
corresponds to the experimentally observed geometry

* The relative energies and populations of different minima on the PES determine the equilibrium
distribution of conformers or isomers in a molecular system

» Conformers are interconvertible molecular structures that differ in the rotation around single bonds,
while isomers are distinct molecular species with the same atomic composition but different bonding
arrangements or spatial orientations

» The Boltzmann distribution relates the relative populations of different conformers or isomers to their
energy differences, with lower energy structures being more populated at equilibrium (axial and
equatorial conformers of substituted cyclohexanes)
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* The energy barriers between conformers determine the rate of interconversion and the timescale of
conformational dynamics, which can be probed by spectroscopic techniques such as NMR or
time-resolved spectroscopy (ring-flipping in substituted cyclopentanes)

Reactivity and reaction mechanisms

* The energy barriers between minima on the PES govern the kinetics of conformational changes,
isomerization reactions, and chemical transformations

* Lower energy barriers facilitate rapid interconversion between different molecular configurations, while
higher barriers result in slower dynamics and increased stability of specific structures

» The shape and symmetry of the PES influence the reactivity of molecular systems, with low-energy
pathways and transition states favoring specific reaction mechanisms

» The Hammond postulate states that the structure of a transition state resembles the structure of the
nearest stable species on the reaction coordinate, either the reactants or the products, depending on
the exothermicity or endothermicity of the reaction

» The Curtin-Hammett principle asserts that the product distribution of a reaction is determined by the
relative energies of the transition states leading to different products, rather than the relative energies of
the reactants or intermediates (kinetic vs thermodynamic control)

Macromolecular folding and self-assembly

* The topology of the PES, including the presence of funnels, basins, and ridges, affects the folding and
self-assembly of macromolecules, such as proteins and nucleic acids

* Protein folding involves the navigation of a complex and high-dimensional PES, with the native state
corresponding to the global minimum or a deep local minimum (folding funnel hypothesis)

» The smoothness and steepness of the folding funnel determine the efficiency and cooperativity of the
folding process, with a smooth and steep funnel facilitating rapid and robust folding (two-state folding)

» Rougher and shallower folding funnels, characterized by the presence of kinetic traps and barriers,
lead to slower and more complex folding mechanisms, often involving intermediate states (multi-state
folding)

* The self-assembly of supramolecular structures, such as molecular crystals or nanostructures, is
governed by the interplay of intermolecular forces and the topology of the PES, with the most stable
assembly corresponding to the global minimum (crystal engineering)

Spectroscopic signatures and molecular properties

» The properties of molecular systems, such as spectroscopic signatures, binding affinities, and
transport phenomena, are intimately linked to the features of the underlying PES

« Vibrational spectra (infrared and Raman) reflect the curvature of the PES around energy minima, with
the vibrational frequencies and intensities determined by the force constants and the change in dipole
moment or polarizability along the normal modes

« Electronic spectra (UV-Vis) probe the energy differences and transition probabilities between
electronic states, which are represented by different PES corresponding to the ground and excited
states of the molecule
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* Binding affinities and molecular recognition events are determined by the depth and shape of the
potential energy wells associated with the formation of molecular complexes, with stronger binding
corresponding to deeper and more specific wells (drug-receptor interactions)

* Transport properties, such as diffusion coefficients and ionic conductivities, are influenced by the
energy barriers and pathways on the PES, with lower barriers enabling faster transport and higher
mobilities (ion conduction in solid electrolytes)

10.3 Computational methods for molecular modeling
Computational Methods in Molecular Modeling

Principles and Applications

Computational molecular modeling uses mathematical algorithms and computer simulations to study how
molecules behave, interact, and react. These methods let you probe molecular systems at the atomic level,
revealing details that experiments alone often can't capture.

The core workflow behind any computational modeling approach involves a few key principles:

» Representing molecular structures in a form a computer can manipulate (coordinates, topologies,
electron densities)

+ Calculating energies and forces acting on atoms or electrons within the system
» Sampling conformational space to explore the range of geometries a molecule can adopt
« Simulating dynamics to track how a system evolves over time

These methods show up across a wide range of fields. In drug discovery, they're used for rational drug
design and virtual screening of compound libraries. In materials science, they guide polymer design and
catalyst optimization. Biochemistry relies on them to study protein folding and enzyme mechanisms, while
nanotechnology uses them to model self-assembly and molecular machines.

Computational approaches are especially valuable when they work alongside experiments. They generate
testable hypotheses, help interpret experimental observations at the molecular level, and narrow down
which candidates are worth synthesizing or testing in the lab.

Advantages and Complementary Role

Computational methods fill gaps that experiments can't easily reach:

» They can model short-lived intermediates and transition states that exist for femtoseconds or less, far
too brief for most experimental techniques to capture directly.

* They let you simulate extreme conditions (very high pressures or temperatures) without the practical
challenges of creating those conditions in a lab.

» They provide atomistic-level insight into structure-property relationships, showing why a molecule
behaves a certain way rather than just that it does.

+ High-throughput virtual screening can evaluate thousands or millions of candidate molecules
computationally, drastically reducing the number of expensive experiments needed.

The complementary relationship works both ways. Computations predict binding affinities or reaction
barriers, and experiments validate (or refute) those predictions. Experimental crystal structures or spectra,
in turn, serve as benchmarks for calibrating computational models.
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Computational Approaches for Molecular Systems

Molecular Mechanics (MM) Methods

Molecular mechanics treats atoms as classical particles: spheres connected by springs that represent
chemical bonds. There's no explicit treatment of electrons. Instead, the energy of the system is calculated
using an empirical force field, a set of mathematical functions and fitted parameters that describe how
energy changes with bond stretching, angle bending, torsional rotation, and non-bonded interactions (van
der Waals and electrostatics).

Common force fields include AMBER (widely used for biomolecules), CHARMM (proteins, nucleic acids,
lipids), and GROMOS (condensed-phase simulations).

The big advantage of MM is speed. Because you're solving classical equations rather than quantum ones,
you can simulate large systems (entire proteins, polymer melts, nanomaterials) over relatively long
timescales. The tradeoff is that MM cannot describe electronic properties or chemical reactions, since
electrons aren't explicitly modeled. Bond breaking and formation, charge transfer, and excited states are all
outside its scope.

Quantum Mechanical (QM) Methods

Quantum mechanical methods solve (or approximate) the Schrdédinger equation to describe the electronic
structure of a molecule. This gives you access to properties like orbital energies, electron densities, and
reaction mechanisms, but at a much higher computational cost.

Ab initio methods build up the solution from first principles with no empirical fitting:

» The Hartree-Fock (HF) method approximates the many-electron wavefunction as a single
determinant, which means it neglects electron correlation (the instantaneous interactions between
electrons beyond their average repulsion). This makes HF fast but often insufficiently accurate for
energy differences.

* Coupled cluster (CC) methods systematically include electron correlation and can be very accurate
(CCSD(T) is sometimes called the "gold standard" of quantum chemistry), but they scale steeply with
system size, roughly as N7 for CCSD(T), where N is a measure of system size. This limits them to
small molecules.

Semiempirical methods (AM1, PM3) simplify the quantum calculation by neglecting certain
electron-electron integrals and replacing them with empirical parameters. They're much faster than ab initio
methods and work reasonably well for organic molecules, but their accuracy is limited and less transferable
to systems outside their parameterization set.

Density functional theory (DFT) takes a different approach: instead of computing the full many-electron
wavefunction, it uses the electron density P(r) as the fundamental variable. The exact
exchange-correlation functional is unknown, so practical DFT relies on approximate functionals like B3LYP
(a hybrid functional popular for organic molecules) and M06 (designed for broader chemistry including
transition metals and non-covalent interactions). DFT hits a useful sweet spot between accuracy and cost,
making it the workhorse method for medium-sized molecular systems (tens to a few hundred atoms).

Hybrid and Multiscale Methods

Many real problems involve a large system where only a small region needs quantum-level detail. QM/MM
methods handle this by partitioning the system:
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1. Define a QM region around the chemically interesting part (e.g., an enzyme active site or a reaction
center). This region is treated with DFT or another QM method.

2. Surround it with an MM region that captures the broader environment (the rest of the protein, solvent
molecules) using a classical force field.

3. Couple the two regions so that the QM part feels the electrostatic influence of the MM environment,
and vice versa.

This approach lets you study bond-breaking events in a realistic molecular environment without the
impossible cost of treating the entire system quantum mechanically.

Coarse-grained (CG) methods go in the opposite direction from QM: they simplify the representation by
grouping multiple atoms into single interaction sites. The Martini force field, for example, maps roughly four
heavy atoms to one CG bead and is widely used for lipid membranes and protein-membrane interactions.
Dissipative particle dynamics (DPD) is another CG framework common in soft matter and polymer
simulations. CG methods sacrifice atomistic detail but can access much larger length scales (hundreds of
nanometers) and longer timescales (microseconds to milliseconds).

Applications of Computational Methods

Structure Prediction and Optimization

Geometry optimization finds the arrangement of atoms that minimizes the system's energy, giving you the
predicted equilibrium structure. The general process:

1. Start with an initial guess for the molecular geometry (from experiment, chemical intuition, or a
builder tool).

2. Calculate the energy and the gradient (the forces on each atom) at that geometry.

3. Move the atoms in the direction that lowers the energy, using an algorithm like steepest descent
(simple but slow near the minimum) or conjugate gradient (faster convergence).

4. Repeat until the forces drop below a convergence threshold.

These local optimization methods find the nearest energy minimum, which may not be the global minimum.
For flexible molecules with many possible conformations, global optimization techniques like genetic
algorithms or simulated annealing are used to search more broadly across the energy landscape.

Potential energy surface (PES) scans map out how the energy changes along one or more geometric
coordinates. This is how you locate transition states, calculate activation barriers, and trace reaction
pathways. A single-point energy calculation evaluates the energy at one fixed geometry, while a relaxed
scan optimizes all other coordinates at each point along the scanned variable.

Molecular Dynamics and Interactions

Molecular dynamics (MD) simulations integrate Newton's equations of motion (F = ma) for every atom in
the system, stepping forward in small time increments (typically 1-2 femtoseconds for atomistic
simulations). Over millions of steps, you build up a trajectory that shows how the system evolves.

MD is used to study:
» Conformational changes in proteins and polymers

* Ligand binding and unbinding events
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* Membrane dynamics and transport processes
» Thermodynamic properties (free energies, heat capacities) through ensemble averaging

Molecular docking is a more targeted technique that predicts how a small molecule (ligand) binds to a
protein (receptor). Docking algorithms search for the optimal binding pose and estimate binding affinity
using scoring functions. This is a cornerstone of structure-based drug design, allowing rapid virtual
screening of large compound libraries before any synthesis is done.

Visualization and Analysis

Raw simulation output is just numbers: coordinates, energies, velocities. Visualization and analysis tools
turn that data into understanding.

Molecular graphics software like PyMOL, VMD, and UCSF Chimera lets you render 3D molecular
structures, animate trajectories, and highlight specific interactions (hydrogen bonds, hydrophobic
contacts). Some research groups use virtual reality interfaces for immersive exploration of complex
molecular environments.

Common analysis methods include:

« Structural analysis: measuring distances, angles, dihedrals, and hydrogen bond occupancies to
characterize geometry and interactions over time

* Energetic analysis: decomposing interaction energies into components (electrostatic, van der Waals,
solvation) to understand what drives binding or stability

« Statistical analysis: techniques like clustering and principal component analysis (PCA) identify
dominant motions and group similar conformations, which is essential for making sense of large
trajectory datasets

Limitations and Advantages of Computational Methods

Limitations and Challenges

Every computational method involves approximations, and those approximations have consequences:

* Accuracy vs. cost tradeoff: More accurate methods (coupled cluster, large basis sets) are
computationally expensive and limited to small systems. Faster methods (MM, semiempirical) sacrifice
accuracy. Choosing the right level of theory for your problem is a core skill in computational chemistry.

» Sampling problems: Complex molecules have rugged energy landscapes with many local minima
separated by high barriers. Standard MD simulations can get trapped in one region of conformational
space, giving incomplete or biased results. Enhanced sampling techniques (replica exchange,
metadynamics) help but add complexity.

* Force field limitations: MM results are only as good as the force field parameters. If your molecule
contains unusual functional groups or metal centers not well-represented in the parameterization,
results can be unreliable.

« Difficult phenomena: Charge transfer, electronic polarization, and explicit chemical reactivity require
specialized methods (polarizable force fields, reactive force fields like ReaxFF, or QM/MM). Accurately
capturing solvent effects and long-range electrostatic interactions also remains challenging, particularly
for charged systems.
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Advantages and Strengths

Despite these limitations, computational methods offer capabilities that no experimental technique can
match:

* Access to unobservable states: You can characterize transition states, map reaction coordinates, and
visualize short-lived intermediates that exist for picoseconds or less.

« Controlled experiments: You can change one variable at a time (mutate a single residue, modify one
functional group) and observe the effect in isolation, something that's often impossible in a real
experiment.

* Scale of screening: Virtual screening can evaluate millions of compounds in days, whereas
synthesizing and testing even a fraction of those experimentally would take years.

* Predictive design: By understanding structure-property relationships at the atomic level, you can
rationally design molecules with targeted properties rather than relying on trial and error.

These strengths make computational modeling not a replacement for experiments, but a powerful partner.
The most effective research programs use computation and experiment in a tight feedback loop:
predictions guide experiments, and experimental results refine the models.
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Unit 11 — Statistical Mechanics:
Ensembles & Partitions

11.1 Microcanonical, canonical, and grand canonical ensembles

Statistical Ensembles: Microcanonical, Canonical, and Grand Canonical

Statistical mechanics uses ensembles to model systems with different constraints. The microcanonical,
canonical, and grand canonical ensembles represent isolated, closed, and open systems respectively,
each with its own probability distribution and partition function.

These ensembles provide the framework for connecting microscopic states to macroscopic thermodynamic
properties. The key idea: you maximize entropy subject to whatever constraints your system has, and
Lagrange multipliers naturally produce the correct probability distributions for each case.

Defining Characteristics and Constraints

Microcanonical ensemble — represents an isolated system with fixed particle number (N), volume (V), and
energy (E). Because no energy or particles flow in or out, every accessible microstate is equally probable.
This equal-probability postulate is the foundation of equilibrium statistical mechanics.

Canonical ensemble — represents a closed system in thermal equilibrium with a heat bath. Energy can
flow between the system and the bath, but particles cannot. The fixed quantities are N, V, and temperature
T. The probability of finding the system in microstate i is weighted by the Boltzmann factor €Xp(—BE;),
which exponentially suppresses high-energy states.

Grand canonical ensemble — represents an open system that exchanges both energy and particles with a
reservoir. The fixed quantities are chemical potential (M), V, and T. The probability of a microstate now
depends on both the energy and the particle number through the factor @xp(—B(E; — uN)).

Quick reference: - Microcanonical: fixed N, V, E - Canonical: fixed N, V, T - Grand canonical: fixed 4, V, T

Probability Distributions and Lagrange Multipliers

Each en ble's probability distribution comes from maximizing the Shannon/Gibbs entropy
S=-ks 4 Piln P; subject to the ensemble's constraints, using Lagrange multipliers to enforce those
constraints.

Microcanonical: The only constraint (besides normalization) is that all microstates share the same energy
E. Maximizing entropy under this condition yields equal probability for every accessible microstate:
Pi = 1/Q, where Q is the total number of microstates.

Canonical: You add a constraint on the average energy (E). The Lagrange multiplier for this constraint
turns out to be B = 1/(kgT) . The result is the Boltzmann distribution:

P = Lexp(—BE)
» Grand canonical: You add constraints on both average energy and average particle number. The

energy multiplier is again B, and the particle-number multiplier is —BH. The resulting distribution is:
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Pi,n = lexp(—B(E; — uN))

The Lagrange multipliers aren't just mathematical tricks. They have direct physical meaning: B connects to
temperature, and M connects to the cost of adding a particle to the system.

Ensemble Selection for System Types

Isolated Systems

The microcanonical ensemble applies when a system has fixed N, V, and E. Think of a gas in a perfectly
insulated, rigid container, or a closed quantum system with a well-defined energy eigenvalue. No energy
enters or leaves, so the total energy is strictly constant.

Closed Systems

The canonical ensemble applies when a system can exchange energy (but not particles) with a heat bath.
A gas in a rigid container immersed in a large thermal reservoir at temperature T is the standard example.
The system's energy fluctuates, but its average is determined by T.

Open Systems

The grand canonical ensemble applies when both energy and particles can flow between the system and a
reservoir. Examples include electrons in a metal in contact with a thermal and particle bath, or a small
region of gas that freely exchanges molecules with its surroundings. Both energy and particle number
fluctuate.

Problem-Solving Approach
When facing a statistical mechanics problem:
1. Identify whether the system is isolated, closed, or open.
2. Determine which quantities are fixed (N, V, E, T, or M).
3. Select the corresponding ensemble.
4. Write down the appropriate partition function and probability distribution.

5. Derive the thermodynamic quantities you need from the partition function.

Partition Functions and Thermodynamic Properties

Microcanonical Ensemble

The "partition function” here is simply Q(N, V, E), the number of accessible microstates. Entropy follows
directly from the Boltzmann relation:

S=k3|nQ

All other thermodynamic quantities (temperature, pressure, chemical potential) come from partial
derivatives of S. For example, temperature is defined by 1/T = 85/9E |y, v.

Canonical Ensemble

The canonical partition function sums Boltzmann factors over all microstates:
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Z(N,V, T) = > exp(—BE))

This single function generates all equilibrium thermodynamics. The Helmholtz free energy is:
F=—kgTInZ

From F, you can obtain entropy (5 = —aF/dT), pressure (P = —dF/dV/), and average energy (
(E) = —aIn Z/apB). The partition function Z acts as a generating function: derivatives of In Z with respect to
B give energy moments and fluctuations.

Grand Canonical Ensemble

The grand canonical partition function sums over both microstates and particle numbers:
Z(W, V, T) = 2> exp(—B(E — uN))
N

The grand potential is:
® =—kgTln =

From = you can extract the average particle number ((N) =kgTaln =/3l), pressure, and particle number
fluctuations. This ensemble is especially powerful for systems where particle number isn't fixed, such as
quantum gases or adsorption problems.

Connecting the ensembles: In the thermodynamic limit (large ), all three ensembles give equivalent
results for intensive quantities like temperature and pressure. The differences matter most for small
systems or when you specifically need to track fluctuations.

Lagrange Multipliers in Ensemble Distributions

Role in Deriving Probability Distributions

Lagrange multipliers let you find the extremum of a function subject to constraints. In statistical mechanics,
the function being maximized is the entropy, and the constraints are normalization (ZP" = 1) plus
)

whatever physical quantities are fixed on average.

How It Works for Each Ensemble

Microcanonical: The constraint is that only microstates with energy E are accessible. Maximizing entropy
with just the normalization constraint over this restricted set gives Py = 1/Q. The energy constraint is
handled by restricting the sum rather than introducing a separate multiplier.

Canonical: You maximize > = —kBZPgln Pi subject to: - ZPI' =1 (normalization) - ZPI'EI' = (E) (fixed
1 ! !

average energy)

The multiplier for the energy constraint is identified as 8 = 1/(kgT), yielding P; = exp(—BE;).

Grand canonical: You add a third constraint: - r_zNP":NN = (N) (fixed average particle number)

The multiplier for this constraint is —BH, yielding Pi,n * exp(—B(E; — uN)).
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Why This Matters

This Lagrange multiplier approach gives a unified derivation for all three ensembles. You start from the
same entropy-maximization principle each time and simply change which constraints you impose. The
multipliers that emerge have direct thermodynamic interpretations: B sets the energy scale through
temperature, and H governs the tendency of particles to enter or leave the system. This systematic method
ensures that every probability distribution is internally consistent with the physical constraints of the system
it describes.

11.2 Partition functions and their applications

Partition functions are the central tool of statistical mechanics, connecting microscopic energy levels to
macroscopic thermodynamic quantities. By summing over all possible microstates of a system, the
partition function lets you predict bulk properties like energy, entropy, and free energy without needing to
know which specific microstate the system occupies.

This makes partition functions indispensable for studying everything from ideal gases to quantum
oscillators. Once you can write down Z for a system, you can extract nearly every equilibrium property
through derivatives and logarithms.

Partition function for systems

Definition and properties of the partition function

The partition function Z encodes the statistical properties of a system in thermodynamic equilibrium. It's
defined as the sum of Boltzmann factors over all microstates:

Z= Zexp(—BE,—)
i
where B = k%r ks is the Boltzmann constant, T is the absolute temperature, and E; is the energy of the i
-th microstate.
A few key properties to keep in mind:

- Z is dimensionless. It depends on temperature and the system's energy spectrum, but not on which
microstate the system currently occupies.

« It acts as a normalization constant for the Boltzmann distribution, ensuring that probabilities over all
microstates sum to one.

« It bridges microscopic information (energy levels, degeneracies) and macroscopic thermodynamic
quantities. Nearly every equilibrium property can be extracted from Z or its derivatives.

Partition function for discrete energy levels

When energy levels are discrete, you often find that multiple microstates share the same energy. The
degeneracy 9/ counts how many microstates have energy Ei, and the partition function becomes:

Z= Zg;exp(—‘BEf)

The degeneracy factor gives each energy level its proper statistical weight. Without it, you'd undercount the
contribution of levels that correspond to many distinct microstates.
Example: Two-level system. Consider energy levels Eq = 0 (non-degenerate, 9o = 1) and E1 = € (doubly

degenerate, 91 = 2). The partition function is:
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Z=1+ 2exp(—pBe)

At low temperature (B€ > 1), the exponential term is negligible and Z = 1, meaning the system sits
almost entirely in the ground state. At high temperature (BE < 1), Z = 3, and all three microstates are
roughly equally populated.

Example: Distinguishable spin system. For N distinguishable particles each with two states (spin-up and
spin-down), the number of microstates with exactly k particles excited is the binomial coefficient ( ) This
degeneracy factor appears naturally when you write the partition function grouped by energy level rather
than by individual microstate.

Partition function and thermodynamics

Relation between partition function and thermodynamic quantities

The real power of Z is that you can extract thermodynamic quantities through derivatives and logarithms.
Here are the three most important relationships:

* Internal energy:

U= —25Z|y

This gives the average energy of the system. The derivative with respect to B effectively weights each
energy level by its Boltzmann probability.

» Helmholtz free energy:
A=—kgTInZ

This is the most direct connection between Z and thermodynamics. Since A = U — TS, the partition
function simultaneously encodes both energetic and entropic contributions.

* Entropy:
S= kB[an+Baan|v]

You can also derive this from S = — (3—?)\,, which is often easier in practice.

Deriving other thermodynamic quantities from the partition function

Once you have Z, additional quantities follow by taking further derivatives:

Pressure: P = ksT2RZ| 1

2
Heat capacity at constant volume: Cv= |v =k ﬁzaag'zz

Chemical potential: M = —kgT28Z|7, v

The pattern here is worth noticing: In Z is the generating function, and different partial derivatives pull out
different physical quantities. If you can compute In Z analytically, you have access to the full
thermodynamics of the system.
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Partition function calculations

Ideal gas partition function

For N identical, non-interacting particles in a volume V, the partition function factorizes:

ZN
Z=%r

where £1 is the single-particle partition function. The two factors deserve separate attention:

« Single-particle partition function: Integrating the Boltzmann factor over all momenta and positions for a
free particle in a box gives Zy = A_v3 where A is the thermal de Broglie wavelength:

—__h
V2nmksT

Here h is Planck's constant and m is the particle mass. At higher temperatures, A\ shrinks, meaning each
particle has access to more quantum states and Z1 grows.

« The N! factor corrects for the indistinguishability of identical particles. Swapping two identical
particles doesn't create a new microstate, so without dividing by N'! you'd overcount configurations.
This is the Gibbs factor, and omitting it leads to the Gibbs paradox (a non-extensive entropy).

The factorization into single-particle contributions only works because the particles don't interact. For real
gases with intermolecular forces, the partition function no longer separates so cleanly.

Harmonic oscillator partition function

The quantum harmonic oscillator has evenly spaced energy levels:

En=(n+3)hw, n=0,1,2,..
To compute Z, you sum the Boltzmann factors over all n:

1. Write out the sum:

Z= i exp [-B(n + i)hw]

n=0

2. Factor out the zero-point energy term:

Z=exp (—W’T‘“) i exp(—nBhw)

n=0
3. Recognize the remaining sum as a geometric series with ratio ' = exp(—Bhw): the sum equals
1
1 - exp(—Bhw)

4. Combine to get the closed-form result:
= 1

~ 2sinh (B32)

where sinh(x) = £=¢—

For a system of N independent oscillators (all with the same frequency), the total partition function is
N
simply £ = [Wﬁhwﬂ)] . This factorization applies because the oscillators don't interact with each other.

This model is directly relevant to molecular physics: the vibrational modes of a diatomic molecule are
well-approximated as quantum harmonic oscillators, each with a characteristic frequency determined by
the bond stiffness and reduced mass.
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Equilibrium properties from partition function

Calculating average quantities

Once you have Z, equilibrium averages follow systematically.

The average energy is:

anz _ 2D
E)=— =z

The second expression makes the physical meaning clear: it's a weighted average of energies, with each
microstate weighted by its Boltzmann probability.

The heat capacity can be obtained from energy fluctuations:

_ {E?) = (E)?
Cv= kaT?

2Efexp(—pE) _ . . ST ,
where (£2) = 1 ~ . This is an instance of the fluctuation-dissipation theorem: the size of

spontaneous energy fluctuations in equilibrium is directly tied to the system's heat capacity, which
measures how the system responds to a temperature change. Larger fluctuations mean a larger heat
capacity.

Equilibrium occupation probabilities and phase transitions

The Boltzmann distribution gives the probability of finding the system in microstate i:

—BE;
P, = EXF’(ZIB )
The partition function appears in the denominator as the normalization factor, ensuring Z_Pi =1
!

Example: Two-level system with Ep = 0 and E1 = € (both non-degenerate). The occupation probabilities
are:

Py p, = _x(=Be)

— 1
~ 1+ exp(—Be)’ 1+ exp(—Be)

At T— 0, Po— 1 (system freezes into the ground state). As T — «, both probabilities approach 1/2 (equal
population).

Phase transitions can also be studied through the partition function. The key idea is that non-analytic
behavior in Z (or more precisely, in In Z per particle in the thermodynamic limit) signals a phase transition.
For example, the Ising model for ferromagnetism sums over all spin configurations on a lattice with
nearest-neighbor interactions. Below a critical temperature T¢, the system spontaneously magnetizes
(ferromagnetic phase); above T¢, thermal fluctuations destroy long-range order (paramagnetic phase). The
partition function encodes this transition through a singularity in the free energy at Tc.

11.3 Maxwell-Boltzmann, Fermi-Dirac, and Bose-Einstein statistics

Classical vs Quantum Statistics

The three major distribution functions in statistical mechanics each describe how particles spread across
energy levels. The key difference between them comes down to two questions: can you tell the particles
apart, and can more than one particle sit in the same quantum state?
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Distinguishability and Quantum Effects

Classical statistics (Maxwell-Boltzmann) treats particles as distinguishable, like labeled billiard balls. You
can, in principle, track which particle is which. Quantum statistics, by contrast, treat particles as
fundamentally indistinguishable. Two electrons in the same system have no hidden label that tells them
apart.

This distinction matters because of the Gibbs paradox: if you use classical statistics to calculate the
entropy of mixing two containers of the same gas, you get a nonzero entropy change even when the gases
are identical. That's physically wrong. Quantum statistics resolve this by properly accounting for
indistinguishability, dividing out the overcounting of identical configurations.

Fermions and Bosons

All quantum particles fall into one of two categories based on their spin:

« Fermions have half-integer spin (1/2, 3/2, ...) and obey the Pauli exclusion principle, meaning no two
identical fermions can occupy the same quantum state. Examples: electrons, protons, neutrons.

+ Bosons have integer spin (0, 1, 2, ...) and face no such restriction. Any number of identical bosons
can pile into the same state. Examples: photons, gluons, the Higgs boson.

The underlying reason is wavefunction symmetry under particle exchange. Swapping two fermions
introduces a minus sign (antisymmetric wavefunction), while swapping two bosons leaves the
wavefunction unchanged (symmetric). These different symmetries lead directly to different distribution
functions.

Distribution Functions for Quantum Systems

Derivation Using Ensemble Theory

Each distribution function is derived by maximizing the system's entropy subject to constraints on total
particle number N and total energy E. The method of Lagrange multipliers enforces these constraints,
introducing the parameters B = 1/ksT (inverse temperature) and M (chemical potential).

The three resulting distribution functions give the mean occupation number at energy &:

Maxwell-Boltzmann: fyg(g) = e BlE—1) Assumes distinguishable particles. Derived from the canonical
ensemble. No restriction on occupation numbers, but the exponential decay means high-energy states are
exponentially unlikely.

Fermi-Dirac: fro(€) = rlmﬂ Derived from the grand canonical ensemble for indistinguishable fermions.
The +1 in the denominator enforces the Pauli exclusion principle, capping the occupation at 1.

Bose-Einstein: fae(€) = ﬁ Derived from the grand canonical ensemble for indistinguishable

bosons. The —1 in the denominator allows occupation numbers to grow without bound, enabling
macroscopic state occupation.
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Comparing the Three Distributions

The three functions differ only in the denominator term (0, +1, or —1), but this small difference has large
physical consequences:

« At high temperatures and low densities, e#(¢ =) > 1 for all occupied states, so the =1 becomes
negligible. Both quantum distributions converge to Maxwell-Boltzmann. This is the classical limit.

* At low temperatures, the distributions diverge sharply. The Fermi-Dirac function develops a sharp step
at € = M (the Fermi energy), while the Bose-Einstein function can diverge at the ground state.

The +1 in Fermi-Dirac suppresses occupation (exclusion). The —1 in Bose-Einstein enhances it
(bunching). Maxwell-Boltzmann, with neither correction, works only when quantum effects are negligible.

Occupation Numbers and Thermodynamic Properties

Average Occupation Numbers

The distribution function evaluated at energy €/ directly gives the average occupation number {n;} = f(&;)
for that level.

« For fermions: 0 = {n;} = 1. Each state is either empty or singly occupied on average.
« For bosons: {N;} can be any non-negative number, including values much greater than 1.

+ For Maxwell-Boltzmann particles: (N} can take any non-negative value, but in practice it's typically
much less than 1 in the classical regime.

Calculating Thermodynamic Quantities

Once you have the occupation numbers, macroscopic thermodynamic quantities follow from summation
over all energy levels (or integration over the density of states):

« Total particle number: N= Z(”i)
)
- Total energy: £ = ZEi(ni)
I
« Heat capacity, entropy, and other quantities are derived from the appropriate partition function Z,

which sums over all microstates weighted by the relevant statistics.

For Fermi-Dirac and Bose-Einstein systems, the natural framework is the grand partition function Z, since
particle number fluctuates in the grand canonical ensemble. The grand potential ® = —kgTIn Z then gives
access to pressure, entropy, and particle number through standard thermodynamic relations.

Pauli Exclusion Principle and Bose-Einstein Condensation

Consequences of the Pauli Exclusion Principle

The Pauli exclusion principle (no two identical fermions in the same quantum state) shapes the structure of
matter at every scale.

« Atomic structure: Electrons fill orbitals in order of increasing energy rather than all collapsing to the
ground state. This is why the periodic table exists.
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» The Fermi sea: In a metal at T = 0, electrons fill all available states up to the Fermi energy €F. States
above £F are empty. At finite but low temperatures, only electrons within roughly ks T of €F can be
thermally excited, which explains why the electronic heat capacity of metals is much smaller than
classical predictions.

* Electrical and thermal conductivity: The Fermi sea structure determines which electrons can
participate in conduction. Only those near the Fermi surface respond to applied fields.

Bose-Einstein Condensation

When a gas of bosons is cooled below a critical temperature T¢, a macroscopic fraction of the particles
drops into the single lowest-energy quantum state. This is Bose-Einstein condensation (BEC).

The condensate is a coherent, macroscopic quantum state where the usual thermal fluctuations are
suppressed. Key phenomena associated with BEC and bosonic condensation include:

* Superfluidity: Liquid helium-4 below about 2.17 K flows without viscosity, a direct consequence of
bosonic condensation.

« Superconductivity: Electrons (fermions) can form Cooper pairs that behave as composite bosons,
condensing into a state with zero electrical resistance.

Applications of BEC physics include atomic clocks (precision measurements using ultracold atoms),
superconducting qubits for quantum computing, and fundamental tests of quantum mechanics at
macroscopic scales.

Role in Determining Properties of Quantum Systems

The fermion/boson distinction propagates through all of physics. Fermionic statistics govern atomic shell
structure, the stability of white dwarfs (electron degeneracy pressure), and the behavior of quarks and
leptons. Bosonic statistics underlie laser operation (stimulated emission into an already-occupied photon
mode), superfluidity, and the force-carrying gauge bosons of the Standard Model.

Understanding which statistics apply to a given system is the starting point for predicting its thermodynamic
behavior, phase transitions, and response to external fields.
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Unit 12 — Thermodynamics of Molecular
Systems

12.1 Laws of thermodynamics and molecular interpretation

Thermodynamics is all about energy and how it moves around. It's like understanding the rules of a cosmic
game where heat, work, and energy are the players. These laws explain why things happen the way they
do in our world.

At the molecular level, thermodynamics is about particles dancing and interacting. It tells us why ice melts,
gases expand, and why you can't un-mix your coffee after adding cream. It's the science behind why things
naturally get messy over time.

Molecular Basis of Thermodynamics

First Law of Thermodynamics and Energy Conservation

* The first law of thermodynamics states the change in internal energy of a system (AU) equals the heat
(Q) added to the system minus the work (W) done by the system on its surroundings: AU =0 — W

* Internal energy (U) at the molecular level is the sum of the kinetic and potential energies of all particles
in a system

* Kinetic energy is associated with particle motion

* Potential energy arises from intermolecular forces and interactions (van der Waals forces, hydrogen
bonding)

* Heat (Q) is the transfer of energy between a system and its surroundings due to a temperature
difference

+ At the molecular level, heat transfer involves the exchange of kinetic energy between particles through
collisions or the transfer of vibrational, rotational, or electronic energy

* Examples: heat transfer from a hot object to a cold object, energy transfer during phase changes
(melting, vaporization)

» Work (W) is the energy transfer that occurs when a system changes its volume against an external
pressure

+ At the molecular level, work is performed when particles collectively move against an external force,
such as during expansion or compression

« Examples: work done by a gas during expansion, work required to compress a spring

* The first law of thermodynamics implies energy conservation, meaning energy cannot be created or
destroyed, only converted from one form to another or transferred between a system and its
surroundings

Molecular Interpretation of Internal Energy and Heat Transfer

« Internal energy changes (AU) can result from heat transfer (Q) or work (W) done on or by the system
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» Heat added to a system (positive Q) increases the kinetic energy of particles, raising the system's
temperature and internal energy

» Work done by the system (positive W) decreases the system's internal energy, as energy is
transferred to the surroundings

» Heat capacity is the amount of heat required to raise the temperature of a substance by one degree

+ At the molecular level, heat capacity depends on the number of ways in which particles can absorb
energy (translational, rotational, vibrational, and electronic modes)

» Substances with more complex molecular structures or higher molecular weights tend to have higher
heat capacities

+ Specific heat is the heat capacity per unit mass of a substance

» Water has a high specific heat due to its strong hydrogen bonding, which allows it to absorb a large
amount of energy without significantly increasing its temperature

» This property makes water an excellent coolant in industrial processes and helps regulate Earth's
climate

Entropy and Spontaneous Processes

Second Law of Thermodynamics and Entropy

» The second law of thermodynamics states that the total entropy of an isolated system always
increases over time

* Entropy is a measure of the disorder or randomness of a system

+ At the molecular level, entropy is related to the number of microstates (different arrangements of
particles) that correspond to a given macrostate (observable properties of the system, such as
temperature, pressure, and volume)

* A system with a higher number of microstates has greater entropy

+ As particles move and interact, they naturally tend towards arrangements that maximize the number of
microstates, increasing the system's entropy

* Examples: gas particles spreading out to fill a container, ice melting into water (more disordered state)

» The second law of thermodynamics explains why heat flows from hot to cold objects, gases expand to
fill their containers, and chemical reactions proceed towards equilibrium

* These processes increase the overall entropy of the system and its surroundings

» Example: a drop of ink dispersing in water (increasing disorder)

Spontaneous Processes and Molecular Entropy

» Spontaneous processes occur without external intervention and always proceed in the direction of
increasing total entropy (system + surroundings)

* At the molecular level, spontaneous processes involve the system moving towards a more probable
state with a higher number of microstates

» Examples: salt dissolving in water, iron rusting in the presence of oxygen and water
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* Gibbs free energy (G) is a thermodynamic quantity that determines the spontaneity of a process at
constant temperature and pressure

* Gibbs free energy is defined as: G = H — TS, where H is enthalpy, T is temperature, and S is entropy

* A negative change in Gibbs free energy (AG < 0) indicates a spontaneous process, while a positive
change (AG > 0) indicates a non-spontaneous process

» The second law of thermodynamics and the concept of entropy provide a molecular explanation for
the direction of spontaneous processes and the arrow of time

» The universe as a whole tends towards a state of maximum entropy, which is a consequence of the
statistical behavior of particles and their tendency to maximize disorder

Molecular Implications of Zeroth and Third Laws

Zeroth Law and Thermal Equilibrium

* The zeroth law of thermodynamics states that if two systems are in thermal equilibrium with a third
system, they are also in thermal equilibrium with each other

» Thermal equilibrium occurs when there is no net heat transfer between systems

+ At the molecular level, thermal equilibrium is achieved when the average kinetic energy of particles in
two systems is equal, resulting in the same temperature

* The zeroth law provides the basis for measuring temperature and constructing temperature scales,
such as the Kelvin scale, which is based on the concept of absolute zero

» Temperature is a measure of the average kinetic energy of particles in a system
* Higher temperatures correspond to faster particle motion and greater kinetic energy

» When systems with different temperatures are brought into contact, heat flows from the
higher-temperature system to the lower-temperature system until thermal equilibrium is reached

+ At the molecular level, this heat transfer occurs through collisions between particles, with
faster-moving particles in the higher-temperature system transferring energy to slower-moving particles
in the lower-temperature system

» Example: a hot metal object cooling down when placed in a room-temperature environment

Third Law and Absolute Zero

* The third law of thermodynamics states that the entropy of a perfect crystal at absolute zero (0 K) is
zero

* As the temperature approaches absolute zero, the entropy of a system approaches a constant
minimum value

+ At the molecular level, a perfect crystal at absolute zero has all its particles arranged in a highly
ordered lattice structure, with minimal disorder or randomness, corresponding to a single microstate
and zero entropy

* In reality, reaching absolute zero is impossible, as it would require an infinite number of steps and an
infinite amount of energy

* The third law provides a theoretical limit for the lowest possible entropy of a system
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* As the temperature approaches absolute zero, the heat capacity of a system also approaches zero,
indicating that the system cannot absorb or release any more energy

* The third law has important implications for the behavior of materials at extremely low temperatures

» Superconductors, materials that conduct electricity with zero resistance, often exhibit their unique
properties near absolute zero

* The study of materials at ultra-low temperatures helps scientists understand the fundamental
properties of matter and develop new technologies (quantum computing, ultra-sensitive sensors)

12.2 Thermodynamic potentials and equilibrium conditions

Thermodynamic potentials are key to understanding how energy flows in molecular systems. They help us
predict how systems change under different conditions, like temperature and pressure changes. These
potentials are crucial for figuring out when a system is in equilibrium.

Knowing how to use thermodynamic potentials lets us solve real-world problems in chemistry and physics.
We can predict chemical reactions, phase changes, and even how materials behave under extreme
conditions. It's like having a roadmap for molecular behavior.

Thermodynamic potentials and natural variables

Relationships between thermodynamic potentials

+ The four main thermodynamic potentials are internal energy (U), enthalpy (H), Helmholtz free energy
(F), and Gibbs free energy (G)

« Each potential is a function of specific natural variables

* The natural variables for the thermodynamic potentials

* Internal energy (U) - entropy (S) and volume (V)

 Enthalpy (H) - entropy (S) and pressure (P)

» Helmholtz free energy (F) - temperature (T) and volume (V)

* Gibbs free energy (G) - temperature (T) and pressure (P)

* Relationships between thermodynamic potentials can be derived using Legendre transformations

- Example: Gibbs free energy is related to the enthalpy and entropy by the equation G =H =TS

Expressing thermodynamic potentials using natural variables

* The total differential of each thermodynamic potential can be expressed in terms of its natural
variables

» Example: dG = —5dT + VdP, where S and V are the partial derivatives of G with respect to T and P,
respectively

* The partial derivatives of the thermodynamic potentials with respect to their natural variables have
physical interpretations

« Example: (8G/8P)r =V, which means that the partial derivative of Gibbs free energy with respect to
pressure at constant temperature is equal to the volume
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« Other physical interpretations include (8U/8S)y =T and (8H/3S)p =T

Conditions for thermodynamic equilibrium

Equilibrium criteria for different systems

» Thermodynamic equilibrium is achieved when a system reaches a state of maximum entropy or
minimum Gibbs free energy

* At equilibrium, the system's macroscopic properties remain constant over time

* For a closed system at constant temperature and pressure, the condition for thermodynamic
equilibrium is that the Gibbs free energy of the system is at a minimum (dG = 0)

* In a system with multiple phases, thermodynamic equilibrium is achieved when the chemical
potentials of each component are equal across all phases

* This condition is known as the equality of chemical potentials

Chemical reaction equilibrium

« For chemical reactions, the condition for equilibrium is that the Gibbs free energy of reaction (AGy) is
zero

* This occurs when the chemical potentials of the reactants and products are balanced

* The equilibrium constant (K) of a chemical reaction is related to the standard Gibbs free energy of
reaction (AG: ) by the equation AG, = —RTInkK

* Ris the gas constant and T is the absolute temperature

* Le Chatelier's principle states that when a system at equilibrium is subjected to a disturbance, the
system will shift its equilibrium position to counteract the disturbance and establish a new equilibrium
state

* Examples of disturbances include changes in concentration, pressure, or temperature

Calculating changes in thermodynamic potentials

Maxwell relations

* Maxwell relations are a set of equations that relate the partial derivatives of thermodynamic potentials
with respect to their natural variables

* These relations are derived from the equality of mixed second partial derivatives of the
thermodynamic potentials

* The four Maxwell relations are:
« (35/aV)r = (aP/aT)y

« (85/0P)1 = —(aV/aT)p

« (0T/aV)s = (9P/aS)y

« (8T/0P)s = —(8V/aS)p
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Applying Maxwell relations to molecular processes

» Maxwell relations can be used to calculate changes in thermodynamic potentials for molecular
processes when direct measurements of the desired quantities are not possible or convenient

- Example: To calculate the change in entropy (AS) for an isothermal process, one can use the Maxwell
relation (85/8P)r = —(0V/aT)p and integrate: AS = —f(aV/aT)de

« Example: To calculate the change in enthalpy (AH) for an isobaric process, one can use the Maxwell
relation (85/8P)r = —(8V/aT)p and the definition of enthalpy (H = U + PV) to obtain:
AH = AU + PAV = AU + PAV + deP = Qp, where Qp is the heat absorbed at constant pressure

* Maxwell relations can also be used to derive other thermodynamic relationships, such as the
Clapeyron equation, which relates the slope of a phase boundary in a P-T diagram to the entropy and
volume changes during a phase transition

12.3 Phase transitions and critical phenomena

Phase transitions are fascinating phenomena that occur when a substance changes from one state to
another. They're crucial in understanding how matter behaves under different conditions, from everyday
occurrences like boiling water to complex systems in physics and chemistry.

In thermodynamics, phase transitions reveal the intricate balance between energy and entropy. We'll
explore how molecular interactions drive these changes, and how critical points mark the boundary
between distinct phases, offering insights into the nature of matter at its most fundamental level.

Phase transition classification

Ehrenfest classification scheme

* Phase transitions are classified by the Ehrenfest classification scheme based on the lowest derivative
of the free energy that is discontinuous at the transition

* First-order phase transitions exhibit a discontinuity in the first derivative of the free energy with respect
to a thermodynamic variable

* Examples include solid-liquid and liquid-gas transitions

» Second-order phase transitions have a continuous first derivative but a discontinuous second
derivative of the free energy

* Examples include the ferromagnetic transition and the superfluid transition in liquid helium

Molecular characteristics and latent heat

* The order of a phase transition is related to the latent heat
« First-order transitions involve latent heat, while second-order transitions do not

» Molecular characteristics, such as the degree of molecular ordering and symmetry, change abruptly at
first-order transitions and continuously at second-order transitions

» The Landau theory of phase transitions describes the behavior of the order parameter, which
quantifies the degree of ordering in a system, across different types of phase transitions
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» The order parameter changes discontinuously at first-order transitions and continuously at
second-order transitions

* The free energy can be expanded in terms of the order parameter to study the behavior near the
phase transition

Intermolecular forces and phase behavior

Critical point and intermolecular forces

* Intermolecular forces, including van der Waals forces, hydrogen bonding, and electrostatic
interactions, play a crucial role in determining the phase behavior of molecular systems

* The critical point represents the end of the liquid-gas coexistence curve, beyond which the distinct
liquid and gas phases no longer exist

« It is characterized by the critical temperature (Tc), critical pressure (Pc), and critical volume (Vc)
* The strength and nature of intermolecular forces influence the location of the critical point
« Stronger intermolecular attractions result in higher critical temperatures and pressures

 For example, water has a higher critical point than carbon dioxide due to the presence of hydrogen
bonding

Critical phenomena and fluctuations

* Near the critical point, the differences in density and other properties between the liquid and gas
phases become negligible, leading to critical opalescence and enhanced fluctuations

» The compressibility of a system diverges at the critical point, indicating increased susceptibility to
density fluctuations

* The correlation length, which characterizes the spatial extent of fluctuations, diverges at the critical
point, leading to long-range correlations in the system

* This results in the formation of large-scale structures and the slowing down of dynamics near the
critical point

« Critical opalescence, the scattering of light due to these large-scale fluctuations, is observed in fluids
near their critical points

Universality and scaling in critical phenomena

Universality and critical exponents

* Universality refers to the observation that many systems exhibit similar critical behavior near phase
transitions, regardless of their microscopic details

» Systems belonging to the same universality class share the same critical exponents, which describe
the power-law dependence of various physical quantities on the reduced temperature (t = (T - Tc) / Tc)
near the critical point

* For example, the critical exponent 8 describes the behavior of the order parameter (magnetization for
ferromagnets, density difference for fluids) as t - 0
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* The critical exponents are universal and depend only on the dimensionality of the system and the
symmetry of the order parameter

* The Ising universality class, which includes ferromagnets and binary fluids, has specific values for
critical exponents that are different from those of the Heisenberg universality class, which includes
isotropic magnets

Scaling laws and renormalization group theory

« Scaling laws describe the relationship between different physical quantities near the critical point

+ For example, the Widom scaling law relates the critical exponents for the correlation length (v),
susceptibility (y), and specific heat (a): y = (2 - n)v and a = 2 - dv, where d is the dimensionality and n is
the anomalous dimension

 The scaling hypothesis states that the singular part of the free energy near the critical point is a
homogeneous function of the reduced temperature and the ordering field (e.g., magnetic field for
ferromagnets)

* This leads to the collapse of data onto universal scaling functions when physical quantities are plotted
in terms of scaled variables

* Renormalization group theory provides a framework for understanding the origin of universality and
calculating critical exponents by systematically coarse-graining the system and studying the flow of
coupling constants under scale transformations

* The fixed points of the renormalization group flow correspond to the different universality classes, and
the critical exponents are determined by the eigenvalues of the linearized flow near the fixed points
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Unit 13 — Kinetic Theory and Gas
Transport

13.1 Kinetic theory of gases and Maxwell-Boltzmann distribution

Kinetic Theory Assumptions

Kinetic theory explains macroscopic gas properties (temperature, pressure, volume) by modeling what
happens at the molecular level. The theory rests on a set of idealizing assumptions that define what we call
an ideal gas.

Particle Motion and Collisions

Gas particles are in constant, random motion, traveling in straight lines between collisions. All collisions are
perfectly elastic, meaning total kinetic energy is conserved. The particles do exert forces on each other
during a collision, but those forces are assumed to be negligible at all other times.

Particle Volume and Interactions

* The volume of individual gas particles is negligible compared to the volume of the container. This lets
us treat particles as point-like objects that move freely without crowding each other.

+ Between collisions, particles experience no intermolecular forces. Each particle moves independently
in a straight line until it hits another particle or a wall.

These two assumptions break down for real gases at high pressures (particles crowd together) or low
temperatures (intermolecular attractions become significant). That's exactly what the van der Waals
equation corrects for, but for this topic we stick with the ideal case.

Kinetic Energy and Temperature

The average translational kinetic energy of gas particles is directly proportional to the absolute temperature
of the gas. As temperature rises, particles move faster on average and collide more often and more
forcefully.

The theory also assumes the gas is in thermal equilibrium: temperature is uniform throughout the sample.
Under this condition, particle speeds follow the Maxwell-Boltzmann distribution.

Maxwell-Boltzmann Distribution

Probability Distribution of Molecular Speeds

The Maxwell-Boltzmann distribution gives the probability of finding a gas particle with a particular speed at
a given temperature. It comes from applying the Boltzmann distribution to the translational kinetic energy
%I‘P‘W2 of the particles.

The speed distribution function is:

fiv) = 4n(s8) " vPexp( - 3%)

where M is the particle mass, K is the Boltzmann constant, T is the absolute temperature, and V is the
speed.
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Two features of this function are worth noting:

+ The v2 factor means the distribution starts at zero, rises to a peak, and then falls off. Very low speeds
are unlikely (small v2), and very high speeds are unlikely (the exponential decay dominates).

* The exponential term exp(—mv2/2kT) acts as a "Boltzmann penalty" for high kinetic energies.
Higher temperature weakens this penalty, spreading the distribution toward faster speeds.

Factors Influencing the Distribution

Temperature: Increasing T shifts the peak to higher speeds and broadens the curve. The distribution
flattens out because more particles can access higher kinetic energies. For example, the speed distribution
of N2 at 300 K is noticeably broader and has a higher peak speed than the same gas at 100 K.

Particle mass: At the same temperature, lighter particles have a broader, faster distribution than heavier
ones. Helium atoms (m = 4 u) spread across a much wider range of speeds than xenon atoms (m = 131
u) at the same T. This is because lighter particles need less energy to reach a given speed.

Both effects show up in the combination mM/kT inside the distribution function. A small m/kT (light particle
or high temperature) gives a broad, fast distribution; a large M/kT gives a narrow, slow one.

Molecular Speed Calculations

Three Characteristic Speeds

The Maxwell-Boltzmann distribution defines three commonly used average speeds. All three depend on
kT/m, but they weight the distribution differently.

» Most probable speed Vmp: the speed at the peak of the distribution.
Vmp =V %

* Mean (average) speed Vavg: the arithmetic mean over all particles.

8kT

Vavg = V m

+ Root-mean-square speed Yrms: the square root of the mean of v2.
3kT
m

Vrms =

For N2 (m = 4.65 x 1072° kg) at 300 K, these work out to roughly 422 m/s, 475 m/s, and 517 m/s
respectively.

Why the Three Speeds Differ

The ordering Ymp < Vavg < Vrms always holds, at any temperature, for any gas. The reason is the
asymmetric shape of the Maxwell-Boltzmann curve: it has a long tail extending toward high speeds.

« Ymp just locates the peak, so it's the lowest of the three.
« Vavg averages over all speeds, and the high-speed tail pulls the mean above the peak.

 Vrms squares each speed before averaging, which gives extra weight to fast particles, making it the
largest.

The ratios between them are fixed by the numerical prefactors:
Vimp : Vavg : Vims = V2 :V8/m:V3 =1:1.128:1.225.
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Kinetic Energy and Temperature

The Core Relationship
The average translational kinetic energy of a gas particle is:
(KE) = %kT

This comes from the equipartition theorem: each translational degree of freedom contributes %kT to the
average energy, and there are three translational degrees of freedom (motion along X, ¥, and 2).

» For monatomic gases (He, Ne, Ar), translation is the only form of kinetic energy, so total average
kinetic energy per particle is %kT.

« For diatomic (N2, O2) and polyatomic (CO2, CH4) gases, rotational and vibrational modes add to the
total energy. But the t lati | kineti is still 3kT dl f molecul lexit
gy. But the translational kinetic energy is still 5KT regardless of molecular complexity.

A key takeaway: at the same temperature, every ideal gas has the same average translational kinetic
energy per particle. Heavier molecules just move more slowly to carry that energy.

Connecting to Macroscopic Properties
Pressure arises from particles colliding with container walls. The kinetic theory result is:
P= %\N/(KE )

Substituting (KE) = 2KT recovers the ideal gas law PV = NkT. Higher temperature means faster particles,
harder and more frequent wall collisions, and therefore higher pressure.

Volume at constant pressure grows with temperature because faster-moving particles push the container
walls outward (or, in a flexible container, the gas expands). This is Charles's law: V « T at constant
pressure.

13.2 Transport properties: diffusion, viscosity, and thermal conductivity
Diffusion, Viscosity, and Thermal Conductivity

Defining and Differentiating Transport Properties

Transport properties describe how particles, momentum, and energy move through a gas. Kinetic theory
connects these macroscopic flows to the microscopic behavior of molecules, giving us quantitative tools to
predict how gases behave under non-equilibrium conditions.

There are three core transport properties to know:

« Diffusion is the net movement of particles from regions of high concentration to regions of low
concentration, driven by a concentration gradient. It transports mass.

* Viscosity measures a fluid's resistance to flow or deformation, caused by internal friction between
adjacent fluid layers moving at different velocities. It transports momentum.

» Thermal conductivity quantifies the rate at which heat flows through a material in response to a
temperature gradient. It transports energy.

The unifying idea: each property involves molecules carrying something (mass, momentum, or kinetic
energy) from one region to another through random molecular motion and collisions.
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Applications and Examples of Transport Properties

« Diffusion plays a role in many natural and industrial processes:
» Oxygen diffusion across alveolar membranes in the lungs drives gas exchange during respiration
+ Nutrient and waste transport in living cells depends on diffusion over short distances

» Many chemical reactions are diffusion-limited, meaning reactants must diffuse together before they
can react

« Viscosity matters throughout fluid dynamics and engineering:

* Motor oil viscosity determines how effectively it lubricates engine components at different
temperatures

* Blood viscosity affects flow through vessels and can change in conditions like sickle cell anemia,
where deformed red blood cells increase resistance

» Thermal conductivity governs heat transfer and insulation design:

+ High-conductivity metals (copper at ~400 W/m-K, aluminum at ~235 W/m-K) are used in heat sinks
and exchangers

+ Low-conductivity materials (fiberglass, foam) minimize heat loss in buildings and appliances

Fick's Laws for Diffusion

Fick's First Law and the Diffusion Coefficient

Fick's first law relates the particle flux to the concentration gradient. It says that particles flow from high to
low concentration at a rate proportional to how steep the gradient is:

| =—-DVc
+ | is the diffusive flux (particles per unit area per unit time)
* D is the diffusion coefficient
« Vc is the concentration gradient
» The negative sign ensures the flux points in the direction of decreasing concentration

The diffusion coefficient D tells you how fast particles spread through a medium. It depends on several
factors:

» Temperature: Higher temperatures increase molecular speeds, so D generally increases with
temperature.

« Particle size: Larger particles diffuse more slowly, giving a smaller D.

* Medium: Diffusion through a dense medium is slower than through a dilute gas.

Fick's Second Law and Diffusion Scenarios

Fick's second law describes how the concentration profile evolves over time. It's derived by combining
Fick's first law with the continuity equation:

ac — DvZC

ot
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This partial differential equation says the local rate of concentration change equals D times the curvature
of the concentration profile. Where the concentration profile curves most sharply, the concentration
changes fastest.

Two important regimes:

- Steady-state diffusion (9c/at = 0): The concentration profile doesn't change with time. The flux is
constant throughout the system. A classic example is diffusion through a membrane with fixed
concentrations on each side.

* Non-steady-state diffusion: The concentration profile evolves over time toward equilibrium. Think of a
drop of dye spreading in water or a pollutant dispersing in the atmosphere.

Solving diffusion problems requires specifying:
1. Boundary conditions that fix the concentration or flux at the edges of the system
2. Initial conditions that describe the concentration distribution at t = 0

These conditions, combined with Fick's second law, determine the full time-dependent concentration
profile.

Factors Influencing Viscosity and Thermal Conductivity

Temperature and Molecular Mass Effects

Temperature has a strong effect on gas transport properties, and the direction of the effect is opposite to
what you might expect from liquids. In gases, both viscosity and thermal conductivity increase with
temperature. Why? Higher temperature means faster molecules, more frequent collisions, and more
efficient transfer of momentum and energy between adjacent layers.

Molecular mass also matters. Lighter molecules (like helium) move faster at a given temperature and
collide more frequently, so they transfer momentum and energy more efficiently. Heavier molecules (like
xenon) move more slowly, resulting in lower viscosity and thermal conductivity.

Pressure, Intermolecular Forces, and Molecular Structure

Pressure has surprisingly little effect on viscosity and thermal conductivity in the dilute gas regime. This is
a key prediction of kinetic theory: increasing pressure raises the number density (more molecules to carry
momentum) but decreases the mean free path (each molecule carries momentum a shorter distance).
These two effects nearly cancel. At very high pressures, though, intermolecular forces become significant
and this cancellation breaks down.

Intermolecular forces enhance transport properties. Attractive interactions (dipole-dipole forces, hydrogen
bonding) make collisions more effective at transferring momentum and energy. Ammonia, with its strong
hydrogen bonding, has higher viscosity and thermal conductivity than nitrogen at the same conditions.

Molecular shape and size play a role too:

» More spherical molecules (like methane) tend to have lower viscosity than elongated molecules (like
ethane), because elongated shapes create more drag between layers

« Larger molecules have bigger collision cross-sections, which affects both the mean free path and the
efficiency of momentum transfer
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Transport Coefficients from Kinetic Theory

Calculating Viscosity and Thermal Conductivity

Kinetic theory connects transport coefficients to three microscopic quantities: gas density, average
molecular speed, and mean free path. The key results are:

Viscosity:
n=31p(v)A

Thermal conductivity:
K =3p(v)Acy
where:

* P is the gas density

+ {v) is the mean molecular speed, given by (v) = |/ 8kel

* A is the mean free path

- Cv is the specific heat capacity at constant volume (per unit mass), which depends on the degrees of
freedom of the molecule

Note: Some textbooks write the thermal conductivity formula using the molar heat capacity Cv and include
explicit factors of R. Make sure you check which convention your course uses.

Mean Free Path and Limitations of Kinetic Theory

The mean free path A is the average distance a molecule travels between collisions. It's calculated as:

A=--L
V2nd?n

« d is the effective molecular diameter (the collision cross-section parameter)
+ N is the number density, related to pressure and temperature by the ideal gas law: 1 = P/kgT

At standard conditions, typical mean free paths for common gases are on the order of tens to hundreds of
nanometers.

Limitations to keep in mind:

* These kinetic theory formulas assume an ideal gas with no intermolecular forces and treat molecules
as hard spheres. This works well for dilute gases at low to moderate pressures.

* For real gases, especially at high pressures or low temperatures where intermolecular forces matter,
more sophisticated approaches like Chapman-Enskog theory are needed. Chapman-Enskog theory
systematically accounts for the details of intermolecular potentials and yields transport coefficients that
agree much better with experiment.

* The simple kinetic theory results are still valuable because they correctly capture the qualitative trends
(temperature dependence, molecular mass dependence, pressure independence) and provide
order-of-magnitude estimates.
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13.3 Mean free path and collision frequency
Mean Free Path and Gas Properties

Understanding Mean Free Path

The mean free path (A) is the average distance a molecule travels between successive collisions with other
molecules in a gas. It connects microscopic molecular behavior to macroscopic gas properties like
viscosity and thermal conductivity.

Two molecular-level properties control A:
« Number density (17): More molecules per unit volume means less room between them, so A shrinks.

* Molecular diameter (d): Bigger molecules present a larger cross-sectional target, making collisions
more likely and shortening A.

Because number density itself depends on the thermodynamic state, A also responds to pressure and
temperature:

* Pressure is inversely proportional to A. Doubling the pressure doubles 17, which cuts A in half.

- Temperature is directly proportional to A. At constant pressure, raising T lowers N (the gas expands),
so molecules travel farther between hits. Quantitatively, A « T at fixed P, so doubling the temperature
doubles the mean free path.

As a concrete comparison: at room temperature and 1 atm, Hz (d = 2.7 x 1071% m) has a mean free
path around 120 nm, while the larger CO> (d = 3.3 x 1071% m) has a noticeably shorter one, roughly
40-45 nm.

Calculating Mean Free Path

The standard kinetic-theory result for a single-component gas of hard-sphere molecules is:

A=—-1
V2 nd?n

The /2 factor accounts for the fact that other molecules are also moving; the relative speed between two
molecules is \/E times the mean speed.

You can eliminate h using the ideal gas law N = P/(kgT):

ke T
V2 na?p

This form makes the proportionalities explicit: A « T/P.

Worked example. Find A for N2 at 300 K and 1.01 x 10° Pa, withd = 3.7 X 10719 m.
1. Compute d?: (3.7 x 1071%)2 =1.369 x 1071 m?
2. Compute the denominator: 2 17(1.369 x 10~2)(1.01 x 10%) = 6.14 x 1014
3. Compute the numerator: kg7 = (1.381 x 10723)(300) = 4.14 x 1072} |
4. Divide: A =4.14 X 10721/6.14 x 107 = 6.7 x 1078 m =67 nm

Unit consistency matters. Use pascals for P, kelvins for T, and meters for d so that everything cancels
cleanly to meters.
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Knudsen Number and Flow Regimes

The Knudsen number compares the mean free path to a characteristic length scale L of the system (pipe
diameter, pore size, etc.):

Kn=

~>

It tells you whether the gas "sees" the container walls or mostly just other molecules:

Regime Kn range Physical picture

Continuum flow Kn<0.01 A < L; standard fluid mechanics
(Navier-Stokes) applies

Slip flow 0.01<Kn<0.1 Slight velocity slip at walls; small
corrections needed

Transition flow 0.1<Kn<10 Neither continuum nor free-molecular;
hardest regime to model

Free molecular flow Kn>10 A >> L; molecule-wall collisions
dominate over molecule-molecule
collisions

This classification matters in real applications: vacuum systems, microelectromechanical devices (MEMS),
and high-altitude aerodynamics all operate outside the continuum regime.

Collision Frequency in Gases

Understanding Collision Frequency

Collision frequency (Z£) is the average number of collisions a single molecule experiences per unit time.
While A tells you how far between collisions, Z tells you how often they happen.

z=V2nd?nv

where V is the mean molecular speed:

8kgT

V= Tm

Here M is the mass of a single molecule. Notice that the combination \/Endz nis just 1/A, so there's an
elegant connection:

Z=

<

This makes intuitive sense: the collision rate equals how fast you're going divided by how far you travel
between hits.

Factors Affecting Collision Frequency

Temperature. Raising T increases V (as \/?) and, at constant pressure, decreases N (as 1/T). The net
effect at constant P: 7 « 1/\/?, so collision frequency actually decreases with rising temperature at fixed
pressure. At constant density (sealed rigid container), N stays fixed and Z « /T, so collisions become
more frequent.
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Pressure. At constant T, increasing P raises N proportionally, so Z « P. Double the pressure, double the
collision frequency.

Molecular size. Larger d means a bigger collision cross-section (o = rrd?). Under identical conditions,
CO:2 molecules collide more often than H2 molecules.

Molecular mass. Heavier molecules move more slowly (v « 1/v' m), which reduces Z compared to lighter
molecules at the same T and N.

A common mistake: assuming that higher temperature always increases collision frequency. That's only
true at constant volume/density. At constant pressure, the gas expands, 17 drops, and collisions actually
become less frequent despite the higher speed.

Mean Free Path vs. Collision Frequency

How They Relate

Since Z = V/A, the two quantities are linked through the mean speed. But they don't always move in
opposite directions, because V itself changes with conditions.

Change (at constant T') A Z
Increase P Decreases Increases
Increase d Decreases Increases
Change (at constant P) A 4
Increase T Increases Decreases
Change (at constant N) A 4
Increase T Unchanged* Increases

*At constant N, A = 1/(\/5 nd?n) has no T dependence, so A stays the same while V (and therefore Z)
rises.

Comparing Different Gases

When two gases are at the same T and P, they share the same number density 1 (ideal gas law).
Differences in A and Z then come entirely from d and m:

« The gas with the larger diameter has a shorter A and (all else equal) a higher Z.

« The gas with the lighter molecules has a higher v, which boosts Z but doesn't affect A (since A doesn't
depend on speed).

Connection to Transport Properties

Shorter mean free paths and higher collision frequencies mean molecules exchange momentum, energy,
and mass more frequently over shorter distances. This directly feeds into the kinetic-theory expressions
for:

« Viscosity (): proportional to vV A
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« Thermal conductivity (K): proportional to v A
- Diffusion coefficient (D): proportional to v A

All three transport coefficients scale as VA, which at constant pressure gives a T3/2 dependence (since
v « T2 and A « T). That's why gas viscosity increases with temperature, unlike liquids.
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Unit 14 — Chemical Kinetics and Reaction
Dynamics
14.1 Reaction rates and rate laws

Reaction Rate and Its Significance

Definition and Units of Reaction Rate

The reaction rate measures how fast the concentration of a reactant decreases (or a product increases)

over time. For a general reaction where reactant A forms product B, the rate is defined as:
— _A[A] _ A[B]
Rate = -5 =%

The negative sign accounts for the fact that reactant concentration decreases over time, keeping the rate a
positive quantity. Units are typically molarity per second (M/s) or molarity per minute (M/min).

One thing to watch for: the rate of disappearance of a reactant and the rate of appearance of a product
aren't always equal. You need to account for stoichiometric coefficients. For a reaction @A = bB, the
relationship is:

Importance of Reaction Rates in Chemical Kinetics

Chemical kinetics is the branch of physical chemistry focused on reaction rates and the factors that control
them. Understanding rates matters across many fields:

* Industrial chemistry: Optimizing production processes (e.g., tuning conditions in the Haber process for
ammonia synthesis)

* Biochemistry: Enzyme kinetics and metabolic pathways depend on precisely regulated rates

 Materials science: Controlling reaction rates during synthesis determines the properties of the final
material

Thermodynamics tells you whether a reaction can happen. Kinetics tells you how fast it actually does.
Deriving Rate Laws

Rate Law Equation and Reaction Orders
A rate law is an equation that connects the reaction rate to the concentrations of the reactants:
Rate = k[A]"[B]"

- k is the rate constant, which depends on temperature but not on concentration

« [A] and [B] are reactant concentrations

M and N are the reaction orders with respect to A and B

The overall reaction order is the sum m + n. A critical point: reaction orders are not determined from the
balanced equation. They must be found experimentally. The stoichiometric coefficients and the reaction
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orders only match for elementary (single-step) reactions.

Experimental Determination of Reaction Orders and Rate Constant

The most common approach is the method of initial rates:
1. Run the reaction multiple times, each time measuring the initial rate.
2. Between trials, change the concentration of one reactant while holding everything else constant.
3. Compare how the rate changes relative to the concentration change.

4. If doubling [A] doubles the rate, the reaction is first-order in A (m = 1). If doubling [A] quadruples
the rate, it's second-order (m = 2). If the rate doesn't change, it's zero-order (m = 0).

5. Once all orders are known, plug any trial's data into the rate law to solve for k.

For example, suppose you have two trials where [A] doubles while [B] stays the same, and the rate
quadruples. Then m = 2, because 2™ = 4.

Types of Reaction Orders

- Zero-order (M = 0): Rate is independent of reactant concentration. The reaction proceeds at a
constant rate until the reactant is used up. Example: decomposition of N20 on a hot platinum surface.

- First-order (m = 1): Rate is directly proportional to the concentration of one reactant. Double the
concentration, double the rate. Example: radioactive decay.

» Second-order (m = 2): Rate is proportional to either the square of one reactant's concentration, or the
product of two reactants' concentrations. Example: dimerization of NO5 .

Factors Influencing Reaction Rates

Concentration and Rate Law

Increasing reactant concentration generally increases the rate because there are more molecules available
to collide per unit volume. The rate law quantifies exactly how much the rate changes for a given
concentration change, which is why knowing the reaction orders matters.

Temperature and the Arrhenius Equation

Higher temperature means molecules move faster on average. This leads to both more frequent collisions
and a greater fraction of collisions with enough energy to overcome the activation energy barrier. Even a
modest temperature increase (say, 10 K) can significantly boost the rate.

The Arrhenius equation captures this temperature dependence:
k = Ae—E+RT
- A is the pre-exponential factor (related to collision frequency and molecular orientation)
» E; is the activation energy (the minimum energy needed for a reactive collision)
* R is the gas constant (8.314 ] mol~*K™1)
« T is the absolute temperature in Kelvin

A useful linearized form for comparing two temperatures is:
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K\ —Eaf1l _ 1
In(&)=%(#-%)
This lets you calculate E from rate constants measured at two different temperatures, or predict how k
changes when you heat or cool the system.

Catalysts and Activation Energy

Catalysts speed up reactions without being consumed. They do this by providing an alternative reaction
pathway that has a lower activation energy. The thermodynamics of the reaction (AG, equilibrium
constant) don't change; only the rate does.

Two main categories:

» Homogeneous catalysts exist in the same phase as the reactants (e.g., acid catalysis in aqueous
solution)

» Heterogeneous catalysts are in a different phase, typically a solid surface where gaseous or liquid
reactants adsorb and react (e.g., platinum in a catalytic converter)

Other Factors: Surface Area and Pressure

« Surface area: In heterogeneous reactions, increasing the surface area of a solid reactant exposes
more sites where reactions can occur. Grinding a solid into a fine powder dramatically increases the
rate compared to using a single chunk.

* Pressure: For gaseous reactions, increasing pressure effectively increases the concentration of
gas-phase reactants (by compressing them into a smaller volume), which raises the collision frequency
and the rate.

Integrated Rate Laws and Applications

Equations for Zero, First, and Second-Order Reactions

While the differential rate law tells you how rate depends on concentration at a given instant, integrated
rate laws tell you how concentration changes over time. These are derived by integrating the differential

form.

Order Differential Form Integrated Form Linear Plot (y vs. x) Slope
Zero Rate =k [Al;=[A]lo — kt [Alfvs. t -k
First Rate = k[A] In[A]t = In[Alo — kt In[A]¢ vs. t -k
Second Rate = k[A]? ﬁ = ﬁ + kt ﬁ vs. t k

To determine the reaction order from experimental data, plot the concentration-time data in each of these
three ways. Whichever plot gives a straight line tells you the order.

Half-Life Calculations

The half-life (t1/2) is the time it takes for the reactant concentration to drop to half its initial value.

« Zero-order: t12 = % — depends on initial concentration; shorter half-life as the reaction progresses
. First-order: t12 = 32 = &;)3 — independent of initial concentration. This is why radioactive decay

K
has a constant half-life regardless of how much material remains.

Fiveable archived study guides Page 147



« Second-order: t1/2 = ﬁ — depends on initial concentration; each successive half-life is longer than
the previous one

Applications of Integrated Rate Laws

Integrated rate laws are the practical tools you use to extract kinetic parameters from experimental data:

» Decomposition of hydrogen peroxide (2H202 = 2H20 + O3): First-order kinetics. Plotting In[H20:]
vs. time gives a straight line.

* Hydrolysis of esters: Often pseudo-first-order when water is the solvent (its concentration barely
changes), simplifying the analysis.

« Dimerization of cyclopentadiene: Second-order. Plotting 1/[CsHe] vs. time yields a straight line.

By fitting data to these integrated forms, you can determine both the reaction order and the rate constant k
for a given reaction.

14.2 Reaction mechanisms and elementary steps

Chemical reactions often proceed through multiple molecular events rather than a single transformation.
Reaction mechanisms map out these individual events, revealing how bonds break and form along the
path from reactants to products. Understanding mechanisms is essential for predicting rate laws,
identifying bottlenecks, and ultimately controlling reaction outcomes.

Elementary steps are the irreducible building blocks of any mechanism. Each one represents a single
molecular event, such as a bond dissociation or a collision between two species. By analyzing these steps,
you can identify the rate-determining step and derive the rate law for the overall reaction.

Reaction Mechanisms and Overall Reactions

Reaction Mechanisms: Detailed, Step-by-Step Descriptions

A reaction mechanism is a proposed sequence of elementary steps that describes, at the molecular level,
how reactants become products. It includes every intermediate species and transition state along the way,
specifying which bonds break, which form, and how atoms rearrange at each stage.

The overall (net) reaction is what you get when you sum all the elementary steps together:

* Intermediate species appear in individual steps but cancel out when you add the steps, so they don't
show up in the net equation.

* The stoichiometry of the overall reaction follows directly from the stoichiometry of the individual steps.
If the steps don't sum to give the known overall equation, the proposed mechanism is inconsistent.

Rate-Determining Step and Overall Reaction Rate

In a multi-step mechanism, one step is typically much slower than the others. This rate-determining step
(RDS) acts as a bottleneck: no matter how fast the other steps are, the overall reaction can't proceed faster
than this slowest step.

Why is it the slowest? The RDS has the highest activation energy barrier among all the elementary steps,
so molecules need the most energy to get through it.

Because the RDS limits the overall rate, the rate law for the overall reaction can be derived from the rate
law of the RDS alone. There's an important caveat, though: if the RDS rate law contains the concentration
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of an intermediate (a species produced in an earlier step), you can't leave it that way. Experimentally
measurable rate laws are written only in terms of reactant concentrations. To eliminate the intermediate,
you apply either a pre-equilibrium assumption or the steady-state approximation (discussed below).

Elementary Steps and Rate Laws

Characteristics of Elementary Steps

Elementary steps are the simplest possible molecular events in a mechanism. Each one occurs in a single
collision or molecular rearrangement and cannot be broken down further. Key types include:

« Unimolecular dissociation: A single molecule breaks apart. AB—~A + B
« Bimolecular collision: Two species collide and react. A + B = AB

» Unimolecular isomerization: A single molecule rearranges its internal structure without breaking into
separate fragments.

Every elementary step passes through exactly one transition state on the potential energy surface.

Rate Laws for Elementary Steps

Here's a critical distinction: for elementary steps (and only for elementary steps), you can write the rate law
directly from the stoichiometry. The reaction order with respect to each reactant equals its stoichiometric
coefficient in that step.

This works because an elementary step represents an actual molecular event. If two molecules of A must
collide with one molecule of B in a single step, the rate naturally depends on [A]%[B].

For the elementary step 2A + B = C, the rate law is Rate = k[A]?[B], giving an overall reaction order of
3.

You cannot do this for an overall reaction. The rate law for a multi-step overall reaction must be determined
experimentally or derived from the mechanism. Writing rate laws from stoichiometric coefficients is a
privilege reserved for elementary steps.

Rate-Determining Step in Mechanisms

Identifying the Rate-Determining Step
To identify the RDS in a proposed mechanism:
1. Compare the activation energies (or equivalently, the rate constants) of each elementary step.
2. The step with the highest activation energy (smallest rate constant) is the RDS.
3. Verify that the rate law derived from this step is consistent with the experimentally observed rate law.

If the derived and experimental rate laws don't match, the proposed mechanism (or your choice of RDS)
needs to be revised.
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Steady-State Approximation for Intermediates

When the rate law for the RDS includes an intermediate, you need a way to express that intermediate's
concentration in terms of measurable reactant concentrations. The steady-state approximation assumes
that, after a brief induction period, the intermediate's concentration stays roughly constant because its rate
of formation equals its rate of consumption.

Consider this two-step mechanism:
* Step 1: A + B = C (fast, reversible)
- Step 2: C + D = E (slow, rate-determining)

The RDS rate law is Rate = k2[C][D], but C is an intermediate. Applying the steady-state approximation
to C:

dIe] = k1 [AI[B] — k_1[C] - k>[CI[D] = O

Solving for [C]:
— _ki[AllB]
[Cl=

Substituting back gives a rate law entirely in terms of reactants. Notice that if k-1 3> k2[D] (the back
reaction of step 1 is much faster than step 2), this simplifies to Rate = %[A][B][D], which is the same
result you'd get from a pre-equilibrium approximation on step 1.

Molecularity vs Reaction Order

Molecularity of Elementary Steps

Molecularity is the number of reactant molecules (or ions) that participate in a single elementary step. It's a
theoretical, integer property of that step:

« Unimolecular (molecularity = 1): A single molecule dissociates or isomerizes. A= B + C
- Bimolecular (molecularity = 2): Two species collide and react. A+ B - C
« Termolecular (molecularity = 3): Three species collide simultaneously. A+B + C—=D

Termolecular steps are rare in practice. The probability of three molecules colliding at the same instant with
the correct orientation and sufficient energy is very low. When a reaction appears to require three bodies, it
usually proceeds through two successive bimolecular steps instead.

Reaction Order and Rate Laws

For elementary steps, molecularity directly determines the rate law:

Molecularity Example Step Rate Law Overall Order
Unimolecular A-B+C Rate = k[A] 1
Bimolecular A+B-C Rate = k[A][B] 2
Bimolecular 2A-C Rate = k[A]? 2
Termolecular 2A+B-D Rate = k[A]°[B] 3

The distinction between molecularity and reaction order matters most for overall reactions. Molecularity is
defined only for elementary steps and is always a positive integer. Reaction order, on the other hand, is an
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empirical quantity for overall reactions and can be fractional, zero, or even negative with respect to a given
species. When someone asks you to compare the two, the key point is: they coincide for elementary steps
but can diverge for complex, multi-step reactions.

14.3 Transition state theory and activated complex
Transition State Theory

Key Concepts and Assumptions

Transition state theory (TST) provides a framework for predicting the rates of elementary reactions. The
central idea is that reactants don't just jump straight to products. Instead, they must pass through a
high-energy configuration called the activated complex (or transition state), which sits at the energy
maximum along the reaction coordinate.

The activated complex is a transient, unstable species that forms when reactants collide with enough
energy and the right orientation. It exists only for a very brief moment before either falling back to reactants
or moving forward to products.

A core assumption of TST is that the activated complex is in quasi-equilibrium with the reactants. This
means you can use equilibrium statistical mechanics to calculate the concentration of the activated
complex, and from that, determine the rate of product formation. The energy difference between the
reactants and the activated complex is the activation energy (Ea), the minimum energy input needed for
the reaction to proceed.

Factors Affecting Reaction Rate

The reaction rate depends on how many activated complexes form per unit time, which is controlled by two
main variables: activation energy and temperature.

» Temperature increases the average kinetic energy of molecules, so a larger fraction of reactant
collisions carry enough energy to reach the transition state. Even a modest temperature increase can
dramatically speed up a reaction.

« Catalysts lower Ea by providing an alternative reaction pathway with a less energetically demanding
transition state. The catalyst isn't consumed; it just makes the energy hill shorter. This increases the
concentration of the activated complex at any given temperature and speeds up the reaction.

» Reactant concentration also matters. More molecules in a given volume means more frequent
collisions, which means more chances to form the activated complex.

Activation Energy and Rate

Relationship between Activation Energy and Reaction Rate

Think of Ea as a hill that reactant molecules must climb. A taller hill means fewer molecules have enough
energy to get over it at a given temperature, so the reaction is slower. A shorter hill means more molecules
clear it, and the reaction is faster.

This is why catalysts are so useful: they don't change the energies of the reactants or products, but they
carve out a lower-energy path between them. The thermodynamics of the reaction (AG, AH) stay the
same; only the kinetics change.

Fiveable archived study guides Page 151



Maxwell-Boltzmann Distribution and Reaction Rates

The Maxwell-Boltzmann distribution shows how molecular kinetic energies are spread across a population
at a given temperature. Most molecules cluster around an average energy, with a tail extending to higher
energies.

+ At higher temperatures, the distribution broadens and shifts toward higher energies. The area under
the curve above Ea grows, meaning a larger fraction of molecules can form the activated complex.

* At lower temperatures, the high-energy tail shrinks, and far fewer molecules have enough energy to
react.

One common misconception: catalysts do not shift the Maxwell-Boltzmann distribution. The distribution of
molecular energies depends only on temperature. What a catalyst does is lower the Ea threshold, so a
larger portion of the existing distribution now exceeds the required energy.

Arrhenius Equation Applications

Components of the Arrhenius Equation

The Arrhenius equation connects the rate constant k to temperature and activation energy:
k = Ae—EalRT
Each piece has a physical meaning:
- k is the rate constant, which quantifies how fast the reaction proceeds at a given temperature.

- A is the pre-exponential factor (also called the frequency factor). It captures how often molecules
collide and whether those collisions have the right orientation. Units of A match the units of k.

» E; is the activation energy in J/mol.
* R is the gas constant (8.314 J mol—1 K—1).
« T is the absolute temperature in Kelvin.

« The exponential term e ~£2/RT gives the fraction of collisions with enough energy to overcome the
barrier. As T rises or E; drops, this fraction increases.

Calculating Rate Constants and Activation Energies

You can use the Arrhenius equation in two main ways:
1. Calculate k at a known temperature: Plug in A, Ea, R, and T directly.
2. Determine Ea from experimental data:

1. Measure k at several different temperatures.

2. Plot In(k) on the y-axis versus 1/T on the x-axis. This linearizes the Arrhenius equation into
In(k) =In(A) =% - .

3. The slope of the resulting straight line equals —Ea/R, so Ea = —slope X R,
4. The y-intercept equals IN(A), from which you can extract the pre-exponential factor.

If you only have rate constants at two temperatures (71 and 72), you can use the two-point form:
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Ko\ —Ea(1 _ 1
In(%)=%(+-4%)
This is especially handy on exams when you're given two data points and asked to find Ea.

Collision and Orientation in Kinetics

Effective Collisions and Reaction Rates

Collision theory provides the physical picture behind the Arrhenius equation. For a reaction to occur, two
conditions must be met simultaneously:

» The colliding molecules must have kinetic energy equal to or greater than Ea.
» The molecules must be oriented correctly so the right bonds can break and form.

Collisions that satisfy both conditions are called effective collisions. The reaction rate is proportional to the
frequency of these effective collisions. Increasing reactant concentration raises the total collision
frequency, which raises the number of effective collisions and speeds up the reaction.

Molecular Orientation and Steric Factors

Not every high-energy collision leads to a reaction. If two molecules slam together with plenty of energy but
the reactive sites face the wrong way, nothing happens.

The steric factor (P) quantifies this. It's the fraction of sufficiently energetic collisions that also have the
correct orientation, and it feeds directly into the pre-exponential factor A. Values of P range from near 1
(for simple atoms or small symmetric molecules) down to 10~2 or less for large, complex molecules.

* Bulky substituents create steric hindrance, physically blocking the reactive site and reducing the
probability of proper alignment. This lowers A and slows the reaction.

+ Reactions involving asymmetric molecules or specific functional groups are especially sensitive to
orientation. Enzyme catalysis is a classic example: the substrate must fit into the active site with precise
geometry (the lock-and-key model), and even small changes in molecular shape can shut down the
reaction entirely.

14.4 Potential energy surfaces and reaction coordinates

Potential energy surfaces and reaction coordinates are crucial tools for understanding chemical reactions.
They provide a visual representation of how energy changes as molecules interact, helping us grasp the
energetics and mechanisms behind chemical transformations.

These concepts are essential in Chemical Kinetics and Reaction Dynamics, as they explain why some
reactions happen quickly while others are slow. By mapping out energy landscapes, we can predict
reaction rates, identify transition states, and understand how catalysts work their magic.

Potential energy surfaces and reactions

Graphical representation of potential energy

* A potential energy surface is a graphical representation of the potential energy of a system as a
function of its geometry or atomic coordinates

 The potential energy is plotted on the vertical axis, while the atomic coordinates or geometry
parameters are plotted on the horizontal axes
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* Example: For a diatomic molecule (H:), the potential energy surface would be a 2D plot with the
potential energy on the y-axis and the bond length on the x-axis

» The shape of the potential energy surface is determined by the interactions between the atoms or
molecules in the system

» These interactions include bond stretching, angle bending, and torsional motions

* The potential energy surface accounts for the combined effect of all these interactions on the system's
potential energy

Reaction progress and pathways

*» The potential energy surface describes how the potential energy changes as the reaction progresses
from reactants to products

» Reactants and products are represented by minima on the potential energy surface, corresponding to
stable molecular geometries

» Example: In the H:z + 12 - 2HI reaction, the reactants (Hz and I2) and products (HI) are represented by
minima on the potential energy surface

* The reaction pathway is the minimum energy path on the potential energy surface that connects the
reactants and products

* It represents the most energetically favorable route for the reaction to proceed

* The reaction pathway passes through the transition state, which is the highest-energy point along the
path

Reaction coordinates and transition states

Reaction coordinate components

* A reaction coordinate is a one-dimensional representation of the progress of a chemical reaction,
typically plotted against the potential energy of the system

* It is a simplified representation of the multidimensional potential energy surface, focusing on the most
important geometric changes during the reaction

» Example: In the SN2 reaction (CHsBr + OH~ - CHsOH + Br"), the reaction coordinate might be the
C-Br bond length, as it is the most significant geometric change during the reaction

» Reactants are the starting materials of a chemical reaction and are represented by a minimum on the
potential energy surface at the beginning of the reaction coordinate

* Products are the final compounds formed after a chemical reaction and are represented by a minimum
on the potential energy surface at the end of the reaction coordinate

Transition state characteristics

* The transition state is the highest-energy point along the reaction coordinate, representing the
activated complex formed during the reaction

« Itis a transient, unstable state that exists only briefly during the reaction
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» Example: In the SN2 reaction (CHsBr + OH~ - CHsOH + Br"), the transition state occurs when the
C-Br bond is partially broken and the C-OH bond is partially formed

* The transition state is characterized by a saddle point on the potential energy surface

+ At the saddle point, the energy is at a maximum along the reaction coordinate but a minimum in all
other directions

» This means that the transition state is a maximum in the direction of the reaction progress but a
minimum in all other geometric parameters

Catalyst effects on potential energy

Catalyst function

* A catalyst is a substance that increases the rate of a chemical reaction without being consumed in the
process

« Catalysts work by providing an alternative reaction pathway with a lower activation energy compared
to the uncatalyzed reaction

» Example: In the Haber-Bosch process for ammonia synthesis (N2 + 3Hz = 2NHs), iron (Fe) is used as
a catalyst to lower the activation energy and increase the reaction rate

Activation energy and catalysis

* The activation energy is the minimum energy required for reactants to overcome the energy barrier
and form the transition state

« It is the difference in energy between the reactants and the transition state

* A lower activation energy results in a faster reaction rate, as more reactant molecules have sufficient
energy to reach the transition state

» The presence of a catalyst lowers the activation energy by stabilizing the transition state or by
providing a different reaction mechanism with a lower energy barrier

« Catalysts can stabilize the transition state through various interactions, such as forming temporary
bonds or providing a favorable orientation for the reactants

» Some catalysts provide a different reaction mechanism with a lower activation energy, such as in
enzymatic reactions where the enzyme's active site facilitates the formation of the transition state

» On the potential energy surface, the effect of a catalyst is represented by a new reaction pathway with
a lower energy barrier, resulting in a faster reaction rate

Endothermic vs exothermic reactions

Endothermic reactions

» Endothermic reactions absorb heat from the surroundings during the reaction, resulting in an increase
in the enthalpy of the system

* The enthalpy change (AH) for an endothermic reaction is positive, indicating that the system gains
heat
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» Example: The thermal decomposition of calcium carbonate (CaCOs - CaO + CO-) is an endothermic
reaction, as it requires heat input to break the bonds in CaCOs

» On the potential energy surface, endothermic reactions have products with higher potential energy
than the reactants

» The transition state is higher in energy than both the reactants and products

* The difference in potential energy between the reactants and products is equal to the enthalpy change
(AH) of the reaction

Exothermic reactions

» Exothermic reactions release heat to the surroundings during the reaction, resulting in a decrease in
the enthalpy of the system

*» The enthalpy change (AH) for an exothermic reaction is negative, indicating that the system loses heat

* Example: The combustion of methane (CHa4 + 202 - CO2 + 2H20) is an exothermic reaction, as it
releases heat when the bonds in CH4 and O: are broken and new bonds in CO2 and HzO are formed

* On the potential energy surface, exothermic reactions have products with lower potential energy than
the reactants

* The transition state is higher in energy than the products but lower than the reactants

* The difference in potential energy between the reactants and products is equal to the negative of the
enthalpy change (-AH) of the reaction
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Unit 15 — Molecular Dynamics:
Simulations & Uses

15.1 Principles of molecular dynamics simulations

Principles of Molecular Dynamics

Molecular dynamics (MD) simulations let you track how atoms and molecules move and interact over time
by numerically solving Newton's equations of motion. They bridge the gap between microscopic particle
behavior and the macroscopic properties you can measure in a lab, like temperature, pressure, and
diffusion rates.

By carefully choosing force fields, boundary conditions, and integration algorithms, you can simulate
everything from simple liquids to complex biomolecules. This section covers the core principles behind
setting up and running these simulations.

Fundamental Concepts

At its core, an MD simulation does something conceptually simple: it calculates the force on every particle
at a given instant, uses those forces to update positions and velocities, then repeats. The physics comes
from Newton's second law:

F,' = m;aj
where F is the net force on particle i, Mi is its mass, and @i is its acceleration.

The forces between particles come from interatomic potentials (also called force fields). These are
mathematical functions that describe how the potential energy of the system varies with particle positions.
At each discrete time step, the simulation:

1. Computes the force on every particle from the current configuration using the force field.
2. Calculates the resulting acceleration for each particle.

3. Updates positions and velocities using a numerical integration algorithm.

4. Repeats for the desired number of time steps.

The trajectory you get (positions and velocities over time) is the raw output of the simulation, and it
contains all the information you need to extract physical properties.

Statistical Mechanics Connection

Statistical mechanics is what lets you translate particle-level trajectories into thermodynamic quantities.
From the positions and velocities recorded during a simulation, you can calculate:

* Equilibrium properties like radial distribution functions (which describe how particle density varies as a
function of distance from a reference particle) and average energies.

* Transport properties like diffusion coefficients and viscosities, which describe how matter or
momentum moves through the system.

* Non-equilibrium behavior by applying external perturbations such as shear flow or temperature
gradients and observing the system's response.
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The key assumption underlying most MD analysis is the ergodic hypothesis: that time averages over a
sufficiently long trajectory are equivalent to ensemble averages. In practice, this means running your
simulation long enough that the system samples a representative portion of phase space.

Molecular Dynamics Setup

Force Fields

The choice of force field is arguably the most important decision in setting up a simulation, because it
determines the accuracy of every force calculation.

A force field typically includes terms for:

» Bonded interactions: bond stretching, angle bending, and torsional (dihedral) rotations. These
describe the energy cost of deforming the internal geometry of a molecule.

» Non-bonded interactions: van der Waals forces (short-range attraction and repulsion) and electrostatic
interactions (Coulomb forces between partial charges).

Different force fields are designed for different types of systems:

» The Lennard-Jones potential is commonly used for simple liquids and noble gases. It models the van
der Waals interaction with a r~12 repulsive term and a r~ attractive term: V(r) = 4£[(2)*? — (2)°]

* Force fields like CHARMM, AMBER, and OPLS are parameterized for biomolecular systems (proteins,
nucleic acids, lipids) and include detailed bonded and non-bonded terms.

Force field parameters are derived from a combination of experimental data (e.g., spectroscopic
measurements, crystal structures) and quantum mechanical calculations. The quality of these parameters
directly limits the reliability of your simulation results.

System Configuration

Before running a simulation, you need to define the initial state of your system:

« Initial positions are often taken from experimental structures (X-ray crystallography, NMR) or
generated computationally through energy minimization or Monte Carlo methods.

« Initial velocities are randomly assigned from a Maxwell-Boltzmann distribution at the target
temperature. The total linear momentum is typically set to zero so the center of mass doesn't drift.

Thermodynamic Ensembles

The ensemble you choose determines which macroscopic quantities are held constant during the

simulation:

Ensemble Held Constant Typical Use

NVE (microcanonical) Number of particles, Volume, Energy Testing energy conservation; validating

integrators

NVT (canonical) Number of particles, Volume, Most common for equilibrium
Temperature simulations

NPT (isothermal-isobaric) Number of particles, Pressure, Simulating systems at experimental
Temperature conditions

To maintain constant temperature or pressure, you need additional algorithms:
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» Thermostats (Nosé-Hoover, Langevin) couple the system to a heat bath to control temperature.

« Barostats (Berendsen, Parrinello-Rahman) adjust the simulation box volume to maintain target
pressure.

Integration Algorithms

The equations of motion are solved numerically using integration algorithms. Two widely used options:

* Verlet algorithm: Uses positions at the current and previous time steps to compute the next position.
It's time-reversible and conserves energy well over long simulations.

* Leapfrog algorithm: A variant of Verlet where velocities are calculated at half-integer time steps. It
gives identical trajectories to Verlet but provides velocities more directly.

Both are symplectic integrators, meaning they preserve the geometric structure of the equations of motion,
which helps prevent long-term energy drift in NVE simulations.

Boundary Conditions

Boundary conditions define what happens at the edges of your simulation box. Without them, particles at
the surface would experience unrealistic forces.

Periodic boundary conditions (PBCs) are the most common approach. The simulation box is effectively
replicated infinitely in all directions. When a particle exits one face of the box, it re-enters through the
opposite face. This:

« Eliminates surface effects, so every particle experiences a bulk-like environment.
* Maintains constant density throughout the simulation.

» Requires careful treatment of long-range interactions (you need to account for interactions with
periodic images, often using methods like Ewald summation for electrostatics).

Fixed or reflective boundary conditions are used when you actually want surfaces or confinement, such as
simulations of nanopores, thin films, or molecules adsorbed on a surface.

More specialized boundary conditions exist for specific applications. Grand canonical boundary conditions,
for example, allow the number of particles to fluctuate, which is useful for studying adsorption or membrane
permeation.

Time Step Selection

The time step (At) controls how finely you discretize the trajectory. Getting it right is a balancing act
between accuracy and computational cost.

If the time step is too large, the integration algorithm can't accurately capture fast motions. Forces change
significantly between updates, energy conservation breaks down, and the simulation can become unstable
("blow up" with unphysical energy increases).

If the time step is too small, you waste computational resources. Each step costs roughly the same amount
of computation, so halving the time step doubles the cost of reaching the same total simulation time.
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Choosing the Right Time Step

A standard rule of thumb: set At to roughly one-tenth the period of the fastest motion in your system. For
most atomistic simulations, the fastest motions are bond vibrations involving hydrogen atoms (period ~10
fs), which gives a typical time step of ~1 fs.

Techniques for Using Larger Time Steps

Several methods let you push the time step higher without sacrificing stability:
1.

Constraint algorithms (SHAKE, RATTLE, LINCS): These fix the lengths of bonds involving hydrogen
atoms, removing the fastest vibrations from the system. With constraints, you can typically use a 2 fs time
step instead of 1 fs, doubling your effective simulation speed.

2.

Multiple time step methods (r-RESPA): Different interactions are updated at different frequencies.
Fast-varying short-range forces are computed every small time step, while slowly varying long-range
forces are computed less frequently. This avoids recalculating expensive long-range electrostatics at every
step.

3.

Adaptive time stepping: The time step is automatically adjusted based on how rapidly forces are changing.
When the system is evolving quickly (e.g., during a collision), the step shrinks; when dynamics are slow, it
grows. This is less common in standard MD but useful in certain specialized applications.

The choice of time step, constraints, and integration algorithm are all interconnected. Changing one often
requires reconsidering the others to maintain a stable, accurate simulation.

15.2 Force fields and integration algorithms

Molecular dynamics simulations rely on force fields to model particle interactions and integration algorithms
to track their motion. These tools are crucial for studying complex systems like proteins and materials at
the atomic level, revealing their behavior and properties.

Force fields define the energy landscape, while integration algorithms solve equations of motion. Together,
they enable researchers to explore potential energy surfaces, uncover stable configurations, and simulate
dynamic processes. Understanding their strengths and limitations is key to conducting accurate and
efficient simulations.

Force Fields in Molecular Dynamics

Types of Force Fields

» Empirical force fields (CHARMM, AMBER, OPLS) are based on experimental data and quantum
mechanical calculations

» Use a combination of bonded (bond stretching, angle bending, torsional terms) and non-bonded (van
der Waals, electrostatic) interactions to describe the potential energy

* Polarizable force fields (AMOEBA, Drude oscillator) incorporate the effects of induced dipoles and
electronic polarization
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+ Allow for a more accurate description of molecular interactions, especially in polar environments
+ Reactive force fields (ReaxFF, AIREBO) can describe the formation and breaking of chemical bonds
 Enable the simulation of chemical reactions and transitions between different bonding states

* Coarse-grained force fields (MARTINI, ELBA) reduce the level of detail by grouping atoms into larger
interaction sites

+ Allow for the simulation of larger systems and longer timescales at the expense of atomistic resolution

Role of Force Fields in Simulations

* Force fields are mathematical models that describe the potential energy of a system of particles as a
function of their atomic coordinates

« Define the interactions between atoms and molecules in a simulation

» Determine the forces acting on each particle, which are used to update their positions and velocities
during the simulation

* The choice of force field depends on the specific system and the desired level of accuracy and
computational efficiency

» Empirical force fields are widely used for simulations of biomolecules (proteins, nucleic acids) and
organic compounds

+ Polarizable force fields are important for systems with significant electronic polarization effects (ionic
liquids, polarizable molecules)

* Reactive force fields are necessary for studying chemical reactions and bond breaking/formation
processes

 Coarse-grained force fields are useful for simulating large-scale phenomena (lipid membranes, protein
assemblies) and accessing longer timescales

Potential Energy Surfaces in Simulations

Characteristics of Potential Energy Surfaces

* A potential energy surface (PES) is a mathematical function that describes the potential energy of a
system as a function of its atomic coordinates

* Represents the energy landscape of the system

» Determines the forces acting on each particle, which are the negative gradient of the PES with respect
to its coordinates

» The shape and complexity of the PES depend on the number of degrees of freedom and the nature of
the interactions in the system

* High-dimensional PES can have multiple local minima separated by energy barriers

» The presence of multiple minima gives rise to different stable configurations (conformations, crystal
structures) of the system

* Local minima on the PES correspond to stable configurations of the system
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* Examples include different conformations of a molecule (folded vs. unfolded states of a protein) or
different crystal structures of a material (polymorphs)

* Transition states are saddle points on the PES, representing the highest energy point along the
minimum energy path between two stable configurations

» Determine the kinetics of transitions between different states (conformational changes, chemical
reactions)

Exploring Potential Energy Surfaces

+ Exploring the PES is a central goal of molecular dynamics simulations
* Allows for the study of conformational changes, phase transitions, and chemical reactions
* Provides insights into the stability, kinetics, and thermodynamics of different states of the system

» Sampling techniques, such as enhanced sampling methods (umbrella sampling, metadynamics) and
replica exchange, are used to efficiently explore the PES

* Help to overcome energy barriers and sample rare events or states with low probabilities

* Free energy surfaces (FES) are obtained by projecting the high-dimensional PES onto a
lower-dimensional space defined by collective variables or reaction coordinates

* Provide a simplified representation of the energy landscape and the relative stabilities of different
states

« Allow for the calculation of free energy differences and transition rates between states

Integration Algorithms: Comparison

Common Integration Algorithms

* The Verlet algorithm is a simple and widely used integration method

» Updates positions using the current positions, velocities, and accelerations
 Time-reversible and symplectic, ensuring good long-term energy conservation
* Limited accuracy and requires small timesteps

* The velocity Verlet algorithm is an improved version of the Verlet algorithm that explicitly includes
velocity calculations

* Provides better energy conservation and allows for larger timesteps compared to the original Verlet
method

* The leapfrog algorithm is another time-reversible and symplectic method
» Updates positions and velocities at interleaved time points
» Computationally efficient and has good energy conservation properties

« Higher-order integration schemes (Runge-Kutta, predictor-corrector methods) offer improved
accuracy by using additional derivative information

» More computationally expensive and may not conserve energy as well as symplectic methods
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Multiple Timestep Algorithms

* Multiple timestep algorithms (RESPA, r-RESPA) use different timesteps for different types of
interactions

« Slower-varying interactions (long-range electrostatics) are updated less frequently than faster-varying
interactions (short-range repulsion)

 Improve computational efficiency while maintaining accuracy
* Require careful tuning of the timestep sizes to maintain accuracy and stability

« Outer timestep for long-range interactions should be chosen to capture the relevant timescales of the
system

* Inner timestep for short-range interactions should be small enough to resolve fast motions and avoid
numerical instabilities

Integration Schemes: Advantages vs Limitations

Considerations for Choosing an Integration Scheme

*» The choice of integration algorithm depends on the specific requirements of the simulation

* Desired accuracy, stability, and computational efficiency

* Properties of the system (isolated vs. coupled to external baths, fast vs. slow processes)

» Symplectic integrators (Verlet, leapfrog) have excellent long-term energy conservation properties
» Well-suited for simulations of isolated systems or systems with weak coupling to external baths

* May not provide the highest short-term accuracy

* Higher-order methods (Runge-Kutta, predictor-corrector) provide better short-term accuracy

« Useful when high accuracy is required (fast processes, strong coupling to external fields)

* May not conserve energy as well as symplectic integrators over long simulation times

Stability and Efficiency Considerations

* The stability of integration algorithms is affected by the choice of timestep
* Too large timesteps can lead to numerical instabilities and unphysical behavior
» Too small timesteps can make simulations computationally prohibitive

* Integration algorithms that are time-reversible and symplectic are generally preferred for long
simulations

* Help to preserve the system's conserved quantities and prevent the accumulation of numerical errors
over time

* The efficiency of integration algorithms can be further improved by using techniques such as:
* Neighbor lists: keep track of nearby particles to reduce the number of pairwise interactions calculated

« Cutoffs: truncate long-range interactions beyond a certain distance to reduce computational cost
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« Parallel computing: distribute the workload across multiple processors or GPUs to speed up
calculations

Examples and Applications

* Protein folding simulations often use symplectic integrators (velocity Verlet) with timesteps on the
order of 1-2 fs

« Capture the fast motions of bonded interactions while maintaining long-term stability
« Simulations of liquid water may employ higher-order methods (Runge-Kutta) with timesteps of 0.5-1 fs
* Accurately resolve the fast dynamics of hydrogen bonds and polarization effects

+ Coarse-grained simulations of lipid membranes can use larger timesteps (10-20 fs) with multiple
timestep algorithms

» Update the slower-varying non-bonded interactions less frequently than the bonded interactions

+ Ab initio molecular dynamics simulations, which include electronic structure calculations, require
smaller timesteps (0.1-0.5 fs) and often use predictor-corrector schemes

« Capture the fast electronic motions and maintain energy conservation

15.3 Analysis of simulation results and applications in materials science
Information from Simulations

Extracting Meaningful Insights from Trajectories

Molecular dynamics (MD) simulations produce trajectories: time-ordered records of every particle's
position, velocity, and the forces acting on it. The raw data is enormous, so the real work lies in extracting
physically meaningful quantities from it.

Visualization tools like VMD and PyMOL let you create animations or snapshots of the simulated system.
These reveal structural changes, conformational dynamics, and intermolecular interactions that are hard to
spot from numbers alone.

Beyond visualization, statistical analysis of trajectories yields quantitative properties:

+ Radial distribution functions (RDFs) describe how particle density varies with distance from a
reference particle

* Mean square displacements (MSDs) track how far particles wander over time
» Hydrogen bond lifetimes characterize the persistence of specific intermolecular interactions

Time-averaged properties (average energy, pressure, density) are calculated by averaging over the
trajectory once the system reaches equilibrium. These averages can be compared directly with
experimental measurements or theoretical predictions.

You can also identify important events in the trajectory, such as phase transitions, conformational changes,
or chemical reactions. Pinpointing when and how these events occur provides mechanistic insight into the
underlying processes.
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Analyzing Time-Dependent Behavior and Equilibrium Properties

MD simulations capture both how a system evolves over time and what its steady-state properties look like.
Time-dependent analysis focuses on dynamics:
« Diffusion coefficients come from tracking the mean square displacement of particles over time

* Velocity autocorrelation functions reveal how long a particle "remembers" its velocity, and whether
collective motions are present

Equilibrium analysis involves averaging over the trajectory after the system has relaxed to a steady state:

» Thermodynamic properties like internal energy, enthalpy, entropy, free energy, and specific heat
capacity can be extracted from equilibrium fluctuations

« Structural properties like RDFs and bond length/angle distributions characterize local ordering and
conformational preferences

Two key principles from statistical mechanics connect microscopic simulation data to macroscopic
observables:

* The equipartition theorem states that each quadratic degree of freedom contributes %kBT to the
average energy, where Ks is the Boltzmann constant and T is the temperature

* The fluctuation-dissipation theorem relates a system's equilibrium fluctuations to its response to small
perturbations, enabling calculation of transport coefficients and response functions

Thermodynamic Properties and Transport Coefficients

Calculating Thermodynamic Properties

MD simulations give you access to a range of thermodynamic quantities:
* Internal energy is the sum of kinetic and potential energies of the system
- Enthalpy adds the pressure-volume work term: H = U + PV

* Entropy is trickier to compute directly. Methods like thermodynamic integration or the two-phase
thermodynamic method estimate entropy by calculating free energy differences between a reference
state and the target state

* Free energy calculations often require enhanced sampling techniques (umbrella sampling,
metadynamics, steered MD) because rare events or high-energy states are poorly sampled in standard
simulations

Statistical mechanics provides the bridge from atomic-scale data to bulk thermodynamic quantities. The
equipartition theorem assigns %kBT of average energy per quadratic degree of freedom. The
fluctuation-dissipation theorem lets you compute transport coefficients or response functions from the
system's spontaneous equilibrium fluctuations.

Determining Transport Coefficients

Transport coefficients describe how efficiently a material moves mass, momentum, or energy. They can be
calculated from time-dependent simulation data using two main approaches:
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» Green-Kubo relations integrate time-correlation functions (e.g., stress autocorrelation for viscosity,
heat flux autocorrelation for thermal conductivity)

* Einstein relations extract coefficients from the long-time slope of mean square quantities (e.g., MSD
for diffusion)

The three most common transport coefficients:

« Diffusion coefficient quantifies mass transport. Applications include studying ionic conductivity in solid
electrolytes or charge carrier mobility in semiconductors

* Viscosity measures resistance to flow. This matters for understanding the rheological behavior of
liquids or how materials deform under shear stress

» Thermal conductivity describes how well a material conducts heat. You can determine it from the heat
flux autocorrelation function or by imposing a temperature gradient across the simulation box and
measuring the resulting heat flux. This property is critical for thermal management and thermoelectric
device design

Structural and Dynamical Properties

Analyzing Local Structure and Ordering

Radial distribution functions (RDFs) are one of the most widely used structural analysis tools. An RDF,
often written as 9(r), gives the probability of finding a particle at distance r from a reference particle,
relative to an ideal gas at the same density.

From an RDF you can extract:
* Nearest-neighbor distances (position of the first peak)
+ Coordination numbers (integral under the first peak)
» Whether long-range order exists (persistent oscillations vs. decay to 1)

Partial RDFs break this down by atom type, which is essential for multi-component systems where you
need to know, for example, how oxygen atoms arrange around a metal ion separately from how they
arrange around each other.

Bond length and angle distributions complement RDFs by probing intramolecular and local geometry:
» Bond length distributions reveal average bond distances and their spread
* Bond angle distributions show preferred geometries and coordination environments

These structural tools are especially useful for detecting phase transitions. The appearance or
disappearance of peaks in the RDF signals the onset of long-range order (crystallization) or its loss
(melting). Changes in bond distributions can indicate solid-solid phase transitions or the formation of new
crystalline phases.

Investigating Dynamical Behavior and Vibrational Properties

Mean square displacement (MSD) tracks how far particles move from their initial positions over time. The
slope of the MSD curve tells you the type of diffusion:

* A linear MSD vs. time indicates normal (Fickian) diffusion

* A sublinear slope suggests subdiffusive behavior (particles are trapped or hindered)
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* A superlinear slope indicates superdiffusive or ballistic motion
At long times, the self-diffusion coefficient D is extracted from the Einstein relation:

D =lim &(|r(t) - r(0)])

Velocity autocorrelation functions (VACFs) measure how long a particle's velocity persists in a given
direction. A rapid decay indicates frequent collisions and diffusive motion; slower decay or oscillations
suggest caging effects or collective modes.

The Fourier transform of the VACF yields the vibrational density of states (VDOS), which tells you the
distribution of vibrational frequencies in the system. From the VDOS or from diagonalizing the dynamical
matrix, you can obtain:

» Phonon dispersion relations showing how vibrational frequency depends on wavevector

« Identification of acoustic modes (low-frequency, sound-like) and optical modes (higher-frequency,
involving relative motion of atoms within the unit cell)

Applications in Materials Science

Studying Mechanical and Thermodynamic Properties

MD simulations let you probe mechanical behavior by applying virtual loads or deformations:

« Elastic constants are calculated from the stress-strain response under small deformations, revealing
stiffness and anisotropy

* Yield strength and plasticity are investigated by applying larger strains and watching for irreversible
deformation or defect formation

* Fracture behavior is studied by introducing pre-existing cracks and monitoring crack propagation
under applied stress

Simulations also provide insight into thermodynamic stability and phase behavior:

* Melting points can be determined by gradually raising the temperature and monitoring the loss of
long-range order

* Phase diagrams are constructed by systematically varying temperature and pressure, then identifying
the stable phase at each state point

+ Solid-solid phase transitions are tracked through changes in structural properties or the energy
landscape as conditions change

Investigating Transport and Interfacial Properties
Transport properties guide the design of functional materials:

* lonic conductivity in solid electrolytes is studied by tracking ion diffusion under an applied electric field
and converting to conductivity via the Nernst-Einstein relation

» Thermal conductivity in thermoelectric materials is determined by imposing a temperature gradient
and measuring heat flux, then applying Fourier's law

Interfacial properties are equally important for coatings, composites, and lubrication:
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» Adhesion is quantified by simulating the interface between two materials and calculating the work of
adhesion or interfacial energy

» Wetting is studied by simulating a liquid droplet on a solid surface and measuring the contact angle or
spreading dynamics

« Tribological properties (friction, wear) are investigated by simulating sliding or rolling contact between
surfaces and extracting friction coefficients or wear rates

Exploring Synthesis, Processing, and Multiscale Modeling

MD simulations can illuminate how materials form and grow:

* Crystal growth simulations track atoms or molecules attaching to a growing surface, revealing growth
modes, step-edge barriers, and defect formation

* Nucleation studies capture the early stages of phase separation or the formation of critical nuclei from
a supersaturated solution

+ Self-assembly simulations model how building blocks (molecules, nanoparticles) organize into ordered
structures, including the influence of external fields or templates

Defects and dopants strongly affect material properties, and simulations let you study them in isolation:

+ Point defects (vacancies, interstitials, substitutional impurities) can be introduced to study their effect
on local structure, electronic properties, or diffusion

» Extended defects (dislocations, grain boundaries) can be modeled to understand their impact on
mechanical behavior and plasticity

* Dopants can be added to analyze changes in electronic structure, carrier concentration, or transport
properties
Finally, coupling MD with other computational methods enables multiscale modeling that bridges length

and time scales:

* QM/MM (quantum mechanics/molecular mechanics) treats a small reactive region quantum
mechanically while modeling the surroundings classically

» Atomistic-to-continuum methods connect atomic-scale simulations to macroscopic continuum models
for studying large-scale phenomena like crack propagation

* Machine learning techniques can train interatomic potentials on quantum mechanical data, enabling
accurate simulations of complex materials at a fraction of the computational cost

15.4 Advanced simulation techniques and their limitations

Advanced simulation techniques push the boundaries of molecular dynamics, tackling complex systems
and rare events. These methods overcome limitations of conventional simulations, allowing researchers to
explore conformational spaces and energy landscapes more efficiently.

From umbrella sampling to metadynamics, these techniques offer powerful tools for studying protein
folding, ligand binding, and phase transitions. However, challenges remain in computational cost, force
field accuracy, and selecting appropriate collective variables for enhanced sampling.
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Enhanced Sampling Techniques

Overcoming Limitations of Conventional Molecular Dynamics

* Enhanced sampling techniques overcome limitations of conventional molecular dynamics (MD)
simulations in exploring conformational space of complex systems efficiently

» Conventional MD simulations often struggle to sample relevant regions of free energy landscape due
to high energy barriers and limited simulation timescales (nanoseconds to microseconds)

Umbrella Sampling

» Umbrella sampling introduces a biasing potential to restrain the system along a reaction coordinate,
allowing the system to overcome energy barriers and sample different regions of the free energy
landscape

* The biasing potential is typically a harmonic potential added to the system's potential energy function

+ Multiple simulations are performed with the biasing potential centered at different values along the
reaction coordinate

* Results are combined using the weighted histogram analysis method (WHAM) to obtain the unbiased
free energy profile

* Enables sampling of regions that would be poorly sampled in conventional MD simulations due to high
energy barriers (protein conformational changes, ligand binding/unbinding)

Metadynamics

» Metadynamics introduces a history-dependent bias potential to the system, discouraging the system
from revisiting previously explored regions of the conformational space

* The bias potential is constructed as a sum of Gaussian functions deposited along selected collective
variables (CVs) that describe the relevant degrees of freedom of the system

* As the simulation progresses, the bias potential fills the free energy minima, allowing the system to
escape local minima and explore other regions of the conformational space

« Particularly useful for studying systems with multiple metastable states separated by high energy
barriers (protein folding, phase transitions)

Replica Exchange Molecular Dynamics (REMD)

* REMD involves running multiple replicas of the system at different temperatures and allowing them to
exchange configurations based on a Metropolis criterion

* High-temperature replicas can overcome energy barriers more easily, while low-temperature replicas
sample the relevant regions of the conformational space

* REMD can be extended to other parameters, such as the Hamiltonian (H-REMD) or the pH
(pH-REMD), to enhance sampling along specific degrees of freedom

» Enables efficient sampling of conformational space by allowing replicas to escape local energy minima
and explore a wider range of configurations (protein folding, peptide aggregation)
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Challenges of Rare Events

Timescale Limitations

* Rare events, such as protein folding, ligand binding, or conformational transitions, often occur on
timescales much longer than typical timescales accessible by conventional MD simulations
(nanoseconds to microseconds)

+ High energy barriers separating different states of the system lead to a low probability of observing
rare events in a finite simulation time, making it challenging to sample the relevant regions of the
conformational space

Computational Cost

« Simulating long timescales requires significant computational resources, as the time step used in MD
simulations is typically on the order of femtoseconds to ensure numerical stability and accuracy

» The complexity of the system, such as the size of the biomolecule or the presence of explicit solvent
molecules, further increases the computational cost of long timescale simulations

* Specialized hardware (GPUs, supercomputers) and optimized software are often necessary to
perform long timescale simulations of complex systems

Selecting Appropriate Collective Variables

» Choosing appropriate collective variables (CVs) that accurately describe the relevant degrees of
freedom of the system is crucial for the success of enhanced sampling techniques

* Selecting CVs can be challenging for complex systems with many degrees of freedom, as the CVs
must capture the essential features of the system's dynamics and the relevant transitions between
states

+ Poor choice of CVs can lead to inefficient sampling or failure to converge to the correct free energy
landscape

Limitations of Molecular Dynamics

Force Field Accuracy

» MD simulations rely on empirical force fields to describe the interactions between atoms, which may
not accurately capture all the relevant physical and chemical properties of the system

* Force fields are particularly limited for novel or non-standard molecules, as they are parameterized
based on a limited set of experimental and quantum mechanical data

* Inaccuracies in force fields can lead to incorrect predictions of structural and dynamic properties of the
system (protein stability, ligand binding affinities)

Sampling Efficiency and Convergence

* Despite advancements in computational power and enhanced sampling techniques, MD simulations
are still limited to timescales of hundreds of nanoseconds to microseconds for most systems, which
may not be sufficient to capture slow processes or rare events
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* Enhanced sampling techniques can improve the sampling efficiency of MD simulations, but they may
not guarantee convergence to the correct free energy landscape, particularly for systems with
high-dimensional conformational spaces or multiple metastable states

« Insufficient sampling can lead to biased or incomplete results, making it difficult to draw reliable
conclusions about the system's behavior

Finite Size Effects and Boundary Conditions

» MD simulations are typically performed on systems with a finite number of particles in a periodic box,
which may introduce artifacts due to the limited size of the system and the artificial periodicity

* Finite size effects can influence the properties of the system, such as the structure and dynamics of
biomolecules or the behavior of ions in solution

* The choice of boundary conditions (periodic, non-periodic) can also affect the outcome of the
simulation, particularly for systems with long-range interactions or inhomogeneous environments
(membrane proteins, surface adsorption)

Neglect of Quantum Effects

+ Classical MD simulations do not explicitly account for quantum effects, such as electronic polarization
or proton transfer, which may be important for accurately describing certain systems or processes

* Neglecting quantum effects can lead to inaccuracies in describing chemical reactions, charge transfer
processes, or the behavior of light atoms (hydrogen)

» Hybrid methods, such as quantum mechanics/molecular mechanics (QM/MM), can be used to
incorporate quantum effects in specific regions of the system, but they are computationally more
expensive than classical MD simulations

Future Developments in Simulations

Improved Force Fields

» Development of more accurate and transferable force fields that can better describe the interactions
between atoms in complex systems

+ Polarizable force fields that explicitly account for electronic polarization effects

» Machine learning-based force fields that are trained on extensive sets of experimental and quantum
mechanical data

« Improved force fields will enable more accurate predictions of structural and dynamic properties of
biomolecules and other complex systems

Integration of Enhanced Sampling and Multiscale Methods

* Integration of enhanced sampling techniques with other computational methods to bridge the gap
between different length and time scales

» Combining enhanced sampling with quantum mechanics/molecular mechanics (QM/MM) methods to
accurately describe chemical reactions or electronic effects in specific regions of the system

* Integrating enhanced sampling with coarse-grained modeling to efficiently sample the conformational
space of large systems (protein complexes, membrane environments)
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* Multiscale approaches will enable the study of complex systems at different levels of resolution,
providing a more comprehensive understanding of their behavior

Advancement of Collective Variable Selection Methods

» Improvement of collective variable (CV) selection methods to identify the most relevant degrees of
freedom for enhanced sampling

+ Using machine learning techniques to automatically identify CVs based on the system's dynamics or
the desired target properties

» Employing dimensionality reduction algorithms (principal component analysis, time-lagged
independent component analysis) to extract CVs from high-dimensional simulation data

» Advanced CV selection methods will improve the efficiency and accuracy of enhanced sampling
techniques, enabling the study of more complex systems and processes

Hardware and Software Optimization

» Advancement of hardware and software technologies to accelerate MD simulations and enable longer
timescale simulations

« Utilization of graphical processing units (GPUs) for parallel computation of MD trajectories

» Development of optimized algorithms for efficient calculation of long-range interactions (particle mesh
Ewald, fast multipole methods)

* Implementation of advanced load balancing and communication schemes for parallel simulations on
large-scale supercomputers

» Hardware and software optimizations will enable the simulation of larger systems for longer
timescales, providing insights into the behavior of complex biological and materials systems

Novel Enhanced Sampling Techniques

» Development of new enhanced sampling techniques or refinement of existing methods to improve the
sampling efficiency and convergence of free energy calculations

» Combining multiple enhanced sampling techniques (metadynamics with replica exchange, umbrella
sampling with metadynamics) to overcome the limitations of individual methods

+ Designing adaptive enhanced sampling methods that automatically adjust the simulation parameters
(bias potential, CV selection) based on the system's behavior

« Incorporating machine learning techniques to guide the exploration of the conformational space or to
construct the bias potential on-the-fly

* Novel enhanced sampling techniques will enable the efficient and accurate calculation of free energy
landscapes for complex systems, providing valuable insights into their thermodynamic and kinetic
properties

Integration of Experimental Data

* Integration of experimental data, such as nuclear magnetic resonance (NMR) or cryo-electron
microscopy (cryo-EM) data, to guide and validate MD simulations
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* Using experimental data as restraints in MD simulations to improve the accuracy of the predicted
structures and dynamics

» Comparing simulation results with experimental observables (chemical shifts, residual dipolar
couplings, electron density maps) to assess the validity of the computational models

» Combining experimental and computational data to construct integrative models of complex biological
systems (protein-protein interactions, large-scale conformational changes)

* The integration of experimental data with MD simulations will lead to a better understanding of the
structure-dynamics-function relationship in complex systems, enabling the rational design of drugs,
materials, and biotechnological applications
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