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Unit 1 — Introduction to Quantum
Mechanics

1.1 The origins and development of quantum mechanics

Quantum mechanics emerged from experimental observations that challenged classical physics. It
introduced revolutionary concepts like wave-particle duality, superposition, and quantization, fundamentally
changing our understanding of the microscopic world.

Key figures like Planck, Einstein, and Bohr laid the groundwork for quantum theory. Their work, along with
later developments by Heisenberg, Schrédinger, and others, created a new framework for describing
nature at the atomic scale.

Historical Context for Quantum Mechanics

Experimental Observations and Limitations of Classical Physics

 Late 19th and early 20th centuries witnessed experimental observations challenging classical physics
led to quantum mechanics development

« Ultraviolet catastrophe in blackbody radiation exposed classical physics limitations in explaining
atomic-scale phenomena

* Heinrich Hertz discovered photoelectric effect in 1887 challenged classical wave theory of light

» Michelson-Morley experiment in 1887 disproved luminiferous ether existence paved way for Einstein's
special relativity

* Discrete spectral lines observation in atomic spectra (Balmer series for hydrogen) contradicted
classical expectations of continuous emission

+ Old quantum theory development by Planck, Einstein, and Bohr served as transitional framework
between classical and quantum physics

* Introduced concepts like energy quantization and discrete atomic energy levels

» Explained phenomena like blackbody radiation and atomic spectra

Transitional Theories and Conceptual Shifts
* Planck's quantum hypothesis proposed energy quantization to resolve blackbody radiation problem
* Introduced Planck's constant (h) fundamental to quantum mechanics
* Einstein's light quantum hypothesis explained photoelectric effect
» Suggested light consists of discrete particles (photons)
* Bohr's atomic model introduced quantized electron orbits
* Successfully explained hydrogen spectrum

* Incorporated quantum concepts into atomic structure

Fiveable archived study guides

Page 2



Challenges to Classical Physics

Experimental Evidence Contradicting Classical Theories

* Blackbody radiation experiments revealed ultraviolet catastrophe

» Classical theory incorrectly predicted infinite energy at high frequencies

* Planck's quantum hypothesis resolved this issue

* Photoelectric effect demonstrated light's particle-like behavior

* Light ejects electrons from metals instantaneously, regardless of intensity
* Einstein explained this using photon concept

» Compton effect showed X-rays scatter off electrons as particles

* Observed change in X-ray wavelength after scattering

 Supported particle nature of light

+ Davisson-Germer experiment and G.P. Thomson's experiments demonstrated electrons' wave-like
behavior

« Electron diffraction patterns observed similar to X-ray diffraction

+ Confirmed de Broglie's matter wave hypothesis

« Stern-Gerlach experiment revealed angular momentum quantization in atoms
» Observed discrete deflections of silver atoms in magnetic field

 Contradicted classical predictions of continuous deflection

Wave-Particle Duality and Quantum Behavior

* Double-slit experiments with electrons and photons demonstrated wave-particle duality

* Particles exhibit interference patterns characteristic of waves

* Observation affects outcome, leading to particle-like behavior

* Young's double-slit experiment with light showed interference patterns

« Originally interpreted as evidence for wave nature of light

* Later repeated with individual photons, revealing quantum behavior

« Electron diffraction experiments (Davisson-Germer, Thomson) showed matter's wave-like properties
* Electrons produced diffraction patterns similar to X-rays

 Supported de Broglie's matter wave hypothesis

Classical vs Quantum Mechanics

Fundamental Concepts and Principles

» Wave-particle duality introduces particles exhibiting wave-like properties and vice versa
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* Light behaves as both waves (interference) and particles (photoelectric effect)

« Electrons show particle-like behavior (charge) and wave-like behavior (diffraction)
* Superposition principle allows simultaneous existence of multiple states

* Quantum systems can exist in multiple states simultaneously

* Measurement collapses superposition to a single state

» Quantum mechanics inherently probabilistic described by wavefunctions

» Wavefunctions provide probability distributions for measurement outcomes

+ Contrasts with deterministic nature of classical mechanics

* Uncertainty principle sets fundamental limits on simultaneous measurement of certain physical
properties

* Position and momentum cannot be simultaneously measured with arbitrary precision
* Energy and time also subject to uncertainty relation

» Quantization introduces discrete values for certain physical quantities

* Energy levels in atoms are quantized

» Angular momentum of particles takes on discrete values

Quantum Phenomena and Measurement

» Quantum entanglement allows non-local correlations between particles

+ Entangled particles' properties remain correlated regardless of distance

* No classical analogue exists for this phenomenon

* Measurement problem in quantum mechanics includes observer effect and wavefunction collapse
* Act of measurement affects the system being measured

» Wavefunction collapse upon measurement has no classical counterpart

» Tunneling effect allows particles to penetrate energy barriers classically forbidden

» Explains radioactive decay and scanning tunneling microscopy

 Zero-point energy represents lowest possible energy of a quantum system

» Even at absolute zero, quantum systems retain some energy

* Contrasts with classical systems which can have zero energy

Key Figures in Quantum Theory

Foundational Contributors

» Max Planck introduced energy quanta concept to resolve ultraviolet catastrophe in blackbody radiation

* Proposed energy quantization: E = hv
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* Laid foundation for quantum theory

+ Albert Einstein explained photoelectric effect using light quanta (photons) concept

* Proposed light consists of discrete particles with energy E = hv

* Developed theory of stimulated emission basis for laser technology

* Niels Bohr proposed quantized model of atom and developed correspondence principle
« Introduced concept of stationary states in atoms

» Explained discrete atomic spectra

Mathematical Formulations and Further Developments

* Louis de Broglie hypothesized wave nature of matter led to matter waves concept
* Proposed wavelength of matter waves: A = h/p

« Unified wave-particle duality for both light and matter

» Werner Heisenberg formulated matrix mechanics and uncertainty principle
* Developed matrix formulation of quantum mechanics

* Introduced uncertainty principle: AxAp = h/2

* Erwin Schrédinger developed wave mechanics and Schrédinger equation
* Proposed wave equation for quantum systems: H¥Y = EW

* Provided alternative formulation to Heisenberg's matrix mechanics

* Paul Dirac unified special relativity with quantum mechanics

* Predicted existence of antimatter later confirmed experimentally

+ Developed quantum field theory foundation for modern particle physics

1.2 The wave-particle duality of matter and light

Wave-particle duality is a mind-bending concept that shakes up our everyday understanding of reality. It
shows that tiny things like light and electrons can act as both waves and particles, depending on how we
look at them.

This idea is key to quantum mechanics, helping explain weird stuff like how electrons orbit atoms and why
we can't know everything about a particle at once. It's the foundation for modern tech like solar panels and
electron microscopes.

Wave-Particle Duality

Fundamental Concepts and Historical Context

» Wave-particle duality states all matter and energy exhibit both wave-like and particle-like properties
« Light demonstrates particle-like behavior in phenomena (photoelectric effect, Compton scattering)

» Matter exhibits wave-like behavior shown by electron diffraction experiments
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+ Challenges classical physics and requires probabilistic interpretation of quantum phenomena

» Complementarity principle by Niels Bohr asserts wave and particle aspects are mutually exclusive but
complementary

* Nature of observation determines whether wave-like or particle-like properties are observed, leading
to quantum superposition concept

Examples and Applications

* Light behaves as particles (photons) when interacting with electrons in solar panels

* Electrons display wave-like interference patterns in electron microscopes

» Quantum tunneling in scanning tunneling microscopes relies on wave-like properties of electrons
« Particle accelerators utilize both wave and particle properties of subatomic particles

» Quantum computing exploits superposition for parallel processing capabilities

» Heisenberg's uncertainty principle arises from wave-particle duality, limiting simultaneous
measurement of position and momentum

Implications of the Double-Slit Experiment

Experimental Setup and Observations

* Double-slit experiment demonstrates wave-particle duality for both light and matter
* Light passing through two slits creates interference pattern characteristic of waves
« Interference pattern persists even when individual photons are sent one at a time

* Electrons and other particles produce similar interference patterns, confirming wave-like nature of
matter

* Act of observation collapses wave function, causing particles to behave as discrete entities
* lllustrates probabilistic nature of quantum mechanics, exact path of individual particles unpredictable

+ Challenges classical notion of determinism and supports Copenhagen interpretation of quantum
mechanics

Advanced Concepts and Variations

» Quantum entanglement demonstrated using variations of double-slit experiment

* Quantum erasers explore the role of information in quantum systems

+ Delayed choice experiments investigate the nature of time in quantum mechanics

» Wheeler's cosmic version of double-slit experiment extends concept to astronomical scales
* Weak measurement techniques allow partial observation without full wave function collapse
» Multi-slit experiments explore more complex interference patterns and quantum behaviors

* Application in quantum computing for creating and manipulating quantum superpositions
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De Broglie Wavelength Calculation

Equation and Basic Applications

+ De Broglie wavelength equation: A =h/p, where A wavelength, h Planck's constant, p momentum
» Quantifies wave-like properties of matter, applicable to microscopic and macroscopic objects

* Inversely proportional to particle's momentum, resulting in very small wavelengths for macroscopic
objects

« For relativistic particles, equation modified to account for special relativity effects
» Used to determine resolution limits in electron microscopy and particle-based imaging techniques
» Explains electron orbitals in atoms and behavior of particles in potential wells

» Combined with uncertainty principle to derive limits on simultaneous measurement of position and
momentum

Advanced Applications and Examples

« Calculate electron wavelength in a cathode ray tube: A = h/(meV), where m_e electron mass, v
velocity

« Neutron diffraction wavelength in crystallography: A = h/(mpV), where m_n neutron mass
« de Broglie wavelength of a baseball (macroscopic object demonstration)

» Wavelength of alpha particles in radioactive decay

* Electron wavelength in scanning tunneling microscope for atomic-scale imaging

* Calculation of matter wave interference patterns in atom interferometry experiments

+ de Broglie wavelength in Bose-Einstein condensates for studying quantum fluids

Wave Function and Probabilistic Interpretation

Mathematical Framework and Properties

» Wave function (W) mathematically describes quantum state of system in terms of position and time

* Solution to Schrédinger equation, fundamental equation of quantum mechanics

» Square of absolute value (|W]?) gives probability density of finding particle at specific position and time
» Complex-valued function contains all knowable information about quantum system

» Wave function collapse occurs upon measurement, transitioning from superposition to definite state

* Leads to quantum tunneling concept, particles penetrating classically forbidden barriers

» Normalization ensures total probability of finding particle somewhere in space equals one

Interpretations and Applications

» Copenhagen interpretation views wave function as complete description of quantum system

Fiveable archived study guides Page 7



» Many-worlds interpretation suggests wave function describes multiple parallel universes

» Quantum Bayesianism interprets wave function as representation of observer's knowledge
» Wave function used in calculating electron configurations in atoms and molecules

» Quantum chemistry employs wave functions to predict molecular properties and reactions
* Density functional theory uses wave functions to model electronic structure of materials

» Quantum field theory extends wave function concept to describe particles as excitations of fields

1.3 The uncertainty principle and its implications

The uncertainty principle is a cornerstone of quantum mechanics. It states that certain pairs of physical
properties, like position and momentum, can't be precisely measured simultaneously. This principle
challenges our classical understanding of physics and introduces probabilistic thinking.

The uncertainty principle has far-reaching implications. It affects how we design experiments, interpret
results, and understand reality at the quantum level. It also impacts technology development and sparks
philosophical debates about determinism and the nature of reality.

Heisenberg Uncertainty Principle

Mathematical Formulation and Key Concepts

* Heisenberg uncertainty principle establishes fundamental limits on precision of simultaneously
measuring certain pairs of physical properties of a particle

« Mathematical expression AXAp = h/2 represents the uncertainty principle

« Ax signifies position uncertainty

« Ap denotes momentum uncertainty

« h represents reduced Planck constant

« Applies to other conjugate variables (energy and time) AEAt = h/2

* Derived from wave function properties and Fourier transform

* Results from wave-particle duality in quantum mechanics, not measurement technique limitations

* Increased precision in measuring one property leads to decreased precision in the other

Wave-Particle Duality and Measurement
* Reflects probabilistic nature of quantum mechanics
* Particles lack definite positions and momenta simultaneously
* Measurement process affects the system, introducing unavoidable uncertainties
* Particles behave as waves with position and momentum spread
» Concept of classical particle trajectory breaks down at quantum level
« Sets limits on predicting future quantum system states with absolute certainty

» Emphasizes importance of probability distributions in describing quantum systems
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Meaning of Uncertainty

Probabilistic Nature of Quantum Mechanics

* Uncertainty principle demonstrates particles do not possess definite positions and momenta
simultaneously

* Measurement process inherently affects the system, introducing uncertainties

* Particles exhibit wave-like behavior with spread in position and momentum

+ Classical concept of particle trajectory becomes invalid at quantum scale

+ Limits ability to predict future quantum system states with absolute certainty

* Emphasizes crucial role of probability distributions in quantum system descriptions

* Challenges classical determinism (Newton's laws of motion)

Quantum Wave Functions

» Wave functions describe quantum states mathematically

* Probability amplitudes represent likelihood of measuring specific values

* Uncertainty principle arises from wave function properties

» Wave packet concept illustrates position-momentum uncertainty relationship

+ Superposition principle allows quantum systems to exist in multiple states simultaneously
+ Collapse of wave function occurs upon measurement, yielding definite values

» Schrédinger equation governs quantum wave function evolution over time

Consequences for Quantum Measurements

Experimental Design and Interpretation

« Limits precision of simultaneous conjugate variable measurements in quantum experiments

* Necessitates statistical methods and probability distributions for analyzing results

* Impacts quantum experiment design, requiring careful consideration of measurable properties
* Alters quantum system state through measurement process

« Sets fundamental limits on technology miniaturization (transistors in computer chips)

* Influences quantum technology development (quantum cryptography)

« Affects quantum entanglement studies and quantum computing algorithm development

Practical Applications and Limitations

» Quantum tunneling exploits uncertainty principle in scanning tunneling microscopes
* Heisenberg microscope thought experiment illustrates measurement limitations

* Impacts particle accelerator experiments and subatomic particle detection
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* Influences development of quantum sensors and metrology techniques
« Affects design of quantum communication protocols (quantum key distribution)
« Limits precision of atomic clocks and other high-precision measurement devices

* Plays role in understanding quantum vacuum fluctuations and Casimir effect

Determinism vs Uncertainty

Philosophical Implications

+ Challenges classical determinism notion

« Suggests future quantum system states cannot be precisely predicted even with complete initial
condition knowledge

* Raises questions about quantum-level reality nature

* Sparks debates on fundamental quantum indeterminacy vs hidden variables

« Contributes to discussions on observer's role in quantum mechanics

* Influences realist and instrumentalist quantum mechanics interpretation debates

* Impacts causality concept in physics, suggesting limitations on strict cause-effect relationships at
quantum scale

Broader Scientific and Philosophical Impact

* Inspires discussions on free will and determinism

* Relevance of quantum uncertainty to macroscopic systems remains debated

* Influences interpretations of quantum mechanics (Copenhagen, Many-Worlds)
* Impacts understanding of quantum-to-classical transition and decoherence

* Contributes to discussions on nature of time and arrow of time in physics

* Raises questions about limits of scientific knowledge and predictability

* Influences development of quantum foundations and quantum information theory

Fiveable archived study guides Page 10



Unit 2 — Mathematical Foundations

2.1 Complex numbers and their applications in quantum mechanics

Complex numbers are the backbone of quantum mechanics. They allow us to describe wave functions,
superposition, and interference. Without them, we couldn't represent the weird, probabilistic nature of the
quantum world.

In this section, we'll explore complex number properties, operations, and their geometric representation.
We'll see how they're used in wave functions, quantum states, and observables. Understanding complex
numbers is crucial for grasping quantum mechanics.

Complex Numbers: Properties and Arithmetic

Definition and Components

» Complex numbers take the form a + bi, where a and b represent real numbers and i denotes the
imaginary unit satisfying j2 = —1

* Real part (Re) of complex number z = a + bi equals a

* Imaginary part (Im) of complex number z = a + bi equals b
» Complex conjugation defined as z* = a - biforz=a + bi

* Property: zz* = |z|?

* Modulus (absolute value) of complex number z = a + bi calculated using |z| = V aZ+ b2

Geometric Representation and Operations

» Argand diagram provides geometric representation of complex numbers
* Real part plotted on x-axis

* Imaginary part plotted on y-axis

* Arithmetic operations maintain closure within complex number system

« Addition: (a + bi) + (c + di) = (a + ¢) + (b + d)i

* Subtraction: (a + bi) - (c +di) = (a-c) + (b - d)i

* Multiplication: (a + bi)(c + di) = (ac - bd) + (ad + bc)i

« Division: (a + bi) / (¢ + di) = [(ac + bd) / (c2 + d?)] + [(bc - ad) / (c2 + d?)]i
Euler's Formula and Applications

* Euler's formula relates complex exponentials to trigonometric functions
e = cos(0) + isin(H)
* Fundamental in quantum mechanics and various mathematical applications

» Enables expression of complex numbers in polar form
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* z =r(cos(B) + isin(B)) = re’\(iB), where r = |z| and 6 = arg(z)

« Facilitates manipulation of complex expressions involving trigonometric functions

Complex Numbers in Quantum Mechanics

Wave Functions and Probability
* Quantum mechanical wave functions y(x,t) generally complex-valued functions of position and time
* Modulus squared |y(x,1)|? represents probability density of finding particle at position x at time t
* Ensures probabilities always real and non-negative
» Complex wave functions enable representation of interference phenomena
» Example: Double-slit experiment interference patterns
» Time-dependent Schrédinger equation intrinsically involves complex numbers
-ih% =y
* i ensures equation describes unitary time evolution

Stationary States and Superposition

« Stationary states represented by wave functions of form w(x,t) = w(x)e”(-iEt/#)

» E denotes energy eigenvalue

* Time-independent part y(x) can be complex

» Superposition of quantum states involves complex linear combinations

» General state: |@) = c1|y1) + c2|y2), where c¢1 and ¢z are complex coefficients

» Phase of complex wave function carries information about quantum state's dynamical properties

» Example: Phase difference between components in superposition determines interference effects

Complex Numbers for Quantum States and Observables

Hilbert Space and Operators

* Quantum states represented by vectors in complex Hilbert space

* Inner products defined using complex conjugation: (y|@) = fw*(x)cp(x)dx
» Observables represented by Hermitian operators

* Real eigenvalues but generally complex eigenvectors

« Example: Momentum operator p = —ih-< (Hermitian)

« Expectation value of observable A in state y given by (A) = (w|A|y)

* Always real despite involving complex numbers in calculation
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Uncertainty and Density Matrices

* Uncertainty principle formulated using commutator of observables

+ Can yield imaginary results crucial for determining uncertainty relations

* Example: [x, p] = i% leads to AxAp = #/2

* Density matrix formalism uses complex matrices for mixed quantum states
* p = Z pilwi<yi|, where pi are probabilities and |yi) are pure states

« Unitary transformations represented by complex unitary matrices

+ Describe evolution of quantum systems and symmetry operations

» Example: Time evolution operator U(t) = e?(-iHt/%)
Complex Amplitudes in Quantum Mechanics

Probability and Interference

» Complex amplitudes represent magnitude and phase of quantum state's contribution to measurement
outcomes

* Born rule states probability of measuring outcome equals squared modulus of corresponding complex
amplitude

* P(outcome) = |¢outcome]|y)|?
* Relative phases between complex amplitudes in superposition determine interference patterns

« Example: Electron diffraction through crystal lattice

Quantum Phenomena

» Complex nature of amplitudes allows description of quantum tunneling

* Particles can penetrate classically forbidden regions

* Example: Alpha decay in radioactive nuclei

» Complex amplitudes in path integrals formulate sum over histories approach

» Classical trajectories interfere to produce quantum behavior

» Aharonov-Bohm effect demonstrates observable consequences of complex phases

* Electron phase shift occurs even in regions with zero electromagnetic field

* Quantum entanglement described using complex amplitudes in multiparticle wave functions

- Example: Bell states for two-qubit systems (|®*) = (1/¥2)(]00) + |11)))

2.2 Linear algebra and Hilbert spaces

Linear algebra and Hilbert spaces are the mathematical backbone of quantum mechanics. They provide
the tools to describe quantum states, observables, and their interactions, allowing us to model complex
quantum systems and predict their behavior.
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These concepts are crucial for understanding the abstract nature of quantum mechanics. Hilbert spaces let
us represent quantum states as vectors, while linear operators describe measurements and
transformations, forming the foundation for quantum calculations and predictions.

Hilbert Spaces and Their Properties

Definition and Basic Properties

* Hilbert space represents a complete inner product space
* Vector space equipped with an inner product
» Complete with respect to the norm induced by the inner product

* Inner product satisfies conjugate symmetry, linearity in the second argument, and
positive-definiteness properties

» Completeness ensures every Cauchy sequence of vectors converges to a vector within the space

+ Can be finite-dimensional or infinite-dimensional (crucial for describing quantum systems with
continuous observables)

 Separability property ensures the existence of a countable orthonormal basis (fundamental for
representing quantum states)

* Possesses important topological properties (metric space and Banach space)

Advanced Properties and Applications

» Forms the mathematical foundation for quantum mechanics

+ Allows representation of quantum states as vectors

» Enables description of observables as operators on the space

* Provides framework for calculating probabilities and expectation values
 Supports the formulation of quantum superposition and entanglement

« Facilitates the study of quantum dynamics through unitary transformations

+ Allows for the rigorous treatment of infinite-dimensional quantum systems (continuous spectra)

Linear Algebra in Quantum Mechanics

Matrix Representations and Eigenvalue Problems

* Matrix representation of quantum operators and states simplifies finite-dimensional quantum systems
* Eigenvalue problems determine energy levels, spin states, and other observables

+ Spectral theorem for Hermitian operators guarantees existence of orthonormal eigenbasis (crucial for
solving time-independent Schrédinger equations)

+ Diagonalization of matrices finds energy eigenstates and simplifies time evolution calculations

* Tensor products describe composite quantum systems (multi-particle states or systems with multiple
degrees of freedom)
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* Perturbation theory approximates solutions for complex quantum systems

+ Raising and lowering operators (ladder operators) simplify calculations (harmonic oscillator and
angular momentum)

Advanced Techniques and Applications

» Change of basis transformations allow for different representations of quantum states
+ Density matrix formalism describes mixed quantum states and partial measurements
» Schmidt decomposition analyzes entanglement in bipartite quantum systems

« Jordan-Wigner transformation maps fermionic systems to spin systems

« Singular value decomposition optimizes quantum state tomography

* Group theory techniques analyze symmetries in quantum systems

* Lie algebra methods study continuous symmetries and conservation laws

Inner Products and Orthonormality in Quantum Mechanics

Fundamental Concepts and Applications

* Inner product represents overlap between two state vectors (related to probability amplitude of
measurement outcomes)

« Orthonormality of basis states ensures mutual exclusivity and completeness for representing quantum
states

* Born rule relates inner product to measurement probabilities (fundamental postulate of quantum
mechanics)

» Gram-Schmidt orthogonalization constructs orthonormal bases from linearly independent vectors

+ Adjoint operators defined using inner product (essential for understanding Hermitian operators and
observables)

* Projection operators describe measurements and wave function collapse

» Cauchy-Schwarz inequality has implications for uncertainty relations

Advanced Topics and Techniques

* Generalized measurement theory uses positive operator-valued measures (POVMs) defined through
inner products

» Quantum state discrimination utilizes inner products to optimize measurement strategies

* Fidelity measure quantifies similarity between quantum states using inner products

» Quantum error correction codes exploit orthogonality to protect quantum information

* Quantum tomography reconstructs density matrices using measurement outcomes and inner products

» Quantum metrology leverages inner products to enhance measurement precision beyond classical
limits
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» Quantum algorithms (Grover's algorithm) utilize inner products for amplitude amplification

Linear Operators vs Observables in Quantum Systems

Fundamental Relationships and Properties

« Linear operators represent physical observables (eigenvalues correspond to possible measurement
outcomes)

* Hermitian operators represent observables (real eigenvalues and orthogonal eigenvectors)
« Commutator of two operators determines simultaneous measurability of observables
+ Uncertainty principle arises from non-commutativity of complementary observables

+ Unitary operators describe time evolution of quantum states (preserve normalization and
orthogonality)

» Expectation value of observable calculated using inner product between state vector and operator
action

* Spectral decomposition represents observables in terms of eigenstates and eigenvalues

Advanced Concepts and Applications

» Superoperators describe evolution of open quantum systems (quantum operations and channels)
* Positive operator-valued measures (POVMs) generalize projective measurements

* Kraus operators represent general quantum operations in open systems

« Lindblad equation describes Markovian dynamics of open quantum systems

* Quantum Zeno effect demonstrates impact of frequent measurements on quantum evolution

+ Adiabatic theorem relates slow changes in Hamiltonians to evolution of eigenstates

» Geometric phases (Berry phase) arise from cyclic evolution of quantum systems

2.3 Eigenvalues, eigenvectors, and their physical significance

Eigenvalues and eigenvectors are crucial in quantum mechanics. They represent measurable quantities
and the states of quantum systems. Understanding these concepts is key to grasping how we describe and
predict the behavior of particles at the quantum level.

In this section, we'll explore how eigenvalues and eigenvectors relate to observables, quantum states, and
measurements. We'll also look at their mathematical properties and how to calculate them for various
quantum systems.

Eigenvalues and eigenvectors in quantum mechanics

Fundamental concepts and definitions

« Eigenvalues represent scalar values associated with linear operators in quantum mechanics
corresponding to possible measurement outcomes of observables

* Eigenvectors constitute non-zero vectors that, when acted upon by a linear operator, result in scalar
multiples of themselves

Fiveable archived study guides Page 16



* Eigenvectors in quantum mechanics represent stationary states of a system, while eigenvalues
correspond to the observable quantities associated with those states

» The eigenvalue equation expresses the relationship between operators, eigenvectors, and
eigenvalues as A|y) = A|y)

+ A symbolizes a linear operator

* |w)> denotes an eigenvector

* A represents the corresponding eigenvalue

» Hermitian operators play a crucial role in quantum mechanics
» These operators possess real eigenvalues

* Their eigenvectors are orthogonal to each other

* Examples of Hermitian operators include the Hamiltonian (energy operator) and momentum operator

Mathematical properties and theorems

* The spectral theorem establishes that any Hermitian operator can be decomposed into a sum of its
eigenvalues multiplied by projection operators onto its eigenvectors

* This decomposition enables the representation of operators in terms of their eigenbasis

» The completeness of eigenvectors allows any state of the system to be expressed as a linear
combination of the eigenvectors, forming a basis for the Hilbert space

* This property facilitates the analysis of quantum systems in terms of their eigenstates

» The orthogonality of eigenvectors for Hermitian operators ensures that different eigenstates are
distinguishable and can be measured independently

» The normalization condition requires eigenvectors to be scaled to have unit length, ensuring proper
probabilistic interpretation in quantum mechanics

« This condition is expressed mathematically as (¢|y) = 1

Physical interpretation and significance

« Eigenvalues embody the possible outcomes of measurements of observables in quantum mechanics
(energy levels, position, momentum)

« Eigenvectors or eigenfunctions correspond to the stationary states of a quantum system, representing
states with definite values of observables

* The probabilistic nature of quantum mechanics manifests in the measurement process
» Measurements collapse the system's state onto an eigenvector
* The probability of measuring a particular eigenvalue depends on the system's initial state

» The expectation value of an observable calculates using the eigenvalues and the probability
distribution of the system's state among the eigenvectors

 The uncertainty principle relates to the non-commutativity of certain operators, leading to the
impossibility of simultaneous eigenstates for incompatible observables (position and momentum)
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« Time evolution of quantum states describes in terms of the energy eigenstates and their
corresponding eigenvalues through the time-dependent Schrédinger equation

- This evolution expresses as |@(t)) = e_"'qt’h|w(0)), where H represents the Hamiltonian operator

Calculating eigenvalues and eigenvectors

Methods for discrete systems

+ The characteristic equation determines the eigenvalues of a given operator A
« This equation expresses as det(A — Al) = 0, where | represents the identity matrix

* For discrete systems, eigenvalues emerge by solving the characteristic polynomial obtained from the
characteristic equation

* This process involves finding the roots of the polynomial equation

* Eigenvectors calculate by substituting the eigenvalues back into the eigenvalue equation and solving
the resulting system of linear equations

* This step yields the components of the eigenvectors
» Numerical methods prove useful for computing eigenvalues and eigenvectors of larger matrices

» The power method iteratively approximates the dominant eigenvalue and its corresponding
eigenvector

* The QR algorithm efficiently computes all eigenvalues and eigenvectors of a matrix through
successive matrix decompositions

Techniques for continuous systems

+ Continuous systems (particle in a box, harmonic oscillator) require solving differential equations to find

eigenfunctions and their corresponding eigenvalues
» These equations often take the form of the time-independent Schrédinger equation

» Boundary conditions and normalization requirements play a crucial role in determining the allowed
energy levels and corresponding wavefunctions for quantum systems

 For example, the particle in a box requires the wavefunction to vanish at the boundaries

* Perturbation theory approximates eigenvalues and eigenvectors for more complex systems that
cannot be solved exactly

*» This approach treats the system as a simpler, solvable system plus a small perturbation
* First-order perturbation theory provides corrections to the energy eigenvalues
» Second-order perturbation theory yields corrections to both eigenvalues and eigenvectors

* The variational method offers another approach to approximating energy levels and stationary states
for complex systems

* This method provides an upper bound for the ground state energy

« It involves minimizing the expectation value of the Hamiltonian with respect to a trial wavefunction
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Physical meaning of eigenvalues and eigenvectors

Measurement and observables

* Eigenvalues represent the possible outcomes of measurements of observables in quantum
mechanics

 For example, energy eigenvalues correspond to the discrete energy levels of a system

* Position eigenvalues relate to the possible positions where a particle can be detected

* The measurement process in quantum mechanics collapses the system's state onto an eigenvector
* This collapse occurs probabilistically, with the probability determined by the system's initial state

» The probability of measuring a particular eigenvalue A given an initial state |y) calculates as
P(A) = [{dalw)|?, where |d_\) represents the eigenvector corresponding to A

» The expectation value of an observable calculates using the eigenvalues and the probability
distribution of the system's state among the eigenvectors

- For an observable A, the expectation value expresses as {A) = (w|A|w) = ZA|(¢;|w)]?, where A_i
are the eigenvalues and |¢_i> the corresponding eigenvectors

Quantum state description

« Eigenvectors or eigenfunctions correspond to the stationary states of a quantum system
* These states represent systems with definite values of observables
» For example, energy eigenstates have well-defined energies

» The completeness of eigenvectors allows any state of the system to express as a linear combination
of the eigenvectors

* This property enables the decomposition of arbitrary quantum states into superpositions of
eigenstates

+ For instance, a general state |p) expresses as l@) = Zici|¢i), where c_i are complex coefficients and
|$_i> are the eigenvectors

« Time evolution of quantum states describes in terms of the energy eigenstates and their
corresponding eigenvalues

* The time-dependent Schrodinger equation governs this evolution

« For energy eigenstates, the time evolution expresses as |y(t)) = e_fEt/hllp(O)), where E represents
the energy eigenvalue

Uncertainty and compatibility
*» The uncertainty principle relates to the non-commutativity of certain operators
* This principle leads to the impossibility of simultaneous eigenstates for incompatible observables
* For example, position and momentum cannot have simultaneous precise values

« The commutator of two operators A and B defines as [A, B] = AB — BA
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+ Non-commuting operators ([A,B] # 0) correspond to incompatible observables

« The uncertainty relation for two observables A and B expresses as AAAB=1|([A, B])|
» Compatibility of observables relates to the existence of a common eigenbasis

» Compatible observables possess a complete set of simultaneous eigenvectors

» For example, energy and angular momentum in a central potential are compatible observables

Eigenvalue problem for quantum systems

Time-independent Schrédinger equation

* The time-independent Schrodinger equation represents an eigenvalue equation where the
Hamiltonian operator H acts on energy eigenstates |y) to yield energy eigenvalues E

« This equation expresses as H|y) = E|y)

» Boundary conditions and normalization requirements prove crucial in determining the allowed energy
levels and corresponding wavefunctions for quantum systems

» These conditions ensure the physical validity of the solutions
* For example, wavefunctions must be continuous, single-valued, and square-integrable
* The particle in a box problem exemplifies a simple quantum system with quantized energy levels

» The energy eigenvalues for this system are proportional to n?, where n represents the quantum
number

2p2
* The energy levels express as En= gm—'lz, where m is the particle mass and L the box length

* The corresponding eigenfunctions take the form wn(x) = \/%sin(”Lﬂ)

Complex quantum systems

» The harmonic oscillator eigenvalue problem yields equally spaced energy levels and eigenfunctions
expressed in terms of Hermite polynomials

« The energy levels express as En = (N + 3)Aw, where w represents the oscillator frequency

« The eigenfunctions take the form w,(x) = NyH(+/ %X)e'%xz, where H_n are Hermite polynomials

« For the hydrogen atom, solving the eigenvalue problem leads to the familiar energy levels

— _13.6ev .
En= a2, Where n represents the principal quantum number

» The corresponding eigenfunctions involve associated Laguerre polynomials and spherical harmonics

» Degeneracy occurs when multiple eigenstates correspond to the same eigenvalue, often due to
symmetries in the system

* For example, the hydrogen atom exhibits degeneracy in the angular momentum states for a given
energy level

* The variational method approximates energy levels and stationary states for systems that cannot be
solved exactly

*» This method provides an upper bound for the ground state energy
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« It involves minimizing the expectation value of the Hamiltonian with respect to a trial wavefunction

« Perturbation theory offers another approach to approximating eigenvalues and eigenvectors for
complex systems

* This technique treats the system as a simpler, solvable system plus a small perturbation

« It proves useful for systems with slight deviations from exactly solvable problems (anharmonic
oscillator)
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Unit 3 — The Schrodinger Equation

3.1 The time-independent Schrédinger equation

The time-independent Schrédinger equation is a cornerstone of quantum mechanics. It describes how
particles behave in static environments, helping us understand energy levels and wavefunctions. This
powerful tool lets us solve problems like particles in boxes, quantum tunneling, and atomic structures.

By separating time from space, we can focus on the spatial part of quantum systems. This approach
reveals stationary states, where energy doesn't change over time. It's key for understanding atomic
orbitals, molecular bonds, and many other quantum phenomena.

Time-Independent Schrédinger Equation

Derivation and Fundamentals

» General Schrodinger equation describes quantum state evolution over time and space as a partial
differential equation

« Separation of variables technique splits wavefunction into spatial and temporal components
+ Spatial component: y(x)

» Temporal component: e*(-iEt/h)

* Energy eigenvalue equation emerges from separation of variables

* Leads to time-independent Schrddinger equation

 Time-independent Schrédinger equation functions as an eigenvalue equation

» Hamiltonian operator acts on spatial wavefunction

« General form: Hy = Ey

« Stationary states concept intimately related to time-independent Schrédinger equation
* Represents quantum states with constant energy over time

* Potential energy term V(x) in time-independent Schrédinger equation impacts solutions
» Determines shape and behavior of wavefunctions

* Influences energy levels of the system

Mathematical Structure and Properties

« Time-independent Schrédinger equation expressed as second-order differential equation

2
« One-dimensional form: =252 + V(x)y = Ey

2m dx?
» Boundary conditions crucial for determining unique solutions
» Ensure wavefunction continuity and smoothness
* Example: y(x) - 0 as x —» x= for bound states

» Hermitian nature of Hamiltonian operator ensures real eigenvalues (energy levels)
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+ Solutions form a complete set of orthogonal eigenfunctions
* Allows expansion of arbitrary states in terms of energy eigenstates
+ Discrete energy spectrum for bound states in finite potentials

« Continuous energy spectrum for scattering states or unbound particles

Solving the Time-Independent Schrodinger Equation

Analytical Techniques

» Power series method for solving second-order differential equations

» Expands wavefunction as infinite series:

Wwix) = Z anx”"
n=o0
* Useful for potentials with polynomial form (harmonic oscillator)
» WKB approximation for slowly varying potentials
* Provides approximate solutions in classical and tunneling regions
« Wavefunction form: w(x)erxp(i%f\/ 2m(E — V(x))dx)

* Separation of variables in multi-dimensional problems
* Reduces complexity by separating spatial coordinates

* Example: Hydrogen atom (radial and angular parts)

Applications to Simple Potentials

« Infinite square well potential illustrates particle in a box

2252
* Energy levels: En = % wheren=1,2,3, ...

« Wavefunctions: g (x) = \/?sin(%)
* Finite square well introduces concept of tunneling
* Bound states exist below well depth
« Scattering states occur above well depth
» Quantum harmonic oscillator models vibrating molecules and solid-state systems
« Energy levels: En = (n + 3)Aw wheren=0, 1, 2, ...
» Wavefunctions involve Hermite polynomials
* Delta function potential demonstrates bound states in attractive potentials
« Single bound state for attractive delta potential
ma?

* Energy: E = —5p7» Where a strength of delta potential

» Hydrogen atom solution introduces spherical harmonics and radial wavefunctions
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* Energy levels: En= _13;}629\/, wheren=1, 2, 3, ...

» Wavefunctions: product of radial function and spherical harmonic

Wavefunction Interpretation

Probabilistic Nature

» Wavefunction serves as complex-valued probability amplitude
- Probability density given by squared magnitude of wavefunction: P(x) = |w(x)|?

* Normalization ensures total probability equals 1
[_lwe)Pdx =1
* Born interpretation connects wavefunction to measurement probabilities

b
* Probability of finding particle in region [a,b]: p(a<x<b) = fa |w(x)|2dx

Mathematical Properties
» Wavefunction continuity ensures smooth probability distributions
« Single-valuedness requirement reflects unique physical state
» Square-integrability condition for normalizable wavefunctions
[ woPdx <
» Expectation values calculated using wavefunction

* For observable A: (A) = _f_wq;* (X)Aw(x)dx
« Orthogonality of eigenfunctions: f_w(pr;(x)q},,(x)dx =0mn
- Completeness allows expansion of arbitrary states: f(X) = ;Cn(#n(x)

+ Uncertainty principle emerges from wavefunction properties

- AxAp=1
Applications of the Time-Independent Schrédinger Equation

One-Dimensional Systems

« Effective potential reduces three-dimensional problems to one-dimensional form
» Example: Central force problem in spherical coordinates
» Step potentials analyze particle behavior at potential discontinuities

. . . . . T = 4k1k2
- Transmission coefficient: (k1 + ko)?

- Reflection coefficient: R = (L52)°

* Potential barriers introduce quantum tunneling phenomenon
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« Tunneling probability: T=e 2L, where k = v(2m(Vo-E)/h?)

» Bound states occur for E < V(x) asymptotically

* Discrete energy levels in finite wells

* Scattering states arise for E > V(x) asymptotically

+ Continuous energy spectrum

* Numerical methods solve complex one-dimensional potentials
* Finite difference method discretizes Schrédinger equation

» Shooting method iteratively finds eigenenergies

Advanced Concepts
« Parity conservation in symmetric one-dimensional potentials
* Even parity: y(-x) = y(x)
+ Odd parity: w(-x) = -y(x)
» Connection between energy eigenstates and stationary states
* Time evolution: w(x,t) = w(x)e(-iIEt/h)
* Perturbation theory for approximately solvable systems
+ Adds small corrections to known solutions
* Variational method estimates ground state energy

* Uses trial wavefunctions to find upper bound on energy

3.2 The time-dependent Schrodinger equation

The time-dependent Schrodinger equation is the heart of quantum dynamics. It describes how quantum
states change over time, allowing us to predict the behavior of particles and systems as they evolve. This
equation is crucial for understanding everything from atomic transitions to chemical reactions.

Solving the time-dependent Schrédinger equation can be tricky, but it's essential for real-world
applications. We use various methods, from simple approximations to complex numerical techniques, to
tackle different types of problems and uncover the secrets of quantum time evolution.

Time Evolution of Quantum Systems

Fundamental Concepts of Time-Dependent Schrédinger Equation
» Time-dependent Schrédinger equation describes evolution of quantum states over time
« Equation takes the form ih 3¢ = Hy
* ¥ represents wavefunction
« /1 denotes Hamiltonian operator

« i symbolizes reduced Planck's constant
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* Linear partial differential equation governs behavior of non-stationary quantum systems

« Solutions provide probability amplitudes for finding system in various states at different times

* Incorporates kinetic and potential energy terms for complete quantum state evolution description
* Reduces to time-independent form for stationary states

» Wavefunction separates into spatial and temporal components

Applications and Significance

» Fundamental to understanding dynamic quantum phenomena (atomic transitions, chemical reactions)

* Crucial for describing time-dependent processes in quantum mechanics (absorption and emission of
light)

» Forms basis for advanced quantum theories (quantum field theory, relativistic quantum mechanics)
+ Essential in developing quantum technologies (quantum computing, quantum cryptography)

* Provides framework for studying quantum coherence and decoherence processes

Solving the Time-Dependent Schrodinger Equation

Methods for Simple Time-Dependent Potentials

 Separation of variables applied for time-independent or specific time-dependent potentials

+ Perturbation theory or numerical methods used for approximate solutions of complex time-dependent
potentials

» Sudden approximation technique solves problems with rapidly changing potentials

+ Adiabatic approximation addresses slowly changing potentials

* Floquet theory employed for harmonic time-dependent potentials to find periodic solutions

* Interaction picture useful for time-dependent Hamiltonians (quantum optics, atomic physics)

+ Solutions often express wavefunction as linear combination of stationary states with time-dependent
coefficients

Advanced Techniques and Concepts

* Propagator or Green's function formally solves time-dependent Schrédinger equation for arbitrary
initial conditions

* Numerical methods (Runge-Kutta, split-operator technique) used for complex systems
« Path integral formulation provides alternative approach to solving time-dependent problems
+ Density matrix formalism extends solutions to mixed states and open quantum systems

 Time-dependent density functional theory applied to many-body systems (molecules, solids)
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Wavefunction and Probability Density Evolution

Time Evolution of Quantum States

« Time evolution operator U(t, to) = exp(—iI:I(t — tg)/h) describes wavefunction evolution for
time-independent Hamiltonians

» Probability density |@(x, l'.')l2 evolves, reflecting changing likelihood of particle position

- Expectation values of observables calculated as functions of time using (A)(t) = (w(t)|[\|tp(t))
<A represents operator corresponding to observable

* Ehrenfest's theorem relates time evolution of expectation values to classical equations of motion

» Wavepacket spreading demonstrates inherent position and momentum uncertainty (Heisenberg
uncertainty principle)

+ Superposition states exhibit interference effects in probability density (quantum beats)
+ Probability current density j(x, t) describes probability flow in space and time

« Satisfies continuity equation 3—? +V:j=0

Practical Applications and Phenomena

* Quantum tunneling dynamics (alpha decay, scanning tunneling microscopy)
* Rabi oscillations in two-level systems (atomic clocks, quantum bits)

* Landau-Zener transitions in avoided crossings (molecular spectroscopy, adiabatic quantum
computing)

» Quantum Zeno effect demonstrating impact of frequent measurements on time evolution

» Decoherence and quantum-to-classical transition in open quantum systems

Time-Dependent vs Time-Independent Schroédinger Equations

Relationship and Derivation

 Time-independent Schrédinger equation emerges from time-dependent equation for stationary state

solutions
- Solutions take form w(x, t) = w(x)e "N

* Energy eigenvalues from time-independent equation correspond to allowed energies of stationary
states

» Non-stationary states expressed as linear combinations of stationary states
» Time dependence contained in complex exponential factors
+ Connection crucial for understanding energy quantization in bound systems

* Time-independent perturbation theory derived from time-dependent theory in limit of infinitely slow
perturbations
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Significance and Applications

* Relationship essential for developing interaction picture in quantum mechanics
» Combines aspects of Schrodinger and Heisenberg pictures
» Understanding connection vital for applications in spectroscopy and quantum control theory

« Time-independent equation used for solving bound state problems (hydrogen atom, harmonic
oscillator)

 Time-dependent formulation necessary for scattering problems and non-equilibrium dynamics
* Interplay between equations crucial in semi-classical approximations (WKB method)

» Connection important in developing quantum measurement theory and understanding collapse of
wavefunction

3.3 Boundary conditions and normalization

The Schrodinger equation is the backbone of quantum mechanics, but it needs proper constraints to yield
meaningful results. Boundary conditions and normalization are key to making the equation work in
real-world scenarios.

These concepts ensure that quantum mechanical solutions make physical sense. They help us find
allowed energy levels, calculate probabilities, and understand how particles behave in different potential
environments. Mastering these ideas is crucial for tackling more complex quantum systems.

Boundary conditions for Schroédinger equation

Types and applications of boundary conditions

« Constraints imposed on solutions to the Schrédinger equation at specific points or regions in space
(typically at edges of potential well or at infinity)

» Bound states require wavefunction to approach zero as position approaches infinity (y(x) - 0 as x -
tw)

» Unbound states must be finite and well-behaved at infinity (represented by plane waves)

* Choice of boundary conditions depends on specific potential and physical situation (infinite potential
barriers, finite potential wells, periodic potentials)

+ Applying boundary conditions often leads to quantization of energy levels in bound systems
(fundamental feature of quantum mechanics)

» Examples of boundary conditions:
* Infinite potential barrier: wavefunction must be zero at the barrier

* Periodic potential: wavefunction must satisfy Bloch's theorem

Continuity requirements

» Wavefunction must be continuous everywhere

« First derivative of wavefunction must be continuous everywhere (except where potential is infinite)

Fiveable archived study guides Page 28



» Matching conditions at potential discontinuities require wavefunction and its derivative to be
continuous across boundary (ensures smooth transitions between regions)

» Examples of continuity requirements:
« Step potential: wavefunction is continuous, but first derivative may have a discontinuity

« Finite potential well: wavefunction and its derivative must match at well boundaries

Mathematical formulation

» Boundary conditions expressed mathematically as equations involving wavefunction and its
derivatives

« For bound states: [IM @(x) =0

X—>xo
« For periodic potentials: @(x + a) = e*@(x) (where a is the period and k is the wave vector)
» Matching conditions at potential discontinuities: W1(xo) = Wa(xo) %(xo) = %(Xo) (where x_0 is the
point of discontinuity)

Normalization of wavefunctions

Concept and importance

* Process of scaling wavefunction so total probability of finding particle anywhere in space equals one
* Essential for calculating expectation values and probabilities in quantum mechanics
» Ensures proper probability interpretation of wavefunction

» Normalized wavefunctions maintain normalization over time (due to unitary nature of time evolution in
quantum mechanics)

« Examples of normalized wavefunctions:

—ax? . .
L4g-ax*/2 (where a is a constant related to oscillator

« Harmonic oscillator ground state: @o(x) = (a/m)

frequency)
» Hydrogen atom 1s orbital: Y1s(r) = ﬁl 3 e~rh (where a0 is the Bohr radius)
y . na,

Mathematical formulation

» Normalization condition expressed as integral of absolute square of wavefunction over all space

o0

equaling one: [__|w(x)|%dx =1

. N . 2
* For discrete systems, normalization condition becomes a sum: %W’rﬂ =1

» Normalization constant typically determined by solving normalization integral (often denoted as N or A
in wavefunction expressions)

» Example calculation: For a particle in an infinite potential well of width L, unnormalized wavefunction:
. L
Wn(x) = sin(") Normalization constant N found by solving: fostinz () dlx = 1 Resulting in

normalized wavefunction: @n(x) = \/?sin(”Lﬂ)
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Special cases and alternatives

« Scattering states and other non-normalizable wavefunctions require alternative normalization
schemes

» Box normalization confines system to finite volume, then takes limit as volume approaches infinity
* Delta-function normalization used for continuous energy spectra (scattering states)
» Examples of alternative normalization:

— Ik : .
« Free particle wavefunction: ¥k(X) = %e’ X (normalized to delta function)

« Plane wave in a box of length L: ¥k(X) = %eka (box normalization)
Continuity and differentiability of wavefunctions

Importance and physical significance

* Continuity of wavefunction ensures probability density remains well-defined (no abrupt jumps or
discontinuities)

* First derivative continuity ensures finite kinetic energy (except at points of infinite potential)

* Discontinuities in wavefunction or its derivative can lead to unphysical results (infinite forces or
energies)

» Second derivative of wavefunction relates to curvature (important in Schrédinger equation, connects
wavefunction to potential energy)

* Requirements stem from need for wavefunction to be solution to Schrédinger equation (second-order
differential equation)

» Examples of continuity importance:
* Particle in a box: wavefunction must be continuous at boundaries, leading to quantized energy levels

* Tunneling through potential barrier: continuity of wavefunction and its derivative determines
transmission probability

Mathematical formulation
* Continuity of wavefunction: XILr)g pix) = xll,r;} p(x)

lim %¥(x) = lim %% (x)
XXy dx XX dx

* Continuity of first derivative:
2
» Schrodinger equation relates second derivative to potential: —%37(5 + Vix)y=Ey

* Examples of mathematical constraints:
- Step potential: W1(Xo) = Y2(X0) and 224 (xo) = £ %2 (xo)

« Delta function potential: wavefunction continuous, but first derivative has a discontinuity
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Special cases and exceptions

* Regions with abruptly changing potential energy (step potentials) wavefunction remains continuous,
but first derivative may have discontinuity

« Infinite potential barriers allow discontinuity in first derivative of wavefunction

» These requirements play crucial role in determining allowed energy levels and matching solutions
across different regions in piecewise-defined potentials

* Examples of special cases:
« Infinite square well: wavefunction must be zero at boundaries, leading to sine wave solutions

« Delta function potential: wavefunction continuous, but derivative has a jump discontinuity proportional
to potential strength

Infinite vs finite potential wells

Infinite potential well characteristics

» Wavefunction must be zero at boundaries, leading to standing wave solutions with discrete energy
levels

* Energy levels given by E,= gm—’zz (n quantum number, m particle mass, L well width)
« Wavefunctions are sine waves: @,(x) = \/?sin(%)

* No tunneling possible (particle completely confined within well)
» Examples of infinite well applications:
* Particle in a box model for conjugated molecules

» Approximation for deeply bound states in atoms or nuclei

Finite potential well properties

» Wavefunction extends into classically forbidden regions (decays exponentially outside well)

» Requires matching wavefunction and its derivative at well boundaries (leads to transcendental
equations for energy levels)

» Number of bound states depends on well depth and width (at least one bound state always present)
* Energy levels lower than those of infinite well of same width (due to tunneling effect)

» Examples of finite well applications:

» Quantum dots in semiconductor nanostructures

* Nuclear shell model for light nuclei

Comparison and problem-solving approaches

« Infinite well simpler to solve analytically, finite well often requires numerical or graphical methods

* Finite well more realistic model for many physical systems (allows for tunneling and finite confinement)
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* As well depth increases, finite well solutions approach those of infinite well

+ Solving finite well problems involves: 1. Writing wavefunctions for inside and outside well 2. Applying
continuity conditions at boundaries 3. Solving resulting transcendental equation for energy levels

* Examples of comparative analysis:
» Ground state energy in finite well always lower than in infinite well of same width

* Number of nodes in wavefunction relates to quantum number in both cases, but spacing differs

3.4 Stationary states and energy eigenvalues

Stationary states are crucial in quantum mechanics, representing systems with constant probability
densities over time. They're solutions to the time-independent Schrédinger equation, forming a basis for
understanding quantum systems' behavior and energy levels.

Energy eigenvalues, associated with stationary states, reveal the allowed energies of quantum systems.
From simple setups like particles in boxes to complex atoms, these eigenvalues help us grasp how energy
is quantized and how quantum systems evolve.

Stationary States and the Schrédinger Equation
Defining Stationary States

» Quantum states with time-independent probability densities represented by wavefunctions as
eigenfunctions of the Hamiltonian operator

+ Solutions to the time-independent Schrédinger equation (TISE) take the general form
wix, t) = p(x)e P

« Y(x) denotes the spatial part

—IEt/h

ce represents the time-dependent phase factor

» Probability density |@(x, l'.')l2 remains constant over time as the time-dependent phase factor cancels
out when taking the absolute square

» Form a complete orthonormal basis for the Hilbert space of the quantum system
* Allows expression of any state as a linear combination of stationary states

* Examples of stationary states

 Ground state of a hydrogen atom

* Specific energy level of a quantum harmonic oscillator

Time-Independent Schrodinger Equation

* Eigenvalue equation for the Hamiltonian operator

* Energy eigenvalues correspond to allowed energies of the system
* TISE takes the form I-Alw =Ey

‘A represents the Hamiltonian operator

« E denotes the energy eigenvalue

Fiveable archived study guides

Page 32



« ¥ signifies the wavefunction (eigenfunction)

« Solving TISE involves finding solutions satisfying both the differential equation and boundary
conditions

* For bound states, normalizability of the wavefunction leads to energy level quantization
» Examples of systems described by TISE

« Particle in a box (infinite square well)

* Quantum harmonic oscillator

* Hydrogen atom

Energy Eigenvalues and Eigenfunctions

Simple Quantum Systems

« Particle in a box (infinite square well)

nznzhz
2mlL?

« Eigenfunctions: wn(x) = \/?Sin(”Lﬂ)

* Energy eigenvalues: En =

* N represents the quantum number, L denotes the well width, m signifies particle mass
* Quantum harmonic oscillator

« Energy eigenvalues: En = (n + 1)hw

« Eigenfunctions expressed using Hermite polynomials

» W represents the angular frequency of the oscillator

* Hydrogen atom

—13.6eV
2

* Energy eigenvalues: En= n

« Eigenfunctions involve spherical harmonics and Laguerre polynomials

» N1 denotes the principal quantum number

Calculation Methods

« Analytical solutions for simple potentials involve solving differential equations

* Numerical methods for complex potentials

+» Shooting method iteratively adjusts initial conditions to match boundary conditions
» Matrix diagonalization converts TISE into a matrix eigenvalue problem

* Perturbation theory for systems close to exactly solvable ones

* Treats complex potentials as perturbations to simpler, known systems

* Provides approximate solutions for energy levels and wavefunctions

* Variational method for estimating ground state energy
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* Uses trial wavefunctions to find upper bounds on the ground state energy

* Improves accuracy by optimizing parameters in the trial wavefunction

Physical Interpretation of Stationary States

Properties of Stationary States

» Represent states of definite energy in quantum systems

* Energy as a conserved quantity precisely defined

+ Exhibit no probability current due to constant probability density over time
* Uncertainty principle applies

- Energy uncertainty AE = 0 implies complete time uncertainty At = o

* Time-independent expectation values for observables reflect stable nature
+ Often associated with standing waves in bound systems

+ Analogous to standing waves on a string with fixed endpoints (guitar string)

Dynamics and Superposition

* Superpositions of stationary states with different energies result in time-dependent states
* Leads to dynamic behavior and probability currents

* Example: electron in a superposition of ground and excited states in an atom

« Coherent states in quantum harmonic oscillator

* Superposition of multiple energy eigenstates

« Exhibit classical-like oscillatory behavior

» Quantum beats observed in atomic systems

+ Result from superposition of closely spaced energy levels

» Manifest as periodic intensity fluctuations in spectroscopic measurements

Energy Spectrum of Quantum Systems

Characteristics of Energy Spectra

* Consists of all possible energy eigenvalues

« Can be discrete, continuous, or a combination

» Bound states in finite potential wells have discrete energy levels
* Example: electron energy levels in an atom

» Unbound states form a continuous spectrum above the well

* Example: free electron states in a metal

» Ground state represents the lowest energy stationary state
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* Excited states correspond to higher energy levels
* Energy level spacing determines transition frequencies between states

* Observable in spectroscopic measurements (atomic emission spectra)

Advanced Concepts

» Degeneracy occurs when multiple distinct stationary states share the same energy eigenvalue
* Often due to symmetries in the system (spherical symmetry in hydrogen atom)

+ Density of states describes available energy states per unit energy interval

* Crucial for understanding thermal and statistical properties (heat capacity of solids)

* Selection rules determine allowed or forbidden transitions between energy levels

* Derived from symmetry considerations and conservation laws

- Example: electric dipole transitions in atoms (Al = 1)

» Band structure in solid-state physics

» Energy spectra of electrons in periodic potentials of crystalline solids

 Explains electrical and optical properties of materials
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Unit 4 — One-Dimensional Quantum
Systems

4.1 The infinite square well potential

The infinite square well potential is a foundational model in quantum mechanics. It introduces key concepts
like energy quantization, wavefunctions, and probability densities. This simple system helps us understand
more complex quantum phenomena.

By confining a particle to a one-dimensional box, we see how quantization emerges naturally. The
solutions reveal discrete energy levels, standing wave patterns, and the intriguing concept of zero-point
energy. These ideas form the basis for understanding atomic structure and quantum confinement.

Solving the Infinite Square Well

Potential and Schrédinger Equation

* Infinite square well potential defined as V(x) = 0 for 0 < x <L, and V(x) = «» elsewhere (L represents
well width)

2
* Time-independent Schrodinger equation for one-dimensional potential —%37%’ +VX)y=Ey (y

denotes wavefunction, E represents energy, m signifies particle mass)
2
« Simplified Schrédinger equation within well (0 < x <L) —%37%’ =Ey

» General solution form W(x) = Asin(kx) + Bcos(kx) where k = 1/ 2E

Boundary Conditions and Normalization

» Boundary conditions require g(0) = w(L) = 0 leading to energy quantization and specific wavefunction
forms

» Normalization condition f|(,u(x)|2dx = 1 determines wavefunction amplitude

- Application of boundary conditions yields ¥(x) = Asin(kx) and kL = nrt where n represents positive
integers

« Normalization results in amplitude A = v(2/L)

Examples and Applications
* Particle in a box model applies to electrons in conjugated molecules (polyenes)
* Quantum dots in semiconductors approximate infinite square well behavior

* OLED (Organic Light Emitting Diode) displays utilize electron confinement principles similar to infinite
square well
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Energy Eigenvalues and Eigenfunctions

Energy Quantization

. . 2,242
« Energy eigenvalues given by E, = nzg,”_hz

(n represents positive integer quantum number)

* Discrete energy levels increase quadratically with quantum number n

2/ 2
+ Energy spacing between adjacent levels AE = Ep 1 — Ep = %
+ Ground state energy (n=1) E1 = 2";”; demonstrates non-zero zero-point energy

Wavefunction Characteristics
 Normalized energy eigenfunctions (stationary states) g, (x) = \/gsin("Lﬂ) forn=1,2,3, ...

« Eigenfunctions form complete orthonormal set satisfying fw: (X)Pm(x)dx = 6pm (Bnm represents
Kronecker delta)

* Number of nodes in wavefunction directly related to quantum number n (n-1 nodes for nth
eigenfunction)

* Higher energy states correspond to higher frequency oscillations within well

Examples and Applications

* Hydrogen atom energy levels approximate infinite square well behavior (with modifications for 3D and
Coulomb potential)

* Particle in a ring model (used for aromatic molecules) relates to infinite square well with periodic
boundary conditions

* Quantum harmonic oscillator energy levels share similarities with infinite square well (equidistant
spacing for low n)

Probability Density and Expectation Values

Probability Distribution
» Probability density for particle position |@n(X)|* = £sin?® (27%)
* Probability density exhibits n maxima and n-1 nodes for nth energy eigenstate

« Expectation value of position (x) = fx|(,un(x)|2dx = & (independent of energy state due to
wavefunction symmetry)

+ Expectation value of momentum (p) = 0 for all stationary states (equal likelihood of motion in either
direction)

Uncertainty Principle and Measurements

* Position and momentum uncertainties calculated using AA = v/ (A2) — (A)? (A represents
observable of interest)

* Product AxAp satisfies Heisenberg uncertainty principle
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* Higher energy states generally have smaller position uncertainties and larger momentum uncertainties

» Measurement of particle position collapses wavefunction, affecting subsequent measurements

Examples and Applications

* Tunneling microscopy utilizes quantum tunneling principles related to particle confinement
» Quantum wells in semiconductor lasers exploit energy level spacing for specific wavelength emission

« Casimir effect demonstrates consequences of zero-point energy in confined spaces

Quantization of Energy in the Infinite Square Well

Implications of Energy Quantization

+ Confinement of particle leads to discretization of energy levels (fundamental quantum mechanical
principle)

» Energy spacing between adjacent levels increases as well width L decreases (quantum confinement
in nanoscale systems)

— n’h?
+ Non-zero ground state energy E1 = L2

demonstrates zero-point energy existence in quantum

systems
* Discrete energy spectrum explains phenomena like emission and absorption spectra of atoms

» Quantized conductance in quantum point contacts relates to energy level discretization

Applications and Extensions

* Infinite square well serves as simplified model for more complex quantum systems (electrons in
atoms, quantum dots)

« Finite potential wells and other bounded quantum systems build upon infinite square well concepts
» Quantum wells in semiconductor heterostructures utilize energy quantization for device engineering

» Quantum confinement effects in nanoparticles influence optical and electronic properties

Examples and Limitations
* Particle in a box with moving walls models non-adiabatic processes in quantum mechanics
* Double infinite square well system introduces concepts of tunneling and coupled quantum systems

+ Limitations include neglecting particle-particle interactions and assuming infinitely high potential
barriers

4.2 The finite square well potential

The finite square well potential is a crucial concept in quantum mechanics, bridging the gap between
idealized infinite wells and real-world systems. It introduces the idea of bound states with finite energy
barriers, allowing for quantum tunneling and more realistic modeling of physical phenomena.

This topic builds on previous knowledge of the infinite square well, showcasing how finite potentials affect

energy levels and wavefunctions. It's essential for understanding quantum confinement in various systems,
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from atoms and molecules to semiconductor nanostructures and quantum devices.

Solving the Finite Square Well

Potential Definition and Schrodinger Equation
* Finite square well potential defined as V(x) = 0 for |x| < a, and V(x) = Vo for |x| 2 a
* Vo represents finite positive constant
* 2a denotes width of the well

2
* Time-independent Schrédinger equation for finite square well expressed as —%37? + Vix)y=Ey

* Y signifies wavefunction

* E represents energy eigenvalue

« Solution involves matching wavefunctions and derivatives at boundaries x = ta

* Ensures continuity and smoothness of the wavefunction

* General solution for E < Vo comprises

+ Sinusoidal functions inside the well

* Exponential decay functions outside the well

+ Transcendental equation for energy eigenvalues derived from boundary conditions
* Solved numerically or graphically (Newton-Raphson method, graphical techniques)
* Number of bound states depends on well depth Vo and width 2a

* At least one bound state always present (ground state)

Wavefunction Solutions and Boundary Conditions

» Wavefunction inside the well (|x| < a) expressed as

« Y(x) = Acos(kx) or w(x) = Asin(kx)

« k represents wave number, defined as k = 4/ 2;,”25

» Wavefunction outside the well (|x| = a) given by

« @Y(x) = Be™ or w(x) = Be™

+ k denotes decay constant, defined as K = 4/ W

* Boundary conditions applied at x = ta

» Wavefunction must be continuous

« First derivative of wavefunction must be continuous

* Applying boundary conditions leads to transcendental equations

* Even parity solutions: cos(ka) = % -1
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+ Odd parity solutions: sin(ka) = — % -1

» Normalization of eigenfunctions required
« Calculate probability density |y(x)|?

 Ensure integral of probability density over all space equals unity
Energy Levels in the Finite Square Well

Energy Eigenvalues and Transcendental Equations

* Energy eigenvalues for bound states (E < Vo) obtained by solving transcendental equation

*tan(ka) =/ % -1

* k represents wave number inside the well

* Even parity solutions correspond to cos(ka) = % -1
« Odd parity solutions given by sin(ka) = — % -1

* Numerical methods employed to find roots of transcendental equations

* Newton-Raphson method

+ Graphical techniques (plotting both sides and finding intersections)

» Energy eigenvalues always lower than those of infinite square well of same width
* Finite potential allows for tunneling, reducing confinement energy

» Ground state energy greater than zero but less than corresponding infinite well

« Zero-point energy present due to quantum confinement

* Number of energy levels increases with well depth Vo and width 2a

» Deeper wells support more bound states

Wavefunctions and Probability Distributions
« Eigenfunctions for bound states expressed as
« Inside well: @(x) = Acos(kx) or y(x) = Asin(kx)
« Outside well: ¢/(x) =Be ™™ or y(x) = Be™
* Number of nodes in wavefunction corresponds to energy level
» Ground state has no nodes
» First excited state has one node
* Higher excited states have increasing number of nodes
* Probability density given by |w(x)|?

* Represents probability of finding particle at position x
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* Integrates to unity over all space when normalized

» Wavefunctions extend beyond well boundaries

» Exponential decay in classically forbidden regions

» Demonstrates quantum tunneling effect

* Energy level spacing increases with quantum number

* Higher energy states more widely separated than lower states
« Parity of wavefunctions alternates with energy level

* Even parity for ground state and even-numbered excited states

» Odd parity for odd-numbered excited states

Finite vs Infinite Square Wells

Wavefunction and Energy Level Comparisons

« Finite well allows non-zero probability of finding particle outside well

« Infinite well wavefunction strictly zero outside

* Energy levels in finite well lower and fewer compared to infinite well of same width
* Finite potential reduces confinement energy

» Ground state energy of finite well always greater than zero but less than infinite well
» Demonstrates effect of finite potential on zero-point energy

» Wavefunctions in finite well extend beyond well boundaries

» Exponential decay in classically forbidden regions (tunneling effect)

+ Both finite and infinite wells support even and odd parity solutions

» Mathematical forms differ due to boundary conditions

+ As well depth Vo increases, finite well solutions approach infinite well solutions

* Very deep finite wells approximate infinite well behavior

n’m?h?

* Infinite well energy levels given by En = 53

* Finite well energies always lower than corresponding infinite well values

Physical Implications and Applications

* Quantum tunneling applicable to finite well but not infinite well
« Finite potential barrier allows for tunneling phenomenon

* Finite well more realistic model for physical systems

* Potential barriers in nature are always finite

* Applications in semiconductor physics
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* Modeling quantum wells in heterostructures (GaAs/AlGaAs)

» Understanding electronic states in quantum dots

* Relevance in atomic and molecular physics

» Approximating potential wells in atoms and molecules

« Studying bound states in diatomic molecules

* Finite well concept used in designing quantum cascade lasers
* Tailoring energy levels for specific emission wavelengths

+ Understanding finite well crucial for nanostructure engineering
» Quantum confinement effects in nanowires and nanoparticles
* Finite well model applied in nuclear physics

* Describing bound states of nucleons in atomic nuclei

Tunneling Through a Potential Barrier

Quantum Tunneling Phenomenon

» Quantum tunneling occurs when particle penetrates classically forbidden potential barrier
* Demonstrates wave-like nature of particles in quantum mechanics
+ Transmission coefficient T represents tunneling probability

* Calculated as ratio of transmitted to incident probability current densities

* For rectangular potential barrier of height Vo and width a, transmission coefficient approximated as

T = 16E(Vo — E) o -2ka

v

* k denotes decay constant, defined as K = 4/ W

» Tunneling probability decreases exponentially with

e

* Increasing barrier width
» Square root of barrier height

* WKB (Wentzel-Kramers-Brillouin) approximation provides general method for arbitrary potential
barriers

* Useful for non-rectangular barrier shapes

Applications and Implications of Tunneling

+ Crucial in explaining various physical phenomena
* Alpha decay in nuclear physics (Gamow theory)
» Scanning tunneling microscopy in condensed matter physics

* Finite square well models potential barriers in semiconductor devices
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* Understanding and designing electronic components (tunnel diodes, resonant tunneling diodes)
* Tunneling effects important in

+ Josephson junctions in superconductivity

* Field emission in electron microscopy

+ Cold emission in cathode ray tubes

* Quantum tunneling enables

* Quantum computing operations (superconducting qubits)
* Tunneling magnetoresistance in magnetic tunnel junctions
* Biological applications of tunneling

* Electron transfer in photosynthesis

* Proton tunneling in enzyme catalysis

* Astrophysical implications

* Fusion reactions in stars (overcoming Coulomb barrier)

» Hawking radiation from black holes

4.3 The harmonic oscillator potential

The quantum harmonic oscillator is a cornerstone of quantum mechanics. It models systems with restoring
forces, like vibrating molecules or electromagnetic fields. This simple yet powerful concept helps us
understand energy quantization and zero-point energy.

The harmonic oscillator's energy levels are equally spaced, unlike classical systems. Its wavefunctions use
Hermite polynomials, revealing fascinating properties. This model applies to various fields, from molecular
physics to quantum optics, showcasing quantum mechanics' broad impact.

Schrédinger Equation for Harmonic Oscillator

Classical to Quantum Transition

« Classical harmonic oscillator potential energy expressed as V(x) = (1/2)kx?, with k as spring constant
and x as displacement from equilibrium

* Quantum harmonic oscillator Hamiltonian formulated as H = p%2m + (1/2)kx?, where p represents
momentum operator and m denotes particle mass

* Time-independent Schrédinger equation for quantum harmonic oscillator obtained by substituting
Hamiltonian into general form: [—N?/2md?/dx? + (1/2)kx?]y(x) = Ey(x)

« Equation rewritten using angular frequency w = v (k/m):
[—h22md?/dx? + (1/2)mw?x?]yw(x) = Ey(x)

Simplification and Dimensionless Form

» Dimensionless variables introduced to simplify equation

* & = (mw/h)N1/2)x used for position
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£ = 2E/hw used for energy

+ Final dimensionless form of Schrédinger equation for quantum harmonic oscillator:

[—a?/d&? + &21w(&) = ey(E)
* Dimensionless form facilitates mathematical analysis and numerical solutions

+ Allows for easier comparison between different physical systems (atomic oscillators, molecular
vibrations)

Energy Eigenvalues and Eigenfunctions

Energy Spectrum and Ground State

« Energy eigenvalues for quantum harmonic oscillator given by En = (n + 1/2)hAw  with n as
non-negative integer (n =0, 1, 2, ...)

- Ground state (n = 0) wavefunction expressed as Wo(x) = (mw/mA){1/4)exp(—mwx?/2h)

*» Represents Gaussian function centered at origin

» Demonstrates probability distribution of particle in lowest energy state

» Energy spectrum showcases discrete, equally spaced energy levels (unlike classical oscillator)
* Energy level spacing: AE = xw (constant)

« lllustrates quantum nature of harmonic oscillator (energy quantization)

Higher Energy States and Hermite Polynomials

+ Higher energy eigenfunctions obtained using Hermite polynomials:
wn(x) = (1V(2"n"))(mw/mh) 1/4)Hn(V(mw/h)x)exp(—mwx?/2h)

» Hermite polynomials Hn(y) defined recursively:

* Ho(y) = 1

* Hily) =2y

* Hn+1(y) = 2yHn(y) - 2nHn-1(y)

« Eigenfunctions form complete orthonormal set, satisfying prm*(x)Lpn(x)dx = dmn (Kronecker delta)
* Parity of eigenfunctions alternates:

* Even n corresponds to even parity (symmetric wavefunctions)

» Odd n corresponds to odd parity (antisymmetric wavefunctions)

» Examples of low-order Hermite polynomials:

* Ha(y) = 4y*- 2

* Ha(y) = 8y* - 12y
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Significance of Ground State Energy

Zero-Point Energy and Quantum Fluctuations

» Ground state energy of quantum harmonic oscillator: Eo = (1/2)Aw (non-zero)
* Represents zero-point energy

» Consequence of Heisenberg uncertainty principle (particle cannot have simultaneous zero position
and momentum)

« Zero-point energy leads to quantum fluctuations in vacuum

» Observable consequences in quantum field theory (virtual particle creation and annihilation)
» Explains Casimir effect (attractive force between parallel conducting plates in vacuum)

« Contributes to stability of matter

* Prevents electrons in atoms from collapsing into nucleus

* Maintains atomic and molecular structures

Implications in Various Fields

» Molecular spectroscopy: Zero-point energy affects vibrational spectra

* Crucial for understanding molecular bonding and stability

+ Explains why molecules vibrate even at absolute zero temperature

» Cosmology: Concept of zero-point energy has implications for theories of dark energy

* Attempts to explain cosmological constant problem (discrepancy between observed and predicted
vacuum energy density)

» Quantum computing: Zero-point fluctuations contribute to decoherence in quantum systems

* Challenges in maintaining quantum states for computation

Applications of the Quantum Harmonic Oscillator

Molecular and Solid-State Physics
* Vibrational modes in molecules described using quantum harmonic oscillator model
+ Diatomic molecules (HCI, CO)
+ Polyatomic molecules (H20, CO2)
* Provides framework for understanding molecular spectra and bond strengths
« Solid-state physics: Model describes lattice vibrations (phonons) in crystalline materials
« Crucial for understanding thermal properties (heat capacity, thermal conductivity)
 Explains electrical properties (electron-phonon interactions in superconductivity)

+ Superconductivity: Quantum harmonic oscillator appears in BCS theory
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* Describes Cooper pairs as coupled harmonic oscillators

+ Explains energy gap and critical temperature in superconductors

Quantum Optics and Particle Physics
» Quantum optics: Model describes quantized electromagnetic field in a cavity
* Leads to concept of photons as excitations of harmonic oscillator modes
* Explains phenomena like spontaneous emission and Lamb shift
« Particle physics: Quantum harmonic oscillator appears in description of fundamental particles
* Particles viewed as excitations of quantum fields (quantum field theory)
* Helps explain particle creation and annihilation processes
* Quantum chemistry: Harmonic approximation used to model molecular potential energy surfaces
+ Describes molecular vibrations near equilibrium configurations

» Basis for understanding spectroscopic transitions and reaction dynamics

Expectation Values in the Harmonic Oscillator

Position and Momentum Expectation Values

» Expectation value of position for any eigenstate: (x) = 0

* Due to symmetry of wavefunctions about x =0

* Indicates particle spends equal time on either side of equilibrium position
» Expectation value of momentum for any eigenstate: <p) =0

* Consistent with particle's oscillatory motion

* Average momentum over a complete oscillation cycle vanishes

« Uncertainty in position for nth state: Ax = V({(n + 1/2)h/mw)

* Increases with increasing quantum number n

» Demonstrates spreading of wavefunction for higher energy states
« Uncertainty in momentum for nth state: Ap = V((n + 1/2)Aimw)
* Also increases with n

* Reflects greater range of momenta in higher energy states

Energy and Uncertainty Relations

» Expectation value of energy for nth eigenstate: (E) = En = (n + 1/2)Aw
» Equal to energy eigenvalue
» Demonstrates energy quantization in harmonic oscillator

* Product of position and momentum uncertainties: AxAp = (n + 1/2)%
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« Satisfies Heisenberg uncertainty principle

* Ground state (n = 0) achieves minimum uncertainty (AxAp = #/2)

» Time-dependent expectation values calculable for superposition states

* Leads to concepts like coherent states (minimum uncertainty states that oscillate)

» Squeezed states in quantum optics (states with reduced uncertainty in one variable at expense of
increased uncertainty in conjugate variable)

4.4 The delta function potential and scattering states

In quantum mechanics, the delta function potential is a powerful tool for modeling short-range interactions.
It represents an infinitely narrow and strong barrier, useful for studying scattering and bound states in
simplified systems.

This topic explores solving the Schrédinger equation for delta potentials, analyzing energy states, and
calculating transmission and reflection coefficients. It also delves into scattering states, their
characteristics, and applications in various quantum phenomena.

Delta Function Potential Properties

Mathematical Representation and Characteristics

« Delta function potential represents an infinitely narrow and infinitely strong potential barrier
« Dirac delta function &(x) equals zero everywhere except at x = 0, where it is infinite
* Integral of &(x) over all space equals 1

+ Express delta function potential in quantum mechanics as V(x) = ad(x), where a represents the
potential strength

« Utilize delta function potential as a useful approximation for short-range interactions in quantum
systems

+ Scaling behavior of delta function follows ad(ax) = (1/|a])d(x)

« Sifting property of delta function in integrals extracts function values at specific points

Applications and Significance

* Fourier transform of delta function yields a constant, highlighting its importance in frequency analysis
* Delta function potential serves as a model for impurities in crystalline structures

* Use delta function to represent point interactions in quantum field theory

* Apply delta function potential to study quantum tunneling effects in simplified systems

» Employ delta function as a tool for understanding scattering processes in quantum mechanics

« Utilize delta function potential to model short-range forces in nuclear physics

* Implement delta function in quantum optics to describe instantaneous interactions between light and
matter
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Solving for Delta Function Potential

Time-Independent Schrodinger Equation

. Ex2pr§ss time-independent Schrédinger equation for a particle in delta function potential as
—D29W 4 a6(x)y = Ey

mq‘xz

» Compose general solution with plane waves on either side of potential, featuring different amplitudes
due to reflection and transmission

* Require continuity of wavefunction at x =0
» Acknowledge discontinuity in wavefunction derivative at x = 0 due to singular nature of delta function
* Relate discontinuity in wavefunction derivative at x = 0 to strength a of delta function potential

« Establish matching conditions at x = 0 leading to system of equations for wavefunction coefficients

Solution Analysis and Energy States

* Solve system of equations to determine transmission and reflection amplitudes
« Identify existence of scattering states (E > 0) for both attractive and repulsive potentials

* Discover single bound state (E < 0) for attractive potentials (a < 0)

ma?

+ Calculate bound state energy as Ep = — 5y, for attractive delta potential

* Normalize bound state wavefunction to ensure proper probability interpretation

 Analyze limiting cases of very strong (a —» «») and very weak (a — 0) potentials

* Investigate symmetry properties of solutions for even and odd parity states

Transmission and Reflection Coefficients

Coefficient Definitions and Calculations

* Define transmission coefficient T as probability of particle passing through potential barrier
* Interpret reflection coefficient R as probability of particle being reflected by potential barrier
* Express T and R as energy-dependent functions of incident particle energy E and potential strength a

-1
« Calculate transmission coefficient using formula T = (1 + (%)2) , where k is the wavenumber
related to particle's energy

+ Determine reflection coefficient using relation R = 1 - T, ensuring conservation of probability

* Derive expressions for transmission and reflection amplitudes from wavefunction coefficients

» Analyze behavior of T and R for different energy regimes (low, intermediate, and high energies)
Physical Interpretations and Limiting Cases

+ Observe higher transmission probability for high-energy particles through potential

* Note increased reflection probability for low-energy particles encountering potential
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» Examine limiting case of very strong potential (a — «) resulting in complete reflection (R > 1, T - 0)

* Investigate limiting case of very weak potential (a — 0) leading to complete transmission (T - 1, R > 0)
« Study resonance phenomena where transmission probability approaches unity for specific energies

* Analyze effect of potential strength a on the width and position of resonance peaks

» Compare delta function potential results with other simple potential models (square barrier, step
potential)

Scattering States in Quantum Mechanics

Characteristics and Behavior of Scattering States

* Define scattering states as unbound particles with positive energy interacting with potential

 Characterize asymptotic behavior of scattering states far from potential region with incident, reflected,
and transmitted waves

* Analyze phase shift of transmitted wave relative to incident wave for information about potential
interaction

« Identify continuous spectrum of energy eigenstates formed by scattering states, contrasting with
discrete energy levels of bound states

+ Examine probability current density for scattering states to understand particle flow
* Investigate group velocity and phase velocity of scattered particles

« Study time-dependent behavior of wave packets in scattering processes

Applications and Advanced Concepts

+ Construct S-matrix (scattering matrix) from transmission and reflection amplitudes for complete
scattering process description

* Apply optical theorem to relate total scattering cross-section to forward scattering amplitude

« Utilize partial wave analysis to decompose scattering states into angular momentum components
» Explore connection between scattering states and resonances in quantum systems

» Implement Born approximation for weak scattering potentials to simplify calculations

* Investigate multi-channel scattering processes involving internal degrees of freedom

* Apply scattering state analysis to study quantum tunneling phenomena in various systems (alpha
decay, scanning tunneling microscopy)
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Unit 5 — Angular Momentum and Spin

5.1 Orbital angular momentum and spherical harmonics

Angular momentum is a big deal in quantum mechanics. It's all about how particles spin and move in

space. This topic dives into orbital angular momentum, which describes how electrons orbit around atoms.

Spherical harmonics are special mathematical functions that help us understand these orbits. They're key
to solving the Schrédinger equation for atoms and molecules, giving us insight into electron behavior and
chemical properties.

Orbital Angular Momentum in Quantum Systems

Quantization and Operators

* Orbital angular momentum describes quantized rotational motion of particles around a fixed point in
quantum mechanics

* Vector operator L represents orbital angular momentum with components Lx, Ly, and Lz
» Components do not commute with each other

» Magnitude of orbital angular momentum calculated by L% =L + L7 + L2

« Eigenvalues of L2 given by /(/ + 1)h?, where | represents orbital angular momentum quantum
number

« Z-component of orbital angular momentum (Lz) has eigenvalues mh

* m denotes magnetic quantum number

Conservation and Applications

* Orbital angular momentum conserved in central potential systems (hydrogen atom) due to spherical
symmetry

* Applications in atomic spectroscopy and molecular bonding
* Crucial for understanding electron configurations and chemical properties

* Plays role in selection rules for atomic transitions (dipole transitions)

Solving the Angular Schroédinger Equation

Separation of Variables

« Spherical harmonics (Y_I*m(6,9)) serve as eigenfunctions for angular part of Schrédinger equation in
spherical coordinates

« Separation of variables technique splits Schrodinger equation into radial and angular components
» Angular part expressed using orbital angular momentum operator L*2 and z-component Lz

- Spherical harmonics satisfy eigenvalue equations: L2Y," = I(I + 1)A2Y]" L;Y]" = mhY]"
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Mathematical Form and Properties
- General form of spherical harmonics: Y/™(6, §) = N"P"(cos 6)e'™?
* N_I"m represents normalization constant
* P_I"m denotes associated Legendre polynomials
* Orthonormality property allows expansion of angular wavefunctions
» Completeness of spherical harmonics enables representation of any function on a sphere

* Used in various fields (quantum mechanics, electromagnetism, geophysics)

Quantum Numbers for Angular Momentum

Orbital Angular Momentum Quantum Number (1)

+ Determines magnitude of orbital angular momentum
» Takes non-negative integer values (0, 1, 2, ...)
* Relates to shape of atomic orbitals (s, p, d, f orbitals)

* Influences electron distribution and bonding properties

Magnetic Quantum Number (m)

* Represents z-component of orbital angular momentum

* Takes integer values from -l to +I

* For given |, 2I+1 possible m values exist

 Corresponds to different spatial orientations of orbital angular momentum vector

+ Crucial in understanding Zeeman effect and magnetic properties

Principal Quantum Number (n)

* Not directly related to orbital angular momentum
* Determines energy levels in atoms
* Always greater than |

« Influences size and radial distribution of atomic orbitals

Spectroscopic Notation and Electron Configuration

* Letters s, p, d, f... represent | = 0, 1, 2, 3... respectively
* Reflects historical classification of atomic spectra (sharp, principal, diffuse, fundamental)
* Allowed combinations of quantum numbers (n, |, m) determine electron configurations

* Subject to Pauli exclusion principle in multi-electron atoms
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Spherical Harmonics and Atomic Orbitals

Wavefunction Structure

- Atomic orbitals described by wavefunctions: Wnim(r, 8, @) = Rn(r)Y"(8, ¢)
+ Angular dependence (spherical harmonics) determines spatial orientation and shape

* Radial function R_nl(r) influences size and radial distribution

Orbital Shapes and Properties
* s orbitals (I=0) exhibit spherical symmetry
* p orbitals (I=1) display dumbbell shape
« d orbitals (I=2) show complex shapes with multiple lobes
* Number of nodal planes in orbital given by |
* Number of angular nodes determined by |m|

« Probability density of finding electron proportional to |@nim(r, 8, ¢)|?

Applications in Chemistry and Spectroscopy

» Selection rules for atomic transitions derived from spherical harmonic properties

* Conservation of angular momentum influences allowed transitions

« Orbital hybridization in molecular bonding understood as linear combinations of atomic orbitals
* Hybridized orbitals (sp, sp2, sp3) crucial for explaining molecular geometries

» VSEPR theory utilizes concepts from spherical harmonics to predict molecular shapes

5.2 Spin angular momentum and Pauli matrices

Spin angular momentum is a mind-bending quantum property that particles have, even when they're not
spinning. It's like a built-in compass that can only point in certain directions. This quirky feature plays a
huge role in how particles behave and interact.

Pauli matrices are the math tools we use to describe and work with spin. They're like a Swiss Army knife
for quantum mechanics, helping us calculate how spin changes and how particles with spin interact with
each other and magnetic fields.

Spin Angular Momentum of Particles

Fundamental Quantum Mechanical Property

+ Spin angular momentum represents an intrinsic property of particles not associated with physical
rotation

* Quantized nature of spin allows only specific discrete values characterized by spin quantum number s
» Magnitude of spin angular momentum calculated using ' s(s + 1) A

« Intrinsic property of elementary particles remains unchanged regardless of motion or external fields
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» Spin magnetic moment directly relates to spin angular momentum causing various magnetic
phenomena in materials

* Crucial role in Pauli exclusion principle and behavior of multi-particle systems

Spin Quantization and Measurement

* Spin quantum number s determines allowed spin states (s = 1/2 for electrons)
+ Spin projection along z-axis quantized with values ms=—-s, —s+1,...,s—1,s
« Stern-Gerlach experiment demonstrates quantization of spin for silver atoms

» Measurement of spin along any axis yields only two possible outcomes for spin-1/2 particles (up or
down)

* Uncertainty principle applies to simultaneous measurements of spin components along different axes

Spin States and Pauli Matrices

Spinor Representation

» Two-component complex vectors (spinors) describe quantum state of spin-1/2 particles

« General form of spinor for spin-1/2 particle @) = a| T} + B| 1 ) with complex coefficients a and B
« Normalization condition requires |a|? + |B]*> = 1

* Bloch sphere provides geometric representation of spin-1/2 states

* Spinor transformations under rotations involve SU(2) group

Pauli Matrices and Their Properties

* 2x2 complex matrices (9x: Oy, Oz) serve as generators of rotations in spin space

+ Explicit forms of Pauli matrices:

0 1 0 i 1 0
Ox = , Oy = , 07 =

« Satisfy commutation relations [01, 0] = 2i€;x 0k (Eijk Levi-Civita symbol)
- Eigenstates of Oz correspond to spin-up | T)and spin-down | 1) states along z-axis
* Arbitrary spin state expressed as linear combination of eigenstates of chosen Pauli matrix

+ Expectation value of spin along any direction calculated using appropriate Pauli matrix and spinor
representation

Operations with Pauli Spin Operators
Pauli Spin Operators and Commutation Relations

« Pauli spin operators (Sx: Sy, Sz) related to Pauli matrices by S; = (h/2)0; (i=x, y, z)

- Satisfy commutation relations [Si, S;1 = €Sk reflecting non-commutative nature of spin
measurements
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« Total spin operator S* = S} + 53 +S2 commutes with individual spin component operators

* Application of Pauli spin operator to spin state results in rotation about corresponding axis

« Raising (S + ) and lowering (S - ) operators constructed from Pauli spin operators for transitions
between spin-up and spin-down states

Spin Measurements and Time Evolution

» Measurement of spin along arbitrary direction represented by linear combination of Pauli spin
operators

« Expectation values of spin components calculated using (S1) = (@|S;|y)

« Time evolution of spin states under magnetic fields described using Pauli spin operators in
Hamiltonian

« Larmor precession of spin in uniform magnetic field with frequency Wr = —YB (Y gyromagnetic ratio)

+ Rabi oscillations occur when spin-1/2 particle exposed to oscillating magnetic field

Bosons vs Fermions: Spin Properties

Spin-Statistics Connection

« Particles with integer spin (including 0) classified as bosons (photons, Higgs bosons)
« Particles with half-integer spin classified as fermions (electrons, quarks, neutrinos)
* Spin-statistics theorem connects spin of particles to exchange symmetry and statistical behavior

» Fermions obey Pauli exclusion principle prohibiting identical fermions from occupying same quantum
state

* Bosons allow unlimited occupation of same quantum state

» Wave function of identical fermions antisymmetric under particle exchange, symmetric for bosons

Statistical Behavior and Physical Consequences

» Fermions follow Fermi-Dirac statistics governing behavior in many-particle systems

» Fermi-Dirac distribution describes occupation probabilities of energy states for fermions

* Electron degeneracy pressure in white dwarf stars results from Pauli exclusion principle

» Bosons follow Bose-Einstein statistics allowing for formation of Bose-Einstein condensates

» Bose-Einstein condensation occurs when large fraction of bosons occupy lowest energy state (liquid
helium superfluidity)

« Particle spin influences behavior of quantum gases, superconductivity, and other collective
phenomena
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5.3 Total angular momentum and the addition of angular momenta

Angular momentum is a crucial concept in quantum mechanics, combining orbital and spin components.
This topic explores how these components interact and add together, forming the total angular momentum.
It's essential for understanding atomic structure and spectra.

The addition of angular momenta follows specific rules and leads to new quantum states. This process
explains fine structure in atomic spectra and is key to predicting how atoms behave in magnetic fields. It's a
fundamental tool for analyzing complex quantum systems.

Total Angular Momentum

Vector Sum and Quantum Numbers

* Total angular momentum (J) combines orbital angular momentum (L) and spin angular momentum (S)
asvectorsum)J=L+S

+ Magnitude of total angular momentum calculated using |J| = vj(j + 1) A
* j represents total angular momentum quantum number

« Z-component of total angular momentum quantized as |z =m;h

« Mj denotes magnetic quantum number for total angular momentum

+ Allowed values for j range from |I=s| to|l+5s]in integer steps

* | and s signify orbital and spin angular momentum quantum numbers

Coupling Mechanisms and Vector Model
* LS coupling (Russell-Saunders coupling) applies to lighter atoms with weak spin-orbit interaction
* Vector model depicts L and S precessing around J
+ Constant angle maintained between L, S, and J during precession
 Coupling strength influences energy level splitting and spectral features (fine structure)
* Examples of LS coupling:
» Hydrogen atom fine structure

* Alkali metal spectra (lithium, sodium)

Angular Momentum Coupling Rules

Triangle Inequality and Magnetic Quantum Numbers
* Triangle inequality rule constrains total angular momentum quantum number J
« For angular momenta /1 and /2, J must satisfy [j1 —j2| =/ <j1+J2
« Magnetic quantum number M for total angular momentum sums individual values

eMmy=mi;+m;

« Allowed M values range from -J to +J in integer steps
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- Degeneracy of coupled state determined by (2J + 1) possible 7 values
* Examples:
* Coupling two spin-1/2 particles yields singlet (J=0) and triplet (J=1) states

+ p-orbital electron (I=1) coupled with spin-1/2 results in j=1/2 and j=3/2 states

Multiple Angular Momenta and Parity

» Coupling more than two angular momenta requires sequential application of addition rules
* Couple two angular momenta at a time

* Order of coupling can affect intermediate states but not final outcome

* Parity of coupled state determined by product of individual state parities

* Even parity: (-1)A = +1

+ Odd parity: (-1)M = -1

* Examples:

+ Coupling three spin-1/2 particles can result in total J = 1/2 or J = 3/2

» Two-electron configuration 1s2s has even parity (product of two even-parity states)

Clebsch-Gordan Coefficients

Definition and Properties

+ Clebsch-Gordan coefficients ¢j1, j2, m1, m2|J, M) describe probability amplitude for coupling angular
momenta states

« Coefficients satisfy normalization and orthogonality conditions
* Ensures conservation of probability in quantum mechanics

» Symmetry properties include invariance under certain permutations and sign changes of quantum
numbers

+ Square of coefficient represents probability of finding individual angular momentum states within
coupled state

* Examples:
< (1/2,1/2, 1/2, -1/2|0, 0) = -1/+/2 for singlet state of two spin-1/2 particles

*(1,1/2,1,1/2|3/2, 3/2) = 1 for maximum aligned state of I=1 and s=1/2

Calculation Methods and Related Symbols

« Coefficients calculated using recursive formulas or obtained from tables for common couplings
» Wigner 3-j symbols related to Clebsch-Gordan coefficients
» Used in advanced calculations due to symmetry properties

» Racah W-coefficients and 6-j symbols useful for coupling three angular momenta
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* Examples:
* Recursive formula for Clebsch-Gordan coefficients involves square roots of factorial terms

» Wigner 3-j symbol (j1 j2 J; m1 m2 M) related to Clebsch-Gordan coefficient by phase factor and
normalization

Energy Levels from Coupling

Fine Structure and Degeneracy

» Angular momentum coupling lifts degeneracies in uncoupled systems

+ Leads to fine structure in atomic spectra

* Total degeneracy of coupled state given by (2J + 1)

« J represents total angular momentum quantum number

+ Spin-orbit coupling splits energy levels according to total angular momentum J

« Splitting proportional to spin-orbit coupling strength

* Examples:

» Hydrogen atom fine structure splits n=2 level into 251/2 and 2P1/2, 2P3/2 states

» Sodium D-line splitting results from spin-orbit coupling in 3p state

Zeeman Effect and Selection Rules

+ Landé g-factor determines magnitude of Zeeman splitting in magnetic field
* Depends on coupled angular momenta L, S, and J

« Selection rules for transitions between coupled states based on allowed changes in total angular
momentum and z-component

* AJ =0, £1 (except J=0 to J=0)

«AmJ =0, +1

» Many-electron atoms may require different coupling schemes

* LS coupling for lighter atoms

« jj coupling for heavier atoms with strong spin-orbit interaction

* Examples:

» Anomalous Zeeman effect in sodium D-lines due to different g-factors

* LS coupling in carbon atom ground state configuration leads to 3P0, 3P1, and 3P2 terms

5.4 The Stern-Gerlach experiment and spin measurements

The Stern-Gerlach experiment is a game-changer in quantum mechanics. It showed that particles have
intrinsic angular momentum, or spin, which can only be measured in two distinct states. This discovery
challenged classical physics and opened new doors in quantum theory.
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Spin measurements reveal the quirky nature of quantum systems. They demonstrate non-commutative
properties, the concept of superposition, and the collapse of wavefunctions. These ideas are crucial for
understanding quantum mechanics and its applications in modern technology.

The Stern-Gerlach Experiment

Experimental Setup and Results

» Conducted in 1922 by Otto Stern and Walther Gerlach

» Passed beam of silver atoms through inhomogeneous magnetic field

» Beam split into two distinct beams contradicted classical predictions of continuous distribution
* Demonstrated quantization of angular momentum in atoms

* Revealed existence of intrinsic angular momentum (spin) in particles

» Showed spin measurements along given axis always yield one of two possible outcomes

« Established binary nature of spin

Implications for Quantum Mechanics

* Provided evidence for non-classical behavior of quantum systems

» Demonstrated probabilistic nature of quantum measurements

« Spin characterized by discrete values described by spin quantum numbers

* Spin lacks classical analogue

« Stern-Gerlach apparatus became fundamental tool for measuring and manipulating spin states
+ Supported development of quantum theory and understanding of atomic structure

* Led to discovery of electron spin and its role in atomic spectra

Interpreting Sequential Stern-Gerlach Experiments

Non-Commutative Nature of Spin Measurements

» Sequential experiments pass particles through multiple Stern-Gerlach apparatuses with different
orientations

» Demonstrate non-commutative nature of spin measurements along different axes

* Measuring spin along same axis twice yields same result as first measurement

« lllustrates projective nature of quantum measurements

» Measuring spin along perpendicular axes results in loss of information about previous measurement
» Demonstrates uncertainty principle for spin

* Probability distribution of outcomes depends on relative orientation of apparatuses (follows quantum
mechanical laws)
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Quantum State Manipulation and Superposition

* Reveal concept of superposition in spin states

» Demonstrate collapse of wavefunction upon measurement

* Provide practical demonstration of quantum state preparation

+ Allow manipulation of quantum states through controlled spin rotations

* lllustrate quantum interference effects between different spin components
+ Enable creation of arbitrary superposition states of spin

+ Serve as foundation for understanding more complex quantum systems and entanglement

Spin Measurement for Quantum Information

Spin-Based Qubits

* Spin states of particles (particularly electrons) serve as natural candidates for qubits
* Binary nature of spin measurements aligns with concept of quantum bits

+ Allow encoding of quantum information

* Implement quantum gates through controlled spin rotations and interactions

« Utilize principles of spin manipulation demonstrated in Stern-Gerlach experiments

* Enable creation of superposition states for quantum computation

+ Provide long coherence times in certain systems (quantum dots, nitrogen-vacancy centers in
diamond)

Quantum Information Protocols

» Entanglement between spin states of multiple particles forms basis for quantum teleportation
» Enable superdense coding protocols

+ Crucial for implementing quantum error correction codes

* Support fault-tolerant quantum computation

* Allow creation of spin-based quantum memories with long storage times

» Enable quantum key distribution using spin-based qubits

* Facilitate quantum sensing applications exploiting spin coherence
Spin in Magnetic Resonance Imaging vs Spectroscopy

Fundamental Principles

* Both MRI and NMR spectroscopy rely on manipulation and measurement of nuclear spins in strong
magnetic field

* Precession of nuclear spins in magnetic field generates signals (Larmor frequency key parameter)
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* Spin-lattice relaxation (T1) describes return of longitudinal magnetization to equilibrium

« Spin-spin relaxation (T2) characterizes decay of transverse magnetization

* Pulse sequences involve precise manipulation of spin states through radio-frequency pulses
» Chemical shift in NMR arises from local magnetic environment of nuclei

* Spin-spin coupling provides information about molecular connectivity and conformation

Applications and Techniques

* MRI uses spin dynamics to create detailed anatomical images

* Contrast in MRI depends on differences in T1 and T2 relaxation times of tissues

« Diffusion tensor imaging exploits spin motion to map brain structure

* Functional MRI measures changes in blood oxygenation level-dependent (BOLD) signal

* NMR spectroscopy identifies and characterizes molecular structures

» Two-dimensional NMR techniques (COSY, NOESY) provide detailed structural information

* Solid-state NMR utilizes specific spin interactions to study materials and biomolecules
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Unit 6 — Three-Dimensional Quantum
Systems

6.1 The hydrogen atom and its energy levels

The hydrogen atom, with its single proton and electron, is the simplest atomic system. Its energy levels,
determined by the Schrédinger equation, form a discrete spectrum characterized by the principal quantum
number n. This fundamental model lays the groundwork for understanding more complex atoms.

Quantum mechanics provides a more comprehensive description of the hydrogen atom than the Bohr
model. It introduces wavefunctions and probability distributions, explaining features like angular
momentum states and spectral line intensities. This approach forms the basis for understanding atomic
structure and chemical bonding.

Hydrogen Atom Energy Levels
Schrodinger Equation for Hydrogen

» Three-dimensional partial differential equation incorporates Coulomb potential between proton and
electron

* Separation of variables technique transforms problem into three one-dimensional equations
» Radial equation

* Polar equation

» Azimuthal equation

 Radial equation solved using series solution method yields radial wave functions and energy
eigenvalues

» Angular part of solution involves spherical harmonics (eigenfunctions of angular momentum
operators)

» Complete solution results in wavefunctions characterized by three quantum numbers
* n (principal)
* | (angular momentum)
* m (magnetic)
Energy Levels and Degeneracy
« Energy levels given by formula E, = —13.6 eV/n?
* n represents principal quantum number
» Degeneracy arises due to spherical symmetry of Coulomb potential
 Multiple states with same energy for given principal quantum number

* Energy levels form discrete spectrum (Lyman series, Balmer series)
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* Increasing n leads to closer spacing between energy levels
+ Ground state (n=1) has lowest energy of -13.6 eV

+ Excited states (n>1) have higher energies and larger spatial extent

Principal Quantum Number Significance

Energy and Spatial Distribution
* Primary determinant of electron's energy in hydrogen atom
« Larger n corresponds to higher energy states and more spread-out wavefunction
+ Average distance from nucleus increases with n
* Influences number of nodes in radial wavefunction
* Number of radial nodes =n - | - 1
« Sets range of possible values for angular momentum quantum number |

« | can take values from 0 to n-1

Spectroscopic and Atomic Structure

* Directly related to concept of electron shells in multi-electron atoms
* Plays crucial role in periodic table organization (principal energy levels)

 Spectroscopic transitions between energy levels with different n values give rise to observed spectral
lines

* Lyman series (ultraviolet)

* Balmer series (visible)

+ Paschen series (infrared)

* Inverse square dependence of energy on n explains
» Convergence of spectral lines to series limit

* Existence of ionization energy (energy required to remove electron from atom)

Bohr Model vs Quantum Mechanics

Similarities and Differences

» Both models predict identical energy levels for hydrogen atom

» Bohr model describes electrons in circular orbits

» Quantum mechanics replaces orbits with probability distributions defined by wavefunctions
* Both retain concept of quantized energy levels

» Quantum mechanics provides more comprehensive explanation for energy level origin
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* Bohr model's allowed orbital radii correspond to average radii of electron probability distributions in
quantum mechanical description for states with | =n -1

* Both predict ground state energy of hydrogen atom as -13.6 eV

» Quantum mechanics provides more rigorous derivation

Advantages of Quantum Mechanical Approach

+ Explains features Bohr model cannot, such as existence of states with different angular momenta for
given energy level

» Can be extended to multi-electron atoms and molecules (with increasing complexity)
* Provides deeper understanding of atomic structure and behavior

* Accurately predicts spectral line intensities and selection rules

» Explains phenomena like quantum tunneling and zero-point energy

* Forms basis for understanding chemical bonding and molecular structure

6.2 The radial and angular wavefunctions of the hydrogen atom

The hydrogen atom's wavefunction is like a 3D map of where an electron might be. It's split into two parts:
one that shows how far the electron is from the nucleus, and another that shows its direction.

These parts are tied to quantum numbers, which are like the atom's ID. They tell us about the electron's
energy, shape, and spin, helping us understand how electrons behave in atoms and molecules.

Physical Meaning of Wavefunctions

Separable Wavefunction Components

* Hydrogen atom wavefunction separates into radial and angular components expressed as y(r,8,9) =
R(r)Y(6.9)

* R(r) represents radial function describing electron's distance from nucleus

* Y(8,9) denotes spherical harmonic function describing spatial orientation of electron's orbital

» Wavefunction squared |y(r,8,9)|? yields probability density of electron location in space

» Radial wavefunction R(r) determines probability distribution of electron's distance from nucleus

» Angular wavefunction Y(8,¢) determines probability distribution of electron's angular position

Nodes and Quantum Numbers

» Radial nodes occur where R(r) = 0, indicating zero probability density at specific distances from
nucleus

» Angular nodes form surfaces where Y(8,9) = 0, creating planes or conical surfaces of zero probability
density

* Number of radial nodes relates to principal quantum numbern (n-1-1)
* Number of angular nodes depends on angular momentum quantum number | (I planes) and magnetic

quantum number m (Jm| conical surfaces)
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* Total number of nodes equals n - 1, combining radial and angular nodes

* Quantum numbers n, I, and m uniquely define electron's quantum state in hydrogen atom

Angular Momentum and Spherical Harmonics

Quantum Numbers and Angular Momentum

 Angular wavefunction Y(8,¢) described by spherical harmonics, eigenfunctions of angular momentum
operator

* Angular momentum quantum number | ranges from 0 to n-1 (0, 1, 2, ...)

» Magnetic quantum number m ranges from -l to +l in integer steps

* Total angular momentum calculated as L = ~/[I(I+1)]h (h denotes reduced Planck constant)
» z-component of angular momentum quantized as Lz = mh

+ Orbital angular momentum vector precesses around z-axis, forming a cone shape

» Magnitude of angular momentum remains constant while direction varies

Properties of Spherical Harmonics

* Spherical harmonics exhibit specific symmetry properties (parity, rotational symmetry)

« Parity of spherical harmonic given by (-1)*l (even | yields even parity, odd | yields odd parity)
* Rotational symmetry around z-axis related to magnetic quantum number m

» Complex spherical harmonics form basis for angular momentum eigenstates

* Real spherical harmonics created by linear combinations of complex spherical harmonics

* Real spherical harmonics often used to visualize atomic orbitals (p orbitals along X, y, z axes)

« Angular probability distribution given by |Y(8,9)|? representing likelihood of finding electron at specific
angles

Probability Density Distributions

Visualization Techniques

* Probability density distribution represented by |w(r,8,9)|?, combining radial and angular components

* Three-dimensional probability density plots show electron density regions (isosurfaces, contour plots)
* Isosurfaces represent constant probability density values in 3D space

* Contour plots display probability density on 2D slices through 3D distribution

+ Radial probability distribution plots use r?|R(r)|? to show likelihood of finding electron at specific
distance

* Most probable radius for each quantum state revealed by peak in radial probability distribution

+ Color-coding often employed to represent probability density magnitude in visualizations
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Orbital Shapes and Characteristics
* s orbitals (I = 0) exhibit spherically symmetric probability distributions
* 1s orbital has no nodes, highest probability density near nucleus
* 2s orbital has one radial node, creating a shell structure
* p orbitals (I = 1) display dumbbell-shaped probability distributions
* Oriented along x, y, or z axes (px, py, pz)
» One angular node (nodal plane) perpendicular to orbital axis
« d orbitals (I = 2) show more complex "cloverleaf" patterns
* Five d orbitals: dxy, dyz, dxz, dx?-y?, dz*
» Two angular nodes creating four lobes (except for dz* with unique shape)
« f orbitals (I = 3) and beyond reveal increasingly intricate distributions
* Seven f orbitals with complex shapes and multiple lobes

* Higher angular momentum states show more angular nodes and intricate patterns

6.3 The fine structure and the Zeeman effect

Hydrogen's fine structure reveals subtle energy level splitting due to spin-orbit coupling and relativistic
effects. This intricate dance of quantum mechanics and special relativity provides deeper insights into
atomic structure, challenging our understanding of the quantum world.

The Zeeman effect further splits these energy levels in a magnetic field, showcasing the interplay between
atoms and external forces. This phenomenon finds applications in astrophysics, medical imaging, and
precision timekeeping, bridging quantum theory with practical technology.

Fine Structure in Hydrogen

Spin-Orbit Coupling and Angular Momentum

* Fine structure in hydrogen's energy levels stems from interaction between electron's orbital angular
momentum and intrinsic spin angular momentum

« Spin-orbit coupling causes slight energy shift and splitting of spectral lines

* Total angular momentum quantum number (j) describes combined orbital and spin angular momenta
«Expressedas/=/=%s

* | represents orbital angular momentum quantum number

* s denotes spin quantum number

* Fine structure constant (a) quantifies strength of electromagnetic interaction between elementary
charged particles

* Crucial in determining magnitude of fine structure splitting

 Approximately equal to 1/137
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* Spectroscopic observations of fine structure splitting provide experimental evidence for quantum
mechanical model of atomic structure

* Observed as closely spaced spectral lines (doublets, triplets)

» Confirms predictions of quantum theory regarding electron behavior in atoms

Relativistic Corrections and Dirac Equation

* Relativistic corrections to electron's motion contribute to fine structure

* Account for variations in electron's mass due to high velocity in low-lying orbitals

* More significant for inner shell electrons (closer to nucleus)

* Dirac equation combines quantum mechanics and special relativity

* Provides more accurate description of hydrogen atom's energy levels, including fine structure effects

* Predicts existence of electron spin and antimatter

« Fine structure energy correction formula: AEzs = “22',?52 G+1)—I/(l+1)—s(s+1)]

« a: fine structure constant

* m: electron mass

* c: speed of light

*n, j, |, s: relevant quantum numbers

* Fine structure splitting magnitude typically on the order of 10-5 eV

» Smaller than gross structure (main energy levels) but larger than hyperfine structure

Zeeman Effect on Hydrogen

Normal and Anomalous Zeeman Effect

» Zeeman effect splits atomic energy levels in presence of external magnetic field

* Results in additional spectral lines

+ Caused by interaction between atom's magnetic moment and external magnetic field

» Normal Zeeman effect occurs in atoms with zero total angular momentum (J=0) in ground state
* Results in three equally spaced energy levels (triplet)

* Observed in some singlet states of helium and alkaline earth metals

» Anomalous Zeeman effect observed in atoms with non-zero total angular momentum

*» Leads to more complex splitting patterns due to spin-orbit coupling

* Typical for most atoms, including hydrogen

» Magnitude of Zeeman splitting proportional to strength of applied magnetic field and magnetic
quantum number (mj)

« Energy shift given by AEz = UgBmy
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 uB: Bohr magneton
* B: magnetic field strength

* mj: magnetic quantum number

Selection Rules and Paschen-Back Effect

* Selection rules govern allowed transitions between Zeeman-split energy levels
* Determine observed spectral lines
* For electric dipole transitions: Amj =0, 1

» Paschen-Back effect occurs when external magnetic field is strong enough to decouple spin and
orbital angular momenta

+ Leads to different splitting pattern compared to weak-field Zeeman effect

* Typically observed at field strengths > 1 Tesla for hydrogen

* Lande g-factor relates magnetic moment to total angular momentum

* Essential in calculating Zeeman effect energy shifts for different atomic states
* For hydrogen in nS1/2 state, g = 2

» Zeeman effect applications include:

* Measuring magnetic fields in astrophysical objects (stars, galaxies)

* Magnetic resonance imaging (MRI) in medical diagnostics

« Atomic clocks for precise timekeeping

Energy Shifts in Hydrogen

Calculation Methods and Perturbation Theory

* Total energy of hydrogen atom level under influence of both fine structure and Zeeman effect
» Sum of unperturbed energy, fine structure correction, and Zeeman shift

* Expressed as Etota = Eo + AErs + AEZ

+ Perturbation theory employed to calculate energy shifts for weak external magnetic fields

* Treats Zeeman effect as small perturbation to fine structure

+ Valid when magnetic field strength B << 1 Tesla for hydrogen

* Numerical methods and computational tools used for complex atomic systems or strong magnetic
fields

* Necessary when analytical solutions become challenging

* Examples include configuration interaction (Cl) and density functional theory (DFT) calculations

Experimental Techniques and Applications

* Spectroscopic techniques measure energy shifts and validate theoretical calculations
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* High-resolution spectroscopy (laser spectroscopy, Fourier transform spectroscopy)
* Able to resolve fine structure and Zeeman splitting with precision < 10*-6 eV
* Energy level diagrams (term schemes) visualize splitting patterns

* Useful for predicting and interpreting spectral lines

» Show allowed transitions based on selection rules

* Applications of fine structure and Zeeman effect calculations:

* Precision tests of quantum electrodynamics (QED)

* Development of quantum sensors and magnetometers

* Understanding stellar atmospheres and interstellar magnetic fields

» Comparison of theoretical predictions with experimental results

* Provides stringent tests of quantum mechanical models

* Helps refine fundamental constants (fine structure constant, g-factor)

6.4 Multi-electron atoms and the Hartree-Fock approximation

Multi-electron atoms pose challenges due to electron-electron interactions, making the Schrédinger
equation complex. The Hartree-Fock approximation simplifies this by treating electrons as moving in an
average field created by other electrons.

This method provides insights into atomic structure and chemical bonding. While it accounts for most of the
electron correlation energy, it has limitations in describing systems with strong electron correlations or
excited states.

Challenges in Multi-electron Atoms

Complexity of the Schrédinger Equation

* Many-body problem arises in multi-electron atoms due to electron-electron interactions

* Non-separable potential energy term in the Hamiltonian includes both electron-nucleus and
electron-electron interactions

* Correlation effects introduced by electron-electron repulsion are not accounted for in simple
independent-particle models

» Dimensionality increases exponentially with the number of electrons (hydrogen atom vs. helium atom)

* Antisymmetry requirement of the electronic wavefunction adds complexity to the mathematical
description

* Electron screening effects must be considered in multi-electron systems (inner electrons shielding
outer electrons from full nuclear charge)

Computational and Mathematical Difficulties

+ Exact solutions become computationally intractable for atoms beyond hydrogen (lithium, beryllium)

« Variational methods and perturbation theory often employed to approximate solutions
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* Numerical techniques required to solve coupled differential equations

+ Basis set expansion methods used to represent electronic wavefunctions (Slater-type orbitals,
Gaussian-type orbitals)

* Relativistic effects become significant for heavier atoms (gold, mercury)

+ Spin-orbit coupling complicates the electronic structure of many-electron atoms (fine structure,
hyperfine structure)

Hartree-Fock Approximation for Multi-electron Atoms

Fundamental Concepts and Methodology

» Approximates many-electron wavefunction as a single Slater determinant of one-electron orbitals

« Effective potential experienced by each electron approximated as average field created by all other
electrons (self-consistent field)

* Hartree-Fock equations derived using variational principle to minimize system energy
« lterative self-consistent field procedure solves for optimal one-electron orbitals and energies
» Exchange interactions explicitly included due to wavefunction antisymmetry

* Resulting one-electron orbitals provide basis for understanding atomic structure and chemical bonding
(molecular orbitals, ligand field theory)

Applications and Results

* Yields important atomic properties (ionization energies, electron affinities, atomic orbital energies)
* Provides qualitative understanding of electronic configurations and periodic trends

+ Serves as foundation for more sophisticated electronic structure methods (density functional theory,
coupled cluster theory)

« Accurately describes closed-shell systems and some open-shell systems (noble gases, alkali metals)
+ Useful for calculating molecular geometries and vibrational frequencies

* Predicts trends in chemical reactivity and bonding (electronegativity, bond dissociation energies)

Limitations of the Hartree-Fock Approximation

Successes and Strengths

+ Accounts for large portion of electron correlation energy (~99% or more of total electronic energy)
* Provides qualitatively correct descriptions of atomic structure and periodic trends

« Serves as starting point for advanced electronic structure methods (configuration interaction, coupled
cluster theory)

* Accurately predicts many molecular properties (dipole moments, polarizabilities)

« Useful for studying chemical reactions and transition states
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» Computationally efficient compared to more advanced methods (density functional theory, quantum
Monte Carlo)

Shortcomings and Challenges

* Neglects electron correlation beyond exchange interactions leading to systematic errors in computed
energies

* Fails to accurately describe systems with strong electron correlation (transition metal compounds,
multiple bonds)

+ Overestimates bond lengths and underestimates binding energies due to lack of dynamic correlation
« Struggles with describing excited states and charge transfer processes
» Cannot account for dispersion interactions (van der Waals forces)

+ Performs poorly for systems with near-degeneracies or multireference character (diradicals,
bond-breaking processes)
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Unit 7 — Perturbation Theory

7.1 Time-independent perturbation theory for non-degenerate states

Perturbation theory helps solve quantum systems that can't be solved exactly. It splits the Hamiltonian into
a solvable part and a small perturbation, then calculates energy and wavefunction corrections as power
series expansions.

For non-degenerate states, the method gives increasingly accurate corrections to energy levels. The
first-order correction is the average of the perturbation in the unperturbed state, while higher orders
account for mixing between states.

Energy Corrections for Non-degenerate States

Fundamentals of Time-Independent Perturbation Theory

+ Time-independent perturbation theory calculates approximate solutions for quantum mechanical
systems lacking exact solutions

« Hamiltonian split into two parts H = Ho + AV

« Ho unperturbed Hamiltonian with known solutions

« V perturbation

+ A small parameter

» Energy and wavefunction corrections expressed as power series expansions in terms of A
» Zeroth-order approximation corresponds to unperturbed system

* Higher-order terms represent increasingly accurate corrections

* Applies to non-degenerate states with distinct, well-separated unperturbed energy levels

First-Order Energy Correction
« First-order energy correction given by E1 = {@o|V|o)
« Yo unperturbed wavefunction
* Represents average value of perturbation in unperturbed state
* Provides initial estimate of perturbation's effect on energy levels

« Calculated using matrix elements of perturbation operator V

Higher-Order Energy Corrections

* Involve summations over intermediate states
« Depend on matrix elements of perturbation operator V
« Second-order energy correction given by E2 = Zn=1|{@n|V|wo}|?/(Eo — En)

* Sum excludes n =0
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 Account for mixing of unperturbed state with other states due to perturbation
« Denominator (Eo — En) shows states closer in energy contribute more significantly

« Sign of second-order correction always negative, indicating energy lowering due to level repulsion

Perturbation Series Limitations

Convergence Factors

* Perturbation theory may not converge for all systems or large perturbations

» Convergence depends on relative magnitude of perturbation compared to unperturbed energy level
spacings

» Rayleigh-Schrédinger perturbation theory assumes perturbed states expressed as linear combinations
of unperturbed states

+ Series may diverge with nearby energy levels or strong perturbations

» Radius of convergence estimated using complex analysis techniques (residue theorem)

Addressing Convergence Issues

* Resummation techniques improve convergence in some cases

* Alternative perturbation methods (Brillouin-Wigner perturbation theory)

» Padé approximants used to extrapolate series behavior

* Renormalization group methods applied to perturbation theory

* Assess applicability by comparing results with exact solutions or experimental data

» Numerical methods (variational approach) complement perturbative calculations

First- and Second-Order Energy Corrections

Derivation of Energy Corrections

* First-order energy correction derived from time-independent Schrédinger equation
» Expand perturbed wavefunction and energy in powers of A

* Collect terms of same order in A to obtain correction equations

« First-order correction E1 = {@o|V|@o) obtained from orthogonality conditions

» Second-order correction derived using first-order wavefunction

« Higher-order corrections systematically derived using perturbation expansion of Schrédinger equation

Interpretation of Energy Corrections

« First-order correction represents direct effect of perturbation on energy levels
+ Second-order correction accounts for indirect effects through state mixing

» Negative sign of second-order correction explained by level repulsion principle
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* Magnitude of corrections indicates strength of perturbation's influence
* Energy corrections provide insight into symmetry breaking and degeneracy lifting
* Perturbative approach reveals underlying physical mechanisms (coupling between states)

« Corrections used to predict spectroscopic transitions and energy level shifts

Anharmonic Oscillator vs Stark Effect

Anharmonic Oscillator Analysis
* Potential energy includes higher-order terms beyond quadratic term of harmonic oscillator
- Typical anharmonic potential V(x) = Y2kx? + Ax® + px*
* Perturbation theory calculates corrections due to cubic and quartic terms
* First-order correction vanishes for odd-power terms due to parity
» Second-order correction leads to energy level shifts and non-uniform spacing
» Anharmonicity affects vibrational spectra of molecules (CO2, H20)

* Perturbative results compared with numerical solutions to validate approach

Stark Effect Calculations

* Describes splitting and shifting of spectral lines in external electric field

« Perturbation Hamiltonian V' = —H"E (i electric dipole moment, E electric field)

« First-order correction vanishes for hydrogen ground state due to parity

» Second-order correction dominates for hydrogen ground state (quadratic Stark effect)

« Linear Stark effect occurs for hydrogen states with different principal quantum numbers
» Matrix elements of electric dipole operator evaluated using spherical harmonics

« Stark effect applications include precision spectroscopy and quantum control (Rydberg atoms)

7.2 Time-independent perturbation theory for degenerate states

Degenerate perturbation theory tackles situations where multiple states share the same energy. It's crucial
when standard methods fall short, helping us understand how small disturbances affect these special
systems.

This approach involves diagonalizing perturbations within degenerate subspaces and solving secular
equations. It's key for explaining phenomena like the Zeeman effect and fine structure, shedding light on
atomic spectra and quantum device design.

Degenerate Perturbation Theory

Fundamentals and Necessity

* Applies when unperturbed Hamiltonian has multiple eigenstates with the same energy
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« Standard non-degenerate perturbation theory fails for degenerate states due to small denominators in
perturbation expansion

* Correct zeroth-order wavefunctions are linear combinations of degenerate unperturbed states
* First step involves diagonalizing the perturbation within the degenerate subspace

« Secular equation derived from characteristic equation det(H” — EI) = O finds first-order energy
corrections and coefficients of linear combinations

« Higher-order corrections involve both degenerate and non-degenerate states

Methodology and Implementation

+ Diagonalize perturbation within degenerate subspace to find correct zeroth-order wavefunctions
* Solve secular equation to obtain first-order energy corrections

« Calculate first-order wavefunctions using standard formula with correct zeroth-order wavefunctions as
basis

« Consider both degenerate and non-degenerate states for second-order and higher energy corrections
» Express total wavefunction as series expansion in powers of perturbation parameter

« Utilize special techniques (projection operators) to simplify calculations

Energy Corrections and Eigenstates

First-Order Corrections

+ Solve secular equation to obtain first-order energy corrections

« Eigenvectors of perturbation matrix within degenerate subspace provide coefficients for correct
zeroth-order wavefunctions

« Calculate first-order wavefunctions using standard formula with correct zeroth-order wavefunctions as
basis

« Secular equation represents eigenvalue problem within degenerate subspace
Higher-Order Corrections

« Carefully consider both degenerate and non-degenerate states in perturbation expansion
» Express total wavefunction as series expansion in powers of perturbation parameter
* Apply projection operators to simplify calculations in degenerate perturbation theory

« Account for mixing between degenerate and non-degenerate states in higher-order terms

Level Splitting and Implications

Mechanism and Characteristics

» Occurs when perturbation breaks degeneracy of energy level, causing split into multiple distinct
energy levels
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* Magnitude of splitting proportional to strength of perturbation and matrix elements within degenerate
subspace

» Observe experimentally through spectroscopic measurements (atomic emission spectra)

« Symmetry of perturbation determines which degenerate states mix and how levels split

Physical Phenomena and Applications

+ Leads to important effects (Stark effect in electric fields, Zeeman effect in magnetic fields)
+ Essential for interpreting atomic and molecular spectra
* Crucial in designing quantum devices relying on energy level manipulation (quantum computing)

* Provides insights into structure and properties of quantum systems (atomic clocks)

Zeeman Effect and Fine Structure

Zeeman Effect

+ Describes splitting of atomic energy levels in presence of external magnetic field

* Treat weak magnetic fields using degenerate perturbation theory

* Perturbation Hamiltonian represents interaction between magnetic field and atom's magnetic moment
* Normal Zeeman effect occurs in atoms with zero total spin (singlet states)

» Anomalous Zeeman effect occurs in atoms with non-zero spin (doublet or triplet states)

Fine Structure of Hydrogen

* Arises from relativistic correction to kinetic energy and spin-orbit interaction

 Apply degenerate perturbation theory to lift degeneracy of states with same principal quantum number
but different total angular momentum

* Results in characteristic doublet structure in hydrogen spectral lines
« Energy level differences proportional to ¢*, where @ is fine structure constant

* Requires careful application of angular momentum coupling rules and selection rules for transitions
between states

7.3 The variational method and its applications

The variational method is a powerful tool in quantum mechanics for approximating ground state energies
and wavefunctions. It works by using trial wavefunctions with adjustable parameters to minimize the
expectation value of the Hamiltonian, providing an upper bound to the true ground state energy.

While limited to ground states and potentially computationally intensive, the variational method applies to a
wide range of systems. It complements perturbation theory, excelling in describing strongly interacting
systems and bound states. Applications include calculating properties of atoms and molecules, like the
helium atom and hydrogen molecule.
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Principles and limitations of the variational method

Fundamental concepts and advantages
« Variational method approximates ground state energy and wavefunction of complex quantum systems

« Variational principle states expectation value of Hamiltonian for any trial wavefunction = true ground
state energy

» Method provides upper bound to true ground state energy allows systematic improvement of
approximation

* Accuracy depends on choice of trial wavefunction must have adjustable parameters and respect
system symmetry

Limitations and computational challenges

+ Unable to directly provide information about excited states
* Potential difficulties evaluating complex integrals for expectation values

» Becomes computationally intensive as number of variational parameters increases limits applicability
to very large systems

« Effectiveness relies heavily on intuition and physical insight for choosing appropriate trial
wavefunctions

Applying the variational method

Procedure and calculations

* Select trial wavefunction with adjustable parameters

. . . . . . — (WiriallH|Weriar}
+ Calculate expectation value of Hamiltonian using trial wavefunction E[@triar] = %

» Minimize energy expectation value using calculus techniques (set partial derivatives with respect to
variational parameters to zero)

» Minimized energy provides upper bound to true ground state energy

» Optimized wavefunction approximates true ground state wavefunction

Advanced techniques and improvements

* Use linear combinations of basis functions as trial wavefunctions leads to generalized eigenvalue
problem for determining optimal coefficients

» Apply method iteratively use results of previous calculations to inform choice of subsequent trial
wavefunctions

* Incorporate physical insights and symmetry considerations to construct more effective trial
wavefunctions

« Utilize numerical optimization techniques (gradient descent, conjugate gradient) for complex systems
with many parameters
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Variational method vs perturbation theory

Approach and applicability

* Variational method applies to wider range of systems

« Perturbation theory most effective for systems described as small deviation from known, solvable
problem

* Variational method provides upper bound to ground state energy
« Perturbation theory gives corrections to both ground and excited state energies
+ Variational method often requires numerical optimization

* Perturbation theory typically provides analytical expressions for energy corrections

Strengths and complementary aspects

* Variational method captures non-perturbative effects difficult to describe using perturbation theory
(strongly interacting systems)

* Perturbation theory insights guide choice of trial wavefunctions in variational method
« Combining approaches leverages strengths of both methods (variational perturbation theory)
« Variational method excels in describing bound states and localized phenomena

* Perturbation theory better suited for handling weak interactions and scattering problems

Helium atom and hydrogen molecule problems

Helium atom calculations

« Estimate ground state energy accounting for electron-electron interactions

« Common trial wavefunction product of two hydrogen-like wavefunctions with effective nuclear charge
as variational parameter

» Expectation value of helium Hamiltonian includes kinetic energy terms, electron-nucleus potential
energy terms, and electron-electron repulsion term

» Compare results with experimental values and other theoretical methods (Hartree-Fock, configuration
interaction)

Hydrogen molecule approximations

» Approximate electronic wavefunction calculate bond length and dissociation energy

* Heitler-London approximation uses trial wavefunction as linear combination of products of atomic
orbitals internuclear distance as variational parameter

* Include ionic terms and additional variational parameters to improve accuracy
» Extend method to study more complex molecules using molecular orbital theory

« Incorporate electron correlation effects (configuration interaction, coupled cluster methods)
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7.4 Time-dependent perturbation theory and Fermi's Golden Rule

Time-dependent perturbation theory tackles systems with changing Hamiltonians. It's crucial for
understanding how quantum states evolve when external forces mess with them. This theory helps us
grasp real-world quantum phenomena like atomic transitions.

Fermi's Golden Rule is a key result from this theory. It gives us a simple formula to calculate how fast
quantum states change. This rule is super useful for figuring out decay rates and transition probabilities in
various quantum systems.

Time-Dependent Perturbation Theory

Fundamentals and Formulation

» Time-dependent perturbation theory extends perturbation theory to systems with time-varying
Hamiltonians

* Time-dependent Schrédinger equation forms the foundation for this theory

« Total Hamiltonian expressed as H = Ho + V/(t)

« Ho represents time-independent unperturbed Hamiltonian

« V(t) denotes time-dependent perturbation

» Wave function in interaction picture simplifies analysis of time-dependent systems

* First-order time-dependent perturbation theory approximates transition amplitude between initial and
final states

* Transition probability calculated as square of absolute value of transition amplitude

* Higher-order corrections derived using methods similar to time-independent perturbation theory

Applications and Considerations

* Analyzes systems with time-varying external fields (electric, magnetic)

* Describes phenomena like atomic transitions and light-matter interactions

* Useful for studying periodic perturbations (sinusoidal electric fields)

* Applicable to sudden perturbations (rapid changes in potential)

+ Adiabatic approximation applies for slowly varying perturbations

 Time-dependent perturbation theory breaks down for strong perturbations or rapid changes

* Numerical methods often employed for complex time-dependent problems

Fermi's Golden Rule for Transitions

Derivation and Key Components

* Fermi's Golden Rule results from time-dependent perturbation theory

* Provides formula for transition rates between quantum states
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* Derived by taking long-time limit of transition probability from first-order perturbation theory
» Key components include:

» Matrix element of perturbation

* Density of final states

* Assumes weak perturbation and transition between discrete initial states and continuum of final states
* Transition rate proportional to:

» Square of matrix element

* Density of final states

+ Mathematical expression: [ f= %l(flVli)Izp(Ef)

« [’/ f represents transition rate

« (f]V]i} denotes matrix element

« P(E#) signifies density of final states

Applications and Limitations

* Calculates decay rates in radioactive processes (beta decay)

* Determines transition rates in atomic spectroscopy (emission, absorption)
* Predicts scattering cross-sections in particle physics

« Estimates lifetimes of excited states in molecules and solids

* Breaks down for very short time scales or strong perturbations

* Fails to account for energy-time uncertainty in rapid transitions

» Requires modification for discrete final states or structured continuum

Absorption, Stimulated, and Spontaneous Emission

Fundamental Processes

» Absorption leads atom or molecule in lower energy state to higher state by absorbing photon

« Stimulated emission induces excited atom to emit photon, resulting in two coherent photons

» Spontaneous emission causes excited atom to decay to lower state, emitting photon

« Einstein's A and B coefficients describe rates of these processes in two-level system

* Relationship between Einstein's coefficients and transition rates derived using Fermi's Golden Rule
* Population inversion occurs when higher energy state has greater population than lower state

« Balance between processes determines overall behavior of atomic systems interacting with radiation

Applications and Phenomena

* Lasers rely on stimulated emission for coherent light generation
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* Fluorescence spectroscopy utilizes spontaneous emission for material analysis
+ Atomic clocks exploit absorption and emission for precise timekeeping

+ Solar cells harness absorption for photovoltaic energy conversion

* Light-emitting diodes (LEDs) employ spontaneous emission for lighting

* Optical amplifiers use stimulated emission to boost signal strength

» Resonance fluorescence arises from interplay of absorption and emission in strong fields

Atoms Interacting with Radiation

Theoretical Framework

« Electric dipole approximation describes atom-radiation interaction

» Assumes radiation wavelength much larger than atomic size

* Selection rules for atomic transitions derived from dipole matrix elements

+ Determine allowed or forbidden transitions

» Rabi formula describes population oscillation between two atomic states in resonant field

 Time-dependent perturbation theory calculates transition rates for various radiation intensities and
frequencies

* Dressed atom models explain quantum optics phenomena (Mollow triplet)

Experimental Techniques and Phenomena

* Photoelectric effect demonstrates light-matter interaction (electron ejection from metals)
» Compton scattering reveals particle nature of light in X-ray interactions

* Absorption spectroscopy measures atomic/molecular energy levels

* Fluorescence spectroscopy analyzes emission spectra for material characterization

* Laser cooling and trapping manipulate atoms with light forces

* Electromagnetically induced transparency modifies optical properties of atomic media

+ Cavity quantum electrodynamics studies atom-photon interactions in confined spaces
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Unit 8 — Quantum Statistics and
Many-Body Systems

8.1 The Pauli exclusion principle and the periodic table

The Pauli exclusion principle is a fundamental concept in quantum mechanics that shapes atomic
structure. It states that no two electrons in an atom can have the same set of quantum numbers, leading to
the unique arrangement of electrons in orbitals.

This principle explains the periodic table's structure and element properties. It governs how electrons fill
orbitals, resulting in distinct chemical behaviors for different atoms and the stability of matter itself.

Pauli Exclusion Principle

Fundamental Concept and Quantum Numbers

« Pauli exclusion principle states no two electrons in an atom can have the same set of quantum
numbers

» Governs distribution of electrons in atomic orbitals

* Four quantum numbers uniquely describe electron state in an atom

* Principal quantum number (n) defines electron's energy level and distance from nucleus
» Angular momentum quantum number (I) describes orbital shape

» Magnetic quantum number (ml) specifies orbital orientation in space

* Spin quantum number (ms) indicates electron's intrinsic angular momentum

+ Spin quantum number (ms) limited to two values +1/2 or -1/2 restricts each orbital to two electrons

Implications for Atomic Structure
* Leads to shell structure of atoms with electrons filling orbitals in specific order
* Explains distinct chemical properties of atoms with different electron numbers
* Responsible for stability of matter preventing electron collapse into lowest energy state
* Results in electron configurations following specific patterns
« Electrons occupy lowest energy orbitals first (Aufbau principle)

« Electrons in degenerate orbitals occupy separate orbitals with parallel spins before pairing (Hund's
rule)

Atomic Structure and the Pauli Exclusion Principle

Electronic Configuration Notation

« Electronic configuration represents electron arrangement in atomic orbitals

* Uses numbers and letters to denote principal quantum numbers and subshells (1s? 2s? 2p°®)
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» Shorthand notation employs noble gas configurations for elements with many electrons ([Ne] 3s? 3p®
for chlorine)

* Valence electrons in outermost shell crucial for chemical properties and bonding behavior

Orbital Filling Rules and Exceptions

« Aufbau principle guides orbital filling electrons occupy lowest energy orbitals first

* Hund's rule dictates electrons in degenerate orbitals occupy separate orbitals with parallel spins
before pairing

» Exceptions to expected filling order occur due to subtle energy level differences
* Observed in transition elements (chromium [Ar] 3d° 4s" instead of [Ar] 3d* 4s?)

* Inner transition elements show similar anomalies (uranium [Rn] 5f 6d" 7s? instead of [Rn] 5f* 7s?)

Pauli Exclusion Principle and the Periodic Table

Periodic Table Structure

* Periodic table structure directly results from Pauli exclusion principle and electronic configurations

* Rows (periods) represent new principal energy levels being filled with electrons

* Number of elements in each period determined by maximum electrons in that energy level's orbitals
« Table divided into blocks corresponding to orbital types being filled

* s-block (Group 1-2 elements)

* p-block (Group 13-18 elements)

+ d-block (transition elements)

« f-block (lanthanides and actinides)

Element Properties and Periodicity

* Elements in same column (group) have similar chemical properties due to similar valence electron
configurations

* Left-to-right arrangement reflects progressive filling of subshells

» Each element has one more electron than its predecessor

* Transition elements represent d orbital filling explaining their position in periodic table
« Inner transition elements (lanthanides and actinides) correspond to f orbital filling

* Periodic trends observed in atomic properties

» Atomic radius decreases across a period increases down a group

* lonization energy generally increases across a period decreases down a group

* Electronegativity typically increases across a period decreases down a group
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8.2 Bosons, fermions, and the spin-statistics theorem

Quantum mechanics gets wild when we look at groups of particles. Bosons and fermions, with their
different spins, behave in totally different ways. This section breaks down how these particles act and why
it matters.

The spin-statistics theorem is a big deal here. It connects a particle's spin to how it behaves in groups. This
idea shapes our understanding of everything from atoms to stars.

Bosons vs Fermions: Spin and Statistics

Particle Spin and Statistical Properties

» Bosons possess integer spin values (0, 1, 2) and follow Bose-Einstein statistics

» Multiple bosons can occupy the same quantum state

» Fermions have half-integer spin values (1/2, 3/2, 5/2) and adhere to Fermi-Dirac statistics

« Pauli exclusion principle prohibits identical fermions from occupying the same quantum state
« Particle spin represents intrinsic angular momentum quantized in units of A

+ Spin determines particle behavior in quantum systems

Quantum Behavior and Distributions

» Bosons exhibit bunching behavior congregating in the same quantum states

» Fermions display anti-bunching behavior avoiding occupation of the same state
» Bose-Einstein distribution describes boson statistical properties

» Fermi-Dirac distribution characterizes fermion statistical properties

* Bosonic wavefunctions remain symmetric under particle exchange

» Fermionic wavefunctions become antisymmetric when particles are exchanged

Spin-Statistics Theorem and Particle Behavior

Theorem Statement and Implications

* Spin-statistics theorem links particle spin to quantum statistical behavior

* Integer spin particles (bosons) obey Bose-Einstein statistics

« Half-integer spin particles (fermions) follow Fermi-Dirac statistics

» Theorem arises from quantum mechanics and special relativity principles

» Experimental verification confirms theorem to high precision

* Bosons can occupy a single quantum state without limitation enabling Bose-Einstein condensation

» Fermions adhere to Pauli exclusion principle influencing matter structure and electron behavior in
solids
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Quantum Field Theory and Fundamental Physics

* Spin-statistics theorem shapes understanding of quantum fields and particles

» Theorem influences formulation of quantum electrodynamics and quantum chromodynamics
* Violations of spin-statistics theorem remain unobserved in nature

* Potential violations would significantly impact fundamental physics understanding

* Theorem plays crucial role in quantum field theory development

Bosons and Fermions: Examples and Roles

Fundamental Particles and Force Carriers

+ Photons function as spin-1 bosons mediating electromagnetic force in quantum electrodynamics
« Electrons, protons, and neutrons serve as spin-1/2 fermions forming atomic building blocks

* W and Z bosons (spin 1) mediate weak nuclear force enabling radioactive decay and nuclear
processes

* Gluons (spin 1) act as strong nuclear force carriers binding quarks into hadrons

* Higgs boson (spin 0) imparts mass to fundamental particles through Higgs mechanism

Composite Particles and Quasiparticles

* Helium-4 atoms behave as composite bosons (spin 0) allowing superfluid helium formation

 Helium-3 atoms act as composite fermions (spin 1/2) exhibiting unique low-temperature quantum
properties

» Phonons function as bosonic quasiparticles in solid-state physics

* Electrons in semiconductors behave as fermionic quasiparticles determining material properties

Applications in Quantum Technologies

* Bosonic or fermionic nature of particles guides qubit selection in quantum computing
» Superconducting circuits utilize bosonic systems for quantum information processing
* Trapped ions employ fermionic systems for quantum computation

» Understanding quantum statistical properties enables advancements in quantum technologies
(quantum sensing, quantum communication)

8.3 The Fermi-Dirac and Bose-Einstein distributions

Quantum statistics reveal how particles behave in large groups. Fermi-Dirac and Bose-Einstein
distributions describe fermions and bosons, respectively. These mathematical tools help us understand
everything from electron behavior in metals to star formation.

The distributions show key differences between fermions and bosons. Fermions, like electrons, can't share

states due to the Pauli principle. Bosons, like photons, can pile up in the same state. This leads to unique
phenomena in nature and technology.
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Fermi-Dirac vs Bose-Einstein Distributions

Derivation and Key Characteristics

» Quantum statistical distributions describe behavior of fermions and bosons in thermal equilibrium

* Derivation uses grand canonical ensemble and maximizes entropy subject to constraints on particle
number and energy

» Fermi-Dirac distribution incorporates Pauli exclusion principle limiting occupation number to 0 or 1

* Bose-Einstein distribution allows multiple particles to occupy same quantum state

* Both distributions involve chemical potential p representing energy required to add or remove particles
* Final forms expressed in terms of energy €, temperature T, and chemical potential y

* High temperature or low particle density limit approaches classical Maxwell-Boltzmann distribution

» Mathematical forms differ in denominator sign (+ for Fermi-Dirac, - for Bose-Einstein)

Applications and Limiting Behaviors
* Average occupation number calculated using appropriate distribution function
« Fermion occupation number given by N(€) = 1/[exp((e — u)/kT) + 1]
« Boson occupation number given by N(€) = 1/[exp((e — u)/kT) — 1]
» Chemical potential y determined self-consistently, often through numerical methods
» Fermi-Dirac distribution approaches step functionas T - 0
« States below Fermi energy fully occupied
« States above Fermi energy empty
» Bose-Einstein distribution leads to Bose-Einstein condensation at low temperatures
» Macroscopic number of particles occupy ground state

* Distributions essential for calculating thermodynamic properties (internal energy, heat capacity,
pressure)

Occupation Numbers for Quantum Systems

Calculation Methods and Implications

 Average occupation number determined by appropriate distribution function
» Fermion systems use Fermi-Dirac distribution

* Boson systems use Bose-Einstein distribution

» Chemical potential p crucial for accurate calculations

* Determined through self-consistent methods

* Ensures total particle number constraint satisfied
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* Occupation numbers reveal energy distribution of particles in system
 Low temperature limit shows distinct behavior for fermions and bosons
* Fermions exhibit sharp Fermi edge

» Bosons can form Bose-Einstein condensate

Applications in Physical Systems

* Electron behavior in metals and semiconductors modeled using Fermi-Dirac distribution
» Explains electrical conductivity

» Determines band structure and energy gaps

* Photon statistics in blackbody radiation described by Bose-Einstein distribution

* Explains Planck's law of radiation

+ Occupation numbers crucial for understanding:

» Degenerate electron gas in white dwarfs

* Neutron degeneracy in neutron stars

» Superconductivity in certain materials

+ Superfluidity in liquid helium
Differences in Quantum Statistics

Fundamental Distinctions

+ Fermi-Dirac applies to fermions (half-integer spin particles)
* Electrons, protons, neutrons

» Bose-Einstein applies to bosons (integer spin particles)

* Photons, phonons, some atoms

» Fermions obey Pauli exclusion principle

« Limits occupation to one particle per state

* Leads to electron degeneracy pressure in compact stars

» Bosons accumulate in same quantum state

» Enables superconductivity and Bose-Einstein condensation
» Fermi-Dirac distribution introduces concept of Fermi energy
* Crucial for understanding electronic properties of materials
* Bose-Einstein distribution allows for phase transition to condensate

* Observed in ultracold atomic gases
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Implications for Physics and Technology
* Astrophysical implications
» White dwarf stability explained by electron degeneracy
* Neutron star structure influenced by neutron degeneracy
» Condensed matter physics applications
* Band theory of solids based on Fermi-Dirac statistics
« Superconductivity explained by boson-like behavior of Cooper pairs
* Quantum technology advancements
» Quantum computing relies on manipulation of fermions and bosons
* Laser cooling techniques exploit bosonic nature of certain atoms
» Statistical mechanics foundations
» Quantum statistics essential for accurate description of microscopic systems

* Bridge between quantum mechanics and thermodynamics

8.4 The Hartree-Fock method for many-electron systems

The Hartree-Fock method tackles the complex world of many-electron systems in atoms and molecules. It
uses a mean-field approach, where each electron moves in an average potential created by others. This
simplifies the problem but misses some important interactions.

While not perfect, Hartree-Fock provides a starting point for understanding electronic structure. It forms the
basis for more advanced methods that capture electron correlation effects. These improvements help
scientists predict molecular properties and chemical behavior more accurately.

Hartree-Fock Approximation for Many-Electron Systems

Fundamental Concepts and Assumptions

» Hartree-Fock method determines ground-state wavefunction and energy of quantum many-body
systems (atoms and molecules)

» Employs mean-field approximation where each electron moves independently in an average potential
created by other electrons and nuclei

» Approximates many-electron wavefunction as antisymmetrized product of single-particle
wavefunctions (Slater determinant)

« Satisfies Pauli exclusion principle through antisymmetrization

* Derives Hartree-Fock equations by applying variational principle to minimize total system energy with
respect to single-particle wavefunctions

* Incorporates electron exchange interactions but neglects electron correlation effects beyond
mean-field approximation
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Mathematical Framework and Procedure

« Utilizes iterative self-consistent field (SCF) procedure to solve for optimal single-particle orbitals and
energies

» Expands single-particle wavefunctions (molecular orbitals) as linear combinations of atomic orbitals
(LCAO) or other basis functions

* Constructs Fock operator including kinetic energy, electron-nuclear attraction, and electron-electron
repulsion terms

* Derives Roothaan-Hall equations by expanding molecular orbitals in terms of basis functions, resulting
in matrix eigenvalue problem

+ Solves Roothaan-Hall equations iteratively until convergence in orbital energies and coefficients

Applying the Hartree-Fock Method

Numerical Implementation

+ Solves Hartree-Fock equations (coupled integro-differential equations) numerically for most systems

* Employs computational software packages (Gaussian, GAMESS) to implement Hartree-Fock method
and extensions for practical molecular calculations

« Utilizes post-Hartree-Fock methods (configuration interaction, coupled cluster) to improve
Hartree-Fock solution by including electron correlation effects

+ Applies SCF procedure iteratively to solve Roothaan-Hall equations until convergence in orbital
energies and coefficients

Practical Applications

+ Calculates molecular geometries and optimizes structures

* Predicts vibrational frequencies and infrared spectra

* Estimates molecular properties (dipole moments, polarizabilities)

« Serves as starting point for more advanced electronic structure calculations

* Provides qualitative insights into chemical bonding and molecular orbitals

Limitations vs Improvements of Hartree-Fock

Shortcomings and Systematic Errors

* Neglects electron correlation beyond mean-field approximation leading to systematic errors in
calculated energies and properties

+ Defines correlation energy as difference between exact non-relativistic ground state energy and
Hartree-Fock energy in complete basis set limit

» Overestimates energy of molecular systems

* Fails to describe certain phenomena (van der Waals interactions, bond dissociation)
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* Assumes single determinant wavefunction inadequate for systems with strong static correlation or
near-degeneracies

Advanced Methods and Improvements

* Employs post-Hartree-Fock methods to systematically improve Hartree-Fock solution
* Mgller-Plesset perturbation theory (MP2, MP4)
+ Coupled cluster theory (CCSD, CCSD(T))

« Utilizes Density Functional Theory (DFT) as alternative approach to include electron correlation with
improved computational efficiency

+ Implements multi-configuration self-consistent field (MCSCF) and complete active space
self-consistent field (CASSCF) methods to handle systems with strong static correlation using multiple
determinants

* Applies explicitly correlated methods (F12 techniques) to accelerate convergence of electron
correlation calculations

* Develops local correlation methods to reduce computational scaling for large molecular systems
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Unit 9 — Quantum Entanglement and
Information

9.1 Entangled states and the EPR paradox

Quantum entanglement is a mind-bending phenomenon where particles become linked, affecting each
other instantly across vast distances. It challenges our understanding of reality and locality, sparking
debates like the EPR paradox.

This weird quantum connection isn't just theoretical — it's the key to groundbreaking tech. From
unbreakable encryption to super-fast computers, entanglement is pushing the boundaries of what's
possible in the quantum world.

Quantum Entanglement

Fundamental Concepts of Entanglement

* Quantum entanglement links two or more particles resulting in correlated quantum states even when
separated by large distances

» Measuring one particle of an entangled pair instantly affects its partner's state regardless of
separation distance

» Non-separability characterizes entangled states where the quantum state cannot be expressed as
individual particle states

» Quantify entanglement strength using measures (entanglement entropy, concurrence)
» Entanglement occurs in various degrees of freedom (spin, polarization, momentum, energy)

+ Create entangled states through particle interactions or decay of parent particle into entangled
offspring

* Environmental interactions easily disrupt entanglement through decoherence
Examples and Applications

» Entangled photon pairs used in quantum cryptography (quantum key distribution)

» Entangled ions in ion trap quantum computers for quantum logic gates

» Entangled electron spins in solid-state systems for quantum memory

+ Entangled atomic ensembles for quantum repeaters in quantum networks

EPR Paradox and Quantum Mechanics

The EPR Thought Experiment

« Einstein, Podolsky, and Rosen proposed the EPR paradox in 1935 to challenge quantum mechanics
completeness

» Thought experiment involves two entangled particles separated by large distance
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* Measuring one particle appears to instantaneously affect the other, challenging locality principle
* EPR argued quantum mechanics must be incomplete due to "spooky action at a distance"

» Paradox questions nature of reality and completeness of quantum mechanical description

» Suggests existence of "hidden variables" to deterministically govern particle behavior

* Challenges probabilistic nature of quantum mechanics

Implications and Resolutions

* EPR paradox led to development of Bell's theorem

» Subsequent experimental tests consistently support quantum mechanics over local hidden variable
theories

* Resolution requires abandoning either locality or realism in quantum systems
* Fundamentally changes our view of reality's nature
» Spawned new research areas in quantum foundations and quantum information theory

* Influenced development of quantum cryptography and quantum computing

Non-locality in Entanglement

Understanding Quantum Non-locality

» Non-locality in entanglement describes correlations unexplainable by classical physics or local hidden
variable theories

« Challenges locality principle where objects are only influenced by immediate surroundings

+ Violates notion of local causality with instantaneous effects between entangled particles regardless of
distance

* EPR paradox and Bell's theorem provide theoretical framework for non-locality
» Experimental verification achieved through Bell's inequalities tests
* Violations demonstrate results unexplainable by local realistic theories

* Non-locality maintains consistency with special relativity despite apparent instantaneous influence

Implications and Examples

* Profound impact on understanding of space, time, and fundamental nature of reality
* Einstein referred to non-locality as "spooky action at a distance"
* Aspect's experiments in 1980s provided strong evidence for quantum non-locality

* Quantum entanglement swapping demonstrates non-locality between particles that have never
interacted

* Delayed-choice quantum eraser experiments showcase non-local effects across time
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Entanglement in Quantum Information Theory

Entanglement as a Quantum Resource

» Entanglement enables quantum information processing tasks impossible with classical systems

» Quantum teleportation transmits quantum states using entanglement and classical communication
« Essential for quantum cryptography protocols (quantum key distribution)

« Utilized in quantum computing algorithms (Shor's algorithm, Grover's search algorithm)

* Provides computational speedups over classical algorithms

+ Developed new mathematical tools (entanglement entropy, entanglement of formation)

+ Quantifies quantum correlations in entangled systems

Practical Applications and Challenges

* Crucial for quantum error correction codes in large-scale, fault-tolerant quantum computers

» Enables secure communication in quantum key distribution systems

* Used in quantum sensing and metrology to enhance measurement precision

» Manipulation and preservation of entangled states present major challenges

* Drives research in quantum memories and entanglement distillation

» Entanglement swapping allows creation of long-distance entanglement for quantum networks

+ Continuous-variable entanglement used in quantum information processing with light

9.2 Bell's inequality and its experimental verification

Quantum entanglement challenges our understanding of reality. Bell's inequality proves that quantum
mechanics defies local realism, a concept Einstein believed essential. This mind-bending idea has
far-reaching implications beyond physics.

Experiments have verified Bell's inequality, confirming quantum mechanics' predictions. These tests use
entangled particles to show stronger correlations than classical physics allows. This opens doors to
exciting applications in quantum computing and cryptography.

Bell's Theorem and Local Realism

Fundamental Concepts of Bell's Theorem

* Bell's theorem states no local hidden variable theory can reproduce all quantum mechanics
predictions

» Demonstrates quantum mechanics incompatibility with local realism combining locality and
counterfactual definiteness

* Challenges Einstein-Podolsky-Rosen (EPR) argument for quantum mechanics incompleteness

* Implies abandonment of either locality or realism in understanding quantum phenomena
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« Sets up framework for experimental tests distinguishing between quantum mechanics and local
hidden variable theories

Implications Beyond Physics

* Influences discussions in philosophy of science and nature of reality
* Impacts understanding of causality and determinism in the quantum world
» Shapes debates on the interpretation of quantum mechanics (Copenhagen interpretation)

* Inspires research into quantum foundations and search for deeper understanding of quantum
phenomena

+ Contributes to development of quantum information theory and quantum cryptography
Bell's Inequality Derivation

Mathematical Formulation

* Derived from local realism assumptions providing testable prediction for local hidden variable theories

* CHSH (Clauser-Horne-Shimony-Holt) version commonly used in experimental tests |S|=2, where S
combines correlation coefficients

* Involves probability theory and statistical correlations between measurement outcomes
+ Considers correlated measurements on entangled particle pairs (spin-1/2 particles)

» Demonstrates constraints on local hidden variable theories predictions while quantum mechanics
remains unconstrained

Quantum Mechanical Predictions

» Quantum mechanics predicts violations of Bell's inequality for certain entangled states
« Singlet state of two spin-1/2 particles serves as a prime example of violation

* Predicts stronger correlations between entangled particles than allowed by local hidden variable
theories

* Quantum entanglement plays crucial role in violation of Bell's inequality

» Theoretical maximum violation in quantum mechanics 2\/5 (Tsirelson's bound)

Experimental Verification of Bell's Inequality

Historical Experiments

* First experimental tests performed by Freedman and Clauser in 1972

* More precise experiments conducted by Aspect et al. in the 1980s

+ Early experiments used entangled photon pairs from atomic cascades

* Faced challenges including low detection efficiencies and potential loopholes

* Provided initial evidence supporting quantum mechanics predictions
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Modern Experimental Techniques

* Use entangled photon pairs from parametric down-conversion

» Employ high-efficiency detectors to close potential loopholes

* Ensure space-like separation of measurements to address locality loophole

+ Achieve sufficiently high detection efficiencies to close detection loophole

« Utilize random number generators for measurement basis selection (freedom of choice)

» Recent experiments (Hensen et al. 2015, Giustina et al. 2015) closed all major loopholes
simultaneously

Bell's Theorem and Quantum Mechanics

Non-Classical Nature of Quantum Mechanics

* Provides clear demarcation between classical and quantum physics

« Establishes quantum entanglement as fundamentally non-classical phenomenon without classical
analog

* Resolves EPR paradox showing incompatibility of "elements of reality" with quantum mechanics
» Supports Copenhagen interpretation challenging deterministic interpretations

» Demonstrates limitations of classical concepts in describing quantum world

Quantum Information Applications

* Bell's theorem foundational for quantum information technologies
» Enables secure quantum key distribution in quantum cryptography
* Crucial for quantum teleportation protocols

« Utilized in quantum computing algorithms exploiting entanglement

* Inspires development of quantum sensors with enhanced precision

9.3 Quantum cryptography and secure communication

Quantum cryptography revolutionizes secure communication by harnessing quantum mechanics. It uses
quantum properties like superposition and entanglement to create unbreakable encryption keys, offering a
level of security that classical methods can't match.

This topic explores quantum key distribution (QKD) protocols, their advantages over classical
cryptography, and real-world applications. It also addresses the challenges and limitations of implementing
quantum cryptography in practical systems.

Quantum Key Distribution Principles

Fundamentals of QKD

» Quantum key distribution (QKD) generates and distributes cryptographic keys using quantum
mechanical properties
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* Relies on quantum superposition and no-cloning theorem to ensure secure key distribution
« Utilizes polarized photons or entangled particle pairs transmitted through optical fibers or free space
*» Detects eavesdropping attempts by observing disturbances in quantum states during transmission

« Offers unconditional security based on laws of physics, unlike classical cryptography's reliance on
computational complexity

» Combines generated keys with classical encryption algorithms to achieve information-theoretic
security

+ Enables real-time detection of eavesdropping, allowing immediate termination of compromised
exchanges

Advantages Over Classical Cryptography
* Provides quantum-level security immune to increases in classical computing power
» Generates truly random keys using quantum randomness (cosmic background radiation)
* Allows secure key distribution over long distances (satellite QKD)
» Enables detection of eavesdropping attempts during the key exchange process
* Resistant to retrospective decryption using future quantum computers
« Offers forward secrecy, protecting past communications even if keys are later compromised

* Provides scalable security for growing data volumes and network complexities

BB84 Protocol for QKD

Protocol Overview

* Proposed by Bennett and Brassard in 1984 as first QKD protocol

« Utilizes four quantum states forming two mutually unbiased bases (rectilinear and diagonal photon
polarizations)

* Involves sender (Alice) randomly choosing and sending quantum states

* Receiver (Bob) randomly selects measurement bases for incoming photons

+ Alice and Bob publicly compare basis choices, discarding results from mismatched bases
* Includes error estimation to detect potential eavesdropping

* Employs privacy amplification to mitigate information leakage

Security Features

+ Bases security on inability to perfectly distinguish non-orthogonal quantum states
+ Leverages no-cloning theorem to prevent undetected copying of quantum information
* Proven information-theoretically secure under ideal conditions

» Approaches theoretical security limits in practical implementations
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* Detects eavesdropping through increased error rates in received bits
+ Allows for key rate adjustment based on estimated security level

* Provides unconditional security against intercept-resend and man-in-the-middle attacks

Challenges of Quantum Cryptography

Technical Limitations

* Faces difficulties in efficient generation, transmission, and detection of single photons or entangled
particles

+ Affected by environmental factors (temperature fluctuations, vibrations, electromagnetic interference)
« Limited by photon loss in optical fibers and free-space channels, restricting direct links to 100-200 km

* Vulnerable to side-channel attacks exploiting physical implementation imperfections (timing analysis,
power consumption analysis)

* Requires integration with existing classical cryptographic infrastructure and network protocols
* Involves high cost and complexity, limiting widespread adoption for consumer-level applications

 Faces scalability issues in large-scale networks, necessitating quantum repeaters and trusted nodes

Implementation Challenges

* Requires ultra-precise timing synchronization between sender and receiver

* Demands extremely low-noise detectors to accurately measure single photons

* Necessitates specialized hardware (single-photon sources, quantum random number generators)
» Requires development of quantum-resistant classical cryptographic algorithms for hybrid systems
» Faces challenges in key management and distribution in complex network topologies

* Needs standardization of QKD protocols and hardware specifications for interoperability

* Requires addressing potential vulnerabilities in quantum random number generators

Applications of Quantum Cryptography

Financial and Government Sectors

* Secures transactions and sensitive financial data for banks and financial institutions

* Protects classified information transmission for government and military organizations
» Enhances security of critical infrastructure (power grids, transportation systems)

* Secures diplomatic communications between embassies and government agencies

* Protects high-value intellectual property and trade secrets for corporations

* Ensures integrity of electronic voting systems and election results

» Safeguards national security information against long-term storage attacks
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Emerging Technologies and Healthcare

* Enhances security and privacy of blockchain technologies (quantum-secured cryptocurrencies)

+ Enables global-scale secure communication networks through satellite-based QKD systems

* Protects patient data privacy and integrity for healthcare providers during transmission and storage
* Secures Internet of Things (loT) devices and smart city infrastructure against cyber threats

* Enhances privacy in cloud computing and data centers storing sensitive information

* Protects autonomous vehicle communications and software updates

 Secures next-generation 5G and 6G wireless networks against quantum attacks

9.4 Quantum computing and quantum algorithms

Quantum computing harnesses the mind-bending properties of quantum mechanics to solve complex
problems. This section explores how quantum bits, or qubits, can exist in multiple states at once, enabling
powerful algorithms that could revolutionize fields like cryptography and drug discovery.

We'll dive into the nuts and bolts of quantum gates, circuits, and key algorithms like Shor's and Grover's.
We'll also look at the challenges of building practical quantum computers and their potential impact on
society and technology.

Quantum bits and their properties

Fundamental concepts of qubits

* Qubits serve as fundamental units of information in quantum computing analogous to classical bits but
with unique quantum properties

* Qubits exist in superposition of states representing both 0 and 1 simultaneously
» Quantum entanglement allows correlated states between qubits regardless of distance
* Bloch sphere geometrically represents qubit states with north and south poles as classical 0 and 1

* Quantum decoherence poses critical challenge in maintaining qubit states due to environmental
interactions

Physical implementations and challenges

» Superconducting circuits offer one approach to creating qubits

* Trapped ions provide another method for qubit implementation

* Photons can be used as qubits in certain quantum computing architectures
» Topological qubits present a promising but challenging qubit type

» Each qubit implementation has unique advantages and challenges (stability, scalability, coherence
time)
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Principles of quantum gates and circuits

Quantum gates and operations

» Quantum gates act as building blocks of quantum circuits manipulating qubit states
« Single-qubit gates (Hadamard, Pauli) rotate qubit state on Bloch sphere
» Multi-qubit gates (CNOT) enable interaction between qubits creating entanglement

» Quantum parallelism allows operations on superpositions of states enabling exponential speedup for
certain problems

» Measurement of qubits collapses superposition yielding classical information as output

Quantum circuits and error correction

» Quantum circuits comprise series of quantum gates applied to qubits representing quantum
algorithms

* Surface code provides quantum error correction technique for maintaining circuit integrity
» Quantum error correction crucial for mitigating noise and decoherence in quantum circuits

* Fault-tolerant quantum computing aims to perform reliable computations with imperfect components
Key quantum algorithms

Factorization and search algorithms

« Shor's algorithm enables integer factorization exponentially faster than classical algorithms

* Quantum Fourier transform serves as key component in Shor's algorithm for efficient period-finding in
modular arithmetic

* Grover's algorithm provides quadratic speedup for unstructured search problems (finding item in
unsorted database)

» Quantum phase estimation algorithm underpins many quantum algorithms (Shor's algorithm, quantum
simulation)

Optimization and simulation algorithms

* HHL algorithm (Harrow-Hassidim-Lloyd) offers exponential speedup for solving linear equation
systems

» Quantum approximate optimization algorithm (QAOA) solves combinatorial optimization problems
using hybrid quantum-classical approach

+ Variational quantum eigensolver (VQE) simulates quantum systems and solves optimization problems
in chemistry and materials science

» Quantum simulation algorithms enable efficient modeling of quantum systems with applications in
drug discovery and materials engineering
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Impact of quantum computing on complexity and cryptography

Computational complexity and quantum supremacy

» Quantum computers solve problems in BQP (Bounded-error Quantum Polynomial time) complexity
class believed larger than P (Polynomial time)

» Quantum supremacy marks point where quantum computers solve problems intractable for classical
computers

« Efficient quantum algorithms for problems like integer factorization challenge security of public-key
cryptography systems

* Quantum computers efficiently simulate quantum systems revolutionizing fields (drug discovery,
materials science)

Cryptography in the quantum era

* Post-quantum cryptography develops classical encryption methods resistant to quantum computer
attacks

* Quantum key distribution (QKD) offers theoretically unbreakable secure communication method
* Quantum-resistant algorithms and protocols maintain cybersecurity in quantum computing era

» Homomorphic encryption allows computation on encrypted data potentially preserving privacy in
quantum era

Current state and future prospects of quantum computing

NISQ era and hardware development

* Current quantum computers operate in NISQ (Noisy Intermediate-Scale Quantum) era with limited
qubit counts and high error rates

» Major tech companies and research institutions compete to develop scalable quantum computing
hardware

« Different hardware approaches include superconducting qubits, trapped ions, and photonic qubits

» Quantum error correction and fault-tolerant quantum computing present critical challenges for
practical large-scale quantum computers

Quantum technologies and societal implications

+ Hybrid quantum-classical algorithms leverage strengths of both computing paradigms in NISQ era

* Quantum sensing and quantum communication may see practical applications before large-scale
quantum computers

» Quantum internet development enables long-distance quantum communication and distributed
quantum computing

« Ethical and societal implications of quantum computing impact privacy, security, and global
technological competition

Fiveable archived study guides Page 99



Unit 10 — Relativistic Quantum Mechanics

10.1 The Klein-Gordon equation for spinless particles

Relativistic quantum mechanics takes a leap forward with the Klein-Gordon equation. It's the first attempt
to merge special relativity with quantum mechanics, describing spinless particles moving at high speeds.
This equation paved the way for understanding antimatter and laid the groundwork for quantum field
theory.

The Klein-Gordon equation isn't perfect, though. It struggles with negative probabilities and can't handle
particles with spin. These limitations led to the development of the Dirac equation, which better describes
fermions like electrons in relativistic situations.

Derivation of the Klein-Gordon Equation

Relativistic Energy-Momentum Relation and Quantum Operators

* Relativistic energy-momentum relation E’= p2c2 + m?c* connects energy (E), momentum (p), rest
mass (m), and speed of light (c)

» Quantum mechanical operators for energy and momentum
« Energy operator E = iha/ot

« Momentum operator P = —ihV

* h represents reduced Planck constant

* Substituting operators into energy-momentum relation yields Klein-Gordon equation
(1/c2)32yfat? — V2w + (mc/h)2y =0

* y denotes wave function

» Second-order partial differential equation in space and time (unlike first-order Schrédinger equation)
Covariant Form and Non-Relativistic Limit

* Covariant form of Klein-Gordon equation uses four-vectors and d'Alembertian operator

» Emphasizes Lorentz invariance of the equation

» Maintains consistency with special relativity principles

* Non-relativistic limit of Klein-Gordon equation

* Applies when particle's energy much less than rest mass energy (E << mc”2)

* Reduces to Schrédinger equation in this limit

» Demonstrates connection between relativistic and non-relativistic quantum mechanics

Interpretation of Klein-Gordon Solutions

Wave Solutions and Energy Considerations

» Complex scalar fields represent probability amplitudes for spinless particles

Fiveable archived study guides Page 100



» Equation admits positive and negative energy solutions

« Initially posed interpretational challenges in quantum theory

* Led to development of quantum field theory

« Plane wave solutions exist in form @(x, t) = Aeli(k-x — wt))

* k represents wave vector

» w denotes angular frequency

« Dispersion relation for Klein-Gordon particles w? = k?c? + (mc?/h)?
« Differs from non-relativistic case (hydrogen atom)

* Influences particle behavior in relativistic regime

Antiparticles and Probability Interpretation

* Predicts existence of antiparticles

* Interpreted by Feynman and Stiickelberg as particles moving backwards in time

* Crucial for understanding particle-antiparticle pair creation and annihilation (positron-electron pairs)
* Probability density not positive-definite

+ Causes issues with single-particle wave function interpretation

» Requires quantum field theory framework for proper treatment

* Correctly describes certain spinless particles

* Applies to pions (TT mesons)

* Describes Higgs boson in Standard Model of particle physics

Limitations of the Klein-Gordon Equation

Spin and Negative Probabilities
« Fails to account for particle spin
* Unsuitable for describing fermions (electrons, quarks)
» Cannot explain spin-dependent phenomena (Stern-Gerlach experiment)
* Predicts negative probability densities in some solutions
* Lacks physical meaning in quantum mechanics
* Violates fundamental principles of probability theory
* Allows negative energy solutions
+ Leads to "Klein paradox” (particles tunneling through high potential barriers with near-certainty)

» Requires reinterpretation in terms of antiparticles
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Mathematical and Physical Inconsistencies

* Lacks positive-definite conserved current

 Causes issues with probabilistic interpretation of quantum mechanics
+ Conflicts with Born interpretation of wave function

» Second-order in time (unlike Schrédinger equation)

« Difficulties in defining position operator

+ Challenges in describing localized states (wave packets)

* Does not account for fine structure or hyperfine structure

* Fails to explain observed atomic spectra (hydrogen fine structure)
» Cannot incorporate spin-orbit coupling effects

* Led to development of Dirac equation

* Successfully addresses many issues for spin-1/2 particles

* Provides foundation for relativistic quantum mechanics of fermions

Applications of the Klein-Gordon Equation

Problem-Solving Techniques

» Separation of variables technique solves Klein-Gordon equation

* Applies to specific boundary conditions (infinite square well)

+ Useful for analyzing potentials (harmonic oscillator)

» Analyze behavior of scalar fields in quantum field theory

« Particularly relevant for bosonic particles (photons)

+ Describes propagation of scalar fields in vacuum and media

« Calculate propagator (Green's function) for Klein-Gordon equation
« Studies particle propagation and interactions

* Essential for computing scattering amplitudes (Feynman diagrams)

Relativistic Corrections and Scattering

* Derive relativistic corrections to energy levels

* Applies to hydrogen-like atoms for spinless particles

* Provides insights into relativistic effects on atomic structure
* Employ perturbation theory for relativistic corrections

» Computes modifications to non-relativistic quantum systems

+ Useful for understanding fine structure in atomic spectra
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* Analyze scattering problems for relativistic spinless particles

» Uses partial wave expansion method

+ Applicable to high-energy particle collisions (pion-nucleon scattering)
* Investigate Klein paradox

« Solve Klein-Gordon equation for step potential

« Interpret results in terms of particle-antiparticle pair creation (electron-positron pairs near black holes)

10.2 The Dirac equation for spin-1/2 particles

The Dirac equation revolutionized physics by uniting quantum mechanics and special relativity. It explained
the behavior of spin-1/2 particles like electrons, addressing issues with earlier theories and predicting the
existence of antimatter.

This groundbreaking equation naturally incorporated spin, resolved negative probability problems, and
accurately described the magnetic moment of electrons. It paved the way for quantum field theory and
remains crucial in modern physics.

Motivation for Dirac Equation

Limitations of Existing Theories

+ Dirac equation reconciled quantum mechanics with special relativity addressed Schrédinger equation
limitations for relativistic particles

* Klein-Gordon equation failed to account for spin-1/2 particles produced negative probability densities

+ Dirac aimed to create first-order differential equation in space and time resolved issues with negative
probabilities

 Equation needed to incorporate spin naturally intrinsic property of particles emerges from relativistic
treatment

« Dirac's goal formulated equation consistent with quantum mechanics and special relativity predicted
correct magnetic moment of the electron

« Dirac equation crucial for explaining fine structure of atomic spectra predicting existence of antimatter

Historical Context and Significance
* Development occurred during rapid advancements in quantum theory (1920s)

» Addressed inconsistencies between quantum mechanics and special relativity puzzled physicists of
the time

* Built upon earlier work by Schrédinger, Klein, and Gordon expanded understanding of particle
behavior

* Represented major breakthrough in theoretical physics unified seemingly disparate concepts
» Paved way for quantum field theory foundation of modern particle physics

* Predicted existence of positron discovered experimentally by Carl Anderson in 1932
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Derivation of Dirac Equation

Mathematical Foundations

* Begin with relativistic energy-momentum relation E’= p262 + m?c? (E energy, p momentum, m
mass, ¢ speed of light)

» Replace classical variables with quantum mechanical operators E—ihd/dt and P~ — ihv (h reduced
Planck constant)

* Introduce 4x4 matrices (a and B) linearize equation satisfy specific anticommutation relations

* Construct Dirac equation in covariant form $(iyHoy —mc/h)y=0 (y*p Dirac gamma matrices, @
four-component spinor)

+ Express Dirac equation in Hamiltonian form ihoy/at = Hy (H = ca-p + Bmc”2 Dirac Hamiltonian)

Key Properties and Implications

* Demonstrate Dirac equation reduces to Schrédinger equation in non-relativistic limit

» Show Dirac equation naturally incorporates spin-1/2 through structure of gamma matrices and
four-component spinors

 Explain significance of four-component spinor represents particle and antiparticle states
+ Discuss role of gamma matrices relate to Pauli spin matrices in non-relativistic limit
+ Highlight how equation satisfies Lorentz invariance crucial for compatibility with special relativity

» Explore implications of negative energy solutions led to prediction of antimatter

Interpretation of Dirac Equation Solutions

Positive and Negative Energy States

* Solutions four-component spinors represent particles with spin-1/2 and their antiparticles
* Positive energy solutions correspond to particles (electrons)
* Negative energy solutions interpreted as antiparticles (positrons) with positive energy

* Existence of negative energy solutions led to prediction of antimatter confirmed by positron discovery
(1932)

» Explain concept of Dirac sea negative energy states fully occupied in vacuum holes represent
antiparticles

+ Discuss implications of Klein paradox particles can tunnel through high potential barriers with
near-unity probability

Non-relativistic Limit and Spin

* Analyze non-relativistic limit of Dirac equation leads to Pauli equation
» Show how Dirac equation correctly predicts electron's g-factor approximately 2

* Describe natural accounting for spin magnetic moment and spin-orbit coupling in atoms
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» Explain emergence of spin as consequence of relativistic treatment not ad hoc addition

« Discuss zitterbewegung (trembling motion) rapid oscillatory motion of particle predicted by equation
Dirac Equation for Spin-1/2 Particles

Applications in Atomic Physics
« Calculate energy levels of hydrogen-like atoms explain fine structure and hyperfine structure
* Apply equation to describe electron behavior in intense electromagnetic fields (synchrotron radiation)
* Analyze spin precession of particles in magnetic fields explain electron spin resonance
» Demonstrate prediction of antimatter describes particle-antiparticle pair production and annihilation

* Use Dirac equation to explain origin of electron's anomalous magnetic moment deviation from
predicted g-factor of 2

Quantum Electrodynamics and Beyond

* Apply Dirac equation in quantum electrodynamics describe interactions between electrons and
photons (Compton scattering)

» Show how Dirac equation forms basis for understanding relativistic quantum field theory
* Explain role in development of Standard Model of particle physics
* Discuss applications in modern physics (graphene, topological insulators)

* Explore limitations of Dirac equation led to development of quantum field theory

10.3 Antimatter and the positron

Antimatter, predicted by Paul Dirac's equation, flips our understanding of particles. It's like a mirror
universe where everything has the same mass but opposite charge. This discovery shows how special
relativity and quantum mechanics are deeply connected.

Positrons, the antimatter version of electrons, behave identically but with opposite charge. They can form
exotic atoms called positronium and annihilate with electrons, turning into pure energy. This stuff isn't just
theory —it's used in medical scans and might power future spaceships!

Antimatter and the Dirac Equation

Concept and Origins of Antimatter

+ Antimatter comprises antiparticles with identical mass but opposite charge and quantum properties to
their corresponding particles

+ Paul Dirac developed the Dirac equation in 1928 predicting negative energy solutions for spin-1/2
particles

» Negative energy solutions initially considered unphysical later interpreted as antiparticles (positron for
electrons)

+ Dirac equation's antimatter prediction illustrates connection between special relativity and quantum
mechanics
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 Antimatter concept stems from symmetry between positive and negative energy solutions reflecting
fundamental nature symmetries

+ Dirac sea model proposed to explain negative energy states envisions vacuum filled with negative
energy electrons and positrons as "holes"

Theoretical Implications and Models

» Antimatter demonstrates deep connection between special relativity and quantum mechanics in
particle description

« Dirac equation reveals fundamental symmetries in nature through positive-negative energy solution
symmetry

* Dirac sea model conceptualizes vacuum as filled with negative energy electrons

+ Positrons represented as "holes" in the Dirac sea providing intuitive understanding of antiparticle
behavior

+ Antimatter prediction highlights power of mathematical formalism in uncovering new physical
phenomena

» Concept challenges classical notions of particles and vacuum leading to quantum field theory
development

Properties of the Positron

Physical Characteristics

* Positron antiparticle of electron with identical mass (9.1 x 104-31 kg) but opposite charge (+1e)
« Spin (1/2) and magnetic moment match electron's with opposite signs

» G-factor experimentally measured as identical to electron's confirming CPT symmetry validity

» Forms exotic atoms called positronium by binding with electrons

« Exhibits identical behavior to electrons in magnetic fields but with opposite motion direction

* Produced through various processes (beta-plus decay, pair production, astrophysical environments)

Exotic Atom Formation and Behavior

+ Positronium formation occurs when positron binds with electron

* Positronium atoms possess distinct spectroscopic properties and lifetimes

» Two types of positronium exist: para-positronium (singlet state) and ortho-positronium (triplet state)
+ Para-positronium has shorter lifetime (~125 picoseconds) decaying into two gamma-ray photons

* Ortho-positronium exhibits longer lifetime (~142 nanoseconds) typically decaying into three
gamma-ray photons

+ Positronium studies provide insights into quantum electrodynamics and fundamental symmetries
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Pair Production and Annihilation

Pair Production Process

« Pair production creates particle-antiparticle pair from energetic photon typically near massive nucleus

for momentum conservation

* Minimum photon energy required equals twice particle rest mass energy (2mc”2) (1.022 MeV for
electron-positron pairs)

* Process directly demonstrates Einstein's mass-energy equivalence (E = mc”2)

« lllustrates matter-energy interchangeability in relativistic quantum mechanics

* Occurs in various astrophysical settings (gamma-ray interactions with stellar atmospheres, near black

holes)

* Quantum Electrodynamics (QED) accurately predicts pair production probability

Annihilation Mechanics

+ Annihilation occurs when particle and antiparticle collide converting into pure energy (typically
photons)

* Electron-positron annihilation commonly produces two 511 keV gamma-ray photons

+ Other annihilation outcomes possible depending on initial particle states (three-photon annihilation,
rare processes)

+ Annihilation rate and cross-section calculable using Quantum Electrodynamics
* Process conserves energy, momentum, and various quantum numbers (charge, lepton number)

« Annihilation events provide experimental tool for studying fundamental particle properties and
interactions

Antimatter in Modern Physics

Theoretical and Experimental Significance

+ Antimatter crucial in particle physics, astrophysics, and cosmology providing insights into fundamental

symmetries

» Observed matter-antimatter asymmetry in universe remains major unsolved problem challenging Big

Bang theory

» Antimatter research advances particle accelerator and detector technology pushing experimental
physics boundaries

* Contributes to understanding of fundamental forces and Standard Model (CP violation, baryon
number violation)

 Antimatter studies test CPT theorem and Lorentz invariance fundamental principles of modern physics

* Research explores potential existence of antimatter galaxies or large-scale structures implications for

cosmology and dark matter
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Practical Applications and Future Prospects

* Positron Emission Tomography (PET) scans utilize antimatter for medical imaging

« Potential future antimatter-based propulsion systems explored for space travel

» Antimatter production and storage techniques advance materials science and cryogenics

+ Antihydrogen spectroscopy provides high-precision tests of fundamental physics theories

+ Antimatter plasma studies offer insights into early universe conditions and quark-gluon plasma

* Investigation of antimatter gravity could reveal new aspects of general relativity and quantum gravity

10.4 Quantum field theory and the Standard Model

Quantum field theory and the Standard Model are the pinnacles of modern physics. They explain how
particles interact and behave at the most fundamental level. These theories combine quantum mechanics
with special relativity, giving us a deep understanding of the subatomic world.

The Standard Model classifies all known elementary particles and describes three of the four fundamental
forces. It's incredibly accurate, predicting phenomena like the Higgs boson. However, it can't explain
everything, leaving room for exciting new discoveries in physics.

Quantum Field Theory Principles

Foundations of Quantum Field Theory

» Quantum field theory (QFT) combines quantum mechanics with special relativity to describe
subatomic particle behavior and interactions

* Treats particles as excitations of underlying quantum fields permeating all of space-time

» Reconciles quantum mechanics with special relativity for high-energy particle interactions and particle
creation/annihilation

* Views particles as quantized field excitations (photons as quantized electromagnetic field excitations)
* Introduces virtual particles as short-lived quantum field fluctuations mediating particle interactions

» Employs techniques like Feynman diagrams and path integrals to calculate particle interaction
probabilities

+ Provides unified description of fundamental forces through gauge theories based on local symmetry
principles

Motivations and Applications

+ Addresses limitations of classical quantum mechanics in describing relativistic particles
» Explains phenomena like particle-antiparticle pair production and vacuum polarization
* Allows for consistent treatment of multi-particle systems and particle number changes
* Provides framework for understanding particle decay processes and nuclear reactions
+ Enables calculation of scattering cross-sections and decay rates with high precision

* Serves as foundation for modern particle physics and condensed matter theory
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* Facilitates development of theories like quantum electrodynamics (QED) and quantum
chromodynamics (QCD)

Standard Model of Particle Physics

Particle Classification and Fundamental Forces

» Comprehensive theory describing fundamental particles and interactions (excluding gravity)
« Classifies particles into fermions (matter particles) and bosons (force-carrying particles)

+ Divides fermions into quarks and leptons, each with three generations

* Includes six quark types (up, down, charm, strange, top, bottom)

* Encompasses six lepton types (electron, muon, tau, and corresponding neutrinos)

* Describes three fundamental forces: strong nuclear, weak nuclear, and electromagnetic

« Identifies force-carrying particles: gluons (strong), W and Z bosons (weak), photons (electromagnetic)

Higgs Mechanism and Particle Masses

+ Higgs boson discovered in 2012 confirms crucial component of Standard Model

* Higgs mechanism explains mass generation for fundamental particles

* Higgs field permeates space, interacting with particles to give them mass

« Particles with stronger Higgs field interactions acquire greater mass

+ Explains why some particles (photon) remain massless while others (W and Z bosons) are massive
* Provides mechanism for electroweak symmetry breaking

* Resolves theoretical issues related to massive gauge bosons in quantum field theory

Symmetries and Gauge Theories in the Standard Model

Gauge Symmetries and Force Carriers

» Symmetries provide framework for understanding particle interactions and conservation laws

» Gauge theories based on local symmetry principle (laws invariant under point-to-point
transformations)

+ Standard Model built on three gauge symmetry groups: SU(3), SU(2), U(1)

» SU(3) symmetry governs strong interaction, giving rise to gluons

» SU(2) symmetry associated with weak interaction, producing W and Z bosons
* U(1) symmetry relates to electromagnetism, yielding photons

» Gauge invariance principle ensures consistency of quantum field theories

Symmetry Breaking and Conservation Laws

» Spontaneous symmetry breaking implemented through Higgs mechanism
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* Explains particle mass acquisition while preserving gauge invariance

« Electroweak theory unifies electromagnetic and weak forces through symmetry principles
* Noether's theorem connects symmetries to conservation laws

* Conservation of energy linked to time translation symmetry

» Conservation of momentum associated with space translation symmetry

« Electric charge conservation related to U(1) gauge symmetry

+ Color charge conservation stems from SU(3) symmetry of strong interaction

Successes and Limitations of the Standard Model

Experimental Validations and Predictions

« Accurately predicts wide range of particle physics observations with remarkable precision

* Describes behavior and properties of all known elementary particles and their interactions

« Successfully predicted existence of top quark (discovered 1995) and tau neutrino (discovered 2000)
* Higgs boson discovery in 2012 strongly validated Standard Model predictions

* Explains subtle quantum effects like anomalous magnetic moment of electron

* Accurately describes CP violation in certain particle decays

* Provides framework for understanding particle production in high-energy collider experiments

Unresolved Questions and Limitations

+ Does not incorporate gravity, leaving unified theory of all fundamental forces incomplete

* Fails to explain observed matter-antimatter asymmetry in universe

* Provides no candidate for dark matter (approximately 85% of universe's matter content)

* Requires fine-tuning of certain parameters (Higgs mass), suggesting possible underlying physics
* Does not explain origin of neutrino masses or account for observed neutrino oscillations

* Hierarchy problem remains unresolved (large difference between weak force and gravity scales)
» Cannot explain observed accelerating expansion of universe (dark energy)

« Lacks explanation for why there are exactly three generations of fermions
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Unit 11 — Quantum Optics and Cavity
QED

11.1 Coherent states and the quantum harmonic oscillator

Coherent states are quantum states that behave most like classical waves. They're crucial in quantum
optics, describing laser light and minimizing uncertainty in position and momentum simultaneously. This
makes them ideal for studying the boundary between quantum and classical physics.

In the quantum harmonic oscillator, coherent states evolve in time while maintaining their shape. They
follow classical-like trajectories, with expectation values of position and momentum oscillating sinusoidally.
This behavior bridges quantum and classical descriptions of oscillatory systems.

Properties of Coherent States

Mathematical Representation and Key Characteristics

» Coherent states exhibit classical-like behavior and minimize the uncertainty principle in quantum
mechanics

- Mathematical representation given by |@) = e‘—|a|?/2)Z(a"/Vn!)|n), where a represents a
complex number and |n) denotes number states

« Function as eigenstates of the annihilation operator &, satisfying |@) = a|a)

* Position and momentum operators' expectation values follow classical trajectories in coherent states
» Form an overcomplete basis without orthogonality to each other

* Probability distribution for finding a coherent state in a number state follows a Poisson distribution

« Generated by applying the displacement operator D(a) = eladt — a * §) to the ground state |0)

Uncertainty and Probability Properties
* Maintain minimum uncertainty in both position and momentum simultaneously
» Uncertainty remains constant over time, preserving the minimum uncertainty relationship
* Probability distribution of photon number measurements follows a Poisson distribution with mean |a|*2
» Exhibit a well-defined phase and amplitude, unlike number states with definite excitation numbers

» Possess a continuous spectrum of possible measurement outcomes, contrasting with the discrete
spectrum of number states

Physical Interpretation and Visualization

* Represent quantum states closest to classical oscillatory motion in various systems (harmonic
oscillators, electromagnetic fields)

* Visualized as wave packets maintaining their shape while oscillating in a harmonic potential
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* Serve as displaced vacuum states, differing from thermal states (mixed states with number state
distributions)

* Bridge quantum and classical descriptions of systems, facilitating studies of quantum-classical
transitions

* Provide a quantum description of laser light, connecting the coherent state amplitude a to classical
electric field amplitude

Coherent States in the Harmonic Oscillator

Time Evolution and Dynamics

- Time evolution in a quantum harmonic oscillator described by |a(t)) = |ae'—iwt)), where w
represents the oscillator's angular frequency

« Position and momentum expectation values oscillate sinusoidally with time, mimicking classical
behavior

» Maintain constant uncertainty in position and momentum over time, preserving minimum uncertainty
« Energy expectation value given by (E) = hw(|a|? + 1/2)

* Not stationary states, evolving in time even for time-independent Hamiltonians

Comparison with Classical Behavior

* Most closely resemble classical oscillatory motion among quantum states in the harmonic oscillator
* Position and momentum expectation values follow classical trajectories
» Maintain constant shape of the wave packet while oscillating, unlike other quantum states

» Exhibit minimum uncertainty in both position and momentum simultaneously, resembling a classical
point particle

Advanced Concepts and Modifications

» Squeezed coherent states can be created to further reduce uncertainty in one quadrature at the
expense of increased uncertainty in the conjugate quadrature

» Schroédinger cat states formed by superpositions of coherent states with opposite phases, exhibiting
quantum interference effects

* Dynamics of coherent states in the harmonic oscillator provide insights into the quantum-classical
transition

« Serve as a basis for studying more complex quantum states and their behavior in harmonic potentials

Coherent States vs Other Quantum States

Comparison with Number States and Energy Eigenstates

* Coherent states possess well-defined phase and amplitude, while number states (Fock states) have
definite excitation numbers
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* Unlike energy eigenstates, coherent states are not stationary and evolve in time for time-independent
Hamiltonians

+ Coherent states exhibit a continuous spectrum of possible measurement outcomes, contrasting with
the discrete spectrum of number states

* Number states have definite energy, while coherent states have a distribution of energies centered
around (E) = hw(|a|? + 1/2)

Uncertainty Properties and Squeezed States

+ Coherent states maintain minimum uncertainty in both position and momentum simultaneously

» Squeezed states reduce uncertainty in one variable at the expense of increased uncertainty in the
conjugate variable

» Thermal states are mixed states with a distribution of number states, unlike coherent states which are
pure states

» Coherent states can be considered as displaced vacuum states, while thermal states represent a
statistical mixture of number states

Quantum Superpositions and Interference

« Schrodinger cat states form superpositions of coherent states with opposite phases, exhibiting
quantum interference

» Cat states demonstrate quantum superposition principles not present in individual coherent states

 Coherent states serve as building blocks for creating more complex quantum states through
superposition and manipulation

« Interference effects in superpositions of coherent states reveal fundamental aspects of quantum
mechanics (wave-particle duality)

Coherent States for Describing Light

Quantum Description of Laser Light

» Coherent states provide a quantum description of laser light, with photon number uncertainty following
a Poisson distribution

» Amplitude a of a coherent state relates to the classical electric field amplitude, bridging quantum and
classical electromagnetic descriptions

* Describe the output of a single-mode laser operating well above threshold

» Quadrature operators X and P for coherent states correspond to in-phase and out-of-phase
components of the electromagnetic field

Quantum Optics Phenomena and Experiments

« Coherent states of light exhibit photon antibunching, a purely quantum effect absent in classical
electromagnetic theory

+ Play crucial roles in quantum optics experiments (homodyne detection, quantum state tomography)
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* Displacement operator D(a) applied to the vacuum state interprets as a classical current source
creating a coherent state of light

* Serve as reference states in quantum optics, allowing measurement and characterization of
non-classical light states

Applications in Quantum Technologies

» Form the basis for continuous-variable quantum information processing in optical systems

» Enable quantum-enhanced metrology and sensing applications, improving precision beyond classical
limits

* Facilitate the study of light-matter interactions in cavity quantum electrodynamics (cavity QED)

* Provide a framework for developing quantum communication protocols using coherent state encoding

11.2 Squeezed states and quantum noise reduction

Squeezed states are a fascinating quantum phenomenon that push the boundaries of light manipulation.
By reducing noise in one quadrature while increasing it in another, they offer exciting possibilities for
ultra-precise measurements and quantum information processing.

These states challenge our classical intuition, maintaining the uncertainty principle in unexpected ways.
Their applications range from improving gravitational wave detectors to enhancing quantum cryptography,
making them a key player in cutting-edge quantum technologies.

Squeezed States in Quantum Optics

Fundamental Characteristics of Squeezed States

* Non-classical states of light reduce quantum noise in one quadrature below the standard quantum
limit while increasing noise in the conjugate quadrature

» Maintain the uncertainty principle by modifying the distribution of uncertainties between conjugate
variables

* Creation involves applying the squeeze operator to a coherent state or vacuum state

» Squeeze parameter r determines the degree of squeezing, quantifying noise reduction in one
quadrature and amplification in the other

» Phase space representation using Wigner functions displays an elliptical distribution (coherent states
show circular distribution)

» Two-mode squeezed states exhibit correlations between separate light modes, leading to
entanglement

Mathematical Framework and Representations
- Squeeze operator S(z) mathematically defines squeezed states: S(2) = exp(3(z"a? — za™))
* z complex squeeze parameter

* a and at annihilation and creation operators

2 2r

« Wigner function for single-mode squeezed vacuum state: W(x, p) = Ltexp(—e~2"x? — e?'p?)
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« r real squeeze parameter
* x and p quadrature variables

: 2 —2r pAp2 2
« Quadrature variances for squeezed vacuum state: AX* = te™%, AP? = 1e*"

- Heisenberg uncertainty relation maintained: AXAP = %

Quantum Noise Reduction with Squeezed States

Principles of Quantum Noise Reduction

* Reduces fluctuations in one quadrature below the standard quantum limit (minimum uncertainty
achievable in both quadratures simultaneously for coherent or vacuum states)

» Maintains Heisenberg uncertainty principle by increasing noise in conjugate quadrature

+ Quantifies noise reduction using squeeze factor related to squeeze parameter r

» Employs homodyne detection techniques to measure and characterize reduced quantum noise
 Balanced homodyne detection measures different quadratures by adjusting local oscillator phase

» Addresses shot noise reduction crucial for improving optical measurements

Measurement and Characterization Techniques

* Homodyne detection mixes squeezed light with strong local oscillator beam

« Balanced homodyne detector output current: /(t) « |E o] Xg(t)

» E_{LO} local oscillator field amplitude

» X_{\theta}(t) quadrature to be measured

* Noise power spectrum analysis reveals squeezing levels

* Quantum state tomography reconstructs complete quantum state of squeezed light

» Wigner function reconstruction provides visual representation of squeezing in phase space

Applications of Squeezed States

Precision Measurements and Sensing

» Enhances gravitational wave detection sensitivity in advanced LIGO (Laser Interferometer
Gravitational-Wave Observatory)

* Injects squeezed light into interferometer dark port

* Reduces quantum radiation pressure noise and shot noise

* Improves atomic clock precision by reducing quantum projection noise
* Enhances Ramsey spectroscopy in optical lattice clocks

* Achieves sub-femtosecond timing accuracy

» Enables sub-shot-noise imaging resolution and sensitivity in quantum imaging techniques
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* Quantum-enhanced microscopy

» Ghost imaging with squeezed light

» Enhances quantum-enhanced magnetometry for weak magnetic field detection
* Improves sensitivity of atomic magnetometers

» Enables detection of biomagnetic fields (magnetoencephalography)

Quantum Information and Communication

* Improves quantum cryptography and secure communication protocols

* Enhances key distribution rates in continuous-variable quantum key distribution
* Increases secure communication distances

» Enables quantum-enhanced radar and lidar capabilities

 Improves target detection and ranging beyond classical limits

* Enhances resolution in quantum illumination protocols

* Facilitates quantum teleportation and dense coding schemes

* Improves fidelity of continuous-variable teleportation

* Enhances channel capacity in quantum communication

Challenges of Squeezed State Generation and Use

Experimental Limitations

» Decoherence and loss in optical systems limit achievable and maintainable squeezing degrees

* Requires sophisticated setups for high-quality squeezed state generation

* Nonlinear optical media (optical parametric oscillators, four-wave mixing)

* Precise phase control and stabilization

» Poses challenges in squeezed state degradation during transmission and storage

« Affects long-distance quantum communication applications

* Necessitates balancing trade-off between noise reduction and amplification in conjugate quadratures

» Demands highly efficient and low-noise photodetectors and electronics for detection and
measurement

Technical and Integration Challenges

* Presents difficulties in scaling squeezed state generation to higher optical powers while maintaining
squeezing levels

» Thermal effects in nonlinear crystals
* Optical damage thresholds

» Requires integration of squeezed light sources with existing technologies and systems
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» Compatibility with fiber optic networks

* Interfacing with quantum memories and processors

* Faces challenges in broadband squeezing generation for certain applications

» Quantum imaging

+ Ultrafast measurements

* Necessitates development of compact and robust squeezed light sources for practical applications
+» On-chip integrated photonic devices

* Miniaturized atomic systems for portable quantum sensors

11.3 Cavity quantum electrodynamics and the Jaynes-Cummings model

Cavity quantum electrodynamics explores how atoms and light interact in tiny spaces. It's like studying a
dance between particles and photons in a mirror-lined room. This field unlocks weird quantum effects and
has big implications for future tech.

The Jaynes-Cummings model is the star of the show here. It's a simple yet powerful way to describe how
atoms and light fields play together in cavities. This model helps us understand and predict some seriously
cool quantum behavior.

Cavity Quantum Electrodynamics

Fundamental Principles and Components

+ Cavity QED studies light-matter interactions in confined spaces (resonant optical cavities)

» Key components involve two-level atoms (or artificial atoms) and single-mode electromagnetic fields
within high-quality factor (Q-factor) cavities

« Strong coupling regime emerges when atom-field coupling strength surpasses dissipation rates

* Vacuum Rabi oscillations demonstrate energy oscillation between atom and cavity field without
photons

* Purcell effect modifies spontaneous emission rates of atoms in cavities compared to free space

* Non-classical effects manifest as photon antibunching, squeezing, and atom-field entanglement

Quantum Phenomena in Cavity QED

« Strong coupling regime enables coherent quantum dynamics between atom and field
» Vacuum Rabi oscillations occur even without photons present in the cavity

* Purcell effect enhances or suppresses spontaneous emission rates in cavities

* Photon antibunching demonstrates non-classical light emission patterns

» Squeezed states of light exhibit reduced quantum noise in one quadrature

» Entanglement between atom and field creates non-separable quantum states

* Quantum jumps observed in individual atomic systems coupled to cavities
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Atom-Field Interaction in Cavities

Jaynes-Cummings Hamiltonian
* Describes atom-field interaction with three terms: atomic energy, field energy, and interaction energy
* Rotating Wave Approximation (RWA) simplifies Hamiltonian by neglecting rapidly oscillating terms
* Coupling strength g depends on atomic dipole moment and vacuum field amplitude
* Detuning A between atomic transition and cavity resonance frequencies influences system dynamics
« Hamiltonian in RWA: H = hw,0,/2 + hw,ata+hgloc,a+o_a’)
« Wa: atomic transition frequency
« We: cavity resonance frequency
« 0z, 0+, 0~ atomic operators

*a,a T field annihilation and creation operators

Dressed States and Rabi Oscillations

* Dressed states form eigenstates of coupled atom-field system (superpositions of bare states)

+ Rabi oscillations occur when system prepared in non-eigenstate (periodic atom-field energy
exchange)

+ Collapse and revival phenomenon observed in atomic population inversion with coherent initial field
* Dressed states for n photons: | =, n) = (|e,n) = |g, n + 1))/\/5
* Rabi frequency for n photons: Q, =2gvn +1

* Collapse time: t. = ll(ﬁg), Revival time: t, = Zm/nT/g (A: mean photon number)
Dynamics of the Jaynes-Cummings Model

Time Evolution and Coupling Regimes

* Calculate system evolution using Schrodinger equation or density matrix formalism for mixed states
« Distinct behaviors emerge in weak, strong, and ultrastrong coupling regimes

« Strong coupling regime exhibits coherent vacuum Rabi oscillations between atomic and field
excitations

* Time evolution of state amplitudes: ce(t) = cos(gtvn + 1)ce(0) —isin(gtvn + 1)cgy(0)
* cg4(t) = cos(gtvn + 1)cg(0) —isin(gtvn + 1)ce(0)
Energy Structure and Nonlinear Effects

+ Jaynes-Cummings ladder describes anharmonic energy level spacing in coupled atom-field system

* Photon blockade prevents absorption of second photon due to energy level shifts
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* Non-classical light states (Fock states, Schrédinger cat states) generated through controlled
interactions

* Energy splitting for n photons: E, .+ = Aw:(n+ 1/2) = hgvn+1

« Photon blockade condition: [2gvn + 1 —2gv'n| > y (¥: cavity linewidth)

Dissipation and Decoherence

» Master equation approaches incorporate realistic dissipation and decoherence effects

+ Lindblad terms added to account for cavity photon loss and atomic spontaneous emission
» Quantum trajectory methods simulate individual realizations of open quantum systems

» Master equation in Lindblad form: © = —#[H, p] + kD[alp + yDlo - ]p

* K: cavity decay rate

« Y: atomic spontaneous emission rate

-D[Alp=ApAT —L(ATAp + pATA)
Applications of Cavity QED in Quantum Technologies

Quantum Information Processing

+ Cavity QED systems function as quantum memories (store information in atomic or photonic states)
» Quantum gates implemented via controlled atom-field interactions (enable quantum logic operations)

» Generate entanglement between atoms, photons, or atom-photon pairs (resource for quantum
communication)

« Cavity QED-based single-photon sources and detectors support optical quantum information
processing

» Quantum non-demolition (QND) measurements of photon number or atomic states utilize strong
nonlinearity

» Examples: CNOT gate using atom-cavity interaction, entangled photon pair generation, QND photon
detection

Quantum Networks and Interfaces

* Quantum state transfer between stationary qubits (atoms) and flying qubits (photons) via cavity QED
interfaces

+ Develop quantum repeaters for long-distance quantum communication using atom-cavity systems
* Create distributed entanglement between remote cavity QED nodes in a quantum network
* Implement quantum teleportation protocols using atom-cavity entanglement as a resource

« Examples: Atom-to-photon state mapping, entanglement swapping between distant cavities,
cavity-based quantum memory for repeater nodes
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Circuit QED and Scalable Quantum Computing

+ Circuit QED adapts cavity QED concepts to superconducting circuits and microwave resonators
+ Enables scalable quantum computing architectures with artificial atoms (superconducting qubits)
* Achieve strong and ultrastrong coupling regimes more easily than in optical cavity QED
* Implement multi-qubit gates and quantum error correction codes in circuit QED systems

* Examples: Transmon qubits coupled to coplanar waveguide resonators, quantum processors with 50+
qubits, bosonic codes for error-protected logical qubits

11.4 Quantum information processing with photons

Quantum information processing with photons is a cutting-edge field that uses light particles to store and
manipulate quantum data. This topic explores how photons' unique properties, like superposition and
entanglement, make them ideal for quantum computing and communication.

Photonic systems offer advantages like low decoherence and room-temperature operation, but face
challenges such as photon loss and creating deterministic two-qubit gates. We'll look at qubit encoding,
quantum algorithms, and the potential for integrating photonic systems with existing optical networks.

Quantum Information Processing with Photons

Fundamentals of Photonic Quantum Systems

» Quantum information processing harnesses quantum mechanical principles to perform computations
and transmit information

* Photons serve as quantum information carriers due to their quantum properties (superposition and
entanglement)

+ Photon polarization states (horizontal, vertical, diagonal) represent quantum bits (qubits)

+ Linear optical elements (beam splitters, phase shifters) manipulate photonic qubits and implement
quantum gates

+ Photonic quantum systems integrate with existing optical fiber networks facilitating long-distance
quantum communication

* No-cloning theorem prohibits perfect copying of unknown quantum states ensuring quantum
communication protocol security

+ Challenges include photon loss, decoherence, and probabilistic nature of certain quantum operations

Quantum Properties and Optical Networks

 Photons maintain quantum coherence over long distances making them ideal for quantum
communication protocols

* Light's high speed enables rapid quantum information transmission supporting fast quantum
communication and potential distributed quantum computing

* Photonic systems operate at room temperature unlike many quantum computing platforms requiring
cryogenic cooling
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» Weak photon-environment interaction preserves coherence but complicates deterministic two-qubit
gate creation

* Photon loss in optical fibers and components limits photonic quantum system scalability

* Probabilistic nature of certain linear optics quantum operations necessitates complex error correction
and fault tolerance schemes

* Integration with classical optical communication infrastructure presents opportunities and technical
challenges

Encoding and Manipulating Photonic Qubits

Qubit Encoding and Representation

» Encode photonic qubits using various degrees of freedom (polarization, time-bin, path, orbital angular
momentum)

* Visualize and describe single-photon qubit states using Bloch sphere representation

* Implement single-qubit gates (Hadamard gate, phase shifters) with wave plates and linear optical
elements

* Realize two-qubit gates (controlled-NOT gate) using nonlinear optical effects or linear optics with
auxiliary photons and post-selection

» Measure photonic qubits using single-photon detectors (avalanche photodiodes, superconducting
nanowire detectors)

» Hong-Ou-Mandel effect demonstrates indistinguishable photon quantum interference crucial for
quantum information processing tasks

 Characterize photonic qubit states through quantum state tomography using measurements in
different bases

Advanced Quantum Information Techniques

* Implement quantum key distribution protocols (BB84) using photonic qubits for secure communication
channels

+ Utilize linear optical quantum computing (LOQC) schemes for universal quantum computation with
linear optical elements and single-photon sources/detectors

» Execute boson sampling tasks using multi-photon interference in linear optical networks

* Realize cluster state quantum computing with photonic graph states based on measurement-based
quantum computing model

» Demonstrate quantum teleportation using entangled photon pairs

» Explore hybrid approaches combining photonic qubits with other quantum systems (trapped ions,
superconducting qubits) for efficient quantum information processing

* Investigate continuous-variable quantum information processing using light quadrature amplitudes as
alternative to discrete-variable photonic qubits
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Advantages and Challenges of Photonic Quantum Systems

Advantages of Photonic Systems

» Low decoherence rates allow photons to maintain quantum coherence over long distances

* High-speed transmission of quantum information enables rapid quantum communication

» Room temperature operation of photonic systems contrasts with other quantum computing platforms
» Weak interaction with the environment helps maintain coherence in photonic systems

* Integration potential with existing classical optical communication infrastructure

+ Natural implementation of certain quantum algorithms (boson sampling) using multi-photon
interference

« Suitability for quantum communication protocols due to long-distance coherence maintenance

Challenges in Photonic Quantum Computing

* Photon loss in optical fibers and components limits system scalability

* Creating deterministic two-qubit gates proves challenging due to weak photon interactions

* Probabilistic nature of certain quantum operations with linear optics complicates error correction
* Implementing fault-tolerant schemes in photonic systems requires complex approaches

+ Achieving high-efficiency single-photon sources and detectors remains technically demanding

+ Maintaining photon indistinguishability over large-scale systems poses significant challenges

+ Balancing the trade-off between coherence time and interaction strength in hybrid systems

Implementing Quantum Algorithms with Photons

Quantum Communication Protocols

« Establish secure communication channels using quantum key distribution protocols (BB84) with
photonic qubits

» Demonstrate quantum teleportation fundamental protocol using entangled photon pairs
* Implement quantum repeaters to extend the range of quantum communication networks
* Explore quantum digital signatures for secure authentication in quantum networks

* Investigate quantum secret sharing protocols using multi-photon entangled states

* Develop quantum secure direct communication schemes utilizing photonic systems

« Study quantum conference key agreement protocols for multi-party secure communication

Quantum Computation and Simulation

+ Implement linear optical quantum computing (LOQC) schemes for universal quantum computation

» Execute boson sampling tasks leveraging multi-photon interference in linear optical networks
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* Realize cluster state quantum computing using photonic graph states

+ Simulate quantum systems and molecules using photonic quantum simulators

* Develop quantum walks and quantum search algorithms in photonic architectures
* Investigate topological quantum computing approaches using photonic systems

* Explore quantum machine learning algorithms implemented with photonic quantum processors
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Unit 12 — Applications of Quantum
Mechanics

12.1 Quantum tunneling and its applications in scanning tunneling
microscopy

Quantum tunneling, a mind-bending concept in quantum mechanics, allows particles to pass through
barriers they shouldn't. This weird behavior explains stuff like radioactive decay and makes cool tech like
scanning tunneling microscopes possible.

STMs use quantum tunneling to take super detailed pictures of things at the atomic level. By measuring
tiny electrical currents between a sharp tip and a surface, these microscopes can "see" individual atoms
and even move them around.

Quantum Tunneling

Wave-Particle Duality and Barrier Penetration

» Quantum tunneling allows particles to penetrate and pass through potential energy barriers that are
classically forbidden

» Tunneling demonstrates the wave-like nature of particles described by the Schrédinger equation and
wave function

* Probability of tunneling depends on barrier height, width, and particle energy and mass

» Wave function of a particle extends into classically forbidden regions (quantum mechanical
penetration)

+ Tunneling probability decreases exponentially with increasing barrier width and square root of barrier
height

» WKB approximation provides mathematical estimate of transmission coefficient for tunneling

Applications and Significance
» Quantum tunneling plays crucial role in various physical phenomena
* Alpha decay in radioactive nuclei
* Electron transport in semiconductors
+ Scanning tunneling microscopy (atomic-scale imaging)
* Quantum computing (superconducting qubits)
» Enables technologies like flash memory and quantum cascade lasers
* Explains cold emission in field emission displays

+ Contributes to nuclear fusion in stars (proton tunneling)
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STM Working Principle

Basic Components and Setup

» Sharp metallic tip (probe) positioned extremely close to sample surface (few angstroms)
« Bias voltage applied between tip and sample creates potential difference

* Piezoelectric actuators control precise tip position in three dimensions

* Tunneling current flows between tip and sample without direct contact

* Current processed and converted into three-dimensional surface image

Operational Modes and Imaging

» Two primary operational modes

+ Constant current mode maintains fixed tunneling current by adjusting tip height

 Constant height mode keeps tip at fixed height and measures current variations

* Tunneling current exponentially dependent on tip-sample distance

+ High sensitivity to small topography changes enables atomic-scale resolution

* Localized nature of tunneling current (few atoms at tip apex) allows precise lateral resolution

» Tunneling spectroscopy provides information on local density of states and electronic structure

Quantum Tunneling in STM
Enabling High-Resolution Imaging

* Non-destructive imaging through electron flow without physical contact

» Exponential current-distance relationship provides extreme topography sensitivity

+ Localized tunneling current confined to few atoms enables atomic-scale lateral resolution
* Probing of electronic and magnetic properties beyond topographic features

* Interplay between tunneling and tip/sample electronic structure determines image resolution and
contrast

Advanced Capabilities
» Tunneling spectroscopy reveals local density of states and electronic structure
* Controlled quantum tunneling enables manipulation of individual atoms and molecules
* Probe both occupied and unoccupied electronic states by varying bias voltage polarity

* Inelastic electron tunneling spectroscopy (IETS) provides information on vibrational modes of
adsorbed molecules

* Spin-polarized STM detects magnetic properties of surfaces and nanostructures
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STM Applications in Science and Nanotechnology

Surface Science and Materials Characterization

« Direct visualization of surface structures, defects, and adsorbates at atomic scale

« Study of catalysis through insights into atomic arrangement and electronic properties of catalytic
surfaces

* Investigation of growth mechanisms and properties of thin films and self-assembled monolayers
+ Characterization of novel 2D materials (graphene, transition metal dichalcogenides)

* Analysis of semiconductor properties

* Dopant distributions

« Surface reconstructions

+ Electronic properties of nanostructures

Nanotechnology and Molecular Manipulation

* Precise positioning and manipulation of individual atoms and molecules

* Creation of artificial nanostructures (quantum corrals, atomic-scale logic gates)
* Development of molecular electronics and single-molecule studies

* Investigation of quantum confinement effects in nanostructures

+ Atomic-scale lithography and nanofabrication techniques

« Study of molecular self-assembly processes on surfaces

12.2 Superconductivity and the BCS theory

Superconductivity is a mind-blowing quantum effect where certain materials lose all electrical resistance.
It's like a superpower for electrons, letting them flow freely without any energy loss. This phenomenon
opens up a world of possibilities in technology and science.

The BCS theory explains how this magic happens. It's all about electrons teaming up to form "Cooper
pairs," which can glide through materials without a care in the world. This theory helps us understand and
harness the power of superconductivity.

Superconductivity and its properties

Quantum mechanical phenomenon

» Superconductivity manifests zero electrical resistance and perfect diamagnetism in certain materials
below a critical temperature

« Critical temperature (Tc) marks transition from normal conductor to superconductor (varies widely
among materials)

» Meissner effect expels magnetic fields from superconductor interior (distinguishes from perfect
conductors)
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* Macroscopic quantum phenomenon exhibits quantum effects on large scale (unlike most quantum
behaviors limited to atomic or subatomic scales)

Types and characteristics

* Type | superconductors completely expel magnetic fields up to critical field strength
* Type Il superconductors allow partial penetration of magnetic flux above lower critical field
« Zero DC electrical resistance enables persistent flow of electrical currents without energy dissipation

» Coherence length describes spatial extent of Cooper pairs (crucial for understanding superconducting
material behavior)

BCS theory of superconductivity

Fundamental concepts

* Developed by Bardeen, Cooper, and Schrieffer in 1957 (provides microscopic explanation for
conventional superconductors)

* Proposes electrons form bound pairs (Cooper pairs) through interaction mediated by phonons (lattice
vibrations)

* Introduces energy gap in electronic spectrum of superconductor (crucial for understanding properties)

+ Explains isotope effect (critical temperature depends on mass of lattice ions)

Predictions and limitations

* Successfully predicts many properties of conventional superconductors (exponential dependence of
specific heat on temperature)

* Provides framework for understanding coherent quantum state of superconductor (described by
macroscopic wave function)

* Faces challenges explaining high-temperature superconductivity (ongoing research in this field)

Cooper pairs in superconductivity

Formation and characteristics

 Cooper pairs consist of bound electron pairs (basis of superconductivity in BCS theory)

« Pairing mechanism involves attractive interaction between electrons (mediated by exchange of virtual
phonons in crystal lattice)

« Pairs have opposite spins and momenta (form bosonic state that can condense into coherent quantum
state)

» Formation leads to energy gap in electronic spectrum (responsible for stability of superconducting
state)

» Coherence length determines spatial extent of pairing correlation in superconductor
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Behavior and significance

« Cooper pairs flow through material without scattering (results in zero electrical resistance)

* Breaking of Cooper pairs by thermal energy or magnetic fields determines critical temperature and
critical field of superconductor

» Coherent quantum state of Cooper pairs enables macroscopic quantum phenomena (Meissner effect,
zero resistance)

Applications of superconductivity

Medical and scientific applications

» Superconducting magnets in Magnetic Resonance Imaging (MRI) machines (enable high-resolution
medical imaging without ionizing radiation)

* Particle accelerators use superconducting magnets (achieve high magnetic fields for steering and
focusing particle beams in high-energy physics experiments)

+ Superconducting quantum interference devices (SQUIDs) provide extremely sensitive magnetic field
detectors (used in various scientific and medical applications)

» Quantum computing research explores superconducting circuits as qubits (potentially leading to
powerful quantum computers)

Transportation and energy applications

» Maglev trains employ superconducting magnets for levitation and propulsion (offers potential for
high-speed, low-friction transportation)

» Superconducting power transmission lines could reduce energy losses in electrical grids (improving
energy efficiency on large scale)

* Fusion reactor designs (tokamaks) rely on superconducting magnets (confine and control
high-temperature plasmas for nuclear fusion research)

12.3 Quantum dots and their applications in nanoelectronics

Quantum dots are tiny semiconductor structures that confine electrons in three dimensions. These
nanoscale wonders exhibit unique electronic and optical properties, making them incredibly useful in
various fields of technology and science.

In this section, we'll explore how quantum dots work and their applications in nanoelectronics. From
single-electron transistors to quantum computing, these tiny particles are revolutionizing the way we think
about electronics and information processing.

Quantum dots and their properties

Nanoscale semiconductor structures

» Quantum dots consist of nanoscale semiconductor structures confining electrons in three dimensions

* Typical size ranges from 2 to 10 nanometers
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« Electronic properties governed by quantum mechanical effects result in discrete energy levels similar
to atoms

« Size-dependent optical and electronic properties allow for tunable emission wavelengths and
absorption spectra

* Density of states described by series of delta functions reflects discrete nature of allowed energy
levels

+ High quantum yield and narrow emission spectra make quantum dots ideal for various optoelectronic
applications (LEDs, displays)

Modeling and electronic structure

+ Electronic structure modeled using particle-in-a-box approximation with modifications for
three-dimensional confinement

* Energy levels quantized due to spatial confinement of charge carriers

* Discrete electronic states emerge as a result of three-dimensional confinement

* Energy gap between valence and conduction bands increases as dot size decreases
* Blue shift in emission wavelength occurs with decreasing dot size

 Quantum confinement strength inversely proportional to square of quantum dot size: AEx1/R? (R
represents dot radius)

Quantum confinement in quantum dots

Fundamental principles

» Quantum confinement occurs when semiconductor structure size becomes comparable to or smaller
than exciton Bohr radius of material

» Confinement of charge carriers (electrons and holes) in three dimensions leads to quantization of
energy levels

* Precise control of electronic and optical properties achieved by adjusting quantum dot size and shape

» Quantum confinement effects become significant when dot size is smaller than de Broglie wavelength
of charge carriers in material

« Exciton binding energy increases with decreasing dot size, enhancing electron-hole interactions

Effects on electronic and optical properties

* Increased energy gap between valence and conduction bands as dot size decreases

* Blue shift in emission wavelength with decreasing dot size

* Discrete energy levels lead to sharp, narrow emission peaks

» Enhanced oscillator strength and increased radiative recombination rates

* Size-dependent absorption spectra with multiple excitonic peaks

 Tunable bandgap energy allows for customization of optical properties for specific applications (solar

cells, photodetectors)
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Applications of quantum dots

Nanoelectronics and quantum computing

« Single-electron transistors utilize quantum dots for precise control of individual electrons in
nanoelectronic circuits

» Quantum dots serve as qubits in quantum computing, offering scalable platform for solid-state
quantum information processing

» Coulomb blockade effect in quantum dots enables creation of single-electron memory devices

» Quantum dot cellular automata propose novel computing paradigm based on charge configuration of
quantum dot arrays

* Spin-based quantum computing leverages electron spins in quantum dots for qubit manipulation and
readout

Optoelectronics and photonics

« Efficient light emitters for displays offer wider color gamut and improved energy efficiency compared to
traditional phosphors

» Quantum dot-based solar cells have potential to exceed Shockley-Queisser limit through multiple
exciton generation and hot carrier extraction

» Photodetectors employing quantum dots provide enhanced sensitivity and spectral selectivity across
wide range of wavelengths

» Quantum dot lasers exhibit low threshold currents, high temperature stability, and narrow emission
linewidths suitable for telecommunications

* Light-emitting diodes (LEDs) with quantum dot active layers achieve high color purity and efficiency

Biomedical applications

+ Biomedical imaging benefits from unique optical properties of quantum dots, allowing for multiplexed
detection and long-term tracking

* Biosensors utilizing quantum dots offer high sensitivity and specificity for detection of biomolecules
(proteins, nucleic acids)

* Drug delivery systems incorporate quantum dots for targeted therapy and real-time monitoring of drug
distribution

» Photodynamic therapy uses quantum dots as photosensitizers for localized cancer treatment

* In vitro diagnostics employ quantum dots for multicolor labeling and detection of multiple biomarkers
simultaneously

Challenges in quantum dot fabrication

Material and process limitations

* Precise control of quantum dot size and uniformity crucial for maintaining consistent electronic and
optical properties across large-scale production
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* Integration of quantum dots into existing semiconductor manufacturing processes poses challenges in
terms of compatibility and scalability

* Surface defects and trap states significantly affect performance of quantum dots, necessitating
advanced passivation techniques

+ Achieving long-term stability and preventing aggregation of quantum dots in various environments
remains significant challenge for many applications

» Overcoming trade-off between quantum confinement effects and charge carrier mobility necessary for
optimizing quantum dot performance in electronic applications

Environmental and safety concerns

« Toxicity concerns, particularly with heavy metal-based quantum dots, limit applicability in certain
biomedical and consumer applications

» Environmental impact of quantum dot production and disposal requires careful consideration and
development of sustainable manufacturing processes

* Potential for nanoparticle accumulation in ecosystems raises concerns about long-term effects on
environment and food chain

» Occupational safety measures needed to protect workers involved in quantum dot synthesis and
handling

» Development of non-toxic, environmentally friendly quantum dot materials (carbon dots, silicon
quantum dots) addresses some safety concerns

12.4 Quantum metrology and precision measurements

Quantum metrology uses quantum effects to achieve super-precise measurements. It's like having a
super-powered ruler that can measure things way smaller than normal tools. This field is changing how we
see the world, from detecting ripples in space to making ultra-accurate clocks.

By harnessing quantum weirdness like entanglement and squeezing, scientists can push past old limits.
These techniques are helping us spot gravitational waves, create better atomic clocks, and even test
fundamental physics theories. It's opening doors to new tech and deeper understanding of our universe.

Quantum Metrology: Concept and Advantages

Fundamental Principles and Limits

» Quantum metrology utilizes quantum mechanical effects and systems to achieve high-precision
measurements surpassing classical techniques

* Exploits quantum superposition and entanglement to enhance measurement sensitivity and precision
» Approaches or surpasses the standard quantum limit (theoretical precision limit in classical systems)

» Heisenberg's uncertainty principle defines fundamental limits of measurement precision in quantum
systems

 Achieves more favorable scaling of measurement uncertainty than classical shot-noise limit,
potentially reaching Heisenberg limit
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» Quantum sensors demonstrate increased robustness against certain types of noise and
environmental disturbances compared to classical counterparts

Applications and Advantages

» Spans various fields (atomic clocks, interferometry, magnetometry, gravitational wave detection)
* Allows measurements to approach or surpass standard quantum limit

* Provides enhanced sensitivity to small changes in measured parameters

» Enables more precise timekeeping and frequency measurements

* Improves detection capabilities for gravitational waves and other subtle phenomena

« Offers potential for advancements in navigation, medical imaging, and environmental monitoring

Quantum Entanglement and Squeezing for Precision

Quantum Entanglement in Metrology

« Creates correlations between particles unexplainable by classical physics

» Generates quantum probes with increased sensitivity to small parameter changes compared to
classically correlated states

» Enhances quantum Fisher information, quantifying extractable information about a parameter from a
quantum state

+ Allows for Heisenberg scaling (1/N precision scaling, where N is the number of probe particles)
compared to classical 1/vN scaling

* Faces practical challenges (maintaining quantum states against decoherence, developing efficient
generation and manipulation methods)

Quantum Squeezing Techniques

* Reduces uncertainty in one observable while increasing uncertainty in its conjugate observable,
adhering to Heisenberg uncertainty principle

* Redistributes quantum noise to enhance sensitivity in specific parameter measurements
* Applies to both light and matter states
» Combines with entanglement to achieve Heisenberg scaling in measurement precision

« Utilized in advanced gravitational wave detectors (LIGO) to reduce quantum noise and improve
signal-to-noise ratio

* Employed in atomic clocks to reduce uncertainty in atomic state measurements, enhancing clock
performance

Applications of Quantum Metrology

Gravitational Wave Detection

* Applies quantum metrology techniques to laser interferometers, enhancing sensitivity beyond
standard quantum limit
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« Utilizes squeezed light states in advanced detectors (LIGO) to reduce quantum noise in specific
frequency bands

* Develops quantum non-demolition measurements to circumvent standard quantum limit limitations
* Improves signal-to-noise ratio, enabling detection of weaker gravitational waves

» Enhances precision in measuring gravitational wave parameters (source distance, mass, spin)

Atomic Clocks

+ Achieves unprecedented precision in time and frequency measurements using quantum metrology
principles

* Employs entanglement between atoms in optical lattice clocks to reduce quantum projection noise
* Applies spin squeezing techniques to decrease uncertainty in atomic state measurements

« Utilizes quantum logic spectroscopy to access previously inaccessible atomic transitions

* Improves clock stability and accuracy, enabling more precise timekeeping

» Enhances applications in navigation, telecommunications, and fundamental physics research
Impact of Quantum Metrology on Physics and Technology

Advancements in Fundamental Physics

» Enables more precise tests of fundamental theories (general relativity, quantum mechanics)
* Potentially detects small deviations from known physical laws, revealing new physics

* Improves sensitivity in searches for dark matter and other elusive particles in cosmology and particle
physics

* Contributes to potential redefinition of Sl units based on fundamental physical constants with
unprecedented accuracy

» Enhances our understanding of quantum mechanics and its applications in measurement science

Technological Innovations

* Revolutionizes navigation systems with more accurate positioning and timing information
» Advances medical imaging techniques through development of highly sensitive quantum sensors
* Improves environmental monitoring and geological surveying capabilities

* Contributes to quantum computing and communication technologies (error correction, quantum state
characterization)

» Enhances precision in manufacturing processes and quality control

» Enables development of more sensitive detectors for various scientific and industrial applications
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