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Unit 1 — Introduction to Quantum Optics

1.1 Historical development of quantum optics

Quantum optics emerged in the early 20th century, blending quantum mechanics and classical optics. Key
figures like Planck, Einstein, and Dirac laid the groundwork, introducing concepts like energy quantization
and light-matter interactions at the quantum level.

The field has evolved dramatically, with breakthroughs like lasers and quantum entanglement. Modern
quantum optics spans diverse applications, from quantum communication to gravitational wave detection,
pushing the boundaries of our understanding of light and matter.

Evolution of Quantum Optics

Early Developments and Foundations

» Quantum optics emerged as a field of study in the early 20th century, building upon the foundations of
quantum mechanics and classical optics

» Max Planck introduced the concept of energy quantization in 1900, laying the foundation for the
development of quantum mechanics and the quantum theory of light

« Albert Einstein's contributions, including the explanation of the photoelectric effect (1905) and the
development of the theory of stimulated emission, were crucial for the understanding of light-matter
interactions at the quantum level

* The Stern-Gerlach experiment (1922) provided evidence for the quantization of angular momentum
and the concept of spin, which are essential for understanding the interaction between light and matter
at the quantum level

« Paul Dirac's work on the quantization of the electromagnetic field in the 1920s provided a theoretical
framework for describing the interaction between light and matter in terms of creation and annihilation
operators

Modern Advancements and Applications

» The development of the laser in the 1960s marked a significant milestone in quantum optics, enabling
the exploration of novel phenomena and applications

* Roy J. Glauber's development of the quantum theory of coherence in the 1960s established a rigorous
mathematical framework for describing the coherence properties of light and the interaction between
light and matter

» Advances in experimental techniques, such as the ability to manipulate individual quantum systems
(atoms, photons, etc.), have driven the progress of quantum optics in recent decades

* The study of quantum entanglement and its applications in quantum information processing has
become a central focus of modern quantum optics research

» The experimental demonstration of quantum entanglement by Alain Aspect and colleagues in the
1980s confirmed the predictions of quantum mechanics and opened up new avenues for exploring the
foundations of quantum theory and its applications in quantum information processing
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» Quantum optics has expanded its scope to encompass a wide range of topics, including quantum
communication (quantum cryptography), quantum sensing (gravitational wave detection), and quantum
simulation (modeling complex quantum systems)

Key Developments in Quantum Optics

Experimental Breakthroughs

* The photoelectric effect, explained by Albert Einstein in 1905, demonstrated the particle-like nature of
light and laid the groundwork for the quantum theory of light

» The Hanbury Brown and Twiss experiment (1956) revealed the bunching effect of photons,
demonstrating the correlation between photons emitted by a thermal source and paving the way for the
study of quantum coherence and interference

» The experimental demonstration of quantum entanglement by Alain Aspect and colleagues in the
1980s confirmed the predictions of quantum mechanics and opened up new avenues for exploring the
foundations of quantum theory and its applications in quantum information processing

» Advances in experimental techniques, such as laser cooling and trapping of atoms (magneto-optical
traps) and the generation of entangled photon pairs (spontaneous parametric down-conversion), have
enabled the precise control and manipulation of individual quantum systems

Theoretical Frameworks

» The development of the quantum theory of coherence by Roy J. Glauber in the 1960s provided a
rigorous mathematical framework for describing the coherence properties of light and the interaction
between light and matter

* The formulation of the quantum master equation and the study of open quantum systems have
provided a theoretical basis for understanding the dynamics of quantum systems interacting with their
environment

* The development of quantum information theory, including the concepts of quantum bits (qubits),
quantum gates, and quantum algorithms, has laid the foundation for the application of quantum optics
in quantum computing and communication

* The study of quantum non-Gaussian states and operations has expanded the theoretical toolbox of
quantum optics, enabling the exploration of novel quantum phenomena and the development of new
quantum technologies

Scientists in Quantum Optics

Pioneers of Quantum Mechanics

* Max Planck (1858-1947) introduced the concept of energy quantization, laying the foundation for the
development of quantum mechanics and the quantum theory of light

* Albert Einstein (1879-1955) made crucial contributions to the understanding of light-matter
interactions at the quantum level, including the explanation of the photoelectric effect and the
development of the theory of stimulated emission

+ Paul Dirac (1902-1984) developed the theoretical framework for describing the interaction between
light and matter in terms of creation and annihilation operators, providing a foundation for the quantum
theory of the electromagnetic field
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* Erwin Schrédinger (1887-1961) and Werner Heisenberg (1901-1976) made fundamental contributions
to the development of quantum mechanics, including the formulation of the Schrédinger equation and
the uncertainty principle, which have been essential for the understanding of quantum optical
phenomena

Modern Quantum Optics Researchers

* Roy J. Glauber (1925-2018) developed the quantum theory of coherence, establishing a rigorous
mathematical framework for describing the coherence properties of light and the interaction between
light and matter

+ Serge Haroche (1944-) and David J. Wineland (1944-) were awarded the Nobel Prize in Physics in
2012 for their pioneering work on the manipulation and measurement of individual quantum systems,
which has had a profound impact on the field of quantum optics and quantum information processing

* Peter Zoller (1952-) and Ignacio Cirac (1965-) have made significant contributions to the theory of
quantum optics and quantum information, including the development of schemes for quantum
computation and communication using trapped ions and atoms

« Jeff Kimble (1949-) and Anton Zeilinger (1945-) have been at the forefront of experimental quantum
optics, with groundbreaking work on cavity quantum electrodynamics, quantum teleportation, and the
generation and manipulation of entangled states of light and matter

1.2 Fundamentals of classical and quantum light

Light is a fascinating phenomenon that bridges classical and quantum physics. In classical optics, light
behaves as electromagnetic waves, while quantum optics reveals its particle-like nature as photons. This
duality leads to unique properties and behaviors that challenge our everyday understanding of light.

Quantum light exhibits phenomena like entanglement, non-classical correlations, and discrete energy
levels. These properties form the foundation for cutting-edge technologies in quantum communication,
computing, and sensing, pushing the boundaries of what's possible with light manipulation and information
processing.

Classical vs Quantum Light

Properties of Classical and Quantum Light

* Classical light is described by Maxwell's equations as electromagnetic waves, while quantum light is
described by photons, which are quantized particles of light

* Classical light exhibits properties such as intensity, wavelength, and polarization, while quantum light
exhibits properties such as photon number, photon energy, and photon polarization

* Classical light can have any energy value, while quantum light has discrete energy levels determined
by the frequency of the photons (E = hv)

* Classical light can be described by continuous wave functions, while quantum light is described by
discrete, probabilistic wave functions

Unique Phenomena in Quantum Light

+ Classical light obeys the superposition principle, while quantum light exhibits unique phenomena such
as entanglement and non-classical correlations
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» Entanglement occurs when two or more quantum systems (photons) are correlated in such a way that
the state of one system cannot be described independently of the others, even when the systems are
separated by large distances

* Non-classical correlations in quantum light, such as photon bunching and antibunching, cannot be
explained by classical electromagnetic theory and require a quantum description

» Quantum light can exhibit sub-Poissonian statistics, where the fluctuations in photon number are
smaller than those predicted by classical statistics (Poissonian)

* Squeezed states of light, where the uncertainty in one quadrature (phase or amplitude) is reduced
below the standard quantum limit at the expense of increased uncertainty in the other quadrature, are a
unique feature of quantum light

Photons in Quantum Optics

Properties of Photons

* Photons are the fundamental particles of light in quantum optics, carrying energy, momentum, and
angular momentum

- The energy of a photon is given by E = hv, where h is Planck's constant and V is the frequency of the
light

* Photons exhibit wave-particle duality, displaying both wave-like and particle-like properties depending
on the measurement context

* Photons have a spin of 1 and are classified as bosons, which means they follow Bose-Einstein
statistics and can occupy the same quantum state

Photon Interactions with Matter

* Photons can be created and annihilated through processes such as emission and absorption by
atoms or molecules

* The interaction between photons and matter is the foundation of many quantum optical phenomena,
such as spontaneous and stimulated emission, absorption, and scattering

» Spontaneous emission occurs when an atom or molecule in an excited state emits a photon and
transitions to a lower energy state without external stimulation

« Stimulated emission occurs when an incoming photon interacts with an atom or molecule in an excited
state, causing it to emit an additional photon with the same frequency, phase, and direction as the
incoming photon (the basis for lasers)

* Absorption occurs when a photon is absorbed by an atom or molecule, causing it to transition to a
higher energy state

« Scattering processes, such as Rayleigh, Raman, and Compton scattering, involve the interaction
between photons and matter, leading to changes in the photon's energy, frequency, or direction

Photon Entanglement

* Photons can be entangled, exhibiting non-classical correlations that are essential for quantum
communication and computation
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» Entangled photons can be generated through processes such as spontaneous parametric
down-conversion (SPDC) or four-wave mixing (FWM)

» Entangled photon pairs exhibit correlations in properties such as polarization, energy, and momentum,
which cannot be explained by classical theories

* Bell states, such as |®¥)= %”HH) + |VV)), are maximally entangled two-photon states that form
the basis for many quantum communication protocols (quantum key distribution)

» Entanglement swapping allows the creation of entanglement between two photons that have never
interacted directly, by performing a joint measurement on two other entangled photons

Wave-Particle Duality of Light

Experimental Evidence

» Wave-particle duality is the concept that light exhibits both wave-like and particle-like properties,
depending on the measurement context

* The double-slit experiment demonstrates the wave-like nature of light, showing interference patterns
when light passes through two slits

* In the double-slit experiment, the interference pattern is observed even when photons are sent
through the slits one at a time, indicating that each photon interferes with itself

» The photoelectric effect demonstrates the particle-like nature of light, showing that light is absorbed
and emitted in discrete packets called photons

* In the photoelectric effect, the kinetic energy of the emitted electrons depends on the frequency of the
incident light, not its intensity, supporting the photon hypothesis

Implications and Applications

* The de Broglie wavelength (/\ = h/P) relates the wavelength of a particle to its momentum,
highlighting the wave-particle duality of matter as well

» The wave-particle duality of light has implications for the interpretation of quantum mechanics, leading
to concepts such as the Copenhagen interpretation and the role of measurement in determining the
state of a quantum system

» The Copenhagen interpretation asserts that the wave function represents the probability distribution of
the particle's position and that the act of measurement collapses the wave function, forcing the particle
into a definite state

» The wave-particle duality also has practical implications for the design and operation of quantum
optical devices, such as single-photon sources and detectors

« Single-photon sources, such as quantum dots or nitrogen-vacancy centers in diamond, exploit the
particle-like nature of photons to generate individual photons on demand

« Single-photon detectors, such as avalanche photodiodes or superconducting nanowire detectors, rely
on the particle-like nature of photons to detect individual photons with high efficiency and low noise
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Coherence and Interference in Quantum Optics

Coherence Properties

» Coherence refers to the ability of light to exhibit a fixed phase relationship between different points in
space and time

» Temporal coherence is related to the monochromaticity of the light source, with longer coherence
times corresponding to more monochromatic light

* The coherence time (Tc) is inversely proportional to the spectral bandwidth (Av) of the light source:
T.=1/Av

* Spatial coherence is related to the size of the light source, with smaller sources producing more
spatially coherent light

» The spatial coherence area (Ac) is inversely proportional to the solid angle (Q) subtended by the
source: Ac=A?/Q

Quantum Interference Phenomena

* Interference occurs when two or more coherent light waves overlap, resulting in a pattern of
constructive and destructive interference

* Quantum interference can be observed in experiments such as the Hong-Ou-Mandel effect, where
two indistinguishable photons entering a beam splitter always exit together, demonstrating the bosonic
nature of photons

* In the Hong-Ou-Mandel effect, when two identical photons simultaneously enter a 50:50 beam splitter,
they always exit the beam splitter together, either both in one output port or both in the other, due to
destructive interference of the probability amplitudes for the photons to exit in different output ports

» Quantum interference is the foundation for many quantum information processing tasks, such as
linear optical quantum computing (LOQC) and boson sampling

* In LOQC, quantum gates are implemented using linear optical elements (beam splitters and phase
shifters) and single-photon sources, relying on quantum interference to perform the desired
transformations on the photonic qubits

* Boson sampling is a computational task that exploits the quantum interference of multiple
indistinguishable photons in a linear optical network to solve problems that are believed to be
intractable for classical computers

Applications of Coherence and Interference

» Coherence and interference are crucial for applications such as quantum cryptography, quantum
metrology, and quantum imaging, where the unique properties of quantum light are exploited to achieve
enhanced performance or security

* In quantum key distribution (QKD), the coherence and interference properties of single photons are
used to establish a secure encryption key between two parties, with the security guaranteed by the laws
of quantum mechanics (BB84 protocol)

» Quantum metrology exploits the sensitivity of quantum interference to small changes in phase or other
parameters to achieve ultra-precise measurements, surpassing the limits of classical metrology (LIGO
gravitational wave detector)
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» Quantum imaging techniques, such as ghost imaging and quantum illumination, rely on the spatial
correlations and interference of entangled photon pairs to image objects with improved resolution,
sensitivity, or noise reduction compared to classical imaging techniques

1.3 Key concepts and applications in quantum optics

Quantum optics unveils mind-bending concepts like entanglement and superposition. These phenomena
defy classical physics, enabling secure communication and ultra-fast computing. It's like discovering a
hidden world where particles can be in multiple places at once and instantly communicate across vast
distances.

From unbreakable encryption to computers that solve impossible problems, quantum optics is
revolutionizing technology. It's pushing the boundaries of sensing, allowing us to detect the faintest signals
and measure things with unprecedented precision. The future is quantum, and it's already here.

Quantum entanglement and superposition

Fundamental principles and paradoxes

* Quantum entanglement
* Phenomenon where two or more particles are interconnected
» Quantum state of each particle cannot be described independently, regardless of distance

« Exhibits correlations that cannot be explained by classical physics (instantaneous communication,
violation of local realism)

* Quantum superposition

» Fundamental principle of quantum mechanics

* Quantum system can exist in multiple states simultaneously until measured or observed
* Allows for the creation of quantum bits (qubits) in a superposition of 0 and 1 states

» Enables quantum computing and communication protocols

* Key resources in quantum information processing

* Allow for the implementation of quantum algorithms and protocols that outperform classical
counterparts

* Einstein-Podolsky-Rosen (EPR) paradox and Bell's inequality
* Demonstrate the non-local nature of quantum entanglement

* Incompatibility with local hidden variable theories

Applications in quantum information processing

* Quantum communication protocols (quantum key distribution - QKD)

* Exploit principles of quantum mechanics for secure communication channels resistant to
eavesdropping

* Quantum cryptography

» Based on the no-cloning theorem and detection of measurement attempts
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* Provides unconditional security for the exchange of cryptographic keys
* Quantum computing

» Harnesses quantum superposition and entanglement for exponentially faster computation (factoring
large numbers, simulating complex quantum systems)

* Quantum algorithms
+ Shor's algorithm for integer factorization
* Grover's algorithm for database search

» Demonstrate potential in solving computationally intensive problems

Applications of quantum optics

Quantum communication and cryptography

» Quantum communication protocols (quantum key distribution - QKD)

+ Exploit principles of quantum mechanics for secure communication channels resistant to
eavesdropping

* Quantum cryptography

* Based on the no-cloning theorem and detection of measurement attempts

* Provides unconditional security for the exchange of cryptographic keys

* Potential for quantum communication networks

« Distribution of entangled photons enables secure long-distance communication

* Creation of a global quantum internet

Quantum computing and algorithms

* Quantum computing

* Harnesses quantum superposition and entanglement for exponentially faster computation (factoring
large numbers, simulating complex quantum systems)

* Quantum algorithms

« Shor's algorithm for integer factorization

* Grover's algorithm for database search

» Demonstrate potential in solving computationally intensive problems
* Applications in various fields

* Drug discovery

 Materials science

* Optimization problems
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Quantum sensing and metrology

» Quantum sensing techniques (quantum metrology, quantum imaging)

« Leverage sensitivity of quantum systems to external perturbations for unprecedented precision
measurements

* Applications of quantum sensing

* Gravitational wave detection

» Magnetic field sensing

* High-resolution imaging

* Potential impacts in astronomy, geology, and medical diagnostics
* Quantum-enhanced sensing

* Detection of weak signals otherwise obscured by quantum noise

Squeezed states and their uses

Generation and properties

» Squeezed states

+ Class of quantum states with reduced uncertainty in one quadrature (position or momentum) below
the standard quantum limit

* Increased uncertainty in the conjugate quadrature
* Generation methods
* Nonlinear optical processes (parametric down-conversion, four-wave mixing)

» Atomic ensembles and cavity optomechanics

Applications in quantum technologies

* High-precision measurements

+ Gravitational wave detection

» Enhanced sensitivity of interferometric detectors by reducing quantum noise
* Continuous-variable quantum information processing

* Manipulation of squeezed states to encode and process quantum information
* Alternative to discrete-variable approach based on single photons

* Quantum-enhanced sensing

* Detection of weak signals otherwise obscured by quantum noise
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Quantum optics in technology

Quantum technologies and devices

* Foundation for the development of quantum technologies

* Revolutionary impact on communication, computing, and sensing

* Integration with other technologies

» Nanophotonics and optoelectronics

* Novel hybrid quantum devices and systems with enhanced functionality and performance
* Realization of quantum supremacy

» Quantum devices outperforming classical counterparts in specific tasks

* Paving the way for widespread adoption of quantum technologies

Potential applications and impact

* Quantum communication networks

» Secure communication over long distances

+ Creation of a global quantum internet

* Quantum computing

* Solving intractable problems for classical computers (drug discovery, materials science, optimization)
+ Ultra-sensitive detectors

* Detection of various physical quantities

* New discoveries in fundamental physics

* Practical applications in industry and medicine

1.4 Mathematical tools for quantum optics

Quantum optics relies heavily on mathematical tools to describe light-matter interactions at the quantum
level. Dirac notation, operator algebra, and density matrices form the foundation for representing and
manipulating quantum states and observables in optical systems.

The quantum harmonic oscillator model is crucial for understanding electromagnetic fields in quantum
optics. It introduces key concepts like Fock states, coherent states, and squeezed states, which are
essential for describing various quantum optical phenomena and applications.

Dirac Notation for Quantum States

Bra-Ket Notation and Quantum State Representation

« Dirac notation (bra-ket notation) provides a standard way to describe quantum states and operators in
quantum mechanics
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« A "ket" |@) represents a column vector in a complex Hilbert space and describes the state of a
quantum system

« The "bra" (¢/| is the Hermitian conjugate (complex conjugate transpose) of the ket and represents a
row vector

* The inner product of two states |@) and |9} is written as (¢|®), which yields a complex number

* The outer product of two states is written as [@)@|, which results in an operator

Basis States and Quantum State Expansion

« Orthonormal basis states, such as |0) and |1) for a two-level system (qubit), satisfy the orthonormality
condition: {i|f} = 0ij, where Olj is the Kronecker delta

« Example: For a qubit, (0]0) =(1|1) =1 and (0|1) = (1]0) =0

« A quantum state can be expressed as a linear combination of basis states: |¢) = Zici|i), where ci are
complex coefficients satisfying the normalization condition Zi|ci|? = 1

« Example: A qubit state can be written as [¢) = @|0) + B|1), where |a|? + |8 =1

« The expectation value of an observable A in a state |¥) is given by {A) = (@|A]@), which results in a
real number

« Example: For a Pauli-Z operator 0Z = |0}{0| — |1){1], the expectation value in state
lg) = al0) + B|1)} is (0z) = |a|® — |B|?

Operator Algebra in Quantum Optics

Commutators, Anti-commutators, and their Applications

« Operators in quantum mechanics are linear operators acting on the Hilbert space of quantum states
and can represent observables (position, momentum, energy) or transformations of the quantum
system

+ The commutator of two operators A and B is defined as [A, Bl = AB — BA
» Two operators commute if their commutator is zero

 The commutation relation between position (X) and momentum (P) operators is [x,p]=ih where A
is the reduced Planck's constant

» The anti-commutator of two operators A and B is defined as A, B = AB + BA
* Fermionic creation and annihilation operators satisfy the anti-commutation relations

« Example: For fermionic operators € and ¢!, c,cf=1andc,c=c',cf=0

Eigenvalues, Eigenstates, and Spectral Decomposition

« Eigenvalues and eigenstates of an operator A are defined by the eigenvalue equation Aly) = aly),
where @ is the eigenvalue and |@) is the corresponding eigenstate

« Example: For the Pauli-Z operator 0Z, the eigenstates are |0) and |1) with eigenvalues +1 and —1,
respectively
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« The spectral decomposition of an operator A is given by A = Ziailai}{ai|, where ai are the
eigenvalues and |af) are the corresponding eigenstates

« Example: The spectral decomposition of the Pauli-Z operator is 0Z = [0}{0] — |1)}{1]

« The time evolution of a quantum state |¢/(t)) is governed by the Schrodinger equation:
iha|y(t))/ot = H|w(t)), where H is the Hamiltonian operator representing the total energy of the
system

« The time evolution operator U(t) is a unitary operator that relates the state at time t to the initial state:
lp(t)) = U()|w(0))

« For time-independent Hamiltonians, U(t) = exp(—iHt/h)
Density Matrices in Quantum Systems

Density Matrix Formalism and Properties

« The density matrix (or density operator) P is a Hermitian, positive semidefinite operator with unit trace
(TF(P) =1 ) that provides a complete description of a quantum system, including both pure and mixed
states

« For a pure state |¥), the density matrix is given by the outer product © = |¢){(|

« Example: For a qubit state |¢} = a|0) + B|1}, the density matrix is
p = a|?|0)(0] + aB " |ON1| +a  B|1NO| + |B|*|1)(1]|

* For a mixed state, the density matrix is a convex combination of pure state density matrices:
P = Zipi|lwiyi| where PI are the probabilities associated with each pure state |@i)

« Example: A mixed state of a qubit can be represented as 0 = P|OXO| + (1 — p)|1){1], where
O=p=1

Applications of Density Matrices

» The expectation value of an observable A in a state described by the density matrix P is given by
(A) =Tr(pA)

« Example: For a qubit density matrix © and Pauli-Z operator 0Z, the expectation value is
{oz) = Tr(poz)

+ The von Neumann entropy of a quantum state described by the density matrix P is defined as
S(p) = =Tr(plogp) , which quantifies the degree of mixedness of the state

« For pure states, S(0) = 0, while for maximally mixed states, S(0) is maximal

« Example: For a maximally mixed qubit state © = (|O}O[ + |1}{1])/2, the von Neumann entropy is
S(p) =log2

« The time evolution of the density matrix is governed by the von Neumann equation: fhdp/at = [H, p],
where H is the Hamiltonian of the system

* Density matrices are particularly useful for describing open quantum systems that interact with their
environment, as well as for studying quantum entanglement and decoherence
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Quantum Harmonic Oscillator for Optical Systems

Hamiltonian and Fock States

* The quantum harmonic oscillator (QHO) is a fundamental model in quantum mechanics that describes
a system with a quadratic potential energy and is widely used to model various physical systems,
including electromagnetic fields in quantum optics

« The Hamiltonian of a QHO is given by H = Aw(a'a + 1/2), where W is the angular frequency of the
oscillator, and a' and @ are the creation and annihilation operators, respectively

* These operators satisfy the commutation relation [a, all=1

« The eigenstates of the QHO Hamiltonian are the Fock states (or number states) |N), which are
characterized by the number of quanta (photons) in the oscillator

« The energy eigenvalues are given by En = hw(n + 1/2), wheren=0,1,2, ...

« Example: The ground state |0} has energy EQ = Aw/2, while the first excited state |1} has energy
El =3hw/2

Coherent and Squeezed States

« The creation and annihilation operators act on the Fock states as follows: at[n) =v(n + 1)|n + 1)
and aln) =vn|n —1)

* They can be used to construct other important quantum states, such as coherent states and squeezed
states

« Coherent states |@) are eigenstates of the annihilation operator (8|@) = @|Q}) and describe the
output of an ideal laser

* They are characterized by a complex amplitude @ and exhibit Poissonian photon number statistics
- Example: A coherent state with @ = 1 can be expressed as |a@ = 1) = e~Y2zn(1"/Vn!)|n)

» Squeezed states are quantum states that have reduced uncertainty in one quadrature (position or
momentum) at the expense of increased uncertainty in the other quadrature

» They can be generated by applying a squeezing operator S(§) = exp[(§*a*2 - £a*t2)/2] to a coherent
state or vacuum state

* Example: A squeezed vacuum state with squeezing parameter & =rcanbe expressed as
5(r)|0) = (1/Ycoshr)Zn(—=1)"(tanhr)"/(2"n! )}2(2n)! |2n)

The QHO model is essential for understanding various quantum optical phenomena, such as light-matter
interactions, cavity quantum electrodynamics, and quantum information processing with continuous
variables.
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Unit 2 — Quantum States of Light

2.1 Fock states and coherent states

Fock states and coherent states are key concepts in quantum optics. Fock states have a fixed number of
photons, while coherent states resemble classical light waves. These states showcase the quantum nature
of light and its particle-wave duality.

Understanding these states is crucial for grasping quantum light behavior. Fock states exhibit non-classical
properties like photon antibunching, while coherent states have Poissonian photon distributions. Their
differences highlight the unique features of quantum light.

Fock states and their properties

Definition and characteristics

* Fock states, also known as number states, are quantum states with a well-defined number of photons

* Fock states are eigenstates of the photon number operator, with the eigenvalue being the number of
photons in the state

» The photon number operator is defined as the product of the creation and annihilation operators (

A oAt oA
n=a a)

* Fock states are orthogonal to each other, meaning that the inner product of two different Fock states is
zero ((N|M) = 6pm)

« The vacuum state is a special Fock state with zero photons (|0))

Non-classical properties

* Fock states are non-classical states of light, as they exhibit properties that cannot be explained by
classical electromagnetism

* Fock states have a well-defined photon number, which is a purely quantum mechanical concept

* Fock states can exhibit sub-Poissonian photon number statistics, with a variance smaller than the
mean photon number

* Fock states can demonstrate photon antibunching, where the probability of detecting two photons
simultaneously is lower than that of classical light sources

* Fock states can be used to create entangled states (NOON states) and demonstrate quantum
interference effects

Coherent states: characteristics and generation

Characteristics of coherent states

» Coherent states are quantum states that most closely resemble classical electromagnetic waves

» Coherent states are eigenstates of the annihilation operator, with the eigenvalue being the complex
amplitude of the state (a|a) = ala))
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* The complex amplitude (&) determines the average number of photons (|Gt|2) and the phase of the
coherent state

* Coherent states have a Poissonian photon number distribution, with the variance equal to the mean
photon number ({(AR)?) = |a|?)

+ Coherent states maintain their shape and properties under the action of the annihilation operator (
ala) = aja))

Generation of coherent states

» Coherent states can be generated by a laser operating far above its threshold, where the gain medium
acts as a classical current source

* The laser cavity selects a single mode of the electromagnetic field, and the gain medium amplifies this
mode to create a coherent state

+ Displacement operators can be used to generate coherent states from the vacuum state (
|a} = D(a)|0))

* The displacement operator is defined as .'5(a) = exp(aa f_ a”a)

* Applying the displacement operator to the vacuum state shifts the state in phase space by the
complex amplitude &

Fock states vs Coherent states

Photon number and eigenstate properties

* Fock states have a well-defined photon number, while coherent states have an average photon
number with a Poissonian distribution

* Fock states are eigenstates of the photon number operator (r3|n) = n|n}), while coherent states are
eigenstates of the annihilation operator (a|a@) = a|a))

Classical and non-classical properties

* Fock states are non-classical states of light, while coherent states closely resemble classical
electromagnetic waves

« Fock states are orthogonal to each other ({1[M) = 6,m), while coherent states are not orthogonal
and have a non-zero overlap ({@|B) = exp(—|a — B|?/2))

Sensitivity to photon loss

* Fock states are more sensitive to photon loss than coherent states, as the loss of a single photon can
significantly alter the state

« The loss of a photon from a Fock state |N) results in a transition to the state |7 — 1)

+» Coherent states maintain their properties under photon loss, with only a decrease in the average
photon number

« The loss of a photon from a coherent state |Q) results in a transition to a coherent state with a slightly
reduced amplitude |@'), where |&'|* = |a]? — 1
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Photon number distribution: Fock vs Coherent

Fock state photon number distribution

* The photon number distribution describes the probability of measuring a specific number of photons in
a given state

* For a Fock state |n), the photon number distribution is a delta function centered at N, meaning that
the probability of measuring N photons is 1, and the probability of measuring any other number of
photons is 0 (P(mM) = 6mn)

Coherent state photon number distribution

+ Coherent states have a Poissonian photon number distribution, characterized by the mean photon
number |a|2, where @ is the complex amplitude of the coherent state

* The probability of measuring N photons in a coherent state la) is given by the Poisson distribution:
2
P(n) = (Ja|*"e~1al")/n!

* The variance of the photon number distribution for a coherent state is equal to the mean photon
number, 02 = |a|?

Comparison of photon number distributions

* As the average photon number increases, the photon number distribution of a coherent state becomes
more sharply peaked around the mean value, resembling a Gaussian distribution

* For large values of |C(|2, the Poisson distribution can be approximated by a Gaussian distribution with
mean |a|? and variance |@|?

* Fock states have a fixed photon number, while coherent states have a distribution of photon numbers
centered around the average value

« This difference in photon number distributions leads to distinct properties and applications for Fock
states and coherent states in quantum optics and quantum information processing

2.2 Squeezed states and thermal states

Squeezed states and thermal states are key players in quantum optics. They showcase the weird and
wonderful world of quantum light, where uncertainty can be manipulated and photons behave in
unexpected ways.

These states have practical applications too. Squeezed states improve precision measurements and
enable secure communication, while thermal states help us understand how light behaves at different
temperatures. Understanding both is crucial for advancing quantum technologies.

Squeezed states: properties and generation

Properties of squeezed states

» Squeezed states are quantum states of light with reduced uncertainty in one quadrature (amplitude or
phase) at the expense of increased uncertainty in the conjugate quadrature, while still satisfying the
Heisenberg uncertainty principle

» The squeezing parameter (denoted as r) quantifies the degree of squeezing in a squeezed state
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« Larger values of r result in greater squeezing effect

» Squeezed states can be classified as amplitude-squeezed (reduced uncertainty in the amplitude
quadrature) or phase-squeezed (reduced uncertainty in the phase quadrature) depending on the
quadrature with reduced uncertainty

* The electric field of a squeezed state can be represented as a combination of the coherent state and
the squeezing operator acting on the vacuum state

» The photon number distribution of a squeezed state is different from that of a coherent state,
exhibiting sub-Poissonian or super-Poissonian statistics depending on the type of squeezing

Generation of squeezed states

» Squeezed states can be generated through nonlinear optical processes
» Parametric down-conversion

* Four-wave mixing

* Interaction of light with nonlinear media (nonlinear crystals)

» The generation process involves the interaction of a strong pump field with a nonlinear medium,
resulting in the production of correlated photon pairs or quadrature squeezing

* The properties of the generated squeezed state depend on the characteristics of the nonlinear
interaction (phase matching, pump power, crystal length)

» Experimental techniques for generating squeezed states include optical parametric oscillators (OPOs)
and optical parametric amplifiers (OPAs)

Thermal states: characteristics and photon statistics

Characteristics of thermal states

» Thermal states are mixed quantum states that describe the equilibrium state of a quantum system in
contact with a thermal reservoir at a given temperature

* The density matrix of a thermal state is given by the Gibbs distribution, which depends on the
temperature and the Hamiltonian of the system

» Thermal states have higher entropy compared to pure states, reflecting the statistical mixture of
different photon number states

» The quantum state purity of a thermal state decreases with increasing temperature, approaching a
maximally mixed state at high temperatures

* The electric field of a thermal state has random phase fluctuations, resulting in a lack of phase
coherence

Photon statistics of thermal states

» Thermal states exhibit a Bose-Einstein photon number distribution, characterized by an average
photon number that depends on the temperature and the frequency of the mode

» The photon statistics of thermal states follow a super-Poissonian distribution, with a variance larger
than the mean photon number
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* This contrasts with the Poissonian statistics of coherent states, where the variance equals the mean
* The probability of observing n photons in a thermal state decreases exponentially with increasing n

» The second-order correlation function g(z)(O) for thermal states is equal to 2, indicating photon
bunching and strong intensity fluctuations

Quadrature variances for squeezed states

Quadrature operators and variances

» The quadrature operators, denoted as X and P, represent the amplitude and phase quadratures of the
electromagnetic field, respectively

* For a squeezed state, the variance of one quadrature (e.g., X) is reduced below the standard quantum
limit (SQL) of 1/4, while the variance of the conjugate quadrature (e.g., P) is increased above the SQL

* The product of the quadrature variances for a squeezed state always satisfies the Heisenberg
uncertainty principle: AX?AP%=(1/4)?

Calculating quadrature variances

» The quadrature variances of a squeezed state can be calculated using the squeezing parameter (r)
and the squeezing angle (9)

« The variance of the squeezed quadrature is given by AX? = (1/4)e ™", where r is the squeezing
parameter

« The variance of the anti-squeezed quadrature is given by AP? = (1/4)e?"

» The squeezing parameter (r) determines the degree of squeezing, with larger values of r resulting in
greater squeezing and increased quadrature variance in the anti-squeezed quadrature

» The squeezing angle (@) determines the orientation of the squeezing ellipse in phase space,
specifying the quadrature with reduced variance

Applications of squeezed states in quantum optics

Precision measurements

» Squeezed states find applications in precision measurements, as they can enhance the sensitivity of
optical measurements beyond the standard quantum limit

« Gravitational wave detection using interferometers (LIGO) can benefit from squeezed states to
improve the signal-to-noise ratio and increase the detection sensitivity

» Squeezed states can be used in optical magnetometry to enhance the sensitivity of magnetic field
measurements

» Quantum metrology utilizes squeezed states to enable sub-shot-noise measurements and enhance
the precision of parameter estimation in optical systems

Fiveable archived study guides Page 19



Quantum communication and information processing

* Quantum communication protocols, such as continuous-variable quantum key distribution (CV-QKD),
can employ squeezed states to achieve secure communication with increased key rates and improved
security against eavesdropping

» Squeezed states are used in quantum information processing, serving as a resource for
continuous-variable quantum computation and quantum simulation

* The generation and manipulation of squeezed states are essential for studying fundamental aspects
of quantum optics

* Nonclassical light
* Quantum entanglement
» Quantum-to-classical transition

» Quantum imaging techniques, such as ghost imaging and quantum illumination, can utilize squeezed
states to improve image quality and enhance the detection of weak signals in the presence of
background noise

2.3 Quantum superposition and mixed states

Quantum superposition and mixed states are key concepts in understanding the nature of quantum
systems. They reveal how particles can exist in multiple states simultaneously and how quantum systems
can be described as probabilistic mixtures of different states.

These ideas are crucial for grasping the unique properties of quantum light. They explain phenomena like
entanglement and interference, which are essential for quantum technologies like computing and
cryptography. Understanding these concepts is vital for exploring the quantum world.

Quantum superposition and its significance

Fundamentals of quantum superposition

* Quantum superposition is a fundamental principle of quantum mechanics where a quantum system
can exist in multiple states simultaneously until it is measured or observed

« Superposition is mathematically represented by a linear combination of the basis states, with
coefficients determining the probability amplitudes of each state

* For example, a qubit can be in a superposition of the states |0) and |1), written as |g) = a|0) + B|1),
where a and B are complex coefficients

* The act of measurement or observation collapses the superposition, causing the quantum system to
randomly assume one of the possible states according to the probability amplitudes

* In the qubit example, measuring the superposition state |w) will result in either the state |0> or |1), with
probabilities |a|?> and |BJ?, respectively

Significance in quantum optics

« In quantum optics, superposition allows for the creation of quantum states of light that exhibit
properties not possible with classical light, such as entanglement and quantum interference
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» Entangled photon pairs, such as those produced by spontaneous parametric down-conversion
(SPDC), are in a superposition of multiple polarization states

» Quantum superposition enables the development of quantum technologies, such as quantum
computing, quantum cryptography, and quantum sensing

» Quantum key distribution (QKD) protocols, like BB84, rely on the superposition of photon polarization
states to ensure secure communication

+ Superposition is a crucial ingredient for implementing quantum algorithms and quantum gates, which
exploit the parallelism of quantum states to perform certain computations more efficiently than classical
computers

Pure vs mixed states

Characteristics of pure states

* Pure states are quantum states that can be described by a single state vector or wave function,
representing a definite quantum state with no classical uncertainty

* Pure states exhibit perfect coherence and can be represented by a single point on the Bloch sphere

* For example, the pure states |0) and |1) are represented by the north and south poles of the Bloch
sphere, respectively

» The density matrix of a pure state has a single non-zero eigenvalue equal to 1, while all other
eigenvalues are zero

* For a pure state |g), the density matrix is given by p = |w){y|, which is a projection operator onto the
state vector

Characteristics of mixed states

» Mixed states are statistical ensembles of pure states, where the system is in a combination of different
pure states with corresponding probabilities

» Mixed states have reduced coherence and are represented by a point inside the Bloch sphere

» The maximally mixed state, represented by the center of the Bloch sphere, is an equal mixture of all
possible pure states

» The density matrix of a mixed state has multiple non-zero eigenvalues summing to 1

* For a mixed state, the density matrix is a weighted sum of the density matrices of the constituent pure
states: p = 2. pi |[wi<yi|, where pi is the probability of the system being in the pure state |yp

Density matrices for quantum states

Constructing density matrices for pure states

* For a pure state |y), the density matrix is given by p = |g)<y|, which is the outer product of the state
vector with its conjugate transpose

* For example, the density matrix of the pure state |y) = a|0) + B|1) is given by: p = |w)(y| = (a|0> +
BI1)(a<O] + B<1]) = |al?|0><0] + ap|0y<1| + aB|1)<0] + [BI?|1)>{1]

» The density matrix of a pure state is a projection operator, satisfying p?> = p and Tr(p?) = 1
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Constructing density matrices for mixed states

* For a mixed state, the density matrix is a weighted sum of the density matrices of the constituent pure
states: p = 2. pi |WiX<Wi|, where pi is the probability of the system being in the pure state |y

» For example, a mixed state consisting of a 60% probability of being in the state |0) and a 40%
probability of being in the state |1) has the density matrix: p = 0.6]/0)>¢0| + 0.4]|1)(1|

 The density matrix is a Hermitian, positive semidefinite matrix with unit trace (Tr(p) = 1), ensuring that
the probabilities sum to 1

Properties of quantum states using density matrices

Calculating expectation values and probabilities

+» The density matrix formalism allows for the calculation of expectation values of observables without
explicit knowledge of the state vector, using the trace operation: (A) = Tr(pA)

* For example, the expectation value of the Pauli-Z operator (g_z) for a qubit state p is given by (o_z) =
Tr(po_z)

* The probability of measuring a quantum state in a particular basis state |i) is given by the diagonal
elements of the density matrix: P(i) = <i|p[i)

+ For a qubit, the probabilities of measuring the states |0) and |1) are given by P(0) = peo and P(1) = p11,
respectively

Quantifying purity and entanglement

* The purity of a quantum state can be determined by the trace of the squared density matrix: Tr(p?)
* A pure state has Tr(p?) = 1, while a mixed state has Tr(p?) < 1

* The linear entropy, defined as S_L(p) = 1 - Tr(p?), quantifies the degree of mixedness, with 0 for pure
states and 1 for maximally mixed states

* The von Neumann entropy, S(p) = -Tr(p log p), quantifies the amount of uncertainty or mixedness in a
quantum state

* Pure states have zero entropy, while mixed states have non-zero entropy

» The maximum entropy for a d-dimensional quantum system is log(d), corresponding to the maximally
mixed state

» The reduced density matrix, obtained by performing a partial trace over a subsystem, allows for the
description of entanglement and correlations between subsystems in a composite quantum system

* For a bipartite system p_AB, the reduced density matrix of subsystem A is given by p_A = Tr_B(p_AB)

» Entanglement between subsystems can be quantified using measures such as entanglement entropy,
concurrence, or negativity, which are calculated from the reduced density matrices
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Unit 3 — Coherence and Interference

3.1 Classical and quantum coherence

Classical and quantum coherence are key concepts in understanding light's behavior. They differ in
fundamental ways, with classical coherence describing wave relationships and quantum coherence dealing
with quantum states. These ideas are crucial for grasping interference and superposition.

Coherence plays a vital role in various optical phenomena. It's essential for creating interference patterns,
holograms, and enabling applications like lasers and quantum communication. Understanding coherence
is key to unlocking the potential of light in both classical and quantum realms.

Classical vs Quantum Coherence

Fundamental Differences

+ Classical coherence refers to the phase relationship between electromagnetic waves, while quantum
coherence describes the phase relationship between quantum states of a system

« Classical coherence is a statistical property of an ensemble of waves, whereas quantum coherence is
a property of individual quantum systems

« Classical coherence can be described using classical electromagnetic theory, while quantum
coherence requires the framework of quantum mechanics

Unique Quantum Properties

* The superposition principle in quantum mechanics allows for the existence of coherent superpositions
of quantum states, which have no classical analog

» Quantum systems can exist in a linear combination of multiple states simultaneously, leading to
phenomena such as quantum interference and entanglement

» Quantum coherence is essential for phenomena such as entanglement and quantum interference,
which are not present in classical systems

» Entanglement occurs when the quantum states of two or more particles are correlated, even when
separated by large distances

» Quantum interference arises from the superposition of quantum states, resulting in constructive or
destructive interference patterns

Coherence in Optical Phenomena

Interference and Holography

* Interference patterns in Young's double-slit experiment are a result of the coherence between light
waves from the two slits

* When coherent light passes through two closely spaced slits, the waves interfere constructively or
destructively, creating an alternating pattern of bright and dark fringes on a screen

» Coherence is necessary for the formation of holograms, which rely on the interference between a
reference beam and an object beam
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* Holograms are created by recording the interference pattern between a reference beam and light
scattered from an object, allowing for the reconstruction of a three-dimensional image

Coherent Light Sources and Applications

« Laser light exhibits high spatial and temporal coherence, enabling applications such as high-precision
measurements and optical communication

* The high coherence of laser light allows for the creation of highly focused beams, making them ideal
for applications such as laser cutting, laser surgery, and optical tweezers

+» Coherent light sources are essential for techniques like optical coherence tomography (OCT), which
uses the coherence properties of light to create high-resolution images of biological tissues

» OCT measures the interference between light reflected from different depths within a sample, enabling
the reconstruction of detailed cross-sectional images

» Coherence plays a crucial role in the generation and detection of entangled photon pairs, which are
used in quantum communication and quantum cryptography

» Entangled photon pairs exhibit strong correlations in their properties (polarization, momentum, etc.),
which can be used for secure communication and tests of quantum mechanics

Significance of Coherence in Quantum Optics

Quantum Interference and Computation

» Coherence is a prerequisite for observing quantum interference effects, such as the Hong-Ou-Mandel
effect, where two indistinguishable photons interfere at a beam splitter

» The Hong-Ou-Mandel effect demonstrates the quantum nature of light and is used in quantum
information processing and quantum metrology

+ Maintaining coherence is essential for the successful implementation of quantum algorithms in optical
quantum computing

» Quantum algorithms, such as Shor's algorithm for factoring large numbers and Grover's algorithm for
searching unsorted databases, rely on the coherent manipulation of quantum states

Quantum State Engineering and Communication

» Coherence enables the creation and manipulation of quantum states of light, such as Fock states,
coherent states, and squeezed states

* Fock states are quantum states with a well-defined number of photons and are used in quantum
cryptography and quantum sensing

* Coherent states are quantum analogs of classical electromagnetic waves and are used in
continuous-variable quantum information processing

» Squeezed states have reduced uncertainty in one quadrature (phase or amplitude) and are used in
quantum metrology and gravitational wave detection

* The coherence time of a quantum system determines the duration over which quantum operations can
be performed before decoherence occurs

Fiveable archived study guides Page 24



» Decoherence is the loss of coherence due to interactions with the environment, which can destroy the
quantum properties of a system

* Preserving coherence is crucial for the realization of long-distance quantum communication using
optical fibers or free-space links

» Quantum repeaters, which rely on entanglement swapping and quantum memory, are being
developed to extend the range of quantum communication by mitigating the effects of decoherence

Spatial vs Temporal Coherence

Spatial Coherence

« Spatial coherence refers to the phase relationship between different points in the transverse profile of
a light beam

+ A spatially coherent source appears to emit light from a single point, resulting in a high degree of
phase correlation across the wavefront

* The spatial coherence of a light source determines its ability to produce interference patterns and is
related to the source's size and distance from the observation point

» Smaller sources and larger distances result in higher spatial coherence, as the wavefronts appear
more planar

« Spatial coherence is quantified by the transverse coherence length, which is the maximum separation
between two points on the wavefront that maintain a fixed phase relationship

* The transverse coherence length is proportional to the wavelength of the light and inversely
proportional to the angular size of the source

Temporal Coherence

» Temporal coherence describes the phase relationship between different points along the propagation
direction of a light wave

» A temporally coherent source emits light with a constant phase relationship over an extended period,
resulting in a narrow spectral bandwidth

» Temporal coherence is a measure of the phase relationship between different parts of a light wave
separated in time and is related to the spectral bandwidth of the source

» Narrower spectral bandwidths correspond to longer coherence times, as the phase relationship
remains stable for a longer duration

» Temporal coherence is quantified by the coherence time or coherence length, which is the maximum
time delay or path difference over which interference effects can be observed

» The coherence time is inversely proportional to the spectral bandwidth of the light source, while the
coherence length is the product of the coherence time and the speed of light

Comparison of Light Sources

* Lasers typically exhibit high spatial and temporal coherence due to their narrow spectral bandwidth
and small emitting area

Fiveable archived study guides Page 25



* The high coherence of laser light enables applications such as holography, interferometry, and
quantum optics experiments

» Thermal sources, such as incandescent bulbs, have low spatial and temporal coherence due to their
large emitting area and broad spectral bandwidth

» The low coherence of thermal sources limits their use in applications requiring precise phase control
or long-distance interference

3.2 First-order and higher-order coherence functions

Coherence functions are essential tools for understanding light's behavior. First-order functions measure
electric field correlations, revealing temporal coherence. Higher-order functions, like second-order,
examine intensity correlations, uncovering photon statistics and quantum properties.

These functions help distinguish between thermal, coherent, and non-classical light sources. By analyzing
coherence functions, we can determine coherence time, length, and photon statistics. This knowledge is
crucial for applications in quantum optics and information processing.

Coherence Functions: First-Order vs Higher-Order

Defining First-Order and Higher-Order Coherence Functions

» First-order coherence functions, denoted as g”((1))(1), measure the correlation between the electric
field at two different space-time points

* Provides information about the temporal coherence of a light source
* The degree of first-order coherence, |g*((1))(1)|, ranges from 0 to 1

* 1 represents perfect coherence

* 0 represents complete incoherence

+ Higher-order coherence functions, such as the second-order coherence function g*((2))(1), measure
the correlation between the intensities of the electric field at different space-time points

* Gives insights into the photon statistics and quantum nature of the light source

» The degree of second-order coherence, g*((2))(0), can be used to distinguish between different types
of light sources

« Thermal light (g*((2))(0) = 2)
+ Coherent light (g*((2))(0) = 1)
* Non-classical light (g*((2))(0) < 1)
Comparing First-Order and Higher-Order Coherence Functions
* First-order coherence functions focus on the correlation of the electric field amplitude
* Provides information about the temporal coherence and spectral properties of the light source

» Measured using interferometric techniques (Michelson interferometer)

« Higher-order coherence functions, particularly the second-order coherence function, focus on the
correlation of the electric field intensities
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* Reveals the photon statistics and quantum nature of the light source
» Measured using intensity correlation techniques (Hanbury Brown and Twiss interferometer)

 Enables the study of non-classical light sources (single-photon sources) and quantum effects (photon
bunching and anti-bunching)

Calculating Coherence Functions

Coherence Functions for Different Light Sources
+ Single-mode thermal light source
* First-order coherence function: g*((1))(1) = exp(-|1|/1_c), where 1_c is the coherence time
» Second-order coherence function at zero time delay: g*((2))(0) = 2
+ Coherent light source (ideal laser)
» First-order coherence function: g*((1))(1) = 1 (constant)
» Second-order coherence function at zero time delay: g*((2))(0) = 1
« Single-photon source (non-classical light)

» Second-order coherence function at zero time delay: g*((2))(0) = O (anti-bunching behavior)

Calculating First-Order Coherence Function from Power Spectrum

* The first-order coherence function can be calculated from the power spectrum of the light source using
the Wiener-Khinchin theorem

» The Wiener-Khinchin theorem relates the power spectrum to the Fourier transform of the first-order
coherence function

* This allows the coherence properties of the light source to be determined from its spectral
characteristics

» The width of the power spectrum is inversely related to the coherence time of the light source

Physical Meaning of Coherence Functions

Coherence Time and Coherence Length

* The width of the first-order coherence function is known as the coherence time (1_c)
* Inversely proportional to the spectral bandwidth of the light source

* Indicates the timescale over which the electric field remains correlated

» The coherence length (I_c) is the spatial equivalent of the coherence time

* Given by |_c = ¢ * 1_c, where c is the speed of light

» Represents the distance over which the electric field remains correlated
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Photon Statistics and Quantum Nature of Light

» The second-order coherence function at zero time delay, g*((2))(0), provides information about the
photon statistics of the light source

* Values greater than 1 indicate photon bunching (super-Poissonian statistics)
* Equal to 1 indicate Poissonian statistics (coherent light)
* Less than 1 indicate photon anti-bunching (sub-Poissonian statistics)

» The Hanbury Brown and Twiss (HBT) effect, demonstrated by the second-order coherence function,
reveals the quantum nature of light

* Has been used to study the quantum properties of various light sources

» Enables the observation of non-classical effects, such as photon anti-bunching in single-photon
sources

Coherence Functions and Experimental Observables

Measuring First-Order Coherence Function

* The first-order coherence function can be measured using a Michelson interferometer
* The visibility of the interference fringes is related to the degree of first-order coherence
* Higher visibility indicates higher coherence of the light source

» The coherence time can be determined by varying the path difference between the interferometer
arms and observing the fringe visibility

Measuring Second-Order Coherence Function

» The second-order coherence function can be measured using a Hanbury Brown and Twiss (HBT)
interferometer

* Consists of a beam splitter and two single-photon detectors
* The correlation between the photon arrival times at the detectors provides a measure of g*((2))(1)

» The Hanbury Brown and Twiss experiment has been used to study the photon statistics of various
light sources

« Single-photon sources exhibit anti-bunching behavior (g*((2))(0) < 1)
 Coherent light sources (lasers) exhibit Poissonian statistics (g*((2))(0) = 1)

» Thermal light sources exhibit photon bunching (g*((2))(0) > 1)

Applications of Coherence Functions in Quantum Optics

» Two-photon interference experiments, such as the Hong-Ou-Mandel effect, rely on the second-order
coherence properties of light

» Demonstrates the quantum interference between two indistinguishable photons

* Has applications in quantum information processing and quantum metrology
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» Coherence functions play a crucial role in the characterization and manipulation of quantum light
sources

» Enables the development of single-photon sources for quantum cryptography and quantum computing

* Allows the study of entanglement and other quantum phenomena in optical systems

3.3 Quantum interference phenomena

Quantum interference phenomena showcase the mind-bending nature of the quantum world. It's all about
how particles can act like waves, existing in multiple states at once. This leads to weird effects like particles
interfering with themselves and creating patterns that defy classical physics.

Understanding quantum interference is key to grasping the fundamental principles of quantum mechanics.
It highlights the probabilistic nature of quantum systems and the crucial role of indistinguishability in
shaping quantum behavior. These concepts are essential for developing quantum technologies.

Principles of quantum interference

Wave-particle duality and superposition

» Quantum interference arises from the wave-particle duality of quantum entities (photons, electrons)

» Quantum entities exhibit both wave-like and particle-like properties depending on the experimental
setup

» The superposition principle states that a quantum system can exist in multiple states simultaneously
* The total state is a linear combination of these individual states

« Example: A photon can be in a superposition of two polarization states (horizontal and vertical)

Interference patterns and phase

» Quantum interference occurs when multiple paths or states contribute to the final probability amplitude
« Leads to constructive or destructive interference patterns

* Example: In a double-slit experiment, a single electron can pass through both slits simultaneously,
creating an interference pattern on the detector screen

» The phase of the quantum state plays a crucial role in determining the interference pattern
* Encodes the relative timing or spatial information of the interfering paths

» Changing the phase can shift the interference pattern from constructive to destructive or vice versa

Fundamental feature of quantum mechanics

* Quantum interference is a fundamental feature of quantum mechanics
+ Cannot be explained by classical physics
» Demonstrates the inherent probabilistic nature of quantum systems

« Highlights the limitations of classical intuition when dealing with quantum phenomena
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Indistinguishability in quantum interference

Indistinguishability and statistics

* Quantum interference relies on the indistinguishability of the interfering quantum entities

« Impossible to determine which path or state the entity took to reach the final destination

* Bose-Einstein statistics describe the behavior of indistinguishable bosons (photons)

» Bosons can occupy the same quantum state and exhibit bunching effects in interference experiments
» Fermi-Dirac statistics describe the behavior of indistinguishable fermions (electrons)

» Fermions obey the Pauli exclusion principle and exhibit anti-bunching effects in interference
experiments

Hong-Ou-Mandel effect

* The Hong-Ou-Mandel effect demonstrates the role of indistinguishability in quantum interference

» Two indistinguishable photons entering a beam splitter always exit together, exhibiting perfect
bunching

* Occurs due to the destructive interference of the probability amplitudes for the photons to exit through
different output ports

* The effect is sensitive to the timing and polarization of the input photons

+ Any distinguishability between the photons reduces the interference visibility
Distinguishability and "which-path" information

+ Distinguishability (differences in polarization, frequency, arrival time) can destroy the interference
pattern

* Provides "which-path" information, allowing one to determine the path taken by the quantum entity
» Quantum erasure experiments demonstrate the role of "which-path" information in interference

« Selectively erasing or marking the path information leads to the recovery or destruction of the
interference pattern

» Example: In a double-slit experiment with polarizers, placing a third polarizer before the detector can
erase the "which-path" information and restore the interference pattern

Quantum interference in experiments

Double-slit experiment

* The double-slit experiment is a classic demonstration of quantum interference

« Single quantum entities (electrons, photons) passing through two slits produce an interference pattern
on a detector screen

* The interference pattern cannot be explained by considering the entities as classical particles

» The experiment highlights the wave-particle duality and the probabilistic nature of quantum mechanics
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 Each entity passes through both slits simultaneously, interfering with itself

* The interference pattern builds up gradually as more entities are detected

Interferometers and correlation measurements

» The Mach-Zehnder interferometer uses beam splitters and mirrors to create two paths for light

« Light can interfere constructively or destructively depending on the relative phase difference between
the paths

» Changing the path length or inserting a phase shifter can alter the interference pattern
» The Hanbury Brown and Twiss experiment measures the second-order correlation function of light
* Reveals the bunching or anti-bunching behavior of photons based on their indistinguishability

+ Helps to distinguish between classical and quantum light sources (thermal light vs. single-photon
sources)

Universality of quantum interference
* Quantum interference can be applied to various systems beyond photons
» Matter waves (electron or neutron interference)
» Superconducting circuits (interference of Cooper pairs)
* Trapped ions (interference of electronic states)
» These experiments showcase the universality of quantum principles
» Demonstrate that quantum interference is not limited to specific physical systems

* Highlight the potential for quantum technologies based on interference effects (quantum computing,
sensing, communication)

Classical vs quantum interference

Origin and determinism
+ Classical interference arises from the superposition of electromagnetic waves
* Described by the addition of wave amplitudes

» Quantum interference arises from the superposition of probability amplitudes associated with quantum
states

* Classical interference is deterministic
* Intensity of the interference pattern can be predicted based on wave amplitudes and phases
* Quantum interference is probabilistic

* Interference pattern emerges from repeated measurements on identically prepared systems

Indistinguishability and macroscopic vs microscopic

* Classical interference does not rely on the indistinguishability of the interfering entities
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* Interference can occur between distinguishable waves (different frequencies, polarizations)

» Quantum interference critically depends on the indistinguishability of the quantum entities involved
+ Distinguishability destroys the interference pattern

« Classical interference can be observed with macroscopic objects (water waves, sound waves)

» Quantum interference is typically observed with microscopic entities (photons, electrons, atoms)

Unique quantum features

* Quantum interference exhibits unique features with no classical counterparts

* Ability to create entanglement between interfering entities

» Example: Entangled photon pairs can exhibit interference effects that cannot be explained classically
* Sensitivity to measurement or decoherence

» Measuring or interacting with a quantum system can destroy the interference pattern

» Decoherence due to environmental interactions can lead to the loss of quantum coherence and the
emergence of classical behavior

3.4 Hong-Ou-Mandel effect

The Hong-Ou-Mandel effect is a mind-bending quantum phenomenon where two identical photons enter a
beam splitter and always exit together. This quirky behavior stems from quantum interference and
showcases light's wave-particle duality.

Understanding the HOM effect is crucial for grasping quantum optics and its applications. It's the
foundation for quantum computing gates, secure communication, and ultra-precise measurements. Plus,
it's just plain cool to see quantum weirdness in action!

The Hong-Ou-Mandel Effect

Experimental Setup and Photon Source

» The Hong-Ou-Mandel (HOM) effect is a quantum interference phenomenon that occurs when two
identical photons simultaneously enter a 50/50 beam splitter from different input ports

» The experimental setup for observing the HOM effect consists of:

* A single-photon source that generates pairs of identical photons

* A 50/50 beam splitter

» Two single-photon detectors placed at the output ports of the beam splitter

* The single-photon source is typically a spontaneous parametric down-conversion (SPDC) process
which produces pairs of entangled photons with the same wavelength, polarization, and spatial mode

* The relative arrival time of the two photons at the beam splitter is controlled by adjusting the path
length difference between the two input ports using a delay line
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Photon Bunching and Quantum Interference

* In the HOM effect, the two photons always exit the beam splitter together through the same output
port, a phenomenon known as photon bunching

» Photon bunching occurs due to the destructive interference between the two possible paths the
photons can take when they are identical and arrive simultaneously at the beam splitter

» The quantum interference in the HOM effect arises from the indistinguishability of the two photons in
terms of their quantum states (wavelength, polarization, and spatial mode)

» The HOM effect demonstrates the wave-particle duality of light and the importance of photon
indistinguishability in quantum interference phenomena

Interpreting Hong-Ou-Mandel Experiments

Coincidence Count Rate and HOM Dip

* In the HOM experiment, the coincidence count rate between the two single-photon detectors is
measured as a function of the relative arrival time (delay) of the two photons at the beam splitter

* When the two photons arrive simultaneously at the beam splitter (zero delay), the coincidence count
rate drops to nearly zero, forming a characteristic dip known as the HOM dip

* The width of the HOM dip is determined by the coherence time of the photons, which is inversely
proportional to their bandwidth

* A shorter coherence time (broader bandwidth) results in a narrower HOM dip

* A longer coherence time (narrower bandwidth) leads to a wider HOM dip

Factors Affecting HOM Dip Depth

* The depth of the HOM dip depends on the indistinguishability of the two photons in terms of their
wavelength, polarization, and spatial mode

* Perfect indistinguishability leads to a 100% deep HOM dip, meaning the coincidence count rate drops
to zero at the center of the dip

* Any distinguishability between the two photons reduces the depth of the HOM dip

+ A difference in the polarization states of the photons (e.g., one photon is horizontally polarized, and
the other is vertically polarized) makes them distinguishable and reduces the HOM dip depth

* A mismatch in the spatial modes of the photons (e.g., different transverse profiles or orbital angular
momentum states) also reduces the HOM dip depth

» Measuring the depth of the HOM dip provides a quantitative measure of the indistinguishability of the
two photons and the quality of the single-photon source

Importance for Quantum Information

Quantum Computing and Quantum Gates

» The HOM effect is a fundamental building block for various quantum information processing tasks,
such as quantum computing
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* In quantum computing, the HOM effect is used to implement two-qubit gates, which are essential for
realizing universal quantum computation

* The controlled-NOT (CNOT) gate can be implemented using the HOM effect and additional linear
optical elements (beam splitters and phase shifters)

* The controlled-phase (CZ) gate can also be realized using the HOM effect and post-selection
techniques

» The HOM effect enables the creation of entangled photonic qubits, which are the building blocks of
photonic quantum computers

Quantum Communication and Cryptography

» The HOM effect is employed in quantum communication protocols, such as quantum teleportation and
quantum key distribution (QKD)

* In quantum teleportation, the quantum state of a photon is transferred from one location to another
using entangled photon pairs and classical communication

* The HOM effect is used to create the entangled photon pairs and to perform the necessary Bell-state
measurements

+ In QKD, the HOM effect is used to establish secure communication channels between two parties by
exploiting the principles of quantum mechanics

» The HOM effect enables the detection of eavesdropping attempts and ensures the security of the
shared cryptographic key

Quantum Metrology and Sensing

» The HOM effect can be used for quantum metrology applications, such as high-precision
measurements of time delays, distances, and refractive indices

* The sensitivity of the HOM dip to small changes in the relative arrival time of the photons makes it a
powerful tool for measuring ultrashort time delays with sub-femtosecond resolution

* By placing a sample with an unknown refractive index in one of the input paths of the HOM
interferometer, the change in the position of the HOM dip can be used to determine the refractive index
of the sample with high accuracy

» The HOM effect can also be used for quantum-enhanced sensing, where entangled photon pairs are
used to improve the sensitivity and resolution of optical measurements beyond the classical limit

Photon Bunching vs Anti-bunching
Photon Bunching in the HOM Effect

+ Photon bunching refers to the tendency of photons to arrive together at a detector, resulting in a
higher probability of coincidence counts than expected for a random distribution of photons

* In the HOM effect, photon bunching occurs when the two identical photons always exit the beam
splitter together through the same output port, leading to a suppression of coincidence counts between
the two detectors

» Photon bunching in the HOM effect is a direct consequence of the destructive quantum interference
between the two possible paths the photons can take when they are indistinguishable
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» The observation of photon bunching in the HOM effect confirms the bosonic nature of photons and
their tendency to bunch together when they are identical

Photon Anti-bunching and Distinguishability

* Photon anti-bunching refers to the reduced probability of detecting two or more photons
simultaneously compared to a random distribution of photons

* In the HOM effect, photon anti-bunching can be observed when the two photons are distinguishable,
or when there is a non-zero delay between their arrival times at the beam splitter

» When the photons are distinguishable (e.g., different polarization states or spatial modes), they
behave independently and do not exhibit quantum interference, resulting in a reduced probability of
coincidence counts

* By post-selecting the events where the two photons exit the beam splitter through different output
ports, the HOM effect can be used to generate photon anti-bunching

« Studying the transition from photon bunching to anti-bunching in the HOM effect provides insights into
the role of photon distinguishability in quantum interference phenomena and the quantum-to-classical
transition

Experimental Observations and Applications

* The transition from photon bunching to anti-bunching in the HOM effect can be experimentally
observed by varying the distinguishability of the two photons

» Changing the polarization states of the photons from identical to orthogonal gradually reduces the
depth of the HOM dip and increases the coincidence counts

* Introducing a controlled delay between the arrival times of the photons at the beam splitter also leads
to a transition from bunching to anti-bunching

* The ability to control the degree of photon bunching and anti-bunching in the HOM effect has
applications in quantum information processing and quantum communication

» Photon bunching can be used to create entangled photonic states and implement quantum logic gates

 Photon anti-bunching can be used to generate single-photon states and enhance the security of
quantum key distribution protocols

* The study of photon bunching and anti-bunching in the HOM effect also provides a platform for
investigating the fundamental properties of light and the quantum-classical boundary
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Unit 4 — Photon Statistics and Correlations

4.1 Photon counting statistics

Photon counting statistics reveal the quantum nature of light by measuring individual photons. This
technique is crucial for understanding light sources, from lasers to non-classical states, and enables
applications in quantum cryptography and computing.

The Poisson distribution often describes photon statistics, especially for coherent light sources like lasers.
Deviations from this distribution can indicate non-classical light states or effects like photon bunching,
providing insights into the quantum properties of light.

Photon Counting in Quantum Optics

Concept and Relevance

» Photon counting detects and measures individual photons using specialized detectors (photomultiplier
tubes, avalanche photodiodes)

+ Enables the study of light at the single-photon level, allowing exploration of quantum phenomena and
development of quantum technologies

» Photon counting statistics provide information about the nature of the light source (coherence
properties, photon number distribution, quantum state)

* Used in various applications (quantum cryptography, quantum computing, quantum sensing)

Applications and Techniques

* Quantum cryptography secures communication by encoding information in the quantum states of
single photons, relying on photon counting for detection and decoding

* Quantum computing harnesses the properties of single photons to perform quantum operations and
algorithms, with photon counting essential for readout and error correction

» Quantum sensing exploits the sensitivity of single photons to detect weak signals or measure physical
quantities (magnetic fields, temperature) with high precision

+ Coincidence detection techniques, involving the simultaneous detection of multiple photons, are used
to study photon correlations and entanglement in quantum optics experiments

Poisson Distribution for Photon Statistics

Poisson Distribution Characteristics

» The Poisson distribution is a discrete probability distribution describing the probability of a given
number of events occurring in a fixed interval of time or space

» Events must occur independently and at a constant average rate for the Poisson distribution to apply

* For a coherent light source (laser), the photon number distribution follows a Poisson distribution, with
the mean photon number equal to the variance

* The probability of detecting n photons in a given time interval is given by the Poisson distribution:
P(n) = (u"*e™™)/n!  where M is the mean photon number and n! is the factorial of N
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Application to Photon Statistics

* The Poisson distribution is characterized by a single parameter, the mean photon number, which
determines the shape of the distribution and the probability of detecting a specific number of photons

» The mean photon number can be controlled by adjusting the intensity of the light source or the
detection time interval

* Photon statistics following a Poisson distribution indicate that the light source is coherent and has a
well-defined phase, such as a laser or a single-mode thermal source

+ Deviations from the Poisson distribution in photon statistics can reveal the presence of non-classical
light states (squeezed states, entangled states) or the influence of photon bunching or antibunching
effects

Photon Counting Regimes: Single vs Multi-photon

Single-Photon Detection

« Single-photon detection resolves individual photons using detectors with high quantum efficiency and
low dark count rates (superconducting nanowire single-photon detectors (SNSPDs), single-photon
avalanche diodes (SPADs))

+ Enables the study of quantum phenomena and the implementation of quantum protocols that rely on
the manipulation and detection of single photons

* Photon counting statistics in the single-photon regime are governed by the Poisson distribution,
reflecting the independent and random nature of photon arrivals

« Single-photon detection is crucial for applications such as quantum key distribution, quantum state
tomography, and quantum metrology

Multi-Photon Detection

» Multi-photon detection involves the simultaneous detection of multiple photons, occurring when the
light intensity is high or when the detector has a long dead time

* In the multi-photon regime, the photon counting statistics may deviate from the Poisson distribution
due to detector saturation or photon bunching effects

» Photon bunching occurs when photons tend to arrive in clusters, resulting in a higher probability of
detecting multiple photons simultaneously than predicted by the Poisson distribution

 Multi-photon detection is relevant for studying non-classical light states (squeezed states, entangled
states) and exploring quantum correlations and interference effects

Detector Effects on Photon Counting Statistics

Detector Efficiency

« Detector efficiency (/) is the probability that a photon incident on the detector will be successfully
detected and registered as a count

« Affects the photon counting statistics and the overall performance of the photon counting system
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* A higher detector efficiency improves the signal-to-noise ratio (SNR) by increasing the number of
detected photons

* Detector efficiency can be improved through advancements in detector technology (materials, design)
and optimizing the coupling between the light source and the detector

Dark Counts and Background Noise

« Dark counts are false detection events that occur in the absence of incident photons, caused by
thermal or electronic noise in the detector

* Introduce a background signal that can obscure the true photon counts and degrade the
signal-to-noise ratio

*» The presence of dark counts modifies the photon counting statistics, leading to a deviation from the
ideal Poisson distribution

» The measured photon number distribution becomes a convolution of the true photon distribution and
the dark count distribution

* Techniques to minimize the impact of dark counts include detector cooling, time-gating, and
coincidence detection, which help improve the photon counting statistics and SNR

4.2 Hanbury Brown and Twiss experiment

The Hanbury Brown and Twiss experiment is a game-changer in quantum optics. It shows how light
behaves in ways we can't explain with classical physics. By measuring photon correlations, it reveals the
quantum nature of light.

This experiment connects to the broader study of photon statistics and correlation functions. It gives us a
way to measure and understand how light particles interact and behave, opening up new frontiers in
quantum optics research.

The HBT Experiment

Experimental Setup and Principles

» The Hanbury Brown and Twiss (HBT) experiment is a seminal experiment in quantum optics that
demonstrates the correlation between photons emitted by a thermal light source

* The setup consists of a light source (usually a mercury vapor lamp or a laser), a beam splitter, two
photodetectors, and a coincidence counter

* The light from the source is split into two paths by the beam splitter
» Each path is directed towards a photodetector

» The photodetectors are connected to a coincidence counter, which measures the correlation between
the arrival times of photons at the two detectors

* The key principle of the HBT experiment is the measurement of the second-order correlation function,
g2 (1), which quantifies the probability of detecting a photon at time t + T given that a photon was
detected at time t

Measuring the Second-Order Correlation Function

« The second-order correlation function, g'?(T), is defined as:
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« Where /(t) is the intensity of the light at time t, and { * )} denotes the time average

* The value of g(z)(T) provides information about the statistical properties of the light source:
* For a coherent light source (laser), 9(2)(1') =1forall T

* For a thermal light source (mercury vapor lamp), g2 (1) > 1 for small T and approaches 1 for large T

- For a non-classical light source (single-photon emitter), g'?)(T) < 1 for small T and approaches 1 for
large T

* The HBT experiment measures g?(1) by recording the coincidence counts between the two
detectors as a function of the time delay T between the detection events

* The coincidence counts are normalized by the product of the individual detector count rates to obtain
(2)
g (1)

Quantum Nature of Light

Evidence for the Quantum Nature of Light

» The HBT experiment provided the first direct evidence of the quantum nature of light by showing that
photons from a thermal source exhibit bunching

 Bunching refers to the tendency of photons to arrive at the detectors in groups, resulting in a higher
probability of detecting coincident photons at small time delays

+ Classical wave theory predicts that the intensity fluctuations at the two detectors should be
uncorrelated, resulting in a flat second-order correlation function, g(z)(T) =1

* However, the HBT experiment demonstrated that g'?(7) > 1 for small time delays (T = 0), indicating
photon bunching

» The bunching effect cannot be explained by classical wave theory and requires a quantum description
of light in terms of photons

* In the quantum picture, photons from a thermal source are emitted randomly and independently, but
they tend to arrive at the detectors in bunches due to the Bose-Einstein statistics of the photon field

Impact on Quantum Optics

* The HBT experiment laid the foundation for the field of quantum optics and inspired further
investigations into the quantum properties of light

* The observation of photon bunching in the HBT experiment led to the development of the quantum
theory of optical coherence, which describes the statistical properties of light in terms of the correlation
functions

» The HBT technique has become a powerful tool for characterizing the statistical properties of various
light sources and investigating quantum phenomena such as entanglement and squeezing

* For example, the HBT setup can be used to measure the degree of entanglement between photon
pairs generated by spontaneous parametric down-conversion (SPDC)

« It can also be used to study the photon statistics of non-classical light sources, such as single-photon
emitters and squeezed states of light
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Photon Bunching vs Antibunching
Photon Bunching

* Photon bunching occurs when the second-order correlation function, g(z)(T), is greater than 1 for
small time delays (T = 0), indicating that photons tend to arrive at the detectors in groups

* Bunching is a characteristic of thermal light sources, such as the mercury vapor lamp used in the
original HBT experiment

* In a thermal light source, photons are emitted randomly and independently, but they tend to arrive at
the detectors in bunches due to the Bose-Einstein statistics of the photon field

« The degree of bunching can be quantified by the value of g‘2'(0), with g'*)(0) > 1 for bunched light
* For a thermal light source, g¥(0) =2, indicating strong bunching

* For a coherent light source (laser), 9(2)(0) =1, indicating no bunching

Photon Antibunching

* Photon antibunching occurs when g2 (1) < 1 for small time delays, indicating that photons tend to
arrive at the detectors with a minimum time separation

« Antibunching is a purely quantum effect and cannot be observed with classical light sources
« It requires a non-classical light source, such as a single-photon emitter or a quantum dot

* The observation of photon antibunching provides strong evidence for the particle-like nature of light
and the existence of single-photon states

* In a single-photon emitter, photons are emitted one at a time, with a minimum time separation
between successive photons

* This results in a reduced probability of detecting coincident photons at small time delays, leading to
antibunching

« The degree of antibunching can be quantified by the value of g'?(0), with g‘?’(0) < 1 for
antibunched light

* For an ideal single-photon emitter, 9(2)(0) = 0, indicating perfect antibunching

« In practice, non-ideal single-photon emitters have 0 < g‘?)(0) < 1, indicating partial antibunching
Applications of HBT Technique

Quantum Optics Applications

» The HBT technique has become a powerful tool for characterizing the statistical properties of light
sources and investigating the quantum nature of light

* In quantum optics, the HBT setup is used to study the photon statistics of various light sources, such
as:

« Single-photon emitters (quantum dots, nitrogen-vacancy centers in diamond)

» Atomic ensembles (cold atoms, trapped ions)
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* Nonlinear optical processes (spontaneous parametric down-conversion, four-wave mixing)

» Measuring the second-order correlation function, g'?)(7), allows researchers to distinguish between
classical and non-classical light sources and to investigate quantum properties of light, such as:

» Entanglement: The HBT technique can be used to measure the degree of entanglement between
photon pairs generated by SPDC or other nonlinear optical processes

» Squeezing: The HBT setup can be used to study the photon statistics of squeezed states of light,
which have reduced quantum fluctuations in one quadrature at the expense of increased fluctuations in
the other quadrature

Astronomical Applications

* In astronomy, the HBT technique has been applied to measure the angular diameter of stars through
a method called intensity interferometry

» By measuring the correlation between the intensity fluctuations of starlight at two telescopes
separated by a distance, astronomers can determine the angular size of the star

* This technique works even for stars too small to be resolved by conventional imaging techniques,
such as the Hubble Space Telescope

» The HBT technique has also been used to study the coherence properties of astronomical sources,
such as:

* Pulsars: The HBT setup can be used to measure the temporal coherence of pulsar emission,
providing insights into the emission mechanism and the properties of the neutron star

+ Active galactic nuclei (AGN): The HBT technique can be used to study the spatial coherence of the
emission from AGN, helping to constrain the size and structure of the emitting region

* Intensity interferometry using the HBT technique has the potential to revolutionize astronomical
imaging by enabling the construction of large arrays of telescopes that can achieve unprecedented
angular resolution

* Projects such as the Cherenkov Telescope Array (CTA) and the Stellar Intensity Interferometry (Sll)
initiative aim to use the HBT technique to study a wide range of astrophysical phenomena, from
exoplanets to black holes

4.3 g(2) correlation function and photon antibunching

The g(2) correlation function is a powerful tool in quantum optics, measuring how photons are related in
time. It helps us understand if light behaves classically or shows quantum effects like antibunching, where
photons tend to arrive one at a time.

Photon antibunching, indicated by g(2)(0) < 1, is a key sign of non-classical light. This phenomenon is
crucial for applications like quantum cryptography and computing, where single-photon sources are
needed for secure communication and information processing.

Second-order Correlation Function

Definition and Relevance

» The second-order correlation function, denoted as g(2)(1), quantifies the correlation between photons
emitted by a light source at different time intervals
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* Defined as the probability of detecting a photon at time t+7, given that a photon was detected at time t,
normalized by the average photon detection rates

* Provides information about photon statistics and the nature of the light source (bunched, antibunched,
or coherent)

* The value of g(2)(0) characterizes photon statistics at zero time delay, indicating the degree of photon
antibunching or bunching

Experimental Measurement

» Measured experimentally using a Hanbury Brown-Twiss (HBT) interferometer setup

« Utilizes single-photon detectors and a coincidence counter

« Splits the light beam into two paths using a beamsplitter

* Detects photons in each path and measures the correlation between them

* The coincidence counts are recorded as a function of the time delay 1 between the two detectors

» The normalized coincidence counts provide the value of g(2)(1) at different time delays

g(2) in terms of Operators

Quantum Optics Formalism

* g(2)(1) can be expressed in terms of the photon creation (&t1) and annihilation (&) operators using
quantum optics formalism

» The photon number operator is defined as fi = 14, representing the number of photons in a given
mode

« The electric field operator E(+)(t) is proportional to the photon annihilation operator &(t), while E(-)(t) is
proportional to the photon creation operator at(t)

Mathematical Expression
* g(2)(1) is defined as: g(2)(1) = at(t)at(t+r)a(t+1)a(t)) / at(t)a(t)2
» The numerator represents the correlation between the intensity of the light at time t and t+1
* The denominator normalizes the correlation by the average intensities

» The expectation values in the expression are calculated using the quantum state of the light field
(Fock state, coherent state, or thermal state)

» The quantum state determines the specific values of the creation and annihilation operators

Interpretation of g(2) Values

Physical Meaning

* The value of g(2)(1), especially at zero time delay (1 = 0), provides insights into the photon statistics
and the nature of the light source

* For a coherent light source (laser), g(2)(1) = 1 for all values of 1, indicating uncorrelated photons
following Poissonian statistics
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* Photon bunching occurs when g(2)(0) > 1, meaning a higher probability of detecting two photons
simultaneously compared to a coherent source (observed in chaotic or thermal light sources)

Photon Antibunching

» Photon antibunching is characterized by g(2)(0) < 1, indicating a lower probability of detecting two
photons simultaneously compared to a coherent source

« Signature of non-classical light, observed in single-photon emitters (atoms, molecules, quantum dots)

* Perfect photon antibunching corresponds to g(2)(0) = 0, meaning zero probability of detecting two
photons at the same time (ideal case for single-photon sources)

» The temporal profile of g(2)(r) for a single-photon emitter shows a dip at 1 = 0, related to the lifetime of
the excited state

g(2) and Light Source Nature

Characterizing Light Sources

* g(2)(1) provides a powerful tool to characterize the nature of the light source and distinguish between
different types of emitters

+ Single-photon emitters (atoms, molecules, quantum dots) exhibit photon antibunching with g(2)(0) < 1

» Can only emit one photon at a time and require a finite time to be re-excited before emitting another
photon

» Two-level systems (single atom, quantum dot) exhibit perfect photon antibunching with g(2)(0) = 0 in
the ideal case

» Background noise and imperfections can lead to a non-zero value of g(2)(0) in practice

Applications

» Measuring g(2)(1) helps identify photon emission characteristics and determine suitability for various
applications

» Quantum cryptography: Requires single-photon sources with low g(2)(0) to ensure secure
communication

* Quantum computing: Utilizes single-photon sources for quantum information processing and quantum
gates

« Single-photon metrology: Relies on antibunched light for precise measurements and calibration
» The degree of photon antibunching quantifies the quality and purity of a single-photon source
* Lower g(2)(0) value indicates a higher quality source

* Important for applications demanding high-purity single-photon states

4.4 Higher-order correlation functions

Higher-order correlation functions take us beyond the basics of photon statistics. They reveal complex
interactions between multiple photons, showing us the true quantum nature of light. These functions help
us understand non-classical light states and their unique properties.
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Measuring higher-order correlations is tricky but crucial for quantum optics. It requires advanced
techniques like multi-detector setups and photon-number-resolving detectors. These measurements
unlock insights into quantum information, metrology, and communication applications.

Higher-Order Correlation Functions

Generalizing Correlation Functions

+ Higher-order correlation functions, such as g(3) and g(4), extend the concept of second-order
correlation function g(2) to characterize more complex photon statistics and interactions

* The nth-order correlation function g(n) measures the joint probability of detecting n photons at specific
space-time points, normalized by the product of individual photon detection probabilities

* Higher-order correlation functions can reveal non-classical properties of light, such as photon
bunching, antibunching, and multi-photon entanglement, which are not captured by lower-order
correlation functions

Specific Higher-Order Correlation Functions

* The third-order correlation function g(3) involves the detection of three photons and can provide
information about three-photon interference and cascaded emission processes

* The fourth-order correlation function g(4) involves the detection of four photons and can reveal
correlations in two-photon entangled states (Bell states) and four-wave mixing processes

« Higher-order correlation functions beyond g(4), such as g(5) and g(6), can characterize even more
complex multi-photon interactions and non-classical states of light (Greenberger-Horne-Zeilinger
states)

* The higher the order of the correlation function, the more challenging it becomes to measure
experimentally due to the need for resolving multi-photon coincidences with high temporal and spatial
resolution

Significance of Higher-Order Correlations

Characterizing Non-Classical States of Light

* Higher-order correlation functions are essential for characterizing non-classical states of light, such as
squeezed states, Fock states, and entangled states, which exhibit distinct photon statistics

* The violation of classical inequalities involving higher-order correlation functions, such as the
Cauchy-Schwarz inequality for g(2) and the Zou-Wang-Mandel inequality for g(3), can demonstrate the
non-classical nature of light

« Higher-order correlation functions can distinguish between different types of non-classical light
sources, such as single-photon emitters (quantum dots), two-photon emitters (parametric
down-conversion), and multi-mode squeezed states

Coherence Properties and Applications

* The higher-order correlation functions can provide information about the temporal and spatial
coherence properties of light, including the coherence time, coherence length, and degree of first-order
and higher-order coherence
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* Higher-order correlation functions are crucial for understanding and exploiting multi-photon
interference effects in quantum information processing (quantum computing), quantum metrology
(super-resolution imaging), and quantum imaging applications (ghost imaging)

» The measurement of higher-order correlation functions can enable the characterization of quantum
channels, the verification of quantum protocols, and the benchmarking of quantum devices in the
context of quantum communication and cryptography

Derivation of Higher-Order Correlations

Quantum Field Theory Formalism

+ Higher-order correlation functions can be derived using the quantum field theory formalism, which
treats the electromagnetic field as a quantum operator acting on a Hilbert space of photon states

» The nth-order correlation function g(n) is defined as the expectation value of the normally ordered
product of n creation and n annihilation operators, normalized by the product of n first-order correlation
functions

* The derivation involves expressing the electric field operator in terms of creation and annihilation
operators, applying the commutation relations for bosonic operators, and evaluating the expectation
value using the density matrix or state vector of the light field

Single-Mode and Multi-Mode Light Fields

* For a single-mode light field, the higher-order correlation functions can be expressed in terms of the
photon number distribution and the expectation values of powers of the photon number operator

+ For a multi-mode light field, the derivation becomes more complex and requires considering the tensor
product structure of the Hilbert space and the spatio-temporal dependence of the field operators

* The derived expressions for higher-order correlation functions can be used to calculate their values for
specific quantum states of light, such as coherent states (laser light), thermal states (blackbody
radiation), and non-classical states (squeezed states, Fock states)

* The derivation of higher-order correlation functions provides a theoretical framework for understanding
the quantum properties of light and predicting the outcomes of correlation measurements

Measuring Higher-Order Correlations

Advanced Experimental Techniques

» Measuring higher-order correlation functions requires advanced experimental techniques that can
resolve the joint detection of multiple photons with high temporal and spatial resolution

» Hanbury Brown and Twiss (HBT) interferometry is a widely used technique for measuring the
second-order correlation function g(2) by detecting photon coincidences between two detectors

» Extensions of the HBT setup, such as the three-detector and four-detector schemes, can be used to
measure the third-order and fourth-order correlation functions, respectively, by detecting multi-photon
coincidences

+ Time-correlated single-photon counting (TCSPC) is a technique that uses fast single-photon detectors
(avalanche photodiodes) and high-resolution timing electronics to record the arrival times of individual
photons and construct the correlation functions from the coincidence histogram
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Homodyne, Heterodyne, and Photon-Number-Resolving Detection

* Homodyne and heterodyne detection techniques, which mix the signal field with a strong local
oscillator (reference beam), can be used to measure the higher-order correlation functions in the
frequency domain and access the phase information of the light field

» Photon-number-resolving detectors, such as superconducting transition-edge sensors (TES) and
superconducting nanowire single-photon detectors (SNSPD), can directly measure the photon number
distribution and higher-order moments of the light field

» The choice of experimental technique depends on the specific properties of the light source, the
desired temporal and spatial resolution, and the available detection technology

« Careful calibration, background subtraction, and statistical analysis are essential for accurate
measurements of higher-order correlation functions and the extraction of meaningful physical
information about the quantum state of light
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Unit 5 — Quantized Electromagnetic Field

5.1 Quantization of the electromagnetic field

Quantizing the electromagnetic field is a game-changer in quantum optics. It treats light as a quantum
system, explaining phenomena like spontaneous emission and the photoelectric effect. This approach is
crucial for understanding light-matter interactions at the quantum level.

The quantized field is described as a collection of harmonic oscillators, with each mode representing a
photon. This concept forms the foundation for quantum technologies and provides a framework for
studying non-classical states of light.

Field Quantization in Quantum Optics

Quantization of the Electromagnetic Field

* Field quantization treats the electromagnetic field as a quantum system
* Field is described by quantum operators acting on quantum states

» Quantization of the electromagnetic field is necessary to explain phenomena that cannot be
adequately described by classical electromagnetic theory

» Spontaneous emission

* Photoelectric effect

» Lamb shift

* In the quantum description, the energy of the electromagnetic field is quantized

» Each mode of the field has energy levels that are integer multiples of the photon energy

* The quantized electromagnetic field consists of a collection of harmonic oscillators, one for each mode
of the field

* Excitations of these oscillators correspond to photons

» The quantum nature of the electromagnetic field becomes important when dealing with systems at the
microscopic scale (atomsandmolecules)

* Discrete nature of energy exchange between matter and radiation is significant

Importance of Field Quantization

* Field quantization is essential for understanding light-matter interactions at the quantum level
* Describes the absorption and emission of photons by atoms and molecules

 Explains the origin of spontaneous emission, where an excited atom emits a photon without external
stimulation

+ Quantization of the electromagnetic field is necessary for the development of quantum technologies
« Quantum computing (SUperconductingqubits)

« Quantum communication (qUantumkeydistribution)
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« Quantum sensing (quantummetrology

* Field quantization provides a framework for studying non-classical states of light

» Squeezed states

 Entangled states

« Single-photon states

* Quantization of the electromagnetic field is a fundamental concept in quantum electrodynamics (QED)

* QED is the quantum field theory that describes the interactions between charged particles and
photons

* QED has been tested to unprecedented accuracy and is one of the most successful theories in
physics

Hamiltonian for Quantized Electromagnetic Field

Derivation of the Hamiltonian

* The Hamiltonian for the quantized electromagnetic field is derived by applying the canonical
quantization procedure to the classical Hamiltonian

* The classical Hamiltonian for the electromagnetic field is expressed in terms of the vector potential
A(r, t) and its conjugate momentum M(r, t)

« A(r, t) and MN(r, t) are related to the electric and magnetic fields

» The vector potential and its conjugate momentum are expanded in terms of a complete set of
orthonormal mode functions

» Mode functions satisfy the appropriate boundary conditions and the wave equation
« The coefficients in the expansion of A(r, t) and (r, t) are promoted to quantum operators

* These operators satisfy the canonical commutation relations

Hamiltonian Expression and Interpretation

* The resulting Hamiltonian for the quantized electromagnetic field is a sum of independent harmonic
oscillator Hamiltonians, one for each mode of the field

« Creation (at) and annihilation (2) operators act on the Fock states of the field

— t 1
» The Hamiltonian for the quantized electromagnetic field is expressed as: H= ghwk(ak,/\ak'i +3)

- k is the wave vector, A is the polarization, and Wk is the angular frequency of the mode
» Each term in the Hamiltonian represents the energy of a single mode of the field

+ The energy is the sum of the photon energies (i Wk) for each excitation of the mode

» The ground state energy (%hwk) is the zero-point energy of the harmonic oscillator

» The Hamiltonian describes the energy of the free electromagnetic field
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* Interactions between the field and matter can be introduced through additional terms in the
Hamiltonian

Mode Functions in Quantization

Role of Mode Functions

* Mode functions are a complete set of orthonormal functions that satisfy the boundary conditions and
the wave equation for the electromagnetic field

* The choice of mode functions depends on the geometry and boundary conditions of the system
- Free space (Planewaves)

« Cavity (Standingwaves)

« Waveguide (Quidedmodes)

* In free space, plane waves are the most commonly used mode functions
« Characterized by their wave vector k and polarization A

« In a cavity, the mode functions are standing waves that satisfy the boundary conditions imposed by
the cavity walls

» Characterized by discrete wave vectors and polarizations

» The mode functions form a basis for the expansion of the vector potential and its conjugate
momentum

* Allows the classical field to be decomposed into a sum of independent harmonic oscillators

Quantization and Commutation Relations

* The coefficients in the expansion of A(r, t) and (r, t) in terms of the mode functions are the
variables that are promoted to quantum operators during the quantization process

 The orthonormality of the mode functions ensures that the resulting quantum operators satisfy the
canonical commutation relations

T
@K a @ 1 =0k kb, &
t ot
laka awal=1lay ;. a8, ,1=0

k', A’

*» The orthonormality of the mode functions also ensures that the Hamiltonian for the quantized field
takes the form of a sum of independent harmonic oscillator Hamiltonians

* The choice of mode functions affects the form of the field operators and the Hamiltonian
« Different mode functions lead to different representations of the quantized field

» The physical predictions are independent of the choice of mode functions, as long as they form a
complete basis
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Physical Meaning of Field Operators

Field Operators and Quantum States

* The field operators, such as the vector potential operator ,Z\(r, t) and the electric field operator é(r, t),
are quantum mechanical operators that act on the quantum states of the electromagnetic field

« The field operators are expressed in terms of the creation (at) and annihilation (2) operators for each
mode of the field

» These are the fundamental operators in the quantized description of the electromagnetic field

« The creation operator a' for a given mode creates a photon in that mode when applied to a quantum
state

* Increases the energy of the field by one photon energy Aw

 The annihilation operator @ for a given mode annihilates a photon in that mode when applied to a
quantum state

+ Decreases the energy of the field by one photon energy hw

Expectation Values and Commutation Relations

» The expectation values of the field operators, such as (é(r, t)) and (é(r, t)), correspond to the
classical electric and magnetic fields, respectively, in the limit of large photon numbers

* The field operators satisfy the canonical commutation relations

- [Alr, t), Er, )] = ih6;6(r — )

“TAr 1), Al(r, ] = [Edr, 1), E(r, ] =0

» The commutation relations lead to the Heisenberg uncertainty principle for the electromagnetic field
* Relates the uncertainties in the field amplitudes and phases

» The commutation relations between the field operators at different space-time points reflect the
causality and locality of the electromagnetic field

* Measurements of the field at space-like separated points do not influence each other
* The field operators provide a quantum mechanical description of the electromagnetic field
+ Allow for the calculation of observables and the study of quantum optical phenomena

+ Enable the description of non-classical states of light (
squeezedstates, entangledstates, single — photonstates)

5.2 Creation and annihilation operators

Creation and annihilation operators are key tools in quantum optics. They describe how energy quanta are
added or removed from a system, like photons in an electromagnetic field. These operators help us
understand the behavior of quantum states and their interactions.

The operators' properties, including their commutation relations, are crucial for building quantum field
theories. They allow us to construct Fock states, representing specific numbers of energy quanta, and
coherent states, which are important for describing laser light and other quantum optical phenomena.
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Creation and annihilation operators

Definition and properties

* Creation (at) and annihilation (&) operators are mathematical tools used to describe the behavior of
quantum harmonic oscillators and quantum field theories

* The creation operator adds a quantum of energy to the system, increasing the occupation number of a
particular quantum state by one

« It is the adjoint (conjugate transpose) of the annihilation operator

» The annihilation operator removes a quantum of energy from the system, decreasing the occupation
number of a particular quantum state by one

* The creation and annihilation operators are non-Hermitian, meaning they are not equal to their
adjoints

* The creation and annihilation operators are unbounded, meaning they can act on states with arbitrarily
large occupation numbers (infinite-dimensional Hilbert space)

Commutator and its significance

» The commutator of the creation and annihilation operators is equal to the identity operator,
[4,48t]1=1

» The non-zero commutator indicates that the creation and annihilation operators do not commute,
which is a fundamental property of quantum mechanics

» The commutator plays a crucial role in deriving the properties of the harmonic oscillator Hamiltonian
and the number operator

» The commutator also ensures that the creation and annihilation operators satisfy the canonical
commutation relations, which are essential for quantizing the electromagnetic field

Commutation relations of operators

Commutators of creation and annihilation operators

» The commutator of two creation operators or two annihilation operators is always zero:
[3,8]=[4at1,4t]1=0

+ This implies that the order of applying two creation or two annihilation operators does not matter

» The commutator of a creation operator and an annihilation operator is equal to the identity operator:
[3,at]=1

* This non-zero commutator is a fundamental property of quantum mechanics and leads to the
uncertainty principle

Applications of commutation relations

» The commutation relations can be used to derive the properties of the harmonic oscillator Hamiltonian
and the number operator
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* The number operator, defined as N = 4t4, has eigenstates that are the Fock states, and its
eigenvalues are the occupation numbers

« The number operator commutes with the creation and annihilation operators: [N, 411 = &t and
[N,a]l=-3

» The harmonic oscillator Hamiltonian can be expressed in terms of the creation and annihilation
operators as H = Aw(414 + 1/2), where W is the angular frequency of the oscillator

+ The ground state energy of the harmonic oscillator is Eo = hw/2, which is a consequence of the
non-zero commutator of the creation and annihilation operators

Construction of Fock states

Definition and properties of Fock states

- Fock states, also known as number states, are eigenstates of the number operator N and represent
states with a well-defined number of quanta

« The ground state, or vacuum state, |0), is the state with no quanta and is annihilated by the
annihilation operator: 4/0) = 0

* Fock states form a complete orthonormal basis for the Hilbert space of the harmonic oscillator

» Completeness means that any state in the Hilbert space can be expressed as a linear combination of
Fock states

 Orthonormality means that the inner product of two different Fock states is zero, and the inner product
of a Fock state with itself is one: {m|n) = Omn, where Omn is the Kronecker delta

Constructing Fock states using creation operators

* Fock states can be constructed by applying the creation operator to the ground state: [n) I |0)

where N is the number of quanta in the state
» The normalization factor 1/v n! ensures that the Fock states are orthonormal

* The creation operator acts as a "ladder operator," increasing the number of quanta in a state by one
with each application

» Example: The first excited state (single-quantum state) can be obtained by applying the creation
operator once to the ground state: | 1) = &1|0)

Operator action on Fock states

Creation operator action on Fock states

* The creation operator acting on a Fock state increases the number of quanta by one:

atlny=vn+1|ln+1)
* The resulting state is proportional to the Fock state with one additional quantum
 The proportionality factor ' , + 1 ensures that the resulting state is properly normalized

* Example: 41|2) = \/§|3), meaning that applying the creation operator to a two-quantum state results
in a three-quantum state with an amplitude of V3
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Annihilation operator action on Fock states

* The annihilation operator acting on a Fock state decreases the number of quanta by one:

4ln)=vnln-1)
* The resulting state is proportional to the Fock state with one less quantum
« The proportionality factor vV'n ensures that the resulting state is properly normalized

* The annihilation operator acting on the ground state gives zero: 4|0} = 0, as there are no quanta to
remove

« Example: 4|3) = \/§|2), meaning that applying the annihilation operator to a three-quantum state
results in a two-quantum state with an amplitude of \/5

Number operator action on Fock states

« The number operator acting on a Fock state returns the number of quanta in that state: N|n) = n|n)

* This demonstrates that Fock states are eigenstates of the number operator, with the number of quanta
as the eigenvalue

» The expectation value of the number operator in a Fock state is equal to the number of quanta in that
state: (n|N|n) =n

* Example: N|5) = 5|5), meaning that the number operator acting on a five-quantum state returns the
same state multiplied by the number of quanta (5)

Coherent states and their significance

» The creation and annihilation operators can be used to construct coherent states, which are
eigenstates of the annihilation operator and have a well-defined phase

» Coherent states are important in quantum optics and can be used to describe laser light

*» They exhibit Poissonian photon number statistics and minimize the uncertainty relation between the
quadrature operators (position and momentum)

 Coherent states can be generated by applying the displacement operator, which is a linear
combination of creation and annihilation operators, to the ground state: |a@) = e*4T~% 2|0), where & is
a complex number representing the amplitude and phase of the coherent state

5.3 Vacuum fluctuations and zero-point energy

Vacuum fluctuations and zero-point energy are mind-bending concepts in quantum optics. They reveal that
even in seemingly empty space, there's constant energy and activity at the tiniest scales. These
phenomena challenge our classical understanding of reality and have far-reaching implications.

The quantized electromagnetic field is key to grasping these ideas. By treating electric and magnetic fields
as quantum operators, we uncover a world of virtual photons popping in and out of existence. This
quantum dance underpins fascinating effects like spontaneous emission and the Casimir force.
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Vacuum fluctuations in quantum fields

Quantization of the electromagnetic field

* In quantum field theory, the electromagnetic field is quantized and its lowest energy state is called the
vacuum state or ground state

* The electric and magnetic fields are treated as quantum operators, with their values fluctuating even in
the vacuum state

» The quantization procedure involves expressing the field operators in terms of creation and
annihilation operators (a_kt and a_k) for each mode k

Heisenberg uncertainty principle and vacuum fluctuations

+ Vacuum fluctuations are temporary changes in the amount of energy in a point in space, arising from
the Heisenberg uncertainty principle

* The uncertainty principle implies that the electric and magnetic fields cannot be exactly zero, even in
the vacuum state, leading to fluctuations

* These fluctuations manifest as virtual photons that constantly appear and disappear in the vacuum

* The energy associated with these vacuum fluctuations is called zero-point energy, which is the lowest
possible energy that a quantum mechanical system may have

* The presence of vacuum fluctuations has been experimentally verified through phenomena such as
the Casimir effect (attractive force between uncharged parallel plates) and the Lamb shift (small energy
difference in hydrogen atom levels)

Physical implications of zero-point energy

Experimental evidence of zero-point energy

» Zero-point energy is the lowest possible energy that a quantum system can have, even at absolute
zero temperature

» The Casimir effect demonstrates the presence of zero-point energy, where an attractive force exists
between two uncharged, parallel, closely spaced conducting plates due to the difference in vacuum
energy inside and outside the plates

» The Lamb shift, a small difference in energy between two energy levels of the hydrogen atom, is
caused by the interaction of the electron with vacuum fluctuations

» These experimental observations confirm the reality of zero-point energy and its effects on quantum
systems

Cosmological implications and potential applications

» Zero-point energy contributes to the cosmological constant, which is related to the accelerating
expansion of the universe

* The presence of zero-point energy may have implications for the nature of dark energy and the
evolution of the universe
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« Attempts to harness zero-point energy for practical applications (energy generation) have been made,
but the feasibility remains uncertain due to the small scale of the energy and the difficulty in extracting it

* Further research is needed to understand the full extent of the physical implications of zero-point
energy and its potential applications in various fields

Expectation values in the vacuum state

Field operators and the vacuum state

* In the quantized electromagnetic field, the electric and magnetic field operators (E(r,t) and B(r,t)) can
be expressed in terms of creation and annihilation operators (a_kt and a_k)

» The vacuum state |0) is defined as the state annihilated by all annihilation operators: a_k |0> = O for all
modes k

» The vacuum state represents the lowest energy state of the quantum field, with no photons present

Expectation values of field operators

» The expectation value of the electric field operator in the vacuum state is (0|E(r,t)|0) = O, indicating
that the average electric field is zero

« Similarly, the expectation value of the magnetic field operator in the vacuum state is <0|B(r,1)|0) = 0,
indicating that the average magnetic field is zero

» However, the expectation values of the squared field operators, such as (O|[E*2(r,t)|0> and
(0|B*2(r,1)|0>, are non-zero, reflecting the presence of vacuum fluctuations

* These non-zero expectation values of the squared field operators contribute to the zero-point energy
of the electromagnetic field

* The zero-point energy is given by the sum of the expectation values of the Hamiltonian for each mode:
Ezp = C Eh“"k, where Wk is the angular frequency of mode k

Vacuum fluctuations and spontaneous emission

Spontaneous emission in the quantum picture

» Spontaneous emission is the process by which an excited atom or molecule transitions to a lower
energy state by emitting a photon, without any external stimulation

* In the classical picture, an atom in the excited state should remain there forever, as there is no
apparent reason for it to decay to a lower energy state

* However, in the quantum picture, vacuum fluctuations can interact with the excited atom, stimulating it
to emit a photon and transition to a lower energy state

» The vacuum fluctuations act as a perturbation that couples the excited state to the ground state,
inducing a non-zero probability of spontaneous emission

Factors influencing spontaneous emission rates

* The rate of spontaneous emission depends on the strength of the coupling between the atom and the
vacuum fluctuations, which is related to the dipole moment of the atomic transition
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angular frequency of the transition, Hij is the dipole moment, A is the reduced Planck's constant, and €
is the speed of light

, where Wij is the

* The spontaneous emission rate is given by Einstein's A coefficient: A; =

* The presence of vacuum fluctuations thus provides a mechanism for spontaneous emission, which is
a fundamental process in quantum optics and atomic physics

* Modifying the vacuum fluctuations (cavity quantum electrodynamics) can lead to the enhancement or
suppression of spontaneous emission rates, enabling control over the behavior of quantum systems
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Unit 6 — Jaynes—-Cummings Model

6.1 Two-level systems and the Jaynes-Cummings Hamiltonian

The Jaynes-Cummings model is a cornerstone of quantum optics, describing how atoms interact with light
at the quantum level. It focuses on a two-level system, like an atom, interacting with a single mode of an
electromagnetic field in a cavity.

This model reveals fascinating quantum phenomena like Rabi oscillations, where energy bounces between
the atom and field. It also predicts collapse and revival of these oscillations, showcasing the quantum
nature of light-matter interactions.

Two-level system properties

Energy states and transitions

* A two-level system is a quantum system that can exist in only two distinct energy states, typically
denoted as the ground state |9) and the excited state |€)

* The energy difference between the two states is given by AE = Aw, where W is the frequency of the
transition and h is the reduced Planck's constant

* Examples of two-level systems include:
* Spin-1/2 particles (electron spin)
» Atoms with a ground state and an excited state (hydrogen atom)

» Superconducting qubits (flux qubits, charge qubits)

State representation and Hamiltonian

* The state of a two-level system can be represented as a superposition of the ground and excited
states, |@) = a|g) + Ble), where @ and B are complex amplitudes satisfying |O!|2 + |B|2 =1

* The amplitudes & and B determine the probabilities of finding the system in the ground or excited
state upon measurement

« The Hamiltonian of an isolated two-level system is given by Ho = hwle){e|, where the ground state
energy is taken as the reference (zero) energy

» The Hamiltonian describes the energy of the system and its time evolution in the absence of external
interactions

Jaynes-Cummings Hamiltonian derivation

Model components

» The Jaynes-Cummings model describes the interaction between a two-level system (atom) and a
single-mode quantized electromagnetic field (cavity mode)

* The Hamiltonian of the combined system is given by H = Ho + Ha + H;, where Ho is the Hamiltonian
of the field, Ha is the Hamiltonian of the atom, and H; is the interaction Hamiltonian
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« The field Hamiltonian is Ho = hw(ata + 1/2), where at and @ are the creation and annihilation
operators for the field mode, respectively

« The atomic Hamiltonian is Ha = wa|e)(e|, where Wa is the frequency of the atomic transition

Interaction Hamiltonian and rotating wave approximation

+ The interaction Hamiltonian in the dipole approximation is Hi = —d - E, where d is the dipole moment
operator of the atom and E is the electric field operator of the cavity mode

» Expressing the dipole moment operator in terms of the atomic raising and lowering operators,

0" =|e){g|and 0~ =|gXe|, and the electric field operator in terms of the field creation and
annihilation operators, the interaction Hamiltonian becomes H; = hg(a to~ +ao™ ), where 9 is the
coupling strength

* The rotating wave approximation is applied to simplify the interaction Hamiltonian by neglecting the
rapidly oscillating terms (ato * and ag ™) that average out over time

* The Jaynes-Cummings Hamiltonian in the rotating wave approximation is
H=hw(@a%a+1/2) + hwale)le| + hglato™ +ac™)

Coupling and detuning parameters

Coupling strength

« The coupling strength 9 in the Jaynes-Cummings Hamiltonian determines the strength of the
interaction between the atom and the field mode

* The coupling strength depends on the dipole moment of the atom and the mode volume of the cavity
* Larger dipole moments and smaller mode volumes lead to stronger coupling

» Examples of strong coupling systems include Rydberg atoms in microwave cavities and quantum dots
in photonic crystal cavities

« Larger coupling strengths lead to faster energy exchange between the atom and the field,
characterized by the Rabi frequency Q = 2gv n + 1, where 1 is the number of photons in the field
mode

Detuning and resonance conditions

* The detuning A = Wa — W is the difference between the atomic transition frequency Wa and the field
mode frequency W

» When A = 0, the system is said to be on resonance, and the energy exchange between the atom and
the field is most efficient

» On resonance, the Rabi oscillations have the maximum amplitude and the shortest period

* Examples of resonant systems include atoms in optical cavities and superconducting qubits coupled
to microwave resonators

» When A # 0, the system is off-resonance, and the energy exchange is less efficient

« Off-resonance, the Rabi oscillations have a reduced amplitude and a longer period
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« The ratio of the coupling strength to the detuning, 9/, determines the nature of the atom-field
interaction

+ When 9/A < 1 the system is in the weak coupling regime, and the energy exchange is dominated by
the detuning

« When 9/A>> 1 the system is in the strong coupling regime, and the energy exchange is dominated
by the coupling strength

Time-dependent Schrdodinger equation solution

State vector expansion and coupled equations

« The time-dependent Schrodinger equation for the Jaynes-Cummings model is iha|@(t)}/at = H|y(t))
, where |@/(t)) is the state vector of the combined atom-field system

* The state vector can be expanded in the basis of the uncoupled atom-field states,
lw(t)) = - [Cq,n(t)]g. N} + Ce,n(t)[e, M where |9, N) and |e, N) represent the atom in the ground
(excited) state with N photons in the field mode

* Substituting the state vector expansion into the Schrédinger equation leads to a set of coupled
differential equations for the amplitudes Cg, n(t) and Ce, n(t)

» The coupled equations describe the evolution of the probability amplitudes for the atom to be in the
ground or excited state with 1 photons in the field mode

Resonant and off-resonant solutions

» The coupled equations can be solved analytically for the resonant case (A = 0) using the rotating
wave approximation

* The solutions exhibit Rabi oscillations, where the probabilities of finding the atom in the ground or
excited state oscillate sinusoidally with the Rabi frequency Q =2gvn +1

» The Rabi oscillations represent the periodic exchange of energy between the atom and the field

» Examples of Rabi oscillations include the vacuum Rabi oscillations (single atom and single photon)
and the collective Rabi oscillations (ensemble of atoms and single photon)

* For the off-resonant case (A # 0), the coupled equations can be solved numerically or by using
perturbation theory in the weak coupling regime

* The solutions show a modified Rabi frequency (' = \/4gz(n +1)+ A? and a reduced amplitude of
the oscillations, indicating a less efficient energy exchange between the atom and the field

* The off-resonant Rabi oscillations exhibit a beating pattern due to the interference between the
coupling and detuning frequencies

Collapse and revival of Rabi oscillations

* The collapse and revival of Rabi oscillations can occur when the field is initially in a coherent state,
which is a superposition of different photon number states

* The collapse of Rabi oscillations happens due to the dephasing of the oscillations for different photon
number states, leading to a decrease in the amplitude of the overall oscillation
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* The revival of Rabi oscillations occurs when the oscillations for different photon number states
rephase, leading to a restoration of the oscillation amplitude

* The collapse and revival times depend on the average photon number and the coupling strength

* Examples of collapse and revival phenomena include the Jaynes-Cummings model with a coherent
state field and the Tavis-Cummings model with an ensemble of atoms and a coherent state field

6.2 Rabi oscillations and collapse-revival phenomena

Rabi oscillations show how atoms and light swap energy in quantum systems. They reveal the dance
between matter and electromagnetic fields, with atoms flipping between energy states as photons are
absorbed and emitted.

Collapse and revival add drama to this quantum tango. The oscillations fade away as different energy
states get out of sync, only to reappear later when they line up again. It's like nature's own magic trick!

Rabi Oscillations in the Jaynes-Cummings Model

Coherent Energy Exchange between Atom and Field

+ Rabi oscillations characterize the coherent exchange of energy between a two-level atom and a
single-mode quantized electromagnetic field in the Jaynes-Cummings model

* The atom alternates between the ground state and the excited state (rubidium atom)
* The field oscillates between states with n and n+1 photons (cavity field)

* The oscillation frequency, known as the Rabi frequency, depends on the coupling strength between
the atom and the field and the detuning between the atomic transition frequency and the field frequency

Resonant Case and Rotating Wave Approximation

* In the resonant case, where the atomic transition frequency matches the field frequency, the Rabi
oscillations display a simple sinusoidal behavior

» The population inversion oscillates between +1 and -1, indicating complete energy exchange

* The Jaynes-Cummings model employs a rotating wave approximation, which neglects the rapidly
oscillating terms in the interaction Hamiltonian

* This approximation simplifies the analysis and is valid when the coupling strength is much smaller
than the atomic transition frequency (dipole approximation)

Rabi Frequency and its Dependence

Rabi Frequency Formula and Parameters

* The Rabi frequency, denoted as Q, is given by Q = \/ g?(n + 1) + A%, where:

- 9 is the coupling strength
* 1 is the number of photons in the field
- A is the detuning

- The coupling strength, 9, represents the strength of the interaction between the atom and the field
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« It is proportional to the dipole moment of the atom and the electric field amplitude (vacuum Rabi
splitting)

« The detuning, 4, is the difference between the atomic transition frequency, Wa, and the field
frequency, Wr, given by A = Wz — Wy

Resonant Case and Effect of Detuning

* In the resonant case (A = 0), the Rabi frequency simplifies to Q = gv n + 1, showing a square root
dependence on the number of photons

* This implies faster oscillations for higher photon numbers (Fock states)

* As the detuning increases, the Rabi frequency also increases, leading to:
+ Faster oscillations

* Reduced amplitude of the population inversion

+ Decreased contrast of the Rabi oscillations (off-resonant driving)

Collapse and Revival Phenomena

Dephasing and Rephasing of Rabi Oscillations

* Collapse and revival refer to the periodic disappearance and reappearance of Rabi oscillations in the
Jaynes-Cummings model when the field is initially in a coherent state

* The collapse occurs due to the dephasing of Rabi oscillations for different photon number states,
leading to a decrease in the amplitude of the population inversion

« Different photon number states have slightly different Rabi frequencies, causing destructive
interference

* The revival happens when the Rabi oscillations for different photon number states rephase, resulting
in the restoration of the oscillation amplitude

» The rephasing occurs when the Rabi oscillations for different photon number states come back into
phase (constructive interference)

Time Scales and Dependence on Parameters

* The time scale of the collapse and revival depends on the average photon number in the coherent
state and the coupling strength

* The collapse time is inversely proportional to the square root of the average photon number
* Larger average photon numbers lead to faster collapse (shorter coherence time)

* The revival time is proportional to the average photon number

« Larger average photon numbers result in longer revival times (longer-lived coherence)

* The collapse and revival phenomena provide evidence for the quantized nature of the electromagnetic
field and the discrete energy exchange between the atom and the field

» They demonstrate the quantum nature of light-matter interaction (quantum electrodynamics)
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Atomic Population Inversion vs Field Coherence

Population Inversion Dynamics

» The atomic population inversion, defined as the difference between the probabilities of finding the
atom in the excited state and the ground state, exhibits Rabi oscillations in the Jaynes-Cummings
model

* In the resonant case, the population inversion oscillates between +1 and -1, indicating complete
energy exchange between the atom and the field

 The atom periodically absorbs and emits photons (Rabi cycling)

» The amplitude of the population inversion decreases with increasing detuning, and the oscillations
become faster

« Off-resonant driving leads to reduced contrast and faster oscillations

Field Coherence Evolution

* The field coherence, characterized by the expectation value of the field annihilation operator, also
exhibits oscillatory behavior

* The field coherence is related to the off-diagonal elements of the field density matrix and provides
information about the phase relationship between the field states

« It measures the degree of phase coherence between different photon number states (coherent
superposition)

* The time evolution of the field coherence depends on the initial state of the field and the coupling
strength

» Coherent states maintain their coherence for longer times compared to Fock states

* In the collapse and revival regime, the field coherence shows a periodic loss and regain of phase
information, coinciding with the collapse and revival of the population inversion

* The collapse corresponds to a loss of phase coherence, while the revival indicates a restoration of
coherence (quantum beats)

6.3 Dressed states and spectral properties

The Jaynes-Cummings model reveals the fascinating interplay between atoms and light in cavities.
Dressed states, formed by this interaction, create a unique energy structure called the Jaynes-Cummings
ladder.

These dressed states exhibit intriguing spectral properties, like vacuum Rabi splitting. Understanding their
dynamics and dissipation helps us grasp how quantum systems behave when atoms and light strongly
interact.

Dressed states in Jaynes-Cummings model

Concept and formation of dressed states

* Dressed states are the eigenstates of the Jaynes-Cummings Hamiltonian describing the interaction
between a two-level atom and a single mode of the electromagnetic field in a cavity
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* Result from the strong coupling between the atom and the cavity field leading to the formation of
entangled states that are a combination of the atomic and photonic states

+ Labeled as |n, ) where n represents the number of photons in the cavity and # indicates the
superposition of the atomic excited and ground states (|e) and |g))

Energy level shifts and Jaynes-Cummings ladder

 Energy levels of the dressed states are shifted from the bare states (uncoupled atom and field states)
due to the atom-field interaction

« Shifts result in the formation of the Jaynes-Cummings ladder, a unique energy level structure

» Ground state of the ladder is the |0, -) state, a superposition of the atomic ground state and the cavity
vacuum state

+ As the number of photons in the cavity increases, the energy splitting between the dressed states
within each rung also increases leading to a nonlinear energy level structure

Eigenstates and eigenvalues of the Jaynes-Cummings Hamiltonian

Jaynes-Cummings Hamiltonian
- Hamiltonian given by H = Aw,02/2 + hwcea'a + hglato- +ao )
- W3 is the atomic transition frequency
- Wc is the cavity frequency
« 9 is the coupling strength
+ 0z, 04,ando_ are the Pauli operators
+ a' and @ are the creation and annihilation operators for the cavity field

- Diagonalized in the basis of the uncoupled states |€, ) and |9, N + 1) to find eigenstates and
eigenvalues

- € and 9 represent the excited and ground states of the atom

N1 is the number of photons in the cavity

Eigenstates and eigenvalues

* Eigenstates of the Jaynes-Cummings Hamiltonian are the dressed states
|n, £) =chx|e, n)xspx|g, N+ 1)

* Cn* and Sn T are the coefficients determined by the diagonalization procedure
« Eigenvalues of the dressed states are Enx = h(n + 1/2)w xhQ,/2
«Qp = V(A% + 49%(n + 1)) is the generalized Rabi frequency

« A = W, — Wc is the detuning between the atomic transition and the cavity frequency
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Energy level structure and Jaynes-Cummings ladder

Ladder-like energy level structure

* Energy level structure of the Jaynes-Cummings model forms a ladder-like pattern known as the
Jaynes-Cummings ladder

» Each rung of the ladder consists of a pair of dressed states |n, £), separated by the generalized Rabi
frequency Qn

« Ladder structure arises from the coupling between the atom and the cavity field causing a splitting of
the energy levels compared to the uncoupled system

Nonlinear energy level spacing

+ As the number of photons in the cavity increases, the energy splitting between the dressed states
within each rung also increases

* Leads to a nonlinear energy level structure
» Spacing between adjacent rungs is not constant and depends on the photon number n

« Nonlinearity is a consequence of the square root dependence of the generalized Rabi frequency Qn
on the photon number

Spectral properties of the Jaynes-Cummings model

Vacuum Rabi splitting

* One of the key spectral features is the vacuum Rabi splitting occurring when the atom-cavity coupling
strength 9 exceeds the decay rates of the atom and the cavity

» Manifests as a doublet in the absorption and emission spectra with two peaks separated by the
generalized Rabi frequency Qo = 29 at the resonance condition (A = 0)

» Magnitude of the vacuum Rabi splitting provides a direct measure of the strength of the atom-cavity
coupling and is a signature of the strong coupling regime

Spectral linewidths and decoherence

 Spectral linewidths of the dressed states are determined by the decay rates of the atom and the cavity

+ Linewidths can be influenced by various decoherence mechanisms such as atomic spontaneous
emission, cavity losses, and dephasing

» Decoherence leads to the broadening of the spectral lines and the reduction of the visibility of the
vacuum Rabi splitting

« Study of the spectral properties allows for the characterization of the coherence and dissipation in the
Jaynes-Cummings system
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Dressed-state formalism for Jaynes-Cummings dynamics

Time evolution and Rabi oscillations

* Dressed-state formalism provides a powerful tool for describing the dynamics of the
Jaynes-Cummings system, including the evolution of the atomic and photonic states

« Time evolution of the system can be expressed in terms of the dressed states rotating at their
respective eigenfrequencies determined by the generalized Rabi frequency Qn

+ Rabi oscillations between the dressed states within each rung of the Jaynes-Cummings ladder can be
observed with the oscillation frequency given by Qn

Dynamics and initial state preparation

» Dynamics of the system can be influenced by the initial state preparation such as the coherent
excitation of the atom or the cavity field

« Different initial states lead to different dynamical behaviors and allow for the study of various
phenomena

* Collapses and revivals of the atomic population
» Entanglement dynamics between the atom and the cavity field

» Generation of non-classical states of light (Fock states, squeezed states)

Dissipative dynamics and decoherence

* Dissipative dynamics of the Jaynes-Cummings system can be incorporated into the dressed-state
formalism by including the decay rates of the atom and the cavity

* Leads to the description of damped Rabi oscillations and the decay of coherences

» Decoherence mechanisms such as atomic spontaneous emission and cavity losses can be modeled
using master equation approaches

« Study of the dissipative dynamics allows for the understanding of the interplay between coherent
interactions and dissipation in the Jaynes-Cummings system
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Unit 7 — Cavity Quantum Electrodynamics

7.1 Optical cavities and mode structure

Optical cavities are the heart of cavity quantum electrodynamics. They confine light in small spaces,
boosting interactions between light and matter. This confinement leads to cool quantum effects like Rabi
oscillations and vacuum Rabi splitting.

The Jaynes-Cummings model describes how a single atom interacts with light in a cavity. It predicts
fascinating phenomena like energy exchange between atoms and light. In the strong coupling regime,
these interactions get even wilder, enabling quantum information tasks.

Principles of Optical Cavities

Optical Cavities and Their Role in Cavity Quantum Electrodynamics

+ Optical cavities confine electromagnetic fields in a small volume, enabling strong light-matter
interactions

+ Cavity quantum electrodynamics (QED) studies the interaction between quantized electromagnetic
fields and atoms or other quantum systems within an optical cavity

» The confinement of light in an optical cavity enhances the coupling strength between the
electromagnetic field and the quantum system, leading to phenomena such as Rabi oscillations and
vacuum Rabi splitting (atom-cavity entanglement)

+ Optical cavities enable the study of fundamental quantum optical phenomena, such as entanglement
(Bell states), quantum state transfer (quantum teleportation), and quantum information processing
(quantum computing)

The Jaynes-Cummings Model and Strong Coupling Regime

* The Jaynes-Cummings model describes the interaction between a single two-level atom and a single
mode of the quantized electromagnetic field in an optical cavity

» The model predicts phenomena such as Rabi oscillations (periodic exchange of energy between atom
and field) and vacuum Rabi splitting (splitting of energy levels due to strong coupling)

* The strong coupling regime in cavity QED occurs when the atom-field coupling rate exceeds the cavity
decay rate and the atomic decay rate, allowing for coherent exchange of energy between the atom and
the field

* In the strong coupling regime, the atom-cavity system exhibits entanglement (non-classical
correlations) and can be used for quantum information processing tasks (quantum gates)

Mode Structure of Optical Cavities

Cavity Modes and Their Spatial Distribution

* Optical cavities support standing wave patterns called cavity modes, which are determined by the
cavity geometry and boundary conditions

» The mode structure of an optical cavity is characterized by the spatial distribution of the
electromagnetic field and the corresponding resonance frequencies
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* Transverse modes, such as Hermite-Gaussian or Laguerre-Gaussian modes, describe the spatial
profile of the electromagnetic field in the plane perpendicular to the cavity axis (transverse electric and
transverse magnetic modes)

+ Longitudinal modes correspond to different standing wave patterns along the cavity axis, with each
mode having a unique resonance frequency (fundamental mode and higher-order modes)

Mode Volume and Overlap with Quantum Systems

» The mode volume, which quantifies the spatial extent of the cavity mode, plays a crucial role in
determining the strength of light-matter interactions in cavity QED

» A smaller mode volume leads to a higher electric field intensity and stronger coupling between the
cavity field and the quantum system (single atoms, quantum dots, or superconducting qubits)

» The overlap between the cavity mode and the atomic or quantum system determines the effective
coupling strength and the efficiency of energy exchange

» Optimizing the mode overlap is crucial for achieving strong coupling and efficient quantum state
transfer between the cavity and the quantum system (fiber-cavity coupling, evanescent field coupling)

« Higher-order cavity modes can be used for multimode cavity QED experiments, enabling the study of
complex quantum systems and the generation of entangled states (multipartite entanglement, cluster
states)

Resonance Conditions for Optical Cavities

Resonance Condition and Free Spectral Range

* Resonance in an optical cavity occurs when the round-trip phase shift of the electromagnetic wave is
an integer multiple of 21

- The resonance condition for a Fabry-Perot cavity is given by 2L = mA, where L is the cavity length,
m is an integer, and A is the wavelength of the light

* The free spectral range (FSR) of a cavity is the frequency spacing between adjacent longitudinal
modes, given by FSR = c/(2L), where € is the speed of light

» The FSR determines the maximum bandwidth over which the cavity can be used for spectroscopic or
sensing applications (cavity-enhanced absorption spectroscopy, cavity ring-down spectroscopy)

Tuning Resonance Frequencies and Cavity-Enhanced Nonlinear Optics

* The resonance frequencies of a cavity are affected by the cavity length, the refractive index of the
medium inside the cavity, and the reflectivity of the cavity mirrors

» Changing the cavity length or the refractive index can tune the resonance frequencies and allow for
precise control over the cavity-atom interaction (piezoelectric tuning, electro-optic modulation)

* The presence of a dispersive medium inside the cavity can modify the resonance conditions and lead
to phenomena such as cavity-enhanced nonlinear optics (second-harmonic generation, parametric
down-conversion)

« Cavity-enhanced nonlinear optical processes can be used for efficient generation of non-classical light
states (squeezed states, entangled photon pairs) and for quantum information processing (quantum
key distribution, quantum metrology)
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Quality Factor and Finesse of Optical Cavities

Quality Factor and Photon Lifetime

* The quality factor (Q) of an optical cavity is a measure of the cavity's ability to store energy, defined as
the ratio of the stored energy to the energy lost per cycle

+ A high-Q cavity has low losses and a long photon lifetime, enabling strong light-matter interactions
and the observation of coherent quantum phenomena (vacuum Rabi oscillations, cavity-enhanced
spontaneous emission)

* The photon lifetime, which is proportional to the quality factor, determines the maximum interaction
time between the cavity field and the quantum system (atom-cavity entanglement, quantum state
transfer)

» Techniques such as mirror coating, vibration isolation, and active stabilization are employed to
achieve high-Q optical cavities for cavity QED experiments (dielectric mirror coatings, active feedback
control)

Finesse and Spectral Resolution

* The finesse (F) of an optical cavity is a measure of the cavity's frequency selectivity, defined as the
ratio of the free spectral range to the cavity linewidth

* A high-finesse cavity has narrow resonance peaks and can resolve closely spaced frequency
components, making it suitable for precision spectroscopy and sensing applications (cavity-enhanced
absorption spectroscopy, cavity optomechanics)

* The cavity linewidth, which is inversely proportional to the finesse, determines the spectral resolution
and the maximum achievable coupling strength in cavity QED experiments

* The finesse is affected by the reflectivity of the cavity mirrors, the cavity length, and the presence of
absorbing or scattering elements inside the cavity (mirror losses, diffraction losses)

* High-finesse cavities are essential for applications such as optical frequency standards (optical atomic
clocks), precision measurements (gravitational wave detection), and quantum information processing
(quantum memories, quantum repeaters)

7.2 Strong coupling regime and vacuum Rabi splitting

In the realm of Cavity Quantum Electrodynamics, the strong coupling regime is where the magic happens.
Here, atoms and cavity modes dance in perfect harmony, exchanging energy faster than they can lose it.
This creates a playground for quantum weirdness.

Vacuum Rabi splitting is the telltale sign of this strong coupling. It's like the cavity and atom are finishing
each other's sentences, creating a split personality in the energy levels. This splitting opens doors to cool
quantum tricks and technologies.

Strong Coupling Regime in Cavity QED

Characteristics of Strong Coupling Regime

* Occurs when the coupling strength between an atom and a cavity mode exceeds the decay rates of
both the atom and the cavity
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» Coherent exchange of energy between the atom and the cavity mode dominates over dissipative
processes

« Exhibits a series of vacuum Rabi oscillations where the excitation coherently oscillates between the
atom and the cavity mode

» Enables the observation of non-classical phenomena such as the generation of entangled states and
the realization of quantum gates

Signatures of Strong Coupling Regime
* Resolution of the vacuum Rabi splitting in the spectrum
* Observation of photon blockade
* Ability to control the quantum state of the atom-cavity system
» Coherent exchange of a single excitation between the atom and the cavity mode

» Formation of dressed states that are eigenstates of the coupled atom-cavity system and are a
superposition of the uncoupled atomic and cavity states

Vacuum Rabi Splitting

Definition and Origin

« Splitting of the energy levels of a coupled atom-cavity system in the strong coupling regime, even in
the absence of any external driving field

* Arises from the coherent exchange of a single excitation between the atom and the cavity mode

+ Energy difference between the dressed states is proportional to the coupling strength between the
atom and the cavity mode, known as the vacuum Rabi frequency

Experimental Observation
» Can be observed by measuring the transmission or reflection spectrum of the cavity
 Spectrum exhibits two distinct peaks separated by the vacuum Rabi frequency
« Signature of the strong coupling regime
* Demonstrates the coherent nature of the atom-cavity interaction
 Requires a high-quality cavity with a small mode volume and a long photon lifetime

« Atom must have a large dipole moment and a long coherence time
Atom-Cavity Coupling Strength
Calculation of Coupling Strength

» Depends on the dipole moment of the atom and the electric field amplitude of the cavity mode at the
position of the atom

*Givenby g =d* v w/(2 *&o* V), where:

« d is the dipole moment of the atom

Fiveable archived study guides Page 69



» W is the frequency of the cavity mode
- €0 is the permittivity of free space

« V is the mode volume of the cavity

Conditions for Strong Coupling
+ Coupling strength 9 must exceed both the atomic decay rate Y and the cavity decay rate K
« Mathematically expressed as 9 > (Y, K)
 Ensures that the coherent atom-cavity interaction dominates over dissipative processes
* Requires a high-quality cavity with a small mode volume and a long photon lifetime

» Atom must have a large dipole moment and a long coherence time

Enhancing Coupling Strength
* Use atomic systems with large dipole moments (Rydberg atoms, quantum dots)
+ Design cavities with small mode volumes and high quality factors
 Optimize the spatial overlap between the atom and the cavity mode

« Control the position of the atom within the cavity using optical tweezers or magnetic traps

Energy Levels in Strong Coupling Systems
Modified Energy Level Structure

* Energy level structure of the coupled atom-cavity system is significantly modified compared to the
uncoupled case

* Energy levels are given by the eigenstates of the Jaynes-Cummings Hamiltonian, which describes the
interaction between a two-level atom and a single cavity mode

« Eigenstates are the dressed states, which are a superposition of the uncoupled atomic and cavity
states

Ladder of Doublets

+ Energy level structure consists of a ladder of doublets
» Each doublet corresponds to a different number of excitations in the system

* Energy splitting between the levels within each doublet is given by the vacuum Rabi frequency, which
depends on the coupling strength and the number of excitations

Dynamics of Strongly Coupled Systems

* Dynamics can be studied by solving the master equation, which takes into account the coherent
interaction as well as the dissipative processes

» Exhibits vacuum Rabi oscillations, where the excitation coherently oscillates between the atom and
the cavity mode at the vacuum Rabi frequency
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* Presence of dissipation leads to the damping of the vacuum Rabi oscillations and the eventual decay
of the system to the ground state

* Analysis of the energy level structure and dynamics provides insights into the quantum nature of the
strongly coupled atom-cavity system and the possibility of realizing quantum information processing
tasks

7.3 Purcell effect and spontaneous emission control

Cavity Quantum Electrodynamics explores how light-matter interactions change in confined spaces. The
Purcell effect, a key phenomenon, shows how cavities can boost or suppress spontaneous emission rates
compared to free space.

Understanding the Purcell effect is crucial for controlling light emission in quantum systems. By tweaking
cavity design and emitter placement, we can manipulate photon properties, opening doors for quantum
tech and faster optical communication.

The Purcell Effect in Cavity QED

Spontaneous Emission Enhancement and Suppression

» The Purcell effect describes the enhancement or suppression of spontaneous emission rates of an
emitter placed inside an optical cavity compared to its emission in free space

* The effect arises from the modification of the local density of optical states (LDOS) experienced by the
emitter due to the presence of the cavity

» The spontaneous emission rate is proportional to the LDOS at the emitter's position and transition
frequency

Cavity Parameters Influencing the Purcell Effect

+ Cavities with high quality factors (Q) and small mode volumes (V) can significantly enhance the
LDOS, leading to increased spontaneous emission rates

+ High Q cavities have longer photon lifetimes, allowing for stronger emitter-cavity interaction
» Small V concentrates the cavity field, increasing the electric field intensity at the emitter's position

» The Purcell effect enables the control of spontaneous emission directionality, spectral properties, and
lifetime of the emitter

* Directional emission can be achieved by designing cavities with specific mode profiles (Fabry-Pérot,
whispering gallery modes)

* Spectral properties can be tailored by matching the cavity resonance to the emitter's transition
frequency

« Lifetime reduction occurs when the Purcell factor is greater than 1, enabling faster emission rates

Purcell Factor Derivation

Purcell Factor Formula

* The Purcell factor (Fp) quantifies the enhancement of spontaneous emission rate in a cavity
compared to free space
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« Fp = (3/41?) x (A3/V) x(Q/n?) where A is the emission wavelength, V is the cavity mode volume, Q
is the cavity quality factor, and n is the refractive index of the cavity medium

* The derivation of the Purcell factor involves calculating the LDOS in the cavity and comparing it to the
LDOS in free space

Cavity Parameters in the Purcell Factor

* The cavity mode volume (V) represents the spatial extent of the cavity mode and is inversely
proportional to the electric field intensity at the emitter's position

» Smaller V leads to higher field intensities and stronger emitter-cavity coupling

* The cavity quality factor (Q) describes the lifetime of photons in the cavity and is related to the cavity's
ability to store electromagnetic energy

+ Higher Q implies longer photon lifetimes and narrower cavity resonance linewidths

» The emitter's dipole moment and its alignment with the cavity mode's electric field also influence the
Purcell factor

» Maximum Purcell enhancement occurs when the emitter is positioned at the antinode of the cavity
mode and its dipole moment is aligned with the electric field

Controlling Spontaneous Emission

Cavity Designs for Spontaneous Emission Control

+ Optical cavities can be designed to control the spontaneous emission properties of emitters, such as
atoms, molecules, or quantum dots

« Fabry-Pérot cavities, whispering gallery mode resonators, and photonic crystal cavities are commonly
used for spontaneous emission control

« Fabry-Pérot cavities consist of two parallel mirrors forming a standing wave pattern

» Whispering gallery mode resonators confine light by total internal reflection in circular or spherical
geometries

* Photonic crystal cavities use periodic dielectric structures to create localized modes

* The cavity's resonance frequency can be tuned to match the emitter's transition frequency to achieve
maximum Purcell enhancement

Applications of Spontaneous Emission Control

« Cavity-emitter coupling can be optimized by precisely positioning the emitter within the cavity mode
volume

» Spontaneous emission control has applications in quantum information processing, such as the
generation of single photons on demand and the realization of quantum networks

« Single-photon sources are crucial for secure quantum key distribution and quantum computing
algorithms

« Cavity-enhanced single-photon sources exhibit high purity, indistinguishability, and efficiency, which
are crucial for quantum cryptography and quantum computing
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» Spontaneous emission control can also be used to modify the radiative lifetime of emitters, enabling
the realization of fast and efficient light-emitting devices

* Shorter lifetimes allow for higher modulation speeds in optical communication systems

Cavity Losses and Detuning

Impact of Cavity Losses

« Cavity losses, such as mirror transmission, absorption, and scattering, reduce the cavity quality factor
(Q) and limit the achievable Purcell enhancement

» The presence of losses broadens the cavity resonance linewidth, reducing the spectral overlap
between the emitter and the cavity mode

* Broader linewidths decrease the sensitivity to emitter-cavity detuning

« Cavity losses can be mitigated by using high-reflectivity mirrors, low-loss materials, and active
frequency stabilization techniques

* Distributed Bragg reflectors (DBRs) and dielectric mirrors provide high reflectivity over a broad
wavelength range

* Low-loss dielectrics (silicon, silicon nitride) minimize absorption and scattering losses

Effect of Detuning

* Detuning between the emitter's transition frequency and the cavity resonance frequency diminishes
the Purcell effect

*» The Purcell factor decreases as the detuning increases, following a Lorentzian profile with a linewidth
determined by the cavity Q

* Maximum enhancement occurs at zero detuning when the emitter and cavity are resonant

« Off-resonant coupling between the emitter and the cavity mode can lead to modified emission spectra,
such as the Mollow triplet or the Autler-Townes splitting

» Mollow triplet appears as three emission peaks due to strong emitter-cavity coupling and large
detuning

* Autler-Townes splitting occurs when the cavity acts as a strong driving field, creating dressed states

* The interplay between cavity losses, detuning, and emitter-cavity coupling strength determines the
overall efficiency and fidelity of spontaneous emission control in cavity QED systems
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Unit 8 — Atom-Light Interactions

8.1 Dipole approximation and selection rules

Ever wondered how atoms and light interact? It's all about the dipole approximation and selection rules.
These concepts simplify complex interactions, making it easier to understand how atoms absorb and emit
light.

The dipole approximation assumes the electric field is uniform across an atom, while selection rules
determine which transitions are allowed. Together, they help us predict and explain the behavior of atoms
when they interact with light.

Dipole approximation and its validity

Simplification of atom-light interaction

* The dipole approximation simplifies the interaction between an atom and an electromagnetic field by
assuming the electric field is uniform across the atom

+ Valid when the wavelength of the field is much larger than the size of the atom

« Interaction Hamiltonian is reduced to the electric dipole term, H;nt = —d"E where d is the electric
dipole moment of the atom and E is the electric field

« Simplifies the calculation of transition probabilities and selection rules by allowing the use of the
electric dipole operator to determine the coupling between atomic states

Limitations and breakdown conditions

* The validity of the dipole approximation depends on the ratio of the atomic size to the wavelength of
the electromagnetic field

* Breaks down when the wavelength becomes comparable to or smaller than the atomic size
(high-energy transitions, strong fields)

* In these cases, higher-order multipole interactions (electric quadrupole, magnetic dipole) become
significant and cannot be neglected

* Failure to account for the breakdown of the dipole approximation can lead to inaccurate predictions of
transition probabilities and spectral line intensities

Selection rules for atomic transitions

Electric dipole selection rules

» Determine whether a transition between two atomic states is allowed or forbidden based on the
conservation of angular momentum and parity

* For a single-electron atom, the electric dipole selection rules are:
« AL = =1 (change in orbital angular momentum)
« AmL =0, £1 (change in magnetic quantum number)

+ AS = 0 (no change in spin angular momentum)
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* Parity must change (odd < even)

* Transitions that satisfy these rules are called allowed transitions, while those that violate them are
called forbidden transitions

« Examples of allowed transitions: 15s22p, 2p—-3d

Forbidden transitions and higher-order interactions

* Forbidden transitions can still occur, but with much lower probabilities compared to allowed transitions

 Can be induced by higher-order multipole interactions (electric quadrupole, magnetic dipole) or by
mixing of states due to perturbations

» Electric quadrupole transitions have selection rules: AL =0, 2 AmL =0, £1,+2 AS=0, and no
change in parity

« Magnetic dipole transitions have selection rules: AL =0, AmL =0, 1 AS =0, *1, and no change
in parity

 Examples of forbidden transitions: 15s—25 (electric dipole forbidden, two-photon transition), 25—1s
(magnetic dipole allowed)

Electric vs magnetic dipole transitions

Electric dipole transitions

* Most common and strongest type of transitions in atoms, with the largest transition probabilities
* Give rise to the primary lines observed in atomic spectra (visible and UV regions)
« Examples: 2P—=1s (Lyman-alpha line), 3p—=2s (Balmer-alpha line)

» Governed by the electric dipole selection rules, which favor transitions between states with opposite
parity and AL = =1

Magnetic dipole transitions

» Weaker than electric dipole transitions and have different selection rules
» Can be observed in atomic spectra as weak lines, often in the microwave or radio frequency regions
« Examples: 2512=*151/2 (hydrogen 21 cm line), 351/2=251/2 (fine structure transition)

» Governed by the magnetic dipole selection rules, which favor transitions between states with the same
parity and AL=0,A5=0, 1

Transition strengths and matrix elements

Quantifying transition strengths

* The strength of a dipole transition is quantified by the transition probability, which is proportional to the
square of the matrix element of the dipole operator between the initial and final states

* Electric dipole matrix element: (wﬂdlwi), where Wi and Yf are the wavefunctions of the initial and final
states, respectively, and d is the electric dipole operator

* Magnetic dipole matrix element: {(Whp|yi), where M is the magnetic dipole operator
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* Transition probability is proportional to the square of the matrix element and the cube of the transition
frequency (Fermi's golden rule)

Calculating matrix elements

« Evaluation of matrix elements involves integrating the product of the initial state wavefunction, the
dipole operator, and the complex conjugate of the final state wavefunction over all space

» Wigner-Eckart theorem simplifies the calculation by separating the angular and radial parts of the
wavefunctions

« Allows the use of reduced matrix elements and Clebsch-Gordan coefficients, which depend on the
angular momentum quantum numbers of the states involved

+ Radial part of the matrix element depends on the overlap of the radial wavefunctions and the radial
part of the dipole operator

« Examples: {2p|r|1s) (electric dipole matrix element), (25|L + 25|1s) (magnetic dipole matrix
element)

8.2 Spontaneous and stimulated emission

Spontaneous and stimulated emission are key processes in atom-light interactions. Spontaneous emission
occurs randomly when excited atoms release energy, while stimulated emission happens when light
triggers atoms to emit photons with identical properties.

These processes shape how atoms interact with light, influencing everything from natural light sources to
lasers. Understanding their differences and the factors that control emission rates is crucial for grasping the
fundamentals of quantum optics and laser physics.

Spontaneous vs Stimulated Emission

Spontaneous Emission

+ Excited atom or molecule transitions to a lower energy state and emits a photon without external
influence

» Emitted photon has a random direction and phase
* Occurs naturally due to the instability of excited states

* Photons emitted through spontaneous emission are incoherent (random phase and direction)

Stimulated Emission

* Incident photon interacts with an excited atom or molecule, causing it to transition to a lower energy
state

» Emitted photon is identical to the incident photon in frequency, phase, polarization, and direction of
propagation

* Requires the presence of an external electromagnetic field to trigger the emission process
+ Leads to coherent light amplification (photons have the same phase and direction)

» Forms the basis for the operation of lasers (Light Amplification by Stimulated Emission of Radiation)

Fiveable archived study guides Page 76



Key Differences

* Presence of an external electromagnetic field in stimulated emission, absent in spontaneous emission
+ Spontaneous emission produces incoherent light, while stimulated emission generates coherent light
» Spontaneous emission occurs randomly, while stimulated emission is triggered by an incident photon

« Stimulated emission enables light amplification (lasers), while spontaneous emission does not

Emission Rates and Einstein Coefficients

Einstein A Coefficient

* Represents the probability per unit time that an excited atom will spontaneously emit a photon and
transition to a lower energy state

+ Related to the natural lifetime of the excited state (T) by A21 = 1/T

« Determines the rate of spontaneous emission, given by Rspon = N2 *A21, where N3 is the population
of the excited state

Einstein B Coefficient

* Represents the probability per unit time that an atom in the excited state will undergo stimulated
emission when interacting with a photon of the appropriate frequency

&3
8nhv’

« Related to the Einstein A coefficient by B21 = A21, where C is the speed of light, h is Planck's

constant, and V is the transition frequency

« Determines the rate of stimulated emission, given by Rstim = N2 * B21 * p(V) | where (V) is the
spectral energy density of the electromagnetic field at the transition frequency V

Calculating Emission Rates
« Rate of spontaneous emission: Rspon = N2 * A21
« Rate of stimulated emission: Rstim = N2 * B21 * p(v)

* The ratio of stimulated to spontaneous emission rates depends on the spectral energy density of the
electromagnetic field

* In thermal equilibrium, the rates of absorption and emission (spontaneous + stimulated) are equal,
leading to the Planck distribution for blackbody radiation

Stimulated Emission in Lasers

Population Inversion

* In a laser, a population inversion is created where the majority of atoms or molecules are in the
excited state

* Achieved through a process called pumping (optical, electrical, or chemical)
* Population inversion is necessary to achieve net light amplification through stimulated emission

 Without population inversion, absorption would dominate over stimulated emission
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Light Amplification

* When a photon with the appropriate frequency passes through the inverted medium, it stimulates the
excited atoms to emit photons

« Stimulated emission leads to a cascade effect, where emitted photons stimulate further emissions
» Emitted photons have the same frequency, phase, polarization, and direction as the incident photon

* Results in coherent light amplification and the generation of a highly monochromatic and directional
laser beam

Laser Cavity

* Consists of two mirrors: one fully reflective and one partially transmissive

* Provides the necessary feedback for the stimulated emission process to continue

* Photons bounce back and forth between the mirrors, repeatedly passing through the gain medium

« Partially transmissive mirror allows a portion of the amplified light to exit the cavity as the laser output

+ Cavity design determines the laser mode structure and beam characteristics (e.g., transverse mode
profile, beam divergence)

Spontaneous Emission and Linewidth

Natural Linewidth

« Intrinsic width of the spectral line resulting from the finite lifetime of the excited state

+ Determined primarily by spontaneous emission, which is related to the excited state lifetime by the
uncertainty principle

« Natural linewidth (I") is inversely proportional to the lifetime (T) of the excited state: I = 1/(2nT)

+ A shorter lifetime results in a broader natural linewidth, while a longer lifetime leads to a narrower
linewidth

Fundamental Limit on Spectral Resolution

* Natural linewidth sets a fundamental limit on the spectral resolution and coherence of the emitted
radiation

* Represents the minimum achievable linewidth in the absence of other broadening mechanisms
(Doppler broadening, pressure broadening)

* Narrower linewidths enable higher spectral resolution and more precise measurements in
spectroscopy and atomic physics

Applications

+ High-resolution spectroscopy: Narrow linewidths allow for the resolution of closely spaced spectral
lines and the study of fine and hyperfine structures in atoms and molecules

« Laser cooling: Narrow linewidth lasers are used to precisely target atomic transitions for efficient
cooling and trapping of atoms (magneto-optical traps, optical molasses)
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* Precision measurements: Narrow linewidths enable precise measurements of atomic transition
frequencies, which are essential for applications such as atomic clocks and tests of fundamental
physics

8.3 Optical Bloch equations and density matrix formalism

Optical Bloch equations and density matrix formalism are key tools for understanding atom-light
interactions. They help us describe how atoms behave when exposed to light, including cool phenomena
like Rabi oscillations and population inversion.

These concepts are crucial for grasping how atoms and light dance together. By using these mathematical
tools, we can predict and control atomic behavior, opening doors to exciting applications in quantum tech
and precision measurements.

Density Matrix Formalism for Atomic Systems

Mathematical Description and Properties

* The density matrix is a mathematical tool used to describe the statistical state of a quantum system,
particularly when dealing with mixed states or ensembles of atoms

* It is a Hermitian, positive semi-definite matrix with trace equal to one
+ Diagonal elements represent the populations of the quantum states
« Off-diagonal elements represent the coherences between the states

* The density matrix can be used to calculate various observable quantities, such as the expectation
values of operators, by taking the trace of the product of the density matrix and the operator

Time Evolution and Applications

* The time evolution of the density matrix is governed by the Liouville-von Neumann equation, which is
the quantum analog of the classical Liouville equation for the phase space density

+ The density matrix formalism is particularly useful for describing the interaction of atoms with
electromagnetic fields

« Allows for the treatment of both pure and mixed states
* Includes dissipative processes such as spontaneous emission and dephasing

* It provides a unified framework for understanding the dynamics of atomic systems in the presence of
various types of electromagnetic fields (coherent and incoherent)

Optical Bloch Equations for Two-Level Systems

Derivation and Solution Methods

* The optical Bloch equations are a set of coupled differential equations that describe the time evolution
of the density matrix elements for a two-level atomic system interacting with an electromagnetic field

* To derive the optical Bloch equations:

1. Start with the Liouville-von Neumann equation
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2. Expand the Hamiltonian to include the interaction between the atom and the electromagnetic field,
typically using the dipole approximation

* The resulting equations describe the time evolution of the populations (diagonal elements) and
coherences (off-diagonal elements) of the two-level system

* Takes into account the Rabi frequency, detuning, and relaxation rates

* The optical Bloch equations can be solved analytically in some special cases (steady-state regime or
resonant excitation)

* In general, numerical methods are required to obtain the time-dependent solutions

Insights and Phenomena

* The solutions of the optical Bloch equations provide valuable insights into the dynamics of the
two-level system

+ Rabi oscillations: periodic oscillations of the populations between the ground and excited states
* Population inversion: excited state population exceeds the ground state population

+ Coherent transients: short-lived phenomena resulting from the coherent interaction between the atom
and the field

* The equations reveal the interplay between the driving field parameters, the atomic properties, and the
relaxation processes in determining the system's behavior

Atomic Population and Coherence Dynamics

Population Dynamics

» The populations of the two-level system, represented by the diagonal elements of the density matrix,
exhibit a variety of dynamic behaviors depending on the parameters of the system and the applied
electromagnetic field

+ Rabi oscillations occur when the two-level system is driven by a resonant or near-resonant field
* Frequency determined by the strength of the atom-field interaction (Rabi frequency)
* Amplitude and phase influenced by the initial state and detuning from the atomic resonance

* Population inversion can be achieved by appropriate manipulation of the driving field parameters
(pulse duration and intensity)

Coherence Dynamics

» The coherences of the two-level system, represented by the off-diagonal elements of the density
matrix, describe the degree of quantum superposition between the ground and excited states

» Coherences exhibit a complex time evolution influenced by the driving field parameters, the detuning,
and the relaxation rates

» Decay governed by the dephasing rate (contributions from population relaxation and pure dephasing
processes)

* The interplay between the populations and coherences gives rise to various coherent phenomena
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 Coherent population trapping
* Electromagnetically induced transparency

+ Slow light

Atom-Light Interaction with Density Matrix

Coherent Light Interaction

» Coherent light (lasers) is characterized by a well-defined phase relationship between the electric field
components and can be described by a classical electromagnetic field

* The interaction of atoms with coherent light can be modeled using the optical Bloch equations
« Driving field represented by a coherent Rabi frequency

» Coherent phenomena readily observed and controlled in systems driven by coherent light

+ Rabi oscillations

» Population inversion

Incoherent Light Interaction

* Incoherent light (thermal sources, spontaneous emission) lacks a well-defined phase relationship and
must be treated using a quantum description of the electromagnetic field

* The interaction of atoms with incoherent light can be modeled using the density matrix formalism

* Include additional terms in the Liouville-von Neumann equation to account for incoherent processes
(spontaneous emission, dephasing)

» The master equation approach, which extends the density matrix formalism to open quantum systems,
is particularly useful for describing the interaction of atoms with incoherent light and the associated
dissipative processes

Controlling Atomic Systems

* The density matrix formalism allows for the unified treatment of both coherent and incoherent
processes

* Provides a comprehensive framework for understanding the dynamics of atomic systems in the
presence of various types of electromagnetic fields

» By manipulating the properties of the driving fields (intensity, phase, statistics), it is possible to:
* Control the atomic populations and coherences

* Engineer desired quantum states for applications in quantum information processing, quantum
metrology, and quantum simulation

8.4 Light shifts and AC Stark effect

Light shifts and the AC Stark effect are key players in atom-light interactions. They occur when atoms
encounter oscillating electric fields, causing energy level changes. This phenomenon impacts atomic
clocks, spectroscopy, and quantum sensors, making it crucial for precision measurements and quantum
technologies.
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Understanding light shifts helps us manipulate atomic states and create better quantum devices. By
controlling laser intensity and frequency, we can engineer specific quantum states, implement quantum
gates, and develop more accurate atomic clocks. It's a powerful tool in the quantum toolbox.

Light Shifts in Atomic Interactions

Concept and Origin

« Light shifts, also known as AC Stark shifts, are changes in the energy levels of an atom due to the
interaction with an oscillating electric field, typically from a laser

* The origin of light shifts lies in the dipole interaction between the oscillating electric field and the
induced dipole moment of the atom, resulting in a shift of the atomic energy levels

» The magnitude and direction of the light shift depend on the intensity and frequency of the applied
electric field, as well as the specific atomic transition involved (e.g., the D1 or D2 lines in alkali atoms)

Classification and Implications

« Light shifts can be classified as red shifts (lowering of energy levels) or blue shifts (raising of energy
levels), depending on the detuning of the applied field from the atomic resonance

* Red shifts occur for negative detunings (field frequency below the atomic resonance), while blue shifts
occur for positive detunings (field frequency above the atomic resonance)

» The presence of light shifts can lead to a modification of the atomic transition frequencies, which has
important implications for precision spectroscopy and atomic clocks

« Light shifts can introduce systematic frequency shifts that limit the accuracy and stability of atomic
clocks

* In some cases, light shifts can be exploited to cancel other systematic effects, such as the quadratic
Zeeman shift, by carefully choosing the intensity and frequency of the applied fields

Calculating Light Shifts
Perturbation Theory Approach

» The magnitude of the light shift is proportional to the intensity of the applied electric field and inversely
proportional to the detuning of the field from the atomic resonance

* The light shift can be calculated using perturbation theory, treating the atom-field interaction as a small
perturbation to the unperturbed atomic energy levels

« In the case of a two-level atom, the light shift is given by A = (Q?)/(4A), where Q is the Rabi
frequency (a measure of the coupling strength between the atom and the field) and A is the detuning of
the field from the atomic resonance

Multi-level Atoms and Detuning

» For multi-level atoms, the light shift calculation involves summing over all possible transitions, taking
into account the respective transition strengths and detunings

* This requires knowledge of the atomic level structure and the relevant transition dipole matrix
elements
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* The total light shift is the sum of the individual contributions from each transition
* The direction of the light shift (red or blue) is determined by the sign of the detuning

+ Red shifts occur for negative detunings, where the field frequency is below the atomic resonance
(e.g., a red-detuned laser)

* Blue shifts occur for positive detunings, where the field frequency is above the atomic resonance (e.g.,
a blue-detuned laser)

The AC Stark Effect

Modification of Atomic Energy Levels

» The AC Stark effect is a consequence of the light shift, leading to a modification of the atomic energy
level structure in the presence of an oscillating electric field

» The AC Stark shift is proportional to the intensity of the applied field, allowing for the control and
manipulation of atomic energy levels by adjusting the field intensity

* In the presence of a strong AC Stark shift, the atomic energy levels can be significantly distorted,
leading to the formation of dressed states, which are superpositions of the unperturbed atomic states
and the field states

Quantum Interference and Transition Suppression

» The AC Stark effect can lead to a suppression of atomic transitions (quantum interference effects)
when the light shift becomes comparable to the natural linewidth of the transition

« This occurs when the dressed states have a significant admixture of the excited state, resulting in a
reduced transition probability

» Quantum interference effects can be exploited for selective population transfer and coherent control of
atomic states

» The AC Stark effect has important implications for the design and operation of atomic clocks and
quantum sensors, as it can introduce systematic frequency shifts and limit the achievable accuracy and
stability

Light Shifts for Atomic Devices

Atomic Clocks

« Light shifts and the AC Stark effect play a crucial role in the operation of atomic clocks, as they can
introduce systematic frequency shifts that limit the clock's accuracy and stability

* In atomic clocks, light shifts are often exploited to cancel other systematic effects, such as the
quadratic Zeeman shift, by carefully choosing the intensity and frequency of the applied fields

* This technique is known as light shift cancellation or the magic wavelength approach

* In optical lattice clocks, the AC Stark shift is employed to create a magic wavelength trap, where the
light shifts of the clock states are equal, minimizing the impact of the trapping field on the clock
transition frequency
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Quantum Sensors and State Engineering

» The AC Stark effect can be used for state preparation and manipulation in atomic clocks and quantum
sensors, allowing for the creation of specific superposition states or the control of atomic transition
frequencies

* By applying tailored light fields, it is possible to engineer desired quantum states and implement
quantum gates for quantum information processing

« Light shifts and the AC Stark effect can be used for quantum state engineering and quantum control in
atomic systems, enabling the realization of quantum gates and quantum information processing
protocols

* The sensitivity of atomic transitions to light shifts can be exploited for the development of quantum
sensors, such as magnetometers and electric field sensors

* In these devices, the shift in the atomic transition frequency is used as a measure of the external field

» By monitoring the light-induced frequency shifts, it is possible to achieve high-precision
measurements of magnetic fields, electric fields, and other physical quantities
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Unit 9 — Single—Photon Sources and
Detectors

9.1 Single-photon emitters (atoms, quantum dots, NV centers)

Single-photon emitters are quantum systems that release one photon at a time. Atoms, quantum dots, and
NV centers in diamond are key examples, each with unique properties that make them useful for different
quantum applications.

These emitters play a crucial role in quantum optics and information processing. They're essential for
creating indistinguishable photons, entangled pairs, and secure communication systems, paving the way
for quantum technologies like cryptography and computing.

Single-photon emission mechanisms

Quantum systems and their properties

« Single-photon emission occurs when a quantum system (atom, quantum dot, or NV center) emits one
photon at a time upon excitation

* The energy levels and transitions of the quantum system determine the wavelength and properties of
the emitted photons

* The single-photon emission process is governed by the principles of quantum mechanics
(superposition and entanglement of quantum states)

Emission processes in different systems

* In atoms, single-photon emission occurs due to electronic transitions between discrete energy levels,
typically involving the excitation and relaxation of an electron

* Quantum dots are semiconductor nanostructures that confine electrons and holes in a small volume,
leading to discrete energy levels and single-photon emission upon optical or electrical excitation

* Nitrogen-vacancy (NV) centers in diamond are point defects consisting of a substitutional nitrogen
atom next to a vacancy, which exhibit stable single-photon emission due to their unique electronic
structure

Single-photon emitter properties

Physical characteristics

» Atoms, quantum dots, and NV centers differ in their physical structure, size, and composition, which
influence their emission properties

» Emission wavelength: Atoms typically emit in the visible to near-infrared range, while quantum dots
and NV centers can be engineered to emit at specific wavelengths from the visible to the telecom range

» Emission linewidth: Atoms have narrow emission linewidths due to their well-defined energy levels,
while quantum dots and NV centers may have broader linewidths due to inhomogeneous broadening
effects
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Performance metrics

* Photon indistinguishability: Atoms and NV centers can emit highly indistinguishable photons, which is
crucial for quantum interference and entanglement experiments. Quantum dots may have lower
indistinguishability due to charge noise and other environmental factors

» Emission rate and efficiency: Quantum dots and NV centers generally have higher emission rates and
efficiencies compared to atoms, making them more suitable for high-speed and high-efficiency
single-photon sources

+ Scalability and integration: Quantum dots and NV centers are more easily integrated into solid-state
devices and photonic structures, offering better scalability compared to atomic systems

Single-photon emitters for quantum optics

Advantages and limitations of different emitters

* Atoms:

» Advantages: High photon indistinguishability, narrow emission linewidths, and long coherence times,
making them suitable for quantum interference and entanglement experiments

« Limitations: Difficulty in trapping and manipulating individual atoms, limited scalability, and the need
for complex vacuum systems and laser cooling techniques

* Quantum dots:

» Advantages: High emission rates, tunable emission wavelengths, and the possibility of integration into
solid-state devices and photonic structures for scalable quantum photonic systems

* Limitations: Lower photon indistinguishability compared to atoms and NV centers, sensitivity to charge
noise and other environmental factors, and the need for cryogenic temperatures for optimal
performance

* NV centers:

» Advantages: Room-temperature operation, high photon indistinguishability, long spin coherence
times, and the ability to control and manipulate the spin state for quantum information processing

« Limitations: Lower emission rates compared to quantum dots, the need for careful engineering of the
diamond host material, and the presence of phonon sidebands in the emission spectrum

Applications in quantum optics experiments

* Quantum interference and entanglement: Single-photon emitters are essential for generating
indistinguishable photons and entangled photon pairs, which are the building blocks for quantum
interference and entanglement experiments (Hong-Ou-Mandel effect, Bell state generation)

* Quantum communication: Single-photon emitters are used as sources for quantum key distribution
(QKD) protocols, enabling secure communication over long distances (BB84 protocol, decoy-state
QKD)

» Quantum metrology: Single-photon emitters, particularly NV centers, are employed in quantum
metrology applications, such as high-precision magnetometry, electric field sensing, and nanoscale
imaging
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Single-photon emitters for quantum information processing

Suitability for specific quantum information tasks

* Quantum key distribution (QKD): All three types of single-photon emitters can be used for QKD, with
atoms and NV centers being particularly suitable due to their high photon indistinguishability and the
possibility of generating entangled photon pairs

» Quantum repeaters: NV centers are promising candidates for quantum repeaters due to their long spin
coherence times and the ability to store and manipulate quantum information in their spin states

« Linear optical quantum computing (LOQC): Quantum dots are well-suited for LOQC due to their high
emission rates and the possibility of integration into photonic circuits for scalable quantum information
processing

* Quantum networks: Atoms and NV centers are suitable for quantum networks due to their ability to
generate entangled photon pairs and their compatibility with quantum memories for long-distance
entanglement distribution

Integration with quantum hardware and platforms

+ Solid-state devices: Quantum dots and NV centers can be integrated into solid-state devices, such as
photonic integrated circuits (PICs) and optoelectronic devices, enabling scalable and compact quantum
information processing systems

* Hybrid quantum systems: Single-photon emitters can be interfaced with other quantum systems, such
as superconducting qubits, trapped ions, and optomechanical resonators, to create hybrid quantum
platforms that combine the advantages of different technologies (quantum transducers, quantum
memories)

» Quantum networks: Single-photon emitters are essential components for building quantum networks,
where they serve as sources of entangled photons and quantum repeaters for long-distance
entanglement distribution and quantum communication (quantum internet, distributed quantum
computing)

9.2 Heralded single-photon sources

Heralded single-photon sources are game-changers in quantum optics. They use spontaneous parametric
down-conversion to generate single photons with high certainty. By detecting one photon, we can
announce the presence of its twin, giving us on-demand single photons for quantum applications.

These sources are crucial for quantum communication, cryptography, and computing. They enable secure
key distribution, quantum teleportation, and linear optical quantum computing. As we improve their
efficiency and reliability, we're unlocking new possibilities in quantum technologies and pushing the
boundaries of what's possible.

Heralded Single-Photon Sources

Concept and Working Principles

* Heralded single-photon sources generate single photons with high certainty and control by exploiting
spontaneous parametric down-conversion (SPDC)
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* In SPDC, a high-energy pump photon interacts with a nonlinear crystal (beta-barium borate (BBO) or
periodically poled potassium titanyl phosphate (PPKTP)) and spontaneously splits into two
lower-energy photons called signal and idler photons

+ Signal and idler photons are generated simultaneously and are correlated in time, energy, and
polarization due to conservation of energy and momentum during SPDC

+ Detecting the idler photon using a single-photon detector "heralds" the presence of its twin signal
photon, announcing the signal photon's existence with high certainty

* Heralding allows for on-demand generation of single photons, as detecting the idler photon triggers
the emission of the signal photon for various quantum applications

+ Quality of the heralded single-photon source depends on the purity of the single-photon state,
heralding efficiency, and suppression of multi-photon events

Experimental Setups and Components

* A typical setup consists of a pump laser, nonlinear crystal for SPDC, single-photon detectors, and
optical components for filtering and manipulating photons

* Pump laser (continuous-wave or pulsed) has a wavelength chosen to match phase-matching
conditions of the nonlinear crystal for efficient SPDC

* Nonlinear crystal is selected and engineered to optimize SPDC, considering crystal type,
phase-matching conditions, and optical properties

« Spectral filtering (interference filters or diffraction gratings) selects specific wavelengths of signal and
idler photons to improve single-photon state purity and minimize background noise

« Spatial filtering (coupling photons into single-mode optical fibers or using apertures) ensures spatial
mode purity of the photons

« Single-photon detectors (avalanche photodiodes (APDs) or superconducting nanowire single-photon
detectors (SNSPDs)) detect the idler photon and herald the signal photon

* Coincidence electronics (time-to-digital converters (TDCs) or field-programmable gate arrays
(FPGASs)) record timing information of detected photons and identify coincidence events between signal
and idler photons

Components of Heralded Sources

Pump Laser and Nonlinear Crystal

* Pump laser provides the high-energy photons necessary for SPDC

» Wavelength is chosen to match phase-matching conditions of the nonlinear crystal for efficient
down-conversion

+ Can be continuous-wave or pulsed, depending on the desired characteristics of the generated single
photons

* Nonlinear crystal is the heart of the SPDC process, where the pump photon splits into signal and idler
photons

» Common crystals include beta-barium borate (BBO) and periodically poled potassium titanyl
phosphate (PPKTP)
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* Crystal properties (type, phase-matching conditions, optical properties) are carefully engineered to
optimize SPDC efficiency and photon characteristics

Filtering and Manipulation of Photons

* Spectral filtering improves the purity of the single-photon state and minimizes background noise

» Narrowband filters (interference filters or diffraction gratings) select specific wavelengths of signal and
idler photons

» Ensures photons have well-defined spectral properties, which is crucial for their indistinguishability
and suitability for quantum applications

« Spatial filtering ensures the spatial mode purity of the photons
» Coupling photons into single-mode optical fibers or using apertures helps to define the spatial mode

« Spatial mode purity is important for achieving high-visibility interference and efficient coupling to other
quantum systems

Detection and Coincidence Electronics

« Single-photon detectors are used to detect the idler photon and herald the presence of the signal
photon

+ Avalanche photodiodes (APDs) and superconducting nanowire single-photon detectors (SNSPDs) are
common choices

* Detectors should have high detection efficiency, low dark counts, and fast response times for efficient
heralding

+ Coincidence electronics record the timing information of detected photons and identify coincidence
events between signal and idler photons

+ Time-to-digital converters (TDCs) or field-programmable gate arrays (FPGAs) are used for this
purpose

+ Coincidence detection allows for the identification of true heralded single-photon events and the
rejection of background noise and multi-photon events

Performance Metrics for Sources

Single-Photon Purity and Heralding Efficiency

* Heralding efficiency measures the probability of detecting a signal photon given the detection of its
corresponding idler photon

* High heralding efficiencies are desirable for efficient and reliable single-photon generation

+ Heralding efficiency is affected by factors such as detector efficiency, optical losses, and
mode-matching between signal and idler photons

» Second-order correlation function, g*(2)(0), quantifies the degree of single-photon purity

* g"(2)(0) < 0.5 indicates a strong single-photon character, with g*(2)(0) = 0 representing an ideal
single-photon state
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* Measured using a Hanbury Brown and Twiss (HBT) interferometer, which consists of a beam splitter
and two single-photon detectors

Indistinguishability and Spectral Properties

« Indistinguishability of generated single photons is assessed through Hong-Ou-Mandel (HOM)
interference experiments

» Two indistinguishable photons entering a beam splitter exhibit bunching behavior, resulting in a
characteristic HOM dip

+ Visibility of the HOM dip quantifies the degree of indistinguishability, with higher visibility indicating
better indistinguishability

« Spectral purity and bandwidth of the generated single photons are crucial for their suitability in
quantum applications

» Narrow spectral bandwidth is often desired for efficient interaction with atomic systems or for
achieving high-visibility interference

* Spectral purity can be characterized using single-photon spectrometers or by measuring the joint
spectral intensity (JSI) of the signal and idler photons

Photon Generation Rate and Efficiency

» Photon generation rate determines the speed and scalability of quantum protocols relying on single
photons

« Higher generation rates allow for faster quantum operations and more efficient quantum
communication and computation

» Generation rate is influenced by factors such as pump power, nonlinear crystal properties, and
collection efficiency of the photons

+ Overall efficiency of the heralded single-photon source takes into account the losses in the entire
system

* Includes losses from SPDC, filtering, coupling, and detection stages

+ High overall efficiency is important for practical applications, as it directly impacts the success
probability of quantum protocols and the scalability of quantum systems

Applications of Heralded Sources

Quantum Communication and Cryptography

+ Heralded single-photon sources are a key enabling technology for quantum communication and
cryptography protocols

» Quantum key distribution (QKD) uses single photons to generate secure cryptographic keys, ensuring
security through quantum mechanics principles

» Quantum teleportation allows transfer of quantum information between distant locations using
entanglement and classical communication, with single photons serving as quantum information
carriers
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» Quantum repeaters, essential for extending the range of quantum communication networks, rely on
heralded single-photon sources for generating and distributing entanglement between distant nodes

» Development of efficient and reliable heralded single-photon sources is crucial for practical
implementation and widespread adoption of quantum communication and cryptography technologies

» Enables secure and long-distance quantum networks

 Paves the way for quantum-enhanced security and privacy in various applications (secure
communication, sensitive data transmission, online transactions)

Quantum Computing and Metrology

+ Linear optical quantum computing (LOQC) relies on heralded single-photon sources for realizing
quantum gates and circuits

« Single photons serve as qubits, the fundamental building blocks of quantum information processing

+ Quality and scalability of single-photon sources directly impact the performance and feasibility of
LOQC systems

* Heralded sources enable the generation of high-purity and indistinguishable single photons, which are

essential for achieving high-fidelity quantum operations and error correction

* Quantum metrology and sensing applications exploit the non-classical properties of single photons for
enhanced precision and sensitivity

+ Single photons can be used as probes in quantum imaging, spectroscopy, and interferometry

* Heralded single-photon sources provide well-defined and controllable photon states, enabling
advanced quantum metrology techniques (quantum illumination, quantum phase estimation)

» Advancement of heralded single-photon sources is key to unlocking the potential of quantum
computing and metrology

 Enables the development of scalable and fault-tolerant quantum computers

» Enhances the capabilities of quantum sensors for various applications (biomedical imaging, material
characterization, fundamental physics research)

9.3 Single-photon detectors and their characteristics

Single-photon detectors are crucial in quantum optics, enabling the detection of individual light particles.
These devices convert photons into measurable electrical signals through various mechanisms, including
the photoelectric effect, avalanche multiplication, and superconducting transitions.

Different types of detectors, such as photomultiplier tubes, avalanche photodiodes, and superconducting
nanowire detectors, offer unique advantages. Key performance characteristics include detection efficiency,
dark count rate, timing resolution, and spectral range, with trade-offs between these factors influencing
detector selection for specific applications.

Single-photon detector mechanisms

Photon detection principles

« Single-photon detectors are devices that can detect individual photons with high sensitivity and low
noise
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* Detectors operate by converting photons into measurable electrical signals through various physical
processes

« Common detection mechanisms include the photoelectric effect, avalanche multiplication, and
superconducting transitions

Types of single-photon detectors

» Photomultiplier tubes (PMTs) convert photons into electrons through the photoelectric effect and
amplify the electron signal using a series of dynodes

+ Avalanche photodiodes (APDs) operate in Geiger mode, where a high reverse bias voltage creates an
avalanche of electrons triggered by a single photon absorption

+ Superconducting nanowire single-photon detectors (SNSPDs) consist of a thin superconducting
nanowire that becomes resistive when a photon is absorbed, creating a measurable voltage pulse

* SNSPDs require cryogenic cooling to maintain their superconducting state and achieve high detection
efficiency

* Transition edge sensors (TESs) operate near the superconducting-to-normal transition temperature,
where a small change in temperature due to photon absorption results in a measurable change in
resistance

» Quantum dot single-photon detectors exploit the discrete energy levels in semiconductor quantum
dots to detect single photons through changes in their electronic properties

Performance characteristics of single-photon detectors

Detection efficiency and dark count rate

« Detection efficiency is the probability of detecting a photon that arrives at the detector and varies
among different types of single-photon detectors

+ SNSPDs and TESs can achieve detection efficiencies above 90% for certain wavelengths, while
PMTs and APDs typically have lower efficiencies

» Dark count rate is the rate of false detections in the absence of input photons, which can limit the
sensitivity of single-photon detectors

* SNSPDs and TESs generally have lower dark count rates compared to PMTs and APDs

Timing resolution and spectral range

* Timing resolution is the ability to precisely determine the arrival time of a photon, which is crucial for
time-correlated single-photon counting (TCSPC) and quantum communication applications

* SNSPDs and APDs offer the best timing resolution, typically in the range of tens of picoseconds, while
PMTs and TESs have lower timing resolution

* Spectral range is the range of wavelengths over which a single-photon detector is sensitive and varies
depending on the detector material and design

» Photon number resolution is the ability to distinguish the number of photons in a single detection
event, which is possible with TESs and some advanced APD designs
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Trade-offs in single-photon detectors

Balancing performance and practicality

* The choice of a single-photon detector involves trade-offs between detection efficiency, dark count
rate, timing resolution, and operating conditions

* PMTs and APDs are more readily available and cost-effective but have lower detection efficiency and
higher dark count rates compared to SNSPDs and TESs

* SNSPDs and TESs require cryogenic cooling, which adds complexity and cost to the experimental
setup, but they offer superior performance in terms of detection efficiency and low dark count rates

Limitations and considerations

* The spectral range of the detector must match the wavelength of the photons being detected, which
can limit the choice of detectors for specific applications

» The maximum count rate of a single-photon detector can limit the data acquisition speed in
experiments with high photon flux

* The afterpulsing effect in APDs, where a single detection event can trigger multiple false detections,
can introduce errors in photon counting experiments

Selecting single-photon detectors for applications

Matching detector characteristics to experimental requirements

* For applications requiring high detection efficiency and low dark count rates (quantum key distribution
and quantum sensing), SNSPDs or TESs are preferred

* In experiments demanding high timing resolution (quantum communication protocols and
time-resolved spectroscopy), SNSPDs or APDs with optimized timing performance are suitable

* For wide-field imaging applications (single-molecule fluorescence microscopy), PMTs or APDs with
spatial resolution capabilities are commonly used

Cost and wavelength considerations

+ In applications with limited budget or less stringent performance requirements, PMTs or APDs can
provide a cost-effective solution

* The operating wavelength range of the experiment dictates the choice of detector material and design
« Silicon-based APDs are suitable for visible light detection
» Superconducting detectors (SNSPDs and TESs) are often used for infrared photons

* For experiments requiring photon number resolution, TESs or advanced APD designs with photon
number resolving capabilities are necessary

9.4 Photon-number-resolving detectors

Photon-number-resolving detectors are game-changers in quantum optics. They can count exactly how
many photons are in a light pulse, unlocking the full quantum nature of light. This ability is crucial for
quantum computing, communication, and sensing applications.

Fiveable archived study guides Page 93



These detectors come in various forms, each with its own strengths. From superconducting nanowires to
transition edge sensors, they're pushing the boundaries of what's possible in quantum tech. Their impact
on quantum information processing and metrology is huge and growing.

Photon-Number-Resolving Detection

Concept and Importance

+ Distinguishes the exact number of photons in a light pulse or a quantum state of light, going beyond
simple photon counting which only determines the presence or absence of photons

* Accesses the full quantum nature of light by allowing the measurement of photon number statistics
and the reconstruction of the quantum state of light

* Enables the direct observation of non-classical states of light (Fock states, squeezed states) essential
for quantum information processing and quantum metrology

» Performs quantum state tomography where the complete quantum state of light can be reconstructed
from a set of PNR measurements

* Implements advanced quantum communication protocols (quantum key distribution with higher
dimensional quantum states, quantum repeaters)

» Reads out quantum bits (qubits) encoded in the photon number basis and realizes photonic quantum
gates and circuits in quantum computing

Applications and Impact

* Realizes quantum information processing tasks that rely on the photon number degree of freedom

* Implements non-linear optical gates and reads out photonic qubits in linear optical quantum computing
(LOQC)

* Heralds successful gate operations and corrects photon loss errors in LOQC

* Solves boson sampling, a computational task hard for classical computers but efficiently solved using
a linear optical network and PNR detectors, with potential applications in quantum supremacy
demonstrations and quantum device verification

* Implements quantum communication protocols that use higher-dimensional quantum states (time-bin
or frequency-bin encoded qudits)

* Achieves higher secret key rates and improved security in higher-dimensional quantum key
distribution (HD-QKD) compared to conventional QKD

» Measures multi-photon entanglement efficiently and implements quantum error correction codes in
quantum repeaters essential for long-distance quantum communication

» Measures sub-shot-noise sensitivity in phase estimation and detects non-classical states of light
(squeezed states, entangled states) in quantum metrology

» Enhances resolution and signal-to-noise ratio in quantum imaging and sensing applications (ghost
imaging, quantum illumination, quantum radar) by detecting multi-photon correlations

+ Realizes photon-number-based quantum sensors (photon-number-resolving interferometers,
photon-number-resolving spectrometers) that achieve ultimate sensitivity limits set by quantum
mechanics
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» Enables scalability and practicality of quantum information processing and quantum metrology
applications as a key technology, with advances in detection efficiency, photon number resolution, and
operating temperature significantly impacting progress in these fields

Principles of Photon-Number-Resolving Detectors

Physical Mechanisms
* Achieves photon number discrimination through various physical mechanisms
* Electron multiplication
» Superconductivity
+ Photon-to-electron conversion

+ Operates avalanche photodiodes (APDs) in linear mode to provide PNR capability by measuring the
output current proportional to the number of detected photons, with performance limited by noise and
dynamic range of amplification electronics

» Achieves PNR in superconducting nanowire single-photon detectors (SNSPDs) by spatial multiplexing
using an array of nanowires to detect photons in parallel, determining the number of photons by the
number of simultaneously triggered nanowires

* Resolves photon numbers in transition edge sensors (TESs), superconducting bolometers, based on
the magnitude of temperature change caused by photon absorption, offering high detection efficiency
and low dark counts but requiring cryogenic cooling

» Measures the shift in resonance frequency caused by photon absorption to resolve photon numbers in
microwave kinetic inductance detectors (MKIDs), superconducting resonators that can be multiplexed
in large arrays for high-speed PNR detection

Implementations

* Provides PNR capability in photomultiplier tubes (PMTs) with high gain and low noise by counting the
number of generated photoelectrons, with performance limited by statistical fluctuations in the electron
multiplication process

» Exploits the discrete energy levels in semiconductor quantum dots to resolve photon numbers in
quantum dot based PNR detectors, determining the photon number by the number of electrons excited
into the conduction band

* Considers trade-offs between performance metrics when selecting a PNR detector for a specific
application, such as increasing detection efficiency at the cost of higher dark count rate or longer dead
time

+ Evaluates the spectral range and operating temperature of PNR detectors as important factors, with
some detectors (SNSPDs, TESs) requiring cryogenic cooling while others (APDs, PMTs) can operate at
room temperature

Performance of Photon-Number-Resolving Detectors

Key Metrics

» Measures the probability of detecting a photon that impinges on the detector with detection efficiency,
crucial for reducing photon loss and improving signal-to-noise ratio
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+» Quantifies the ability to distinguish different photon numbers with photon number resolution,
determined by the fidelity of the measured photon number distribution compared to the true distribution,
allowing for more accurate quantum state reconstruction and quantum information processing

« Evaluates the rate of false detection events in the absence of input photons with dark count rate,
essential for reducing background noise and improving signal-to-noise ratio, especially for low photon
number applications

» Determines the time interval after a detection event during which the detector is unable to register
another photon with dead time, important for high-speed PNR detection and resolving closely spaced
photons

* Assesses the highest rate of photon detection that the detector can handle before saturation or
significant performance degradation with maximum count rate, necessary for applications requiring fast
data acquisition (quantum key distribution, quantum sensing)

Trade-offs and Considerations

« Balances trade-offs between performance metrics when selecting a PNR detector for a specific
application

* Increasing detection efficiency may come at the cost of higher dark count rate or longer dead time

* Improving photon number resolution may require more complex detector designs or additional signal
processing

« Considers the spectral range and operating temperature of PNR detectors as important factors
» Some detectors (SNSPDs, TESs) require cryogenic cooling for optimal performance
* Others (APDs, PMTs) can operate at room temperature, simplifying the experimental setup

« Evaluates the scalability and integration capabilities of PNR detectors for practical quantum
information processing and quantum metrology applications

* Large-scale quantum systems may require arrays of PNR detectors with high detection efficiency, low
crosstalk, and uniform performance

* Integration with other quantum devices (single-photon sources, quantum memories) and classical
electronics is crucial for building complete quantum systems

Applications of Photon-Number-Resolving Detectors

Quantum Information Processing

* Realizes quantum information processing tasks that rely on the photon number degree of freedom

* Implements non-linear optical gates and reads out photonic qubits in linear optical quantum computing
(LOQC)

* Heralds successful gate operations and corrects photon loss errors in LOQC

* Solves boson sampling, a computational task hard for classical computers but efficiently solved using
a linear optical network and PNR detectors, with potential applications in quantum supremacy
demonstrations and quantum device verification
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* Implements quantum communication protocols that use higher-dimensional quantum states (time-bin
or frequency-bin encoded qudits)

* Achieves higher secret key rates and improved security in higher-dimensional quantum key
distribution (HD-QKD) compared to conventional QKD

» Measures multi-photon entanglement efficiently and implements quantum error correction codes in
quantum repeaters essential for long-distance quantum communication

Quantum Metrology and Sensing

» Measures sub-shot-noise sensitivity in phase estimation and detects non-classical states of light
(squeezed states, entangled states) in quantum metrology

» Enhances resolution and signal-to-noise ratio in quantum imaging and sensing applications (ghost
imaging, quantum illumination, quantum radar) by detecting multi-photon correlations

* Realizes photon-number-based quantum sensors (photon-number-resolving interferometers,
photon-number-resolving spectrometers) that achieve ultimate sensitivity limits set by quantum
mechanics

+ Enables the development of quantum-enhanced measurement techniques and devices

» Quantum radiometry and photometry with improved accuracy and traceability to fundamental
constants

» Quantum-enhanced microscopy and spectroscopy with increased resolution and sensitivity

» Quantum-enhanced remote sensing and lidar with improved range and precision
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Unit 10 — Entanglement and Bell's
Inequalities

10.1 Quantum entanglement and EPR paradox

Quantum entanglement is a mind-bending phenomenon where particles become linked, regardless of
distance. It's like having two dice that always show opposite numbers, no matter how far apart they are.
This weird connection challenges our understanding of reality.

The EPR paradox highlights the bizarre nature of entanglement, questioning whether quantum mechanics
tells the whole story. It sparked a debate that led to experiments proving entanglement's reality, shaking up
our view of the quantum world.

Quantum Entanglement

Key Properties of Quantum Entanglement

» Quantum entanglement is a phenomenon in which two or more quantum systems become correlated
in such a way that the state of one system cannot be described independently of the others, even when
the systems are spatially separated

» Entangled particles exhibit perfect correlations in their observable quantities, such as spin or
polarization, regardless of the distance between them

* The entanglement of quantum systems is a fundamental feature of quantum mechanics and cannot be
explained by classical physics

» Entanglement arises from the superposition principle, which allows quantum systems to exist in
multiple states simultaneously until measured

» The measurement of one entangled particle instantaneously affects the state of its entangled
partner(s), a phenomenon known as "spooky action at a distance"

» Entanglement is a fragile state that can be easily destroyed by interactions with the environment, a
process called decoherence

Fundamentals of Quantum Entanglement

» Quantum entanglement occurs when two or more particles interact in such a way that their quantum
states become inseparable, even if the particles are subsequently separated by large distances

» The quantum state of an entangled system is described by a single wave function that encompasses
all the entangled particles, rather than individual wave functions for each particle

 Entangled particles can be created through various processes, such as the decay of a parent particle
into two daughter particles (spontaneous parametric down-conversion) or the interaction of two
particles in a specific manner (atomic cascades)

» The most famous example of entangled particles is the Einstein-Podolsky-Rosen (EPR) pair, which
consists of two particles (photons or electrons) with opposite spins or polarizations

» Entanglement is not limited to two particles; it can involve multiple particles in complex entangled
states, such as Greenberger-Horne-Zeilinger (GHZ) states and cluster states
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EPR Paradox and Quantum Mechanics

The EPR Thought Experiment

» The EPR paradox, proposed by Albert Einstein, Boris Podolsky, and Nathan Rosen in 1935, is a
thought experiment that highlights the seemingly paradoxical nature of quantum entanglement

» The EPR paradox involves a pair of entangled particles, such as two spin-1/2 particles in a singlet
state, which are separated and measured independently

* According to quantum mechanics, the measurement of one particle's spin instantaneously determines
the spin of the other particle, regardless of the distance between them

* Einstein, Podolsky, and Rosen argued that this instantaneous correlation implied that quantum
mechanics was incomplete and that there must be hidden variables determining the particles' states

* The EPR paradox led to the development of Bell's theorem, which provided a testable inequality to
distinguish between quantum mechanics and local hidden-variable theories

Experimental Tests of the EPR Paradox

» Experimental tests of Bell's inequality have consistently favored quantum mechanics, demonstrating
that the predictions of quantum entanglement are correct and that local hidden-variable theories cannot
account for the observed correlations

* The first experimental test of Bell's inequality was performed by John Clauser, Michael Horne, Abner
Shimony, and Richard Holt (CHSH) in 1972, using polarization-entangled photons

+ Alain Aspect and his colleagues conducted a series of experiments in the early 1980s that closed
various loopholes in previous tests and provided strong evidence for the validity of quantum mechanics

» More recent experiments, such as the Cosmic Bell test and the BIG Bell test, have further confirmed
the predictions of quantum entanglement using entangled photons from distant astronomical sources
and human randomness, respectively

» These experimental results have firmly established the reality of quantum entanglement and the
inadequacy of local hidden-variable theories to explain the observed correlations

Non-locality in Entanglement

The Concept of Non-locality

» Non-locality refers to the ability of entangled quantum systems to influence each other
instantaneously, regardless of the spatial distance separating them

* In the context of the EPR paradox, non-locality implies that the measurement of one entangled particle
immediately affects the state of its entangled partner, even if they are light-years apart

» Non-locality challenges the classical notion of locality, which asserts that an object can only be
influenced by its immediate surroundings and that interactions cannot propagate faster than the speed
of light

* The non-local nature of quantum entanglement has been confirmed through numerous experiments,
such as tests of Bell's inequality and quantum teleportation

Fiveable archived study guides Page 99



Implications of Non-locality

» While non-locality allows for instantaneous correlations between entangled systems, it does not
violate the principle of causality, as it cannot be used to transmit classical information faster than light

» The non-local correlations in quantum entanglement are fundamentally different from classical
correlations, as they cannot be explained by any local hidden-variable theory or pre-existing agreement
between the entangled particles

» Non-locality has profound implications for our understanding of the nature of reality, suggesting that
the universe may be fundamentally interconnected and that the notion of separability breaks down at
the quantum level

» The non-local properties of entanglement have been harnessed for various applications in quantum
information processing, such as quantum cryptography and quantum teleportation, which rely on the
ability to establish secure correlations between distant parties

Entanglement in Quantum Information Processing

Quantum Computation and Algorithms

» Quantum entanglement is a crucial resource in various quantum information processing tasks, such
as quantum computation, quantum communication, and quantum cryptography

* In quantum computation, entanglement allows for the creation of quantum bits (qubits) that can exist
in superpositions of multiple states simultaneously, enabling parallel processing and exponential
speedup for certain algorithms

» Quantum algorithms, such as Shor's algorithm for factoring large numbers and Grover's algorithm for
searching unstructured databases, rely on entanglement to achieve their computational advantages
over classical algorithms

» Entanglement is also essential for quantum error correction, which is necessary to protect quantum
information from decoherence and ensure the reliability of quantum computations

Quantum Communication and Cryptography

* In quantum communication, entanglement can be used to establish secure communication channels
through protocols like quantum key distribution (QKD), which uses entangled photon pairs to generate
shared secret keys

» Quantum teleportation, a technique for transferring the quantum state of one particle to another using
entanglement, has potential applications in quantum networking and distributed quantum computing

» Entanglement-based quantum cryptography protocols, such as the Ekert protocol (E91), use the
non-local correlations of entangled particles to detect any attempt at eavesdropping and ensure the
security of the communication

» Quantum repeaters, which use entanglement swapping and purification to extend the range of
quantum communication, rely on the ability to establish and maintain high-quality entangled states over
long distances

» The generation, manipulation, and maintenance of entangled states are critical challenges in the
practical implementation of quantum information processing systems, requiring advanced technologies
such as single-photon sources, quantum memories, and quantum interfaces
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10.2 Bell's theorem and inequalities

Bell's theorem shakes up our understanding of reality. It shows that quantum mechanics can't be explained
by local hidden variables, challenging the idea that particles only interact locally. This mind-bending
concept opens doors to new tech and deeper questions about our world.

Bell's inequalities mathematically prove this weirdness. They set limits on correlations between distant
particles in local theories. But quantum mechanics breaks these limits, confirming its non-local nature and
sparking debates about the fabric of reality itself.

Bell's Theorem and Local Realism

Implications for Local Hidden Variable Theories

* Bell's theorem states that no physical theory of local hidden variables can ever reproduce all of the
predictions of quantum mechanics

» Demonstrates an incompatibility between quantum theory and local realism

* Local hidden variable theories assume that the outcome of measurements on one particle should not
depend on the measurement settings or outcomes for another distant particle

* Bell's theorem shows that this assumption is incompatible with the predictions of quantum mechanics

Challenging Classical Notions of Locality

* The theorem implies that if quantum mechanics is correct, then the world must be non-local
« Allows for instantaneous interactions between distant particles

+ Challenges the notion of locality in classical physics, where interactions are limited by the speed of
light

* Bell's theorem has profound implications for our understanding of the nature of reality
* Suggests that the quantum world is fundamentally different from the classical world

* Highlights the peculiar and counterintuitive aspects of quantum mechanics (entanglement,
superposition)

Bell's Inequalities: Derivation and Formulation

Mathematical Formulation

* Bell's inequalities are mathematical expressions that constrain the possible correlations between
measurements on distant particles in any local hidden variable theory

* The derivation of Bell's inequalities involves considering a system of two entangled particles, often
referred to as Alice and Bob, and the measurements they perform on their respective particles

* The Clauser-Horne-Shimony-Holt (CHSH) inequality is a commonly used form of Bell's inequality

« States that the absolute value of a certain combination of correlations between Alice and Bob's
measurement outcomes must be less than or equal to 2 in any local hidden variable theory

« Expressed as: |E(a, b) —E(a, b’) + E(a’, b) + E(a’, b’)| < 2, where E(a, b) represents the
correlation between Alice's measurement setting 'a' and Bob's measurement setting 'b’
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Quantum Violations of Bell's Inequalities

» Quantum mechanics predicts that the CHSH inequality can be violated
« Maximum violation of 2+/2 (approximately 2.828), known as Tsirelson's bound

» Experimental tests have confirmed the violation of Bell's inequalities, supporting the predictions of
quantum mechanics

* The violation of Bell's inequalities demonstrates the non-local nature of quantum entanglement

* Measurement outcomes on entangled particles can be correlated in ways that cannot be explained by
local hidden variable theories

+ Suggests the existence of "spooky action at a distance" (Einstein's term) in quantum systems

Significance of Bell's Theorem

Implications for Quantum Mechanics

* Bell's theorem has far-reaching consequences for our understanding of quantum mechanics and the
nature of reality

» The theorem demonstrates that quantum mechanics is incompatible with local hidden variable
theories

* Local hidden variable theories attempt to explain the apparent randomness of quantum
measurements by introducing hidden variables that determine the outcomes

* The violation of Bell's inequalities in experiments confirms the predictions of quantum mechanics and
provides strong evidence against local hidden variable theories

* Bell's theorem highlights the non-local nature of quantum entanglement

* The state of one particle can instantaneously influence the state of another particle, even when they
are separated by large distances

+ Challenges the notion of locality and separability in classical physics

Technological Applications

* The implications of Bell's theorem have led to the development of quantum technologies

* Quantum cryptography: Uses the non-local correlations of entangled particles to ensure secure
communication (BB84 protocol)

» Quantum computing: Exploits the unique properties of quantum systems (superposition,
entanglement) to perform certain computations more efficiently than classical computers (Shor's
algorithm for factoring large numbers)

* Bell's theorem has also inspired new areas of research in quantum information theory, quantum
communication, and quantum sensing
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Bell's Inequalities vs Classical Correlations

Constraints on Classical Correlations

* Classical correlations arise from local hidden variable theories and are subject to the constraints
imposed by Bell's inequalities

* In classical systems, correlations between distant particles can be explained by a common cause or
shared information in the past

* Does not require instantaneous communication between the particles

» Examples: Correlated outcomes from a pre-agreed strategy, shared randomness

« Classical correlations satisfy Bell's inequalities

* The absolute value of the combination of correlations is always less than or equal to 2

» Imposes a limit on the strength of classical correlations between distant particles

Quantum Correlations and Non-Locality
» Quantum correlations can violate Bell's inequalities, exceeding the classical limit of 2
» Demonstrates the non-local nature of quantum entanglement

* Measurement outcomes on entangled particles can be correlated in ways that cannot be explained by
local hidden variable theories

» While classical correlations can be explained by local hidden variable theories, quantum correlations
cannot be fully accounted for by such theories

* The violation of Bell's inequalities shows that quantum mechanics is fundamentally different from
classical physics

» Quantum entanglement allows for correlations that have no classical analog (EPR pairs, GHZ states)

* The difference between classical and quantum correlations highlights the fundamental distinction
between the classical and quantum descriptions of reality

» Quantum mechanics allows for non-local correlations and phenomena that challenge our classical
intuition

* Bell's theorem and the violation of Bell's inequalities provide a clear demarcation between the
classical and quantum realms

10.3 Experimental tests of Bell's inequalities

Bell's inequalities put quantum entanglement to the test. These experiments use entangled particle pairs,
usually photons, to measure correlations that can't be explained by classical physics. The results
consistently violate the limits set by Bell's inequalities, supporting quantum theory.

These tests have huge implications for our understanding of reality. They show that quantum mechanics is
truly non-local and probabilistic, challenging classical notions of realism. This has led to new technologies
like quantum cryptography and sparked deeper exploration of quantum foundations.
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Experimental setup for Bell's inequalities

Entangled particle pair preparation

* Bell's inequalities are tested using a pair of entangled particles, typically photons, that are sent to two
separate detectors or analyzers

» The entangled particles are prepared in a specific quantum state, such as the singlet state, which
exhibits strong correlations between the measurement outcomes of the two particles

* Example: A common method to generate entangled photon pairs is spontaneous parametric
down-conversion (SPDC), where a laser beam interacts with a nonlinear crystal to produce two
lower-energy photons with correlated polarization states

Measurement settings and detection

» Each detector or analyzer can be set to measure a specific property of the particle, such as its
polarization or spin, along a chosen direction or angle

* Example: In a photon-based experiment, the analyzers can be polarizing beam splitters followed by
single-photon detectors, which measure the photon's polarization state along a selected axis

» The measurement settings for the detectors are chosen independently and randomly, ensuring that
there is no communication or influence between them

« This is crucial for closing the locality loophole and ensuring a fair test of Bell's inequalities

+ Coincidence counts are recorded for the joint measurement outcomes of the two particles, which are
then used to calculate the correlation coefficients needed to test Bell's inequalities

* The coincidence counts represent the number of events where both detectors register a particle
simultaneously, indicating a correlated measurement outcome

Results of Bell's inequality experiments

Clauser-Horne-Shimony-Holt (CHSH) inequality and Aspect experiment

* The Clauser-Horne-Shimony-Holt (CHSH) inequality is a widely used form of Bell's inequality that sets
an upper bound on the correlations between measurement outcomes for local hidden variable theories

« The CHSH inequality states that |S| = 2, where S is a combination of four correlation coefficients
obtained from different measurement settings

» The Aspect experiment (1982) used a source of calcium cascade photons and time-varying analyzers
to test the CHSH inequality, finding a clear violation of the local hidden variable limit

» The experiment obtained a value of S = 2.697 + 0.015, significantly exceeding the classical limit of
2 and agreeing with the quantum mechanical prediction of 2\/_ =~ 2.828

Loophole-free experiments: Weihs, Giustina, and Shalm

» The Weihs experiment (1998) employed fast electro-optic modulators to switch the analyzer settings
and a high-efficiency source of entangled photons, closing the locality loophole and providing a more
conclusive violation of Bell's inequality
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* The experiment found a Bell parameter of S = 2.73 + 0.02, violating the CHSH inequality by 30
standard deviations

* The Giustina experiment (2015) and the Shalm experiment (2015) simultaneously closed the
detection loophole and the locality loophole, using high-efficiency detectors and fast random number
generators for the measurement settings

» These experiments found violations of Bell's inequality with high statistical significance, strongly
supporting the predictions of quantum mechanics

« The Giustina experiment reported a Bell parameter of S = 2.43 £ 0.02, while the Shalm experiment

obtained S = 2.42 + 0.02, both exceeding the classical limit by more than 11 standard deviations

Limitations of Bell's inequality experiments

Detection and locality loopholes

* The detection loophole arises when the efficiency of the particle detectors is low, allowing local hidden

variable theories to exploit the undetected events to reproduce the quantum correlations

* Closing the detection loophole requires using high-efficiency detectors or employing the fair sampling

assumption, which assumes that the detected particles are a representative subset of all emitted
particles

* The locality loophole occurs when there is a possibility of communication or influence between the two

measurement sites, which can be exploited by local hidden variable theories

* Closing the locality loophole necessitates using fast random number generators to choose the
measurement settings and ensuring a sufficient spatial separation between the sites, such that the

measurement choice at one site cannot influence the outcome at the other site within the time allowed

by the speed of light

Freedom-of-choice loophole and experimental imperfections

» The freedom-of-choice loophole questions the true randomness of the measurement settings,
suggesting that they might be influenced by past events or hidden variables

+ Addressing this loophole involves using cosmic sources of randomness, such as distant quasars or
the cosmic microwave background, or conducting the experiments with human-generated choices to
ensure the independence of the measurement settings

» Experimental imperfections, such as background noise, misalignment of the setup, and non-ideal
state preparation, can introduce systematic errors and reduce the observed violation of Bell's
inequalities

« Careful design, calibration, and error analysis are essential to minimize the impact of these
imperfections and ensure the reliability of the experimental results

Implications of Bell's inequality violations

Evidence for quantum non-locality and entanglement

* The consistent violation of Bell's inequalities in numerous experiments provides strong evidence
against local hidden variable theories and supports the non-local and probabilistic nature of quantum
mechanics
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» The experimental results demonstrate that quantum correlations cannot be explained by any local
realistic theory, which assumes that the properties of a system are predetermined and independent of
the measurement process

» The experimental results demonstrate the existence of quantum entanglement, a key feature of
quantum mechanics that cannot be explained by classical theories or local realistic models

* Entanglement allows two or more particles to exhibit strong correlations that persist even when the
particles are separated by large distances, a phenomenon that Einstein famously referred to as "spooky
action at a distance"

Consequences for the nature of reality and quantum technologies

* The violation of Bell's inequalities has far-reaching consequences for our understanding of reality,
suggesting that the properties of quantum systems are not predetermined but rather depend on the
measurement context

* This challenges the classical notion of realism, which assumes that physical properties have definite
values independent of observation, and supports the quantum mechanical description of reality as
inherently probabilistic and contextual

 The experimental confirmation of Bell's theorem has led to the development of quantum technologies,
such as quantum cryptography and quantum random number generation, which rely on the non-local
correlations of entangled particles

* Quantum key distribution (QKD) protocols, such as BB84, use entangled photons to establish a
secure communication channel between two parties, leveraging the sensitivity of entanglement to
eavesdropping attempts

* Quantum random number generators (QRNGs) exploit the intrinsic randomness of quantum
measurements to produce high-quality random numbers, which are essential for various applications,
including cryptography and simulation

Strengthening the foundations of quantum mechanics

* The loophole-free violations of Bell's inequalities have strengthened the foundations of quantum
mechanics and ruled out a wide class of alternative theories, solidifying the status of quantum
mechanics as a fundamental theory of nature

» The experiments have progressively closed the most significant loopholes, leaving little room for local
hidden variable theories to provide a viable explanation for the observed quantum correlations

* The confirmation of Bell's theorem through rigorous experiments has deepened our understanding of
quantum mechanics and its counterintuitive features, such as entanglement and non-locality

* This has stimulated further research into the foundations of quantum mechanics, including the
exploration of alternative interpretations, the study of quantum information and computation, and the
investigation of the quantum-classical boundary

10.4 Applications of entanglement in quantum technologies

Entanglement, a key concept in quantum mechanics, has exciting applications in cutting-edge
technologies. From secure communication to teleportation and computing, it's revolutionizing how we
process and transmit information. These advancements are pushing the boundaries of what's possible in
the quantum realm.
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However, harnessing entanglement isn't easy. Scientists face challenges in generating, maintaining, and
scaling entangled systems. Despite these hurdles, the potential benefits are driving rapid progress in
quantum technologies, promising a future where entanglement plays a central role in our digital lives.

Entanglement in Quantum Cryptography
Quantum Key Distribution (QKD)

» Quantum cryptography relies on the principles of quantum mechanics, particularly entanglement, to
ensure secure communication between two parties

» Entanglement allows for the creation of a shared secret key between the communicating parties,
known as quantum key distribution (QKD)

+ In QKD, entangled photon pairs are generated and distributed to the communicating parties, typically
referred to as Alice and Bob

 The properties of entanglement ensure that any attempt to intercept or measure the photons by an
eavesdropper (Eve) will disturb the entanglement, alerting Alice and Bob to the presence of an
eavesdropper

» The BB84 protocol is a well-known QKD protocol that utilizes the polarization states of entangled
photons to establish a secure key (e.g., horizontal, vertical, diagonal, and anti-diagonal polarizations)

Secure Communication and Applications

» Entanglement-based QKD has been demonstrated over long distances, including satellite-based
communication, highlighting its potential for global secure communication networks (e.g., the Micius
satellite)

* The security of entanglement-based quantum cryptography is derived from the fundamental principles
of quantum mechanics, such as the no-cloning theorem and the monogamy of entanglement

» Quantum cryptography finds applications in secure banking transactions, government
communications, and military operations where the confidentiality and integrity of information are of
utmost importance

» Quantum-secured communication networks are being developed and deployed in various countries,
such as China's quantum communication network (Beijing-Shanghai) and the European Quantum
Communication Infrastructure (EuroQCl)

Entanglement for Teleportation

Quantum Teleportation Process

» Quantum teleportation is a technique that utilizes entanglement to transfer the quantum state of a
particle from one location to another without physically transmitting the particle itself

» The process of quantum teleportation involves three qubits: the source qubit (to be teleported), the
sender's qubit (Alice), and the receiver's qubit (Bob)

* Alice and Bob share a pair of entangled qubits, known as the Einstein-Podolsky-Rosen (EPR) pair or
Bell pair

* Alice performs a joint measurement on her qubit and the source qubit, which destroys the original
state but creates a correlation between the source qubit and Bob's qubit
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« Alice sends the classical results of her measurement to Bob via a classical communication channel

* Bob uses the classical information to perform a specific operation on his qubit, reconstructing the
original state of the source qubit

Applications and Experimental Demonstrations

* Quantum teleportation has potential applications in quantum communication, quantum computing, and
quantum networks

* It enables the transfer of quantum information between distant nodes in a quantum network,
facilitating distributed quantum computing and quantum repeaters

» Quantum teleportation can be used for quantum error correction, where the state of a qubit is
teleported to an ancillary qubit for error detection and correction

» Experimental demonstrations of quantum teleportation have been achieved using various physical
systems, such as photons (e.g., polarization states), atoms (e.g., trapped ions), and superconducting
circuits (e.g., transmon qubits)

* Long-distance quantum teleportation has been realized, including ground-to-satellite teleportation
(e.g., the Micius satellite experiment) and teleportation through optical fibers (e.g., the
CalTech-Fermilab experiment)

Entanglement-Based Quantum Computing

Measurement-Based Quantum Computation (MBQC)

» Entanglement-based quantum computing leverages the unique properties of entangled quantum
states to perform computations that are infeasible or inefficient on classical computers

* In entanglement-based quantum computing, the qubits are initially prepared in an entangled state,
such as the Greenberger-Horne-Zeilinger (GHZ) state or the cluster state

» The entangled qubits act as a resource for quantum computation, enabling the implementation of
quantum gates and circuits through measurements and classical feedforward

» Measurement-based quantum computation (MBQC) is a paradigm where the computation is driven by
single-qubit measurements on the entangled resource state

» The one-way quantum computer, proposed by Raussendorf and Briegel, is an example of an MBQC
model that utilizes cluster states

Advantages and Experimental Realizations

» Entanglement-based quantum computing offers several advantages over traditional circuit-based
quantum computing:

« It provides a more natural way to implement certain quantum algorithms, such as the Deutsch-Jozsa
algorithm and Shor's algorithm for factoring

« It enables the implementation of quantum error correction codes, such as the surface code, which
relies on the properties of entangled states

« It allows for the parallelization of quantum operations, as measurements on different qubits can be
performed simultaneously
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» Entanglement-based quantum computing has been experimentally demonstrated using various
platforms, including photonic qubits (e.g., path-encoded qubits), trapped ions (e.g., 171Yb+ ions), and
superconducting qubits (e.g., transmon qubits)

* Proof-of-principle experiments have showcased the feasibility of MBQC, such as the demonstration of
a one-way quantum computer using a four-qubit cluster state and the implementation of quantum
algorithms like the Deutsch-Jozsa algorithm using photonic cluster states

Challenges of Entanglement for Quantum Technologies

Entanglement Generation and Maintenance

» Generating and maintaining high-quality entanglement is a significant challenge in practical quantum
technologies

» Entanglement is fragile and can be easily destroyed by environmental noise and decoherence

* Imperfections in the preparation, manipulation, and measurement of entangled states can lead to
errors and reduced fidelity

« Efficient entanglement distribution over long distances is a challenge in quantum communication and
networking

+ Photon loss and decoherence in optical fibers limit the distance over which entanglement can be
reliably distributed

» Quantum repeaters, which rely on entanglement swapping and purification, are proposed to overcome
this limitation but are currently in the early stages of development

Scalability and Error Correction

+ Scalability is a major limitation in entanglement-based quantum systems

* Creating and controlling large-scale entangled states becomes increasingly difficult as the number of
qubits grows

» The complexity of quantum circuits and the required resources scale exponentially with the size of the
quantum system

* Implementing fault-tolerant quantum error correction is crucial for reliable entanglement-based
quantum computing

» Quantum error correction codes, such as the surface code, require a large number of physical qubits
to encode logical qubits and perform error correction

» The overhead in terms of the number of physical qubits and the complexity of error correction
operations poses a significant challenge

* Developing efficient and reliable interfaces between different quantum systems (e.g., photons and
atoms) is necessary for hybrid quantum technologies that exploit entanglement, such as quantum
networks and quantum sensors
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Unit 11 — Quantum State Tomography

11.1 Density matrix reconstruction

Density matrix reconstruction is a crucial technique in quantum state tomography, allowing us to determine
a system's quantum state from experimental measurements. It's like piecing together a puzzle, where each
measurement gives us a clue about the overall picture.

This process involves clever math and measurement strategies to overcome challenges like experimental
errors and the exponential growth of required measurements for larger systems. It's a powerful tool for
understanding quantum systems, but it has its limitations we need to be aware of.

Density matrices for quantum states

Mathematical description of density matrices

+ A density matrix is a mathematical object that provides a complete description of a quantum state,
including both pure and mixed states

* The density matrix is a positive semidefinite, Hermitian matrix with unit trace, representing a
probability distribution over quantum states

* For a pure state, the density matrix is a projection operator onto the state vector, while for a mixed
state, it is a weighted sum of projection operators

* The diagonal elements of the density matrix represent the populations of the quantum system in
different basis states, while the off-diagonal elements represent coherences between the basis states

Properties and applications of density matrices

* The density matrix allows for the calculation of expectation values of observables and the description
of the system's evolution under unitary transformations and measurements

» The von Neumann entropy of a density matrix quantifies the amount of uncertainty or mixedness in
the quantum state

* Density matrices can describe the state of a subsystem of a larger composite system, obtained by
performing a partial trace over the degrees of freedom of the other subsystems

* The purity of a quantum state can be calculated from the density matrix as Tr(,oz) , with a value of 1
indicating a pure state and a value less than 1 indicating a mixed state

* The fidelity between two quantum states can be calculated using their density matrices as
F(p,0) = (Tr\y Vpoy/p )?. providing a measure of the similarity between the states

Density matrix reconstruction

Quantum state tomography

+ Density matrix reconstruction is the process of determining the density matrix of a quantum system
from a set of experimental measurements

» The most common approach to density matrix reconstruction is quantum state tomography, which
involves measuring the system in different bases and using the measurement outcomes to estimate the
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density matrix

» The mathematical formalism for quantum state tomography relies on the Born rule, which relates the
probability of measurement outcomes to the trace of the product of the density matrix and the
measurement operator

* In the case of a finite-dimensional quantum system, the density matrix can be expressed as a linear
combination of a complete set of basis operators, such as the Pauli matrices for a qubit

* The coefficients of the basis operators in the linear combination are determined by the expectation
values of the corresponding observables, which can be estimated from the measurement data

Methods for density matrix reconstruction

» Maximum likelihood estimation is a commonly used method for reconstructing the density matrix from
the measurement data, which involves finding the density matrix that maximizes the likelihood of
observing the measured outcomes

» Compressed sensing techniques can be employed to reduce the number of measurements required
for accurate density matrix reconstruction, by exploiting the sparsity of the density matrix in a suitable
basis

» Bayesian methods can be used to incorporate prior knowledge about the quantum state and to
provide a probabilistic estimate of the density matrix, along with confidence intervals

* Gradient-based optimization algorithms, such as the iterative gradient ascent, can be employed to
efficiently search for the maximum likelihood estimate of the density matrix

* Regularization techniques, such as the Tikhonov regularization or the maximum entropy method, can
be applied to mitigate the effects of experimental noise and to ensure the physicality of the
reconstructed density matrix

Applications of density matrix reconstruction

Characterization of quantum systems

+ Density matrix reconstruction can be applied to various quantum systems, including qubits, qudits,
and continuous-variable systems

* In the case of a single qubit, the density matrix can be reconstructed by measuring the expectation
values of the Pauli operators (Fx, Oy, 0z) and using them to determine the Bloch vector components

* For multi-qubit systems, the density matrix reconstruction requires measurements in a larger number
of bases, which can be achieved using local measurements and quantum gates (e.g., CNOT gates and
single-qubit rotations)

+ Density matrix reconstruction can be used to characterize the state of a quantum system before and
after a quantum operation, such as a gate or a measurement, to study the effect of the operation on the
system

Studying quantum dynamics and entanglement

» By comparing the reconstructed density matrices of a quantum system at different times or under
different conditions, one can study the dynamics and decoherence of the system
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+ Density matrix reconstruction can be employed to verify the preparation of entangled states, such as
+y — —_
Bell states (e.g., |®7)= %”00) + |11))) or GHZ states (e.g., |GHZ) = %”000) + |111))), by

measuring the correlations between the constituent subsystems

+ The fidelity between the reconstructed density matrix and a target state can be used as a figure of
merit to assess the quality of state preparation and quantum operations

» Entanglement witnesses, which are observables that have a negative expectation value for certain
entangled states, can be constructed from the reconstructed density matrix to detect the presence of
entanglement in the system

Limitations of density matrix reconstruction

Scalability and experimental imperfections

» The number of measurements required for full density matrix reconstruction grows exponentially with
the number of qubits, making it challenging to scale up to large quantum systems

» Experimental imperfections, such as measurement errors, state preparation errors, and decoherence,
can introduce systematic biases and noise in the reconstructed density matrix

* The choice of measurement bases and the finite number of measurements can lead to statistical
errors in the reconstructed density matrix, which can be quantified using confidence intervals or
Bayesian methods

* The positivity constraint on the density matrix can be violated due to experimental imperfections or
statistical fluctuations, requiring the use of maximum likelihood estimation or other methods to enforce
physicality

Advanced techniques for efficient reconstruction

» Adaptive measurement schemes, such as optimal experiment design or Bayesian adaptive
measurements, can be employed to reduce the number of measurements and improve the accuracy of
density matrix reconstruction

» Machine learning techniques, such as neural networks or tensor networks, can be used to efficiently
represent and reconstruct high-dimensional density matrices, by exploiting the structure and
symmetries of the quantum state

« Compressed sensing methods, such as the matrix completion or the low-rank matrix recovery, can be
applied to reconstruct low-rank density matrices from a reduced number of measurements

» Randomized benchmarking protocols can be used to estimate the average fidelity of quantum
operations without the need for full density matrix reconstruction, by measuring the decay of the fidelity
under random sequences of gates

11.2 Wigner function and phase-space representations

Wigner functions and phase-space representations are like quantum GPS, helping us navigate the weird
world of quantum states. They show us where particles might be and how fast they're moving, all in one
neat picture.

These tools are crucial for quantum state tomography, letting us peek inside quantum systems. By
mapping out the Wigner function, we can reconstruct the full quantum state, revealing its quirks and
non-classical features.
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Wigner Function as Quasi-Probability

Definition and Properties

» The Wigner function, W(x,p), is a quasi-probability distribution that represents the quantum state of a
system in phase space, where x is the position and p is the momentum

* Defined as the Fourier transform of the density matrix in the position representation, providing a
connection between the wave function and the phase-space representation

» The Wigner function is a real-valued function, but it can take on negative values, which distinguishes it
from classical probability distributions and highlights the non-classical nature of quantum states

« Satisfies certain properties, such as normalization and the correspondence principle, which states that
the Wigner function reduces to the classical probability distribution in the limit of large quantum
numbers

Marginal Distributions and Observables

» The marginal distributions of the Wigner function, obtained by integrating over either position or
momentum, yield the probability distributions for position and momentum, respectively

» Can be used to calculate expectation values of observables, such as position, momentum, and their
higher moments, by integrating the product of the Wigner function and the corresponding phase-space
function

* Provides a powerful tool for visualizing the evolution of quantum states under the influence of
Hamiltonians or quantum operations

* The time evolution of the Wigner function can be described by the quantum Liouville equation, which
is analogous to the classical Liouville equation for the evolution of phase-space distributions

Properties of the Wigner Function

Calculation and Characteristics for Various States

» The Wigner function for a pure state, described by a wave function y(x), can be calculated using the
definition W(x, p) = (1/nﬁ)ft,u* (x = yulx + y)exp(2ipy/h)dy

* For a coherent state, which is a minimum uncertainty state that closely resembles a classical state,
the Wigner function is a Gaussian distribution centered at the expectation values of position and
momentum

» Squeezed states, which have reduced uncertainty in one quadrature at the expense of increased
uncertainty in the other, exhibit Wigner functions that are elongated or compressed along the squeezed
quadrature

* Fock states, which are eigenstates of the number operator with a fixed number of photons, have
Wigner functions that exhibit oscillations and negative regions, indicating their non-classical nature

Non-Classicality and Entanglement

» The Wigner function for a thermal state, which describes a system in thermal equilibrium, is a
Gaussian distribution with a width determined by the temperature
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* Entangled states, such as the two-mode squeezed state, have Wigner functions that exhibit
correlations between the phase-space variables of the entangled modes

» The negativity of the Wigner function can be used as a measure of non-classicality, quantifying the
degree to which a quantum state deviates from classical behavior

» Phase-space methods can be applied to investigate the properties of quantum states in various
physical systems, such as quantum optics, quantum information processing, and quantum many-body
systems

Phase-Space Representations: Wigner vs Others

Husimi Q-Function

» The Husimi Q-function, Q(a), is a positive-definite phase-space distribution obtained by convolving the
Wigner function with a Gaussian function in phase space

- Defined as Q(a@) = (1/n){a|p|a), where |@) is a coherent state and P is the density matrix

* Provides a smoothed version of the Wigner function and is always non-negative, making it a true
probability distribution

* Useful for studying the classical limit of quantum states and identifying the most probable regions in
phase space

Glauber-Sudarshan P-Function

» The Glauber-Sudarshan P-function, P(a), is a phase-space distribution that expresses the density
matrix as a weighted sum of coherent state projectors

* Defined as p = fP(a)|a)(a|dza, where P is the density matrix and |a} is a coherent state

« Can be highly singular and may not always exist as a well-behaved function, especially for
non-classical states

* Provides a way to represent quantum states in terms of classical-like coherent states, which is
particularly useful for studying the quantum-classical correspondence

Relationships and Reconstruction

» The Wigner function, Q-function, and P-function are related through convolution and Fourier transform
relationships, allowing the reconstruction of one representation from another

» The Q-function can be obtained by convolving the Wigner function with a Gaussian function in phase
space, while the P-function is the Fourier transform of the characteristic function of the Wigner function

* These relationships enable the study of quantum states from different perspectives and the extraction
of complementary information

Visualizing Quantum States in Phase Space

Evolution and Dynamics

» Phase-space representations provide a powerful tool for visualizing the evolution of quantum states
under the influence of Hamiltonians or quantum operations
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* The time evolution of the Wigner function can be described by the quantum Liouville equation, which
is analogous to the classical Liouville equation for the evolution of phase-space distributions

* Visualizing the dynamics of quantum states in phase space can provide insights into the interplay
between quantum and classical behavior, as well as the emergence of non-classical features
(interference patterns, negative regions)

Applications and Physical Systems

» Phase-space methods can be applied to investigate the properties of quantum states in various

physical systems, such as quantum optics, quantum information processing, and quantum many-body
systems

* In quantum optics, phase-space representations are used to study the properties of light fields, such
as coherence, squeezing, and entanglement (continuous-variable systems)

* In quantum information processing, phase-space methods can be employed to characterize the
performance of quantum gates, study the effects of decoherence, and develop error-correction
schemes (qubits, quantum circuits)

* In quantum many-body systems, phase-space techniques can be used to investigate the
quantum-classical transition, the emergence of collective phenomena, and the properties of quantum
phase transitions (Bose-Einstein condensates, spin systems)

11.3 Measurement techniques for quantum state tomography

Quantum state tomography is like detective work for quantum systems. We use special measurement
techniques to piece together a complete picture of a quantum state, figuring out its density matrix or
wavefunction.

This process is crucial for understanding and verifying quantum systems, but it can get tricky. As systems
get bigger, we need more measurements, which means more time and resources. It's a balancing act
between accuracy and efficiency.

Principles of Quantum State Tomography

Fundamentals and Goals

* Quantum state tomography is the process of reconstructing the quantum state of a system based on a
series of measurements performed on an ensemble of identically prepared quantum systems

* The goal of quantum state tomography is to obtain a complete description of the quantum state,
represented by its density matrix or wavefunction, by measuring a sufficient number of observables

» The number of measurements required for full quantum state tomography scales exponentially with
the number of qubits in the system, making it resource-intensive for large quantum systems

Measurement Requirements

* To perform quantum state tomography, the measurement bases should form a complete set, allowing
the reconstruction of all elements of the density matrix

* This requires measuring both the real and imaginary parts of the density matrix elements
* The choice of measurement bases depends on the specific quantum system and the prior knowledge

about the state
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+ Common measurement bases include the computational basis, the Hadamard basis, and the Pauli
basis

» Quantum state tomography relies on the assumption that the measurements are performed on
identically prepared quantum states and that the measurement process itself does not introduce
significant errors or disturbances to the state

Measurement Techniques for Tomography

Homodyne Detection

* Homodyne detection is a measurement technique commonly used in continuous-variable quantum
systems (optical modes)

« It involves mixing the quantum state with a strong coherent reference beam (local oscillator) on a
beam splitter and measuring the intensity difference between the output ports

* By varying the phase of the local oscillator, different quadratures of the quantum state can be
measured, providing information about the real and imaginary parts of the density matrix elements

* Homodyne detection allows for the reconstruction of the Wigner function, which is a quasi-probability
distribution that fully characterizes the quantum state in phase space

Quantum State Interferometry

» Quantum state interferometry is a measurement technique that exploits the interference between the
quantum state of interest and a reference state to extract information about the unknown state

* In a typical setup, the unknown quantum state is combined with a reference state on a beam splitter,
and the output ports are measured using single-photon detectors

* By varying the phase and amplitude of the reference state, different projective measurements can be
performed on the unknown state, allowing for the reconstruction of its density matrix

» Other measurement techniques for quantum state tomography include:

* Quantum nondemolition measurements enable the repeated measurement of a quantum state without
destroying it, allowing for the accumulation of statistics for state reconstruction

» Compressed sensing exploits the sparsity of the quantum state in a certain basis to reduce the
number of measurements required for state reconstruction

Experimental Design for Tomography

Setup Components

* The experimental setup for quantum state tomography depends on the specific quantum system and
the chosen measurement technique

« Common components include a source of identically prepared quantum states (single-photon source,
trapped ion), optical elements (beam splitters, phase shifters, polarizers) to manipulate the quantum
state and perform the desired measurements, and single-photon detectors or homodyne detectors to
measure the output of the quantum state after the measurement operations

» The alignment and stability of the experimental setup are crucial for accurate quantum state
tomography
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* Misalignments or fluctuations can introduce errors in the measurements and lead to inaccurate state
reconstruction

Calibration and Data Processing

« Calibration of the measurement apparatus is essential to ensure the reliability of the results

* This includes characterizing the efficiency and dark counts of single-photon detectors, determining the
visibility of interference fringes, and assessing the phase stability of the setup

+ Data acquisition and processing systems are required to collect the measurement outcomes and
perform the necessary post-processing to reconstruct the quantum state

* This may involve using quantum tomography algorithms (maximum likelihood estimation, Bayesian
methods)

Accuracy vs Efficiency in Tomography

Measurement Accuracy

» Measurement accuracy in quantum state tomography refers to how well the reconstructed state
matches the true quantum state

« It is affected by factors such as the number of measurements, the choice of measurement bases, and
the presence of experimental imperfections

* Increasing the number of measurements can improve the accuracy of the reconstructed state but
comes at the cost of longer measurement times and increased resource requirements

* Using a larger set of measurement bases can provide more information about the quantum state but
also increases the complexity of the experimental setup and the data processing

Measurement Efficiency

* Measurement efficiency in quantum state tomography refers to the ability to extract the maximum
amount of information about the quantum state with the minimum number of measurements

» Adaptive measurement schemes, where the choice of measurement bases is updated based on the
outcomes of previous measurements, can improve the efficiency of quantum state tomography

» Compressed sensing techniques can reduce the number of measurements required by exploiting the
sparsity of the quantum state in a certain basis

Resource Requirements and Trade-offs

» Resource requirements for quantum state tomography include the number of identically prepared
quantum states, the complexity of the measurement apparatus, and the computational resources
needed for data processing and state reconstruction

» The exponential scaling of the number of measurements with the system size limits the practicality of
full quantum state tomography for large-scale quantum systems

» Approximate methods (matrix product state tomography, neural network-based approaches) can
reduce the resource requirements for state reconstruction in certain cases

» Trade-offs between accuracy, efficiency, and resource requirements need to be carefully considered
when designing and implementing quantum state tomography experiments

Fiveable archived study guides Page 117



» The optimal balance depends on the specific goals and constraints of the experiment
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Unit 12 — Quantum Cryptography

12.1 Quantum key distribution protocols (BB84, E91)

Quantum key distribution protocols are game-changers in cryptography. They use quantum mechanics to
create unbreakable secret keys between two parties. This cutting-edge tech leverages the weirdness of
quantum physics to detect eavesdroppers and ensure secure communication.

BB84 and E91 are two key QKD protocols. BB84 uses single photons and polarization states, while E91
relies on entangled photon pairs. Both offer unparalleled security, but E91's device-independent nature
gives it a unique edge in certain scenarios.

Quantum Key Distribution Principles

Fundamentals of QKD

» QKD protocols leverage the principles of quantum mechanics to enable two parties to produce a
shared random secret key known only to them, which can then be used to encrypt and decrypt
messages

* QKD is based on the fundamental principle that the act of measuring a quantum system disturbs the
system, which can be used to detect eavesdropping attempts

« Information is encoded into the quantum states of photons, such as their polarization, and transmitted
over a quantum channel in QKD

* The security of QKD relies on the Heisenberg uncertainty principle, which states that certain pairs of
physical properties, such as position and momentum, cannot both be measured with perfect accuracy

QKD Protocol Steps

» QKD protocols typically involve the sender (Alice) preparing and transmitting a sequence of quantum
states to the receiver (Bob), who measures the states to obtain a raw key

« After the quantum transmission, Alice and Bob perform post-processing steps, including sifting, error
correction, and privacy amplification, to derive the final secure key

« Sifting involves Alice and Bob comparing their basis choices and discarding bits corresponding to
different bases

* Error correction uses techniques like the Cascade protocol or low-density parity-check codes to
reconcile errors in the sifted keys

* Privacy ampilification, typically using hash functions, reduces any information an eavesdropper might
have gained to produce a shorter, secure final key

BB84 vs E91 Protocols
BB84 Protocol

» The BB84 protocol, proposed by Charles Bennett and Gilles Brassard in 1984, is the first and most
well-known QKD protocol
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* It uses single photons and two sets of orthogonal polarization states (e.g., horizontal/vertical and
diagonal/anti-diagonal) for encoding

 In BB84, Alice randomly chooses the polarization basis and bit value for each photon, while Bob
independently chooses the measurement basis

« Alice and Bob later compare their basis choices to sift the key, discarding bits corresponding to
different bases

E91 Protocol

» The E91 protocol, proposed by Artur Ekert in 1991, relies on the phenomenon of quantum
entanglement for key distribution

+ In E91, Alice and Bob share a series of entangled photon pairs and perform measurements on their
respective photons using randomly chosen bases

* They later compare a subset of their measurement results to establish a secure key

» The E91 protocol has the advantage of being device-independent, meaning its security does not rely
on the trustworthiness of the devices used for preparing and measuring the entangled photons

* Both BB84 and E91 are proven to be unconditionally secure, meaning their security is guaranteed by
the laws of quantum mechanics rather than the computational complexity of mathematical problems

Entanglement in E91 Protocol

Quantum Entanglement

* Quantum entanglement is a phenomenon in which two or more particles are correlated in such a way
that the quantum state of each particle cannot be described independently of the others, even when the
particles are separated by a large distance

* In the E91 protocol, Alice and Bob share a series of entangled photon pairs, typically generated by a
central source and distributed to them via quantum channels

» The entangled photon pairs used in E91 are typically in the Bell state, which exhibits perfect
correlations in certain measurement bases

Role of Entanglement in E91

+ Alice and Bob perform measurements on their respective photons using randomly chosen bases

+ Due to the properties of entanglement, their measurement results are correlated when they choose
the same basis

» By comparing a subset of their measurement results, Alice and Bob can verify the presence of
entanglement and detect any eavesdropping attempts, as measuring one photon of an entangled pair
instantly affects the state of the other photon

*» The use of entanglement in E91 allows for device-independent security, as the security relies on the
fundamental properties of quantum entanglement rather than the trustworthiness of the devices used
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Establishing Secure Keys with QKD

Quantum Transmission

* The first step in QKD is the quantum transmission, where the sender (Alice) prepares and transmits a
sequence of quantum states (e.g., polarized photons) to the receiver (Bob) over a quantum channel

* Bob measures the received quantum states using randomly chosen bases and records the
measurement outcomes, which form his raw key

Post-Processing Steps

* After the quantum transmission, Alice and Bob perform sifting, where they compare their basis
choices over an authenticated classical channel and discard the bits corresponding to different bases,
resulting in a sifted key

* To detect potential eavesdropping, Alice and Bob estimate the quantum bit error rate (QBER) by
comparing a randomly chosen subset of their sifted key

« If the QBER exceeds a certain threshold, they abort the protocol; otherwise, they proceed with error
correction and privacy amplification

* Error correction uses techniques like the Cascade protocol or low-density parity-check codes to
reconcile any errors in their sifted keys

* Privacy ampilification, typically using hash functions, reduces any information an eavesdropper might
have gained about the key, deriving a shorter, secure final key

Secure Communication

+ Once the final key is established, Alice and Bob can use it for symmetric encryption (e.g., one-time
pad or AES) to securely communicate over a classical channel

* The security of the communication relies on the security of the QKD-generated key, which is
guaranteed by the laws of quantum mechanics

12.2 Security proofs and eavesdropping attacks

Quantum cryptography's security relies on the laws of physics, not computational power. This section dives
into the principles of unconditional security in quantum key distribution (QKD) and how it's achieved
through quantum mechanics and classical post-processing techniques.

Eavesdropping attacks on QKD systems are a constant threat. We'll explore various attacks on quantum
channels and QKD systems, from intercept-resend to side-channel attacks. We'll also examine security
proofs and their limitations in real-world applications.

Unconditional security in quantum cryptography

Principles of unconditional security

» Unconditional security guarantees the security of a cryptographic system based on the laws of
physics, regardless of the adversary's computational power or technological advancements

» Quantum key distribution (QKD) achieves unconditional security by exploiting quantum mechanics
principles (no-cloning theorem, Heisenberg uncertainty principle)
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» Any eavesdropping attempt in QKD introduces detectable errors, alerting the legitimate parties to the
presence of an eavesdropper

» The fundamental impossibility of perfectly distinguishing non-orthogonal quantum states prevents an
eavesdropper from obtaining key information without detection

Achieving unconditional security in QKD

* QKD combines quantum mechanics principles with classical post-processing techniques (error
correction, privacy amplification) to achieve unconditional security

« Error correction algorithms (Low-Density Parity-Check codes, Cascade protocol) are used to reconcile
the key between the legitimate parties while minimizing information leakage to the eavesdropper

« Privacy amplification (hash functions, universal hashing) reduces the eavesdropper's information
about the key to an arbitrarily small level

+ Authenticated classical communication channels ensure the integrity and authenticity of the key
distribution process

» Quantum-safe authentication schemes (Wegman-Carter authentication) prevent impersonation and
tampering attacks

Eavesdropping attacks on QKD systems

Attacks on the quantum channel

* Intercept-resend attack: The eavesdropper intercepts and measures the quantum states, then
prepares new states to send to the receiver, introducing detectable errors

» Photon number splitting (PNS) attack: The eavesdropper exploits multi-photon pulses in weak
coherent pulse systems to gain key information without introducing errors, especially effective in
high-loss channels

* Trojan horse attack: The eavesdropper exploits imperfections in QKD components (detectors, source)
to gain key information (injecting bright light and analyzing reflections)

» Wavelength-dependent beam-splitter attack: The eavesdropper exploits the wavelength-dependent
properties of beam-splitters to selectively route photons and gain key information

Attacks on the QKD system

« Side-channel attacks target the physical implementation rather than the protocol itself (detector
blinding, random number generator attacks)

+ Device calibration attacks exploit the mismatch between the expected and actual behavior of QKD
devices (time-shift attacks, phase-remapping attacks)

« Finite key size effects: The eavesdropper exploits the statistical uncertainties arising from the finite
number of signals used in practical QKD systems

« Classical post-processing attacks: The eavesdropper targets the error correction and privacy
amplification steps to gain information about the key (error pattern analysis, privacy amplification
parameter manipulation)
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Security proofs for QKD protocols

Foundations of QKD security proofs

+ Security proofs demonstrate that a QKD protocol is secure against all possible attacks allowed by
quantum mechanics, not just specific known attacks

+ The security of QKD protocols is analyzed using trace distance, which quantifies the distinguishability
between the actual key and an ideal, perfectly secure key

» Entanglement distillation and privacy amplification techniques are used to reduce the eavesdropper's
information about the key to an arbitrarily small level

» Composable security frameworks ensure that the security of QKD protocols is maintained when
combined with other cryptographic primitives or used in larger security systems

Security proofs for specific QKD protocols

» BB84 protocol: Security proofs have been developed for the BB84 protocol, demonstrating its
unconditional security against general attacks (collective attacks, coherent attacks)

* B92 protocol: Security proofs for the B92 protocol have shown its security against specific attacks
(intercept-resend, PNS) and general attacks under certain assumptions

+ Continuous-variable QKD: Security proofs for continuous-variable QKD protocols
(Gaussian-modulated coherent states, discrete-modulated coherent states) have been developed,
addressing the challenges of infinite-dimensional Hilbert spaces

» Measurement-device-independent QKD: Security proofs for MDI-QKD protocols have been
established, demonstrating their resilience against detector side-channel attacks

Limitations of security proofs

Assumptions in security proofs

+ Idealized assumptions about physical components (perfect single-photon sources, 100% efficient
detectors with no dark counts) may not hold in practice, leading to potential vulnerabilities

* Security can be compromised if the actual implementation deviates from the theoretical model used in
the security proof (hardware imperfections, software bugs, side-channel leakage)

* Security proofs assume the eavesdropper is limited by quantum mechanics and cannot access the
internal workings of QKD devices, which may not be true if the eavesdropper can manipulate or exploit
device imperfections

Challenges in practical QKD systems

* The security of QKD relies on the assumption of truly random and unpredictable random number
generators; compromised or biased generators can undermine the system's security

+ Ensuring the security of the classical communication channel used for post-processing is critical for
the overall security of the QKD system

* Finite key size effects and statistical fluctuations in practical QKD systems can impact the security
bounds and require careful parameter estimation and post-processing techniques
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* Implementation security: The gap between theoretical security proofs and practical implementations
remains a challenge, requiring continuous effort in identifying and mitigating potential vulnerabilities
(side-channels, device imperfections, protocol deviations)

12.3 Practical implementations and limitations

Quantum cryptography promises unbreakable security, but real-world implementation faces challenges.
From single-photon sources to quantum channels, each component plays a crucial role in making quantum
key distribution (QKD) work. But it's not all smooth sailing — there are hurdles to overcome.

Long-distance QKD is tricky, with issues like fiber attenuation and atmospheric turbulence to contend with.
But don't worry, researchers are working on solutions. Meanwhile, QKD is finding its place alongside
classical cryptography, enhancing security in various sectors from government to healthcare.

QKD System Components and Technologies

Single-Photon Sources and Quantum Channels

* Practical QKD systems employ single-photon sources to generate the quantum states for key
distribution

* Attenuated lasers or true single-photon emitters (quantum dots, color centers in diamond) serve as
single-photon sources

* Quantum channels transmit the quantum states between communicating parties
* Optical fibers or free-space links are commonly used quantum channels

» Channel properties (attenuation, dispersion, background noise) impact QKD system performance

Single-Photon Detectors and Quantum Random Number Generators

« Single-photon detectors measure the received quantum states and extract key information

+ Avalanche photodiodes (APDs) and superconducting nanowire single-photon detectors (SNSPDs) are
widely used detectors

* Quantum random number generators (QRNGs) ensure the randomness and security of generated
keys

* QRNGs rely on quantum phenomena (timing of radioactive decays, phase noise of lasers) for
randomness

Classical Communication Channels and Key Management Systems

+ Classical communication channels facilitate post-processing steps (error correction, privacy
amplification)

« Authenticated public channels ensure the integrity and authenticity of exchanged information
» Key management systems securely store, distribute, and update generated keys

* Designed to prevent unauthorized access and ensure long-term key security
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Challenges of Long-Distance QKD

Optical Fiber Attenuation and Atmospheric Turbulence

* Optical fiber attenuation limits the maximum distance for QKD without quantum repeaters

* Attenuation increases exponentially with distance, reducing signal-to-noise ratio and key generation
rate

» Atmospheric turbulence and weather conditions affect the stability and reliability of free-space QKD
links

* Fluctuations in atmospheric refractive index cause beam wandering, scintillation, and signal fading

Background Noise and Compatibility with Existing Infrastructure

» Background noise (stray light, dark counts in single-photon detectors) introduces errors in key
distribution

* Reduces signal-to-noise ratio and overall system security
» Compatibility with existing telecommunications infrastructure challenges widespread QKD adoption

* Integrating QKD systems with standard optical networks requires quantum-compatible components
and protocols

Cost and Security Vulnerabilities

+ Dedicated hardware and infrastructure for QKD systems increase deployment cost and complexity
compared to classical cryptography

» Barrier to widespread adoption in practical applications
« Finite key size and imperfections in quantum devices can introduce security vulnerabilities

+ Finite-key analysis and device-independent QKD protocols aim to address limitations and ensure
practical system security

QKD and Classical Cryptography Integration

Symmetric-Key Encryption and Quantum-Secured Authentication

» QKD integrates with symmetric-key encryption algorithms (Advanced Encryption Standard, AES) for
secure key distribution

» QKD-generated keys serve as secret keys for classical encryption schemes

* Quantum-secured authentication protocols (quantum-enhanced message authentication codes,
QMACSs) ensure integrity and authenticity of classical communication channels in QKD post-processing

Quantum Key Agreement and Digital Signatures

» Quantum key agreement protocols (BB84) combine with classical key agreement schemes
(Diffie-Hellman) to establish shared secret keys

» Hybrid approach enhances key establishment process security
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» Quantum digital signatures (QDS) integrate with classical digital signature schemes for
quantum-secure authentication and non-repudiation of digital documents and transactions

Quantum-Resistant Public-Key Cryptography and Blockchain
Technologies

* Quantum-resistant public-key cryptography (lattice-based, code-based) works with QKD for long-term
communication system security against future quantum computer attacks

» Quantum-secured blockchain technologies leverage QKD for secure private key distribution and
quantum-safe consensus mechanisms

* Enhances blockchain security and immutability
Applications and Future of Quantum Cryptography

Secure Communication for Government, Military, and Financial Sectors

» Government and military applications: QKD provides unconditional security for exchanging classified
data and intelligence

+ Financial transactions and online banking systems: QKD establishes secure communication channels
between financial institutions and clients

* Prevents unauthorized access and protects customer data

Critical Infrastructure Protection and Healthcare Data Privacy

« Securing critical infrastructure (power grids, transportation networks) from cyber attacks
* QKD secures communication channels for monitoring and controlling these systems
+ Healthcare and medical applications: QKD ensures privacy and confidentiality of personal data

* Secures transmission of electronic health records and protects patient information from unauthorized
access

Internet of Things (loT) and Quantum-Secured Cloud Computing

» Secure communication in loT and smart city applications with interconnected devices exchanging
sensitive data

» QKD provides a scalable and secure solution for key distribution in these networks

» Quantum-secured cloud computing and data storage services enable users to store and process data
securely and privately

» QKD establishes secure communication channels between users and cloud service providers
Quantum Networks and the Quantum Internet

» Advancement of quantum networks and the quantum internet for transmitting and processing quantum
information across a global network of quantum devices

* QKD plays a crucial role in ensuring communication security and integrity in these networks
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Unit 13 — Quantum Computing with
Photons

13.1 Linear optical quantum computing

Linear optical quantum computing uses photons as qubits and optical elements like beam splitters and
phase shifters to perform quantum operations. This approach offers advantages like room-temperature
operation and low decoherence, but faces challenges in scalability and error correction.

Key components include single-photon sources and detectors, crucial for generating and measuring
quantum states. Implementing quantum gates relies on photon interference and post-selection techniques.
Overcoming photon loss and component imperfections remains a major focus for advancing LOQC
technology.

Principles of Linear Optical Quantum Computing

Photons as Qubits and Linear Optical Elements for Quantum Operations

* Linear optical quantum computing (LOQC) uses photons as qubits and linear optical elements to
perform quantum operations

* Photons have multiple degrees of freedom that can be used to encode quantum information
(polarization, spatial mode, frequency)

* The key principle of LOQC is to use linear optical elements to manipulate photons and perform
quantum gates

+ LOQC relies on the quantum interference of photons at beam splitters and phase shifters to
implement quantum operations

Advantages and Photon Detection in LOQC

» LOQC offers advantages such as room-temperature operation, low decoherence, and compatibility
with existing optical infrastructure

* Photon detection plays a crucial role in LOQC for measuring the output state and performing quantum
measurements

« Single-photon detectors are used to measure the presence or absence of photons at the output of the
quantum circuit (avalanche photodiodes, superconducting nanowire single-photon detectors)

* Gate fidelity measures the similarity between the ideal and the actual output states

» Success probability quantifies the likelihood of obtaining the desired output state in the presence of
photon loss and imperfect detectors

Components of a Linear Optical Quantum Computer

Beam Splitters and Phase Shifters

» Beam splitters are essential components in LOQC that split an incoming photon into two output paths
with a specific ratio (50:50, 90:10)
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* The action of a beam splitter can be described by a unitary matrix that relates the input and output
modes

» Beam splitters enable quantum interference and are used to implement quantum gates such as the
Hadamard gate and the CNOT gate

* Phase shifters introduce a controllable phase delay to the photons passing through them
» The phase shift can be adjusted by changing the optical path length or using electro-optic modulators

* Phase shifters are used to implement single-qubit rotations and to control the relative phase between
photonic qubits

Single-Photon Sources and Detectors

« Single-photon sources are required to generate high-quality, indistinguishable photons for LOQC
» Parametric down-conversion and quantum dots are commonly used as single-photon sources
« Improving the efficiency and purity of single-photon sources is an active area of research in LOQC

« Single-photon detectors are used to measure the presence or absence of photons at the output of the
quantum circuit

» Avalanche photodiodes and superconducting nanowire single-photon detectors are widely used in
LOQC

* The generation and detection of high-quality, indistinguishable single photons remain a challenge in
LOQC

« Single-photon sources often suffer from imperfections such as multi-photon emission and spectral
inhomogeneity

Implementation of Quantum Gates

Single-Qubit and Two-Qubit Gates

« Single-qubit gates, such as the Pauli gates (X, Y, Z) and the Hadamard gate, can be implemented
using a combination of beam splitters and phase shifters

» The Pauli X gate can be realized using a half-wave plate that rotates the polarization of a photon by 90
degrees

» The Hadamard gate can be implemented using a beam splitter with a specific reflectivity and phase
shift

» Two-qubit gates, such as the CNOT gate, require the interaction of two photons and can be
implemented using a combination of beam splitters, phase shifters, and post-selection

* The KLM scheme is a well-known approach for implementing the CNOT gate using linear optics and
post-selection

* The success probability of the KLM CNOT gate is limited to 1/9, requiring multiple attempts or error
correction
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Multi-Qubit Gates and Gate Performance Metrics

* Multi-qubit gates and complex quantum circuits can be decomposed into a sequence of single-qubit
and two-qubit gates

» Decomposition techniques, such as the Cartan decomposition, can be used to optimize the
implementation of multi-qubit gates in LOQC

* The integration of LOQC with other quantum technologies, such as quantum memories and quantum
communication, is necessary for building large-scale quantum networks and distributed quantum
computing systems

* Gate fidelity and success probability are important metrics for evaluating the performance of quantum
gates in LOQC

* Gate fidelity measures the similarity between the ideal and the actual output states

 Success probability quantifies the likelihood of obtaining the desired output state in the presence of
photon loss and imperfect detectors

* Robust design techniques and active stabilization methods can help minimize the impact of
component imperfections on gate performance

Challenges of Linear Optical Quantum Computing

Scalability and Error Correction

+ Scalability is a major challenge in LOQC due to the probabilistic nature of two-qubit gates and the
need for resource-intensive error correction

*» The success probability of two-qubit gates decreases exponentially with the number of qubits,
requiring a large number of trials or ancillary photons

» Quantum error correction codes, such as the surface code, can mitigate errors but require a significant
overhead in terms of photons and gates

* Hybrid quantum systems that combine LOQC with other platforms, such as trapped ions or
superconducting qubits, can leverage the strengths of each technology to improve scalability

Photon Loss and Component Imperfections

* Photon loss is a significant source of errors in LOQC, as it can lead to the corruption of quantum
information

* Photon loss can occur due to absorption, scattering, or imperfect coupling between optical
components

* Techniques such as entanglement distillation and loss-tolerant quantum codes can help mitigate the
effects of photon loss

* Imperfections in optical components, such as beam splitters and phase shifters, can introduce errors
and degrade the fidelity of quantum operations

« Fabrication tolerances, alignment errors, and thermal fluctuations can affect the performance of
optical components
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» Quantum memories can store and retrieve photonic qubits, enabling long-distance quantum
communication and synchronization of quantum operations

13.2 Cluster states and measurement-based quantum computing

Cluster states and measurement-based quantum computing are game-changers in the quantum world.
They offer a unique approach to quantum computation, using highly entangled multi-qubit states as a
resource. Instead of complex quantum circuits, these methods rely on single-qubit measurements to
perform computations.

In the context of quantum computing with photons, cluster states shine bright. Photonic qubits, encoded in
light's properties, are ideal for creating and manipulating these states. This approach leverages the
strengths of photons, offering low decoherence and compatibility with existing optical tech.

Cluster states in quantum computing

Definition and role of cluster states

« Cluster states are a type of highly entangled multi-qubit quantum state that serves as a resource for
measurement-based quantum computing

* In a cluster state, each qubit is entangled with its neighboring qubits, forming a network or graph of
entanglement

* The entanglement structure of the cluster state depends on the specific graph or lattice geometry used
(e.g., 1D chain, 2D square lattice)

» The entanglement in a cluster state is created through controlled-phase (CZ) gates applied between
neighboring qubits

» CZ gates introduce a phase shift of ™ when both qubits are in the |1) state, creating entanglement
between them

« Cluster states enable universal quantum computation through a sequence of single-qubit
measurements, without the need for unitary gate operations

« Single-qubit measurements on the cluster state, along with feed-forward operations, can implement
any desired quantum circuit

Measurement-based quantum computation with cluster states

* The specific pattern and order of single-qubit measurements on the cluster state determine the
quantum computation being performed

« Different measurement bases (e.g., Pauli X, Y, or Z) correspond to different quantum gates and
operations

« After the measurements, the remaining unmeasured qubits in the cluster state contain the output of
the quantum computation

» The measurement outcomes on the cluster state are used to perform classical feed-forward
operations, ensuring the correct quantum state evolution

« Cluster states provide a resource-efficient approach to quantum computing, as the entanglement is
created upfront, and the computation is driven by local measurements

« This reduces the need for complex quantum circuits and two-qubit gates during the computation itself
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Photonic qubit manipulation for cluster states

Generating photonic cluster states

* Photonic qubits, encoded in the polarization or spatial mode of single photons, are a promising
platform for creating cluster states

* Photons offer low decoherence rates and compatibility with existing optical technologies

* To create a photonic cluster state, a series of entangled photon pairs are generated through
spontaneous parametric down-conversion (SPDC) in a nonlinear crystal

» SPDC is a nonlinear optical process that converts a high-energy photon into two lower-energy
entangled photons

» The entangled photon pairs are then subjected to linear optical operations, such as beam splitters and
phase shifters, to create the desired entanglement structure of the cluster state

» Beam splitters can be used to perform quantum interference and create entanglement between
photonic qubits

* Phase shifters introduce relative phase differences between the photonic qubits, enabling the
implementation of CZ gates

Manipulating and growing photonic cluster states

* Fusion gates, which are probabilistic two-qubit gates, can be used to connect smaller cluster states
and grow larger cluster states

* Fusion gates operate on two photonic qubits and produce a single output qubit, depending on the
measurement outcomes

« Single-qubit measurements in different bases (e.g., Pauli X, Y, or Z) are performed on the photonic
qubits to manipulate the cluster state and drive the quantum computation

» Measuring a photonic qubit in a specific basis projects the qubit onto the corresponding eigenstate
and influences the entanglement structure of the cluster state

» Feed-forward operations, based on the measurement outcomes, are applied to the remaining qubits to
ensure the correct quantum computation is implemented

+ Feed-forward operations involve classical processing of the measurement outcomes and application
of appropriate single-qubit rotations to the remaining photonic qubits

Measurement-based vs circuit-based quantum computing

Principles of measurement-based quantum computing

» Measurement-based quantum computing (MBQC) relies on the initial preparation of a cluster state
and subsequent single-qubit measurements to perform quantum computations

* The cluster state serves as a resource for the quantum computation, with the entanglement structure
encoding the quantum circuit

* In MBQC, the quantum algorithm is encoded in the pattern and sequence of single-qubit
measurements performed on the cluster state
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« Different measurement bases correspond to different quantum gates and operations

» The measurements on the cluster state have a non-trivial effect due to the entanglement present,
allowing for the implementation of quantum gates and circuits

* Measuring a qubit in the cluster state affects the state of the neighboring qubits, propagating the
quantum information through the entanglement structure

Advantages of measurement-based quantum computing

+ MBQC offers advantages over circuit-based quantum computing in terms of parallelization and
reduced coherence time requirements

* In MBQC, the entanglement is created upfront in the cluster state, and the computation is driven by
local measurements, reducing the need for complex quantum circuits and two-qubit gates

* The feed-forward operations in MBQC can be performed classically based on the measurement
outcomes, reducing the quantum resources required

« Classical processing of measurement outcomes allows for adaptive measurements and error
correction without the need for additional quantum operations

+ MBQC enables the implementation of quantum error correction codes, such as surface codes, in a
more resource-efficient manner compared to circuit-based approaches

* The entanglement structure of the cluster state can be designed to incorporate error correction
properties, reducing the overhead for fault-tolerant quantum computation

Implementing quantum algorithms with cluster states

Translation of quantum algorithms to measurement-based schemes

* Quantum algorithms, such as the Deutsch-Jozsa algorithm, Grover's search algorithm, and Shor's
factoring algorithm, can be implemented using MBQC

* These algorithms involve a series of quantum gates and measurements, which can be mapped onto
the cluster state

» The quantum algorithm is translated into a specific pattern and sequence of single-qubit
measurements on the cluster state

» The measurement bases and the order of measurements are chosen based on the desired quantum
gates and circuit elements of the algorithm

 Feed-forward operations, which are classical corrections based on the measurement outcomes, are
applied to ensure the correct quantum state evolution and algorithm implementation

» Feed-forward operations involve applying single-qubit rotations or adjusting subsequent measurement
bases based on the previous measurement outcomes

Optimization and resource analysis of measurement-based quantum
algorithms

* The efficiency and resource requirements of implementing quantum algorithms using MBQC are
analyzed and compared to circuit-based implementations
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« Factors such as the size of the cluster state, the number of measurements, and the classical
processing overhead are considered

* Techniques for optimizing the cluster state generation, measurement patterns, and feed-forward
operations are explored to improve the performance of MBQC-based quantum algorithms

* Optimization techniques may involve minimizing the number of measurements, reducing the depth of
the measurement sequence, or optimizing the classical post-processing

» Resource-efficient implementations of quantum algorithms using MBQC are developed, taking into
account the limitations and constraints of photonic quantum hardware

« Trade-offs between cluster state size, measurement complexity, and classical processing are
analyzed to find optimal implementations for specific quantum algorithms and hardware platforms

13.3 Boson sampling and quantum supremacy

Boson sampling is a mind-bending quantum task that's all about photons zipping through optical networks.
It's like a quantum playground where we can show off how quantum computers outperform classical ones.
This is where quantum supremacy comes into play.

The coolest part? Boson sampling is super hard for regular computers to simulate, but quantum systems
can do it easily. It's a perfect example of how quantum computing with photons could revolutionize the way
we process information.

Boson Sampling: Definition and Significance

Boson Sampling Computational Task

* Boson sampling involves sampling from the output distribution of a linear optical network with multiple
indistinguishable single-photon inputs

* The task is to sample from the probability distribution of detecting photons at the output modes of the
linear optical network

* This probability distribution is determined by the permanent of the unitary matrix describing the
network

» The permanent of a matrix is a mathematical function that is similar to the determinant but with all
signs positive

Demonstrating Quantum Supremacy

» Boson sampling is considered a candidate for demonstrating quantum supremacy

» Quantum supremacy refers to the ability of a quantum computer to perform tasks that are infeasible
for classical computers

* The significance of boson sampling lies in its potential to provide evidence of quantum advantage over
classical computation

* For large-scale systems, boson sampling is believed to be classically intractable, meaning it cannot be
efficiently solved by classical computers
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Computational Complexity of Boson Sampling

Complexity of Computing the Matrix Permanent

* The computational complexity of boson sampling arises from the difficulty of calculating the permanent
of a matrix

» The permanent is a key component in determining the output probability distribution of boson
sampling

» Computing the permanent of a matrix is known to be a #P-hard problem

» P-hard problems are believed to be intractable for classical computers as the size of the matrix
increases

Classical Intractability of Boson Sampling

» The best known classical algorithms for exactly simulating boson sampling have a runtime that scales
exponentially with the number of photons and modes in the linear optical network

» Approximating the output probability distribution of boson sampling to a certain level of accuracy is
also believed to be classically intractable

* The precise complexity of approximate boson sampling is still an active area of research

* The classical intractability of boson sampling suggests that a quantum device capable of efficiently
performing this task could demonstrate quantum supremacy

Experimental Implementation of Boson Sampling

Photonic Systems for Boson Sampling

* Boson sampling can be experimentally implemented using photonic systems
« Single photons are used as the input bosons
* Linear optical elements, such as beam splitters and phase shifters, form the unitary network

« Single-photon sources, like spontaneous parametric down-conversion (SPDC) or quantum dots, are
used to generate indistinguishable photons as inputs to the linear optical network

Constructing the Linear Optical Network

* The linear optical network is constructed using a combination of beam splitters and phase shifters

» These elements can be arranged in a specific configuration to implement a desired unitary
transformation on the input photons

» Photon detection is performed at the output modes of the linear optical network

« Single-photon detectors, such as avalanche photodiodes or superconducting nanowire single-photon
detectors, are used for detection

Challenges in Experimental Implementation

« Achieving high-quality single-photon sources is a key challenge
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* Precise control over the linear optical network is necessary for accurate boson sampling

« Efficient photon detection with low noise is important for reliable measurement of the output probability
distribution

» The output probability distribution is obtained by repeating the experiment multiple times and
recording the photon detection events at the output modes

Applications of Boson Sampling in Quantum Computing

Benchmarking Quantum Devices

* Boson sampling has potential applications in the development of quantum computing technologies
« It provides a platform for testing and benchmarking quantum devices

* Demonstrating quantum supremacy using boson sampling could serve as a milestone in the progress
towards building large-scale, fault-tolerant quantum computers

Implementing Quantum Algorithms and Simulations

» Boson sampling can be used as a primitive for implementing other quantum algorithms and protocols
* Examples include quantum machine learning and quantum chemistry simulations

* The linear optical networks used in boson sampling can be designed to simulate specific quantum
systems

+ This enables the study of complex many-body phenomena and the exploration of novel quantum
states of matter

Quantum Metrology and Inspiring New Algorithms

» Boson sampling could find applications in the field of quantum metrology

* The sensitivity of photonic systems to small changes in parameters can be exploited for high-precision
measurements

* The study of boson sampling and its variants, such as Gaussian boson sampling and scattershot
boson sampling, can provide insights into the computational power of different quantum architectures

» Boson sampling research can inspire the development of new quantum algorithms and further
advance the field of quantum computing
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Unit 14 — Quantum Metrology and
Sensing

14.1 Quantum limits in precision measurements

Quantum limits in precision measurements are the ultimate barriers we face when trying to measure things
super accurately. These limits come from the weird rules of quantum mechanics, like the Heisenberg
uncertainty principle, which says we can't know everything about a particle at once.

But don't worry, scientists have some tricks up their sleeves to push past these limits. They use cool
quantum stuff like entanglement and squeezed states to make measurements even more precise than we
thought possible. It's like giving our measuring tools superpowers!

Quantum Limits on Precision

Fundamental Limits on Measurement Precision

» The Heisenberg uncertainty principle sets a fundamental limit on the precision with which certain pairs
of physical properties of a particle can be determined simultaneously (position and momentum)

» The more precisely one property is measured, the less precisely the other can be known
« This principle arises from the wave-particle duality of quantum systems

» The standard quantum limit (SQL) is the best possible sensitivity that can be achieved in a
measurement using traditional techniques

» The SQL is imposed by the Heisenberg uncertainty principle

* It represents the maximum precision attainable without using quantum-enhanced methods
(entanglement, squeezing)

» The Cramér-Rao bound sets a lower limit on the variance of any unbiased estimator of a parameter
* The bound is determined by the Fisher information of the measurement

* The Fisher information quantifies the amount of information that an observable random variable
carries about an unknown parameter

Overcoming the Standard Quantum Limit

* Quantum entanglement can be used to overcome the SQL and achieve higher precision
measurements

» Entangled states can exhibit reduced uncertainty in certain observable quantities
» Examples of entangled states include spin-squeezed states and NOON states

» Squeezed states of light can be used to reduce either shot noise or quantum projection noise,
depending on the squeezing parameter

» Squeezing allows for measurements below the SQL

» Squeezed states have been used to enhance the sensitivity of gravitational wave detectors (LIGO)
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* Quantum non-demolition measurements can be employed to repeatedly measure a quantum system
without introducing additional noise

* This technique allows for enhanced measurement sensitivity

» Quantum non-demolition measurements have been demonstrated in optomechanical systems and
atomic ensembles

Quantum Noise in Measurements

Sources of Quantum Noise

» Quantum noise fundamentally limits the precision of measurements and is a consequence of the
discrete nature of quantum systems

+ Shot noise arises from the discrete nature of photons or particles and follows a Poisson distribution
* The noise level is proportional to the square root of the signal

+ Shot noise is a significant limitation in optical measurements and communication systems

» Quantum projection noise occurs when measuring a quantum system in a superposition state

» The act of measurement collapses the state into one of its eigenstates, introducing uncertainty

» Quantum projection noise is a major challenge in quantum computing and quantum metrology

Balancing Quantum Noise Sources

* The standard quantum limit is reached when the measurement precision is limited by an equal
contribution from shot noise and quantum projection noise

+ At the SQL, increasing the signal strength does not improve the signal-to-noise ratio
» Techniques such as squeezing and entanglement are needed to surpass the SQL

+ Optimizing the trade-off between shot noise and quantum projection noise is crucial for achieving
high-precision measurements

« Different measurement strategies and quantum states can be employed to minimize the overall
quantum noise

« Examples include using squeezed states, entangled states, or quantum non-demolition
measurements

Overcoming Quantum Limits

Quantum-Enhanced Measurement Techniques

» Quantum error correction techniques can be employed to mitigate the effects of noise and extend the
coherence time of quantum systems

» Decoherence-free subspaces and quantum error-correcting codes are examples of such techniques
» These methods allow for longer measurement times and improved sensitivity

» Quantum feedback control can be used to actively stabilize a quantum system against noise and
maintain its coherence
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* By continuously monitoring the system and applying corrective operations, the effects of noise can be
suppressed

» Quantum feedback has been demonstrated in various platforms, including superconducting qubits and
trapped ions

» Quantum illumination protocols can be used to enhance the signal-to-noise ratio in sensing
applications

* By exploiting the properties of entangled photon pairs, quantum illumination can outperform classical
sensing methods in the presence of background noise

* Quantum illumination has potential applications in radar, lidar, and remote sensing

Quantum Algorithms for Parameter Estimation

» Quantum algorithms can be employed to efficiently estimate parameters with a precision that scales
inversely with the number of quantum bits (qubits) used

» The quantum phase estimation algorithm is a prominent example of a quantum algorithm for
parameter estimation

« It can be used to estimate the eigenvalues of a unitary operator with high precision
* The algorithm has applications in quantum chemistry, quantum simulation, and quantum metrology

* Quantum Fourier transform (QFT) is a key component of many quantum algorithms for parameter
estimation

» The QFT is the quantum analogue of the classical discrete Fourier transform

« It can be used to extract frequency information from quantum states and is a building block for
quantum phase estimation and other quantum algorithms

Quantum Metrology vs Classical Methods

Advantages of Quantum Metrology

» Quantum metrology exploits the unique properties of quantum systems to enhance the sensitivity and
precision of measurements

» Entanglement, superposition, and squeezing are examples of quantum properties that can be
harnessed for metrology

* These properties allow for measurements that surpass the limitations imposed by classical methods
* Quantum sensors can achieve higher sensitivity and resolution than their classical counterparts

* Examples of quantum sensors include atomic clocks, interferometers, and magnetometers

* These sensors leverage quantum effects to achieve unprecedented levels of precision and accuracy

» Quantum parameter estimation techniques provide a framework for optimally extracting information
from quantum measurements

* Quantum Fisher information and Bayesian quantum estimation are examples of such techniques

» These methods allow for the efficient estimation of parameters in the presence of quantum noise and
uncertainty
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Applications and Potential Impact

» Quantum metrology has potential applications in various fields, ranging from fundamental physics to
practical technologies

« In fundamental physics, quantum metrology can be used to test theories of gravity and search for new
physics (gravitational wave detection)

* In navigation, quantum-enhanced GPS and inertial sensors can improve the accuracy and reliability of
positioning systems

* In biomedical imaging, quantum-enhanced MRI and other imaging modalities can provide higher
resolution and sensitivity

» Quantum-enhanced sensing networks can be created by entangling multiple quantum sensors
* Distributed and correlated measurements can further improve the overall sensitivity and resolution
» Such networks have potential applications in large-scale sensing, mapping, and monitoring

* The development of quantum metrology techniques and technologies is expected to have a significant
impact on science, engineering, and society

» Advances in quantum metrology can lead to new discoveries, improved technologies, and enhanced
capabilities in various domains

* The field of quantum metrology is rapidly evolving, with ongoing research and development efforts
worldwide

14.2 Quantum-enhanced interferometry

Quantum-enhanced interferometry is a game-changer in measurement precision. By harnessing quantum
properties like entanglement and squeezing, it pushes beyond classical limits, opening doors to
ultra-sensitive measurements in fields from gravitational wave detection to quantum computing.

Getting quantum interferometry to work is no walk in the park. It requires complex setups and precise
control over quantum states. But the payoff is huge — potentially reaching the Heisenberg limit and
revolutionizing fields like metrology, sensing, and fundamental physics research.

Principles of quantum-enhanced interferometry

Quantum mechanical properties for improved sensitivity

» Quantum-enhanced interferometry leverages quantum mechanical properties to improve the
sensitivity and precision of interferometric measurements beyond classical limits

» Entanglement (NOON states, twin-Fock states) allows for the creation of highly correlated quantum
states that can reduce quantum noise and improve sensitivity

» Squeezing (squeezed states) can be used to manipulate the quantum states of light to reduce
quantum noise and enhance the signal-to-noise ratio

Fundamental limits on interferometric sensitivity

* The standard quantum limit (SQL) is the fundamental limit on the sensitivity of classical
interferometers, arising from the quantum noise associated with the discrete nature of photons
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» SQL scales as 1/\/ﬁ, where N is the number of photons used in the measurement

» The Heisenberg limit represents the ultimate quantum limit on interferometric sensitivity, which scales
inversely with the number of photons used in the measurement

* Heisenberg limit scales as 1/N, potentially achievable with quantum-enhanced techniques

» Quantum-enhanced interferometry techniques aim to surpass the SQL by manipulating the quantum
states of light to reduce the quantum noise and enhance the signal-to-noise ratio

Quantum interference and phase encoding

* Quantum-enhanced interferometry relies on the interference of quantum states, where the phase
difference between the interferometer arms is encoded in the quantum state of the light

* Interference of quantum states (entangled photons, squeezed states) enables the extraction of phase
information with higher sensitivity

» The use of entangled states in interferometry can cancel out certain types of noise, such as photon
shot noise, leading to improved signal-to-noise ratios

* Quantum interferometry requires more complex experimental setups and control over the quantum
states of light compared to classical interferometry

Classical vs quantum interferometry

Differences in light sources and quantum properties

+ Classical interferometry relies on the interference of classical electromagnetic waves, while quantum
interferometry exploits the quantum properties of light

+ Classical interferometers typically use coherent states of light (laser beams)
» Quantum interferometers employ non-classical states of light (squeezed states, entangled photons)

+ Classical interferometers are limited by the SQL, while quantum interferometers can surpass the SQL
and potentially reach the Heisenberg limit

» Quantum interferometry techniques can achieve higher sensitivity and precision than classical
methods, particularly in the presence of noise and losses

Experimental requirements and complexity

* Quantum interferometry requires more complex experimental setups and control over the quantum
states of light compared to classical interferometry

» Generation and maintenance of high-quality entanglement (quantum state engineering, entanglement
distillation)

* Precise control over the quantum states of light (phase stabilization, mode matching)

+ Classical interferometry relies on well-established techniques and components, such as beam
splitters, mirrors, and detectors

» Quantum interferometry often requires advanced technologies, such as single-photon sources,
quantum memories, and quantum state tomography
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Applications of quantum-enhanced interferometry

Precision measurements and sensing

+ Gravitational wave detection: Quantum-enhanced interferometry can improve the sensitivity of
gravitational wave detectors (LIGO), by reducing the quantum noise and increasing the detection range

+ Optical metrology: Quantum-enhanced techniques can enhance the precision of optical metrology,
such as in the measurement of distances, displacements, and refractive indices

» Quantum sensing and imaging: Quantum interferometry can be applied to enhance the sensitivity and
resolution of various sensing and imaging techniques (magnetometry, thermometry, microscopy)

Fundamental physics and quantum information processing

» Fundamental physics tests: Quantum-enhanced interferometry can be used to perform high-precision
tests of fundamental physics (measuring the fine-structure constant, testing the equivalence principle)

* Quantum computing and communication: Quantum interferometry can be employed in quantum
information processing tasks (quantum state tomography, quantum key distribution, quantum error
correction)

» Quantum metrology: Quantum-enhanced interferometry is a key technique in the field of quantum
metrology, which aims to achieve the ultimate limits of measurement precision allowed by quantum
mechanics

Entanglement for improved sensitivity

Entanglement as a key resource

» Entanglement is a key resource in quantum-enhanced interferometry, as it allows for the creation of
highly correlated quantum states that can be used to reduce quantum noise and improve sensitivity

* Entangled states (NOON states, twin-Fock states) exhibit phase sensitivity that scales with the
number of entangled photons, enabling the potential to reach the Heisenberg limit

» The degree of entanglement in the quantum states used in interferometry directly impacts the
achievable sensitivity enhancement, with higher levels of entanglement generally leading to better
performance

Challenges in generating and maintaining entanglement

» Generating and maintaining high-quality entanglement in practical interferometric setups remains a
significant challenge, requiring advanced techniques

» Quantum state engineering: Preparation of specific entangled states (NOON states, cluster states)
tailored for interferometry

» Entanglement distillation: Purification of entangled states to remove noise and imperfections

» Entanglement can be used to implement quantum error correction protocols in interferometry, which
can mitigate the effects of losses and decoherence

» Quantum error correction codes (surface codes, topological codes) can be used to protect entangled
states against errors
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* The fragility of entanglement to environmental noise and decoherence necessitates careful design
and control of the interferometric setup to preserve the quantum advantages

14.3 Quantum sensing applications (magnetometry, atomic clocks)

Quantum sensing applications, like magnetometry and atomic clocks, are pushing the boundaries of
precision measurement. These technologies harness the unique properties of quantum systems to detect
incredibly small changes in magnetic fields and measure time with unparalleled accuracy.

The impact of quantum sensing extends far beyond the lab. From enhancing navigation systems to probing
fundamental physics, these tools are revolutionizing fields like medicine, geology, and even the search for
dark matter. They're opening up new possibilities we never thought possible.

Quantum Magnetometry Principles

Basic Principles and Techniques

» Quantum magnetometry utilizes the quantum properties of atoms, such as spin polarization and
coherence, to measure magnetic fields with high sensitivity and spatial resolution

* The basic principle involves preparing atoms in a specific quantum state, exposing them to the
magnetic field to be measured, and then measuring the change in the quantum state induced by the
field

» Quantum magnetometers exploit the Zeeman effect, where the energy levels of atoms split in the
presence of a magnetic field, allowing for precise measurement of the field strength

* Optically pumped magnetometers (OPMs) use laser light to polarize the spins of alkali atoms
(rubidium or cesium) and detect the precession of the spins in the presence of a magnetic field using a
probe laser

» Superconducting quantum interference devices (SQUIDs) are another type of quantum magnetometer
that uses the quantum tunneling of Cooper pairs in a superconducting loop to measure extremely weak
magnetic fields

Advantages and Applications

» Quantum magnetometers offer several advantages over classical methods, including higher
sensitivity, better spatial resolution, and the ability to operate at room temperature (OPMs)

* The high sensitivity of quantum magnetometers enables the detection of very weak magnetic fields,
such as those produced by the human brain or heart, opening up new possibilities in medical imaging
and diagnostics

» Quantum magnetometers can be used for inertial navigation by measuring the Earth's magnetic field
and its gradients, providing an alternative or complementary approach to GPS-based navigation

« In fundamental physics research, quantum magnetometers have been proposed as a means to detect
the weak magnetic fields associated with dark matter particles (axions), which could help shed light on
the nature of this mysterious form of matter

» Quantum magnetometers have also been used to study the properties of various materials
(superconductors and topological insulators), providing new insights into their behavior and potential
applications
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Atomic Clocks: Principles and Applications

Working Principles

 Atomic clocks are the most precise timekeeping devices, utilizing the stable and consistent transitions
between energy levels in atoms to define the second and maintain accurate time

* The basic principle involves using an oscillator (quartz crystal or laser) to generate a microwave or
optical frequency that is locked to the resonant frequency of an atomic transition

» Cesium atomic clocks, which define the international standard for the second, use the hyperfine
transition of cesium-133 atoms at a frequency of 9,192,631,770 Hz

+ Optical atomic clocks use higher-frequency transitions in atoms (strontium, ytterbium, or mercury),
offering even greater precision than cesium clocks

* The atoms in an atomic clock are typically cooled to ultra-low temperatures using laser cooling
techniques to minimize Doppler broadening and improve the signal-to-noise ratio

Applications and Impact

« Atomic clocks play a crucial role in global navigation satellite systems (GNSS) (GPS) by providing the
precise timing signals necessary for accurate positioning and navigation

* In addition to navigation, atomic clocks are used in various applications, including
telecommunications, electric power grids, financial transactions, and scientific experiments that require
precise timing

« Atomic clocks are essential for testing fundamental physics theories (general relativity) by enabling
precise measurements of time dilation and gravitational redshift

+ Atomic clocks have greatly improved the precision and stability of GNSS, allowing for more accurate
positioning and timing services that are critical for various applications (transportation, surveying, and
mapping)

« In fundamental physics research, atomic clocks have been used to measure the gravitational redshift
predicted by general relativity with unprecedented precision, confirming the theory's predictions and
setting new constraints on alternative theories of gravity

Quantum Sensing Impact on Fields

Navigation and Positioning

» Quantum sensing technologies have revolutionized the field of navigation by enabling more accurate
and reliable positioning systems, particularly in challenging environments where traditional GPS signals
may be unavailable or degraded

* Quantum magnetometers (OPMs and SQUIDs) can be used for inertial navigation by measuring the
Earth's magnetic field and its gradients, providing an alternative or complementary approach to
GPS-based navigation

 Atomic clocks have greatly improved the precision and stability of GNSS, allowing for more accurate
positioning and timing services that are critical for various applications (transportation, surveying, and

mapping)
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* The use of quantum sensors in navigation has the potential to enhance the robustness and reliability
of positioning systems, particularly in urban canyons, underground, or underwater where GPS signals
may be weak or unavailable

Fundamental Physics Research

+ In fundamental physics research, quantum sensors have enabled new tests of general relativity and
searches for dark matter and gravitational waves

+ Atomic clocks have been used to measure the gravitational redshift predicted by general relativity with
unprecedented precision, confirming the theory's predictions and setting new constraints on alternative
theories of gravity

» Quantum magnetometers have been proposed as a means to detect the weak magnetic fields
associated with dark matter particles (axions), which could help shed light on the nature of this
mysterious form of matter

* Quantum sensors have also been used to study the properties of various materials (superconductors
and topological insulators), providing new insights into their behavior and potential applications

* The use of quantum sensors in fundamental physics research has the potential to advance our
understanding of the universe and its underlying laws, as well as to guide the development of new
technologies based on quantum principles

Quantum Entanglement and Squeezing in Sensors

Enhancing Sensitivity with Entanglement

» Quantum entanglement, a phenomenon where two or more particles become correlated in such a way
that their properties are interdependent, can be exploited to enhance the sensitivity and precision of
quantum sensors

» Entangled states (spin-squeezed states or NOON states) can be used to reduce the uncertainty in
measurements and overcome the standard quantum limit imposed by the Heisenberg uncertainty
principle

 Spin squeezing involves creating a particular type of entangled state where the uncertainty in one
component of the spin is reduced at the expense of increased uncertainty in another component,
resulting in improved sensitivity to magnetic fields

* In atomic clocks, entanglement can be used to create states with reduced quantum projection noise,
which is the fundamental limit to the precision of atomic clocks imposed by the quantum nature of the
atoms

» The use of entangled states in quantum sensors requires careful control and manipulation of the
quantum systems, as well as the ability to maintain the entanglement in the presence of noise and
decoherence

Squeezed Light in Optical Sensors
» Squeezed light, a type of nonclassical light where the uncertainty in one quadrature (amplitude or

phase) is reduced below the standard quantum limit, can be used to enhance the sensitivity of optical
magnetometers and gravitational wave detectors
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* In optical magnetometers, squeezed light can be used to improve the signal-to-noise ratio and reduce
the quantum noise that limits the sensitivity of the device

« In gravitational wave detectors (LIGO), squeezed light is injected into the interferometer to reduce the
quantum noise that limits the detector's sensitivity at high frequencies

* The practical implementation of squeezed light in optical sensors requires advanced techniques for
generating, manipulating, and detecting squeezed states, as well as methods for mitigating the effects
of losses and decoherence

* The use of squeezed light in optical sensors has the potential to significantly improve their
performance and enable the detection of even weaker signals (gravitational waves or magnetic fields)
than currently possible
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Unit 15 — Experimental Techniques in
Quantum Optics

15.1 Laser cooling and trapping of atoms

Laser cooling and trapping of atoms is a game-changing technique in quantum optics. By using light to
slow down and confine atoms, scientists can create ultra-cold atomic samples, opening up a world of
quantum experiments and applications.

This method combines laser physics with atomic structure, allowing precise control over atomic motion. It's
the foundation for many cutting-edge quantum technologies, from ultra-precise atomic clocks to quantum
computers and simulators.

Laser cooling and trapping techniques

Principles of laser cooling

* Laser cooling relies on the momentum exchange between photons and atoms

* Absorption and emission of photons by atoms result in a net cooling effect

» The Doppler effect plays a crucial role in laser cooling

« Laser frequency is detuned slightly below the atomic resonance frequency

» Atoms moving towards the laser preferentially absorb photons

» Spontaneous emission of photons by excited atoms occurs in random directions

* Leads to a net reduction in the atomic velocity and temperature

Techniques for laser cooling and trapping
+ Optical molasses is a technique that uses counterpropagating laser beams along each axis
+ Creates a viscous force that slows down atoms, resulting in cooling
« Sisyphus cooling is a sub-Doppler cooling mechanism
* Relies on the spatial modulation of the light shift of atomic energy levels
* Leads to a further reduction in temperature compared to Doppler cooling
» Magnetic fields can be used in conjunction with laser cooling
* Creates a magneto-optical trap (MOT) that confines atoms in a small region of space

» Combines laser cooling with a quadrupole magnetic field

Doppler vs Sub-Doppler cooling

Doppler cooling mechanism

* Doppler cooling relies on the velocity-dependent absorption of photons by atoms

Fiveable archived study guides Page 146



* Laser frequency is red-detuned from the atomic resonance

» The Doppler effect causes atoms moving towards the laser to be more likely to absorb photons
+ Leads to a velocity-dependent force that opposes the atomic motion

* Doppler cooling is limited by the recoil limit

* Minimum temperature achievable due to the random nature of photon emission during cooling

* Typically in the microkelvin range (MK)

Sub-Doppler cooling mechanisms

» Sub-Doppler cooling mechanisms can achieve temperatures below the Doppler limit
» Examples include Sisyphus cooling and polarization gradient cooling

* Sisyphus cooling exploits the spatial variation of the light shift of atomic energy levels
» Atoms climb potential hills and lose kinetic energy

« Polarization gradient cooling relies on the differential scattering of light by atoms in different magnetic
sublevels

* Leads to a further reduction in temperature compared to Sisyphus cooling
» Combination of Doppler and sub-Doppler cooling techniques allows for ultra-low temperatures

» Temperatures in the nanokelvin range (nK) can be achieved

Magneto-optical traps for atom confinement

Components of a magneto-optical trap (MOT)

* A MOT combines laser cooling with a quadrupole magnetic field

+ Confines atoms in a small region of space

+ Consists of three pairs of counterpropagating laser beams

* Red-detuned from the atomic resonance

* Intersect at the center of the trap

* A pair of anti-Helmholtz coils generates a quadrupole magnetic field
« Zero-field point at the center of the trap

* Increasing field strength away from the center

Operation of a MOT

» The magnetic field induces a position-dependent Zeeman shift in the atomic energy levels
+ Causes a spatial variation in the absorption of the laser light
» Atoms that move away from the center of the trap experience a restoring force

* Imbalance in the radiation pressure from the laser beams pushes atoms back towards the center
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» Combination of laser cooling and restoring force from the magnetic field results in atom confinement
* Typical densities of 1070 to 10*11 atoms/cm”3 can be achieved

 Temperatures in the microkelvin range (HK)

Applications of laser-cooled atoms in quantum optics

Quantum simulation and computation

* Laser-cooled and trapped atoms serve as an ideal platform for studying quantum phenomena

* Enables the implementation of quantum technologies

+ Ultra-cold atoms in a MOT can be used to create Bose-Einstein condensates (BECs)

* Large fraction of atoms occupies the lowest quantum state

* Allows for the study of quantum degenerate gases and macroscopic quantum effects

* Trapped atoms can be used as qubits in quantum computing and quantum simulation experiments
* Internal states of the atoms serve as the computational basis

+ Cold atoms can be loaded into optical lattices

* Creates artificial crystal structures that mimic condensed matter systems

+ Allows for the study of quantum phase transitions, topological phases, and many-body physics

Precision measurements and sensing

* Precision spectroscopy and atomic clocks benefit from laser-cooled atoms

* Reduced Doppler broadening and long interaction times enable ultra-high precision measurements
* Applications in frequency standards and tests of fundamental physics

» Quantum sensors based on cold atoms offer exceptional sensitivity and accuracy

» Examples include atom interferometers and atomic magnetometers

+ Enables precise measurements of accelerations, rotations, and magnetic fields

* Applications in navigation, geophysics, and fundamental physics tests

15.2 Nonlinear optics for quantum state generation

Nonlinear optics plays a crucial role in quantum state generation. By exploiting nonlinear processes like
SPDC and FWM, scientists can create entangled photon pairs, squeezed states, and single photons
essential for quantum applications.

These techniques form the backbone of experimental quantum optics. From OPOs generating squeezed
light to FWM in photonic fibers producing single photons, nonlinear processes enable the creation and
manipulation of quantum states of light.
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Nonlinear Optical Processes in Quantum Optics

Fundamentals of Nonlinear Optics

* Nonlinear optical processes involve the interaction of light with matter where the material system's
response is nonlinearly dependent on the optical field's strength

* In nonlinear optics, the medium's polarization is not linearly proportional to the applied electric field,
leading to phenomena such as:

» Frequency mixing
» Harmonic generation
» Parametric processes

» The nonlinear susceptibility tensor characterizes the strength of a material's nonlinear optical
response

» Second-order (x*(2)) and third-order (x"(3)) susceptibilities are the most relevant for quantum optics
applications

Importance of Nonlinear Optics in Quantum Optics

* Nonlinear optical processes are crucial for generating non-classical states of light essential for
quantum optics and quantum information processing, such as:

 Entangled photon pairs

» Squeezed states

« Single photons

* Phase matching is a critical condition in nonlinear optical processes
* Ensures efficient energy transfer between the interacting waves

* Enables the generation of quantum states of light with high efficiency and purity

Entangled Photon Pairs via SPDC

Spontaneous Parametric Down-Conversion (SPDC) Process

» SPDC is a second-order nonlinear optical process where a high-energy pump photon is converted into
two lower-energy photons (signal and idler) in a nonlinear crystal

» SPDC occurs probabilistically when phase-matching conditions are satisfied, ensuring energy and
momentum conservation between the pump, signal, and idler photons

* The efficiency of SPDC and the quality of the generated entangled photon pairs depend on factors
such as:

* Nonlinear coefficient of the crystal
* Phase-matching bandwidth

* Spatial mode overlap
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Entanglement in SPDC

» The generated signal and idler photons are entangled in various degrees of freedom, depending on
the phase-matching configuration and crystal properties, such as:

* Polarization
* Frequency
* Spatial mode

* Type-l and Type-ll phase matching are two common SPDC configurations, resulting in different types
of entanglement:

* Type-1 SPDC produces signal and idler photons with the same polarization, entangled in other
degrees of freedom (frequency or spatial mode)

* Type-ll SPDC generates signal and idler photons with orthogonal polarizations, entangled in
polarization and other degrees of freedom

+ SPDC is widely used as a source of entangled photon pairs for applications in:
* Quantum communication
* Quantum cryptography

* Quantum metrology

Squeezed States of Light with OPOs
Optical Parametric Oscillators (OPOs)

* OPOs are devices that exploit second-order nonlinear optical processes to generate squeezed states
of light

» Squeezed states have reduced quantum noise in one quadrature at the expense of increased noise in
the orthogonal quadrature

* An OPO consists of a nonlinear crystal placed inside an optical cavity

» Parametric down-conversion occurs in the presence of a strong pump field, leading to the
amplification of the signal and idler fields

* When operated below the oscillation threshold, an OPO generates squeezed vacuum states, which
exhibit quantum noise reduction in one quadrature of the electromagnetic field

Characterizing Squeezed States

» The squeezing parameter and the squeezing angle characterize the degree of noise reduction and the
orientation of the squeezed quadrature, respectively

 Can be controlled by adjusting the pump power and the phase of the pump field relative to the cavity

* OPOs can be designed to generate squeezed states in various frequency bands (visible to
near-infrared) by choosing appropriate nonlinear crystals and cavity configurations

» Squeezed states of light generated by OPOs have applications in quantum-enhanced metrology
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* Gravitational wave detection, where they can improve the sensitivity of interferometric measurements
beyond the standard quantum limit

Four-Wave Mixing for Photon Generation

Four-Wave Mixing (FWM) Process

* FWM is a third-order nonlinear optical process involving the interaction of four waves in a nonlinear
medium

* Results in the generation of new frequency components and quantum states of light

* In the spontaneous FWM process, two pump photons are annihilated, and a signal and an idler
photon are created, satisfying energy and momentum conservation

* The efficiency and spectral properties of photons generated by FWM can be engineered by
controlling:

+ Dispersion and nonlinearity of the medium

* Phase-matching conditions

Single Photon Generation with FWM

* FWM can generate single photons using a single pump field and a nonlinear medium with a large
¥(3) nonlinearity, such as:

* Photonic crystal fiber
« Silicon waveguide
» The spontaneous FWM process produces photon pairs

* By detecting one photon (idler) of the pair, the presence of the other photon (signal) is heralded,
effectively creating a single-photon source

* The quality of single photons generated by FWM depends on factors such as:
* Purity of the quantum state
* Heralding efficiency

* Photon indistinguishability

Correlated Photon Pairs with FWM

* FWM can also generate correlated photon pairs, where the signal and idler photons exhibit strong
temporal and spectral correlations

* The correlated photon pairs generated by FWM can be used for applications in quantum
communication and quantum information processing, such as:

* Quantum key distribution

» Quantum state teleportation
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15.3 Homodyne and heterodyne detection

Homodyne and heterodyne detection are key techniques in quantum optics for measuring light's
properties. They mix a signal with a reference beam to extract info about amplitude and phase, crucial for
studying quantum states.

These methods enable precise measurements of light's quantum properties, essential for experiments in
quantum information and communication. Homodyne detects at the same frequency, while heterodyne
uses different frequencies, each with unique advantages.

Homodyne and Heterodyne Detection

Principles and Techniques

* Homodyne and heterodyne detection measure the amplitude and phase of optical signals by mixing
the signal with a reference light beam called the local oscillator (LO)

* In homodyne detection, the signal and LO have the same frequency, while in heterodyne detection,
the signal and LO have slightly different frequencies (typically a few MHz to GHz)

» The mixing of the signal and LO is typically done using a beam splitter, resulting in interference
between the two beams

* The interference pattern contains information about the amplitude and phase of the signal relative to
the LO

* Homodyne and heterodyne detection are sensitive to the relative phase between the signal and LO,
allowing for the measurement of quadrature amplitudes (real and imaginary parts of the complex
amplitude)

Detection Process and Analysis

+ The detection process involves measuring the intensity of the mixed light using photodetectors and
analyzing the resulting electrical signals

* In homodyne detection, the signal and LO have the same frequency, and the difference between the
photocurrents from two photodetectors is measured to obtain quadrature amplitudes

* In heterodyne detection, the mixing of the signal and LO results in a beat signal at the difference
frequency, called the intermediate frequency (IF), which contains information about both the amplitude
and phase of the signal relative to the LO

» The amplitude and phase of the IF signal are measured using electronic methods (lock-in detection or
digital signal processing) to extract the amplitude and phase of the original optical signal

Balanced Homodyne Detection for Quadrature Amplitudes

Configuration and Measurement

 Balanced homodyne detection is a specific configuration of homodyne detection that allows for the
measurement of quadrature amplitudes of an optical signal

* The signal and LO are mixed on a 50/50 beam splitter, resulting in two output beams with equal
intensities
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» The two output beams are detected by two photodetectors, and the difference between their
photocurrents is measured

* The difference signal is proportional to the product of the signal and LO amplitudes and depends on
their relative phase

* By adjusting the phase of the LO, it is possible to measure different quadrature amplitudes of the
signal (X quadrature when LO phase is 0 or 1, P quadrature when LO phase is 1/2 or 311/2)

Advantages and Noise Reduction

+ The balanced configuration helps to cancel out common-mode noise and improve the signal-to-noise
ratio of the measurement

» Balanced homodyne detection is widely used in quantum optics experiments, such as quantum state
tomography and continuous-variable quantum information processing

* The technique enables the measurement of quadrature amplitudes with high precision and sensitivity

+ Balanced homodyne detection is essential for characterizing non-classical states of light (squeezed
states and entangled states)

Heterodyne Detection for Optical Signal Measurement

Principles and Beat Signal

 Heterodyne detection is used to measure both the amplitude and phase of an optical signal
simultaneously

» The signal and LO have slightly different frequencies, typically with a difference of a few MHz to GHz

» The mixing of the signal and LO on a beam splitter results in a beat signal at the difference frequency,
called the intermediate frequency (IF)

* The IF signal contains information about both the amplitude and phase of the signal relative to the LO

» The amplitude of the IF signal is proportional to the product of the signal and LO amplitudes, while the
phase of the IF signal represents the relative phase between the signal and LO

Applications and Signal Processing

+ Heterodyne detection is widely used in various applications (coherent optical communication, laser
ranging, and spectroscopy)

» The amplitude and phase of the IF signal are measured using electronic methods, such as lock-in
detection or digital signal processing, to extract the amplitude and phase of the original optical signal

» Heterodyne detection enables the simultaneous measurement of both quadrature amplitudes, which is
useful for implementing two-mode Gaussian operations in continuous-variable quantum information
processing

* The technique is also employed in the generation and characterization of non-classical states of light
(squeezed states and entangled states)
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Applications of Homodyne vs Heterodyne Detection

Quantum State Tomography

* Homodyne and heterodyne detection play crucial roles in the characterization and manipulation of
quantum states of light, particularly in continuous-variable quantum information processing

» Quantum state tomography reconstructs the quantum state of a system by performing a series of
measurements on identically prepared copies of the state

* Homodyne detection is commonly used for quantum state tomography of optical fields, as it allows for
the measurement of quadrature amplitudes

» By measuring different quadrature amplitudes using balanced homodyne detection and varying the
LO phase, it is possible to obtain a complete description of the quantum state in the phase space
(Wigner function or Husimi Q function)

Continuous-Variable Quantum Information Processing

« Continuous-variable quantum information processing relies on the encoding, manipulation, and
measurement of quantum information using the quadrature amplitudes of optical fields

* Homodyne detection is used to perform single-quadrature measurements, which are essential for
implementing single-mode Gaussian operations (displacement, squeezing, and phase shifting)

* Heterodyne detection allows for the simultaneous measurement of both quadrature amplitudes,
enabling the implementation of two-mode Gaussian operations (beamsplitter interactions and two-mode
squeezing)

* These detection techniques are used in various quantum communication protocols
(continuous-variable quantum key distribution and quantum teleportation)

* Homodyne and heterodyne detection are also employed in the generation and characterization of
non-classical states of light (squeezed states and entangled states), which are essential resources for
quantum information processing tasks

15.4 Quantum memories and repeaters

Quantum memories and repeaters are game-changers in quantum communication and computing. They
store quantum states, sync operations, and extend communication range beyond what's normally possible.
Without them, we'd be stuck with short-distance quantum networks and limited computing power.

These technologies come in different flavors, like atomic ensembles and solid-state systems. Each has its
pros and cons, but they all aim to make quantum communication and computing more practical and
powerful. It's a hot area of research with lots of potential.

Quantum memories for communication and computation

Importance and applications of quantum memories

» Quantum memories are devices that can store and retrieve quantum states, serving as a crucial
component in quantum communication and computation systems

» Enable the synchronization of quantum operations and the creation of large-scale quantum networks
by temporarily storing quantum states
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« Essential for implementing quantum repeaters, which are necessary to extend the range of quantum
communication beyond the limitations imposed by channel losses and decoherence

* The efficiency and storage time of quantum memories directly impact the performance of quantum
communication protocols (quantum key distribution, quantum teleportation)

Quantum memories in quantum computing

» Can be used to create quantum buffers and quantum registers, enabling advanced quantum
computing architectures and algorithms

+ Allow for the temporary storage of intermediate results during quantum computations, facilitating
complex quantum algorithms and error correction schemes

+ Enable the synchronization of quantum operations and the integration of quantum memories with
other quantum computing components (quantum processors, quantum communication channels)

* Quantum memories can serve as interfaces between different quantum systems (photonic qubits,
superconducting qubits, trapped ions), enabling hybrid quantum computing architectures

Physical implementations of quantum memories

Atomic ensemble-based quantum memories

» Atomic ensembles (cold atomic gases, room-temperature atomic vapors) can serve as quantum
memories by collectively storing quantum states in the atomic coherences

» Examples of atomic ensemble-based quantum memory schemes include electromagnetically induced
transparency (EIT) and Raman memory

» EIT-based quantum memories rely on the coherent interaction between light and atoms, where the
quantum state of light is mapped onto the atomic coherences

+ Raman memory schemes utilize off-resonant Raman interactions to transfer the quantum state
between light and atomic excitations

+ Atomic ensemble-based quantum memories offer high storage efficiency, wide bandwidth, and the
potential for multi-mode storage

Solid-state quantum memories

* Rare-earth-doped crystals (praseodymium-doped yttrium orthosilicate (Pr:YSO), europium-doped
yttrium orthosilicate (Eu:YSO)) are promising candidates for quantum memories due to their long
coherence times and wide spectral bandwidth

» These materials exhibit inhomogeneous broadening, which allows for spectral multiplexing and
multi-mode storage of quantum states

» Diamond color centers, particularly nitrogen-vacancy (NV) centers, can be used as quantum
memories by exploiting their long spin coherence times and optical addressability

* NV centers can be used for quantum storage and retrieval, as well as for quantum sensing and
quantum information processing

* Other solid-state platforms for quantum memories include quantum dots, rare-earth-doped fibers, and
optomechanical systems
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Comparison and selection of quantum memory platforms

* The choice of the physical implementation depends on factors such as storage time, efficiency,
bandwidth, and compatibility with the specific quantum communication or computation system

» Atomic ensemble-based quantum memories offer high efficiency and bandwidth but may require
complex experimental setups and precise control over the atomic system

* Solid-state quantum memories, such as rare-earth-doped crystals and diamond NV centers, provide
long storage times and the potential for integration with other quantum technologies

* Hybrid quantum memory approaches, combining different physical platforms (atomic ensembles,
solid-state systems, superconducting circuits), are being explored to harness the advantages of each
system

* The scalability, reliability, and cost-effectiveness of quantum memory implementations are critical
considerations for practical applications in quantum communication and computation

Quantum repeaters for long-distance communication

Overcoming limitations in quantum communication

» Quantum repeaters are essential components in long-distance quantum communication, as they
enable the extension of the communication range beyond the limits imposed by channel losses and
decoherence

» Quantum repeaters work by dividing the communication channel into shorter segments, allowing for
the distribution and purification of entanglement across the network

» Without quantum repeaters, the transmission distance of quantum states is limited by the exponential
decay of signal strength due to fiber attenuation and environmental noise

Building blocks of quantum repeaters

* The basic building blocks of quantum repeaters include quantum memories, entanglement generation,
entanglement purification, and entanglement swapping

» Quantum memories are used to store and synchronize entangled states between the segments of the
quantum repeater

» Entanglement generation techniques (spontaneous parametric down-conversion (SPDC), atomic
cascade emission) are used to create entangled photon pairs

» Entanglement purification protocols (Bennett-Brassard-Popescu-Schumacher (BBPSSW) protocol)
are employed to improve the fidelity of the entangled states

» Entanglement swapping allows for the establishment of long-distance entanglement by combining the
entanglement of adjacent segments

Quantum repeater architectures and protocols

» Quantum repeaters can be classified into different generations based on their architecture and the
employed quantum error correction schemes (Harvard-MIT, Innsbruck, one-way quantum repeater
protocols)
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* First-generation quantum repeaters rely on heralded entanglement generation and nested
entanglement purification, requiring long-lived quantum memories and high-fidelity entanglement
operations

» Second-generation quantum repeaters incorporate quantum error correction codes to protect against
errors during entanglement distribution and swapping

* Third-generation quantum repeaters, also known as all-photonic quantum repeaters, eliminate the
need for quantum memories by using photonic cluster states and measurement-based quantum
computing techniques

» The development of efficient and reliable quantum repeaters is crucial for realizing global-scale
quantum communication networks (quantum internet)

Challenges and advances in quantum memories and repeaters

Improving performance and scalability

* One of the main challenges in the development of quantum memories is achieving high storage
efficiency while maintaining long coherence times

* The storage efficiency determines the success probability of storing and retrieving quantum states,
while the coherence time sets the limit on the storage duration

* Improving the coherence times of quantum memories requires advanced material engineering
(isotopic purification) and the implementation of dynamical decoupling techniques to mitigate the effects
of environmental noise

* The scalability and integration of quantum memories with other quantum components (single-photon
sources, detectors) pose additional challenges in the development of practical quantum repeaters

Recent advances and future directions

» Recent advances in quantum memory research include the demonstration of high-efficiency,
long-lived storage in rare-earth-doped crystals, and the realization of quantum storage and retrieval
using diamond NV centers

* Novel quantum repeater architectures (all-photonic quantum repeater, hybrid quantum repeater) have
been proposed to overcome the limitations of conventional schemes and improve the performance of
long-distance quantum communication

* The integration of quantum memories with satellite-based quantum communication has emerged as a
promising approach to establish global-scale quantum networks, overcoming the limitations of
terrestrial fiber-optic links

» Researchers are exploring the use of machine learning techniques to optimize the performance of
quantum memories and repeaters, enabling adaptive control and error correction in real-time

*» The development of quantum memories and repeaters is crucial for realizing practical quantum
communication and computation systems, with applications in secure communication, distributed
quantum computing, and quantum-enhanced sensing and metrology

Fiveable archived study guides Page 157



