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Unit 1 — Statistical Inference: Foundations
& Probability

1.1 Foundations of Statistical Inference

Statistical inference is the backbone of data-driven decision-making. It allows us to draw meaningful
conclusions about entire populations using limited sample data, helping us navigate uncertainty in fields
like medicine, politics, and business.

At its core, statistical inference involves estimation and hypothesis testing. These powerful tools enable us
to make educated guesses about population parameters and evaluate claims, all while accounting for the
inherent variability in sampling.

Foundations of Statistical Inference

Definition of statistical inference

« Statistical inference draws conclusions about populations from sample data using probability theory to
quantify uncertainty

* Bridges gap between sample observations and population characteristics enabling decision-making
under uncertainty (clinical trials)

* Provides framework for generalizing findings beyond observed data (election polling)

Descriptive vs inferential statistics

+ Descriptive statistics summarize dataset characteristics with measures of central tendency,
dispersion, and distribution shape (mean, standard deviation, skewness)

« Inferential statistics use sample data to make predictions about larger populations accounting for
sampling variability (confidence intervals, hypothesis tests)

Components of statistical inference

« Estimation provides single value (point) or range (interval) for population parameters using methods
like maximum likelihood estimation

* Hypothesis testing evaluates claims about population parameters using null and alternative
hypotheses, test statistics, and p-values while controlling for Type | and 1l errors

Importance of sampling
» Sampling selects manageable subset of individuals from large populations (market research surveys)

* Provides basis for population inferences while introducing sampling error accounted for in inferential
methods

* Random sampling ensures population representativeness, sample size influences estimate precision
and test power, sampling distribution describes theoretical distribution of sample statistics
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1.2 Basic Probability Concepts and Axioms

Probability is the backbone of statistical inference. It gives us tools to measure uncertainty and make
predictions. From coin flips to complex data analysis, probability concepts help us understand and quantify
the likelihood of events occurring.

Random variables bridge the gap between abstract probability theory and real-world applications. Whether
discrete like dice rolls or continuous like height measurements, random variables allow us to model and
analyze various phenomena in fields ranging from medicine to finance.

Foundations of Probability

Definition of probability axioms
* Probability measures likelihood of event occurring ranges from 0 (impossible) to 1 (certain)
» Axioms of probability form mathematical foundation:
+ Non-negativity: P(A) = O for any event A ensures probabilities are always positive
« Normalization: P(S) = 1, where S is sample space guarantees total probability is 1

« Additivity: For mutually exclusive events A and B, P(A U B) = P(A) + P(B) allows combining
probabilities

» Sample space encompasses all possible outcomes in experiment (dice roll: 1-6)

» Event represents subset of sample space (rolling an even number: 2, 4, 6)

Rules for probability calculations

« Addition rule combines probabilities of events: P(A U B) = P(A) + P(B) — P(A n B) (probability of
rain or snow)

« Multiplication rule for independent events: P(A n B) = P(A) X P(B) (flipping two coins)
- Dependent events: P(A n B) = P(A) X P(B|A) (drawing cards without replacement)

« Conditional probability P(A|B) = % calculates probability of A given B occurred

« Complement rule P(A€) = 1 — P(A) finds probability of event not occurring

« Law of total probability P(A) = P(A|B1)P(B1) + P(A|B2)P(B2) + ... + P(A|Bn)P(B) considers all
possible scenarios

Random Variables and Applications

Discrete vs continuous random variables
» Discrete random variables take countable distinct values:
* Number of customers in store
* Dice rolls (1-6)
* Coin flips (heads or tails)

« Described by probability mass function (PMF) P(X = X) for each value x
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+ Continuous random variables take any value within range:

* Height of person

» Weight of object

* Time to complete task

* Described by probability density function (PDF), area under curve represents probability

« Cumulative distribution function (CDF) F(x) = P(X = x) applies to both types, gives probability of
variable being less than or equal to x

Applications of probability concepts
+ Bayes' theorem P(A|B) = % used in:
1. Medical diagnoses (probability of disease given test result)
2. Spam filtering (probability email is spam given certain words)
3. Machine learning (updating beliefs based on new data)

» Expected value calculates average outcome:

- Discrete: E(X) = ZXP(X = X) (average dice roll)

+ Continuous: E(X) = f_wxf(x)dx (average height in population)

« Variance Var(X) = E[(X — 1)?] measures spread of distribution (consistency of dice rolls)
* Practical applications:

* Finance: risk assessment, portfolio diversification

* Insurance: policy pricing based on claim probability

* Quality control: monitoring defect rates in manufacturing

» Epidemiology: predicting disease spread in populations

1.3 Conditional Probability and Bayes' Theorem

Conditional probability helps us understand how events influence each other. It's crucial for analyzing
real-world scenarios where one event's occurrence affects another's likelihood, like weather impacting
flight delays or medical diagnoses.

We'll explore calculation methods, independence, and Bayes' Theorem. We'll also dive into visual tools like
tree diagrams and Venn diagrams, which make complex probability problems easier to grasp and solve.

Fundamentals of Conditional Probability

Calculation of conditional probabilities

+ Conditional probability quantifies likelihood of event occurring given another event happened P(A|B)

- Formula P(A|B) = B£88) calculates probability of A given B has occurred
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* Interpretation shows how one event's occurrence affects another's probability (weather affecting flight
delays)

» Sample space reduction focuses on subset where condition is true (dice roll given it's even)

Independence in probability calculations
* Independence occurs when P(A|B) = P(A), events don't influence each other
» Mathematical formulation P(A n B) = P(A) x P(B) for independent events
« Simplifies joint probabilities, allows multiplication rule (coin flips, die rolls)
* Test independence by comparing P(A|B) to P(A)

* Real-world examples: drawing cards with replacement, genetic traits in offspring

Advanced Probability Concepts and Visualization

Applications of Bayes' Theorem
« Bayes' Theorem: P(A|B) = w
» Components: prior probability P(A), likelihood P(BJ|A), evidence P(B)
* Updates probabilities with new information (disease diagnosis, spam filtering)
* Solves problems through:
1. Identifying given probabilities
2. Setting up formula

3. Calculating result

Visual tools for conditional probability
* Tree diagrams show structure with branches for outcomes, calculate along branches
* Venn diagrams represent sets, intersections, unions in probability
* Solving problems by identifying relevant sections, extracting probabilities

« Visual aids clarify problem structure, simplify complex scenarios (genetic inheritance, market
segmentation)

1.4 Random Experiments and Sample Spaces

Random experiments are the foundation of statistical inference. They involve uncertain outcomes within
defined sets, like flipping a coin or measuring plant growth. Understanding these experiments is crucial for
grasping probability concepts.

Sample spaces represent all possible outcomes of an experiment. They can be finite (like dice rolls) or
infinite (like time measurements). Knowing how to identify and work with sample spaces is key to
calculating probabilities and analyzing experimental results.
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Random Experiments and Sample Spaces

Components of random experiments

* Random experiment process yields uncertain outcomes within defined set (coin flip)
» Experimental unit subject of experiment (individual plant)

+ Treatment specific condition applied (fertilizer type)

* Response variable measured characteristic (plant height)

* Factors influence response (soil type, sunlight)

* Repeatability allows identical conditions reproduction

» Unpredictability individual outcomes remain uncertain

» Well-defined set of possible outcomes established beforehand

Sample spaces in experiments

» Sample space set of all possible outcomes denoted S or Q

* List method enumerates outcomes (coin toss: H, T)

* Tree diagram visually represents sequential events (two coin tosses)
« Cartesian product for multi-step experiments (dice roll and coin toss)
* Finite sample spaces limited outcomes (die roll: 1-6)

« Infinite sample spaces unlimited outcomes (time measurement)

Simple vs compound events

» Simple event single indivisible outcome (rolling a 6)

» Compound event combination of simple events (rolling even number)
» Simple events mutually exclusive

» Compound events may overlap

* Notation uses lowercase for simple (a, b, ¢) uppercase for compound (A, B, C)

Probability calculation methods

* Probability measures likelihood ranges 0 to 1

« Sample space calculation: favorable outcomes / total outcomes

« Multiplication Rule independent events: P(A and B) = P(A) X P(B)
« Dependent events: P(A and B) = P(A) X P(B|A)

« Complementary events: P(A') = 1 — P(A)

« Addition Rule mutually exclusive: P(A or B) = P(A) + P(B)

+ Non-mutually exclusive: P(A or B) = P(A) + P(B) — P(A and B)
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Unit 2 — Random Variables and
Probability Distributions

2.1 Discrete and Continuous Random Variables

Random variables are the building blocks of statistical modeling. They help us quantify uncertain outcomes
in experiments or real-world scenarios. By assigning numerical values to events, we can analyze and
predict patterns in data.

Understanding the types and properties of random variables is crucial. Whether discrete or continuous,
univariate or multivariate, these concepts form the foundation for probability distributions and statistical
inference techniques we'll explore later.

Understanding Random Variables

Discrete vs continuous random variables

* Discrete random variables take on countable, distinct values limited to specific numbers (number of
customers in a store, heads in coin tosses, defective items in a batch)

+ Continuous random variables assume any value within a continuous range measuring quantities on a
scale (height of a person, time until next bus arrival, temperature in a room)

Support and range of variables
» Support encompasses all possible values a random variable can take defining its domain
« For discrete variables, support lists individual values (die roll: {1, 2, 3, 4, 5, 6})
* For continuous variables, support specifies interval or union of intervals (height: [0, «))

* Range sets all possible outcomes often matching support but may differ in specific cases

Univariate vs multivariate variables

+ Univariate random variables describe single characteristic represented by one variable (X =
temperature in °C)

 Multivariate random variables describe multiple characteristics simultaneously represented by vector
of variables ((X, Y) = (temperature in °C, humidity %))

Random variables as functions

* Function perspective maps outcomes from sample space to real numbers assigning numerical values
to events

» Domain comprises sample space of experiment while codomain includes set of real numbers
» Formalization: Let S be sample space, X: S - R is random variable
» Enables mathematical operations on outcomes and probability calculations

» Mapping examples: Coin toss (Heads — 1, Tails — 0), Die roll (Face value — corresponding number)
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2.2 Probability Mass and Density Functions

Probability Mass Functions (PMFs) and Probability Density Functions (PDFs) are key tools for describing
random variables. PMFs assign probabilities to specific values for discrete variables, while PDFs represent
probability density for continuous variables.

Understanding PMFs and PDFs is crucial for calculating probabilities and expected values. They have
important properties like non-negativity and normalization. Cumulative Distribution Functions (CDFs) are
related concepts that provide a different way to represent probability distributions.

Probability Mass and Density Functions

Definition of PMFs and PDFs

* Probability Mass Function (PMF) assigns probabilities to specific values for discrete random variables
(dice rolls, number of customers)

* Probability Density Function (PDF) represents probability density over a range of values for
continuous random variables (height, weight)

+ PMF denoted as P(X = x) or fx(x), PDF denoted as fx(x)
* PMF gives exact probabilities while PDF gives probability densities

* Area under PDF curve represents probability, not the function value itself

Interpretation of PMFs and PDFs

* Discrete random variables using PMF

« Calculate probability of specific value P(X = x)

* Find probability of range by summing individual probabilities
 Continuous random variables using PDF

* Probability of specific value always zero

b
+ Calculate probability of range by integrating PDF over interval p(g < X < b) = fa fx(x)dx

» Expected value calculation differs for discrete and continuous variables

« Discrete: EIX1 = 2x - P(X = x)
X
» Continuous: E[X] = [__x - fi(x)dx

Properties of valid PMFs and PDFs
» Non-negativity ensures probabilities or densities are never negative
* PMF: P(X = x) = 0 for all X
« PDF: fx(x) = O for all X

* Total probability (normalization) sums to 1 for complete probability space
. PMF: 2PX =x) =1
X
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«PDF: [__fx(x)dx =1

* Support of function defines range of values where function is non-zero
» Cumulative distribution function exhibits monotonicity

* PDFs often possess continuity and differentiability properties

Calculation of CDFs

» Cumulative Distribution Function (CDF) represents probability of random variable being less than or
equal to a value

« CDF denoted as Fx(x) = P(X = x)

* Discrete random variables CDF calculated by summing PMF values
Fxx)= 2 P(X=1t)

t=x
* Continuous random variables CDF found by integrating PDF

Fx(x) = [__fx(t)dt

» CDF properties include

* Non-decreasing function

+ Right-continuous for discrete variables

+ Continuous for continuous variables

» Approaches 0 as x approaches negative infinity

» Approaches 1 as x approaches positive infinity

2.3 Expectation and Variance

Random variables are the building blocks of statistical inference. They help us model uncertainty and
variability in real-world phenomena. Understanding their expected values and variances is crucial for
making predictions and drawing conclusions from data.

Expectation gives us the average outcome, while variance measures spread. These concepts are
fundamental in fields like finance, insurance, and scientific research. They allow us to quantify risk,
estimate probabilities, and make informed decisions based on statistical analysis.

Expectation of Random Variables

Expected value calculation

 Expected value (E[X]) measures central tendency of random variable, represents average outcome
over many trials

 Discrete random variables: E[X]1= gx *P(X'=X) 'sum each value multiplied by probability (coin flips,

dice rolls)
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+ Continuous random variables: E[X] = f_wx - f(x)dx, integral of value and probability density function
(height, weight)
Long-run average interpretation
* Theoretical mean of infinite repetitions, converges to expected value as sample size increases
» Law of Large Numbers states sample mean approaches expected value with larger samples

* Applied in gambling (roulette), insurance premiums, and financial modeling (stock returns)
Variance and Properties

Variance and standard deviation
« Variance (Var(X)) measures spread around expected value: Var(X) = E[(X — E[X])?]

« Standard deviation: SD(X) = v Var(X) , same units as original data

- Discrete: Var(X) = ;(X — E[X])? - P(X = x) (exam scores, number of customers)

=)

+ Continuous: Var(X) = f_w(x — E[X1)? - f(x)dx (temperature, rainfall)

Properties of expectation and variance
« Linearity of expectation: E[aX + b] = aE[X] + b, E[X + Y] = E[X] + E[Y]

- Variance properties: Var(aX + b) = a?Var(X), Var(X +Y) = Var(X) + Var(Y) for independent
variables

* Independence and covariance: Cov(X, Y) = 0 for independent variables

« Expectation of products: E[XY] = E[X]E[Y] for independent variables (investment returns, biological
measurements)

Law of unconscious statistician

* LOTUS calculates expectations of functions of random variables

« Discrete: ELg(X)] = ZQ(X) “P(X = X)

« Continuous: E[g(X)] = ffwg(x) - f(x)dx

* Used for moments of random variables, deriving probability distributions of transformed variables

* Relates to change of variables technique for complex expectation calculations (squared returns,
logarithmic transformations)

2.4 Common Probability Distributions

Probability distributions are the building blocks of statistical inference. They help us model real-world
phenomena and make predictions. Discrete distributions deal with countable outcomes, while continuous
distributions handle infinite possibilities within a range.

Understanding these distributions is crucial for analyzing data and making informed decisions. Each
distribution has unique properties and applications, from coin flips to customer arrivals. Knowing when to
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use each one is key to accurate statistical analysis.

Discrete Probability Distributions

Types of discrete probability distributions

+ Bernoulli distribution models single trial with two outcomes (success/failure) used in coin flips or
yes/no surveys

- Probability mass function: P(X = x) = pX(1 — p)! =% where X € {0, 1}
« Mean E(X) = p represents expected value of single trial

Variance Var(X) = p(1 — p) measures spread of outcomes

Binomial distribution extends Bernoulli to n independent trials counts successes in repeated experiments
(multiple coin flips)

« Probability mass function: P(X = k) = (2)pK(1 — p)" =¥
« Mean E(X) = np gives expected number of successes

Variance Var(X) = np(1 — p) indicates variability in success count

Poisson distribution models rare events in fixed interval used for customer arrivals or defects in
manufacturing

AkeA

* Probability mass function: P(X = k) = 45

« Mean and Variance both equal A representing average event rate

Continuous Probability Distributions

Types of continuous probability distributions

« Uniform distribution models constant probability over interval [a,b] applied in random number
generation or estimating arrival times

« Probability density function: fix) = z25 foras x = b

« Mean E(X) = 232 represents center of interval

PRV
Variance Var(X) = L3 measures spread within interval

Normal distribution forms bell-shaped curve symmetric around mean widely used in natural phenomena
(height, 1Q scores)
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(x—p)*
1 — H

« Probability density function: f(x) = ——=e "~ 2=
ov2an

« Mean E(X) = U indicates center of distribution
« Variance Var(X) = 02 determines width of bell curve

Standard normal distribution £ ~ N(0O, 1) has mean 0 and variance 1

Exponential distribution models time between Poisson events used in queuing theory and reliability
analysis

« Probability density function: f(x) = Ae™* forx = 0
« Mean E(X) = 3 represents average time between events

« Variance Var(X) = % indicates variability in waiting times

Calculations and Relationships

Calculations for common distributions

* Probability calculations differ for discrete and continuous distributions
* Discrete: sum probabilities for specific outcomes (rolling a 6 on a die)

Continuous: integrate probability density function over interval (height between 170-180 cm)
Expectation calculations provide average outcome

. Discrete: E(X) = ;XP(X = X) sums each value multiplied by its probability

)

Continuous: E(X) = f_wxf(x)dx integrates over all possible values

Variance calculations measure spread around mean
« General formula: Var(X) = E(X?) — [E(X)]?

 Discrete: Var(X) = ;(X — H)*P(X = X) syms squared deviations

+ Continuous: Var(X) = f_w(x - p)zf(x)dx integrates squared deviations

Relationships between distributions

* Poisson approximates binomial when n large and p small

«SetA=np
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Useful for rare events in large samples (defects in large batch of products)
Normal approximates binomial when np and n(1-p) both exceed 5
« X ~ Binomial(n, p) approximated by N(np, np(1 — p))
Applies to large sample sizes with moderate probabilities (voting outcomes in large populations)
Exponential relates to Poisson for time between events
* Poisson process with rate A yields exponential waiting times with rate A

Models time between customer arrivals in Poisson arrival process

Central Limit Theorem connects various distributions to normal
» Sum of independent variables approaches normal as sample size increases
* Applies to binomial, Poisson, and many other distributions

» Enables normal approximation for large samples in various scenarios
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Unit 3 — Joint Distributions &
Independence

3.1 Bivariate and Multivariate Distributions

Bivariate and multivariate distributions help us understand how multiple random variables interact. They're
crucial for analyzing complex systems where outcomes depend on multiple factors, like how height and
weight relate or how education impacts income.

These distributions let us calculate probabilities for specific combinations of variables. We can also find
marginal and conditional probabilities, giving us a deeper understanding of how variables influence each
other in real-world scenarios.

Foundations of Bivariate and Multivariate Distributions

Joint probability distributions

« Joint probability distribution describes probability of two or more random variables occurring
simultaneously (coin flip and die roll)

+ Discrete joint probability distribution represented by joint probability mass function (PMF) denoted as
P(X =x,Y =Y) for two variables (number of heads in coin flips and sum of dice rolls)

 Continuous joint probability distribution represented by joint probability density function (PDF) denoted
as fx, ¥) for two variables (height and weight of individuals)

* Interpretation describes relationship between multiple random variables allows calculation of
probabilities for specific combinations of values

Bivariate and multivariate probabilities

* Marginal distributions obtained by summing or integrating over one variable
« For discrete; P(X =X} = ;P(X =X, Y =) (probability of getting a specific number of heads

regardless of dice roll)
* For continuous: fx(x) = f_mf(x, y)dy (probability density of height regardless of weight)

+ Conditional distributions probability of one variable given a specific value of another

« For discrete: P(Y = y|X =x) = % (probability of dice sum given 3 heads in coin flips)

« For continuous: fyjx(y|x) = fg(’,?;) (probability density of weight given a specific height)

+ Deriving joint PMF or PDF from given information about relationship between variables using
transformation techniques for known distributions

Properties of multivariate distributions

+ Bivariate normal distribution joint PDF: ) »
f(x, y) = 1 exp (=[xt 4 o) 2p(X—ux)(y—uy)])
' 2noxoyy 1 —p? 2) a2 2

2(1-p o7 Ox0y
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 Parameters: means (Mx: Hy), standard deviations (9x: OY), correlation coefficient (P)
* Properties of bivariate normal distribution:

» Marginal distributions univariate normal

+ Conditional distributions normal

* Uncorrelated variables independent

» Other common multivariate distributions:

» Multinomial distribution models probability of different outcomes in multiple trials (rolling dice multiple

times)

« Dirichlet distribution continuous multivariate generalization of beta distribution (modeling proportions

of different components in a mixture)

Visualization of multivariate data

« Scatter plots display relationship between two variables useful for identifying patterns, correlations,
and outliers (height vs weight)

« Contour plots represent 3D surface on 2D plane show lines of constant probability density for bivariate

distributions (bivariate normal distribution)

* Heat maps visualize joint distribution of two discrete variables color intensity represents probability or

frequency (contingency table for education level and income)

« Pair plots matrix of scatter plots for multiple variables useful for exploring relationships in multivariate

data (comparing multiple physical characteristics)

+ 3D surface plots visualize joint PDF for two continuous variables height represents probability density

(bivariate normal distribution)

3.2 Marginal and Conditional Distributions

Marginal and conditional distributions are key tools for understanding relationships between variables.
Marginal distributions summarize one variable's behavior, while conditional distributions reveal how one
variable changes based on another's value.

These concepts are crucial for statistical inference. They allow us to break down complex probabilities,
update our knowledge with new data, and make predictions about future events. Understanding these
distributions helps us tackle real-world problems in fields like economics, medicine, and data science.

Marginal Distributions

Marginal distributions from joint distributions

« Discrete random variables

» Sum joint probabilities over one variable obtains marginal distribution

« Summation notation P(X = X) = ;P(X =X, Y=Y¥) calculates probability of X regardless of Y's value

» Continuous random variables

* Integrate joint probability density function over one variable yields marginal distribution
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* Integration notation fy(x) = J‘_me, v(x, y)dy computes density of X for all possible Y values

* Graphical interpretation

» Marginal distribution represents edge or shadow of joint distribution projected onto one axis
(histogram for discrete, curve for continuous)

* Properties of marginal distributions
» Always sum to 1 (discrete) or integrate to 1 (continuous) maintaining probability axioms

+ Contain less information than joint distribution losing details about relationships between variables

Conditional Distributions

Conditional distributions from joint distributions

+ Definition of conditional probability

- P(A|B) = P(,f.‘({;f” quantifies probability of A given B has occurred
* Discrete case
PX=x|Y=y)= P();Tyx—w calculates probability of X given specific Y value

 Continuous case

« fxv(xly) = %;)y) computes density of X for particular Y value

* Interpretation
« Distribution of one variable given specific value of another updates knowledge

* Represents restricted sample space focusing on subset of possible outcomes (weather forecast given
current conditions)

Law of total probability applications

* Law of Total Probability

 Discrete: PIA) = ZP(A|B")P(B") combines conditional probabilities across all possible scenarios
!

« Continuous: fx(x) = ffx|y(X|y) fy(y)dy integrates conditional density over all Y values
* Applications

« Calculating marginal probabilities decomposes complex events (overall disease prevalence from
multiple risk groups)

* Solving complex probability problems by partitioning events breaks down into manageable
sub-problems

+ Connection to Bayes' Theorem

«P(A|B) = % relates conditional probabilities enabling inference from data to hypotheses
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Relationships among probability distributions

* Hierarchy of distributions

« Joint distribution contains most information describing complete relationship between variables

» Marginal and conditional distributions derived from joint provide specific perspectives on data

* Independence

* Variables are independent if joint equals product of marginals simplifying calculations

« fx, v(x, ¥) = fx(X)fr(y) indicates no relationship between X and Y

* Role in statistical inference

» Parameter estimation using conditional distributions refines knowledge based on observed data
* Hypothesis testing based on marginal or conditional probabilities evaluates claims about population
* Prediction and modeling of complex systems captures interdependencies among variables

* Practical applications

* Bayesian inference and updating prior beliefs incorporates new evidence into existing knowledge
* Regression analysis and prediction models relationships between variables for forecasting

« Causal inference and confounding variables disentangles true effects from spurious correlations

3.3 Covariance and Correlation

Covariance and correlation are key tools for understanding relationships between variables. Covariance
measures joint variability, while correlation standardizes this measure for easier interpretation. Both help
quantify linear associations in data.

These measures have important applications but also limitations. They only capture linear relationships,
can be affected by outliers, and don't imply causation. Understanding these nuances is crucial for proper
statistical analysis and interpretation.

Measures of Association

Covariance calculation and interpretation

« Covariance quantifies joint variability between two random variables indicates direction of linear
relationship

« Calculate using formula Cov(X, Y) = E[(X — ux)(Y — py)] or Cov(X, Y) = E[XY] — E[X]E[Y]

+ Positive covariance suggests variables move in same direction (stock prices and company profits)
» Negative covariance indicates variables move oppositely (temperature and heating costs)

« Zero covariance points to no linear relationship (shoe size and test scores)

+ Units expressed as product of two variables' units (m-kg for height and weight)
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Properties of covariance
« Symmetry property states Cov(X, Y) = Cov(Y, X)
« Linearity allows Cov(aX + b, Y) = aCov(X, Y) for constants a and b
« Variance emerges as special case where Cov(X, X) = Var(X)
* Independent variables yield zero covariance but reverse not always true
» Covariance matrix summarizes relationships between multiple variables (gene expression data)

+ Scale-dependence limits interpretability across different variable scales

Correlation coefficient basics

« Correlation standardizes covariance offering scale-independent measure of linear relationship
* Pearson's correlation coefficient computed as Px,y = %

* Values range from -1 to 1 indicating strength and direction of relationship

* Perfect positive (1) shows variables increase together (height and weight)

+ Perfect negative (-1) indicates inverse relationship (temperature and heating bill)

« Zero correlation suggests no linear relationship (shoe size and intelligence)

» Sample correlation estimates population parameter from observed data

Limitations of correlation

* Only captures linear relationships missing complex patterns (sine wave)

« Outliers can significantly distort correlation value

* Fails to detect non-monotonic relationships (U-shaped curves)

* Correlation # causation (ice cream sales and crime rates)

« Spurious correlations arise from coincidental data patterns (stork populations and birth rates)
* Alternative measures include Spearman's rank and Kendall's tau for non-linear relationships
» Range restriction can artificially lower correlation (college GPAs)

» Measurement error introduces noise reducing observed correlation

« Scatterplots crucial for visualizing relationship before interpreting correlation coefficient

* Ecological fallacy warns against applying group-level correlations to individuals (country wealth vs
individual income)

3.4 Independence and Conditional Independence

Independence in statistics is crucial for understanding how events and variables relate. It simplifies
calculations and helps us make sense of complex data. When things are independent, we can treat them
separately, making analysis easier.
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Conditional independence adds another layer, showing how relationships change when we consider
specific conditions. This concept is super useful in real-world applications, from medical diagnoses to
machine learning models. It helps us uncover hidden patterns in data.

Fundamentals of Independence

Independence of random variables

« Events A and B independent when P(A n B) = P(A) X P(B), occurrence of one doesn't affect
probability of other

« Random variables X and Y independent if P(X = X, Y < y) = P(X < X) X P(X < ¥) for all x and y,
joint distribution factors into product of marginals

« Simplifies joint probability computations, eases calculation of expectations and variances of sums,
enables multiplication rule (coin flips, dice rolls)

Determining variable independence

» Compare joint distribution to product of marginals, equal for all values indicates independence

* Discrete variables: construct contingency table, check if each cell equals product of row and column
totals (survey responses, card draws)

 Continuous variables: examine joint PDF, verify if expressible as product of marginal PDFs (height
and weight, temperature and humidity)

« Zero covariance and correlation suggest independence, but not definitive proof

Conditional Independence and Applications

Conditional independence concept
« Events A and B conditionally independent given C if P(A n B|C) = P(A|C) x P(B|C)

* Random variables X and Y conditionally independent given Z if
PX=x,Y=sylZ=2z)=PX=sx|[Z=2)XP(X=y|Z=2)forallx,y, z

» Doesn't imply unconditional independence and vice versa

+ Uses conditional probabilities, allows dependencies to be "explained away" by third variable (medical
symptoms given disease, academic performance given study habits)

Applications of independence concepts

« Simplify joint probability calculations in Bayesian networks and graphical models

» Assume observation independence in hypothesis testing, residual independence in regression
analysis

* Test residual independence using autocorrelation in time series analysis
* Naive Bayes classifier assumes conditional feature independence given class
» Hidden Markov Models utilize conditional independence assumptions

* Randomization ensures treatment group independence in experimental design
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» Simple random sampling ensures observation independence, cluster sampling considers
within-cluster dependencies
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Unit 4 — Sampling Distributions & Central
Limit Theorem

4.1 Sampling Techniques and Distribution of Sample Statistics

Sampling techniques are crucial for gathering representative data. From simple random sampling to
convenience sampling, each method has its strengths and weaknesses. Understanding these techniques
helps researchers choose the best approach for their study.

The distribution of sample statistics is key to making inferences about populations. It's influenced by factors
like sample size and population variability. Knowing these concepts helps us grasp how sample data
relates to the broader population.

Sampling Techniques

Types of sampling techniques

Simple Random Sampling ensures every individual has equal selection chance using random number
generators or tables, providing unbiased method

Stratified Sampling divides population into subgroups (strata) then samples from each stratum ensuring
representation of all subgroups (socioeconomic classes, age groups)

Cluster Sampling divides population into clusters, randomly selects entire clusters, and samples all
individuals in chosen clusters (schools, neighborhoods)

Systematic Sampling selects every nth item from a list using sampling interval (every 10th customer, every
5th house)

Convenience Sampling uses non-probability method selecting easily accessible subjects (students on
campus, shoppers at mall)

Distribution of Sample Statistics

Sampling distribution fundamentals

Sampling distribution describes statistic variability over many samples (mean heights from multiple
samples)
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Relationship to population distribution governed by Central Limit Theorem sampling distribution
approaches normal distribution as sample size increases

Key properties include sampling distribution mean equaling population parameter and standard error
decreasing with larger sample sizes

Statistics of sampling distributions

Mean of sampling distribution for sample mean Mx = M and for sample proportion H = P

Standard error (SE) for sample mean SEx = 7= and for sample proportion SE;=+/ pd—p)

. . 2 .
Other formulas include variance of sample mean U)% = % and SE of difference between means

SEg - = i—lj + z—g
Factors affecting sampling distributions

Sample size inversely affects standard error larger samples lead to narrower sampling distributions (n=30
vs n=1000)

Population variability increases sampling distribution spread greater variance in population leads to wider
sampling distribution

Sampling fraction (ratio of sample to population size) affects SE when sampling without replacement

Estimator properties including bias and efficiency influence sampling distribution characteristics

Underlying population distribution affects sampling distribution shape for small samples less influential for
large samples due to Central Limit Theorem (normal, skewed, bimodal)

4.2 Central Limit Theorem and Its Applications

The Central Limit Theorem is a game-changer in statistics. It tells us that as we take bigger samples, their
averages start looking normal, no matter what the original data looks like. This is super handy for making
sense of all sorts of real-world info.

Thanks to this theorem, we can make smart guesses about whole populations just by looking at samples.
It's like having a crystal ball for data, helping us figure out everything from test scores to stock prices with
more confidence.
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Understanding the Central Limit Theorem

Central Limit Theorem fundamentals

* Central Limit Theorem (CLT) states sample means distribution approaches normal as sample size
increases regardless of underlying population distribution (heights, test scores)

» Sample mean distribution becomes approximately normal with mean equal to population mean

« Standard error of mean decreases as sample size increases showing increased precision (stock
prices, temperature readings)

» Sample proportion distribution also approximates normal with mean equal to population proportion

« Standard error of proportion decreases with larger samples improving estimate accuracy (voter
preferences, product defects)

Approximation of sampling distributions

 Apply CLT for sample means by verifying sufficiently large sample size (typically n = 30)

« Calculate sampling distribution mean Hx =M and standard error SEx = 7=
);/;F“ to standardize sample mean

» Use z-score formula Z =

» Approximate probabilities using standard normal distribution by converting sample mean to z-score

« Utilize z-table or calculator to find corresponding probabilities (exam scores, customer satisfaction
ratings)

Sample size for Central Limit Theorem

 Appropriate sample size depends on underlying population distribution shape, desired accuracy, and
population variability

» General guidelines suggest n 2 30 for approximately normal, n =2 40 for moderately skewed, and n 2
50 for highly skewed populations

» Symmetric distributions may require smaller samples while discrete or highly skewed distributions
need larger samples

« Consider practical constraints such as cost and time when determining sample size (market research,
clinical trials)

Applying the Central Limit Theorem

Inferences using Central Limit Theorem

« Construct confidence intervals for population mean using X £ Zg/2 * %

* Estimate population proportion with 5 + 7, - p(1-p)

* Perform hypothesis testing through one-sample z-tests for means and proportions

* Interpret results using p-values, significance levels, and consider Type | and Type Il errors
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» Apply CLT in practical scenarios such as quality control in manufacturing, political polling, and medical
research to draw population-level conclusions from sample data

4.3 Sampling Distribution of the Sample Mean and Proportion

Sampling distributions are crucial for understanding how sample statistics behave. For means, the
distribution centers on the population mean, with standard error decreasing as sample size grows. The
Central Limit Theorem ensures normality for large samples.

For proportions, the sampling distribution also centers on the population value. The standard error
depends on both the proportion and sample size. Normal approximation applies when samples are large
enough, enabling z-score calculations for probabilities and inference.

Sampling Distribution of the Sample Mean

Mean and standard deviation of sampling distributions

» Mean of sampling distribution equals population mean (u) serves as unbiased estimator
- Standard error of mean calculated as SE = % decreases with larger sample sizes (n)

* Central Limit Theorem applies to sample means from any population distribution approximates normal
for large n

* Larger samples narrow distributions leading to smaller standard errors
Probabilities in sampling distributions

» Z-score calculation Z = % standardizes sample mean

« Standard normal distribution has mean 0, standard deviation 1, symmetric bell shape

* Probability calculations use z-table or calculator for area under curve interpreted in context

+ Probability questions involve sample mean above/below value, between two values, finding critical
values for confidence intervals

Sampling Distribution of the Sample Proportion

Sampling distribution of sample proportions

» Mean equals population proportion (p) serves as unbiased estimator

« Standard error calculated as SE, = P(ln‘ P) depends on population proportion and sample size

* Normality conditions require large sample size (n =2 30), np 25 and n(1-p) =5

« Larger samples decrease standard error, distribution becomes more normal-shaped

Normal approximation for large samples

* Binomial distribution models successes in fixed trials (coin flips, product defects)
* Normal approximation conditions: n = 30, np =5 and n(1-p) 2 5

« Continuity correction adjusts discrete to continuous by adding/subtracting 0.5
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) — b-p
« Z-score for proportions: Z= N
n

* Applied in hypothesis testing, confidence intervals for proportions

* Not suitable for small samples or extreme proportions (very high or low)

4.4 Chi-square, t, and F Distributions

Probability distributions are the backbone of statistical inference. They help us understand how data
behaves and make predictions about populations. Chi-square, t, and F distributions are key players, each
with unique properties and applications in various statistical tests.

These distributions enable us to analyze data, test hypotheses, and draw conclusions. From
goodness-of-fit tests to comparing means and variances, they provide the tools we need to make sense of
complex data and uncover meaningful insights in research and decision-making.

Probability Distributions for Statistical Inference

Properties of Chi-square distribution

* Chi-square distribution arises from summing squares of independent standard normal random
variables with degrees of freedom determining shape

 Always non-negative values reflect sum of squared terms

* Right-skewed shape more pronounced with fewer degrees of freedom

» Approaches normal distribution as degrees of freedom increase asymptotically

» Widely applied in goodness-of-fit tests evaluating observed vs expected frequencies
* Used for tests of independence in contingency tables analyzing categorical data

» Enables construction of confidence intervals for population variance in statistical inference

Characteristics of t-distribution

* T-distribution derived from ratio of standard normal variable to square root of Chi-square variable
divided by its degrees of freedom

+ Bell-shaped and symmetric like normal distribution but with heavier tails

* Heavier tails account for additional uncertainty in estimating population standard deviation

» Approaches normal distribution as sample size increases reducing estimation uncertainty

* Crucial for confidence intervals for population mean with unknown variance in small samples

* Employed in hypothesis tests for population mean when population standard deviation unknown

* Facilitates comparing means of two populations through paired and unpaired t-tests
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Statistical Tests and Comparisons

Role of F-distribution

* F-distribution emerges from ratio of two independent Chi-square variables each divided by their
respective degrees of freedom

* Always yields non-negative values due to squared terms in numerator and denominator

* Right-skewed shape influenced by two sets of degrees of freedom (numerator and denominator)
« Essential for testing equality of variances in two populations through F-test

» Fundamental in ANOVA comparing means of multiple groups simultaneously

* Links to t-distribution square of t-distribution with n degrees of freedom equivalent to F-distribution with
1 and n degrees of freedom

Probabilities in statistical distributions

« Statistical tables provide critical values for Chi-square, t, and F distributions requiring interpolation for
unlisted values

+ Calculating probabilities involves finding area under curve for given values often using complement
rule for upper-tail probabilities

+ Determining quantiles requires finding values corresponding to specific probabilities using inverse
distribution functions

» Technology-based calculations using statistical software or calculators offer precise values beyond
table limitations

« Software tools provide advantages over tables in accuracy and efficiency for complex probability
calculations
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Unit 5 — Point Estimation: Methods &
Properties

5.1 Method of Moments and Maximum Likelihood Estimation

Parameter estimation techniques are crucial in statistical inference. They help us understand population
characteristics from sample data. This section covers two main methods: Method of Moments (MoM) and
Maximum Likelihood Estimation (MLE).

MoM uses sample moments to estimate population parameters, while MLE finds values that maximize the
likelihood of observed data. Both methods have strengths and weaknesses, with MLE generally providing
more efficient estimates but potentially more complex computations.

Parameter Estimation Techniques

Principles of moments method

» Method of Moments (MoM) estimates population parameters by equating sample moments to
population moments using observed data to estimate theoretical moments

* Moments represent expected values of random variables raised to powers, with sample moments
calculated from observed data and population moments expressed in terms of unknown parameters

* Process involves setting up and solving equations that equate sample moments to population
moments

* MoM offers computational simplicity and often provides consistent estimators but may lack efficiency
compared to other methods in some cases

Application of moments method

* Deriving MoM estimators involves identifying parameters, calculating sample moments, expressing
population moments, equating moments, and solving for estimates

» Normal distribution estimation example: X= M for first moment,

n
2_,,2 2
12X =p+0

i=1

for second moment, solve for 4 and o?

» MoM applies to various distributions (uniform, exponential, gamma) with specific moment equations
for each

Concept of maximum likelihood estimation

» Maximum Likelihood Estimation (MLE) finds parameter values maximizing the likelihood function,
representing the probability of observing given data

+ Likelihood function multiplies individual probabilities for independent observations, often using
log-likelihood for computational ease

* MLE offers consistency, efficiency, invariance, and asymptotic normality advantages
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» Compared to MoM, MLE typically provides more efficient estimates but can be computationally
complex

Derivation of maximum likelihood estimators

» MLE derivation steps: 1. Write probability density/mass function 2. Construct likelihood function 3.
Take natural logarithm for log-likelihood 4. Find partial derivatives for each parameter 5. Set derivatives
to zero and solve

* Normal distribution MLE yields sample mean for mean estimator and biased sample variance for
variance estimator

* Bernoulli MLE estimates parameter using sample proportion of successes
* Poisson MLE estimates rate parameter with sample mean
» Exponential MLE estimates rate parameter using reciprocal of sample mean

» Complex cases may require numerical methods (Newton-Raphson, gradient descent, EM algorithm)

5.2 Properties of Point Estimators: Unbiasedness and Consistency

Point estimators are crucial tools in statistical inference. They help us estimate population parameters from
sample data. Understanding their properties, like unbiasedness and consistency, is key to making accurate
inferences about populations.

Unbiased estimators give us expected values equal to true parameters, while consistent estimators
converge to true values as sample sizes grow. These properties ensure our estimates are reliable and
improve with more data, forming the backbone of statistical analysis.

Properties of Point Estimators

Concept of unbiased estimators

» Unbiased estimator produces expected value equal to true population parameter E[é] =6 (é
estimator, 6 true parameter)

* Bias measures difference between estimator's expected value and true parameter
Bias(6) =E[O]— 0

» Unbiasedness crucial for accurate population parameter estimation on average reduces systematic
errors (overestimation, underestimation)

Proving estimator unbiasedness

* Prove unbiasedness: 1. Express estimator using random variables 2. Calculate estimator's expected
value 3. Demonstrate expected value equals true parameter

« Utilize linearity of expectation E[aX + bY] = aE[X] + bE[Y] and properties of random variable
sums/averages

* Unbiased estimators include sample mean for population mean, sample variance with n-1
denominator for population variance
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Consistency in point estimation

* Consistent estimator converges in probability to true parameter as sample size increases
lim P(|6, — 6| <€) =1forany e >0

* Consistency ensures improved accuracy with larger samples provides asymptotic estimation
guarantees

» Unbiasedness and consistency relationship:

* Not mutually inclusive

« Estimators can be unbiased but inconsistent (sample variance for mean)
« Estimators can be consistent but biased (maximum likelihood estimators)

» Some estimators exhibit both properties (sample mean for population mean)

Determining estimator consistency

* Probability limit (plim) represents value sequence of random variables converges to in probability
plimn 5 o Xn=X

* Prove consistency: 1. Express estimator in terms of sample size n 2. Calculate estimator's probability
limit 3. Show probability limit equals true parameter

* Apply law of large numbers, continuous mapping theorem, Slutsky's theorem for plim calculations

« Consistent estimators include sample mean for population mean, maximum likelihood estimators
(under specific conditions)

5.3 Efficiency and Mean Squared Error

Point estimation efficiency is all about finding the best way to guess a population's true value. It's like trying
to hit a bullseye — the closer you get, the more efficient your estimate is.

Efficiency compares different estimation methods, looking at how spread out their guesses are. The
method with less spread (lower variance) is more efficient. It's a balancing act between accuracy and
precision in statistical guesswork.

Efficiency in Point Estimation

Concept of efficiency in estimation
« Efficiency in point estimation measures quality and precision of estimator
* Relative efficiency compares two estimators based on variances
« Fisher information quantifies parameter information inversely related to efficient estimator variance

» Cramér-Rao lower bound sets theoretical minimum variance for unbiased estimator used as efficiency
benchmark

Efficiency comparison of unbiased estimators

* Lower variance indicates higher efficiency when comparing estimators

* Calculate and directly compare variances of different estimators
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. - . Var(6
* Relative efficiency ratio computed as Yar(t)
Var(6;)

» Asymptotic efficiency evaluates as sample size approaches infinity

« Sufficient statistics contain all parameter information often yielding efficient estimators (sample mean
for normal distribution)

Mean Squared Error (MSE)

Components of mean squared error
» MSE defined as expected squared difference between estimator and parameter E[(é —6)?]
* Bias component measures systematic deviation from true value E[é] -6
« Variance component quantifies estimator spread around expected value E[(é - E[é])z]
* Bias-variance decomposition expresses MSE as Va r(é) + [Bias(é)]2

* Trade-off between bias and variance may lead to biased estimators with lower overall MSE (ridge
regression)

Calculation and interpretation of MSE

* Calculate MSE by: 1. Determine estimator's expected value 2. Calculate bias 3. Compute variance 4.
Sum squared bias and variance

» Lower MSE indicates better overall estimator performance (comparing OLS vs ridge regression)
» MSE for unbiased estimators equals variance Var(é) when E[é] =0

* Consistent estimators have MSE approaching zero as sample size increases (maximum likelihood
estimators)

* Related measures include Root Mean Squared Error (RMSE) and Mean Absolute Error (MAE)

5.4 Sufficiency and Completeness

Sufficient statistics are powerful tools in statistical inference, condensing all relevant information about a
parameter from sample data. They allow for efficient estimation without losing crucial details, making them
invaluable in various statistical analyses.

The concept of sufficiency is closely tied to completeness, which ensures uniqueness in unbiased
estimators. Together, these properties form the backbone of many advanced statistical techniques,
including the Rao-Blackwell theorem for improving estimator efficiency.

Sufficient Statistics and Completeness

Concept of sufficient statistics
« Sufficient statistic encapsulates all relevant information about parameter of interest from sample data
* Enables parameter estimation without information loss from original data
» Summarizes data while preserving essential information for inference

* Allows parameter inference as effectively as entire dataset
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» No additional parameter information gained from sample beyond sufficient statistic
» Sample mean serves as sufficient statistic for normal distribution (known variance)

» Sample variance functions as sufficient statistic for normal distribution (known mean)

Factorization theorem for sufficiency

* Fisher-Neyman theorem provides formal criterion for determining sufficiency
- Statistic T(X) sufficient for 8 if likelihood function factored as L(8; x) = g(T(x), 6)-h(x)
+ g depends on x only through T(x) and 8, h depends on x but not 6

+ Application steps: 1. Write out likelihood function 2. Identify candidate sufficient statistic 3. Factor
likelihood to separate 6-dependent and 6-independent terms 4. Verify factorization satisfies theorem
conditions

* Provides systematic method to identify sufficient statistics (exponential family distributions)

Completeness and sufficiency relationship

» Completeness property of probability distribution family ensures uniqueness of unbiased estimators
« Statistic T complete if E[g(T)] = O for all 6 implies g(T) = 0 almost surely

« Sufficiency does not guarantee completeness

» Completeness enhances properties of sufficient statistics

» Minimal sufficient statistic represents "smallest" sufficient statistic, often complete

 Guarantees existence of uniqgue minimum variance unbiased estimators (MVUE)

» Complete sufficient statistics crucial in estimation theory (uniformly minimum variance unbiased
estimators)

Rao-Blackwell theorem application

* Improves estimators by conditioning on sufficient statistic

« For sufficient statistic T and unbiased estimator W of 1(8), @(T) = E[TW|T] is unbiased estimator with
lower/equal variance

+ Application steps: 1. Identify sufficient statistic T 2. Find initial unbiased estimator W 3. Compute
conditional expectation E[W/|T]

* Provides method to improve estimators (variance reduction)
» Demonstrates importance of sufficient statistics in estimation
* Rao-Blackwell estimator is MVUE if sufficient statistic is complete

» Widely used in constructing efficient estimators (survey sampling, regression analysis)
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Unit 6 — Confidence Intervals: Interval
Estimation

6.1 Construction of Confidence Intervals

Confidence intervals are a powerful tool in statistical inference, helping us estimate population parameters
within a range of values. They quantify uncertainty in our estimates, providing a measure of precision for
sample statistics based on sample data and confidence levels.

Key factors affecting confidence intervals include the confidence level, sample size, and margin of error.
These elements interact, creating trade-offs between precision and confidence. Understanding how to
construct and interpret confidence intervals is crucial for making informed statistical inferences.

Understanding Confidence Intervals

Purpose of confidence intervals

« Confidence intervals estimate population parameters within a range of values based on sample data
and confidence level

« Statistical inference tool quantifies uncertainty in point estimates providing measure of precision for
sample statistics

» Key components include point estimate central value, margin of error width, and confidence level
probability (90%, 95%, 99%)

Factors affecting confidence intervals
 Confidence level probability interval contains true parameter impacts width (higher level wider interval)
» Sample size influences precision larger samples decrease margin of error narrowing interval
» Margin of error half-width of interval affected by standard error and critical value

« Trade-offs between precision and confidence increasing one affects the other

Constructing and Interpreting Confidence Intervals

Construction of confidence intervals
« General formula: Point Estimate = (Critical Value x Standard Error)

« Steps to construct: 1. Calculate point estimate from sample data 2. Determine appropriate critical
value (z-score or t-score) 3. Compute standard error of estimate 4. Apply formula to find interval
bounds

* Types: population mean (known or unknown standard deviation), population proportion

» Assumptions: random sampling, independence of observations, normality or large sample size
(Central Limit Theorem)
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Interpretation of confidence intervals

* Correct interpretation states probability interval contains true parameter not about individual data
points

« Contextual interpretation relates interval to research question considers practical significance

» Conclusions assess precision of estimate determine if value of interest included use for implicit
hypothesis testing

« Limitations avoid overinterpreting narrow intervals consider impact of assumption violations recognize
difference between statistical and practical significance

6.2 Confidence Intervals for Means and Proportions

Confidence intervals help estimate population parameters like means and proportions. They provide a
range of values likely to contain the true parameter, based on sample data and desired confidence level.

Sample size affects interval precision. Larger samples yield narrower intervals, increasing estimate
accuracy. Formulas for means and proportions differ slightly, but both balance confidence level with margin
of error.

Confidence Intervals for Population Parameters

Confidence intervals for population means

« Confidence interval formula for population mean expands point estimate + (critical value x standard
error)

* Known variance (0% known) uses X+ ZaIZ% with z-distribution for critical value
* Unknown variance (02 unknown) employs X % taj2,n- 1%,, with t-distribution for critical value

« Interpretation conveys probability of containing true population parameter within confidence level (1 -
a)

* Interval width affected by sample size, confidence level, and population standard deviation
Formulas for population proportion intervals

+ Confidence interval for population proportion calculated as j + z» M

» Formula requires large sample size (n > 30) and np 25 and n(1-p) 25

» Small populations need finite population correction factor

* Alternative methods for small samples include Wilson score interval and Exact (Clopper-Pearson)
interval

Sample Size and Precision

Margin of error and sample size
» Margin of error represents half-width of confidence interval

« Calculated for means as E = Zai2%= or E = taz,n- 175
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* Determined for proportions using £ = 7, £(1=-p)

» Sample size for means (known o) found through N = (z“’TZU)2

. . t —15y2
» Sample size for means (unknown ) computed via N = (Z2£—>)

. . . 2 5(1—5
« Sample size for proportions derived from n = Z—"/Zpég P)

» Sample size influenced by desired confidence level, acceptable margin of error, and estimated
population variability

» Unknown population parameters require iterative process

Intervals for means vs proportions

* Both utilize point estimate = (critical value x standard error) with similar confidence level interpretation
* Precision and confidence level share inverse relationship
» Means use z or t-distribution while proportions always use z-distribution for critical values

« Standard error for means based on standard deviation, proportions on y/ p(1 — p)

* Means have no strict minimum sample size, proportions require np = 5 and n(1-p) 2 5

» Means relatively robust to non-normality for large samples, proportions less affected by extreme
values

» Means apply to continuous data, proportions to categorical data (binary outcomes)

6.3 Confidence Intervals for Variances and Ratios

Variance confidence intervals help us understand the spread of data in a population. They use chi-square
and F-distributions to estimate ranges for single variances or ratios between groups, giving us a measure
of certainty about variability.

These tools are crucial in quality control, drug studies, and equipment testing. By calculating intervals and
interpreting results, we can make informed decisions about data variability, keeping in mind assumptions
and real-world limitations.

Confidence Intervals for Variances

Confidence intervals for population variances

+ Chi-square distribution models sum of squared standard normal random variables measures
variability in data

* Degrees of freedom determine shape asymmetric right-skewed distribution

» Sample variance

M=

(x;i — X)?
§2 = i=1 '

n-1

estimates population variance unbiased estimator

(n—1)s? (n—1)s?

+ Confidence interval formula( n | X ) bounds true population variance
al - Q
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+ Critical values from chi-square table determine interval width based on confidence level (90%, 95%,
99%)

« Interpretation provides range likely contains true population variance with specified confidence

Assumptions of variance confidence intervals

* Random sampling ensures representativeness of population

* Independent observations no correlation between data points

» Normally distributed population underlying assumption for chi-square method

* Sensitivity to non-normality can lead to inaccurate intervals for skewed distributions
« Sample size considerations larger samples improve robustness and accuracy

« Alternative methods for non-normal populations (bootstrap, transformation techniques)

Confidence Intervals for Ratios of Variances

Confidence intervals for variance ratios
« F-distribution models ratio of two chi-square distributed variables compares variability between groups
* Degrees of freedom for numerator and denominator shape asymmetric right-skewed distribution

2
. . s . . . .
« Ratio of sample variances F = S—% estimates ratio of population variances
2

= o
w0

2
R S . . .
Far’ 52 Falz) bounds true ratio of population variances

» Confidence interval formula (z

[NEN]

« Critical values from F-distribution table determine interval width based on confidence level

* Interpretation provides range likely contains true ratio of population variances with specified
confidence

Applications of variance confidence intervals

* Practical applications enhance decision-making processes:

+ Quality control in manufacturing assesses product consistency
» Comparing variability between groups (drug efficacy studies)

» Assessing measurement precision (laboratory equipment)

« Steps for applying confidence intervals: 1. Identify appropriate method (chi-square or F-distribution) 2.
Calculate sample statistics (variances, sample sizes) 3. Determine confidence level and degrees of
freedom 4. Compute interval using formulas and critical values

* Interpretation of results guides decision-making:

 Confidence level indicates reliability of interval (95% CI more reliable than 90%)
« Interval width reflects precision of estimate narrower intervals more informative

* Interval contents determine statistical significance (includes 1 for variance ratios)

« Limitations in real-world scenarios:
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* Violated assumptions impact validity of results (non-normality, dependent observations)

« Practical significance vs statistical significance consider context and effect size

6.4 Sample Size Determination

Sample size determination is crucial for statistical inference. It balances the need for accuracy with
practical constraints like time and cost. Proper sizing ensures reliable results, minimizes errors, and
optimizes resource use.

Advanced considerations refine sample size calculations. Techniques like finite population correction and
adjustments for non-response help tailor sample sizes to specific study designs. These methods enhance
the efficiency and validity of statistical analyses.

Sample Size Determination Fundamentals

Sample size for confidence and error

« Confidence level measures reliability of results typically set at 95% corresponds to z-score of 1.96

» Margin of error quantifies estimate precision smaller values increase accuracy but require larger
samples
» Sample size formulas:

. z2a?
» Population mean: h = 22

2n(1 —
* Population proportion: n = w

* Iterative process refines initial conservative estimates using pilot studies or prior knowledge

Factors affecting sample size
* Population variability impacts required sample size higher variability needs larger samples
* Desired precision influences sample size smaller margins of error require more participants

« Confidence level affects sample size higher levels (99%) demand larger samples than lower levels
(90%)

« Effect size determines sample size larger effects detectable with smaller samples

« Statistical power shapes sample size higher power (90%) requires more participants than lower power
(80%)

* Type | (false positive) and Type Il (false negative) error rates inversely related to sample size

Advanced Sample Size Considerations

Minimum sample size calculations

» Population mean estimation:

2 42
n =29

EZ

* Known variance:

» Unknown variance: Use t-distribution with degrees of freedom

Fiveable archived study guides Page 36



* Population proportion estimation:

— 2°p(1—p)
N = =T

* Use p = 0.5 for maximum variability when uncertain

* Population variance estimation:

- 2(Zgp) + 25)?

(% -1y

* Hypothesis testing sample size determined through power analysis considering effect size and
desired power

Sample size adjustments for populations
« Finite population correction reduces required sample size for small populations: Nadjusted = 1!’@
» Non-response compensation increases initial sample size to account for expected dropouts
« Cluster sampling adjustment uses design effect to account for intraclass correlation
« Stratified sampling allocates sample size across subgroups to ensure representation

+ Cost constraints balance statistical requirements with budget limitations (lab equipment, participant
compensation)

« Ethical considerations minimize participant burden while maintaining study validity (medical trials,
sensitive topics)
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Unit 7 — Hypothesis Testing: Principles &
Single Tests

7.1 Null and Alternative Hypotheses

Null and alternative hypotheses form the foundation of statistical inference. They help researchers frame
their questions and guide the analysis process. Understanding these concepts is crucial for interpreting
study results and drawing meaningful conclusions.

Formulating hypotheses involves identifying research questions, determining parameters of interest, and
expressing them mathematically. One-tailed and two-tailed tests, along with test statistics, further refine the
analysis approach and quantify evidence against the null hypothesis.

Understanding Null and Alternative Hypotheses

Null and alternative hypotheses

* Null hypothesis (Ho) asserts no effect or difference, assumed true until evidence suggests otherwise
represents status quo (Earth is flat)

« Alternative hypothesis (H1 or Ha) posits effect or difference, challenges null hypothesis represents new
theory or research claim (Earth is round)

* Framework for statistical decision-making guides interpretation of results and conclusions

« Basis for calculating probabilities and p-values in hypothesis testing

Formulation of hypotheses

1. Identify research question or claim (Does new drug lower blood pressure?)

2. Determine parameter of interest (mean blood pressure reduction)

3. Express null hypothesis as equality (Ho: y = 0 mm Hg)

4. State alternative hypothesis as inequality (H1: p < 0 mm Hg)

+ Population mean: Ho: p = o vs. H1: u # po (average height of adults)

+ Population proportion: Ho: p < po vs. Hi: p > po (percentage of voters supporting a candidate)

* Difference between means: Ho: p1 - g2 = 0 vs. Hi: p1 - p2 # 0 (comparing effectiveness of two
treatments)

One-tailed vs two-tailed hypotheses

» Two-tailed alternative hypothesis tests for difference in both directions uses # symbol (new teaching
method affects test scores)

* One-tailed alternative hypothesis tests for difference in one specific direction uses > or < symbols
(new diet decreases weight)

+ Choice between one-tailed and two-tailed tests depends on research question, prior knowledge,
consequences of errors, and statistical power
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Test statistics in hypothesis testing

* Test statistic quantifies difference between observed data and null hypothesis (z-score, t-statistic,
chi-square)

* Calculation based on sample data and null hypothesis assumptions standardized to known probability
distribution

» Measures evidence against null hypothesis large absolute values suggest stronger evidence for
alternative

« Critical regions determined by significance level (a) and type of alternative hypothesis correspond to
rejection of null hypothesis

7.2 Type | and Type Il Errors, Power of a Test

Hypothesis testing isn't perfect. We can make two types of mistakes: rejecting a true null hypothesis (Type
| error) or failing to reject a false one (Type Il error). These errors are like two sides of a seesaw — as one
goes down, the other tends to go up.

The probability of a Type | error is our chosen significance level, usually 0.05. Type Il error probability is
trickier to calculate and depends on factors like sample size and effect size. We aim for high test power
(correctly rejecting a false null) while keeping Type | errors in check.

Understanding Errors in Hypothesis Testing

Type | and Il errors

* Type | Error (False Positive) occurs when rejecting null hypothesis despite being true with probability
Q (significance level)

* Type Il Error (False Negative) happens when failing to reject false null hypothesis with probability B

« Errors mutually exclusive as one decreases other tends to increase

Probability of error types

* Type | Error probability equals chosen significance level & (typically 0.05 or 0.01)

* Type Il Error probability calculated as 1 — Power depends on effect size, sample size, and
significance level

+ Calculation steps involve determining critical value based on @, finding rejection region, and
calculating Type Il error probability using sampling distribution under alternative hypothesis

Errors vs test power
« Power measures probability of correctly rejecting false null hypothesis (1 — B)
* Increasing @ boosts power but creates trade-off with Type | error
» Power and Type Il error complement each other as power rises, Type |l error falls

» Aim for high power while maintaining acceptable Type | error rate
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Factors affecting test power

« Effect size larger effect sizes boost power (small vs large treatment effect)

» Sample size bigger samples increase power (30 vs 300 participants)

« Significance level higher @ increases power but raises Type | error risk (0.05 vs 0.01)

« Data variability lower variability enhances power (homogeneous vs heterogeneous groups)

* Boost power by: 1. Enlarging sample size 2. Using one-tailed tests when appropriate 3. Improving
measurement precision 4. Increasing significance level cautiously 5. Employing matched pairs or
repeated measures designs 6. Conducting a priori power analysis for optimal sample size

7.3 P-values and Significance Levels

P-values are crucial in hypothesis testing, quantifying the likelihood of observing results as extreme as the
data, assuming the null hypothesis is true. They help decide whether to reject or fail to reject the null
hypothesis based on the strength of evidence against it.

Interpreting p-values involves comparing them to predetermined significance levels. Smaller p-values
indicate stronger evidence against the null hypothesis, while larger ones suggest consistency with it.
However, p-values have limitations, including potential overinterpretation and lack of effect size
information.

Understanding P-values and Significance Levels

P-values in hypothesis testing

* P-value quantifies probability of observing results as extreme or more extreme than actual data,
assuming null hypothesis true

+ Plays crucial role in hypothesis testing by providing evidence against null hypothesis (Ho)
» Used to make decisions about rejecting or failing to reject Ho based on strength of evidence

« Calculated using test statistic and sampling distribution, varies depending on specific statistical test
(t-test, chi-square test)

Interpretation of p-values

» Smaller p-values indicate stronger evidence against Ho (p = 0.01 stronger than p = 0.05)

« Larger p-values suggest data consistent with Ho (p = 0.8 more consistent than p = 0.2)

« Decision-making process involves comparing p-value to predetermined significance level (a)
* Reject Ho if p-value < q, fail to reject if p-value 2 a

« Common significance levels: a = 0.05, 0.01, 0.10

P-values vs null hypothesis

* Inverse relationship exists between p-values and strength of evidence against Ho
+ P-values provide continuous measure of evidence, more informative than binary decisions

* Interpretation guidelines:
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* p <0.01: Very strong evidence against Ho
+ 0.01 < p < 0.05: Strong evidence against Ho
* 0.05 < p < 0.10: Weak evidence against Ho

* p =2 0.10: Little to no evidence against Ho

Limitations of p-values

* Arbitrary threshold problem leads to potential overinterpretation of results near significance level
» Lack of effect size information means p-values don't indicate magnitude of effect

» Sample size sensitivity can result in small p-values for trivial effects in large samples

 Multiple testing issues increase risk of Type | errors, requiring correction methods (Bonferroni)

* Misinterpretation risks include confusing p-value with probability of Ho being true

» Encourages dichotomous thinking, oversimplifying complex research questions

+ Publication bias favors statistically significant results, distorting overall understanding

7.4 Single-Sample Tests for Means, Proportions, and Variances

Single-sample tests are crucial tools in statistical inference. They help us compare a sample statistic to a
hypothesized population parameter, allowing us to make informed decisions about population
characteristics based on sample data.

These tests include t-tests for means, z-tests for proportions, and chi-square tests for variances. Each test
has specific assumptions and procedures, guiding researchers in selecting the most appropriate method
for their data and research questions.

Single-Sample Tests for Means

T-test for population mean

» Compares sample mean to hypothesized population mean tests null hypothesis about population
mean

» Assumes normally distributed population or large sample size random sampling continuous or
interval-level data

» Test statistic calculated using t = % where X is sample mean Mo is hypothesized population mean
S is sample standard deviation N is sample size
« Degrees of freedom df = n — 1 impact critical values and p-values

* Hypothesis testing procedure: 1. State null and alternative hypotheses 2. Choose significance level 3.
Calculate test statistic 4. Determine p-value or compare to critical value 5. Make decision to reject or fail
to reject null hypothesis

« Interpret results considering statistical significance practical significance confidence intervals for mean
difference
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Z-test for population proportion

» Compares sample proportion to hypothesized population proportion tests null hypothesis about
population proportion

» Assumes large sample size (np and n(1-p) both > 5) random sampling binary or categorical data
* Test statistic calculated using z2= \/% where ﬁ is sample proportion o is hypothesized
population proportion 1 is sample size

+ Uses standard normal distribution for determining p-values and critical values

* Follows same hypothesis testing procedure as t-test

* Interpret results considering statistical significance practical significance confidence intervals for
proportion difference

Single-Sample Tests for Variances

Chi-square test for population variance

» Compares sample variance to hypothesized population variance tests null hypothesis about
population variance

» Assumes normally distributed population random sampling continuous data

(n —1)s?
o

o . 2 _ . . . . 2.
« Test statistic calculated using X~ = where N is sample size s2 is sample variance Oy is

hypothesized population variance

+ Degrees of freedom df = n — 1 impact critical values and p-values
+ Chi-square distribution right-skewed approaches normal distribution as df increases
* Follows same hypothesis testing procedure as t-test and z-test

* Interpret results considering statistical significance practical significance confidence intervals for
variance ratio

Selection of single-sample tests

* Consider type of data (continuous, categorical, binary) sample size population distribution parameter
of interest (mean, proportion, variance)

* Use decision tree: continuous data (t-test for mean, chi-square test for variance) categorical data
(z-test for proportion)

» Sample size considerations: large samples (z-test for means) small samples (t-test for means)
* T-test robust to violations of normality z-test sensitive to sample size assumptions
* Meeting test assumptions impacts Type | and Type Il errors validity of results and conclusions

« Consider alternative tests for non-normal data (Wilcoxon signed-rank test, bootstrap methods)
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Unit 8 — Two-Sample Tests and ANOVA

8.1 Two-Sample Tests for Means and Proportions

Comparing groups is key in statistics. Two-sample tests help us decide if differences between groups are
real or just chance. We'll look at tests for means and proportions, learning when to use each one.

These tests involve steps like stating hypotheses, calculating test statistics, and interpreting results. We'll
also explore confidence intervals, which give us a range of likely values for the true difference between
groups.

Two-Sample Tests for Means

Selection of two-sample tests

» Two-sample t-test for means compares means of two independent groups assumes normality or large
sample sizes requires continuous or interval data (height, weight)

« Paired t-test compares means of two related groups assumes differences between pairs are normally
distributed (before and after treatment)

» Two-sample z-test for proportions compares proportions of two independent groups requires
categorical data assumes large sample sizes (voting preferences)

» Welch's t-test used when population variances are unequal does not assume equal variances
between groups (comparing test scores from different schools)

Execution of two-sample t-tests

1. State null and alternative hypotheses
2. Choose significance level (a)
t= X=X
3. Calculate test statistic: EE
4. Determine degrees of freedom

5. Find critical value or p-value

6. Make decision to reject or fail to reject null hypothesis - Interpreting results compare p-value to
significance level evaluate practical significance consider effect size (Cohen's d)

Two-Sample Tests for Proportions

Application of two-sample z-tests

1. State null and alternative hypotheses

2. Choose significance level (a)

3. Calculate pooled proportion: p = ﬁ,(ii),%

PL=p;
AL —B)(7 + &)

4. Calculate test statistic: £ =
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5. Find critical value or p-value

6. Make decision to reject or fail to reject null hypothesis - Drawing conclusions interpret p-value in
context of the problem discuss practical implications of the results consider limitations of the test
(sample size, representativeness)

Confidence intervals for group differences

. . . 2 2
* Confidence interval for difference between two means (g, — x,) + t.»1/ ’51_1 + ;_z represents range of
- 1 2

plausible values for true difference between population means

+ Confidence interval for difference between two proportions (5, — p,) + Za/z\/'él(ln:ﬁl) + ’52(1”; pa)

represents range of plausible values for true difference between population proportions

* Factors affecting width of confidence interval include sample size confidence level sample variability
(standard deviation)

* Using confidence intervals for hypothesis testing if interval contains zero fail to reject null hypothesis if
interval does not contain zero reject null hypothesis

8.2 Paired Samples and Dependent t-tests

Paired samples and dependent t-tests are crucial tools in statistical analysis. They help us compare related
groups or measurements taken under different conditions, allowing for more precise comparisons by
accounting for individual differences.

Understanding how to conduct paired t-tests, interpret results, and calculate confidence intervals is
essential. These methods have wide-ranging applications in fields like medicine, psychology, and social
sciences, where comparing before-and-after scenarios is common.

Understanding Paired Samples and Dependent t-tests

Situations for paired t-tests

« Paired data structures involve measurements on same subject at different times or conditions (blood
pressure before and after treatment)

» Research designs utilize paired structures comparing related groups (identical twins)

» Dependency between observations occurs through natural or artificial pairing (married couples)

Conducting paired t-tests

« Calculate differences between paired observations
» Compute mean difference

+ Determine standard deviation of differences

+ Calculate t-statistic

* Find degrees of freedom

* Determine p-value

« Formulate hypotheses: Ho : Ha = 0, H1 : g # O (two-tailed)
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» Test statistic: t = s.,/L\Fn
* Interpret results by comparing p-value to significance level

* Consider effect of sample size on significance

« Evaluate practical significance vs statistical significance

Confidence intervals for paired samples
- Formula: Cl =d % top n-1- 2%
» Components include mean difference, critical t-value, standard error
* Interpret width of interval for precision
* Relate confidence interval to hypothesis testing

* Assess practical implications of interval bounds (clinical significance)

Assumptions of paired t-tests

» Normality of differences assumed but robust to mild violations

* Independence between pairs required

+ Assess using Q-Q plots and histograms of differences

« Consider effects of non-normality and large sample sizes

* Limitations include reduced generalizability and sensitivity to outliers

* Alternatives: Wilcoxon signed-rank test, sign test, bootstrapping methods

8.3 One-Way ANOVA

One-way ANOVA compares means across multiple groups, extending the t-test concept. It determines if
there are statistically significant differences between group means, reducing the Type | error rate
compared to multiple pairwise t-tests.

The process involves calculating sum of squares, degrees of freedom, and mean squares to compute the
F-statistic. Post-hoc tests like Tukey's HSD help identify specific group differences. Assumptions, such as
homogeneity of variances, are crucial for accurate results.

One-Way ANOVA Fundamentals

Purpose of one-way ANOVA

» Compares means across three or more independent groups (student performance in different
teaching methods)

» Determines statistically significant differences between group means
* Tests null hypothesis that all group means are equal
» Extends t-test concept to multiple groups simultaneously

* Reduces Type | error rate compared to multiple pairwise t-tests
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Conducting one-way ANOVA

1. Formulate null and alternative hypotheses

2. Calculate sum of squares (SS): Total SS, between-group SS, within-group SS

3. Determine degrees of freedom (df)

4. Compute mean squares (MS)

5. Calculate F-statistic

6. Determine p-value

7. Compare F-statistic to critical F-value or p-value to significance level

8. Make decision to reject or fail to reject null hypothesis

* F-statistic represents ratio of between-group variance to within-group variance

« p-value indicates probability of obtaining observed F-statistic under null hypothesis

* Reject null hypothesis if p-value < significance level (a) (typically 0.05)

Post-hoc tests for group comparisons

« Identifies specific group differences when ANOVA indicates significant differences
* Tukey's Honestly Significant Difference (HSD) test controls family-wise error rate
+ Bonferroni correction adjusts significance level for multiple comparisons

+ Scheffe's test provides conservative test for all possible contrasts

* Interpretation involves identifying pairs of groups with significant differences

* Consider effect sizes and confidence intervals for practical significance

Homogeneity of variances assumption

* Levene's test assesses equality of variances across groups

+ Bartlett's test offers more power but sensitive to non-normality

» Welch's ANOVA adjusts degrees of freedom for unequal variances

* Brown-Forsythe test uses median instead of mean, less sensitive to outliers
» Compare results of standard ANOVA and corrected versions

» Consider practical significance of differences in results when assumptions violated

8.4 Two-Way ANOVA and Factorial Designs

Two-way ANOVA lets us study how two factors affect an outcome together. It's like looking at how both
fertilizer and sunlight impact plant growth, not just one at a time. This method reveals if factors work
independently or interact in complex ways.

The analysis involves calculating various sums of squares and F-ratios to test for main effects and
interactions. It's a powerful tool, but it requires careful planning and interpretation, especially when dealing
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with significant interactions between factors.

Two-Way ANOVA and Factorial Designs

Factorial designs and interaction effects

+ Factorial designs study effects of multiple factors simultaneously allowing examination of main and
interaction effects

» Main effects measure impact of one independent variable on dependent variable averaged across
other factors

* Interaction effects occur when effect of one factor depends on level of another revealing complex
relationships

» Two-way ANOVA analyzes impact of two independent variables on one dependent variable extending
one-way ANOVA

Conducting two-way ANOVA analysis

« Steps for conducting two-way ANOVA: 1. Formulate hypotheses for main effects and interaction 2.
Collect and organize data 3. Calculate sum of squares (SS) for each variation source (5S5total, SSfactora
, SS5tactorB, SSinteraction, SSerror) 4. Compute degrees of freedom (df) for each source 5. Calculate
mean squares (MS) by dividing SS by df 6. Compute F-ratios for main effects and interaction 7.
Determine p-values for each F-ratio

» Assumptions include independence of observations, normality of residuals, and homogeneity of
variances

Interpretation of two-way ANOVA results

* Main effects interpretation:

« Significant main effect indicates factor has overall effect on dependent variable (crop yield, test
scores)

» Non-significant main effect suggests no overall effect of the factor
* Interaction effects interpretation:

« Significant interaction shows effect of one factor depends on level of the other (fertilizer type and soil
pH)

* Non-significant interaction implies factors act independently

« Effect size measures:

« Partial eta-squared quantifies proportion of variance explained by each factor
» Omega-squared offers less biased alternative to eta-squared

* Post-hoc tests used for pairwise comparisons when main effects are significant (Tukey's HSD,
Bonferroni correction)

« Interaction plots graphically represent interaction between factors with non-parallel or crossing lines
suggesting potential or strong interaction
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Advantages vs limitations of factorial designs

» Advantages:

« Efficiency in studying multiple factors simultaneously (temperature and humidity on plant growth)
+ Ability to detect interaction effects

* Increased external validity

* Cost-effective compared to multiple single-factor studies

* Limitations:

* Increased complexity in design and analysis

* Potential for confounding effects if not properly controlled

* Larger sample sizes required for adequate statistical power

« Difficulty interpreting higher-order interactions (3+ factors)

+ Considerations for use:

» Research question suitability

* Available resources and sample size

« Potential for meaningful interactions between factors (drug dosage and patient age)

 Balance between complexity and interpretability
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Unit 9 — Goodness-of-Fit & Categorical
Data Analysis

9.1 Chi-Square Goodness-of-Fit Test

The chi-square goodness-of-fit test is a powerful tool for comparing observed data to expected
distributions. It's widely used in genetics, quality control, and social sciences to uncover patterns and
deviations in categorical data.

Calculating the chi-square statistic involves summing the squared differences between observed and
expected frequencies. The test's interpretation relies on p-values or critical values, with considerations for
sample size and data characteristics influencing its applicability and results.

Chi-Square Goodness-of-Fit Test Fundamentals

Purpose of chi-square goodness-of-fit test

» Assesses agreement between observed and expected frequencies compares categorical data to
theoretical distributions

« Evaluates if sample data fits specific probability distribution reveals patterns or deviations
* Applied in genetics tests Mendelian inheritance ratios (3:1 dominant to recessive)
» Used in quality control analyzes defect rates in manufacturing (expected vs actual defects)

+ Employed in social sciences examines survey response distributions (political party affiliations)

Calculation of chi-square statistic

« Chi-square test statistic formula sums squared differences between observed and expected
frequencies

(0 — E))?
E;

M~

X% =

i

1
« O; represents observed frequency for category i (actual counts)
« E; denotes expected frequency for category i (theoretical counts)
« k indicates number of categories (groups or classes)
* Degrees of freedom calculation determines distribution shape
edf=k—1—-m
- k represents number of categories (groups or classes)

» M denotes number of parameters estimated from data (constraints)
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Chi-Square Test Interpretation and Considerations

Interpretation of test results

* P-value approach compares calculated p-value to significance level
* Reject null hypothesis if p-value < a (typically 0.05)

* Indicates strength of evidence against null hypothesis

« Critical value approach uses chi-square distribution table

* Reject null hypothesis if test statistic > critical value

* Provides threshold for decision-making

« Effect size measures quantify magnitude of association

» Cramer's V for categorical variables ranges from 0 to 1

* Phi coefficient for 2x2 contingency tables measures correlation

Assumptions and limitations of test

» Assumptions ensure valid test application

* Random sampling prevents bias in data collection

* Independent observations ensure no influence between data points
» Mutually exclusive categories prevent overlap in classifications

* Expected frequencies = 5 for each category maintains test reliability
« Limitations affect result interpretation

* Sensitive to sample size influences statistical significance

* Large samples may detect small, practically insignificant differences
» Small samples may miss meaningful differences

* Only tests for significant differences not nature or direction

» Cannot be used for continuous data without categorization limits applicability
* Alternatives when assumptions violated ensure proper analysis

* Fisher's exact test for small sample sizes (< 5 in any category)

+ G-test for likelihood ratio testing offers alternative approach

9.2 Tests of Independence and Homogeneity

Chi-square tests help us understand relationships between categories. We use them to check if variables
are independent or if proportions are the same across groups. These tests are crucial for analyzing survey
data and making sense of categorical information.

The process involves setting up hypotheses, crunching numbers, and interpreting results. We can also
measure how strong associations are using tools like Phi coefficient and Cramer's V. These methods give
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us a clearer picture of connections in our data.

Tests of Independence and Homogeneity

Tests of independence vs homogeneity

* Test of Independence examines relationship between two categorical variables within single
population, null hypothesis assumes no association

* Test of Homogeneity compares proportions across multiple populations or groups, null hypothesis
assumes equal proportions

* Key differences involve sampling method (random vs stratified), research question (association vs
proportion comparison), and data structure (single vs multiple contingency tables)

Chi-square test for independence

* Steps: State hypotheses, construct contingency table, calculate expected frequencies, compute
chi-square statistic, determine degrees of freedom, find p-value, interpret results

* Chi-square statistic formula: )(2 = Z@ where O is observed frequency and E is expected
frequency

« Degrees of freedom: df = (r — 1)(c — 1) where r is number of rows and ¢ is number of columns

« Interpretation compares p-value to significance level, rejecting null if p-value < significance level,
concluding variable independence or association (smoking and lung cancer)

Chi-square test for homogeneity

« Steps mirror independence test: State hypotheses, organize data, calculate expected frequencies,
compute chi-square statistic, determine degrees of freedom, find p-value, draw conclusions

» Uses same chi-square statistic and degrees of freedom formulas as independence test

« Conclusions drawn by comparing p-value to significance level, rejecting null if p-value < significance
level, determining proportion homogeneity or differences across populations (voting preferences across
age groups)

Association strength measures

* Phi coefficient measures association strength for 2x2 contingency tables

« Formula: ¢ = 4/ XW2 where n is total sample size

* Range from -1 to 1, values closer to £1 indicate stronger association (gender and career choice)

» Cramer's V measures association strength for larger contingency tables

2 .
* Formula: \/ = 4/ n(kx_ ) where k is smaller of number of rows or columns

* Range from 0 to 1, values closer to 1 indicate stronger association (education level and income)

* Interpretation guidelines: 0.00-0.10 negligible, 0.10-0.30 weak, 0.30-0.50 moderate, 0.50-1.00 strong
association
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« Effect size measures provide sample size-independent comparisons across studies and practical
significance alongside statistical significance

9.3 Contingency Tables and Log-Linear Models

Contingency tables organize categorical data, showing relationships between variables through
frequencies. They're crucial for analyzing associations in fields like market research and epidemiology,
helping us understand patterns and dependencies in complex datasets.

Log-linear models take contingency table analysis further, modeling cell frequencies as functions of
variable effects. These powerful tools allow us to examine intricate relationships in categorical data, test
hypotheses, and make predictions about complex interactions between variables.

Contingency Tables

Construction of contingency tables

« Contingency table structure organizes categorical data into rows and columns representing different
categories with cell frequencies showing count for each combination

* Types include two-way tables for two variables and multi-way tables for three or more variables (3D or
higher)

» Marginal frequencies sum row totals and column totals providing overall category distributions
+ Conditional frequencies show distribution of one variable given specific category of another
» Expected frequencies calculate theoretical cell counts assuming independence between variables

* Relative frequencies express cell counts as percentages (row percentages, column percentages) for
easier comparison

* Independence vs association examines whether variables are related or occur independently

» Simpson's paradox demonstrates how association between variables can reverse when data
combined or separated (medical treatment efficacy)

Concept of log-linear models

* Log-linear models analyze relationships in categorical data by modeling cell frequencies as function of
variable effects

* Applied to complex categorical data analysis (market segmentation, epidemiology)
* Related to logistic regression but model cell counts rather than probabilities
» Advantages include handling multi-way tables and testing complex hypotheses

» Model components incorporate main effects (individual variable impacts) and interaction effects
(combined variable impacts)

+ Hierarchical nature means higher-order effects include all lower-order effects

« Saturated models include all possible effects while unsaturated models omit some effects for
parsimony
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Fitting and interpretation of models

* Model specification uses Poisson regression framework with log link function to relate predictors to
cell counts

» Parameter estimation employs maximum likelihood estimation often using iterative proportional fitting
algorithm

» Model notation utilizes design matrix to represent variable effects and log-linear equations to express
relationships

* Interpretation of model parameters reveals strength and direction of main effects and interaction
effects on cell frequencies

+ Odds ratios and relative risk derived from parameters quantify association between variables

« Contrast coding for categorical variables allows comparison of specific categories or groups

Model selection and goodness-of-fit

« Goodness-of-fit statistics assess model fit: likelihood ratio statistic (G2) and Pearson chi-square
statistic (X?)

* Degrees of freedom calculation considers number of parameters and table dimensions
* P-values and significance testing determine if model fits data better than chance
* Residual analysis examines standardized and adjusted residuals to identify poorly fit cells

» Model comparison techniques include nested model testing and information criteria (AIC, BIC) to
balance fit and complexity

« Stepwise model selection uses forward selection or backward elimination to build optimal model
* Parsimony principle favors simpler models with fewer parameters when fit is comparable

* Model assumptions checked include adequate sample size and avoiding sparse contingency tables
with many zero cells

9.4 McNemar's Test and Cochran's Q Test

McNemar's test and Cochran's Q test are powerful tools for analyzing paired categorical data. These tests
help researchers assess changes in proportions between related groups, making them invaluable for
before-and-after studies and clinical trials.

By comparing proportions across multiple conditions, these tests reveal significant shifts in outcomes.
Understanding how to apply and interpret these tests empowers researchers to draw meaningful
conclusions from paired categorical data in various fields.

Paired Categorical Data Analysis

Purpose of McNemar's test

* Analyzes paired nominal data assessing changes in proportions between two related groups

« Useful for before-and-after studies and matched pairs designs (clinical trials, voter opinion surveys)
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Application of McNemar's test
* Requires paired observations with dichotomous outcomes and large sample size (typically n > 25)
* Tests null hypothesis of no significant change in proportions between paired observations

Interpretation of McNemar's results

— (b—c)?
T b+c

+ Calculate test statistic Xz where b and c represent subjects changing from negative to

positive and vice versa
+ Always 1 degree of freedom for McNemar's test

» Determine p-value by comparing test statistic to chi-square distribution using statistical software or
chi-square table

* Reject null hypothesis if p-value < significance level concluding significant change in proportions
(treatment effectiveness, opinion shift)

Purpose of Cochran's Q test

» Extends McNemar's test to three or more related groups analyzing changes in proportions across
multiple conditions

* Useful for repeated measures designs with dichotomous outcomes and comparing effectiveness of

multiple treatments (drug efficacy, marketing strategies)

Application of Cochran's Q test

* Requires related samples (same subjects across conditions) with dichotomous outcomes and three or

more conditions

« Calculates test statistic

k
kk=1) 3 (C;— €)?
j=1

where k is number of conditions, C; is column total for jth condition, C is mean of column totals, and Ri

is row total for ith subject
* Degrees of freedom =k - 1 (k is number of conditions)
Conclusions from Cochran's Q test

» Determine p-value by comparing Q statistic to chi-square distribution using statistical software or
chi-square table

* Reject null hypothesis if p-value < significance level concluding significant difference in proportions

across conditions

» Conduct post-hoc analysis with pairwise McNemar's tests if Cochran's Q is significant applying
appropriate correction for multiple comparisons (Bonferroni)
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Unit 10 — Bayesian Inference: Principles &
Applications

10.1 Bayes' Theorem and Prior Distributions

Bayes' theorem is a powerful tool for updating probabilities based on new evidence. It combines prior
beliefs, likelihood, and observed data to revise our understanding of uncertain situations. This approach is
crucial in various fields, from medical diagnosis to stock market predictions.

Prior distributions play a key role in Bayesian inference by representing initial parameter beliefs. They can
incorporate domain expertise or historical information, regularize estimates with limited data, and allow for
sequential updating as new information becomes available. The choice of prior impacts the final results.

Bayesian Foundations

Components of Bayes' theorem

* Bayes' theorem

« Mathematical formula updates probabilities based on new evidence: P(A|B) = w

» Components work together to revise initial beliefs

« P(A|B): Posterior probability quantifies updated belief in A given B occurred
« P(B|A): Likelihood measures probability of observing B if A is true

« P(A): Prior probability represents initial belief about A before observing B

« P(B): Marginal likelihood normalizes result, ensures valid probability

« Statistical inference context

» Updates prior parameter beliefs using observed data (medical diagnosis)

» Combines prior knowledge with new evidence for improved decision-making (stock market
predictions)

* Provides framework for probabilistic reasoning in uncertain situations (weather forecasting)

Role of prior distributions
* Prior distributions
» Represent initial parameter beliefs before data observation (coin fairness)
* Quantify uncertainty about unknown parameters (drug efficacy)
* Importance in Bayesian inference
* Incorporate domain expertise or historical information into analysis (geological surveys)
* Regularize parameter estimates, especially with limited data (rare disease studies)

+ Allow sequential belief updating as new data becomes available (clinical trials)
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* Impact on posterior distribution
* Influence strength depends on sample size and prior certainty

» Weak priors have less impact on posterior than strong priors (large vs small sample sizes)

Prior Distributions and Bayesian Applications

Informative vs non-informative priors

* Informative priors

* Contain specific parameter information (Normal, Beta, Gamma distributions)

» Used when prior knowledge or expert opinion available (manufacturing quality control)
* Non-informative priors

* Provide minimal parameter information (Uniform, Jeffreys priors)

* Used with little prior knowledge or to minimize prior influence (novel research areas)

+ Choosing between informative and non-informative priors

* Depends on available prior knowledge and research goals

* Sensitivity analysis assesses prior impact on results (robustness checks)

Updating beliefs with Bayes' theorem

» Bayesian updating steps 1. Specify prior distribution based on initial beliefs 2. Define likelihood
function using observed data 3. Calculate posterior distribution with Bayes' theorem 4. Interpret results
and draw conclusions

+ Conjugate priors

* Prior and posterior distributions from same family simplify calculations (Beta-Binomial)
* Numerical methods for complex problems

* Markov Chain Monte Carlo (MCMC) simulations approximate posterior distributions

» Approximate Bayesian Computation (ABC) handles intractable likelihood functions

* Result interpretation

* Posterior distribution summarizes updated beliefs after considering new evidence

* Point estimates provide single values (posterior mean, median, mode)

+ Credible intervals quantify parameter uncertainty (95% credible interval)

10.2 Posterior Distributions and Bayesian Estimation

Posterior distributions are the heart of Bayesian inference. They combine prior beliefs with observed data
to update our understanding of parameters. This process allows us to make probabilistic statements about
unknowns and quantify uncertainty.

Bayesian methods differ from frequentist approaches in how they treat parameters and interpret
probability. While frequentists view parameters as fixed unknowns, Bayesians see them as random
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variables with distributions. This leads to more intuitive and flexible inference.

Posterior Distributions

Derivation of posterior distribution

« Bayes' theorem forms foundation for deriving posterior distribution P(6]|x) = w

« Posterior distribution P(€]x) represents updated beliefs about parameter 6 given observed data x
« Likelihood function P(x|6) quantifies probability of observing data given parameter values

« Prior distribution P(8) encapsulates initial beliefs about parameter before seeing data

+ Marginal likelihood P(X) acts as normalizing constant ensuring posterior integrates to 1

+ Deriving posterior involves specifying prior, defining likelihood, applying Bayes' theorem, normalizing
result

« Conjugate priors simplify posterior calculations by resulting in same distribution family (beta-binomial,
normal-normal)

» Non-conjugate priors require numerical methods (MCMC, importance sampling) for posterior
approximation

Interpretation of posterior distribution

* Posterior distribution represents probability density of parameter values after observing data

+ Central tendency measures summarize typical parameter values (mean, median, mode)

* Dispersion measures quantify uncertainty around estimates (variance, credible intervals)
 Updating process shows how prior beliefs transform into posterior beliefs as data is incorporated
* Graphical representations aid in visualizing posterior distribution (histograms, density plots)

« Sensitivity analysis assesses impact of prior choice on posterior conclusions

Computation from posterior distribution

* Bayesian point estimates derived from posterior distribution

* Posterior mean minimizes squared error loss

+ Posterior median minimizes absolute error loss

» Maximum a posteriori (MAP) estimate maximizes posterior probability

* Credible intervals provide range of plausible parameter values

* Highest Posterior Density (HPD) interval includes most probable values
» Equal-tailed interval places equal probability in both tails

* Analytical solutions available for conjugate priors

* Monte Carlo sampling used for complex posteriors

* Posterior predictive distribution models future observations based on updated parameter beliefs
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Bayesian vs frequentist estimation
* Philosophical differences in probability interpretation (degree of belief vs long-run frequency)
» Parameter treatment varies (random variables vs fixed unknowns)
* Inference approach differs (conditional on observed data vs based on sampling distribution)
* Uncertainty quantification methods diverge (credible intervals vs confidence intervals)
* Point estimation techniques contrast (posterior summaries vs maximum likelihood estimates)
« Prior information incorporation varies (explicit in Bayesian, typically absent in frequentist)
» Small sample size handling differs (Bayesian more robust, frequentist relies on asymptotic properties)
* Result interpretation varies (direct probability statements vs long-run behavior)
» Computational considerations differ (MCMC for Bayesian, optimization for frequentist)

» Model selection methods contrast (Bayesian model averaging vs hypothesis testing)

10.3 Bayesian Hypothesis Testing and Model Selection

Bayesian hypothesis testing compares competing ideas using probabilities. It starts with initial beliefs,
updates them with data, and calculates the strength of evidence for each hypothesis. This approach offers
a more nuanced view of scientific uncertainty.

Unlike traditional methods, Bayesian testing can support the absence of an effect and handle multiple
models. It's more intuitive but can be sensitive to prior assumptions. This flexibility comes with
computational challenges, especially for complex problems.

Bayesian Hypothesis Testing

Bayesian hypothesis test formulation

» Bayesian hypothesis testing framework compares two competing hypotheses: null hypothesis (Ho)
and alternative hypothesis (H1)

« Prior probabilities P(Ho) and P(H1) represent initial beliefs about hypotheses before data collection

« Likelihood functions P(data|Ho) and P(datalH1) quantify probability of observed data under each
hypothesis

« Posterior probabilities P(Ho|data) and P(H1|data) update beliefs about hypotheses after observing
data

. P(data|H . . .
« Bayes factor calculation BF10 = Pgdzt—% compares evidence for alternative vs null hypothesis

. P(H:|dat . . .
* Posterior odds % =BF10 X % combine prior odds with Bayes factor

Bayes factors as evidence measure

* Bayes factor interpretation scale guides strength of evidence assessment
 1-3: Weak evidence for alternative hypothesis

« 3-20: Positive evidence for alternative hypothesis
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» 20-150: Strong evidence for alternative hypothesis

+ 150: Very strong evidence for alternative hypothesis

« Symmetry of Bayes factors allows reciprocal interpretation BF10 = #01

» Continuous measure of evidence avoids arbitrary cutoffs (unlike p-values)

+ Quantifies evidence for null hypothesis enabling support for absence of effect

Bayesian model selection process

» Bayesian model comparison framework evaluates multiple competing models simultaneously
« Posterior model probabilities P(M;|data) represent updated beliefs about each model's plausibility

. P(data|M; . . .
« Bayes factors for model comparison BFj; = Pzd%},w‘,; quantify relative evidence between models

« Marginal likelihood calculation P(data|M,;) = fP(data|9,—, M;)P(6|M;)dB; integrates over parameter
space

* Model averaging combines predictions from multiple models weighted by posterior probabilities
» Occam's razor principle naturally penalizes overly complex models in Bayesian framework

« Information criteria (BIC, DIC) approximate Bayesian model selection for computational efficiency

Advantages vs limitations of Bayesian testing

» Advantages

* Intuitive interpretation of results as probability statements

* Incorporates prior knowledge from previous studies or expert opinion

+ Avoids arbitrary thresholds for decision-making

+ Quantifies evidence for null hypothesis (supports absence of effect)

* Handles model uncertainty through model averaging

* Limitations

+ Sensitivity to prior specifications affects results (especially with limited data)

» Computational complexity for complex models or large datasets

* Lack of consensus on Bayes factor thresholds for decision-making

« Difficulty specifying priors for novel research questions without prior information
» Comparison with frequentist approaches

* Philosophical differences in probability interpretation (subjective vs long-run frequency)

* Practical implications for scientific research (e.g., sample size planning, sequential testing)
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10.4 Markov Chain Monte Carlo Methods

Markov Chain Monte Carlo (MCMC) methods are powerful tools for sampling from complex probability
distributions. They combine the memoryless property of Markov chains with Monte Carlo integration,
enabling us to tackle high-dimensional problems and intractable normalizing constants.

The Metropolis-Hastings algorithm is a key MCMC method. It involves proposing new states, calculating
acceptance probabilities, and iteratively building a chain of samples. Proper implementation and
diagnostics are crucial for ensuring the reliability of MCMC results in Bayesian inference and other
applications.

Fundamentals of Markov Chain Monte Carlo

Motivation for MCMC methods

*+ MCMC methods sample from complex probability distributions enabling estimation of expectations
and integrals

» Markov chains utilize memoryless property and stationary distribution to generate samples

» Monte Carlo integration approximates integrals using random sampling

* MCMC handles high-dimensional problems and intractable normalizing constants (partition functions)
» Common algorithms include Metropolis-Hastings and Gibbs sampling

+ Bayesian inference applications involve sampling from posterior distributions for parameter estimation

Implementation of Metropolis-Hastings algorithm

1. Initialize chain with starting value

2. Propose new state from proposal distribution

3. Calculate acceptance probability using target and proposal distributions
4. Accept or reject proposed state based on acceptance probability

5. Repeat steps 2-4 for desired number of iterations

* Target distribution represents the distribution we want to sample from

* Proposal distribution suggests new states (symmetric or asymmetric)

* Acceptance ratio determines probability of accepting proposed state

* Variants include Random Walk Metropolis (local proposals) and Independence Sampler (global
proposals)

* Tuning proposal distribution affects acceptance rate and mixing efficiency
+ Multivariate distributions require careful consideration of proposal mechanism

» Pseudocode structure guides implementation while considering practical aspects (numerical stability)
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MCMC Diagnostics and Applications

Diagnostics for MCMC samplers

* Trace plots visualize parameter values across iterations to assess convergence
* Running mean plots show stability of parameter estimates over time

» Autocorrelation plots reveal dependence between successive samples

» Gelman-Rubin statistic compares within-chain and between-chain variances

* Geweke test compares means of different segments of the chain

- Effective sample size estimates number of independent samples

* Integrated autocorrelation time measures mixing efficiency

* Burn-in period discards initial samples to reduce impact of starting values

* Thinning retains every k-th sample to reduce autocorrelation

« Multiple chain analysis compares results from different starting points to ensure robustness

Applications of MCMC in Bayesian inference
1. Define model and prior distributions
2. Derive posterior distribution
3. Implement MCMC sampler
4. Run sampler and collect samples
* Posterior summaries include mean, median, and credible intervals
* Visualizations: histograms, density plots, and contour plots illustrate posterior distributions
» Bayesian model comparison uses Bayes factors and Deviance Information Criterion (DIC)
» Convergence issues addressed by adjusting proposals or reparameterizing model
* Applications: hierarchical models, mixture models, and time series analysis

* Reporting results emphasizes effective communication of uncertainty and sensitivity to prior choices
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Unit 11 — Maximum Likelihood &
Sufficiency

11.1 Likelihood Function and Maximum Likelihood Estimators

Likelihood functions are statistical tools that measure how well a model fits observed data. They quantify
the plausibility of parameter values and help with model selection, hypothesis testing, and confidence
intervals.

Maximum likelihood estimation finds parameter values that maximize the likelihood function. This process
involves writing the likelihood function, taking its logarithm, finding the derivative, and solving for the
parameter. MLEs have useful properties like consistency and efficiency.

Understanding Likelihood Functions

Role of likelihood function

« Likelihood function measures statistical model fit to observed data by quantifying parameter value
plausibility

« Notation L(6]x) represents likelihood of parameters 6 given data X
« Proportional to probability of observed data given parameters L(6]x) « P(x|6)

* Facilitates model selection, hypothesis testing, and confidence interval construction (Akaike
Information Criterion, likelihood ratio tests)

Derivation of maximum likelihood estimators

» Maximum likelihood estimation (MLE) process finds parameter values maximizing likelihood 1. Write
likelihood function for given distribution 2. Take natural logarithm (log-likelihood) 3. Find derivative of
log-likelihood with respect to parameter 4. Set derivative to zero and solve for parameter

* Bernoulli distribution MLE: ﬁ = % (coin flips)
« Poisson distribution MLE: = % (rare events)

* Normal distribution MLEs: 1 = % &2 = M (height, weight)
Properties and Applications of Maximum Likelihood Estimators

Properties of maximum likelihood estimators
+ Consistency: converges to true parameter value as sample size increases
» Asymptotic normality: approaches normal distribution for large samples
« Efficiency: smallest variance among unbiased estimators as sample size increases
* Invariance: function of MLE is MLE of function of parameter

« Sufficiency: based on sulfficient statistic contains all parameter information
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* Bias: can be biased for small samples but often asymptotically unbiased

Applications in parameter estimation

» MLE problem-solving steps: 1. Identify data probability distribution 2. Write likelihood function 3. Take
logarithm of likelihood function 4. Find critical points by setting derivative to zero 5. Verify second
derivative is negative for maximum

- Confidence intervals: 6 + Za/2 SE(é) using asymptotic normality

oo . . — L(6o)
* Likelihood ratio tests compare null and alternative hypotheses: ZIOQ(TQP))

» Numerical methods for complex likelihoods (Newton-Raphson, gradient descent, EM algorithm)

* Multiple parameters: solve system of partial derivative equations simultaneously

11.2 Properties of Maximum Likelihood Estimators

Maximum likelihood estimators (MLEs) are powerful tools in statistical inference. They have key properties
that make them reliable as sample sizes grow, including consistency, asymptotic normality, and efficiency.

MLEs converge to true parameter values and become normally distributed with large samples. They're also
efficient, reaching the Cramér-Rao lower bound asymptotically. These properties make MLEs invaluable
for precise estimation in various fields, from genetics to economics.

Asymptotic Properties and Efficiency of Maximum Likelihood Estimators

Asymptotic properties of MLEs

Consistency
* MLE converges in probability to true parameter value as sample size increases

* Mathematically expressed as lim P(lén — 6ol <&)=1foranye>0

» Ensures estimates become more accurate with larger datasets (stock price predictions, opinion polls)
Asymptotic normality

» MLE approximates normal distribution for large samples

« Follows distribution v (8, — 8g) = N(0, 1{(60) 1)

+ 1(B0) represents Fisher information

* Facilitates construction of confidence intervals and hypothesis tests (drug efficacy trials, quality
control)

Asymptotic efficiency
* MLEs reach Cramér-Rao lower bound asymptotically

* MLE variance approaches inverse of Fisher information as sample size grows
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» Optimal use of available data in large samples (genome sequencing, economic forecasting)
Asymptotic unbiasedness
* MLE bias approaches zero with increasing sample size

* Expressed as lim E(8,) =6¢
 Ensures long-run accuracy of estimates (climate model parameters, demographic studies)

Invariance property of MLEs

Property statement
- MLE of 9(8) is g() if § is MLE of 8
« Applies to any function g(6)

« Simplifies estimation of parameter transformations (variance from standard deviation, odds ratio from
probability)

Proof outline
1. Define N1 = g(6) as one-to-one transformation
2. Express likelihood as L(n) = L(g~1(n))
3. Maximize L{1) with respect to 11

4. Demonstrate maximum occurs at ) = g(6)

Implications
» Enables reparameterization without altering MLE

* Facilitates inference on transformed parameters (log-odds in logistic regression, half-life from decay
rate)

Consistency in maximum likelihood estimation

Consistency defined

« Estimator converges to true parameter value as sample size increases

+ Ensures reliability of MLE for large datasets (particle physics experiments, social network analysis)
Consistency types

» Weak consistency involves convergence in probability
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« Strong consistency requires almost sure convergence

* Both guarantee asymptotic accuracy of estimates
MLE relevance

* Provides accurate estimates for large samples

« Justifies asymptotic inference techniques

« Critical for long-term studies and big data analysis (epidemiology, astrophysics)
Consistency conditions for MLE

* Model must be identifiable

* Likelihood function must satisfy regularity conditions

» Ensures uniqueness and stability of estimates
Statistical inference importance

» Enables reliable point estimation

» Forms basis for confidence intervals and hypothesis tests

* Crucial in decision-making processes (clinical trials, policy evaluations)

Efficiency of MLEs

Efficiency defined

* Ratio of minimum possible variance to actual estimator variance

* Measures how close an estimator comes to best possible performance

+ Important in resource-constrained studies (rare disease research, costly experiments)
Cramér-Rao lower bound

* Theoretical minimum variance for unbiased estimators

+ Calculated as inverse of Fisher information

+ Sets benchmark for estimator performance
MLE asymptotic efficiency

* MLEs achieve Cramér-Rao lower bound as sample size approaches infinity

 Optimal performance in large samples (national censuses, large-scale surveys)
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Relative efficiency

» Compares variances between different estimators

* MLE often serves as efficiency benchmark

* Useful for choosing between estimation methods (comparing OLS to robust regression)
Efficiency factors

» Sample size significantly impacts efficiency

* Model complexity affects estimation precision

+ Underlying data distribution influences estimator performance

* Consider trade-offs in study design (sample size vs cost, model simplicity vs accuracy)
Practical implications

« Efficient estimators need smaller samples for precise estimation

* Trade-off between efficiency and robustness in some scenarios

+ Guides choice of estimation method in applied statistics (financial risk modeling, environmental
monitoring)

11.3 Sufficient Statistics and Factorization Theorem

Sufficient statistics are powerful tools that condense complex datasets while preserving essential
parameter information. They simplify data analysis by capturing all relevant sample information, allowing
for efficient estimation and reducing computational burden.

The factorization theorem provides a formal method for identifying sufficient statistics. It links sufficiency to
the structure of the likelihood function, offering a practical approach to determine which statistics are
sufficient for various probability distributions.

Sufficient Statistics

Role of sufficient statistics

« Sufficient statistics condense complex datasets into simplified form while preserving all relevant
parameter information

* Function of data captures essential information about parameter of interest enables efficient
estimation

* Properties include capturing all relevant sample information and allowing data reduction without
information loss

« Simplifies complex datasets reduces computational burden preserves essential information for
parameter estimation
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» Sample mean for normal distribution (unknown mean, known variance) summarizes data efficiently

» Sample variance for normal distribution (known mean, unknown variance) captures spread
information

Factorization theorem proof
« Theorem states T(X) sufficient for 8 if likelihood function factored as L(8; x) = g(T(x), 8) - h(x)
* g(T(x), 8) depends on x only through T(x) h(x) independent of 6

* Proof involves two directions: 1. Forward: If T(X) sufficient, likelihood can be factored 2. Reverse: If
likelihood factored, T(X) sufficient

» Links sufficiency concept to likelihood function structure

* Provides method for identifying sufficient statistics in practice

Sufficient statistics for distributions

* Bernoulli: Sum of successes captures all information about success probability

+ Poisson: Sum of observations summarizes rate parameter efficiently

» Exponential: Sum of observations sufficient for rate parameter estimation

* Uniform: Minimum and maximum observations capture distribution endpoints

* Normal (unknown mean, known variance): Sample mean summarizes location parameter

» Normal (unknown mean and variance): Sample mean and variance jointly sufficient

Applications of factorization theorem

* Applying theorem involves: 1. Writing likelihood function 2. Identifying parameter-dependent terms 3.
Factoring out parameter-independent terms 4. Identifying sufficient statistic from factored form

* Bernoulli example:

« Likelihood: L(p; x) = p2X(1 — p)" ~ 2%

« Factored: g(T(x), p) =p (1 —p)"~ T T= Zx,-
* h(x) = 1 (constant)

« Sufficient statistic: T = ZX,' (sum of successes)
» Validates sufficient statistic choices

+ Helps identify minimal sufficient statistics for efficient inference

11.4 Exponential Families and Complete Sufficient Statistics

Exponential families are a powerful class of probability distributions with unique properties. They include
common distributions like normal, binomial, and Poisson, and have a special form that makes them easy to
work with in statistical analysis.

Complete sufficient statistics are a key concept in estimation theory. They allow us to find the best
unbiased estimators for parameters in exponential families, ensuring we get the most accurate results
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possible from our data.

Exponential Families

Exponential family distribution properties

» Exponential family distributions follow general form

K

f(x|6) = h(x)c(B)exp( 2 wi(B)ti(x))

i=1
where h(x) represents underlying measure, ¢(6) normalizing constant, w;(8) natural parameters, and
ti(x) sufficient statistics

* Closed under sampling enables straightforward analysis of multiple observations
« Existence of sufficient statistics allows data reduction without loss of information
+ Conjugate priors in Bayesian inference simplify posterior calculations

* Guarantee of maximum likelihood estimators ensures optimal parameter estimation

Natural parameters and sufficient statistics

« Natural parameters W;(6) determine distribution shape (mean, variance)
« Sufficient statistics ti(X) contain all relevant parameter information

» Normal distribution uses mean and variance as natural parameters, sample mean and sum of squared
deviations as sufficient statistics

+ Binomial distribution employs log odds as natural parameter, number of successes as sufficient
statistic

+ Poisson distribution utilizes log of rate parameter as natural parameter, sum of observations as
sufficient statistic

Complete Sufficient Statistics

Completeness and sufficient statistics

« Completeness defined as E[g(T)] = 0 for all 8 implies 9(T) = O almost everywhere ensures
uniqueness of unbiased estimators

» Complete sufficient statistics guarantee minimum variance unbiased estimators (MVUE)

* Lehmann-Scheffé theorem states any unbiased estimator that is a function of a complete sufficient
statistic is MVUE

» Sample mean for normal distribution with known variance serves as complete sufficient statistic

» Sample size and sum for binomial distribution act as complete sufficient statistics

Minimum variance unbiased estimators

* Uniqueness of MVUE based on Lehmann-Scheffé theorem applies to exponential families
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* Proof involves showing statistic sufficiency, demonstrating completeness, and applying
Lehmann-Scheffé theorem

» Guarantees existence and uniqueness of MVUE for exponential families simplifies optimal estimator
search

» Sample mean serves as MVUE for population mean in normal distribution

» Sample proportion acts as MVUE for probability of success in binomial distribution
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Unit 12 — Estimator Efficiency and
Consistency

12.1 Cramér-Rao Lower Bound and Efficiency

The Cramér-Rao Lower Bound (CRLB) sets the theoretical minimum variance for unbiased estimators. It's
a crucial tool in statistical inference, helping us evaluate and compare estimator performance against a
benchmark.

Applying the CRLB involves calculating Fisher Information and using it to assess estimator efficiency. This
process allows us to identify the best possible unbiased estimator and make informed choices when
selecting estimation methods for different scenarios.

Understanding the Cramér-Rao Lower Bound

Cramér-Rao Lower Bound definition

» CRLB establishes theoretical minimum variance for unbiased estimators

» Mathematically expressed as Var(0) = ﬁ

* Serves as performance benchmark for evaluating estimator efficiency
* Helps identify best possible unbiased estimator (minimum variance unbiased estimator)

» Enables comparison of estimator variances to theoretical minimum (sample mean vs sample median)

Derivation of CRLB

1. Identify probability density function of distribution (normal, exponential)
2. Calculate log-likelihood function
3. Determine score function (first derivative of log-likelihood)

4. Compute Fisher Information - Negative expected value of second derivative of log-likelihood - Or
expected value of squared score function

5. Invert Fisher Information to obtain CRLB

* Fisher Information measures parameter information in sample
- Represented as /(6) = E[(Zlog f(X; 6))°]

* Regularity conditions ensure CRLB validity

« Differentiability and integrability of likelihood function

Applying the Cramér-Rao Lower Bound

Efficiency assessment with CRLB

« Efficiency ratio compares CRLB to actual estimator variance
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CRLB(6)
Var(é)

- Expressed as €(0) =
« Efficiency ranges from 0 to 1, with 1 indicating full efficiency
* Lower efficiency suggests potential for estimator improvement

* Minimum Variance Unbiased Estimator achieves CRLB, considered most efficient

Estimator comparison using CRLB
* Relative efficiency compares variances of two estimators
» Asymptotic efficiency examines efficiency as sample size approaches infinity
* Trade-offs in estimator selection consider bias vs variance, efficiency vs robustness
* Estimator comparisons include MLE vs Method of Moments, sample mean vs sample median

» Some estimators may not be efficient for small samples but become efficient asymptotically

12.2 Consistent Estimators and Asymptotic Normality

Consistency and asymptotic normality are key concepts in statistical estimation. They describe how
estimators behave as sample sizes grow, with consistency ensuring convergence to true values and
asymptotic normality enabling inference through normal approximations.

These properties are crucial for understanding estimator behavior in large samples. By proving consistency
and asymptotic normality, we can construct confidence intervals, perform hypothesis tests, and compare
estimators, forming the foundation for many statistical techniques.

Consistency and Asymptotic Normality of Estimators

Consistency and asymptotic normality
* Consistency

« Estimator converges in probability to true parameter value as sample size increases

+lim P(|6, 6] <€) = Lforany £ > 0

Weak consistency converges in probability, strong consistency converges almost surely

Asymptotic normality

* Estimator approaches normal distribution as sample size increases
~ d
*vVn(6,—86)->N(0,0?)
» Enables construction of confidence intervals and hypothesis tests (t-tests, z-tests)
Proving estimator consistency

* Probability limit (plim)
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» Convergence in probability concept

plimp - oXn = X if IMP(|Xn = X| <€) =1 for any £ > 0

Consistency proof steps 1. Express estimator using sample statistics (sample mean, variance) 2. Apply
law of large numbers to sample statistics 3. Use plim properties (linearity, continuity) to simplify 4. Show
resulting expression equals true parameter value

Techniques
* Slutsky's theorem combines convergence of multiple random variables

» Continuous mapping theorem applies continuous functions to convergent sequences

Asymptotic normality via CLT
+ Central Limit Theorem (CLT)
* For i.i.d. random variables, sample mean approaches normal distribution

Requires finite mean and variance

Demonstrating asymptotic normality 1. Express estimator as function of sample means 2. Apply CLT to
sample means 3. Use delta method for non-linear functions 4. Determine asymptotic variance

Asymptotic variance
* Calculated using influence function or observed information matrix

» Measures estimator precision, smaller values indicate higher efficiency

Applications in inference problems

+ Confidence intervals
» Asymptotic normality creates approximate intervals

Wald intervals use estimated standard errors
Hypothesis testing
» Wald test compares estimate to null hypothesis

* Likelihood ratio test compares maximized likelihoods
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Score test uses slope of log-likelihood at null value
Estimator comparison
» Asymptotic relative efficiency compares variances

Cramer-Rao lower bound sets minimum variance for unbiased estimators
Large sample properties
» Maximum likelihood estimators often consistent and asymptotically normal

Asymptotic efficiency achieved under regularity conditions
Practical considerations
» Sample size affects asymptotic property validity

* Robustness varies with assumption violations (normality, independence)

12.3 Best Unbiased Estimators and Rao-Blackwell Theorem

Best unbiased estimators are crucial in statistical inference. They provide the most accurate parameter
estimates with the lowest variance among all unbiased estimators. Understanding these estimators helps
us make more precise inferences from data.

The Rao-Blackwell Theorem is a key tool for improving estimators. It shows how to use sufficient statistics
to reduce variance and create better estimators. This process is essential for constructing best unbiased
estimators in various statistical scenarios.

Best Unbiased Estimators

Concept of best unbiased estimator
* Unbiased estimator expected value matches true parameter value E[é] =0
* Variance of estimators quantifies precision lower variance indicates better estimator

* Best unbiased estimator (BUE) achieves lowest variance among all unbiased estimators meets
Cramér-Rao lower bound

« Efficiency ratio compares minimum possible variance to actual variance BUE has efficiency of 1
(perfect efficiency)

Rao-Blackwell Theorem statement and proof

« Theorem states given unbiased estimator T(X) and sufficient statistic S(X) conditional expectation
E[T(X)|S(X)] is unbiased with lower or equal variance
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« Proof demonstrates unbiasedness of E[T(X)|S(X)] and variance reduction using law of total variance

» Theorem provides method for improving estimators links sufficiency to minimum variance

Application of Rao-Blackwell Theorem

« Identify initial unbiased estimator T(X) (sample mean)

« Determine sufficient statistic S(X) for parameter 8 (sum of observations)

« Calculate conditional expectation E[T(X)|5(X)] yields improved Rao-Blackwellized estimator
» Repeat process for multiple sufficient statistics if present

» Compare variances of original and improved estimators to assess improvement

Construction of BUE with sufficient statistic

* Begin with any unbiased estimator even a poor one (single observation)

* Find minimal sufficient statistic for parameter (sample mean)

* Apply Rao-Blackwell Theorem to obtain improved estimator

+ Check if resulting estimator is complete and sufficient unique BUE if true (Lehmann-Scheffé Theorem)
* Verify optimality by comparing to Cramér-Rao lower bound

* Examples: 1. Bernoulli trials: improve sample proportion using sufficient statistic (total successes) 2.
Normal distribution: construct BUE for variance using sample mean and sum of squared deviations

12.4 Robust Estimation Techniques

Robust estimation is a statistical approach that handles data anomalies and model deviations. It aims to
provide reliable results when faced with outliers or violations of distributional assumptions, making it crucial
for real-world data analysis.

Various types of robust estimators exist, including M-estimators, L-estimators, and R-estimators. These
techniques are applied in situations with outliers or heavy-tailed distributions, offering alternatives to
classical methods that may falter under data contamination.

Robust Estimation Fundamentals

Concept of statistical robustness

* Robustness in statistical estimation refers to ability of estimator to perform well under deviations from
assumed model conditions and resist outliers and influential observations

* Robust estimators maintain reliability with contaminated data and are less sensitive to violations of
distributional assumptions

+ Importance lies in providing more reliable results in real-world scenarios and mitigating impact of data
anomalies on statistical inference

» Breakdown point measures proportion of contaminated data an estimator can handle higher point
indicates greater robustness (50% maximum for location estimators)
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Types of robust estimators

* M-estimators generalize maximum likelihood estimation by minimizing function of data points (Huber
estimator, Tukey's biweight)

* L-estimators use linear combinations of order statistics (median, trimmed mean, Winsorized mean)
* R-estimators based on rank statistics (Hodges-Lehmann estimator)
* S-estimators minimize robust measure of scale

+ MM-estimators combine high breakdown point with high efficiency

Application of robust techniques

« Identify situations requiring robust estimation outliers, heavy-tailed distributions (Student's t), mixture
distributions (Gaussian mixture)

* Apply robust estimation: 1. Choose appropriate estimator based on data characteristics 2. Implement
estimation algorithm 3. Interpret results in context of problem

* Robust regression techniques include least trimmed squares, M-estimation, MM-estimation in
regression

 Time series analysis uses robust trend estimation and seasonal adjustment

Robust vs classical estimators

» Compare using efficiency under normal conditions, bias under contamination, mean squared error
(MSE), influence function

» Performance metrics include relative efficiency and breakdown point

« Simulation studies generate data with various contamination levels and compare estimator
performance

* Trade-offs between robustness and efficiency robust estimators may sacrifice efficiency under ideal
conditions while classical estimators may perform poorly under contamination

» Asymptotic properties include consistency of robust estimators and asymptotic normality

» Empirical comparisons use real-world data analysis examples and visualize estimator performance
(scatter plots, Q-Q plots)
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Unit 13 — Asymptotic Theory & Large
Sample Inference

13.1 Convergence Concepts: In Probability and Distribution

Convergence in probability and distribution are key concepts in statistical inference. They help us
understand how random variables behave as sample sizes grow, allowing us to make predictions and draw
conclusions from data.

These concepts form the foundation for important statistical tools like the Law of Large Numbers and
Central Limit Theorem. Understanding convergence types and their applications is crucial for analyzing
estimators, conducting hypothesis tests, and building statistical models.

Convergence in Probability and Distribution

Convergence types in probability

» Convergence in probability

°an>XWhen,|7i_':QQP(|Xn —X|>€)=0foranye>0
Measures how likely Xn and X are close as h increases (coin flips approaching theoretical probability)
Convergence in distribution

* X, 4 x when L'_To Fx,(x) = Fx(X) at Fx(x) continuity points

Focuses on cumulative distribution functions' limiting behavior (sample means approaching normal
distribution)

Key differences
» Convergence in probability stronger than convergence in distribution
» Convergence in probability implies convergence in distribution, not vice versa

» Convergence in distribution requires only limiting distribution function behavior similarity

Proofs of probabilistic convergence

* Proving convergence in probability
» Markov's inequality bounds probability of large deviations

» Chebyshev's inequality uses variance to bound probability
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Demonstrate M P(| Xy = X| > €) = 0 ¢4, anye>0

n—o

Proving convergence in distribution

« Characteristic functions: 1M @x,(t) = ¢x(t) for a1 ¢t implies X, ix

N—cw

« Lévy's continuity theorem links characteristic function convergence to distribution convergence

Portmanteau theorem provides equivalent conditions for convergence in distribution
Probability measure properties

» Countable additivity ensures probability of disjoint events sum

* Non-negativity keeps probabilities positive

» Normalization maintains total probability as 1

Applications of convergence concepts

 Law of Large Numbers
* Weak LLN: Sample mean converges in probability to population mean

Strong LLN: Sample mean almost surely converges to population mean
Central Limit Theorem
« Standardized sample mean converges in distribution to standard normal

Applies to independent, identically distributed variables with finite variance
Slutsky's theorem
» Combines convergence in distribution and probability

Useful for analyzing functions of converging sequences (sample variance)
Continuous Mapping Theorem
* Preserves convergence in distribution under continuous transformations

* Helpful in deriving limiting distributions of functions (log-likelihood ratios)
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Convergence effects on statistical measures

* Consistency of estimators
* Weak consistency: Estimator converges in probability to true parameter

Strong consistency: Estimator almost surely converges to true parameter
Asymptotic normality
+ Standardized estimator converges in distribution to normal

Enables confidence interval construction and hypothesis testing (t-tests)
Asymptotic efficiency
« Estimator variance converges to Cramér-Rao lower bound

Measures estimator optimality in large samples (maximum likelihood estimators)
Robustness
» Convergence concepts assess estimator and test statistic behavior under assumption violations

Important for real-world applications with imperfect data (outlier effects)
Large sample properties
* Maximum likelihood estimators show consistency and asymptotic normality

* Likelihood ratio test statistics have known asymptotic distributions (chi-square tests)

13.2 Law of Large Numbers and Central Limit Theorem Revisited

Statistical inference relies on understanding how sample statistics relate to population parameters. The
laws of large numbers explain how sample means converge to true population means as sample sizes
increase. This convergence forms the basis for consistent estimators, which become more accurate with
larger samples.

The Central Limit Theorem is a cornerstone of statistical inference, showing that the distribution of sample
means approaches a normal distribution for large samples. This powerful result enables various statistical
techniques, including confidence intervals and hypothesis tests, which are widely used in research and
decision-making.
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Foundations of Statistical Inference

Laws of large numbers

* Weak Law of Large Numbers (WLLN)

» Convergence in probability measures how sample mean approaches population mean

* For i.i.d. random variables with finite mean y, sample mean converges in probability to p
«P(|Xn— | >€)—>0asn— foranye>0

* Proof uses ChebyshevV's inequality demonstrating variance of sample mean approaches zero as n
increases

Applied in estimating population parameters (average height of adults)
Strong Law of Large Numbers (SLLN)
» Almost sure convergence provides stronger guarantee than WLLN
* For i.i.d. random variables with finite mean p, sample mean converges almost surely to y
. P(Li_r:n)?,, =u)=1
* Proof employs Borel-Cantelli lemma showing sum of probabilities of large deviations is finite

Used in proving consistency of machine learning algorithms (gradient descent)
WLLN vs SLLN
* SLLN offers stronger convergence guarantee than WLLN
» WLLN sufficient for many practical applications while SLLN provides theoretical foundation

* Both crucial in understanding behavior of sample statistics as sample size grows

Consistency of estimators
« Consistency concept
* Measures how estimator approaches true parameter value as sample size increases

» Weak consistency based on convergence in probability

Strong consistency based on almost sure convergence

WLLN for weak consistency
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* Demonstrates estimator converges in probability to true parameter

Sample mean as consistent estimator of population mean (average test scores)
SLLN for strong consistency
» Shows estimator converges almost surely to true parameter

Sample variance as consistent estimator of population variance (stock price volatility)
Consistency importance

* Ensures estimates become more reliable with larger samples

» Underpins asymptotic properties of estimators (efficiency, normality)

« Critical in model selection and evaluation (choosing between competing statistical models)

Central Limit Theorem and Its Applications

Central limit theorem

 CLT statement

* For i.i.d. random variables with finite mean p and variance a2, standardized sample mean converges
to standard normal distribution

. \/F(Xan—#) - N(0,1)asn— o
Holds regardless of underlying distribution shape (uniform, exponential)
CLT assumptions

* Random variables must be independent

+ Variables must follow identical distribution

Finite variance required

Proof outline 1. Utilize characteristic functions 2. Apply Lévy's continuity theorem 3. Demonstrate
convergence of characteristic function of standardized sample mean to standard normal

CLT implications
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» Enables approximation of complex sampling distributions
» Forms basis for numerous statistical inference procedures (hypothesis testing, confidence intervals)

 Explains prevalence of normal distribution in natural phenomena (height, blood pressure)

Applications of central limit theorem

» Approximating sample mean distribution
« For large n, )?n = N(u, %2)
Generally, n > 30 considered "large" for many distributions
Confidence interval construction
- General form: Xp = Zap =
* 95% confidence level implies 95% of intervals contain true parameter

Use t-distribution when population standard deviation unknown (small samples)
CLT in hypothesis testing

» Enables Z-test and t-test procedures

* Facilitates power analysis and sample size determination

Applied in A/B testing (comparing conversion rates)
CLT limitations
» Approximation accuracy improves with larger sample sizes
» Remains somewhat robust to minor violations of assumptions

« Caution needed for highly skewed distributions or presence of outliers

13.3 Delta Method and Asymptotic Distributions

The delta method is a powerful tool for approximating distributions of functions of random variables. It uses
Taylor series expansion to simplify complex statistical problems, making it easier to work with transformed
parameters and conduct inference.

This method is particularly useful when dealing with maximum likelihood estimators. By applying the delta
method to MLEs, we can derive asymptotic distributions for transformed parameters, enabling us to
construct confidence intervals and perform hypothesis tests on various statistical quantities.
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Delta Method and Asymptotic Distributions

Concept of delta method
» Approximates distribution of function of random variables using Taylor series expansion
* Applies to differentiable functions and random variables with known asymptotic distributions
« Utilizes original estimator, applied function, and first-order Taylor expansion
* Results in asymptotic normality for asymptotically normal estimators

» Approximates variance using squared derivative and original estimator variance

Application of delta method
« Identify function 9(6) and estimator g
* Determine é asymptotic distribution
« Calculate derivative g'(8)
« Apply formula: g(é) ~N(g(8),[g'(B)1°a?) for 6~ N(B, 0?)
» Multivariate case uses gradient vector and matrix multiplication

* Interpret mean and variance of resulting asymptotic distribution

Asymptotic distribution of MLE
» Maximum likelihood estimation finds parameters maximizing likelihood function
* MLE asymptotically efficient and normally distributed: éMLE ~N(o,1(8)"1)
+ 1(6) represents Fisher information
« Applying delta method to MLE: g(Bumie) ~ N(g(6), [g"(8)121(8) 1)

» Enables inference on transformed parameters (relative risk, odds ratio)
Inference with delta method
« Construct confidence intervals: g(é) * Zap [gf(g)]252

» Formulate null and alternative hypotheses for testing

* Calculate test statistic using asymptotic distribution
9(6) - 9(6o)

» Wald test statistic: -
[9'(8))%6

* Likelihood ratio test alternative for small samples

* Apply to test functions of parameters (difference in means, ratio of variances)
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13.4 Large Sample Tests and Confidence Intervals

Statistical inference relies heavily on large sample theory, which provides powerful tools for estimating
parameters and testing hypotheses. As sample sizes grow, estimators become more precise and
distributions approach normality, allowing for simpler and more robust statistical methods.

Asymptotic efficiency, confidence intervals, and hypothesis tests form the backbone of large sample
inference. These techniques enable researchers to make reliable inferences about populations, compare
estimators, and assess the significance of findings across various fields of study.

Asymptotic Theory and Large Sample Inference

Concept of asymptotic efficiency

» Asymptotic efficiency measures quality of estimator as sample size approaches infinity differs from
finite sample efficiency

* Relative efficiency compares variances of two estimators determines superiority
» Asymptotically efficient estimator achieves Cramér-Rao lower bound minimizes variance
« Efficient estimators yield optimal test statistics maximize power (ability to detect true effects)

* Fisher information quantifies expected curvature of log-likelihood function relates to precision of
parameter estimates

Construction of large sample intervals
» Asymptotic distributions approximate normal for large samples via Central Limit Theorem (CLT)
- Confidence interval formula: 6 =+ Zap2 SE(é) uses estimated standard error
* Interval width narrows as sample size increases improves precision

» Wald interval uses normal approximation while Score interval (Wilson for proportions) often preferred
for better coverage

 Adjustments needed for different parameters (means, proportions, variances) account for specific
distributions

Large sample hypothesis tests

» Wald test statistic: W = (é - 90)2/Var(é) follows asymptotic chi-square distribution
* Score test based on log-likelihood slope at null hypothesis efficient under null

— L(60)
 Likelihood ratio test statistic: /N = _2|°9(Té0)) also follows asymptotic chi-square

» Test comparison considers power characteristics and computational complexity

* Hypothesis testing steps: 1. Formulate null and alternative hypotheses 2. Choose significance level 3.

Calculate test statistic 4. Determine critical values or p-values 5. Make decision and draw conclusions

Application of large sample inference

» Match problem characteristics to suitable methods consider assumptions and limitations
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* Prepare data check outliers assess normality and distributional assumptions

* Apply in various fields (quality control, clinical trials, economics, social sciences)

« Interpret results contextualize findings address practical vs statistical significance

» Communicate findings present to non-technical audiences visualize intervals and test results

* Consider limitations sample size requirements potential biases multiple testing issues
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Unit 14 — Decision Theory in Statistical
Inference

14.1 Decision Theory Framework and Loss Functions

Decision theory provides a framework for making choices under uncertainty. It considers possible
outcomes, available actions, and quantifies consequences using loss functions to guide optimal
decision-making in various fields.

Key components include states of nature, actions, and loss functions. These elements work together to
evaluate decision quality, compare alternatives, and calculate expected losses, helping decision-makers
navigate complex scenarios with greater confidence.

Decision Theory Framework

Components of decision theory framework

« States of nature represent possible outcomes beyond decision-maker's control illustrating uncertainty
(weather conditions, market trends)

+ Actions encompass available choices to decision-maker offering alternatives (investment strategies,
product launch timing)

* Loss functions quantify decision consequences mapping actions and states to numerical values
enabling comparison

Role of loss functions
* Measure discrepancy between true state and chosen action evaluating decision quality
» Compare different actions under various states facilitating informed choices
+ Calculate expected loss or risk guiding optimal decision-making
+ Exhibit non-negative property ensuring losses are zero or positive

* Typically continuous and differentiable for mathematical convenience aiding analysis

Types of loss functions

« Squared error loss L(8, @) = (8 — a)? penalizes larger errors heavily used in regression (stock price
prediction)

« Absolute error loss L(6, @) = |6 — a| treats errors proportionally less sensitive to outliers (inventory
management)

+0-1loss L(6,a) =0 if 6 = a, 1 otherwise used in classification treating all misclassifications equally
(spam detection)

Application of decision theory principles

1. Identify states of nature and actions
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2. Define appropriate loss function
3. Calculate expected loss for each action
4. Choose action with minimum expected loss

+ Bayesian decision theory incorporates prior probabilities updating with new information (medical
diagnosis)

» Minimax decision rule minimizes maximum possible loss useful when state probabilities unknown
(cybersecurity strategies)

* Applications include:
» Medical diagnosis balancing false positives and negatives
* Financial investments optimizing risk and return

* Quality control determining optimal inspection procedures

14.2 Admissibility and Minimax Procedures

Decision theory helps us make smart choices when faced with uncertainty. It's all about weighing risks and
rewards to find the best course of action. This topic dives into key concepts like admissibility and minimax
principles.

We'll explore how to identify good decision rules and protect against worst-case scenarios. These ideas
apply to real-world problems like financial planning, medical diagnoses, and even climate policy.
Understanding these tools can seriously level up your decision-making game.

Decision Theory Fundamentals

Concept of admissibility

+ Admissibility in decision theory denotes rules not dominated by others performing better across all
situations

+ Eliminates suboptimal decision rules narrowing down reasonable options ensuring efficient
decision-making

* Risk functions of admissible rules not uniformly dominated by others (Wald's complete class theorem)
« Pareto optimal in risk function space balancing tradeoffs between different objectives
Properties of admissible rules
» Minimize expected loss for at least one prior distribution (often Bayes rules)
» Cannot be uniformly improved upon by any other rule maximizing performance
» Complete class theorem states set of all admissible rules forms a complete class
* Inadmissible rules dominated by others underperform in all scenarios
* In hypothesis testing relate to power functions and test size (Type | error rate)
Minimax principle in uncertainty

* Minimizes maximum possible loss taking conservative approach to decision-making
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« Utilized when prior distribution unknown or unreliable protecting against worst-case scenarios
» Minimax risk defined as supremum of risk function over all possible parameter values
» Connects to zero-sum games in game theory where players minimize maximum losses

* Robust decisions perform reasonably well across possible scenarios (climate change policy)

Minimax rules for decision problems

» Determine minimax rules: 1. Identify parameter space and action space (estimation range) 2. Define
loss function (squared error, absolute error) 3. Calculate risk function (expected loss over parameter
space) 4. Find rule minimizing maximum risk (linear programming, convex optimization)

« Common loss functions: squared error (continuous variables), absolute error (robust estimation), 0-1
loss (classification)

» Minimax estimators often coincide with Bayes estimators for least favorable priors (normal distribution)

* Minimax hypothesis tests relate to Neyman-Pearson lemma optimizing power under size constraints

14.3 Bayesian Decision Theory

Bayesian decision theory is a powerful framework for making choices under uncertainty. It combines prior
beliefs with new evidence to update our understanding and make informed decisions. This approach is
widely applicable across fields like medicine, finance, and manufacturing.

At its core, Bayesian decision theory uses probability distributions to represent our knowledge and
uncertainty. By comparing different actions based on their expected outcomes, we can find optimal
solutions that balance risks and rewards in complex situations.

Fundamentals of Bayesian Decision Theory

Fundamentals of Bayesian decision theory

» Bayesian decision theory provides framework for making decisions under uncertainty using probability
theory and statistical inference

« Prior distribution represents initial belief about probability of different outcomes before observing new
data

+ Posterior distribution updates belief after incorporating new evidence by combining prior distribution
with likelihood of observed data

« Likelihood function calculates probability of observing data given a particular hypothesis

« Bayes' theorem formulates relationship: P(H|D) = w where H is hypothesis and D is
observed data

+ Bayesian updating revises beliefs based on new information through iterative process

» Marginal likelihood computes total probability of observing the data across all possible hypotheses

« Conjugate priors result in posterior distributions of the same family simplifying calculations
(Beta-Binomial, Normal-Normal)
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Derivation of Bayes decision rules

 Bayes decision rule minimizes expected loss or maximizes expected utility for optimal
decision-making

* Loss function quantifies cost of making incorrect decisions (0-1 loss, squared error loss, absolute error
loss)

» Expected loss averages loss over all possible outcomes given current information
« Utility function measures benefit of decisions opposite of loss function

* Derivation steps for Bayes decision rule: 1. Define decision problem and possible actions 2. Specify
prior distribution 3. Determine likelihood function 4. Calculate posterior distribution 5. Choose action
minimizing expected posterior loss

* Minimax decision rule minimizes maximum possible loss in worst-case scenarios

» Maximum a posteriori (MAP) estimation chooses hypothesis with highest posterior probability

Comparison and Application

Bayesian vs frequentist decision-making

» Bayesian approach treats parameters as random variables incorporating prior knowledge providing
probability distributions

* Frequentist approach treats parameters as fixed unknown constants relying solely on observed data
providing point estimates and confidence intervals

» Bayesian interprets probability as degree of belief while frequentist views it as long-run frequency

» Bayesian handles uncertainty explicitly through probability distributions frequentist uses sampling
distributions and p-values

» Bayesian advantages include incorporating prior knowledge providing full probability distributions and
natural framework for sequential updating

* Frequentist advantages include objectivity (no prior specification) and well-established methods and
properties

« Criticisms: Bayesian subjectivity in prior selection frequentist difficulty interpreting p-values and
confidence intervals

Applications of Bayesian decision theory

« Steps in applying Bayesian decision theory: 1. Define problem and decision space 2. Identify relevant
parameters and prior distributions 3. Collect data and specify likelihood function 4. Compute posterior
distribution 5. Determine optimal decision based on loss function

* Application areas span medical diagnosis financial investment strategies quality control in
manufacturing environmental risk assessment

» Bayesian experimental design optimizes data collection for efficient decision-making

* Hierarchical Bayesian models handle complex multi-level decision problems (clinical trials, ecological
studies)
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» Bayesian networks represent probabilistic relationships graphically for decision support systems
» Markov Chain Monte Carlo (MCMC) methods approximate complex posterior distributions numerically
* Sensitivity analysis assesses impact of prior choices on decisions ensuring robustness

» Bayesian model averaging accounts for model uncertainty in decision-making improving prediction
accuracy

14.4 Sequential Analysis and Optimal Stopping

Sequential analysis revolutionizes data-driven decision-making. It allows for flexible sample sizes and early
termination based on interim results, potentially reducing costs and time in various fields like clinical trials
and quality control.

Optimal stopping techniques are key to sequential analysis. They help determine the best time to take
action, balancing immediate rewards against future gains. This approach optimizes resource allocation and
decision timing across diverse applications.

Sequential Analysis Fundamentals

Concept of sequential analysis
« Statistical method analyzes data as collected allowing early termination based on interim results
* Flexible sample sizes contrast fixed-sample methods requiring predetermined sample size

* Potential reduction in sample size leads to earlier decision-making and cost-effectiveness (clinical
trials)

» Key components include stopping rules, decision boundaries, and sequential probability ratio test
(SPRT)

Optimal stopping problem

» Mathematical framework decides when to take action balancing immediate rewards against future
gains

+ Applicable to various fields optimizes resource allocation and timing of decisions (finance, operations
research)

* Examples include secretary problem, house selling problem, and asset trading

» Key concepts encompass state space, decision space, reward function, and discount factor

Optimal Stopping Techniques and Applications

Optimal stopping rule derivation

» Components include threshold value or condition and stopping time

* Derivation steps: 1. Define problem and parameters 2. Formulate value function 3. Apply dynamic
programming or backward induction 4. Identify optimal decision policy

* Interpretation involves understanding threshold condition and implications for decision-making

« Common techniques use Bellman equation, martingale approach, and variational analysis
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Applications of sequential analysis

* Fields: clinical trials, manufacturing quality control, financial market analysis, environmental monitoring

« Efficient decision-making procedure design: 1. Identify problem and objectives 2. Choose appropriate
technique 3. Define stopping rules and decision boundaries 4. Implement data collection and analysis
process 5. Evaluate and refine procedure

« Efficiency improvement techniques include group sequential methods, adaptive designs, multi-arm
multi-stage (MAMS) trials

* Practical implementation considers computational requirements, missing data handling, bias
addressing, and regulatory compliance
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Unit 15 — Statistical Inference: Real-World
Applications

15.1 Biostatistics and Clinical Trials

Statistical inference plays a crucial role in clinical trials. It helps determine sample sizes, guides study
design, and supports data analysis through hypothesis testing and confidence intervals. These tools are
essential for assessing treatment efficacy, quantifying uncertainty, and ensuring studies have enough
power.

Clinical trial design relies on key principles like randomization and blinding. Randomization balances
confounding factors, while blinding reduces bias. Control groups provide a baseline for comparison, using
placebos, standard treatments, or no intervention depending on the trial's goals and ethical considerations.

Fundamentals of Clinical Trials

Role of statistical inference

» Statistical inference in clinical trials determines sample size needed for adequate statistical power,
guides study design choices like randomization methods, supports data analysis through hypothesis
testing and confidence interval estimation

* Key applications involve hypothesis testing to assess treatment efficacy, confidence interval
estimation to quantify uncertainty, power analysis to ensure sufficient sample size

* Informs decision-making about treatment efficacy by quantifying evidence, safety assessments
through adverse event analysis, comparative effectiveness via head-to-head trials

Principles of clinical trial design

* Randomization allocates participants to treatment groups using methods like simple or block
randomization, reduces selection bias by balancing known and unknown confounding factors (age, sex)

* Blinding reduces placebo effect and observer bias, with single-blind trials keeping participants
unaware of treatment (placebo vs. active drug) and double-blind keeping both participants and
researchers unaware

+ Control groups provide baseline for comparison, may use placebo (sugar pill), standard treatment
(current best practice), or no intervention depending on trial design and ethics

Statistical Analysis and Interpretation

Statistical tests for treatment effects

+ Continuous outcomes analyzed using t-tests for two groups (treatment vs. control), ANOVA for
multiple groups (different drug doses), linear regression for adjusted analyses accounting for covariates

* Binary outcomes assessed via chi-square test for independence in large samples, Fisher's exact test
for small samples, logistic regression for adjusted analyses of factors influencing outcome

» Time-to-event outcomes compared using log-rank test for survival curves (cancer trials), Cox
proportional hazards model for adjusted analyses of factors affecting survival
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* Test selection considers data distribution (normal vs. skewed), sample size (large vs. small), study
design (parallel groups, crossover, factorial)

Interpretation of trial results

* P-values interpreted in context of pre-specified significance level (typically 0.05), avoiding
over-reliance on arbitrary thresholds

« Effect sizes quantified through absolute risk reduction, relative risk or odds ratio, number needed to

treat to contextualize clinical impact

« Confidence intervals provide range of plausible values for true effect, assess precision of estimates

(narrow vs. wide intervals)

« Clinical significance evaluated by considering practical importance of findings, minimal clinically
important difference (pain reduction scale)

« Limitations and potential biases assessed for internal validity (study design flaws) and external validity

(generalizability to broader populations)

» Subgroup analyses interpreted cautiously due to reduced sample size, focus on pre-specified
analyses in study protocol to avoid spurious findings

15.2 Econometrics and Financial Modeling

Statistical inference in econometrics helps economists test theories and make predictions using data. It
involves techniques like hypothesis testing, confidence intervals, and maximum likelihood estimation to
analyze economic relationships and draw conclusions.

Econometricians use these tools to build and evaluate linear regression models, addressing issues like
heteroskedasticity and multicollinearity. They interpret coefficients, assess model validity, and consider
causality versus correlation when drawing insights from their analyses.

Statistical Inference in Econometrics

Application of statistical inference

* Hypothesis testing assesses economic theories using null and alternative hypotheses, evaluates Type

I and Type Il errors, and interprets significance levels and p-values

« Confidence intervals quantify uncertainty around model parameters like regression coefficients

* Maximum likelihood estimation finds parameter values maximizing probability of observed data (GDP

growth rates)

* Generalized Method of Moments (GMM) estimates parameters using moment conditions, useful for

overidentified models (asset pricing)

* Instrumental variables address endogeneity by using instruments correlated with explanatory
variables but not error term (education and income)

 Time series analysis techniques model temporal dependencies
* Autoregressive models capture persistence in economic variables (inflation rates)

* Moving average models incorporate past shocks (stock returns)
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* ARIMA models combine autoregressive and moving average components (unemployment rates)

Construction of linear regression models

* Ordinary Least Squares (OLS) estimation minimizes sum of squared residuals
» Assumptions include linearity, independence, homoscedasticity, and normality of errors
* Properties of OLS estimators include unbiasedness and efficiency under certain conditions

* Multiple linear regression analyzes relationships between multiple independent variables and a
dependent variable

« Coefficients interpret marginal effects holding other variables constant
+ R2 measures proportion of variance explained, adjusted R2 accounts for model complexity
« Dummy variables represent categorical data (industry sectors), interaction terms capture joint effects

* Heteroskedasticity (varying error variance) and autocorrelation (serial correlation) violate OLS
assumptions

* Detection methods include visual inspection of residuals and statistical tests

» Robust standard errors correct for these issues in inference

* Multicollinearity occurs when independent variables are highly correlated

« Variance Inflation Factor (VIF) quantifies severity of multicollinearity

» Model specification involves selecting appropriate variables and functional form
» Omitted variable bias results from excluding relevant variables

* Functional form considers linear vs. nonlinear relationships (log-linear models for elasticities)

Model Evaluation and Interpretation

Validity assessment of econometric models

* F-test evaluates joint significance of all independent variables in the model

« t-tests assess individual coefficient significance, crucial for variable selection

* Durbin-Watson test detects first-order autocorrelation in residuals

* Breusch-Pagan test identifies heteroskedasticity in error terms

» Ramsey RESET test checks for nonlinearities and omitted variables

» Chow test examines structural breaks in time series or panel data (policy changes)
» Hausman test compares fixed and random effects models in panel data

* Unit root tests assess stationarity in time series data

» Augmented Dickey-Fuller test accounts for higher-order autocorrelation

* Phillips-Perron test robust to heteroskedasticity in error process
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Interpretation of model coefficients

« Elasticities measure percentage changes in dependent variable for percentage changes in
independent variables

« Standardized coefficients allow comparison of variables measured on different scales

« Partial effects in nonlinear models vary with levels of independent variables (logit models)
« Statistical significance differs from economic significance, requiring context

+ Causality implies directional relationship, correlation only indicates association

* Endogeneity arises when explanatory variables correlate with error term, biasing estimates
» Goodness-of-fit measures assess model performance

+ R? for linear models, pseudo-R?2 for nonlinear models like logistic regression

* Forecasting predicts future values, prediction intervals quantify uncertainty

* Out-of-sample validation techniques assess model generalizability

* Cross-validation splits data into training and testing sets

* Bootstrapping resamples data to estimate parameter uncertainty

15.3 Machine Learning and Data Science Applications

Statistical inference is the backbone of machine learning and data science. It provides methods to draw
conclusions from data and quantify uncertainty in predictions, playing a crucial role in various ML
applications.

Feature selection techniques help identify the most relevant variables for modeling. From filter methods
using correlation tests to wrapper methods like recursive feature elimination, these approaches optimize
model performance and interpretability.

Statistical Foundations in Machine Learning and Data Science

Role of statistical inference

« Statistical inference forms backbone of ML and data science providing methods to draw conclusions
from data and quantify uncertainty in predictions

» Key ML applications include hypothesis testing for model selection, confidence intervals for parameter
estimation, and probabilistic modeling for predictive tasks

 Bayesian inference updates prior beliefs with observed data using probabilistic programming
languages (PyMC, Stan)

* Frequentist inference employs maximum likelihood estimation and bootstrapping for uncertainty
quantification

Techniques for feature selection

* Filter methods utilize correlation-based and chi-squared tests to select relevant features

» Wrapper methods like recursive feature elimination iteratively remove features to find optimal subset
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* Embedded methods such as LASSO and Ridge regression incorporate feature selection into model
training process

« Cross-validation techniques (K-fold, leave-one-out, stratified) assess model performance on unseen
data

« Statistical tests (paired t-test, ANOVA) compare model performances across different feature sets

« Information criteria (AIC, BIC) balance model fit and complexity for optimal feature selection

Model Performance and Complexity

Overfitting vs underfitting

« Overfitting occurs when model learns noise in training data resulting in high variance, low bias, and
poor generalization

* Underfitting happens when model fails to capture underlying patterns leading to low variance, high
bias, and poor performance on both training and test data

* Bias-variance tradeoff balances model complexity with generalization ability

» Regularization techniques (L1, L2, Elastic Net) prevent overfitting by adding penalty terms to loss
function

* Learning curves diagnose overfitting and underfitting by comparing training error vs validation error

Interpretation of model performance metrics

» Confusion matrix components include true positives, true negatives, false positives, and false
negatives

« Accuracy measures overall correctness of predictions: (TP + TN)/(TP + TN + FP + FN)
« Precision calculates proportion of correct positive predictions: TP/(TP + FP)
« Recall (Sensitivity) determines proportion of actual positives correctly identified: TP/(TP + FN)

* F1-score computes harmonic mean of precision and recall:
2 *(Precision* Recall)/(Precision + Recall)

* ROC curve and AUC visualize tradeoff between true positive rate and false positive rate

« Specificity measures proportion of actual negatives correctly identified: TN/(TN + FP)

15.4 Environmental and Spatial Statistics

Spatial statistics tackles unique challenges in environmental data, like spatial dependence and
non-stationarity. It's crucial for accurate predictions and informed decision-making in environmental
management, helping us spot patterns in pollution levels or species distribution.

From interpolation techniques to regression models, spatial stats offers a toolkit for analyzing geographic
data. These methods account for spatial relationships, allowing us to map unsampled areas, examine
clustering of events, and explore how variables interact across space.
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Spatial Statistics Fundamentals

Importance of statistical inference

» Addresses unique challenges of environmental and spatial data
« Spatial dependence affects observations based on proximity

» Non-stationarity causes relationships to vary across space

» Heterogeneity results in uneven distribution of phenomena

» Enables accurate estimation and prediction of environmental phenomena (air pollution levels, species
distribution)

» Supports evidence-based decision making in environmental management (resource allocation,
conservation planning)

* Helps identify spatial patterns and relationships in environmental data (urban heat islands,
deforestation trends)

+ Facilitates the quantification of uncertainty in spatial predictions

* Allows for hypothesis testing in spatial contexts (clustering of disease outbreaks, impact of land use
changes)

Application of spatial statistical methods

« Spatial interpolation techniques estimate values at unsampled locations
* Inverse distance weighting assigns weights based on distance

* Kriging uses spatial correlation structure for optimal prediction

* Ordinary kriging assumes constant mean

» Universal kriging incorporates spatial trends

* Co-kriging utilizes multiple variables for prediction

« Spatial regression models account for spatial dependencies

« Spatial lag models incorporate neighboring values

« Spatial error models account for spatially correlated errors

» Geographically weighted regression allows for local variation in relationships
* Point pattern analysis examines distribution of discrete events

* Ripley's K function assesses clustering at multiple scales

+ Kernel density estimation creates smooth density surfaces

* Areal data analysis focuses on aggregated data in defined regions

« Spatial autoregressive models incorporate spatial weights

+ Conditional autoregressive models use neighborhood structure

» Geostatistical analysis explores spatial continuity
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« Variogram modeling quantifies spatial dependence

« Spatial prediction generates maps of estimated values

Advanced Spatial Concepts

Concepts of spatial autocorrelation

« Spatial autocorrelation measures similarity of observations based on proximity
* Positive autocorrelation indicates clustering (high values near high, low near low)
» Negative autocorrelation suggests dispersion (high values near low)

» Measures of spatial autocorrelation quantify spatial patterns

* Moran's | ranges from -1 to 1, with 0 indicating no autocorrelation

* Geary's C ranges from 0 to 2, with 1 indicating no autocorrelation

« Variogram analysis explores spatial structure

» Empirical variogram plots average squared differences between pairs of points
* Theoretical variogram models fit mathematical functions to empirical data

* Spherical model reaches sill at specific range

* Exponential model approaches sill asymptotically

+ Gaussian model has parabolic behavior near origin

» Variogram parameters describe spatial dependence

* Nugget represents measurement error or small-scale variation

« Sill indicates total variance of the process

» Range defines distance beyond which spatial correlation diminishes

Interpretation of spatial models

» Model diagnostics assess model performance

* Residual analysis checks for remaining spatial patterns

+ Goodness-of-fit measures evaluate model accuracy (R 2, AIC)

« Significance testing for spatial patterns uses resampling techniques
* Monte Carlo simulations generate null distributions

» Permutation tests randomize spatial locations

* Interpretation of model coefficients reveals spatial relationships

« Spatial lag coefficients indicate strength of neighborhood effects

* Spatial error coefficients measure unobserved spatial processes

* Assessing spatial dependence determines model appropriateness
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» Lagrange Multiplier tests compare model specifications

» Likelihood Ratio tests evaluate nested models

+ Visualization of spatial patterns aids interpretation

» Choropleth maps display aggregated data in color-coded regions

* Hot spot analysis identifies statistically significant clusters

« Cross-validation techniques evaluate prediction accuracy

* Leave-one-out cross-validation assesses model stability

» K-fold cross-validation balances computational efficiency

* Uncertainty quantification in spatial models provides confidence measures
« Prediction intervals capture range of likely values at unsampled locations

+ Confidence intervals for model parameters indicate estimation precision
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