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Unit 1 — Probability Theory Basics

1.1 Set theory and probability axioms

Set theory and probability axioms form the backbone of statistical analysis. These concepts provide a
mathematical framework for describing events, calculating likelihoods, and modeling random phenomena.
Understanding these fundamentals is crucial for developing a solid foundation in theoretical statistics.

From set operations to probability spaces, this topic covers essential tools for statistical reasoning.
Kolmogorov's axioms, conditional probability, and independence are key concepts that enable us to solve
complex problems and make informed decisions based on data.

Fundamentals of set theory

+ Set theory forms the foundation for probability theory in statistics, providing a mathematical framework
for describing and manipulating collections of objects

» Understanding set theory concepts is crucial for developing a solid grasp of probability axioms and
their applications in statistical analysis

« Set theory principles enable statisticians to model complex relationships between events and
calculate probabilities in various scenarios

Sets and elements
* A set represents a collection of distinct objects called elements or members
+ Elements can be numbers, symbols, or any well-defined entities (apples, cars, people)
* Set notation uses curly braces {} to enclose elements (A ={1, 2, 3, 4, 5})

« Sets can be finite (containing a countable number of elements) or infinite (containing an uncountable
number of elements)

» The empty set, denoted by & or {}, contains no elements and is a subset of all sets

Set operations

+ Union (A U B) combines elements from two sets, resulting in a new set containing all unique elements
from both

* Intersection (A n B) creates a new set containing only elements common to both original sets
» Complement (A”c) includes all elements in the universal set that are not in set A
« Difference (A - B) contains elements in set A that are not in set B

» Symmetric difference (A 4 B) includes elements in either A or B, but not in both

Venn diagrams
* Visual representations of sets and their relationships using overlapping circles or shapes
 Each circle represents a set, with overlapping regions showing intersections

» Shading or coloring indicates specific set operations or subsets
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« Useful for illustrating complex set relationships and solving probability problems

« Can represent up to three sets effectively; beyond that, they become more challenging to interpret

Probability spaces

* Probability spaces provide a mathematical framework for modeling random experiments and their
outcomes

* They consist of three fundamental components: sample space, events, and probability measure

» Understanding probability spaces is essential for applying probability theory to real-world statistical
problems

Sample space
» Denoted by Q (omega), represents the set of all possible outcomes of a random experiment
+ Can be finite (coin toss: {heads, tails}) or infinite (measuring time until an event occurs: [0, «))

* Must be mutually exclusive (no two outcomes can occur simultaneously) and collectively exhaustive
(cover all possible outcomes)

» For complex experiments, sample spaces can be constructed using Cartesian products of simpler
sample spaces

* The choice of sample space affects the calculation and interpretation of probabilities

Events

» Subsets of the sample space, representing collections of outcomes we're interested in
» Can be simple (single outcome) or compound (multiple outcomes)

» Form a g-algebra (sigma-algebra) of subsets of the sample space

+ Closed under set operations (union, intersection, complement)

* Allow for the calculation of probabilities for complex scenarios by combining simpler events

Probability measure

* Function P that assigns a real number between 0 and 1 to each event in the sample space
« Satisfies Kolmogorov's axioms (non-negativity, normalization, additivity)

» Measures the likelihood or relative frequency of an event occurring

 Can be discrete (probability mass function) or continuous (probability density function)

» Forms the basis for calculating probabilities of complex events and making statistical inferences

Kolmogorov's axioms

» Fundamental principles of probability theory proposed by Andrey Kolmogorov in 1933
* Provide a rigorous mathematical foundation for probability theory

« Essential for developing consistent and logically sound probability models in statistics
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Non-negativity
« States that the probability of any event A must be non-negative: P(A) =0
* Ensures probabilities are always positive or zero, reflecting real-world intuition
* Applies to all events in the sample space, including impossible events
» Forms the basis for interpreting probabilities as measures of likelihood or relative frequency

* Allows for the development of consistent probability models and calculations

Normalization
* Requires that the probability of the entire sample space Q is equal to 1: P(Q) = 1
* Ensures that the sum of probabilities for all possible outcomes equals 100%
* Reflects the certainty that some outcome from the sample space must occur
* Allows for the interpretation of probabilities as proportions or percentages
« Facilitates the calculation of complementary probabilities: P(A*c) = 1 - P(A)
Additivity
« States that for mutually exclusive events A and B, P(A u B) = P(A) + P(B)
» Extends to countable unions of mutually exclusive events (g-additivity)
» Enables the calculation of probabilities for complex events by summing simpler ones
 Forms the basis for deriving more advanced probability rules and theorems

* Crucial for developing probability models for real-world scenarios with multiple outcomes

Properties of probability

* Derived from Kolmogorov's axioms, these properties provide powerful tools for probability calculations

* Essential for solving complex probability problems and developing statistical models

» Form the foundation for more advanced concepts in probability theory and statistical inference
Complement rule

« States that for any event A, P(A*c) = 1 - P(A)

* Allows for the calculation of probabilities of complementary events

» Useful when it's easier to calculate the probability of an event not occurring

* Applies to both discrete and continuous probability distributions

» Forms the basis for calculating probabilities of unions using De Morgan's laws

Inclusion-exclusion principle

* Generalizes the addition rule for non-mutually exclusive events

Fiveable archived study guides Page 4



* For two events: P(A u B) = P(A) + P(B) - P(A n B)
+ Extends to three or more events with alternating signs for intersections
+ Crucial for solving problems involving overlapping sets or events

* Provides a systematic approach to calculating probabilities of complex unions

Monotonicity

« States that if A is a subset of B, then P(A) < P(B)

+ Reflects the intuition that the probability of a more specific event cannot exceed that of a more general
one

* Applies to nested events and helps in comparing probabilities of related events
+ Useful in developing bounds and inequalities for probabilities

» Forms the basis for more advanced concepts like stochastic dominance in probability theory

Conditional probability
* Describes the probability of an event occurring given that another event has already occurred
« Fundamental concept in probability theory, essential for analyzing dependent events

* Provides a framework for updating probabilities based on new information or evidence

Definition and interpretation
* Defined as P(A|B) = P(A n B) / P(B), where P(B) > 0
* Represents the probability of event A occurring, given that event B has already occurred
* Reduces the sample space to only those outcomes where B has occurred
» Can be interpreted as a way of updating probabilities based on new information

» Forms the basis for Bayesian inference and decision theory in statistics
Bayes' theorem

+ Relates conditional probabilities: P(A|B) = P(B|A) * P(A) / P(B)

* Allows for the reversal of conditional probabilities

+ Crucial for updating probabilities in light of new evidence or data

» Forms the foundation of Bayesian statistics and machine learning algorithms

* Applies to various fields (medicine, law, finance) for probabilistic reasoning and decision-making
Law of total probability

« States that P(A) = £ P(A|Bi) * P(Bi), where {Bi} forms a partition of the sample space
+ Allows for the calculation of marginal probabilities from conditional probabilities

+ Useful when direct calculation of P(A) is difficult, but conditionals are known
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* Forms the basis for solving complex probability problems involving multiple conditions

* Applies to both discrete and continuous probability distributions

Independence

+ Describes the relationship between events where the occurrence of one does not affect the probability
of the other

« Crucial concept in probability theory, simplifying calculations and analysis of complex systems

» Forms the basis for many statistical models and assumptions in data analysis

Independent events

» Two events A and B are independent if P(A n B) = P(A) * P(B)

« Equivalent to P(A|B) = P(A) and P(B|A) = P(B)

« Simplifies probability calculations for multiple events

» Often an assumption in statistical models (coin tosses, dice rolls)

* Independence can be counterintuitive in some real-world scenarios, requiring careful analysis

Pairwise vs mutual independence

« Pairwise independence occurs when any two events in a set are independent

» Mutual independence requires independence among all possible subsets of events
* Mutual independence implies pairwise independence, but not vice versa

« Crucial distinction in probability theory and statistical modeling

« Affects the calculation of joint probabilities and the applicability of certain theorems (Central Limit
Theorem)

Probability distributions
» Mathematical functions that describe the likelihood of different outcomes in a random experiment
» Fundamental to statistical analysis, providing a framework for modeling random variables

« Essential for making inferences about populations based on sample data

Discrete vs continuous

* Discrete distributions model random variables with countable outcomes (coin tosses, number of
customers)

+ Continuous distributions model random variables with uncountable outcomes (height, weight, time)

* Discrete distributions use probability mass functions (PMF), while continuous use probability density
functions (PDF)

* Choice between discrete and continuous depends on the nature of the random variable and the
problem at hand
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» Some distributions (Poisson) can bridge the gap between discrete and continuous models

Cumulative distribution function

+ Denoted as F(x) = P(X < x), represents the probability that a random variable X is less than or equal to
X

+ Defined for both discrete and continuous distributions
* Always non-decreasing and right-continuous
* Ranges from 0 to 1 as x goes from -» to +«

« Useful for calculating probabilities of intervals and quantiles of distributions

Probability mass vs density function

* Probability mass function (PMF) applies to discrete distributions, giving P(X = x) for each possible
value

* Probability density function (PDF) applies to continuous distributions, representing the relative
likelihood of different values

* PMF values sum to 1, while the integral of a PDF over its entire range equals 1
* PDF values can exceed 1, unlike PMF values which are always between 0 and 1

* Both are used to calculate probabilities, expected values, and other distribution properties

Set theory applications

* Set theory principles are widely used in probability and statistics to solve complex problems
* Provides a framework for organizing and analyzing data in various statistical applications

* Essential for understanding and implementing advanced statistical techniques

Counting techniques

» Fundamental principle of counting: if task A has m ways and task B has n ways, there are m * n ways
to do both

» Permutations: arrangements of objects where order matters (n!/(n-r)! for r objects from n)
» Combinations: selections of objects where order doesn't matter (n choose r = nl/(r!(n-r)!))
+ Used in calculating probabilities of complex events and in sampling theory

» Forms the basis for understanding probability distributions (binomial, hypergeometric)

Combinatorics in probability

* Applies counting techniques to calculate probabilities in discrete sample spaces
+ Used in calculating probabilities of compound events (poker hands, lottery outcomes)
+ Essential for deriving probability distributions (binomial, multinomial, hypergeometric)

* Provides tools for analyzing discrete random variables and their properties
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* Forms the foundation for more advanced topics in discrete mathematics and probability theory

Measure theory foundations

* Provides a rigorous mathematical framework for probability theory and statistical analysis
+ Extends the concepts of length, area, and volume to more abstract sets and spaces

* Essential for understanding advanced probability concepts and stochastic processes

Sigma-algebras

* Collection of subsets of a set that is closed under countable set operations (union, intersection,
complement)

» Forms the structure for defining measurable sets and events in probability theory
» Must contain the empty set and the entire sample space
+ Allows for the definition of probability measures on complex spaces

« Essential for developing a consistent theory of integration and probability

Measurable spaces

* Consists of a set Q and a g-algebra F of subsets of Q

* Provides the framework for defining random variables and probability measures

* Allows for the extension of probability concepts to more abstract spaces

« Essential for developing theories of stochastic processes and measure-theoretic probability

» Forms the basis for understanding Lebesgue integration and its applications in advanced statistics

Advanced probability concepts

* Build upon fundamental probability theory to address more complex statistical problems
« Essential for understanding modern statistical methods and their theoretical foundations

+ Provide tools for analyzing convergence and asymptotic behavior of random variables

Limit theorems

» Law of Large Numbers (LLN) states that the sample mean converges to the expected value as sample
size increases

* Central Limit Theorem (CLT) states that the distribution of sample means approaches a normal
distribution for large samples

* Provide the theoretical basis for many statistical inference techniques (confidence intervals,
hypothesis tests)

« Essential for understanding sampling distributions and their properties

» Form the foundation for asymptotic theory in statistics
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Convergence of random variables

« Different modes of convergence (almost sure, in probability, in distribution, in mean)

+ Describes how sequences of random variables behave as the sample size approaches infinity
« Essential for understanding the behavior of estimators and test statistics in large samples

* Provides the theoretical basis for consistency and efficiency of statistical estimators

* Crucial for developing asymptotic properties of statistical methods and understanding their limitations

1.2 Conditional probability

Conditional probability is a fundamental concept in statistics that helps us understand how the likelihood of
one event changes when we know another event has occurred. It's like updating our beliefs based on new
information, allowing us to make more accurate predictions and decisions.

This topic builds on basic probability theory, introducing tools like Bayes' theorem and the law of total
probability. These concepts are essential for analyzing complex systems, making informed choices, and
developing advanced statistical models used in fields ranging from medicine to machine learning.

Definition of conditional probability

+ Conditional probability forms a cornerstone of probability theory in Theoretical Statistics

+ Quantifies the likelihood of an event occurring given that another event has already occurred

* Provides a framework for updating probabilities based on new information or observed events
Notation for conditional probability

* Expressed as P(A|B) reads "probability of A given B"

« Calculated using the formula P(A|B) = %

* Requires P(B) > 0 to avoid division by zero

» Uses vertical bar | to denote "given" in probability statements

Interpretation of conditional events

* Represents a restricted sample space where event B has occurred
* Adjusts probabilities based on known information or observed outcomes
* Helps in analyzing dependent events and updating beliefs

* Applies in various fields (finance, epidemiology, machine learning)

Fundamental properties

+ Conditional probability serves as a foundation for more complex probabilistic concepts
» Enables the derivation of important theorems and rules in probability theory

« Facilitates the analysis of complex systems and decision-making processes

Fiveable archived study guides Page 9



Multiplication rule of probability
- States that P(A and B) = P(A) * P(B|A) or P(B) * P(A|B)
» Allows calculation of joint probabilities using conditional probabilities
+ Extends to multiple events: P(An B n C) = P(A) * P(B|A) * P(C|A n B)

* Useful in constructing probability trees and solving complex probability problems

Law of total probability

* Expresses the probability of an event A as the sum of conditional probabilities

e Formula:

P(A) = > P(A|B))P(B))
i=1

, Where B_i form a partition of the sample space
* Allows breaking down complex problems into simpler, conditional components
* Applies in scenarios with mutually exclusive and exhaustive events (medical diagnoses)

Bayes' theorem

* Relates conditional probabilities of events A and B: P(A|B) = %

» Enables updating prior probabilities with new evidence to obtain posterior probabilities

» Widely used in machine learning, spam filtering, and medical diagnosis

» Forms the basis for Bayesian inference and decision-making under uncertainty
Independence vs dependence

* Crucial concepts in probability theory affecting how events interact

* Impact the calculation and interpretation of conditional probabilities

* Influence the choice of statistical models and analysis techniques
Definition of independence

» Two events A and B are independent if P(A|B) = P(A) or P(B|A) = P(B)

* Equivalent to P(A n B) = P(A) * P(B)

* Implies that the occurrence of one event does not affect the probability of the other

» Examples include fair coin tosses or drawing cards with replacement

Conditional independence

» Events A and B are conditionally independent given C if P(A|B,C) = P(A|C)
* Does not imply unconditional independence

* Occurs when the dependence between A and B is fully explained by C
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« Utilized in graphical models (Bayesian networks) to simplify complex probability structures

Conditional probability distributions

+ Describe the probability distribution of a random variable given the occurrence of another event
« Essential for modeling and analyzing stochastic processes and multivariate data

» Form the basis for many statistical inference and prediction techniques

Discrete conditional distributions

* Defined for discrete random variables Xand Y as P(X=x|Y =y)
* Represented using probability mass functions (PMFs)
» Sum to 1 for all possible values of X given a specific Y

* Used in analyzing categorical data and discrete-time processes (Markov chains)

Continuous conditional distributions

* Defined for continuous random variables X and Y as f(x|y)
* Represented using conditional probability density functions (PDFs)
* Integrate to 1 over the entire range of X given a specific Y

* Applied in regression analysis, time series forecasting, and signal processing

Applications of conditional probability

+ Conditional probability finds extensive use in various fields of study and real-world applications
» Enables more accurate predictions and decision-making by incorporating relevant information

+ Serves as a fundamental tool in data analysis, machine learning, and statistical inference

Medical diagnosis

* Calculates the probability of a disease given certain symptoms or test results
« Utilizes Bayes' theorem to update disease probabilities based on new information
* Helps in interpreting medical test results (sensitivity, specificity, positive predictive value)

+» Guides treatment decisions and resource allocation in healthcare settings

Forensic evidence analysis

* Assesses the probability of guilt given forensic evidence in criminal investigations
* Applies likelihood ratios to evaluate the strength of evidence (DNA matching, fingerprints)
+ Helps avoid fallacies in legal reasoning (prosecutor's fallacy, defense attorney's fallacy)

« Contributes to the development of forensic databases and identification systems
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Risk assessment

« Evaluates the probability of adverse events given certain conditions or risk factors
+ Used in insurance underwriting, financial modeling, and environmental impact studies
* Incorporates historical data and expert knowledge to estimate future risks

 Guides decision-making in project management and safety engineering

Conditional expectation
* Represents the expected value of a random variable given the occurrence of another event
* Plays a crucial role in prediction, estimation, and statistical modeling
» Forms the basis for many advanced statistical techniques and machine learning algorithms
Definition and properties
* Defined as E[X]|Y] for random variables X and Y
« Satisfies the law of total expectation: E[X] = E[E[X|Y]]
» Minimizes the mean squared error among all functions of Y
» Possesses linearity property: E[aX + bY|Z] = aE[X|Z] + bE[Y]|Z]
Conditional variance
» Measures the variability of a random variable given another variable
» Defined as Var(X|Y) = E[(X - E[X|Y])"2 | Y]
« Satisfies the law of total variance: Var(X) = E[Var(X|Y)] + Var(E[X|Y])
* Used in variance decomposition and hierarchical modeling

Conditional probability in decision theory

* Applies conditional probability concepts to make optimal decisions under uncertainty
* Incorporates available information to evaluate potential outcomes and their probabilities
* Provides a framework for rational decision-making in complex scenarios

Decision trees
+ Graphical representations of decision-making processes involving uncertain events
« Utilize conditional probabilities to calculate probabilities of different outcomes
* Allow for the evaluation of multiple decision paths and their expected values
« Facilitate sensitivity analysis and identification of critical decision points

Expected value calculations

» Compute the average outcome of a decision considering all possible scenarios
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* Incorporate conditional probabilities to weight different outcomes
» Formula: E[X] = Z x_i * P(X = x_i | Decision)

+ Guide decision-making by choosing options with the highest expected value

Limitations and misconceptions

 Understanding the limitations and potential pitfalls in applying conditional probability
* Recognizing common errors in probabilistic reasoning to avoid misinterpretation of results

+ Developing critical thinking skills for proper application of conditional probability concepts

Base rate fallacy

* Occurs when the underlying probability of an event (base rate) is ignored
* Results in overestimating the probability of rare events given positive test results
» Addressed by properly applying Bayes' theorem and considering prior probabilities

* Relevant in medical diagnosis, spam filtering, and anomaly detection

Prosecutor's fallacy

+ Confusing P(Evidence|lnnocence) with P(Innocence|Evidence)
* Leads to overestimating the probability of guilt given matching evidence
+ Avoided by carefully distinguishing between conditional probabilities

« Important in legal proceedings and forensic science interpretations

Advanced topics

+ Explore more complex applications of conditional probability in advanced statistical models
» Extend conditional probability concepts to analyze dynamic systems and complex networks

* Provide a foundation for understanding sophisticated machine learning algorithms

Conditional probability in Markov chains

« Describes transition probabilities between states in a sequence of events
« Utilizes the Markov property: future state depends only on the current state
* Applies in modeling stochastic processes (weather patterns, stock prices, queuing systems)

* Forms the basis for hidden Markov models and Markov chain Monte Carlo methods

Conditional probability in Bayesian networks

 Represents probabilistic relationships among a set of variables using directed acyclic graphs
» Encodes conditional independence assumptions to simplify complex probability structures

 Enables efficient inference and reasoning under uncertainty
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* Used in expert systems, diagnostic tools, and causal modeling in various domains

1.3 Independence

Independence is a crucial concept in theoretical statistics, describing relationships between events or
variables. It simplifies probability calculations and underpins many statistical models used in data analysis
and decision-making.

Understanding independence allows statisticians to work with complex systems more efficiently. It's
essential for joint probability distributions, hypothesis testing, and machine learning algorithms, helping to
reveal underlying patterns in data.

Definition of independence

* Independence forms a fundamental concept in theoretical statistics, describing relationships between
events or variables

» Understanding independence enables statisticians to simplify complex probability calculations and
make inferences about populations

* Independence assumptions underpin many statistical models and techniques used in data analysis
and decision-making

Probability theory context
« Two events A and B are independent if P(A n B) = P(A) - P(B)
» Occurrence of one event does not affect the probability of the other event occurring
« Extends to multiple events: P(A1 N A2 n ... nAp) =P(A1) - P(A2)-... - P(Ap)

+ Allows simplification of joint probability calculations

Statistical independence vs causality
* Independence does not imply lack of causal relationship
» Two variables can be statistically independent but causally related (confounding factors)
» Causal independence requires additional assumptions and experimental design

+ Observational studies may reveal statistical independence but cannot establish causality

Joint probability distribution
+ Describes the probability of multiple random variables taking on specific values simultaneously
* Crucial for understanding relationships between variables in multivariate analysis

* Independence simplifies joint distributions, allowing factorization into marginal distributions
Product rule for independence
« For independent random variables X and Y: fx, v(X, y) = fx(x) - fy(y)

« Generalizes to n independent variables: fxi, ..., x,(X1, .. ., Xn) = fx,(X1) - ... = fx, (Xn)

« Simplifies calculations and modeling of complex systems
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* Allows for easier estimation of joint probabilities from marginal probabilities

Factorization of joint distribution

* Independent variables allow joint distribution to be factored into product of marginal distributions
* Reduces computational complexity in high-dimensional problems
» Enables efficient sampling and inference in probabilistic models

* Factorization principle used in graphical models and Bayesian networks

Independence vs correlation

* Independence and correlation capture different aspects of relationships between variables
* Uncorrelated variables may still be dependent (non-linear relationships)

* Independent variables are always uncorrelated, but the converse is not always true

Correlation coefficient

* Measures linear relationship between two variables
* Pearson correlation coefficient ranges from -1 to 1
« Zero correlation does not imply independence (non-linear dependencies)

* Perfect correlation (1 or -1) implies dependence, but not vice versa

Examples of independent uncorrelated variables

* Uniform distribution on a circle: angle and radius are independent and uncorrelated
« Bivariate normal distribution with zero correlation coefficient
» Outcome of fair coin tosses: each toss independent and uncorrelated with others

* Stock prices of unrelated companies in different industries

Testing for independence

« Statistical tests assess evidence against null hypothesis of independence
+ Choice of test depends on nature of data (categorical, continuous) and sample size

« Significance level determines threshold for rejecting independence hypothesis

Chi-square test

* Used for categorical variables in contingency tables
» Compares observed frequencies with expected frequencies under independence

* Test statistic:

2 _ N0, —Ey)?
X*=2 =g
I

* Degrees of freedom: (rows - 1) * (columns - 1)
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* Large chi-square value suggests dependence between variables

Fisher's exact test

« Alternative to chi-square test for small sample sizes

« Calculates exact probability of observed contingency table under independence
» Based on hypergeometric distribution

* More accurate than chi-square for 2x2 tables with expected cell counts <5

» Computationally intensive for large tables

Conditional independence

+ Concept of independence between variables given knowledge of other variables
* Crucial in understanding complex relationships in multivariate systems

* Allows for simplification of probabilistic models and inference

Definition and properties
« X and Y are conditionally independent given Z if P(X, Y|Z) = P(X|Z) - P(Y|Z)
« Equivalent to P(X|Y, Z) = P(X|Z) and P(Y|X, Z) = P(Y|2)
* Does not imply marginal independence between X and Y

* Transitive property does not hold for conditional independence

Graphical models representation

+ Directed acyclic graphs (DAGs) represent conditional independence relationships
» Markov properties connect graph structure to conditional independence
« d-separation criterion determines conditional independence from graph structure

* Used in causal inference, Bayesian networks, and structural equation modeling

Independence in probability theory

» Fundamental concept in probability theory and statistical inference
« Allows for simplification of complex probability calculations

» Underpins many statistical techniques and modeling approaches

Independent events

*» Occurrence of one event does not affect probability of other events
« For independent events A and B: P(A n B) = P(A) - P(B)
» Generalizes to multiple events: P(A1 N A2 n... NAp) =P(A1) - P(A2) ... - P(Ap)

* Independence of events does not imply independence of their complements
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Independent random variables

« Joint distribution factorizes into product of marginal distributions
« For continuous variables: fx, (X, ¥) = fx(x) - fy(y)

« For discrete variables: P(X =X, Y=y) =P(X =Xx) P(Y=Yy)

* Independence implies uncorrelatedness, but not vice versa

* Moment-generating functions of independent variables multiply

Applications of independence

* Independence assumptions simplify statistical modeling and inference
» Understanding dependencies crucial for accurate analysis and decision-making

* Violations of independence can lead to biased or inefficient estimates

Sampling methods

» Simple random sampling ensures independence between observations
+ Cluster sampling introduces dependencies within clusters
« Stratified sampling balances independence with representation of subgroups

* Time series data often violates independence assumption (autocorrelation)

Statistical inference

* Central Limit Theorem relies on independence of random variables
» Maximum likelihood estimation often assumes independent observations
* Hypothesis tests (t-test, ANOVA) typically require independent samples

* Bootstrapping methods assume independence for resampling

Multivariate independence

» Extends concept of independence to multiple variables
* Important in high-dimensional data analysis and machine learning

« Different levels of independence (pairwise, mutual) have distinct implications

Pairwise vs mutual independence

« Pairwise independence: each pair of variables independent
* Mutual independence: joint distribution factorizes completely
* Mutual independence implies pairwise independence, but not vice versa

« Example of pairwise but not mutually independent: X1, X2, X3 where X3 = X1 & X2 (XOR)
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Copulas and dependence structures

» Copulas separate marginal distributions from dependence structure

+ Allows modeling complex dependencies while preserving marginal distributions
« Sklar's theorem connects joint distributions to copulas

» Gaussian copula assumes multivariate normal dependence structure

» Archimedean copulas (Clayton, Gumbel) model different tail dependencies

Independence assumptions

* Many statistical models rely on independence assumptions
* Violations can lead to biased estimates and incorrect inferences

* Importance of checking and addressing violations in data analysis

In statistical models

* Linear regression assumes independent errors

« Time series models often assume independent innovations

* Principal Component Analysis assumes independent components

* Factor analysis assumes conditional independence given latent factors

» Hidden Markov Models assume conditional independence of observations given states

Violations and consequences

« Autocorrelation in time series data violates independence assumption

* Clustered or hierarchical data structures introduce dependencies

* Heteroscedasticity in regression can result from non-independent errors
* Inflated Type | error rates in hypothesis tests with dependent samples

* Biased standard errors and confidence intervals in presence of dependencies

Measures of dependence

» Quantify strength and nature of relationships between variables
» Go beyond linear correlation to capture complex dependencies

* Important for feature selection and understanding data structure

Mutual information

* Measures general dependence between variables

» Based on Kullback-Leibler divergence between joint and product distributions
X Y) = 2 plx, y)log 2ouy)
X'y

p(x)p(y)
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« Zero for independent variables, positive for dependent variables

« Captures both linear and non-linear dependencies

Kendall's tau vs Spearman's rho

» Non-parametric measures of association based on ranks

» Kendall's tau: proportion of concordant vs discordant pairs

» Spearman's rho: Pearson correlation of ranked variables

* Both range from -1 to 1, with 0 indicating no monotonic relationship

» Kendall's tau more robust to outliers, Spearman's rho more sensitive to data

Independence in machine learning

* Independence assumptions underlie many machine learning algorithms
* Feature independence crucial for efficient learning and generalization

« Violations of independence can lead to overfitting or poor model performance

Feature selection
* Independent features reduce redundancy and improve model efficiency
* Mutual information used to select informative, non-redundant features
* Principal Component Analysis creates uncorrelated (but not necessarily independent) features

* Independent Component Analysis aims to find statistically independent components

Naive Bayes classifier

» Assumes conditional independence of features given class label

« Simplifies joint probability calculation: P(X1s - - -+ Xnly) = rID(Xfly)
I

* Often performs well even when independence assumption is violated
« Efficient for high-dimensional problems and small training sets

« Variants (e.g., Gaussian Naive Bayes, Multinomial Naive Bayes) for different data types

1.4 Bayes' theorem

Bayes' theorem is a powerful tool in statistics, allowing us to update our beliefs based on new evidence. It
connects prior knowledge, observed data, and posterior probabilities, enabling more accurate predictions
and decision-making.

This fundamental concept has wide-ranging applications, from medical diagnosis to spam filtering. By
understanding Bayes' theorem, we can tackle complex problems in various fields, making it an essential
skill for statisticians and data scientists.
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Foundations of Bayes' theorem
 Bayes' theorem forms the cornerstone of probabilistic inference in Theoretical Statistics
* Provides a mathematical framework for updating beliefs based on new evidence
+ Enables statisticians to quantify uncertainty and make data-driven decisions
Conditional probability basics
* Defines probability of an event given that another event has occurred

« Expressed mathematically as P(A|B) = P‘,ﬁ‘(g,’f’)

» Fundamental to understanding how Bayes' theorem works
* Allows for more accurate probability calculations in complex scenarios

* Used in various fields (epidemiology, finance, weather forecasting)

Components of Bayes' theorem

* Prior probability represents initial belief before new evidence
* Likelihood function measures probability of observing data given a hypothesis
« Posterior probability updates belief after considering new evidence

» Marginal likelihood normalizes the posterior distribution

P(D|H) - P(H
« Formula: P(H|D) = %

Derivation from axioms
+ Stems from basic probability axioms and rules
« Utilizes the definition of conditional probability
* Involves algebraic manipulation of joint probability

* Demonstrates the theorem's consistency with fundamental probability theory

* Provides insight into the theorem's universal applicability in probabilistic reasoning

Applications of Bayes' theorem

+» Widely used in various domains of Theoretical Statistics
» Enables probabilistic modeling and inference in complex systems

* Facilitates decision-making under uncertainty in diverse fields

Statistical inference

+ Allows estimation of population parameters from sample data
» Enables hypothesis testing and model comparison

* Provides a framework for updating beliefs as new data becomes available
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» Used in A/B testing (website design optimization)

* Applies to clinical trials (drug efficacy assessment)

Machine learning

» Forms the basis of Bayesian machine learning algorithms
» Enables probabilistic classification and regression models
* Facilitates feature selection and model regularization

* Used in spam detection (email filtering)

* Applies to recommender systems (personalized content suggestions)

Decision theory

* Provides a framework for making optimal decisions under uncertainty

* Incorporates prior knowledge and new evidence into decision-making process
+ Enables calculation of expected utility for different actions

+ Used in portfolio optimization (investment strategies)

* Applies to medical diagnosis (treatment selection)
Prior probability
* Represents initial belief or knowledge before observing new data

* Plays a crucial role in Bayesian inference and decision-making

* Influences the posterior distribution, especially with limited data

Types of priors
« Conjugate priors simplify posterior calculations
* Improper priors have infinite integrals but can lead to proper posteriors
« Jeffreys priors are invariant under reparameterization
» Empirical priors derived from previous studies or expert knowledge

* Hierarchical priors model complex, multi-level relationships

Informative vs non-informative priors
* Informative priors incorporate specific prior knowledge or beliefs
 Non-informative priors aim to have minimal impact on posterior inference
« Uniform priors assign equal probability to all possible parameter values
« Jeffreys priors provide invariance under parameter transformations

* Choice between informative and non-informative priors depends on available prior knowledge and
research goals
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Prior elicitation methods

* Expert opinion gathering through structured interviews or surveys
+ Historical data analysis from previous similar studies

» Meta-analysis of published literature in the field

» Empirical Bayes methods using data to estimate prior parameters

* Sensitivity analysis to assess the impact of different prior choices

Likelihood function

 Represents the probability of observing the data given a specific parameter value
* Plays a central role in both Bayesian and frequentist inference

« Connects the observed data to the underlying statistical model

Definition and properties
« Mathematically expressed as L(6]|x) = P(x|6)
* Not a probability distribution over parameters
* Invariant under one-to-one transformations of parameters
» Likelihood ratios remain constant under sufficient statistics

* Factorization theorem allows simplification of complex likelihoods

Maximum likelihood estimation

* Finds parameter values that maximize the likelihood function
* Provides point estimates of parameters

* Often used as a frequentist alternative to Bayesian methods
» Can be computationally challenging for complex models

* May lead to biased estimates in small samples

Likelihood principle
« States that all relevant information about parameters is contained in the likelihood function
* Implies that inference should depend only on observed data, not potential unobserved data
* Contrasts with some frequentist methods (p-values)
 Supported by both Bayesian and some non-Bayesian statisticians
 Has implications for experimental design and data analysis

Posterior probability

* Represents updated beliefs after observing new data
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» Combines prior knowledge with likelihood of observed data
* Forms the basis for Bayesian inference and decision-making

Interpretation and calculation

+ Calculated using Bayes' theorem: P(8]x) = w

* Provides a probability distribution over parameter values
* Allows for probabilistic statements about parameters
+ Can be challenging to compute for complex models

« Often requires numerical integration or sampling methods

Posterior predictive distribution

* Represents the distribution of future observations given observed data
* Incorporates uncertainty in parameter estimates

+ Calculated by integrating over the posterior distribution

* Used for model checking and prediction

» Enables probabilistic forecasting and decision-making

Credible intervals vs confidence intervals

* Credible intervals provide probabilistic bounds on parameter values

+ Confidence intervals have a frequentist interpretation based on repeated sampling
* Credible intervals directly answer questions about parameter probability

+ Confidence intervals often misinterpreted as probability statements

* Credible intervals can be asymmetric and more intuitive in some cases

Bayesian vs frequentist approaches

* Represent two fundamental paradigms in statistical inference
« Differ in their interpretation of probability and parameter estimation

* Both have strengths and limitations in various applications

Philosophical differences

 Bayesians view probability as degree of belief

* Frequentists interpret probability as long-run frequency

» Bayesians incorporate prior knowledge into analysis

* Frequentists focus solely on data and sampling distributions

» Bayesians update beliefs, frequentists make decisions based on fixed hypotheses
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Practical implications

» Bayesian methods provide direct probability statements about parameters

* Frequentist methods rely on p-values and confidence intervals

» Bayesian approach naturally handles small sample sizes and complex models
* Frequentist methods often have well-established procedures and software

» Bayesian methods can be more computationally intensive

Strengths and limitations

» Bayesian methods excel in incorporating prior knowledge and uncertainty

* Frequentist methods provide objective procedures with well-understood properties

» Bayesian approach struggles with improper priors and computational challenges

* Frequentist methods face difficulties with nuisance parameters and multiple comparisons

+ Choice between approaches depends on research goals and available resources

Computational methods

+ Essential for implementing Bayesian inference in practice
» Enable analysis of complex models and large datasets

 Continuously evolving with advances in computing power and algorithms

Markov Chain Monte Carlo

» Generates samples from posterior distribution using Markov chains

* Includes popular algorithms (Metropolis-Hastings, Hamiltonian Monte Carlo)
* Allows for inference in high-dimensional and complex models

* Requires careful tuning and convergence diagnostics

» Widely used in Bayesian statistics and machine learning
Gibbs sampling

* Special case of MCMC for multivariate distributions

» Samples each parameter conditionally on others

* Particularly useful for hierarchical and mixture models

» Can be more efficient than general MCMC methods

+ Requires full conditional distributions to be known and easily sampled
Variational inference

» Approximates posterior distribution using optimization techniques
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* Often faster than MCMC for large-scale problems
* Provides lower bound on marginal likelihood for model comparison
* May underestimate posterior variance

+ Gaining popularity in machine learning and big data applications

Advanced topics

* Represent cutting-edge developments in Bayesian statistics
» Address complex modeling scenarios and computational challenges

» Expand the applicability of Bayesian methods to diverse problems

Hierarchical Bayesian models

* Model parameters as coming from a population distribution

* Allow for partial pooling of information across groups

+ Useful for analyzing nested or clustered data

» Can handle varying effects and complex dependency structures

* Examples include multi-level regression and random effects models

Empirical Bayes methods

* Use data to estimate prior distributions

* Bridge gap between Bayesian and frequentist approaches
* Useful when prior information is limited

» Can lead to improved estimation in some cases

* Examples include James-Stein estimator and false discovery rate control

Bayesian model selection

» Compares different models using posterior probabilities

* Incorporates Occam's razor principle naturally

* Includes methods (Bayes factors, deviance information criterion)
* Allows for model averaging to account for model uncertainty

* Provides coherent framework for hypothesis testing and model comparison

Real-world examples

» Demonstrate practical applications of Bayesian methods
* lllustrate how Bayesian inference solves real-world problems

* Highlight advantages of Bayesian approach in various domains
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Medical diagnosis

* Uses Bayes' theorem to update disease probabilities given test results
* Incorporates prevalence rates as prior probabilities

+ Accounts for test sensitivity and specificity

* Helps interpret positive and negative test results

* Enables personalized risk assessment and treatment decisions

Spam filtering
* Applies Naive Bayes classifier to identify spam emails
 Uses word frequencies as features
» Updates spam probabilities based on user feedback
+ Adapts to evolving spam tactics over time

» Demonstrates effectiveness of Bayesian methods in text classification

Forensic science

» Uses Bayesian networks to analyze complex crime scene evidence
* Incorporates prior probabilities of different scenarios

» Updates beliefs based on DNA evidence and other forensic data

* Helps quantify strength of evidence in legal proceedings

» Addresses issues of uncertainty and interpretation in forensic analysis

1.5 Combinatorics

Combinatorics is the mathematical foundation of counting and arranging objects. It's crucial for
understanding probability theory and statistical analysis, providing tools to enumerate possibilities in
complex scenarios.

From fundamental counting principles to advanced concepts like generating functions, combinatorics offers
a systematic approach to solving problems in theoretical statistics. These techniques are essential for
calculating probabilities, analyzing data structures, and modeling real-world phenomena.

Fundamental counting principles

+ Combinatorics forms the foundation of probability theory in Theoretical Statistics

+ Counting principles provide systematic methods for enumerating possibilities in complex scenarios

* These principles underpin many advanced statistical techniques used in data analysis and modeling
Multiplication principle

* Applies when events occur in sequence and each event is independent

+ Calculates total number of outcomes by multiplying individual event possibilities
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* Used in calculating sample spaces for probability distributions (uniform, binomial)

« Expressed mathematically as 1 X 2 X ... X N for k independent events
Addition principle

« Utilized when counting mutually exclusive events or outcomes

» Sums the number of possibilities for each separate event

* Crucial in calculating probabilities of disjoint events in statistical analysis

* Represented as N1 + N2 + ... + Nk for k mutually exclusive events

Inclusion-exclusion principle
» Extends addition principle to non-mutually exclusive events
» Accounts for overlapping sets by subtracting overcounted elements
* Essential in probability calculations involving intersecting events

« General formula: |A U B| = |A| + |B| — |A n B| for two sets A and B

Permutations
» Fundamental concept in combinatorics dealing with arrangement of objects
* Crucial in calculating probabilities for ordered events in statistical inference

* Provides foundation for understanding more complex combinatorial structures

Permutations without repetition
+ Arranges distinct objects in a specific order
- Calculated using factorial notation: P(n, 1) = 257
* Applied in sampling without replacement scenarios (lottery drawings)

* Number of permutations decreases as objects are selected

Permutations with repetition

« Allows objects to be used multiple times in arrangements
« Calculated as n” where n is number of object types and r is arrangement length
» Used in modeling scenarios with replacement (password combinations)

* Number of permutations remains constant regardless of selections made

Circular permutations

« Arranges objects in a circular pattern where rotations are considered identical
« Calculated as (n — 1)! for n distinct objects

* Applied in problems involving cyclic arrangements (seating arrangements at round tables)
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* Reduces total number of permutations by factor of n compared to linear arrangements

Combinations

* Focuses on selecting subsets without regard to order

+ Essential in calculating probabilities for unordered events in statistical sampling

» Forms basis for many probability distributions (binomial, hypergeometric)

Combinations without repetition

* Selects distinct objects where order doesn't matter

 Calculated using binomial coefficient: €(n, ) = (7) = 7rier

* Applied in sampling without replacement where order is irrelevant (committee selection)

« Number of combinations is symmetric: (7) = (,2,)

Combinations with repetition

* Allows objects to be selected multiple times

n+r-1

« Calculated as ("*7~ 1) where n is number of object types and r is selection size

+» Used in modeling scenarios with replacement and unordered outcomes (selecting ice cream flavors)

* Number of combinations increases compared to without repetition case

Pascal's triangle

« Triangular array of binomial coefficients
« Each number is sum of two numbers directly above it
* Provides visual representation of combinatorial relationships

« nth row gives coefficients of (X + ¥)" in binomial expansion

Binomial theorem

* Expands powers of binomials into sums of monomials
* Crucial in probability theory for calculating binomial probabilities

» Connects algebraic and combinatorial concepts in statistical analysis

Binomial expansion

« Expresses (X + ¥)" as sum of terms involving powers of x and y

» General form:

n

(X+y)n= z (Z)Xn—kyk
k=0

» Each term represents specific combination of x and y selections

* Coefficients determined by binomial coefficients (Pascal's triangle)
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Binomial coefficients

* Represent number of ways to choose k items from n items

- Calculated as (%) = W

« Satisfy recursive relation: (" 1) = (" 1)+ (})

» Possess symmetry property: (k) =0(r"¢)
Applications in probability

* Used in calculating probabilities for binomial distribution

» Determines likelihood of k successes in n independent trials

« Probability given by P(X = k) = (7)p*(1 — p)" =¥

* Applied in hypothesis testing and confidence interval construction
Generating functions

» Powerful tool for solving counting problems and recurrence relations
* Encodes combinatorial information into power series

« Facilitates manipulation of sequences through algebraic operations

Ordinary generating functions

* Represents sequence (an) as power series
G(x)= D apx”
n=0
« Coefficients of xn give nth term of sequence

« Useful for solving linear recurrence relations with constant coefficients

 Operations on generating functions correspond to operations on sequences (addition, multiplication)

Exponential generating functions

* Represents sequence (an) as power series
E(x)= 2 anit
n=0
* Particularly useful for counting labeled structures

* Facilitates solving recurrence relations involving factorials

« Convolution of exponential generating functions corresponds to set partitions

Solving recurrence relations
« Converts recurrence relation to equation involving generating function

* Solves resulting equation algebraically to obtain closed form of generating function
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* Extracts coefficients to obtain explicit formula for sequence terms
* Applies to various combinatorial sequences (Fibonacci, Catalan numbers)
Stirling numbers

« Important combinatorial numbers in enumerative combinatorics
* Arise in various counting problems involving permutations and set partitions

» Provide connections between different areas of combinatorics and statistics

Stirling numbers of first kind

» Count number of permutations of n elements with k disjoint cycles

¢

« Satisfy recurrence relation: s(n + 1, k) =s(n, k — 1) + ns(n, k)

« Denoted as 5(n, K) or

» Generate factorial moments of discrete probability distributions

Stirling numbers of second kind

» Count number of ways to partition n elements into k non-empty subsets

H

« Satisfy recurrence relation: S(n + 1, k) =5(n, k — 1) + kS(n, k)

« Denoted as S(n, k) or

* Used in converting between different types of moments in probability theory
Applications in set partitioning

* Model problems involving grouping objects into distinct categories

+ Calculate total number of partitions of n elements: Bell numbers

* Analyze clustering algorithms and hierarchical classification methods

* Apply to problems in statistical mechanics and quantum physics
Partition theory

« Studies ways of writing integers as sums of positive integers
» Connects number theory, combinatorics, and statistical mechanics

* Provides insights into symmetries and structures in discrete mathematics

Integer partitions

* Represents positive integer n as sum of positive integers
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* Order of summands doesn't matter (5 =3 + 2 = 2 + 3 are same partition)
» Number of partitions of n denoted by p(n)

» Grows rapidly with n, no simple closed formula exists

Partition function

» Generates sequence of partition numbers p(n)

* Has generating function:

0

Px)= I_I 1—1x"
k=1

« Satisfies various identities and congruences (Ramanujan's congruences)

» Connected to modular forms and elliptic functions in complex analysis

Young tableaux

» Diagrammatic representation of integer partitions
* Arranges boxes in left-justified rows with decreasing lengths
» Used in representation theory of symmetric groups

* Applies to problems in algebraic combinatorics and statistical mechanics

Graph theory basics

« Studies relationships between objects represented as vertices and edges
* Fundamental to network analysis and modeling complex systems

* Provides framework for analyzing discrete structures in statistics

Vertices and edges

* Vertices (nodes) represent objects or entities in the graph
» Edges connect pairs of vertices, indicating relationships or interactions
» Can be directed (arrows) or undirected (lines) depending on problem context

* Number of vertices and edges determines graph's size and complexity

Degree of vertices

* Measures number of edges incident to a vertex
* In-degree and out-degree distinguish incoming and outgoing edges in directed graphs
» Average degree provides insight into overall graph connectivity

* Degree distribution characterizes network structure (scale-free, random)
Types of graphs

« Simple graphs have no self-loops or multiple edges between vertices
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» Complete graphs have edges between all pairs of vertices
* Bipartite graphs have vertices divided into two disjoint sets

*» Trees are connected graphs without cycles, crucial in hierarchical clustering

Pigeonhole principle

» Fundamental counting principle in combinatorics and discrete mathematics

« States that if n items are placed into m containers, and n > m, at least one container must contain
more than one item

* Provides powerful tool for proving existence of certain configurations or properties
Basic principle
* Formally stated as: If n > m, then at least one container must contain at least [#%]items
« Often applied through contrapositive: If each container has at most k items, then n < km
* Used to establish lower bounds on quantities in various combinatorial problems
* Proves existence of repeated elements in certain sets or sequences
Generalized pigeonhole principle

» Extends basic principle to cases with varying container capacities

« States that if n items are placed into m containers with capacities c1, c2, ..., cm,andn>c1 +c2 + ...

cm, then at least one container must exceed its capacity
* Allows for more nuanced analysis of distribution problems

* Applied in load balancing and resource allocation scenarios

Applications in combinatorics

* Proves existence of subsets with specific properties in large sets
* Establishes bounds on Ramsey numbers in graph theory
* Demonstrates existence of periodic behavior in sequences and functions

* Used in proofs of various theorems in number theory and algebra

Recurrence relations
* Defines sequence where each term depends on previous terms
» Fundamental tool in analyzing algorithms and discrete dynamical systems
* Provides compact representation of complex sequences and patterns

Linear recurrence relations

» Expresses nth term as linear combination of previous k terms

+ General form: @p =C18n-1+ C2an—2+ ... + ckan—« + f(n)
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* Homogeneous if f(n) = 0, inhomogeneous otherwise

« Characterized by characteristic equation derived from coefficients

Solving recurrence relations

» Homogeneous relations solved using characteristic roots method
» Inhomogeneous relations require particular solution in addition to homogeneous solution
» Generating functions provide powerful method for solving complex recurrences

* Telescoping method applies to certain types of recurrences with cancelling terms

Applications in combinatorics

» Models growth of populations and spread of information in networks
* Describes behavior of recursive algorithms (binary search, quicksort)
» Generates important combinatorial sequences (Fibonacci, Catalan numbers)

+ Analyzes time complexity of divide-and-conquer algorithms
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Unit 2 — Random Variables and
Probability Distributions

2.1 Discrete random variables

Discrete random variables are fundamental in probability theory, representing outcomes with specific,
countable values. They provide a foundation for analyzing real-world phenomena with distinct outcomes,
using tools like probability mass functions and cumulative distribution functions.

This topic explores key components of discrete random variables, including common distributions like
Bernoulli and Poisson. It covers properties such as expected value and variance, probability calculations,
and transformations. The section also compares discrete and continuous variables, and discusses
multivariate distributions.

Definition and characteristics

* Discrete random variables form a fundamental concept in probability theory and statistics,
representing outcomes that can only take on specific, countable values

» Understanding discrete random variables provides a foundation for analyzing and modeling various
real-world phenomena with distinct, separate outcomes

* This section explores the key components used to define and describe discrete random variables,
essential for further statistical analysis

Probability mass function
+ Assigns probabilities to each possible value of a discrete random variable
« Denoted as P(X = X) or PX(X), where X is the random variable and x is a specific value
* Must satisfy two key properties:

+ Non-negativity: P(X = x) = 0 for all x
* Sum to 1:;"3()(=X)=1

* Provides a complete description of the probability distribution for a discrete random variable

* Used to calculate probabilities of specific outcomes or ranges of outcomes (coin flips, dice rolls)

Cumulative distribution function

* Represents the probability that a random variable X takes on a value less than or equal to x

. Defined as Fx(X) = P(X = Xx) = ZP(X= t)

t=x
» Monotonically increasing function with a range between 0 and 1
* Useful for calculating probabilities of ranges and determining quantiles

* Properties include:
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im Fx(y) = Fx(x)

* Right-continuous: yl_,x+
. Xﬂ@m Fx(x) =0 gng Lm Fx(x)=1
« Can be used to derive the probability mass function through P(X = X) = Fx(x) — Fx(x ™)

Support of discrete variables

* Consists of all possible values that a discrete random variable can take

» Represented as a set of distinct, countable values (integers, finite set of numbers)

« Can be finite (die roll: {1, 2, 3, 4, 5, 6}) or countably infinite (number of trials until success)
* Determines the domain of the probability mass function

* Impacts the calculation of expected values and other statistical measures

* Helps in identifying the appropriate probability distribution for modeling real-world phenomena

Common discrete distributions

* Discrete probability distributions model various random phenomena with countable outcomes

» Understanding common distributions enables statisticians to analyze and predict behavior in diverse
fields

* This section covers frequently encountered discrete distributions, their properties, and applications

Bernoulli distribution
* Models a single trial with two possible outcomes (success or failure)
« Probability mass function: P(X = x) = p*(1 — p)* ~* for x € {0, 1}
» Parameter p represents the probability of success
« Expected value: E[X] =p
« Variance: Var(X) = p(1 - p)
* Applications include:
» Modeling coin flips (heads or tails)

* Binary outcomes in medical trials (treatment success or failure)

Binomial distribution

* Represents the number of successes in n independent Bernoulli trials

« Probability mass function: P(X =k) = (7)p¥(1 = p)" ¥ fork=0,1,...,n
» Parameters: n (number of trials) and p (probability of success on each trial)

« Expected value: E[X] = np

« Variance: Var(X) = np(1 —p)

* Applications include:
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+ Quality control (number of defective items in a batch)

+ Epidemiology (number of individuals infected in a population)

Poisson distribution

» Models the number of events occurring in a fixed interval of time or space

* Probability mass function: P(X = k) = e;:!"k fork=0,1,2,...

» Parameter A represents the average number of events in the interval
« Expected value and variance: E[X] = Var(X) = A

* Applications include:

* Modeling rare events (number of earthquakes in a year)

» Customer arrivals at a service center

Geometric distribution

» Represents the number of trials until the first success in a sequence of independent Bernoulli trials
« Probability mass function: P(X =k) =p(1 —p)*~1fork=1,2,3,...
» Parameter p is the probability of success on each trial

» Expected value: ElX]= ,%

_1-p
=4

« Variance: Var(X)

* Applications include:
* Modeling waiting times (number of attempts until a rare event occurs)

* Reliability testing (number of trials until a component fails)

Properties of discrete variables

+ Discrete random variables possess specific mathematical properties that characterize their behavior

» Understanding these properties enables statisticians to make inferences and predictions about
random phenomena

* This section explores key measures and tools used to analyze discrete random variables

Expected value

* Represents the long-run average value of a random variable

« Calculated as E[X] = ;XP(X = X) for discrete random variables

* Provides a measure of central tendency for the distribution
* Properties of expected value:
« Linearity: E[aX + b] = aE[X] + b for constants a and b

« Additivity: E[X + Y] = E[X] + E[Y] for random variables X and Y
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* Used in decision-making and risk assessment (expected payoff, expected loss)

Variance and standard deviation
« Variance measures the spread or dispersion of a random variable around its expected value
« Calculated as Var(X) = E[(X — E[X1)?] = E[X?] — (E[X])?
« Standard deviation is the square root of variance: gy = \/F(X)
* Properties of variance:
» Non-negativity: Var(X) = 0
« Variance of a constant is zero: Var(c) =0
« Scaling property: Var(aX) = a?Var(X) for constant a

* Used in statistical inference, hypothesis testing, and risk analysis

Moment generating function

* Uniquely characterizes the probability distribution of a random variable

« Defined as Mx(t) = Ele™]= getxp(x = X) for discrete random variables

* Properties of moment generating functions:

« Mx(0) =1 for any random variable X

 Derivatives at t = 0 yield moments: S=Mx(0) = E[X"]

* Used to:

* Derive moments of the distribution (mean, variance, skewness)
* Prove limit theorems and convergence results

* Identify distributions (two random variables with the same MGF have the same distribution)

Probability calculations

+ Probability calculations form the core of statistical analysis for discrete random variables
» Understanding various types of probabilities enables statisticians to make predictions and inferences

* This section covers fundamental probability concepts and calculations for discrete random variables

Single event probabilities

* Represent the likelihood of a specific outcome occurring

« Calculated using the probability mass function: P(X = x)

+ Can be determined through theoretical models or empirical data

* Used to assess the likelihood of individual outcomes (probability of rolling a 6 on a die)

» Form the basis for more complex probability calculations
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« Often visualized using probability histograms or bar charts

Joint probabilities

+ Describe the likelihood of multiple events occurring simultaneously

« Calculated as P(X = X, Y = ¥) for discrete random variables X and Y
+ Can be extended to more than two variables

* Properties of joint probabilities:

« Non-negativity: P(X =X, Y=y) =0 forallxand y

* Sum to 1:§§P(X=X' Y=y)=1

* Used in analyzing dependencies between variables (probability of both dice showing even numbers)

Conditional probabilities

» Represent the probability of an event occurring given that another event has already occurred

« Calculated as P(X =x|Y =y) = P(XPTYX:;): 2

* Related to joint probabilities through Bayes' theorem

* Properties of conditional probabilities:

O0=PX=x|Y=y)=1

. ;P(X=X|Y=y) =1 for fixed y
* Used in decision-making under uncertainty and updating probabilities based on new information

Transformations of discrete variables

« Transformations allow statisticians to modify random variables to suit specific analytical needs
» Understanding how transformations affect probability distributions is crucial for statistical modeling

* This section explores common types of transformations and their effects on discrete random variables

Linear transformations

* Involve multiplying a random variable by a constant and/or adding a constant
» General form: Y = aX + b, where a and b are constants

« Effects on expected value and variance:

«E[Y]l=aE[X]+b

« Var(Y) = aVar(X)

* Preserve the shape of the probability distribution while shifting or scaling it

* Applications include:

+ Unit conversions (inches to centimeters)
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« Standardizing variables (z-score transformation)

Non-linear transformations

* Involve applying non-linear functions to random variables

« Examples include Y = X2, Y = &%, or Y = |X] (floor function)

« Can significantly alter the shape and properties of the probability distribution

* Require careful analysis to determine the resulting distribution and its properties
» Methods for analyzing non-linear transformations:

* Probability mass function technique

* Moment generating function approach

* Applications include:

* Modeling complex relationships in data

+ Creating derived variables for statistical analysis

Discrete vs continuous variables

 Understanding the distinctions and similarities between discrete and continuous random variables is
crucial in statistical analysis

+ This comparison helps in selecting appropriate models and analytical techniques for different types of
data

* This section highlights key differences and shared concepts between discrete and continuous
variables

Key differences

* Nature of possible values:

* Discrete: Countable, distinct values (integers, finite set)
* Continuous: Uncountable, can take any value in an interval
* Probability representations:

« Discrete: Probability mass function (PMF)

+ Continuous: Probability density function (PDF)

* Probability calculations:

* Discrete: Sum probabilities for specific values

« Continuous: Integrate over intervals

» Examples of typical distributions:

* Discrete: Binomial, Poisson, Geometric

* Continuous: Normal, Exponential, Uniform
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* Graphical representations:
* Discrete: Histograms, bar charts
+ Continuous: Density curves, histograms with very small bin widths
Similarities in analysis
* Both use cumulative distribution functions (CDFs) for probability calculations
» Expected value and variance concepts apply to both types of variables
» Moment generating functions exist for both discrete and continuous distributions
* Transformations can be applied to both types of variables
* Central Limit Theorem applies to both discrete and continuous variables under certain conditions
« Statistical inference techniques (hypothesis testing, confidence intervals) can be applied to both types

* Both can be used in regression analysis and other statistical modeling techniques

Discrete random vectors

* Discrete random vectors extend the concept of single discrete random variables to multiple
dimensions

» Understanding multivariate discrete distributions is crucial for analyzing complex systems and
relationships

* This section explores key concepts related to discrete random vectors and their distributions

Joint distributions

* Describe the simultaneous behavior of multiple discrete random variables

+ Represented by joint probability mass function: P(X1 = x1, X2 = X2, ..., Xnp = Xp)
* Properties of joint distributions:

» Non-negativity: All probabilities are non-negative

» Sum to 1: Total probability over all possible combinations equals 1

» Used to analyze dependencies and relationships between variables

* Can be visualized using multidimensional tables or plots (heatmaps)

Marginal distributions

* Represent the distribution of a single variable within a joint distribution
+ Obtained by summing the joint probabilities over all other variables

« For a bivariate distribution: P(X =X) = ;P(X =Xx,Y=y)

* Provide information about individual variables without considering others

* Used to analyze the behavior of a single variable in a multivariate context
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» Can be compared to joint distributions to identify dependencies

Conditional distributions

+ Describe the distribution of one variable given specific values of other variables

« Calculated using: P(X = Xx|Y =y) = W;Yxiw

* Properties of conditional distributions:

» Sum to 1 for fixed conditioning values

 Can reveal relationships and dependencies between variables
* Used in:

+ Bayesian inference and decision-making

* Analyzing causal relationships between variables

Independence and correlation

» Understanding relationships between discrete random variables is crucial for statistical modeling and
inference

* This section explores concepts of independence and measures of association between discrete
variables

» These concepts play a vital role in various statistical techniques and decision-making processes

Independent discrete variables

« Two discrete random variables X and Y are independent if: P(X =X, Y =y) =P(X =x)P(Y =) for
allxandy

* Properties of independent variables:

« E[XY] = E[X]E[Y]

« Var(X +Y) = Var(X) + Var(Y)

* Independence implies:

« Conditional probability equals marginal probability: P(X = x|Y = y) = P(X = x)
« Moment generating function factorizes: Mx, v(t1, t2) = Mx(t1)My(t2)

* Testing for independence:

 Chi-square test of independence for categorical variables

» Comparing joint and product of marginal distributions

Covariance and correlation

» Covariance measures the linear relationship between two random variables
« Defined as: Cov(X, Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X]E[Y]

* Properties of covariance:

Fiveable archived study guides Page 41



« Cov(X, X) = Var(X)
«Cov(X,Y)=Cov(Y, X)
«Cov(aX+b,cY+d)=ac-Cov(X,Y) for constants a, b, c, d

« Correlation coefficient normalizes covariance to a scale of -1 to 1: PX.¥ IVar)var(r)

* Interpretation of correlation:

« p = 1: Perfect positive linear relationship

« p = —1: Perfect negative linear relationship

« 0 = 0: No linear relationship (but may have non-linear dependence)

« Limitations: Correlation only captures linear relationships

Discrete variable applications

* Discrete random variables find widespread use in various fields of study and real-world applications

» Understanding these applications helps in appreciating the practical significance of discrete probability
theory

* This section explores key areas where discrete random variables play a crucial role in modeling and
analysis

Statistical modeling

* Used to represent and analyze count data in various fields

* Poisson regression models events occurring in fixed time or space intervals
* Logistic regression analyzes binary outcomes (success/failure)

* Zero-inflated models handle excess zeros in count data

* Applications include:

* Ecology: Modeling species abundance

» Epidemiology: Analyzing disease incidence rates

» Marketing: Predicting customer purchases

Decision theory

« Utilizes discrete probability distributions to model uncertain outcomes

» Expected value calculations guide optimal decision-making

* Decision trees incorporate discrete probabilities at each branch

+ Bayesian decision theory updates probabilities based on new information
* Applications include:

* Business: Investment decisions under uncertainty

* Healthcare: Treatment selection based on patient outcomes
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* Operations research: Inventory management and supply chain optimization
Reliability analysis

» Models the probability of system or component failures

» Geometric distribution represents time until first failure

» Negative binomial distribution models number of successes before r failures

* Poisson processes describe random occurrences of failures over time

* Applications include:

+ Engineering: Predicting equipment lifespan

+ Quality control: Analyzing defect rates in manufacturing

« Software testing: Modeling bug occurrence and detection

Computational methods

» Computational techniques play a crucial role in analyzing and simulating discrete random variables
» These methods enable statisticians to handle complex probability distributions and large datasets

* This section explores key computational approaches used in the study of discrete random variables

Simulation techniques

* Monte Carlo simulation generates random samples from discrete distributions

* Inverse transform sampling uses the cumulative distribution function

* Acceptance-rejection method for generating samples from complex distributions
* Importance sampling for rare event simulation

* Applications of simulation:

« Estimating probabilities of complex events

+ Validating theoretical results

 Analyzing system performance under various scenarios

Numerical calculations

* Numerical integration techniques for calculating expected values and probabilities

« Fast Fourier Transform (FFT) for efficient convolution of discrete probability distributions
» Newton-Raphson method for maximum likelihood estimation of distribution parameters
» Numerical optimization algorithms for fitting discrete probability models to data

+ Software packages and libraries for discrete probability calculations:

* R: stats package for various discrete distributions

+ Python: scipy.stats module for probability functions and random number generation
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* MATLAB: Statistics and Machine Learning Toolbox for discrete random variables

Limit theorems for discrete variables

« Limit theorems provide powerful tools for understanding the behavior of sums and averages of
discrete random variables

* These theorems form the foundation for statistical inference and asymptotic analysis

* This section explores two fundamental limit theorems and their applications to discrete random
variables

Law of large numbers

* Describes the convergence of the sample mean to the expected value as sample size increases
» Two forms: Weak Law of Large Numbers (WLLN) and Strong Law of Large Numbers (SLLN)

* WLLN states that for i.i.d. random variables X1, Xa, ..., X, with E[X{] = p:

n
PILD Xi—ul<e)-1
i=1

asn- o foranye>0

* Applications include:

« Justifying the use of sample means as estimators

» Explaining the long-run stability of gambling outcomes

+ Validating Monte Carlo simulation results

Central limit theorem

« States that the sum (or average) of a large number of independent, identically distributed random
variables approaches a normal distribution

* For i.i.d. random variables X1, Xa, ..., X, with E[Xi] = p and Var(Xi) = g%

n

ZX,—nu

fZIU\/F ~N(0,1)

in distribution as n - «»

* Applies to many discrete distributions (Binomial, Poisson) under certain conditions
* Applications include:

+ Constructing confidence intervals for population parameters

+ Performing hypothesis tests for large samples

» Approximating probabilities for sums of discrete random variables

2.2 Continuous random variables

Continuous random variables are a fundamental concept in probability theory, representing quantities that
can take any value within a range. They're essential for modeling real-world phenomena like heights,
weights, or time intervals that vary smoothly.
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Understanding continuous random variables is crucial for advanced statistical analysis. This topic covers
their definition, properties, common distributions, transformations, and applications in various fields,
providing a foundation for more complex statistical methods and data analysis.

Definition and properties

+ Continuous random variables form a fundamental concept in probability theory and statistics,
representing quantities that can take on any value within a specified range

* These variables are essential for modeling real-world phenomena that vary smoothly, such as heights,

weights, or time intervals

» Understanding continuous random variables is crucial for advanced statistical analysis, including
hypothesis testing and parameter estimation

Probability density function
* Describes the relative likelihood of a continuous random variable taking on a specific value
* Denoted as f(x), it must be non-negative and integrate to 1 over its entire domain

+ Area under the curve between two points represents the probability of the variable falling within that
range

+ Unlike probability mass functions for discrete variables, f(x) does not directly give probabilities for
specific values

Cumulative distribution function

* Represents the probability that a random variable X is less than or equal to a given value x
» Denoted as F(x) = P(X < x), it is a non-decreasing function ranging from 0 to 1

X
* Relates to the probability density function through integration: F(x) = f_wf(t)dt

+ Used to calculate probabilities for intervals and determine quantiles of the distribution

Expected value and variance

» Expected value (E[X]) represents the long-run average of a random variable

+ Calculated by integrating the product of x and f(x) over the entire domain: E[X] = f_wxf(x)dx

* Variance (Var(X)) measures the spread of the distribution around the expected value

 Computed as the expected value of the squared deviation from the mean:
Var(X) = E[(X — E[X1)?]1 = [ __(x — E[X])*f(x)dx

Moments and moment generating function

* Moments characterize the shape and properties of a probability distribution

« kth moment about the origin defined as E[ XX] = f_mxkf(x)dx

+ Central moments measure deviations from the mean, with the 2nd central moment being variance

* Moment generating function (MGF) encapsulates all moments of a distribution
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« Defined as Mx(t) = E[e™]1= [__e™f(x)dx
* Used to derive moments and identify distributions based on their unique MGF

Common continuous distributions

* Continuous distributions model various real-world phenomena and serve as building blocks for more
complex statistical analyses

» Understanding these distributions is crucial for selecting appropriate models and interpreting data in
practical applications

 Each distribution has unique properties and parameters that determine its shape and behavior

Uniform distribution

* Represents equal probability over a finite interval [a, b]

« Probability density function: fix) = z2= for a < x < b, 0 otherwise

« Mean: (@ + b)/2, variance: (b — a)?/12

« Commonly used in random number generation and modeling scenarios with equal likelihood (dice
rolls)

Normal distribution

* Bell-shaped curve characterized by mean (p) and standard deviation ()

1 O —p)?

« Probability density function: f(x) = ——e™ 2’
ov2n

* Symmetric around the mean, with 68% of data within one standard deviation
* Central to many statistical methods due to the Central Limit Theorem

* Applications include modeling natural phenomena (heights, 1Q scores) and errors in measurements

Exponential distribution

* Models time between events in a Poisson process

* Characterized by rate parameter A > 0

« Probability density function: f(x) = Ae X forx 2 0

* Mean: 1/A, Variance: 1/A\"2

 Exhibits memoryless property, useful in reliability analysis and queueing theory
Gamma distribution

» Generalizes the exponential distribution, defined by shape (k) and scale (6) parameters

_ xk— le—XIS

+ Probability density function: f(X) = *5z5o=for x > 0

* Mean: k6, Variance: k62

* Used in modeling waiting times, rainfall amounts, and other positive-valued phenomena
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+ Special cases include chi-squared distribution (k = n/2, 6 = 2)

Beta distribution
+ Defined on the interval [0, 1], characterized by shape parameters a and 3

a-1 - B-1
« Probability density function: f(x) = % where B is the beta function

* Mean: o/(a+), Variance: af/((a+B)*2(a+B+1))
* Versatile for modeling proportions, probabilities, and rates

» Used in Bayesian statistics as a conjugate prior for binomial and Bernoulli distributions

Transformations of random variables

* Transformations allow us to derive new random variables from existing ones, crucial for modeling

complex systems

» Understanding these transformations is essential for statistical inference and probability calculations

« Different types of transformations require specific techniques to determine the resulting distributions

Linear transformations

* Involve scaling and shifting a random variable: Y =aX + b
* Preserve the shape of the distribution while changing its location and scale
*Mean of Y: E[Y] =aE[X] + b

* Variance of Y: Var(Y) = a*2Var(X)

+ Probability density function of Y: firly) = ifx(X57)

« Commonly used in standardizing variables (z-scores) and unit conversions

Non-linear transformations
* Involve applying non-linear functions to random variables: Y = g(X)
+ Can significantly alter the shape and properties of the original distribution
» Require careful consideration of the function's properties (monotonicity, differentiability)
* Examples include exponential transformations (Y = e*X) and power transformations (Y = X*n)

« Often used in modeling complex relationships and data transformations for statistical analysis

Jacobian method

* Technique for finding the distribution of a transformed random variable
* Applicable to both univariate and multivariate transformations

- For Y = g(X), the PDF of Y is given by: fr(¥) = (g™ (¥) - |59~ (¥)|

* Requires the transformation to be invertible and differentiable
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« Essential for deriving distributions of functions of random variables (sums, products, ratios)

Joint continuous distributions

 Describe the simultaneous behavior of two or more continuous random variables

* Crucial for understanding relationships and dependencies between variables in multivariate analysis

» Form the basis for concepts like correlation, covariance, and multivariate statistical methods

Joint probability density function
* Represents the simultaneous distribution of two or more continuous random variables
* For two variables X and Y, denoted as f(x,y)
* Must be non-negative and integrate to 1 over its entire domain
« Probability of (X,Y) falling in a region R: P((X, Y) ER) = ffRf(x, y)dxdy

 Captures dependencies and relationships between variables

Marginal distributions
* Describe the distribution of a single variable, ignoring the others
+ Obtained by integrating the joint PDF over the other variables

* For X: fy(x) = f:,f(x. y)dy

+ Allow analysis of individual variables within a multivariate context

« Useful for understanding the behavior of a variable regardless of others

Conditional distributions

* Represent the distribution of one variable given a specific value of another

fix. y)

Xy
fx(x)

« For Y given X=x: fyjx(y|x) =
* Provide insights into the relationship between variables
» Fundamental to concepts like conditional expectation and regression analysis
* Used in Bayesian inference and decision-making under uncertainty
Functions of continuous variables
* Involve creating new random variables by applying functions to existing ones
+ Essential for modeling complex systems and deriving properties of transformed variables
* Require techniques from calculus and probability theory to determine resulting distributions

Sum of random variables

* Results in a new random variable Z=X +Y

* For independent variables, the PDF of Z is the convolution of individual PDFs
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* Moment generating function of Z: M_Z(t) = M_X(t) * M_Y(t)
* Central to the development of the Central Limit Theorem

* Applications in risk analysis, signal processing, and queueing theory

Product of random variables

+ Creates a new random variable W = X*Y

* Distribution of W often more complex than for sums
* For independent variables, E[W] = E[X] * E[Y]

* Variance: Var(W) = E[X"2]E[Y"2] - (E[X]E[Y])"2

» Used in modeling multiplicative processes (compound interest, population growth)

Ratio of random variables

* Forms a new random variable R =X /Y

« Distribution of R can be challenging to derive analytically

» Requires careful consideration of the denominator's distribution to avoid undefined regions
* Applications in finance (price-to-earnings ratios), physics (signal-to-noise ratios)

« Often analyzed using numerical methods or approximations

Continuous vs discrete distributions

* Fundamental distinction in probability theory and statistics
« Affects methods of analysis, interpretation, and application of statistical techniques

» Understanding the differences is crucial for selecting appropriate models and methods

Key differences

 Continuous variables can take any value within a range, discrete variables only specific values
* Probability for a single point in continuous distributions is zero, non-zero for discrete

+ Continuous uses probability density functions, discrete uses probability mass functions

* Integration used for continuous probabilities, summation for discrete

» Continuous CDFs are smooth functions, discrete CDFs are step functions

» Examples of continuous (height, weight, time), discrete (count data, Likert scales)

Continuity correction

» Technique to approximate discrete distributions with continuous ones
+ Often used when applying continuous methods to discrete data
» Adds or subtracts 0.5 to the boundaries of intervals in discrete distributions

* Improves accuracy when using normal approximation for binomial or Poisson distributions
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» Example: P(X < k) for discrete X = P(X < k + 0.5) for continuous approximation

Limit theorems

» Fundamental results in probability theory describing the behavior of random variables under certain
conditions

* Provide the theoretical foundation for many statistical inference techniques

+ Essential for understanding the asymptotic properties of estimators and test statistics

Law of large numbers
« States that the sample mean converges to the expected value as sample size increases
» Weak LLN: convergence in probability
« Strong LLN: convergence with probability 1 (almost surely)
-+ Formalized as: im P(|X, — u| <€) =1 forany e > 0
« Justifies the use of sample means as estimators of population means

* Applications in insurance, gambling theory, and statistical quality control

Central limit theorem

« Establishes that the sum (or average) of a large number of independent, identically distributed random
variables approaches a normal distribution

* Applies regardless of the underlying distribution, given certain conditions

* Formally stated as:

_ZX,—ny d
= 5 N(0,1)

ovn

asn-oow
+ Explains the prevalence of normal distributions in nature and justifies many statistical procedures

« Crucial for constructing confidence intervals and performing hypothesis tests

Applications in statistics

 Continuous random variables and their distributions form the backbone of many statistical methods
» Understanding these applications is crucial for data analysis, decision-making, and scientific research

* These techniques allow for inference about population parameters based on sample data

Confidence intervals

+ Provide a range of plausible values for a population parameter with a specified level of confidence
* Constructed using the sampling distribution of an estimator
* General form: Point estimate £ (Critical value * Standard error)

» Examples include intervals for means, proportions, and variances
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* Interpretation: If we repeated the sampling process many times, about 95% of 95% confidence
intervals would contain the true parameter value

Hypothesis testing

» Framework for making decisions about population parameters based on sample data

* Involves formulating null and alternative hypotheses, choosing a test statistic, and determining a
decision rule

* P-value approach: Probability of observing data as extreme as or more extreme than the sample,
assuming the null hypothesis is true

» Common tests include t-tests, chi-square tests, and ANOVA

* Applications in medical research, quality control, and social sciences

Regression analysis

» Models the relationship between a dependent variable and one or more independent variables

* Simple linear regression: Y = B0 + B1X + €, where € is normally distributed

* Multiple regression extends this to multiple predictors

« Estimation typically done using least squares method

» Assumptions include linearity, independence of errors, homoscedasticity, and normality of residuals

+» Used in economics, epidemiology, and many other fields for prediction and understanding
relationships

Numerical methods

» Computational techniques for solving problems in probability and statistics that are difficult or
impossible to solve analytically

* Essential for dealing with complex distributions, high-dimensional problems, and large datasets

* Increasingly important in the era of big data and computational statistics

Monte Carlo simulation

» Uses random sampling to estimate numerical results

« Steps include defining the domain, generating random inputs, performing deterministic computations,
and aggregating results

* Useful for estimating complex integrals, optimization problems, and risk analysis

* Example: Estimating by randomly placing points in a square and checking if they fall within an
inscribed circle

» Advantages include flexibility and ability to handle high-dimensional problems

Importance sampling

» Variance reduction technique for Monte Carlo methods
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« Samples from an alternative distribution that places more weight on "important" regions
» Reduces the number of samples needed for accurate estimation
« Particularly useful for rare event simulation and estimating tail probabilities

« Steps include choosing an importance distribution, generating samples, and applying weights to
correct for the change in distribution

Advanced concepts

+ Extend beyond basic probability theory and provide powerful tools for advanced statistical analysis
* Essential for understanding modern developments in theoretical statistics and their applications

« Often require a strong mathematical foundation and are crucial for research in statistics and related
fields

Characteristic functions
* Fourier transform of a probability distribution

- Defined as ¢x(t) = E[e/™]1= [__e™f(x)dx

* Uniquely determines a distribution and can be used to derive its properties
* Useful for proving theorems (like CLT) and working with sums of independent random variables

+ Relationship to moments: kth derivative of @_X(t) at t=0 gives the kth moment (up to a factor of i*k)

Order statistics
* Describe the distribution of sorted random variables from a sample
* X(1) = X(2) = ... = X(n) represent the ordered values of X1, X2, ..., Xn
» PDF of kth order statistic involves binomial probabilities and the original distribution
* Applications include non-parametric statistics, extreme value theory, and reliability analysis

» Examples: Sample minimum (X(1)), sample maximum (X(n)), sample median

Copulas

* Functions that describe the dependence structure between random variables

* Allow separation of marginal distributions from their joint behavior

« Sklar's Theorem: Any multivariate distribution can be expressed in terms of its marginals and a copula
» Common types include Gaussian, t, and Archimedean copulas

* Used in finance for modeling dependence in risk management and portfolio optimization

* Applications in hydrology, actuarial science, and multivariate statistical modeling
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2.3 Probability mass functions

Probability mass functions (PMFs) are essential tools in discrete probability theory. They assign
probabilities to specific outcomes of discrete random variables, providing a foundation for analyzing
countable phenomena in various statistical applications.

PMFs must satisfy key properties: non-negative values and summing to one. They can be represented
through tables, graphs, or mathematical functions. Understanding PMFs is crucial for calculating
probabilities, deriving moments, and applying discrete distributions in real-world scenarios.

Definition and properties

* Probability mass functions (PMFs) form a cornerstone of discrete probability theory in Theoretical
Statistics

* PMFs describe the probability distribution for discrete random variables, assigning probabilities to
specific outcomes

» Understanding PMFs provides a foundation for analyzing and modeling discrete phenomena in
various statistical applications

Discrete random variables

» Represent outcomes that can only take on specific, countable values (integers, categories)
» Examples include number of customers in a queue, dice rolls, or survey responses
* Contrast with continuous random variables which can take any value within a range

* Discrete random variables are fundamental to many real-world statistical problems and analyses

Probability assignment
* PMFs assign probabilities to each possible outcome of a discrete random variable
+ Probabilities reflect the likelihood of observing each specific value
» Must satisfy axioms of probability theory to be valid

» Can be derived from theoretical models or estimated from empirical data

Non-negative values

« All probabilities assigned by a PMF must be greater than or equal to zero
» Negative probabilities are not meaningful in classical probability theory
* Ensures logical consistency in probability calculations and interpretations

* Allows for proper normalization and comparison of probabilities across different outcomes

Sum to one property

+ Total sum of probabilities assigned by a PMF must equal exactly 1 (or 100%)
+ Reflects the certainty that one of the possible outcomes must occur

* Crucial for maintaining consistency in probability calculations
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» Enables the use of PMFs in various statistical inference and decision-making processes

Representation methods

* PMFs can be represented through various formats to aid in understanding and analysis
+ Choice of representation depends on the complexity of the distribution and the intended use

« Effective representation facilitates interpretation, communication, and computation of probabilities

Tables and lists

* Organize discrete outcomes and their corresponding probabilities in a tabular format
+ Useful for distributions with a small number of possible outcomes
« Facilitate quick lookup of individual probabilities

* Can include cumulative probabilities for easy reference (coin flips, dice rolls)

Graphs and plots
* Visualize PMFs using bar charts, stem plots, or probability histograms
« X-axis represents possible outcomes, Y-axis shows corresponding probabilities
* Provide intuitive understanding of the shape and characteristics of the distribution

* Helpful for identifying modes, symmetry, and other distributional properties (Poisson distribution plot)

Mathematical functions

* Express PMFs as explicit mathematical formulas
+ Allow for compact representation of complex distributions
» Enable analytical manipulations and derivations

* Facilitate computation of probabilities for large or infinite outcome spaces (binomial probability
function)

Calculation techniques

+ Various methods exist to compute probabilities and analyze PMFs in Theoretical Statistics
* Choice of technique depends on the specific problem and available information

» Mastery of these techniques is crucial for solving probability problems and conducting statistical
analyses

Direct probability calculation
» Compute probabilities by evaluating the PMF at specific points of interest
* Useful for finding probabilities of individual outcomes or sets of outcomes

* Involves summing probabilities for compound events
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* Applies to both simple and complex discrete distributions (calculating probability of rolling a sum of 7
with two dice)

Cumulative distribution function

* Derived from the PMF by summing probabilities up to a given point
* Represents the probability of observing a value less than or equal to a specified value
* Useful for calculating probabilities of ranges or intervals

+ Facilitates computation of percentiles and quantiles (finding the median of a discrete distribution)

Probability mass vs density

* PMFs assign probabilities to discrete points, while probability density functions (PDFs) describe
continuous distributions

* PMFs have non-zero probabilities at specific points, PDFs have zero probability at any single point
* Integration of PDFs over intervals yields probabilities, summation of PMFs gives probabilities

» Understanding the distinction is crucial for correctly applying probability concepts to different types of
random variables

Important distributions

« Several discrete probability distributions play significant roles in Theoretical Statistics

* These distributions model various real-world phenomena and serve as building blocks for more
complex statistical analyses

» Understanding their properties and applications is essential for statistical modeling and inference
Bernoulli distribution

» Models a single trial with two possible outcomes (success or failure)
+ Characterized by a single parameter p, the probability of success
«PMF: P(X =x) = pX(1 — p)! ¥ forx € {0, 1}

» Forms the basis for more complex discrete distributions (modeling coin flips or yes/no survey
responses)

Binomial distribution
* Describes the number of successes in a fixed number of independent Bernoulli trials
» Characterized by parameters n (number of trials) and p (probability of success)
«PMF: P(X =k) = (1)pK(L = p)" K fork=0,1,...,n
» Widely used in various fields (modeling number of defective items in a production batch)

Poisson distribution

* Models the number of events occurring in a fixed interval of time or space
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» Characterized by a single parameter A, the average rate of occurrence

“PMF: P(X =k) =2 fork=0,1,2,...

* Applies to rare events with large possibilities (modeling number of customers arriving at a store in an
hour)

Geometric distribution

+ Describes the number of trials until the first success in a sequence of independent Bernoulli trials
 Characterized by parameter p, the probability of success on each trial
«PMF:P(X=k)=(1-p)< " lpfork=1,23,...

* Used in reliability analysis and other applications (modeling number of attempts until first success in a
game)

Moments and expectations

* Moments provide important summary measures of probability distributions in Theoretical Statistics
» These measures capture various aspects of the distribution's shape, location, and spread

» Understanding moments is crucial for comparing distributions and making statistical inferences

Expected value

» Represents the average or mean value of a random variable
* Calculated as the sum of each possible outcome multiplied by its probability
* Provides a measure of central tendency for the distribution

+ Useful for predicting long-run average outcomes (calculating average winnings in a game of chance)

Variance and standard deviation

* Variance measures the spread or dispersion of a distribution around its mean
* Calculated as the expected value of the squared deviations from the mean

« Standard deviation is the square root of variance, providing a measure in the same units as the
original variable

* Important for assessing risk and uncertainty in various applications (measuring variability in stock
returns)

Higher-order moments

* Describe more nuanced aspects of a distribution's shape beyond mean and variance
* Include skewness (3rd moment) which measures asymmetry
* Kurtosis (4th moment) quantifies the thickness of distribution tails

+ Useful for detecting departures from normality and characterizing complex distributions (analyzing
financial returns distributions)
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Joint probability mass functions

« Joint PMFs describe the simultaneous behavior of multiple discrete random variables
« Essential for modeling and analyzing relationships between variables in Theoretical Statistics

» Form the basis for understanding dependence and correlation in multivariate discrete data

Multivariate discrete distributions

» Extend PMFs to multiple dimensions, assigning probabilities to combinations of outcomes
« Capture the interdependencies between two or more discrete random variables
+ Can be represented using tables, graphs, or mathematical functions

+ Crucial for modeling complex systems with multiple interacting components (analyzing outcomes of
multiple dice rolls)

Marginal distributions

+ Obtained by summing joint probabilities over one or more variables
* Describe the distribution of a single variable, ignoring the others
* Useful for focusing on individual variables within a multivariate context

» Can reveal hidden patterns or relationships in the data (extracting single-variable behavior from joint
survey responses)

Conditional distributions

* Describe the probability distribution of one variable given specific values of others
« Calculated by normalizing joint probabilities for fixed values of conditioning variables
+ Essential for understanding how variables influence each other

» Form the basis for many statistical inference techniques (analyzing exam scores given study time)

Transformations

* Transformations of discrete random variables play a crucial role in Theoretical Statistics
* Allow for the creation of new random variables based on existing ones

+ Enable the study of complex relationships and derivation of new probability distributions

Functions of discrete variables

* Create new random variables by applying mathematical functions to existing ones
* Involve mapping outcomes of original variables to new outcomes
* Require careful consideration of how probabilities are transformed

+ Useful for modeling derived quantities or creating more interpretable variables (transforming counts to
rates)

Fiveable archived study guides Page 57



Convolution of distributions

* Describes the distribution of the sum of independent discrete random variables
* Involves combining PMFs through a specific mathematical operation
* Results in a new PMF that captures the behavior of the combined random variables

» Widely used in various applications (modeling total number of events across multiple time periods)

Applications in statistics

* PMFs and discrete probability theory find numerous applications in statistical inference and
decision-making

* Form the foundation for many important techniques in data analysis and modeling

« Essential for drawing conclusions from data and making predictions in various fields

Parameter estimation

» Use observed data to estimate unknown parameters of discrete probability distributions
* Employ methods such as maximum likelihood estimation or method of moments

* Crucial for fitting statistical models to empirical data

» Enables inference about population characteristics from sample data (estimating success probability

in a binomial experiment)

Hypothesis testing
* Assess the plausibility of statistical hypotheses using discrete probability distributions
* Involve calculating test statistics and p-values based on PMFs
+ Allow for making decisions about population parameters or model validity

» Widely used in scientific research and quality control (testing for bias in a discrete random number
generator)

Bayesian inference

» Combine prior knowledge with observed data to update beliefs about discrete random variables
» Use Bayes' theorem to compute posterior probabilities
* Provide a framework for sequential learning and decision-making under uncertainty

« Applicable in various fields (updating beliefs about disease prevalence based on test results)

Relationship to other concepts

* PMFs are interconnected with various other concepts in probability theory and statistics
» Understanding these relationships enhances overall comprehension of Theoretical Statistics

* Facilitates the application of appropriate techniques to different types of data and problems
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Probability mass vs density

* PMFs assign probabilities to discrete outcomes, while probability density functions (PDFs) describe
continuous distributions

* PMFs have non-zero probabilities at specific points, PDFs have zero probability at any single point
* Integration of PDFs over intervals yields probabilities, summation of PMFs gives probabilities

« Crucial distinction for correctly applying probability concepts to different types of random variables

Discrete vs continuous distributions

» Discrete distributions model countable outcomes, continuous distributions represent uncountable
possibilities

* PMFs are used for discrete distributions, PDFs for continuous distributions
* Discrete distributions often arise in counting problems, continuous in measurement scenarios

» Understanding the differences is essential for choosing appropriate statistical methods (analyzing
exam scores vs. height measurements)

Connection to likelihood functions

* PMFs form the basis for constructing likelihood functions in discrete probability models
« Likelihood functions quantify the plausibility of observed data under different parameter values
« Essential for parameter estimation and hypothesis testing in statistical inference

+ Provide a bridge between probability theory and statistical modeling (using binomial PMF to construct
likelihood for estimating success probability)

2.4 Probability density functions

Probability density functions (PDFs) are essential tools in theoretical statistics for describing continuous
random variables. They provide a mathematical framework to analyze and model various phenomena
across different fields, forming the foundation for advanced statistical concepts and inference techniques.

PDFs describe the relative likelihood of a continuous random variable taking specific values. They're
represented by non-negative functions that integrate to 1 over their domain. Understanding PDFs is crucial
for grasping key statistical properties, relationships between variables, and applying statistical methods in
real-world scenarios.

Definition and properties

* Probability density functions (PDFs) serve as fundamental tools in theoretical statistics for describing
continuous random variables

» PDFs provide a mathematical framework to analyze and model various phenomena in fields such as
physics, finance, and engineering

» Understanding PDFs forms the foundation for more advanced statistical concepts and inference
techniques
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Concept of PDF

* Describes the relative likelihood of a continuous random variable taking on a specific value
« Represented by a non-negative function f(X) that integrates to 1 over its entire domain

* Area under the PDF curve between two points represents the probability of the random variable falling
within that interval

» Cannot be used directly to calculate probabilities for exact values, unlike probability mass functions for
discrete variables

Relationship to CDF

« Cumulative Distribution Function (CDF) F(x) obtained by integrating the PDF from negative infinity to
X

» CDF represents the probability that the random variable takes on a value less than or equal to x
« PDF can be derived from the CDF by taking its derivative: f(x) = ZF(x)

» CDF always ranges from 0 to 1, while PDF can take any non-negative value

Properties of PDFs

+ Non-negative for all values in its domain: f(x) = O for all x

* Integrates to 1 over its entire domain: f_mf(x)dx =1

+ Continuous and smooth for most common distributions, with possible exceptions at specific points
* May have multiple modes (peaks) or be symmetric or skewed, depending on the distribution

* Determines various statistical properties of the random variable (mean, variance, quantiles)

Common probability density functions

* Theoretical statistics employs a diverse set of probability density functions to model various real-world
phenomena

+ Understanding common PDFs provides a foundation for selecting appropriate models in statistical
analysis and hypothesis testing

» Each PDF has unique characteristics and parameters that determine its shape, location, and scale

Normal distribution

* Bell-shaped, symmetric distribution characterized by mean (u) and standard deviation (o)

« PDF given by f(x) = —=e ™ 2

1
ov2n
* Widely used due to the Central Limit Theorem and its occurrence in natural phenomena

» Standard normal distribution has p = 0 and o = 1, often denoted as N(0,1)

+ Useful for modeling phenomena influenced by many small, independent factors (height, measurement
errors)
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Exponential distribution

* Models time between events in a Poisson process or the lifetime of certain components

« PDF given by f(x) = Ae ™ for x 2 0, where A is the rate parameter

 Characterized by the memoryless property, meaning the future lifetime is independent of the past
* Mean and standard deviation both equal to 1/A

« Commonly used in reliability analysis and queueing theory

Uniform distribution

* Represents equal probability over a continuous interval [a, b]

- PDF given by fiX) = 1= fora<x<b

+ Constant probability density throughout its range
» Often used as a basis for generating random numbers and in simulation studies

» Mean is (a+b)/2, and variance is (b-a)%/12

Gamma distribution

» Generalizes the exponential distribution and models waiting times or amounts

« PDF given by f(x) = %Xﬂ_ Le=PX for x > 0, where a is the shape parameter and B is the rate
parameter

* Includes exponential and chi-squared distributions as special cases
* Flexible shape allows modeling of various skewed distributions

* Mean is a/B, and variance is a/3?
Beta distribution
* Defined on the interval [0, 1] and often used to model proportions or probabilities
Xc(—l(l_x)ﬂ—l

» PDF given by f(X) = == where B(a,) is the beta function

» Shape determined by two positive parameters, a and B
« Useful in Bayesian statistics as a conjugate prior for binomial and Bernoulli distributions

* Mean is a/(a+B), and variance is af/((a+B)*(a+B+1))

Multivariate density functions

 Multivariate density functions extend the concept of PDFs to random vectors in higher dimensions
* These functions play a crucial role in analyzing relationships between multiple random variables

» Understanding multivariate densities is essential for advanced statistical modeling and inference
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Joint PDFs

+ Describe the simultaneous behavior of two or more random variables
» Represented by a function f(x1, X2, ..., Xn) for n random variables
* Must integrate to 1 over the entire n-dimensional space

 Capture dependencies and correlations between variables

+ Allow calculation of probabilities for events involving multiple variables simultaneously

Marginal PDFs

* Derived from joint PDFs by integrating out other variables
» Represent the distribution of a single variable, ignoring others
+ Obtained by integrating the joint PDF over all other variables

* For two variables: fy(x) = f_mf(x, y)dy
« Useful for analyzing individual variables in a multivariate context

Conditional PDFs

* Describe the distribution of one variable given specific values of others

« Defined as the ratio of joint PDF to marginal PDF: fyjx(y|x) = f;:(%)

+ Capture how the distribution of one variable changes based on known values of others
« Essential for understanding dependencies and making predictions

* Form the basis for concepts like conditional expectation and regression analysis

Transformations of random variables

+ Transformations of random variables are crucial in theoretical statistics for deriving new distributions

 These techniques allow statisticians to relate different probability distributions and simplify complex
problems

» Understanding transformations is essential for advanced statistical modeling and inference
Change of variables technique

» Method for finding the PDF of a function of one or more random variables
* Involves transforming the original PDF using the inverse function and its derivative

 For a monotonic function Y = g(X), the PDF of Y is given by fr(y) = fx(g ™ (y)) | &9~ (¥)]

+ Allows derivation of new distributions from known ones (log-normal from normal)

* Crucial for understanding relationships between different probability distributions
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Jacobian determinant

* Generalizes the change of variables technique to multivariate transformations

* Represents the scaling factor for volumes under the transformation

+ For a transformation Y = g(X) in n dimensions, the joint PDF of Y is given by fy(y) = fx(g_l(y))U|
+ J is the Jacobian matrix of partial derivatives of the inverse transformation

« Essential for analyzing multivariate transformations and deriving multivariate distributions

* Applications include coordinate transformations in physics and economics

Moments and expectation

* Moments and expectations provide essential summary statistics for probability distributions
» These concepts allow for characterizing and comparing different distributions

» Understanding moments is crucial for parameter estimation and hypothesis testing in theoretical
statistics

Expected value

* Represents the average or mean of a random variable
o]

* Calculated as E[X] = f_mxf(x)dx for continuous random variables

* Provides a measure of central tendency for the distribution
« Linear property: E[aX + b] = aE[X] + b for constants a and b

» Forms the basis for many statistical estimators and decision rules

Variance and standard deviation
* Variance measures the spread or dispersion of a random variable around its mean
- Defined as Var(X) = E[(X — E[X1)?] = E[X?] — (E[X])?

« Standard deviation is the square root of variance, providing a measure in the same units as the
original variable

* Important for assessing the precision of estimates and constructing confidence intervals

* Plays a crucial role in hypothesis testing and statistical inference

Higher-order moments
» Generalize the concept of expectation to higher powers of the random variable

+ kth moment defined as E[X¥] = [__x*f(x)dx

« Central moments use deviations from the mean: E[(X — E[X1)¥]
* Third central moment (skewness) measures asymmetry of the distribution

* Fourth central moment (kurtosis) measures the tailedness of the distribution
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* Higher-order moments provide additional information about the shape and characteristics of
distributions

Parameter estimation

» Parameter estimation forms a cornerstone of statistical inference in theoretical statistics
* These techniques allow for drawing conclusions about population parameters from sample data

» Understanding estimation methods is crucial for applying statistical theory to real-world problems

Method of moments

 Estimates parameters by equating sample moments to theoretical moments

* Involves solving a system of equations based on the first k moments for k parameters
 Simple to implement and computationally efficient

» May not always produce optimal estimates, especially for small sample sizes

+ Useful for obtaining initial estimates or when maximum likelihood is computationally intensive

Maximum likelihood estimation

« Estimates parameters by maximizing the likelihood function of the observed data
* Based on finding parameter values that make the observed data most probable
« Often leads to consistent, efficient, and asymptotically normal estimators

« Involves solving /09 L(8; X) = O where L is the likelihood function

» Widely used due to its optimal asymptotic properties and flexibility

» Can be computationally intensive for complex models or large datasets

Applications in statistics

+ Probability density functions play a crucial role in various statistical applications
» These applications form the basis for statistical inference and decision-making

» Understanding these concepts is essential for applying theoretical statistics to real-world problems

Likelihood functions

* Represent the probability of observing the data given specific parameter values

+ Defined as the joint PDF of the observed data, viewed as a function of the parameters
» Form the basis for maximum likelihood estimation and likelihood ratio tests

* Allow for comparing different statistical models and hypotheses

* Crucial for Bayesian inference, where they are combined with prior distributions

Hypothesis testing

* Uses probability distributions to make decisions about population parameters
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* Test statistics often follow known distributions under null hypotheses (t, F, chi-squared)
* P-values calculated using the PDF or CDF of the test statistic's distribution
» Power of a test determined by the distribution of the test statistic under alternative hypotheses

« Critical in scientific research for assessing the significance of experimental results

Confidence intervals

* Provide a range of plausible values for population parameters

+ Constructed using the sampling distribution of estimators, often based on normal approximations
* Interval endpoints typically involve quantiles of known distributions (t, normal)

* Confidence level determined by the area under the PDF of the sampling distribution

« Essential for quantifying uncertainty in parameter estimates and making inferences about populations

Numerical methods

* Numerical methods are essential in theoretical statistics for handling complex probability distributions

* These techniques allow for approximating integrals, generating random samples, and solving
optimization problems

» Understanding numerical methods is crucial for applying statistical theory to real-world problems with
intractable analytical solutions

Monte Carlo integration

» Approximates complex integrals using random sampling

« Estimates expected values by averaging over randomly generated samples

« Convergence rate proportional to 1/V'n, where n is the number of samples

« Particularly useful for high-dimensional integrals and complex probability distributions

« Applications include calculating probabilities, expectations, and variances for complicated distributions

Importance sampling

* Improves efficiency of Monte Carlo methods by sampling from an alternative distribution

* Reduces variance of estimates by focusing on important regions of the integration domain
« Involves using a proposal distribution g(x) and weighting samples by W(x) = f(x)/q(x)

« Particularly useful for rare event simulation and Bayesian computation

» Requires careful choice of proposal distribution to be effective

Relationship to other concepts

» Understanding the relationships between different probabilistic concepts is crucial in theoretical
statistics
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* These relationships provide a unified framework for analyzing both discrete and continuous random
phenomena

* Recognizing the connections and distinctions between these concepts is essential for applying
appropriate statistical methods

PDFs vs PMFs

* Probability Density Functions (PDFs) describe continuous random variables

* Probability Mass Functions (PMFs) describe discrete random variables

* PDFs integrate to 1 over their domain, while PMFs sum to 1

» PDFs can take values greater than 1, unlike PMFs which are always between 0 and 1

* Both provide a complete description of the probability distribution for their respective types of random
variables

Continuous vs discrete distributions

 Continuous distributions use PDFs and are defined over intervals of real numbers
« Discrete distributions use PMFs and are defined over countable sets of values

« Continuous distributions allow for infinitely precise measurements, while discrete distributions
represent countable outcomes

» Some distributions (binomial, Poisson) can approximate continuous distributions under certain
conditions

» Many statistical techniques apply to both types, but specific methods may differ (integration vs
summation)

2.5 Cumulative distribution functions

Cumulative distribution functions (CDFs) are essential tools in probability theory and statistics. They
provide a complete picture of a random variable's probability distribution, allowing for various calculations
and inferences. CDFs are versatile, applying to both discrete and continuous variables.

Understanding CDFs is crucial for advanced statistical analyses and modeling. They enable probability
calculations, quantile determination, and risk assessment. CDFs also relate to other important functions
like probability density functions and characteristic functions, forming a foundation for theoretical statistics.

Definition and properties

» Cumulative distribution functions (CDFs) serve as fundamental tools in probability theory and statistics
for describing the probability distribution of random variables

* CDFs provide a comprehensive view of the entire probability distribution, allowing for various
probabilistic calculations and inferences

» Understanding CDFs forms a crucial foundation for advanced statistical analyses and modeling
techniques in theoretical statistics

Fiveable archived study guides Page 66



Basic definition

* Function F(x) represents the probability that a random variable X takes on a value less than or equal
to x

« Mathematically expressed as F(x) = P(X = x) for all real numbers x

* Applies to both discrete and continuous random variables, providing a unified framework for
probability distributions

» Monotonically increasing function, meaning F(x) increases or remains constant as x increases

Key characteristics

* Right-continuous function ensures F(x) is defined for all real numbers

- Limits of CDF as x approaches negative and positive infinity: JIM F(X) =0 gnq limF(x) =1
+ Non-decreasing function property guarantees F(x1) = F(x2) for all X1 = X2

« Probability of an interval calculated as P(a < X = b) = F(b) — F(a)

« Jump discontinuities in discrete CDFs occur at specific values where probability mass is concentrated

Relationship to probability

» CDFs directly relate to probability measures, providing a complete description of a random variable's
distribution

* Probability of any event can be computed using the CDF, making it a versatile tool for statistical
inference

* Enables calculation of percentiles, quantiles, and other summary statistics of the distribution

+ Facilitates comparison between different probability distributions and assessment of stochastic
dominance

Types of CDFs

* CDFs encompass a wide range of probability distributions, from simple discrete distributions to
complex continuous ones

» Understanding different types of CDFs allows statisticians to model various real-world phenomena
accurately

» Choosing the appropriate CDF type is crucial for effective statistical modeling and inference in
theoretical statistics

Discrete vs continuous
* Discrete CDFs characterized by step functions with jumps at specific values (coin flips, dice rolls)

* Continuous CDFs represented by smooth, continuous functions without jumps (normal distribution,
exponential distribution)

» Mixed distributions combine both discrete and continuous components, resulting in CDFs with both
jumps and smooth sections
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* Discrete CDFs have countable number of discontinuities, while continuous CDFs are everywhere
continuous

* Probability mass function (PMF) for discrete distributions vs probability density function (PDF) for
continuous distributions

Empirical CDF

» Non-parametric estimate of the true underlying CDF based on observed data

* Constructed by ordering the sample data and calculating the proportion of observations less than or
equal to each value

+ Step function that increases by 1/n at each observed data point, where n is the sample size

* Glivenko-Cantelli theorem guarantees uniform convergence of empirical CDF to true CDF as sample
size increases

* Serves as a foundation for various statistical tests and non-parametric inference methods

Mathematical representation

* Mathematical formulation of CDFs provides a rigorous framework for analyzing probability
distributions

* Precise notation and definitions enable derivation of important statistical properties and theorems

» Understanding the mathematical representation of CDFs is essential for advanced theoretical
statistics concepts

Function notation

« Standard notation for CDF: Fx(x) or simply F(x) when the random variable X is clear from context

« For discrete random variables: Fx(x) = Z P(X =t)

t=x

X
* For continuous random variables: Fy(x) = f_wfx(t)dt, where f_X(t) is the probability density function

* Subscript X often omitted when the random variable is understood from context

Domain and range
« Domain of CDF includes all real numbers, (—, «)
* Range of CDF always lies in the interval [0, 1], reflecting probabilities
* For continuous distributions, CDF takes on all values in [0, 1]

* Discrete distributions may have gaps in the range of the CDF due to jump discontinuities

Discontinuities in discrete CDFs

* Occur at specific values where probability mass is concentrated
* Size of jump at x equals P(X = x) for discrete random variables

* Right-continuity ensures F(x) equals the probability up to and including x
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* Left-hand limit F(x-) represents the probability strictly less than x

« Difference between right-hand and left-hand limits gives the probability of the specific value:
P(X=Xx)=F(x)—F(x—)

Interpretation and applications

» CDFs provide a powerful tool for interpreting and analyzing probability distributions in various
statistical applications

* Understanding how to interpret and apply CDFs is crucial for making informed decisions based on
probabilistic models

* Applications of CDFs span across multiple fields, including finance, engineering, and social sciences

Probability calculations
« Compute probabilities for intervals: P(a < X = b) = F(b) — F(a)
« Find probability of exceeding a threshold: P(X >c) =1 — F(c)
« Calculate probabilities for exact values in discrete distributions: P(X = X) = F(x) — F(x —)

» Determine probabilities for union and intersection of events using CDFs of multiple random variables

Quantile determination

* Inverse CDF (quantile function) used to find specific percentiles of a distribution
» Median calculated as the value x such that F(x) = 0.5
* Interquartile range determined by finding the 25th and 75th percentiles using the inverse CDF

+ Quantiles play a crucial role in constructing confidence intervals and hypothesis tests

Risk assessment
* CDFs employed to evaluate and quantify various types of risk in finance and insurance
* Value at Risk (VaR) calculated using the inverse CDF to determine potential losses
+ Extreme value theory utilizes CDFs to model and predict rare events and tail risks

* Survival analysis in medical research uses CDFs to estimate probabilities of survival times

Relationship to other functions

* CDFs are closely related to several other important functions in probability theory and statistics

» Understanding these relationships enhances the ability to analyze and manipulate probability
distributions

* Transformations between different functions provide alternative ways to represent and work with
probability distributions

CDF vs PDF

- PDF represents the derivative of the CDF for continuous distributions: f(x) = ZF(x)
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X
+ CDF obtained by integrating the PDF: F(x) = J'_wf(t)dt

» PDF gives the relative likelihood of a random variable taking on a specific value
* CDF provides cumulative probabilities up to a given value

* Area under the PDF curve between two points equals the difference in CDF values

CDF vs survival function

« Survival function S(x) defined as the complement of the CDF: S(x) =1 — F(x)
* Represents the probability that a random variable X is greater than x
« Commonly used in reliability analysis and survival analysis (time until failure or death)

« Hazard function related to both CDF and survival function: h(x) = %

CDF vs characteristic function

« Characteristic function defined as the expected value of e™X: ¢x(t) = E[e'*]
* CDF can be recovered from the characteristic function using the inverse Fourier transform
* Characteristic function useful for analyzing sums of independent random variables

» Moment-generating function (when it exists) related to both CDF and characteristic function

Multivariate CDFs

» Multivariate CDFs extend the concept of cumulative distribution functions to multiple random variables
« Essential for modeling and analyzing dependencies between random variables in theoretical statistics

* Provide a foundation for understanding complex stochastic processes and multivariate statistical
methods

Joint CDFs
* Represent the cumulative probability distribution for multiple random variables simultaneously
« For two random variables X and Y: Fx,v(x,¥) =P(X =X, Y =)
* Generalizes to n dimensions for n random variables
« Contain complete information about the joint distribution of the random variables

* Used to analyze dependencies and correlations between multiple variables

Marginal CDFs

+ Obtained from joint CDFs by considering only one variable and letting others approach infinity

 For a bivariate distribution: Fx(X) = )I,'D;l Fx,v(X,y)

* Represent the distribution of a single variable without regard to others

* Useful for analyzing individual variables in a multivariate setting

Fiveable archived study guides Page 70



* Relationship between joint and marginal CDFs crucial for understanding variable dependencies

Conditional CDFs
+ Describe the distribution of one variable given specific values of other variables
« For two random variables: Fxy(X]y) = P(X = x|Y = y)
* Related to joint and marginal CDFs through Bayes' theorem
« Essential for modeling conditional probabilities and developing prediction models

» Form the basis for many machine learning algorithms and statistical inference techniques

Transformations and operations

+ Transformations and operations on CDFs allow for manipulation of probability distributions
» Understanding these concepts is crucial for deriving properties of functions of random variables

* Applications in theoretical statistics include deriving sampling distributions and constructing new
probability models

Linear transformations

* For a linear transformation Y = aX + b, the CDF of Y is related to the CDF of X

« Fy(y) = Fx(X32) fora> 0, and Fy(y) = 1 — Fx(¥52) fora < 0

* Allows for scaling and shifting of probability distributions
* Useful in standardizing random variables (z-scores) and location-scale families of distributions
Function of random variables

* CDF of a function g(X) of a random variable X determined using the CDF of X

« For monotonic functions, Fgux)(y) = Fx(g_l(y)) if g is increasing, and Fgx)(y) =1 — Fx(g_l(y)) if g
is decreasing

» Non-monotonic functions require more complex techniques (change of variables, convolution)

* Applications in deriving distributions of test statistics and transformed random variables
Convolution of CDFs

* Represents the CDF of the sum of independent random variables

* For continuous random variables X and Y: Fy , y(z) = f_mFX(Z — y)fy(y)dy

* Discrete case involves summation instead of integration
» Fundamental in analyzing sums of random variables (sample means, aggregate claims in insurance)

 Convolution theorem relates convolution to multiplication of characteristic functions

Estimation and inference

* Estimation and inference techniques for CDFs form a crucial part of statistical analysis
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» These methods allow for drawing conclusions about population distributions based on sample data

» Understanding these concepts is essential for applying theoretical statistics to real-world problems

Empirical CDF estimation

* Non-parametric estimate of the true CDF based on observed data

* Defined as

Falx) =13 1(X, = x)
=1

=

, where | is the indicator function
* Glivenko-Cantelli theorem ensures uniform convergence to the true CDF as sample size increases
* Provides a foundation for various non-parametric statistical methods

+ Kernel smoothing techniques can be applied to obtain smooth estimates of the CDF

Confidence intervals for CDFs

+ Pointwise confidence intervals constructed using asymptotic normality of the empirical CDF

« Simultaneous confidence bands (Kolmogorov-Smirnov bands) provide uniform coverage over the
entire range

* Bootstrap methods used for constructing confidence intervals in complex sampling scenarios
« Confidence intervals for quantiles derived from inverting CDF confidence bands

* Applications in assessing uncertainty in estimated probabilities and quantiles

Goodness-of-fit tests

» Kolmogorov-Smirnov test compares empirical CDF to a hypothesized theoretical CDF
» Anderson-Darling test places more weight on tail differences between empirical and theoretical CDFs

» Cramér-von Mises test based on integrated squared difference between empirical and theoretical
CDFs

» Q-Q plots provide graphical assessment of goodness-of-fit by comparing empirical and theoretical
quantiles

+ Applications in model validation and distribution fitting
Computational aspects

» Computational methods play a crucial role in applying CDF concepts to real-world problems
« Efficient algorithms and software implementations enable practical application of theoretical concepts

» Understanding computational aspects is essential for conducting large-scale statistical analyses

Numerical integration methods

* Trapezoidal rule and Simpson's rule used for approximating CDFs of continuous distributions
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» Gaussian quadrature provides high-accuracy integration for specific classes of functions
+ Adaptive quadrature methods adjust step size based on function behavior for improved efficiency
» Monte Carlo integration techniques useful for high-dimensional and complex distributions

« Error bounds and convergence rates guide the choice of appropriate numerical methods

Inverse CDF sampling
* Technique for generating random samples from a given distribution using its inverse CDF
* For a uniform random variable U, X = FA(-1)(U) has the desired distribution with CDF F
« Efficient for distributions with closed-form inverse CDFs (exponential, Weibull)

» Numerical methods (binary search, Newton-Raphson) used for distributions without closed-form
inverses

» Forms the basis for many random number generation algorithms in statistical software

Software implementations

« Statistical software packages (R, SAS, SPSS) provide built-in functions for common CDFs
* Numerical libraries (GSL, Boost) offer efficient implementations of CDF-related algorithms
» Symbolic computation systems (Mathematica, SymPy) allow for analytical manipulation of CDFs

» Machine learning frameworks (TensorFlow, PyTorch) include probabilistic programming capabilities
for working with CDFs

» Custom implementations may be necessary for specialized or novel distributions

Advanced topics

» Advanced topics in CDF theory extend the basic concepts to more complex scenarios
* These topics form the basis for cutting-edge research in theoretical statistics

» Understanding advanced CDF concepts is crucial for tackling sophisticated statistical problems

Copulas and CDFs

+ Copulas separate marginal distributions from dependence structure in multivariate distributions
« Sklar's theorem establishes the relationship between joint CDFs and copulas
* Allows for flexible modeling of dependencies between random variables

» Archimedean and elliptical copulas provide parametric families for modeling various dependence
structures

* Applications in risk management, financial modeling, and multivariate statistical analysis

Order statistics and CDFs

* Order statistics represent sorted samples from a distribution

» CDF of the k-th order statistic in a sample of size n related to the binomial distribution
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* Beta distribution arises as the limiting distribution of order statistics for uniform random variables
+ Extreme value theory focuses on the behavior of maximum and minimum order statistics

+ Applications in reliability analysis, environmental science, and financial risk assessment

Limiting distributions of CDFs

* Central Limit Theorem describes the limiting behavior of standardized sums of random variables

» Convergence in distribution of CDFs formalized through concepts like weak convergence

+ Lévy continuity theorem relates convergence of CDFs to convergence of characteristic functions

« Stable distributions arise as limiting distributions for sums of random variables with infinite variance

* Applications in understanding asymptotic behavior of statistical estimators and test statistics

2.6 Common probability distributions

Probability distributions are the backbone of statistical inference, allowing us to model real-world
phenomena and analyze data effectively. By understanding different types of distributions, we can select
appropriate methods for various research questions and make accurate predictions.

This topic covers discrete and continuous distributions, univariate and multivariate cases, and special
distributions used in hypothesis testing. We'll explore key properties, relationships between distributions,
and their applications in statistical inference, hypothesis testing, and confidence intervals.

Types of probability distributions

* Probability distributions form the foundation of statistical inference in Theoretical Statistics

» Understanding different types of distributions enables accurate modeling of real-world phenomena
and data analysis

« Classifying distributions helps in selecting appropriate statistical methods for various research
questions

Discrete vs continuous distributions

* Discrete distributions model random variables with countable outcomes (integers)
+ Continuous distributions represent variables that can take any value within a range

* Probability mass functions describe discrete distributions while probability density functions
characterize continuous distributions

* Examples of discrete distributions include (Poisson, binomial)

+ Continuous distribution examples encompass (normal, exponential)

Univariate vs multivariate distributions

+ Univariate distributions describe a single random variable
* Multivariate distributions model the joint behavior of two or more random variables
* Univariate distributions use single-variable functions while multivariate distributions employ

multidimensional functions
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« Correlation and covariance play crucial roles in multivariate distributions

+ Applications of multivariate distributions include (portfolio analysis, climate modeling)

Discrete probability distributions

» Discrete distributions model random variables with distinct, separate outcomes
* These distributions are essential in analyzing count data and categorical variables

» Understanding discrete distributions aids in solving problems involving finite sets of possibilities

Bernoulli distribution

» Models a single trial with two possible outcomes (success or failure)

« Probability mass function given by P(X = x) = p*(1 — p)* ~* where x is 0 or 1
* Mean (expected value) equals p, variance equals p(1-p)

* Used in modeling binary outcomes (coin flips, yes/no surveys)

» Forms the basis for more complex discrete distributions

Binomial distribution

» Represents the number of successes in n independent Bernoulli trials

« Probability mass function: P(X = k) = (7)p(1 — p)" K

* Mean equals np, variance equals np(1-p)

* Applies to scenarios with fixed number of trials and constant probability of success

» Examples include (number of defective items in a batch, correct answers in a multiple-choice test)
Poisson distribution

» Models the number of events occurring in a fixed interval of time or space

Ake?
K!

« Probability mass function: P(X = k) =
* Mean and variance both equal A (rate parameter)
* Assumes events occur independently and at a constant average rate

+ Applications include (number of customers arriving at a store, radioactive decay events)

Geometric distribution

* Represents the number of trials until the first success in a sequence of Bernoulli trials

- Probability mass function: P(X = k) = (1 — p)*~1p
» Mean equals 1/p, variance equals (1-p)/p”2
» Models waiting time scenarios (number of coin flips until first heads)

* Used in reliability analysis and quality control
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Negative binomial distribution
* Generalizes the geometric distribution to model the number of failures before r successes
« Probability mass function: P(X =k) = (¥*7=1)p"(1 — p)
» Mean equals r(1-p)/p, variance equals r(1-p)/p2
* Applies to scenarios requiring multiple successes (number of insurance claims until r payouts)

* Used in modeling overdispersed count data

Continuous probability distributions

« Continuous distributions model random variables that can take any value within a range
* These distributions are crucial for analyzing measurements and time-related data

+ Understanding continuous distributions enables sophisticated modeling of real-world phenomena

Uniform distribution

* Represents equal probability for all values within a given interval [a,b]

« Probability density function: fiX) = 32 fora<x <b

* Mean equals (a+b)/2, variance equals (b-a)*2/12

* Serves as a basis for generating random numbers in simulations

* Applied in modeling random selection processes (lottery numbers, roulette wheel outcomes)
Normal distribution

» Characterized by its bell-shaped curve and symmetry around the mean

_x=u?

« Probability density function: f(x) = —=e™ 2
ovan

* Defined by two parameters: mean (u) and standard deviation (g)
* Central Limit Theorem establishes its importance in statistical inference

» Widely used in natural and social sciences (height distributions, measurement errors)

Exponential distribution

» Models the time between events in a Poisson process
« Probability density function: f{x) = Ae ™ forx 2 0

» Mean equals 1/A, variance equals 1/A*2

 Exhibits the memoryless property

+ Applications include (waiting times, equipment failure rates)

Gamma distribution

» Generalizes the exponential distribution with shape (k) and scale (8) parameters
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_ xk— le—XIS

« Probability density function: f(ix) = R forx>0

* Mean equals kB, variance equals k62
* Models waiting times for k events in a Poisson process

* Used in reliability analysis and modeling rainfall amounts

Beta distribution

* Defined on the interval [0,1] with shape parameters a and

Xﬂ—l(l _X)B—l

» Probability density function: f{x) = 35—

* Mean equals a/(a+p), variance equals af/((a+p)*2(a+B+1))
+ Often used to model probabilities and proportions

* Applications in Bayesian statistics and modeling of random variables with finite range

Properties of distributions

» Understanding distribution properties enables effective statistical analysis and inference
*» These properties provide insights into the behavior and characteristics of random variables

» Mastering distribution properties forms the basis for advanced statistical techniques

Probability density function
* Describes the relative likelihood of a continuous random variable taking on a specific value
* Integral of the PDF over an interval gives the probability of the variable falling within that range
* Must be non-negative and integrate to 1 over its entire domain
+ Derivatives of the PDF reveal important features of the distribution

* Used to calculate probabilities and derive other distribution properties

Cumulative distribution function

* Represents the probability that a random variable takes a value less than or equal to a given point

* For continuous distributions, CDF is the integral of the PDF from negative infinity to x
+ Always monotonically increasing and ranges from 0 to 1
« Useful for calculating probabilities and quantiles

« Relationship to PDF: F'(x) = f(x) for continuous distributions

Moments of distributions

+ Describe various aspects of the probability distribution's shape and location
* First moment (mean) represents the center of the distribution

» Second central moment (variance) measures the spread around the mean
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» Higher moments (skewness, kurtosis) provide information about asymmetry and tail behavior

* Moment generating functions uniquely determine probability distributions

Expected value and variance

» Expected value (mean) represents the long-run average of a random variable

 Calculated as E[X] = ;XP(X = X) for discrete and E[X] = f_wxf(x)dx for continuous distributions

* Variance measures the spread of the distribution around the mean
- Computed as Var(X) = E[(X — u)?] = E[X?] — (E[X])?

« Standard deviation, the square root of variance, provides a measure of dispersion in the same units as
the random variable

Relationships between distributions

» Understanding relationships between distributions aids in statistical modeling and analysis
» These connections often arise from transformations or limiting behaviors of random variables

» Recognizing distribution relationships enables efficient problem-solving and data interpretation

Normal vs standard normal

+ Standard normal distribution has mean 0 and standard deviation 1
« Any normal distribution can be transformed to standard normal: Z = )%
« Standard normal distribution simplifies probability calculations and hypothesis testing

« Z-scores derived from this relationship allow comparison across different normal distributions

« Tables of standard normal probabilities facilitate quick computations

Poisson vs exponential

* Poisson distribution models the number of events in a fixed interval

* Exponential distribution represents the time between events in a Poisson process
* If X ~ Poisson(At), then the time until the next event Y ~ Exponential(A)

* Both distributions are characterized by a single parameter A

* Relationship useful in modeling queuing systems and arrival processes

Gamma vs beta

« Gamma distribution generalizes the exponential distribution

* Beta distribution is related to the gamma through the following property: If X ~ Gamma(a, 6) and Y ~
Gamma(B, 6), then X/(X+Y) ~ Beta(a, B)

* Both distributions are versatile and used in Bayesian analysis

* Gamma often models waiting times, while Beta models probabilities or proportions
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* Their relationship allows for flexible modeling of various phenomena

Special distributions

+ Special distributions arise in specific statistical contexts and hypothesis testing
* These distributions play crucial roles in inferential statistics and experimental design

 Understanding special distributions is essential for advanced statistical analysis techniques

Chi-square distribution

* Arises from the sum of squares of independent standard normal random variables

(k/2y =1 45—x/2

+ Probability density function: f(X) = S

forx>0
 Characterized by degrees of freedom (k) parameter
* Used in goodness-of-fit tests and analysis of variances

* Relationship to normal distribution: if Z ~ N(0,1), then Z*2 ~ x*2(1)
Student's t-distribution

* Arises when estimating the mean of a normally distributed population with unknown variance

r(est) vl

* Probability density function: fix) = \/Tn—r(;)(l + %)_ :

» Characterized by degrees of freedom (v) parameter
» Approaches normal distribution as degrees of freedom increase
» Used in hypothesis testing and constructing confidence intervals for means
F-distribution
* Arises as the ratio of two chi-square distributions divided by their respective degrees of freedom
* Probability density function involves complex beta and gamma functions
+ Characterized by two degrees of freedom parameters (d1, d2)
+» Used in analysis of variance (ANOVA) and regression analysis

* Tests equality of variances in different populations

Applications of distributions
* Probability distributions form the foundation for various statistical inference techniques
+ Understanding distribution applications enables proper selection of statistical methods
» These applications bridge theoretical concepts with practical data analysis

Statistical inference

* Uses probability distributions to draw conclusions about populations from sample data

* Involves parameter estimation, hypothesis testing, and confidence interval construction
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* Requires understanding of sampling distributions and their properties
* Employs maximum likelihood estimation and method of moments for parameter estimation

+ Bayesian inference incorporates prior distributions to update beliefs based on observed data

Hypothesis testing
* Tests claims about population parameters using sample data
* Utilizes test statistics derived from appropriate probability distributions
* Involves null and alternative hypotheses, significance levels, and p-values
» Examples include t-tests for means, chi-square tests for independence, and F-tests for variances

» Power analysis uses distributions to determine sample size requirements for detecting effects

Confidence intervals

* Provide a range of plausible values for population parameters

« Constructed using the sampling distribution of the estimator

* Typically based on normal, t, or chi-square distributions depending on the parameter and sample size
« Confidence level determines the probability that the interval contains the true parameter value

* Used in various fields to quantify uncertainty in parameter estimates

Transformations of distributions

« Transformations allow manipulation of random variables to create new distributions
» Understanding transformations aids in solving complex probability problems

* These techniques are crucial for deriving sampling distributions and developing statistical methods

Linear transformations

* Involve adding a constant (shift) or multiplying by a constant (scale) to a random variable
* For X with mean p and variance 072, Y = aX + b has mean ap + b and variance a*20%2
* Preserve the general shape of the distribution but change location and spread

* Useful for standardizing variables (z-scores) and unit conversions

* Examples include transforming between Fahrenheit and Celsius temperatures

Non-linear transformations

* Involve applying non-linear functions to random variables

« Can significantly alter the shape and properties of the original distribution
* Examples include exponential, logarithmic, and power transformations

* Used to stabilize variance, normalize data, or linearize relationships

 Require careful consideration of how the transformation affects probabilities and moments
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Multivariate distributions

* Model the joint behavior of two or more random variables simultaneously
+ Essential for analyzing complex systems and relationships between variables

» Require understanding of concepts like correlation, covariance, and conditional distributions

Multivariate normal distribution

» Generalizes the univariate normal distribution to multiple dimensions

 Characterized by a mean vector y and covariance matrix

+ Probability density function involves the determinant and inverse of the covariance matrix
* Marginal and conditional distributions are also normal

» Widely used in multivariate statistical analysis, including factor analysis and discriminant analysis

Multinomial distribution

* Generalizes the binomial distribution to multiple categories

* Models the outcomes of n independent trials with k possible outcomes

+ Probability mass function involves multinomial coefficients and category probabilities
* Mean and variance can be calculated for each category

* Applications include modeling voting outcomes and market share analysis

Sampling distributions
+ Describe the distribution of sample statistics across different samples from a population
+ Crucial for understanding the behavior of estimators and conducting statistical inference

» Form the basis for constructing confidence intervals and performing hypothesis tests

Distribution of sample mean

* Central Limit Theorem states that the sampling distribution of the mean approaches normal as sample
size increases

* For large samples, X ~ N(4, 0*2/n) where p and 0”2 are population parameters
« Standard error of the mean (SEM) equals a/vn
* T-distribution used when population standard deviation is unknown and sample size is small

+ Enables inference about population means using sample data

Distribution of sample variance

» Sample variance (s*2) follows a scaled chi-square distribution
 For normal populations, (n-1)s*2/a"2 ~ x*2(n-1)

+ Used to construct confidence intervals for population variance

Fiveable archived study guides Page 81



* F-distribution arises when comparing variances from two independent samples

+ Understanding this distribution is crucial for ANOVA and regression analysis

Limit theorems

* Describe the asymptotic behavior of random variables and their functions
* Provide theoretical foundations for many statistical inference techniques

» Enable approximations that simplify complex probability calculations

Law of large numbers

« States that the sample mean converges to the population mean as sample size increases
» Weak law of large numbers deals with convergence in probability

« Strong law of large numbers concerns almost sure convergence

« Justifies the use of sample means as estimators of population means

» Fundamental to the concept of consistency in statistical estimation

Central limit theorem

« States that the sum (or average) of a large number of independent, identically distributed random
variables approaches a normal distribution

* Applies regardless of the underlying distribution of the individual variables
» Convergence rate depends on the original distribution and sample size
» Enables normal approximations for various distributions (binomial, Poisson) with large n

* Forms the basis for many statistical inference procedures and hypothesis tests
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Unit 3 — Expectation and moments

3.1 Expected value

Expected value is a fundamental concept in probability theory and statistics, quantifying the average
outcome of a random variable. It serves as a measure of central tendency for probability distributions,
enabling predictions and comparisons across various statistical applications.

Calculating expected value involves probability-weighted averages for discrete cases and integration for
continuous cases. Understanding its properties, such as linearity and non-negativity, is crucial for deriving
statistical theorems and conducting advanced analyses in theoretical statistics.

Definition of expected value

» Expected value forms a fundamental concept in probability theory and statistics, quantifying the
average outcome of a random variable

* In theoretical statistics, expected value provides a measure of central tendency for probability
distributions, enabling predictions and comparisons

« Serves as a crucial tool for analyzing and interpreting data in various statistical applications

Probability-weighted average
+ Calculates the sum of all possible values multiplied by their respective probabilities
* Represents the long-term average outcome if an experiment is repeated infinitely

* Denoted mathematically as
n
ElX1= 2 x;- p(x))
i=1

for discrete random variables

* Accounts for both the magnitude of outcomes and their likelihood of occurrence

Discrete vs continuous cases
+ Discrete case involves summing over finite or countably infinite set of possible values
+ Continuous case requires integration over the entire range of the random variable

+ Continuous expected value expressed as E[X] = f_wx - f(x)dx where f(x) is the probability density

function

* Transition from discrete to continuous involves replacing summation with integration and probability
mass function with probability density function

Properties of expected value
» Expected value exhibits several key properties that make it a powerful tool in theoretical statistics

* These properties allow for manipulation and analysis of complex probabilistic scenarios
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» Understanding these properties is crucial for deriving statistical theorems and conducting advanced
analyses

Linearity of expectation

« States that the expected value of a sum equals the sum of individual expected values

« Expressed mathematically as E[aX + bY] = aE[X] + bE[Y] for constants a and b and random
variables X and Y

* Holds true even when random variables are dependent, making it a powerful tool in probability
calculations

* Allows for simplification of complex problems by breaking them down into simpler components

Expected value of constants

« Expected value of a constant is the constant itself: E[c] = ¢ for any constant ¢

« Implies that adding or subtracting a constant from a random variable shifts its expected value by that
amount

* Useful in standardizing random variables and transforming probability distributions

* Helps in understanding the impact of deterministic components in probabilistic models
Non-negativity

+ Expected value of a non-negative random variable is always non-negative

«If X 2 0, then E[X]=0

- Extends to absolute values: E[|X|1=|E[X]]|

* Provides bounds and constraints in probability inequalities and statistical estimations
Calculation methods

« Various techniques exist for calculating expected values, depending on the nature of the random
variable

» Selection of appropriate method is crucial for accurate results and efficient computation

» Understanding these methods is essential for applying expected value concepts to real-world
problems

Discrete random variables

« Utilizes probability mass function (PMF) to compute expected value
* Involves summing the product of each possible value and its probability

« Formula: EIX1= ;X * P(X = X) where x ranges over all possible values of X

* Applicable to finite and countably infinite sample spaces (coin flips, dice rolls)
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Continuous random variables

* Employs probability density function (PDF) to calculate expected value
* Requires integration over the entire range of the random variable

* Formula: E[X] = f_wx - f(x)dx where f(x) is the PDF of X
* Used for variables with uncountably infinite possible values (time intervals, measurements)

Using probability distributions
+ Leverages known properties of standard probability distributions to compute expected values
* Involves identifying the distribution type and its parameters

« Utilizes pre-derived formulas for expected values of common distributions (normal, exponential,
Poisson)

« Simplifies calculations for well-studied probability models in theoretical statistics

Conditional expected value
» Extends the concept of expected value to scenarios where additional information is available
* Plays a crucial role in Bayesian statistics and decision theory

+ Allows for more precise predictions by incorporating relevant contextual information

Definition and interpretation
* Represents the expected value of a random variable given that another event has occurred
« Denoted as E[X|Y] for random variables X and Y
+ Calculated using the conditional probability distribution of X given Y

* Provides a way to update expectations based on new information or observations

Law of total expectation
* Also known as the law of iterated expectation or tower property
- States that E[X]1= E[E[X|Y]] for random variables X and Y
« Allows decomposition of expected value calculations into conditional components
« Useful in solving complex probability problems and deriving statistical theorems

* Applications in decision trees, Markov chains, and hierarchical models

Applications in statistics

* Expected value concepts find widespread use across various domains of statistical analysis
« Serve as foundational tools for developing statistical models and making inferences

» Enable quantitative decision-making in uncertain environments
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Mean of probability distributions

» Expected value represents the theoretical mean or average of a probability distribution
* Provides a measure of central tendency for symmetric and asymmetric distributions
+ Used to characterize and compare different probability models

« Essential in hypothesis testing and parameter estimation (sample mean as estimator of population
mean)

Risk assessment and decision theory

« Utilizes expected value to quantify potential outcomes in uncertain scenarios
* Helps in evaluating and comparing different strategies or decisions
* Applied in fields like insurance, finance, and project management

* Incorporates utility functions to account for risk preferences in decision-making processes

Financial modeling
» Expected value concepts crucial in pricing financial instruments (options, futures)
* Used in portfolio theory to optimize risk-return tradeoffs
* Employed in calculating present and future values of cash flows

» Fundamental in assessing investment strategies and conducting risk analysis

Variance and expected value
» Variance and expected value are closely related concepts in probability theory
* Together, they provide a comprehensive description of a random variable's distribution

» Understanding their relationship is crucial for advanced statistical analyses

Relationship between variance and expectation
* Variance measures the spread or dispersion of a random variable around its expected value
« Defined as the expected value of the squared deviation from the mean: Var(X) = E[(X — E[X])?]
« Alternative formula: Var(X) = E[X?] — (E[X])?

* Variance is always non-negative, equaling zero only for constants

Covariance and correlation

+ Covariance extends the concept of variance to measure the joint variability of two random variables
« Defined as Cov(X, Y) = E[(X — E[X])(Y — E[Y])]

« Correlation normalizes covariance to provide a standardized measure of association

i . _ Cov(X,Y)
« Correlation coefficient: PX.Y = Tvarxvar)
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* Both concepts crucial in multivariate analysis, regression, and time series modeling

Moment-generating functions

» Powerful tool in theoretical statistics for analyzing probability distributions
» Encapsulates all moments of a distribution in a single function

* Facilitates derivation of distribution properties and proving theoretical results

Definition and properties

« Moment-generating function (MGF) of a random variable X defined as Mx(t) = E[et]
« Exists only if the expectation is finite for t in some neighborhood of 0
+ Uniquely determines the probability distribution if it exists

« Useful for proving convergence in distribution and deriving distribution of transformed random
variables

Deriving expected value
» Expected value can be obtained by evaluating the first derivative of MGF att =0
« E[X] = M'x(0) where M'_X(t) denotes the derivative of MGF with respect to t
+ Higher-order moments derived similarly: E[X"] = M)((n)(O) where MA(n)_X(t) is the nth derivative

* Provides an alternative method for calculating expected values and moments of distributions

Inequalities involving expected value
» Expected value inequalities provide bounds and constraints on probabilities and random variables
« Essential tools in theoretical statistics for proving theorems and deriving approximations

« Aid in understanding limitations and relationships between different probabilistic quantities

Markov's inequality

* Provides an upper bound on the probability that a non-negative random variable exceeds a certain
value

+ States that for a non-negative random variable X and a > 0, P(X=a)<£X]
+ Useful when only the expected value of a distribution is known

» Forms the basis for proving other probability inequalities (Chebyshev's inequality)

Jensen's inequality

* Applies to convex functions and expected values
« States that for a convex function f and random variable X, IE[X])<E[f(X)]
« For concave functions, the inequality is reversed

+ Has applications in information theory, optimization, and economic theory
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* Used to derive bounds on expected values of transformed random variables

Expected value in specific distributions

» Understanding expected values of common probability distributions is crucial in theoretical statistics
* Provides insights into the behavior and properties of these distributions

* Facilitates modeling and analysis of various real-world phenomena

Bernoulli and binomial distributions

« Bernoulli distribution: ELX] = p where p is the probability of success
« Binomial distribution: ELX1= np where n is the number of trials
* Models discrete events with two possible outcomes (success/failure, yes/no)

* Applications in quality control, epidemiology, and survey sampling

Poisson distribution

« Expected value equals the rate parameter: E[X] = A
» Models rare events occurring in a fixed interval of time or space
« Variance also equals A, a unique property of the Poisson distribution

* Used in queueing theory, reliability analysis, and modeling count data

Normal distribution

« Expected value equals the location parameter p: E[X]1 = u
» Symmetric distribution with bell-shaped curve
« Central to many statistical theories due to the Central Limit Theorem

» Widely used in natural and social sciences for modeling continuous variables

Estimation of expected value

« Estimating expected values from sample data is a fundamental task in statistical inference
* Bridges the gap between theoretical concepts and practical applications of statistics

« Crucial for making inferences about population parameters based on limited data

Sample mean as estimator

» Sample mean (X) serves as an unbiased estimator of the population mean (u)

* Calculated as

X1
Il
I
M=
x

for a sample of size n

» Converges to the true expected value as sample size increases (law of large numbers)
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* Forms the basis for many statistical procedures (hypothesis tests, confidence intervals)

Properties of estimators

« Unbiasedness: E[X] = M (sample mean is an unbiased estimator of population mean)

« Consistency: estimator converges in probability to the true parameter as sample size increases
« Efficiency: measures the variance of the estimator relative to the theoretical lower bound

* Robustness: ability of the estimator to perform well under departures from assumed conditions

* Trade-offs often exist between these properties, influencing choice of estimators in practice

3.2 Variance and standard deviation

Variance and standard deviation are key concepts in Theoretical Statistics, measuring data spread around
the mean. These metrics provide crucial insights into data variability, forming the foundation for statistical
inference and hypothesis testing.

Understanding variance properties enables proper application of statistical models. The standard deviation,
as the square root of variance, offers a more interpretable measure of spread in the original data units,
widely used in practical applications and statistical analysis.

Definition of variance

+ Variance quantifies the spread or dispersion of data points around their mean in a probability
distribution or dataset

* Plays a crucial role in statistical inference and hypothesis testing by measuring variability in observed
data

* Serves as a fundamental concept in Theoretical Statistics, underpinning many advanced statistical
techniques and models

Population vs sample variance

« Population variance (0?) measures variability in an entire population
« Sample variance (s?) estimates population variance using a subset of data
+ Calculation differs slightly to account for bias in sample estimates

» Sample variance uses n-1 in the denominator (Bessel's correction) to provide an unbiased estimate

Variance formula

* Population variance:

N

2 (X1 — p)?
—_—i=1

0 =p—

» Sample variance:

n

5 2 g —%)?
—_ =1

ST ES LT

- Xi represents individual data points
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« M (population mean) or X (sample mean) serve as the central reference point

 Squared differences emphasize larger deviations from the mean

Interpretation of variance

» Expressed in squared units of the original data
« Larger values indicate greater spread or variability in the data
* Sensitive to outliers due to squaring of differences

* Provides insight into data consistency and reliability of mean estimates

Properties of variance

« Variance forms the foundation for many statistical concepts and techniques in Theoretical Statistics
» Understanding variance properties enables proper application and interpretation of statistical models

* Variance characteristics influence the choice of statistical methods and affect the reliability of results
Non-negativity

* Variance is always greater than or equal to zero

« Zero variance occurs when all data points are identical

» Negative variance is mathematically impossible due to squaring of differences

* Provides a lower bound for variability measures in statistical analyses

Scale dependence

* Variance changes with the scale of measurement
» Multiplying data by a constant ¢ multiplies variance by c*2
« Affects comparability of variances across different scales or units

* Necessitates standardization techniques (z-scores) for meaningful comparisons

Effect of constants

» Adding a constant to all data points does not change the variance
« Subtracting the mean from each data point results in a centered distribution with the same variance
» Enables variance decomposition and analysis of variance (ANOVA) techniques

* Facilitates the study of variability independent of location parameters

Standard deviation

« Standard deviation serves as a more interpretable measure of variability in Theoretical Statistics
* Provides a scale-dependent measure of spread in the same units as the original data

» Widely used in practical applications and statistical inference due to its intuitive interpretation
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Relationship to variance

« Standard deviation is the square root of variance
* Denoted as g for population and s for sample
* Provides a measure of average deviation from the mean

* Allows for easier comparison with the original data scale

Standard deviation formula

* Population standard deviation:

N
2 (x— )2
— i=1
o=y =w—
» Sample standard deviation:
2 (x—X%)?
— i=1
s= n—-1

* Maintains the units of the original data

* Often preferred in reporting due to its interpretability
Interpretation of standard deviation

* Represents the average distance of data points from the mean

» Approximately 68% of data falls within one standard deviation of the mean in normal distributions

* Used to detect outliers and assess data normality

* Provides a measure of precision for parameter estimates in statistical inference
Variance in probability distributions

« Variance characterizes the spread of random variables in probability theory

* Forms a crucial component in understanding and modeling stochastic processes

» Enables the quantification of uncertainty in probabilistic models and statistical inference
Discrete distributions

* Variance calculated using probability mass function (PMF)

« Formula: Yar(X) = EL(X — )21 = X (x — u)?P(X = x)

» Examples include Binomial (np(1-p)) and Poisson (A) distributions

« Often related to the mean in discrete probability distributions

Continuous distributions

* Variance calculated using probability density function (PDF)
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« Formula: Var(X) = E[(X — u)?]1 = fl(x — W)?f(x)dx

« Examples include Normal (%) and Exponential (1/A?) distributions

* Integral calculus techniques often required for derivation

Expected value vs variance

» Expected value (mean) measures central tendency
» Variance measures spread around the expected value
» Both moments provide a more complete description of a distribution

» Higher moments (skewness, kurtosis) offer additional insights into distribution shape

Estimating variance
« Variance estimation plays a crucial role in statistical inference and hypothesis testing

+ Accurate variance estimates are essential for constructing confidence intervals and conducting
significance tests

* Various estimation techniques address different statistical scenarios and assumptions

Unbiased estimators
« Sample variance (52) provides an unbiased estimate of population variance
* Bessel's correction (n-1 in denominator) ensures unbiasedness
* Maximum likelihood estimator (MLE) of variance is biased but asymptotically unbiased

» Unbiasedness ensures the expected value of the estimator equals the true parameter value

Degrees of freedom

» Represents the number of independent pieces of information used in variance estimation
» For sample variance, degrees of freedom = n-1 (sample size minus 1)
* Accounts for the loss of one degree of freedom due to estimating the mean

* Affects the shape of sampling distributions (t-distribution) used in inference

Sample size considerations
» Larger sample sizes generally lead to more precise variance estimates
* Precision of variance estimates increases with the square root of sample size
» Small samples may result in unreliable variance estimates, especially for skewed distributions
» Power analysis helps determine appropriate sample sizes for detecting significant effects
Applications of variance

« Variance finds extensive use in various fields of study and practical applications
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» Understanding variance applications enhances the ability to interpret and utilize statistical results

* Theoretical Statistics provides the foundation for applying variance concepts in real-world scenarios

Risk assessment

+ Variance quantifies uncertainty and volatility in risk management
* Used in portfolio theory to optimize risk-return tradeoffs
* Helps in assessing insurance premiums and actuarial calculations

» Enables decision-making under uncertainty in various industries

Quality control

* Variance monitoring detects process deviations in manufacturing
« Control charts use variance to identify out-of-control processes
+ Six Sigma methodology relies on variance reduction for quality improvement

* Helps in setting tolerance limits and specification boundaries

Financial modeling
* Variance is crucial in option pricing models (Black-Scholes)
* Used to calculate Value at Risk (VaR) in financial risk management
* Helps in asset allocation and portfolio diversification strategies

* Enables volatility forecasting in time series analysis of financial data

Variance decomposition

+ Variance decomposition techniques allow for the analysis of complex data structures
» Enables the attribution of variability to different sources or factors

* Provides insights into the relative importance of various components in explaining overall variability

Total variance

* Represents the overall variability in a dataset or statistical model
» Sum of all variance components in a decomposition analysis
* Provides a baseline for assessing the relative contribution of different factors

* Used in ANOVA and mixed-effects models to partition variability

Between-group variance

* Measures variability among group means in categorical data analysis
+ Calculated as the weighted sum of squared differences between group means and overall mean

* Indicates the strength of the relationship between grouping variables and the outcome
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* Used in one-way ANOVA and other group comparison techniques

Within-group variance
* Represents variability within individual groups or categories
« Calculated as the average of group variances
* Reflects unexplained variation after accounting for group differences

* Used to assess homogeneity of variance assumptions in statistical tests

Variance vs other measures

» Comparing variance with other dispersion measures provides a comprehensive understanding of data
variability

« Different measures offer unique insights and have specific advantages in certain scenarios

» Choosing appropriate variability measures depends on data characteristics and research objectives

Variance vs mean absolute deviation

* Mean absolute deviation (MAD) uses absolute values instead of squared differences
* Variance is more sensitive to outliers due to squaring
* MAD is more robust to extreme values but less mathematically tractable

« Variance has more desirable statistical properties for inference and modeling

Variance vs range

» Range measures the difference between maximum and minimum values
« Variance considers all data points, while range only uses extremes
* Range is more sensitive to outliers and sample size

* Variance provides a more comprehensive measure of overall spread

Variance vs interquartile range

* Interquartile range (IQR) measures spread between 25th and 75th percentiles
* Variance considers all data points, while IQR focuses on middle 50%
* IQR is more robust to outliers and non-normal distributions

« Variance retains more information about the entire distribution

Advanced concepts

» Advanced variance concepts extend the basic principles to more complex statistical scenarios
» These concepts form the basis for multivariate analysis and advanced statistical modeling techniques

» Understanding advanced variance concepts is crucial for conducting sophisticated statistical analyses
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Covariance
* Measures the joint variability between two random variables
« Formula: Cov(X, Y) = E[(X — tx)(Y — y)]
* Positive covariance indicates variables tend to move together
» Negative covariance suggests inverse relationship between variables

* Forms the basis for correlation analysis and multivariate statistics

Variance of linear combinations
+ Describes how variance changes when combining random variables
« For independent variables: Var(aX + bY) = aVar(X) + b2Var(Y)
* Includes covariance term for dependent variables
* Crucial in portfolio theory and error propagation analysis

+ Enables the study of composite variables and derived measures

Variance-stabilizing transformations

* Techniques to make variance approximately constant across different levels of a variable
» Examples include logarithmic, square root, and arcsin transformations
* Helps in meeting assumptions of homoscedasticity in regression analysis

« Improves the applicability of statistical tests that assume constant variance

3.3 Covariance and correlation

Covariance and correlation are essential tools for understanding relationships between variables in
statistical analysis. These measures quantify how variables change together, providing insights into their
dependencies and associations.

From basic definitions to advanced applications, this topic covers the calculation, interpretation, and
limitations of covariance and correlation. It explores various types of correlation coefficients, their
properties, and their roles in regression analysis and probability theory.

Definition of covariance
» Covariance measures the joint variability between two random variables in a dataset
+ Quantifies the degree to which two variables change together, providing insight into their relationship
* Plays a crucial role in understanding dependencies between variables in statistical analysis

Covariance formula

* Calculated as the average of the product of deviations from the mean for two variables

* Mathematical expression:
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Xi=X)Y, =)
Cov(X,Y)=" T
» Requires computing means of both variables and subtracting from each data point

* Sign of covariance indicates direction of relationship (positive or negative)

Interpreting covariance values
* Positive covariance suggests variables tend to increase or decrease together
» Negative covariance indicates inverse relationship between variables
» Magnitude of covariance affected by scale of variables, making direct comparison difficult
» Covariance of zero implies no linear relationship between variables

* Interpretation complicated by lack of standardized scale

Properties of covariance
« Symmetric property: Cov(X, Y) = Cov(Y, X)
« Covariance of a variable with itself equals its variance: Cov(X, X) = Var(X)
» Linearity of covariance: Cov(aX + b, cY + d) = ac- Cov(X,Y)
« Additive property: Cov(X +Y, Z) = Cov(X, Z) + Cov(Y, 2)

« Covariance affected by changes in scale or location of variables

Correlation coefficient

+ Standardized measure of the strength and direction of linear relationship between two variables
» Addresses limitations of covariance by providing a scale-invariant measure

» Fundamental concept in statistical analysis for assessing variable associations

Pearson correlation coefficient

» Most commonly used measure of linear correlation between two continuous variables
+ Calculated as covariance divided by product of standard deviations: = %
* Ranges from -1 to +1, with -1 indicating perfect negative correlation and +1 perfect positive correlation

* Value of 0 suggests no linear correlation between variables

» Assumes normally distributed variables and linear relationship

Spearman rank correlation

* Non-parametric measure of monotonic relationship between two variables
* Calculated using ranks of data points rather than raw values
* Robust to outliers and applicable to ordinal data

» Formula similar to Pearson correlation but applied to ranked data
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« Useful when relationship between variables is non-linear but monotonic

Kendall's tau

+ Another non-parametric measure of ordinal association between two variables
» Based on number of concordant and discordant pairs in dataset

* Ranges from -1 to +1, with interpretation similar to other correlation coefficients
* More robust to outliers compared to Spearman correlation

« Particularly useful for small sample sizes or when ties in ranks are present

Relationship between covariance and correlation

+ Covariance and correlation closely related but serve different purposes in statistical analysis
* Correlation derived from covariance through standardization process

» Both measure linear relationships between variables, but correlation provides standardized scale

Standardization of covariance

* Process of dividing covariance by product of standard deviations of variables

* Removes scale dependency of covariance, allowing for meaningful comparisons

. . ., — Cov(X,Y)
« Standardization formula: I = =55

* Results in correlation coefficient with fixed range of -1 to +1

Correlation as normalized covariance

* Correlation coefficient represents normalized version of covariance
* Provides scale-invariant measure of linear relationship strength
* Allows for comparison of relationships between different pairs of variables

* Interpretation of correlation more intuitive due to fixed range and scale independence
Properties of correlation

« Correlation coefficients possess several important properties relevant to statistical analysis

» Understanding these properties crucial for correct interpretation and application in research
Range of correlation values

* Correlation coefficients always fall between -1 and +1

* Value of -1 indicates perfect negative linear relationship

* Value of +1 suggests perfect positive linear relationship

+ Correlation of 0 implies no linear relationship between variables

* Absolute value of correlation represents strength of relationship
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Interpretation of correlation strength

* General guidelines for interpreting correlation strength (may vary by field):
+ 0.00 to 0.19: very weak correlation

+ 0.20 to 0.39: weak correlation

+ 0.40 to 0.59: moderate correlation

+ 0.60 to 0.79: strong correlation

+ 0.80 to 1.00: very strong correlation

* Interpretation should consider context of study and nature of variables

« Statistical significance of correlation should be assessed alongside strength

Assumptions and limitations
» Understanding assumptions and limitations of correlation analysis essential for valid interpretation
* Violations of assumptions can lead to misleading results or incorrect conclusions

Linearity assumption

* Correlation coefficients (particularly Pearson's) assume linear relationship between variables
* Non-linear relationships may be underestimated or missed entirely
« Scatter plots should be used to visually inspect relationship before calculating correlation

« Alternative measures (Spearman, Kendall's tau) may be more appropriate for non-linear relationships

Outliers and correlation

« Correlation coefficients sensitive to presence of outliers in dataset
» Extreme values can significantly influence correlation, potentially leading to misleading results
* Robust correlation measures (Spearman, Kendall's tau) less affected by outliers

* Important to identify and investigate outliers before interpreting correlation results

Correlation vs causation

+ Correlation does not imply causation, a fundamental principle in statistical analysis
« Strong correlation between variables does not necessarily indicate causal relationship
» Confounding variables may explain observed correlation without direct causal link

» Experimental designs or advanced statistical techniques required to establish causality

Covariance matrix

» Square matrix containing covariances between all pairs of variables in multivariate dataset

* Crucial tool in multivariate statistical analysis and machine learning algorithms
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Structure of covariance matrix
» Symmetric matrix with variances on diagonal and covariances on off-diagonal elements
 For n variables, covariance matrix has dimensions n x n

» General form:

Var(Xy) Cov(X1,X2) - Cov(Xy, Xn)
5= Cov(X3, X1) Var(X3) - Cov(Xsz, Xp)
Cov(X,, X1) Cov(X, X2) - Var(Xp)

* Positive semi-definite property ensures non-negative eigenvalues

Applications in multivariate analysis

* Principal Component Analysis (PCA) uses covariance matrix to identify principal components
* Multivariate normal distribution defined by mean vector and covariance matrix
» Mahalanobis distance calculation relies on inverse of covariance matrix

+ Covariance matrices used in portfolio optimization and risk assessment in finance

Correlation matrix

» Square matrix containing Pearson correlation coefficients between all pairs of variables

« Standardized version of covariance matrix, providing scale-invariant measure of relationships

Properties of correlation matrix

» Symmetric matrix with 1's on diagonal (correlation of variable with itself)

« Off-diagonal elements range from -1 to +1

* Positive semi-definite property, similar to covariance matrix

» Determinant of correlation matrix indicates overall level of correlation in dataset

* Eigenvalues and eigenvectors provide insight into multivariate structure of data

Visualization of correlation matrix

» Heat maps commonly used to visually represent correlation matrices

* Color coding indicates strength and direction of correlations (red for positive, blue for negative)
* Hierarchical clustering can be applied to group similar variables

» Network graphs offer alternative visualization for complex correlation structures

* Interactive visualizations allow for exploration of large correlation matrices
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Partial correlation

* Measures relationship between two variables while controlling for effects of one or more other
variables

* Allows for isolation of specific relationships in presence of confounding factors

Controlling for confounding variables

* Removes shared variance between variables of interest and control variables

* Helps identify direct relationships by accounting for indirect effects

* Particularly useful in complex systems with multiple interrelated variables

» Can reveal relationships masked by confounding variables in simple correlation analysis
Calculation of partial correlation

* Involves computing residuals from linear regressions of variables of interest on control variables

- Ixy = Ixzlyz
« Formula for partial correlation between X and Y, controlling for Z: "XY-Z2 = 1-r)1-r2)

 Can be extended to control for multiple variables using matrix algebra

* Interpretation similar to regular correlation coefficients

Intraclass correlation

» Measures degree of similarity among units in same group or class

» Used to assess reliability of measurements and consistency among raters or observers

Within-group vs between-group variance

» Compares variance within groups to variance between groups
+ High intraclass correlation indicates greater similarity within groups than between groups
* Calculated using analysis of variance (ANOVA) framework

« Formula for one-way random effects model: /CC = % where MS_B is between-group

mean square, MS_W is within-group mean square, and k is group size
Applications in reliability analysis

* Assessing inter-rater reliability in psychological and medical research

+ Evaluating consistency of measurements in repeated measures designs

+ Determining reliability of composite scores in psychometric testing

* Analyzing clustering effects in multilevel modeling and hierarchical data structures
Covariance and correlation in probability theory

» Fundamental concepts in probability theory and statistical inference
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* Provide framework for understanding relationships between random variables

Joint probability distributions
+ Describe probability distribution of two or more random variables together
+ Covariance and correlation derived from joint distributions
« Bivariate normal distribution characterized by means, variances, and correlation coefficient

* Copulas used to model complex dependence structures in multivariate distributions

Expectation and covariance

« Covariance defined as expected value of product of deviations from means:
Cov(X,Y) = E[(X — E[XI)(Y — E[YD]

« Alternative formula using linearity of expectation: Cov(X, Y) = E[XY] — E[X]E[Y]

. - . . . = __CoviX. Y)
. . — —_——
Correlation coefficient defined as normalized covariance: PXY = 7 Var(X)var(Y)

* Moment-generating functions and characteristic functions used to derive covariance properties

Statistical inference for correlation

» Methods for estimating population correlation from sample data

* Techniques for testing hypotheses about correlation and constructing confidence intervals

Hypothesis testing for correlation

* Null hypothesis typically assumes population correlation is zero

* Test statistic for Pearson correlation follows t-distribution under null hypothesis

« Formula for t-statistic: £ = Nl”—__;
* P-value calculated using t-distribution with n-2 degrees of freedom

+ Alternative hypotheses can be one-tailed or two-tailed depending on research question

Confidence intervals for correlation

* Provide range of plausible values for population correlation
* Fisher's z-transformation used to construct confidence intervals: £ = %In (%—fﬁ)
« Confidence interval calculated in z-space and then back-transformed to r-space

« Width of confidence interval influenced by sample size and strength of correlation

* Interpretation should consider both statistical significance and practical significance

Covariance and correlation in regression

+ Play crucial roles in linear regression analysis and model interpretation

* Provide insights into relationships between predictor variables and response variable
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Role in linear regression
 Covariance between predictor and response variables determines slope of regression line
« Correlation coefficient squared (R"2) measures proportion of variance explained by model
» Multicollinearity among predictors assessed using correlation matrix

« Standardized regression coefficients (beta coefficients) derived from correlations

Correlation and R-squared

* R-squared equals square of correlation coefficient in simple linear regression
« In multiple regression, R-squared is square of multiple correlation coefficient
+ Adjusted R-squared accounts for number of predictors in model

* Interpretation of R-squared depends on context and nature of data (cross-sectional vs time series)

Non-linear relationships

« Correlation coefficients may not adequately capture non-linear associations between variables

« Alternative approaches needed to detect and quantify non-linear relationships

Detecting non-linear associations

« Scatter plots and residual plots used to visually inspect for non-linearity
* Polynomial regression can model certain types of non-linear relationships
* Generalized Additive Models (GAMs) allow for flexible non-linear functions

* Information criteria (AIC, BIC) used to compare linear and non-linear models

Non-parametric correlation measures

» Spearman's rank correlation assesses monotonic relationships without assuming linearity
» Kendall's tau provides alternative measure of ordinal association
« Distance correlation detects both linear and non-linear dependencies

» Maximal Information Coefficient (MIC) measures strength of general (not necessarily monotonic)
relationships

3.4 Moment generating functions

Moment generating functions are powerful tools in probability theory, offering a compact way to represent a
random variable's distribution. They encapsulate all moments of a distribution, making it easier to analyze
and manipulate probability distributions in theoretical statistics.

These functions are defined as the expected value of e*(tX), where X is a random variable and t is real.
They provide a unique representation of probability distributions, enabling easier manipulation and
analysis. Understanding MGFs is crucial for advanced statistical techniques and probability theory
applications.
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Definition and properties

* Moment generating functions serve as powerful tools in probability theory and statistics, providing a
compact representation of a random variable's distribution

* These functions encapsulate all the moments of a distribution, allowing for easier analysis and
manipulation of probability distributions in theoretical statistics

» Understanding moment generating functions forms a crucial foundation for advanced statistical
techniques and probability theory applications

Moment generating function formula
« Defined as the expected value of e where X is a random variable and t is a real number
 Expressed mathematically as Mx(t) = E[et] for continuous random variables

— t
* For discrete random variables, calculated using Mx(t) = ge *P(X) where p(x) is the probability mass

function

* Provides a unique representation of a probability distribution, enabling easier manipulation and
analysis

Existence conditions

* Moment generating functions exist when the expected value E[e™] is finite for t in some
neighborhood of 0

* Not all probability distributions have valid moment generating functions (heavy-tailed distributions)

* Existence depends on the behavior of the distribution's tails and the convergence of the integral or
sum

* Distributions with finite moments of all orders always have a valid moment generating function

Uniqueness theorem

« States that if two random variables have the same moment generating function, they have the same
probability distribution

* Provides a powerful method for proving equality of distributions without directly comparing probability
density functions

+ Allows for easier identification and comparison of distributions in theoretical statistics

« Useful in hypothesis testing and distribution fitting problems
Relationship to moments
* Moments of a distribution provide valuable information about its shape, location, and spread

* Moment generating functions offer a convenient way to compute and analyze these moments

» Understanding this relationship enhances the ability to interpret and manipulate probability
distributions
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Moments from MGF

* Obtained by taking derivatives of the moment generating function att=0

« First moment (mean) calculated as E[X]1= M'x(0)

« Second moment computed as E[X?] = M"x(0)

* Higher-order moments found through successive differentiation of the MGF

* Enables easier calculation of moments compared to direct integration or summation methods

Cumulants and CGF

» Cumulant generating function (CGF) defined as the natural logarithm of the MGF
« Expressed as Kx(t) = In(Mx(t))

» Cumulants obtained by taking derivatives of the CGF att =0

* First cumulant equals the mean, second cumulant equals the variance

+ Higher-order cumulants provide information about skewness, kurtosis, and other distribution
properties

« Cumulants often preferred in certain statistical analyses due to their additive properties

Common distributions

* Moment generating functions for common probability distributions play a crucial role in theoretical
statistics

» Understanding these MGFs facilitates easier manipulation and analysis of these distributions

* Provides a foundation for deriving properties and relationships between different probability
distributions

MGF of normal distribution

« For a normal distribution with mean p and variance 0”2, the MGF is given by Mx(t) = e*t* so't?
» Demonstrates the symmetry and bell-shaped nature of the normal distribution
* Useful in proving the Central Limit Theorem and other important statistical results

* Allows for easy computation of moments and cumulants of the normal distribution

MGF of exponential distribution

« For an exponential distribution with rate parameter A, the MGF is Mx(t) = 14 for t < A
* lllustrates the memoryless property of the exponential distribution
* Facilitates the analysis of waiting times and reliability in statistical models

+ Enables straightforward derivation of the distribution's mean (1/A) and variance (1/A2)
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MGF of Poisson distribution

* For a Poisson distribution with rate parameter A, the MGF is given by My(t) = ehe’-1)

» Demonstrates the discrete nature of the Poisson distribution
+ Useful in modeling rare events and count data in statistical applications

* Allows for easy computation of the mean and variance (both equal to A) of the Poisson distribution

Applications in statistics

* Moment generating functions find extensive use in various areas of theoretical and applied statistics
* These functions provide powerful tools for analyzing and manipulating probability distributions

» Understanding MGF applications enhances the ability to solve complex statistical problems efficiently

Parameter estimation

*» Used in method of moments estimation to derive estimators for distribution parameters
* Facilitates maximum likelihood estimation by simplifying likelihood functions
+ Enables the development of efficient estimators in complex statistical models

* Allows for easier derivation of properties of estimators (consistency, efficiency, unbiasedness)

Distribution identification

* Helps in identifying unknown distributions based on observed data
* Facilitates goodness-of-fit tests by comparing empirical and theoretical MGFs
 Enables the detection of mixture distributions in complex datasets

* Assists in model selection by comparing MGFs of candidate distributions

Sums of random variables
* MGFs simplify the analysis of sums of independent random variables
« The MGF of a sum equals the product of individual MGFs: Mx + y(t) = Mx(t)My(t)
« Facilitates the derivation of distributions of sums (convolution of probability distributions)

* Useful in proving important theorems (Central Limit Theorem, Law of Large Numbers)

MGF vs characteristic function

» Both moment generating functions and characteristic functions serve as powerful tools in probability
theory

» Understanding their similarities and differences enhances the ability to choose the appropriate
function for specific statistical problems

» Comparing these functions provides insights into their respective strengths and limitations in
theoretical statistics
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Similarities and differences
* Both uniquely determine the probability distribution of a random variable
+ Characteristic function always exists for all probability distributions, unlike MGF
« MGF defined as Mx(t) = E[eX], while characteristic function defined as @x(t) = E[e']

+ Characteristic function uses complex exponentials, making it more suitable for certain mathematical
manipulations

* MGF, when it exists, often leads to simpler calculations and interpretations in real-valued problems

Advantages and limitations

* MGF advantages include easier moment calculation and simpler interpretation for real-valued
problems

« Characteristic function advantages include existence for all distributions and better behavior in limit
theorems

* MGF limitations include non-existence for some heavy-tailed distributions

« Characteristic function limitations include more complex calculations and interpretations in some
cases

+ Choice between MGF and characteristic function depends on the specific problem and distribution
properties

Multivariate extensions

+ Multivariate moment generating functions extend the concept to multiple random variables

*» These extensions provide powerful tools for analyzing joint distributions and dependencies between
variables

» Understanding multivariate MGFs enhances the ability to work with complex, multi-dimensional
statistical problems

Joint MGF

- Defined as My, y(t1, t2) = E[e"** %] for two random variables X and Y
* Generalizes to n dimensions for n random variables
* Captures the joint distribution properties of multiple random variables

* Allows for the analysis of correlations and dependencies between variables

Marginal and conditional MGFs

» Marginal MGFs obtained by setting some variables to zero in the joint MGF
+ Conditional MGFs derived from the joint MGF by fixing certain variables
* Facilitates the analysis of individual variable properties within a multivariate context

* Enables the study of conditional distributions and their properties
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Computational aspects

* Implementing moment generating functions in statistical software and algorithms presents both
challenges and opportunities

» Understanding computational aspects enhances the ability to apply MGFs in practical statistical
analysis

« Efficient computation of MGFs plays a crucial role in modern statistical inference and data analysis

Numerical methods

* Numerical integration techniques used for computing MGFs of continuous distributions
* Monte Carlo methods employed for estimating MGFs from sample data
» Approximation methods (Taylor series expansions) utilized for complex distributions

» Symbolic computation techniques applied for deriving closed-form expressions of MGFs

Software implementations

« Statistical software packages (R, SAS, MATLAB) provide built-in functions for common distribution
MGFs

» Custom implementations required for specialized or non-standard distributions
* High-performance computing techniques employed for large-scale MGF computations

» Machine learning libraries incorporate MGFs in probabilistic models and inference algorithms

Advanced topics

» Advanced applications of moment generating functions extend beyond basic probability theory
* These topics connect MGFs to broader areas of mathematics and statistical theory

* Understanding advanced MGF concepts enhances the ability to tackle complex problems in
theoretical statistics

Laplace transforms

« Closely related to moment generating functions, defined as Lx(s) = E[e~5X]
* Used in solving differential equations and analyzing linear systems
+ Facilitates the analysis of continuous-time stochastic processes

* Provides connections between probability theory and complex analysis

Mellin transforms

* Related to moment generating functions through a change of variables
- Defined as Mx(s) = E[X® 1] for a positive random variable X
+ Useful in analyzing products of random variables and ratios

+ Finds applications in number theory and asymptotic analysis of distributions
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Generalized MGFs

* Extensions of classical MGFs to handle more complex probabilistic structures
* Include fractional moment generating functions and g-moment generating functions
* Provide tools for analyzing distributions with infinite moments or unusual tail behavior

 Enable the study of non-standard statistical models and extreme value theory

3.5 Higher-order moments

Higher-order moments provide deeper insights into probability distributions beyond mean and variance.
They capture nuanced aspects like skewness and kurtosis, enabling statisticians to analyze complex data
patterns and make inferences about underlying populations.

Understanding these moments is crucial for various statistical applications. From parameter estimation to
hypothesis testing, higher-order moments play a vital role in theoretical statistics, helping researchers
develop robust methods for analyzing real-world data and making informed decisions.

Definition of higher-order moments

* Higher-order moments provide crucial insights into the shape and characteristics of probability
distributions in theoretical statistics

» These moments extend beyond mean and variance to capture more nuanced aspects of data
distributions

* Understanding higher-order moments enables statisticians to analyze complex data patterns and
make inferences about underlying populations

Central vs raw moments

+ Raw moments calculate expected values of powers of random variables from the origin

+ Central moments measure deviations from the mean, offering insights into distribution spread and
shape

« Raw moments defined as E[XX] where k is the moment order
- Central moments expressed as E[(X — 1)*] where p represents the mean

* Third and fourth central moments relate to skewness and kurtosis respectively

Standardized moments

« Standardized moments normalize central moments by dividing by the standard deviation raised to the
moment's order

ik
» Formula for standardized moments: w where g denotes standard deviation

» Dimensionless quantities allow for comparison across different scales and units
* Third standardized moment equates to skewness, fourth to kurtosis

+ Higher standardized moments provide additional information about distribution tails and extreme
values
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Properties of moments

* Moments characterize probability distributions and provide insights into their shapes and behaviors

» Lower-order moments (mean, variance) often exist for a wider range of distributions than higher-order
moments

* Theoretical statistics utilizes moment properties to develop estimation techniques and hypothesis
tests

Existence and finiteness

* Not all probability distributions have finite moments for all orders

« Existence of kth moment requires the integral f_m|x|kf(x)dx to be finite

» Heavy-tailed distributions may have infinite higher-order moments (Cauchy distribution)
* Moment existence impacts the applicability of certain statistical methods and theorems

+ Finite moments ensure the stability and convergence of various statistical estimators

Relationship to distribution shape

* First moment (mean) indicates central tendency

» Second central moment (variance) measures spread around the mean

* Third standardized moment (skewness) quantifies asymmetry

* Positive skewness indicates a right-tailed distribution

» Negative skewness suggests a left-tailed distribution

* Fourth standardized moment (kurtosis) describes tail behavior and peakedness
* Higher kurtosis indicates heavier tails and a more peaked center

* Lower kurtosis suggests lighter tails and a flatter distribution

Moment-generating functions

* Moment-generating functions (MGFs) serve as powerful tools in theoretical statistics for analyzing
probability distributions

* MGFs encapsulate information about all moments of a distribution in a single function

* These functions facilitate the derivation of distribution properties and simplify calculations in probability
theory

Definition and properties
« MGF defined as Mx(t) = E[e®X] where X is a random variable and t is a real number
* Exists only if the expectation is finite for some interval (-h, h) around zero
* Uniquely determines the probability distribution if it exists

« MGFs of independent random variables multiply: Mx + y(t) = Mx(t) - My(t)
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« Convolution of distributions simplifies to multiplication of their MGFs

* MGFs are always infinitely differentiable att = 0

Relationship to moments
« kth derivative of MGF at t = 0 yields the kth raw moment: M)((k)(O) = E[X¥]

* Taylor series expansionzof MGF a3round t = 0 expresses it in terms of moments:
My(t) = 1 + E[X]t + EX¢2 4 EXe3 4

* Logarithm of MGF generates cumulants, which relate to central moments
* MGFs facilitate moment calculations for transformed random variables

* Provide a method for deriving moments of complex distributions through simpler MGF manipulations

Skewness

» Skewness quantifies the asymmetry of a probability distribution in theoretical statistics

+ This third standardized moment plays a crucial role in understanding the shape and tail behavior of
distributions

» Skewness analysis helps identify departures from normality and informs statistical modeling choices

Third standardized moment

3
- Defined as y1 = E[(35£) 1= 2’—?

* us represents the third central moment, o the standard deviation
* Measures the degree and direction of asymmetry in a distribution
« Symmetric distributions (normal, uniform) have zero skewness

 Pearson's moment coefficient of skewness provides an alternative formulation

Interpretation and examples

* Positive skewness indicates a longer right tail (right-skewed)

* Financial returns often exhibit positive skewness

* Log-normal distribution has positive skewness

» Negative skewness suggests a longer left tail (left-skewed)

* Beta distribution can exhibit negative skewness

* Exam scores in a highly prepared class may show negative skewness
* Magnitude of skewness indicates the degree of asymmetry

» Skewness impacts risk assessment in finance and actuarial science

« Affects the choice of statistical tests and models in data analysis
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Kurtosis

« Kurtosis measures the tailedness and peakedness of a probability distribution in theoretical statistics
* This fourth standardized moment provides insights into extreme values and outlier behavior

 Understanding kurtosis helps in assessing the appropriateness of statistical models and risk analysis

Fourth standardized moment

A
- Defined as v2 = E[(25#) 1= %

* hs denotes the fourth central moment, g the standard deviation
» Quantifies the combined weight of distribution tails relative to the center
* Higher kurtosis indicates heavier tails and more outlier-prone distributions

* Lower kurtosis suggests lighter tails and fewer extreme values

Excess kurtosis

» Excess kurtosis calculated as kurtosis minus 3 (kurtosis of normal distribution)

« Formula: Y2 =3 = 'Lot—i -3

* Provides a reference point for comparison with the normal distribution

+ Positive excess kurtosis indicates leptokurtic distribution (heavier tails than normal)

» Negative excess kurtosis suggests platykurtic distribution (lighter tails than normal)

Interpretation and examples

* Normal distribution has kurtosis of 3 (excess kurtosis of 0)

« Student's t-distribution exhibits higher kurtosis than normal

* Degrees of freedom influence the magnitude of kurtosis

* Uniform distribution has lower kurtosis (platykurtic)

« High kurtosis in financial returns suggests increased risk of extreme events
» Kurtosis impacts the performance of statistical estimators and tests

* Robust statistics often employed for high-kurtosis data to mitigate outlier effects

Applications in statistics

+ Higher-order moments find extensive applications in various areas of theoretical statistics
» These moments contribute to parameter estimation, hypothesis testing, and model selection

» Understanding moment-based techniques enhances statistical inference and decision-making
processes
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Method of moments estimation

« Estimates population parameters by equating sample moments to theoretical moments

* Solves a system of equations to find parameter estimates

+ Simple implementation for distributions with closed-form moment expressions

* Consistency of estimators depends on the existence of corresponding population moments
» Often used as initial estimates for more efficient methods (maximum likelihood estimation)

» Moment-based estimators may lack efficiency compared to other methods for some distributions

Hypothesis testing
* Moments used to construct test statistics for various statistical hypotheses
« Jarque-Bera test utilizes sample skewness and kurtosis to assess normality
* Anscombe-Glynn test focuses on kurtosis for detecting non-normality
» D'Agostino's K-squared test combines skewness and kurtosis for normality testing
+ Higher-order moments contribute to power studies of statistical tests

* Moment-based tests often provide alternatives to more complex likelihood-based approaches

Moment problems

* Moment problems in theoretical statistics involve determining or characterizing probability distributions
from their moments

» These problems play a crucial role in probability theory, functional analysis, and applied mathematics

» Understanding moment problems aids in distribution reconstruction and approximation techniques

Hamburger moment problem

» Addresses the existence and uniqueness of probability measures on the real line given a sequence of
moments

- Seeks a measure p such that [__x"du(x) = m,, foralln =0

* Solvability conditions involve positive definiteness of moment matrices
» Carleman's condition provides a sufficient criterion for uniqueness
* Applications in spectral analysis and quantum mechanics
+ Relates to orthogonal polynomial theory and continued fractions
Stielties moment problem
» Focuses on probability measures supported on the non-negative real line [0, «)

+» Aims to find a measure p satisfying fo x"du(x) =mpforallnz0

* More restrictive than the Hamburger problem due to support constraint
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* Solvability linked to complete monotonicity of moment sequence
» Hausdorff moment problem as a special case on [0, 1]

* Applications in analysis of positive definite functions and completely monotone functions

Moment inequalities

* Moment inequalities provide powerful tools for bounding expectations and probabilities in theoretical
statistics

* These inequalities establish relationships between different moments or functions of random variables

» Understanding moment inequalities enhances statistical inference and helps derive concentration
bounds

Jensen's inequality

« States that fIE[X]) = E[f(X)] for convex functions f and random variable X

* Equality holds if and only if X is constant or f is linear

« Generalizes to @(ELX]) = E[@(X)] for convex ¢ and E[@(X)] = @(E[X]) for concave ¢

» Fundamental in deriving many other inequalities (Markov's, Chebyshev's)

* Applications in information theory (log-sum inequality)

* Used to prove AM-GM inequality and other mathematical relationships
Hdlder's inequality

* Generalizes the Cauchy-Schwarz inequality to Lp spaces

« Forp, g > 1 with 1/p + 1/q = 1, states E[|XY|] < (E[|X|"DYP(E[|Y|9]) Y4

* Special case p = q = 2 yields the Cauchy-Schwarz inequality

» Extends to more than two functions and different exponents

* Crucial in functional analysis and theory of Lp spaces

* Applications in proving other inequalities and bounding integrals

Multivariate moments

» Multivariate moments extend the concept of moments to multiple random variables in theoretical
statistics

» These moments characterize joint distributions and capture dependencies between variables

» Understanding multivariate moments is crucial for analyzing complex systems and multivariate data

Joint moments

* Defined as expectations of products of powers of random variables
« For random variables X and Y, the (i,j)th joint moment is E[X'Y/]

« Central joint moments involve deviations from means: E[(X — x)'(Y — pyY]
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* Moment matrices organize joint moments for multivariate analysis
+ Higher-order joint moments capture complex dependencies beyond linear relationships

* Applications in portfolio theory and risk management in finance

Covariance vs correlation
» Covariance measures linear dependence between two random variables
« Defined as Cov(X, Y) = E[(X — ux)(Y — py)]
* Equals the (1,1) central joint moment
+ Correlation normalizes covariance to range [-1, 1]

. . . Cov(X,Y
* Pearson correlation coefficient: 0 = g,igy )

 Covariance affected by scale, correlation dimensionless

* Zero correlation does not imply independence (except for multivariate normal)

* Higher-order analogues (coskewness, cokurtosis) capture non-linear dependencies
» Spearman's rank correlation based on ranks instead of raw values

Empirical moments

« Empirical moments estimate population moments using observed data in theoretical statistics

» These sample-based calculations provide insights into underlying distributions and inform statistical
inference

» Understanding empirical moments is crucial for practical data analysis and model fitting

Sample moments

* Calculated from observed data to estimate population moments

* kth sample moment about the origin:

* kth sample central moment:

« Sample mean (first moment):

» Sample variance (second central moment):

n
52= 1 Z(Xi_)'()z
=1

n—-1
i

* Higher-order sample moments used to estimate skewness and kurtosis
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Bias in moment estimation

» Sample moments may be biased estimators of population moments

+ Bias generally decreases with increasing sample size

» Sample variance uses n-1 in denominator to achieve unbiasedness

* Higher-order moment estimates often have more substantial bias

* Corrections (G1 statistic for skewness, G2 for kurtosis) can reduce bias
» Bootstrap methods provide alternative approach to bias correction

 Understanding bias crucial for accurate inference and confidence interval construction

Robust alternatives

* Robust alternatives to traditional moments offer more stable and outlier-resistant measures in
theoretical statistics

» These methods provide reliable estimates of distribution characteristics in the presence of extreme
values or departures from normality

» Understanding robust alternatives enhances statistical analysis for real-world data with potential
anomalies

Quantiles vs moments

* Quantiles (percentiles) provide robust alternatives to moments
» Median (50th percentile) offers robust measure of central tendency
* Interquartile range (IQR) provides robust measure of spread

- Quantile-based skewness: {2~ 053) — g? = Q)

» Bowley's coefficient of skewness uses quartiles for robustness
* Quantile-based measures less sensitive to outliers than moment-based counterparts

* Applicable to distributions where moments may not exist (Cauchy distribution)

L-moments

* Linear combinations of order statistics that characterize probability distributions
* First L-moment (A1) equals the mean

» Second L-moment (Az) measures scale and dispersion

» L-moment ratios provide measures of shape:

* L-CV (12 = A2/M\) for relative dispersion

* L-skewness (Ts = As/A2) for asymmetry

* L-kurtosis (14 = A4/A2) for tail behavior

* More robust to outliers than conventional moments
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« Exist for distributions with infinite variance (unlike standard moments)

« Useful in hydrological analysis and extreme value theory

Moments in probability theory

* Moments play a fundamental role in probability theory within theoretical statistics
*» They provide alternative ways to characterize and analyze probability distributions

» Understanding moment-related concepts enhances the toolkit for theoretical and applied statistical
analysis

Characteristic functions
* Fourier transform of the probability density function

- Defined as ¢x(t) = E[e"] = [ __e™F(x)dx

* Always exist for any probability distribution

* Uniquely determine the distribution (unlike moment-generating functions)
« kth derivative at t=0 yields the kth raw moment multiplied by i*k

+ Useful for proving limit theorems (Central Limit Theorem)

* Facilitate analysis of sums of independent random variables

* Relate to moment-generating functions through imaginary argument

Cumulants

« Alternative set of distribution descriptors related to moments

« Generated by the cumulant-generating function: Kx(t) = log(Mx(t))

* First cumulant equals the mean, second equals the variance

* Higher-order cumulants relate to central moments but offer some advantages:
+ Additivity for independent random variables

+ Simpler expressions for some distributions

» Skewness expressed as Y1 = K3I’K§/2

 Excess kurtosis as Y2 = K4/K§

* Used in statistical physics and for constructing distribution approximations
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Unit 4 — Multivariate distributions

4.1 Joint probability distributions

Joint probability distributions are a fundamental concept in Theoretical Statistics, describing how multiple
random variables behave together. They provide insights into relationships and dependencies between
variables, forming the basis for many statistical analyses and inference techniques.

Understanding joint distributions is crucial for modeling real-world phenomena involving multiple variables.
This topic covers key concepts like marginal and conditional distributions, independence, covariance, and
correlation, as well as various types of discrete and continuous joint distributions.

Definition and concepts

« Joint probability distributions form a cornerstone of multivariate analysis in Theoretical Statistics

* These distributions describe the simultaneous behavior of two or more random variables, providing
insights into their relationships and dependencies

Joint probability function
+ Defines the probability of multiple random variables taking on specific values simultaneously
* For discrete variables, represented as P(X =X, Y =) for a bivariate case
« For continuous variables, denoted as f(X, ¥) for a bivariate case

« Satisfies the probability axioms, including non-negativity and integration to 1 over the entire domain

Marginal distributions

+ Derived from joint distributions by summing or integrating over other variables

« For discrete case: PIX =X) = ;P(X =x,Y=y)

* For continuous case: fy(x) = fif(x, ydy

* Provide information about individual variables without considering others

» Used to analyze the behavior of a single variable in a multivariate context

Conditional distributions

* Describe the probability distribution of one variable given a specific value of another
« For discrete case: P(Y =y|X =x) = W

* For continuous case: fY|X(Y|X) = fﬁﬂ'{))

« Essential for understanding dependencies between variables

» Form the basis for many statistical inference techniques (regression analysis)
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Properties of joint distributions

« Joint distributions exhibit various properties that characterize the relationships between random
variables

» Understanding these properties aids in selecting appropriate statistical models and making inferences
in Theoretical Statistics

Independence vs dependence
* Independence occurs when the joint probability equals the product of marginal probabilities
« For discrete case: P(X =X, Y =y) =P(X=x)-P(Y =)
« For continuous case: f(X, ¥) = fx(x) - fy(y)
» Dependent variables have joint probabilities that cannot be factored into marginal probabilities
* Independence simplifies many statistical analyses and probability calculations

» Real-world phenomena often exhibit complex dependencies, requiring careful modeling

Covariance and correlation
» Covariance measures the joint variability of two random variables
« Defined as Cov(X, Y) = E[(X — ux)(Y — py)]
* Positive covariance indicates variables tend to move together, negative indicates opposite movement
» Correlation normalizes covariance to a scale of -1 to 1

. . . Cov(X,Y)
» Pearson correlation coefficient: 0 = gigy )

« Correlation of 0 indicates no linear relationship, but does not imply independence

Discrete joint distributions
* Discrete joint distributions model scenarios where random variables take on countable values
* Crucial in Theoretical Statistics for analyzing phenomena with finite or countable outcomes
Bivariate discrete distributions

* Involve two discrete random variables (coin flips and die rolls)

« Joint probability mass function (PMF) represented as a table or matrix

+ Multinomial distribution models outcomes of multiple trials with more than two categories
* Bivariate Poisson distribution models rare events in two dimensions

* Applications include modeling defects in manufacturing or species counts in ecology

Multivariate discrete distributions

» Extend bivariate concepts to three or more discrete random variables

« Joint PMF becomes a multidimensional array
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* Multivariate hypergeometric distribution models sampling without replacement from multiple
categories

* Dirichlet-multinomial distribution incorporates variability in category probabilities

* Used in fields like genetics (allele frequencies) and text analysis (word frequencies)

Continuous joint distributions

+ Continuous joint distributions model scenarios where random variables can take any value within a
range

« Essential in Theoretical Statistics for analyzing phenomena with infinite possible outcomes

Bivariate continuous distributions

* Involve two continuous random variables (height and weight)

« Joint probability density function (PDF) represented as a surface in 3D space
« Bivariate normal distribution widely used due to its mathematical properties

+ Copulas allow construction of bivariate distributions with specified marginals

* Applications include modeling financial returns or environmental variables

Multivariate continuous distributions

» Extend bivariate concepts to three or more continuous random variables

« Joint PDF becomes a hypersurface in higher-dimensional space
 Multivariate normal distribution generalizes bivariate normal to n dimensions
» Wishart distribution models covariance matrices in multivariate analysis

* Used in fields like climatology (temperature, pressure, humidity) and finance (multiple asset returns)

Transformations

* Transformations of random variables play a crucial role in statistical modeling and inference

» Understanding how transformations affect joint distributions aids in developing new statistical
techniques

Linear transformations

* Involve scaling and shifting of random variables

« For a bivariate case: U =aX+ bY +c,V=dX+eY +f
* Preserve normality in multivariate normal distributions

« Affect means and covariances in predictable ways

* Used in principal component analysis to find uncorrelated linear combinations
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Non-linear transformations

* Involve more complex functions of random variables

* Include power transformations, logarithmic transformations, and trigonometric functions
» Can normalize skewed distributions or stabilize variance

* Require careful application of change of variables technique

* Box-Cox transformation family widely used for variance stabilization

Moment generating functions

» Moment generating functions (MGFs) provide a powerful tool for analyzing joint distributions

* In Theoretical Statistics, MGFs facilitate derivation of distribution properties and prove limit theorems

Joint moment generating function
- Defined as My y(ty, t;) = E[eBX 1]
* Uniquely determines the joint distribution
+ Allows computation of joint moments through partial derivatives
« Simplifies for independent variables: Mx, y(t1, t2) = Mx(t1) - My(t2)

* Used to prove central limit theorem for sums of random variables

Marginal moment generating functions

* Obtained from joint MGF by setting other variables' parameters to zero
« For X: Mx(t) = My, ¢(t, 0)

« For Y: My(t) = Mx (O, t)

* Provide a way to derive marginal distributions from joint distributions

* Useful for analyzing linear combinations of random variables
Applications in statistics

« Joint distributions form the foundation for many statistical inference techniques

» Understanding these applications enhances the practical utility of Theoretical Statistics
Parameter estimation

» Maximum likelihood estimation utilizes joint distributions to estimate parameters

* For independent observations:

L(8) = []fixi, yil6)

i=1

* Multivariate method of moments matches theoretical and sample moments

» Bayesian estimation incorporates prior distributions on parameters
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« Efficient estimation techniques (UMVUE) often rely on joint distribution properties

Hypothesis testing
* Likelihood ratio tests compare joint distributions under null and alternative hypotheses
» Multivariate t-tests and F-tests extend univariate concepts to joint distributions
* Hotelling's T-squared test generalizes t-test for multivariate normal data
» Permutation tests use joint distribution of test statistics under randomization

* Multiple testing procedures account for joint distribution of test statistics

Copulas
* Copulas provide a flexible way to model dependencies between random variables

* In Theoretical Statistics, copulas allow separation of marginal behavior from dependency structure

Definition of copulas
* Functions that couple multivariate distribution functions to their univariate marginals
« For bivariate case: F(x, ¥) = C(Fx(x), Fy(y))
« Sklar's theorem guarantees existence and uniqueness of copulas
* Allow construction of multivariate distributions with arbitrary marginals

* Preserve dependence structure under strictly increasing transformations

Types of copulas

» Gaussian copula based on multivariate normal distribution

« t-copula allows for heavier tails in the joint distribution

» Archimedean copulas (Clayton, Gumbel, Frank) offer various dependency structures
* Vine copulas construct high-dimensional dependencies from bivariate building blocks

» Empirical copulas provide non-parametric estimates of dependence structure
Simulation techniques

« Simulation plays a crucial role in understanding and applying joint distributions

* These techniques are essential for complex statistical analyses in Theoretical Statistics
Monte Carlo methods

* Generate random samples from joint distributions to estimate probabilities and expectations
* Inverse transform method works for distributions with closed-form inverse CDFs
» Acceptance-rejection method useful for complex joint distributions

* Gibbs sampling generates samples from conditional distributions
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* Metropolis-Hastings algorithm allows sampling from distributions known up to a constant

Importance sampling

* Improves efficiency of Monte Carlo estimation for rare events

* Uses an alternative distribution to generate samples

» Weights samples by likelihood ratio to correct for sampling distribution
* Reduces variance of estimates compared to naive Monte Carlo

« Particularly useful in estimating tail probabilities of joint distributions

Graphical representations

« Visual representations of joint distributions aid in understanding and communicating complex
relationships

* These tools are invaluable for exploratory data analysis in Theoretical Statistics

Scatter plots

* Display points in 2D or 3D space corresponding to observed pairs or triples
* Reveal patterns of association, clustering, and outliers

* Hexbin plots and 2D kernel density estimates for large datasets

« Pair plots show multiple pairwise relationships in high-dimensional data

» Animated scatter plots can visualize time-varying joint distributions

Contour plots

» Show lines of constant probability density for bivariate distributions
* Elliptical contours characteristic of bivariate normal distributions

» Heat maps provide color-coded representations of joint densities

+ 3D surface plots offer alternative view of bivariate density functions

* Level sets in higher dimensions generalize contour plots for multivariate distributions

Advanced topics

» Advanced concepts in joint distributions extend the basic theory to more complex scenarios

* These topics are at the forefront of research in Theoretical Statistics

Mixture distributions

» Combine multiple component distributions with mixing weights

« Joint mixture model:

K
fix,y) = 2 Wifi(x,y)

i=1
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+ Allow modeling of heterogeneous populations
* EM algorithm commonly used for parameter estimation in mixture models

* Applications in cluster analysis and modeling of complex phenomena

Hierarchical models

« Structure dependencies between variables in multiple levels

« Often represented as directed acyclic graphs (DAGs)

* Incorporate both population-level and group-level parameters
 Bayesian hierarchical models naturally handle uncertainty at all levels

* Used in meta-analysis, longitudinal studies, and spatial statistics

4.2 Marginal distributions

Marginal distributions are a key concept in probability theory, allowing us to analyze individual variables
within complex systems. By summing or integrating out other variables from joint distributions, we can
focus on specific variables' behavior and relationships.

Understanding marginal distributions is crucial for data analysis, model selection, and Bayesian inference.
They help simplify complex problems, reveal hidden patterns, and provide insights into variable
independence and relationships. Mastering this concept is essential for effective statistical modeling and
interpretation.

Definition of marginal distribution

+ Describes the probability distribution of a subset of variables in a joint probability distribution
* Obtained by summing or integrating out other variables from the joint distribution

* Crucial concept in probability theory and statistics for analyzing individual variable behavior
Calculation methods

Summation for discrete variables
* Involves summing probabilities over all possible values of other variables
« Expressed mathematically as P(X = X) = ;P(X =X, Y=y)
* Applies to scenarios with finite or countably infinite outcomes (coin flips, dice rolls)

« Simplifies complex joint distributions into more manageable single-variable distributions

Integration for continuous variables

* Requires integrating the joint probability density function over other variables

 Mathematically represented as fy(x) = f_mfx, v(x, y)dy

* Used for continuous random variables (height, weight, time)

* Involves calculus techniques like indefinite and definite integrals
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Relationship to joint distribution

Derivation from joint distribution

» Marginal distributions result from "marginalizing" or eliminating variables from joint distributions

* Process preserves total probability while focusing on specific variables
+ Allows analysis of individual variable behavior within multivariate systems
« Useful for understanding variable interactions and dependencies

Marginal vs conditional distributions

* Marginal distributions consider one variable regardless of others
« Conditional distributions fix values of other variables

« Relationship expressed as P(X) = gP(XlY =Y)P(Y =) for discrete cases

- Continuous case uses integration fx(x) = ffx|y(x|y) fr(y)dy

» Understanding both types crucial for comprehensive probabilistic modeling

Properties of marginal distributions

Probability axioms

* Marginal distributions adhere to fundamental probability axioms

» Non-negativity ensures all probabilities are greater than or equal to zero
» Normalization requires the sum or integral of probabilities equals one

« Additivity applies for mutually exclusive events

* These properties ensure mathematical consistency and interpretability

Moments and expectations

» Marginal distributions retain moment properties of original joint distribution

- Expected value (first moment) calculated as EIX1 = ;XP (X'=X) for discrete cases

« Continuous expectation given by E[X] = fxfx(x)dx
» Higher moments (variance, skewness, kurtosis) derivable from marginal distributions

* Useful for characterizing distribution shape and central tendencies

Graphical representation

Histograms for discrete variables

+ Visual representation of probability mass function for discrete marginal distributions

* Bars represent probability of each outcome
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* Height of bars proportional to probability or frequency
+ Useful for visualizing distribution shape, mode, and spread

« Easily interpretable for both statisticians and non-experts

Density plots for continuous variables

» Smooth curve representation of probability density function for continuous marginal distributions
* Area under curve between two points represents probability of variable falling in that range

« Allows visualization of distribution shape, central tendency, and spread

+ Kernel density estimation often used for empirical data

* Facilitates comparison between different distributions or datasets

Applications in statistics

Data analysis

* Marginal distributions provide insights into individual variable behavior
* Used in exploratory data analysis to understand data structure

* Helps identify outliers, skewness, and potential data quality issues

* Informs choice of statistical tests and modeling approaches

* Crucial for understanding univariate patterns before multivariate analysis

Model selection

» Marginal distributions guide selection of appropriate statistical models
« Informs choice between parametric and non-parametric approaches

* Helps identify potential variable transformations for improved model fit
* Used in variable selection processes for multivariate models

+ Aids in assessing model assumptions and goodness-of-fit

Marginal likelihood

Definition and interpretation
* Probability of observed data under a specific model, averaged over all parameter values
+ Mathematically expressed as P(D|M) = fP(D|9, M)P(O|M)dE
» Key component in Bayesian model selection and averaging
+ Balances model complexity with goodness-of-fit

* Provides a natural Occam's razor for model comparison
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Use in Bayesian inference

* Crucial for calculating Bayes factors in model comparison

+ Enables calculation of posterior model probabilities

+ Used in hierarchical Bayesian models for parameter estimation
* Facilitates model averaging to account for model uncertainty

* Challenges in computation often addressed through numerical methods (MCMC, Laplace
approximation)

Independence and marginal distributions

Factorization of joint distribution
* Independence implies joint distribution factorizes into product of marginals
« For independent X and Y, P(X, Y) = P(X)P(Y) (discrete case)
« Continuous case: fx, v(X, ¥) = fx(x)fy(y)
« Simplifies probabilistic calculations and statistical modeling

* Crucial concept in many statistical techniques (naive Bayes, factor analysis)

Testing for independence

* Chi-square test of independence for categorical variables

« Correlation coefficients (Pearson, Spearman) for continuous variables
» Mutual information as a general measure of dependence

* Graphical methods like scatterplots and contingency tables

* Important for understanding variable relationships and model assumptions

Multivariate extensions

Bivariate vs multivariate cases
« Bivariate marginal distributions involve two variables from a larger joint distribution
» Multivariate marginals extend to three or more variables
* Visualization becomes challenging beyond three dimensions
* Higher-dimensional marginals often analyzed through projections or slices

+ Concepts like copulas become important for modeling complex dependencies

Marginal vs partial correlations

» Marginal correlation measures overall association between two variables

* Partial correlation measures association controlling for other variables
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I'xy — I'xzlyz

« Relationship: 'XY-Z2 = [1-r)a-r2)

* Partial correlations reveal hidden relationships in multivariate data

 Important in causal inference and understanding direct vs indirect effects

Computational considerations

Numerical integration techniques

* Trapezoidal rule, Simpson's rule for simple cases

» Gaussian quadrature for more complex integrals

* Monte Carlo integration for high-dimensional problems
» Adaptive quadrature methods for improved accuracy

+ Trade-offs between computational efficiency and precision

Sampling methods

* Importance sampling for estimating marginal distributions

* Markov Chain Monte Carlo (MCMC) for complex joint distributions
* Gibbs sampling for conditional distributions

* Rejection sampling for generating samples from marginals

* Metropolis-Hastings algorithm for flexibility in distribution shapes

Limitations and misconceptions

Ecological fallacy

* Error of inferring individual-level relationships from group-level data

» Marginal distributions at group level may not reflect individual patterns
+ Can lead to incorrect conclusions in social sciences and epidemiology
* Importance of multi-level modeling to avoid this fallacy

* Highlights need for caution in interpreting aggregated data

Simpson's paradox
* Trend appears in groups but disappears or reverses when groups combined
 Can occur due to confounding variables not apparent in marginal distributions
* lllustrates importance of considering joint and conditional distributions
* Classic example Berkeley admissions case study

* Emphasizes need for careful statistical analysis and domain knowledge
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4.3 Conditional distributions

Conditional distributions are a crucial concept in theoretical statistics, helping us understand relationships
between variables. They describe how one variable's probability distribution changes when we know the
value of another variable, providing deeper insights into complex statistical phenomena.

These distributions form the foundation for many advanced techniques, from Bayesian inference to
regression analysis. By incorporating known information, conditional distributions allow for more precise
probability calculations and predictions, making them invaluable tools in statistical modeling and
decision-making processes.

Definition of conditional distributions

+ Conditional distributions describe the probability distribution of a random variable given that another
random variable takes on a specific value

* In theoretical statistics, conditional distributions provide insights into the relationships between
variables and form the basis for many advanced statistical techniques

Probability vs conditional probability

* Probability measures the likelihood of an event occurring in the entire sample space

+ Conditional probability calculates the likelihood of an event given that another event has occurred

« Expressed mathematically as P(A|B) = P‘ﬁ(gf’)

« Differs from unconditional probability by considering additional information

Notation for conditional distributions
* Denoted using a vertical bar "|" to indicate conditioning
« For discrete random variables: P(X = x|Y = y)
« For continuous random variables: fxr(x]y)
* Subscripts often used to specify which variables are being conditioned on
Properties of conditional distributions
« Conditional distributions maintain the fundamental properties of probability distributions
+ Allow for more precise probability calculations by incorporating known information
Conditional independence
« Two random variables X and Y are conditionally independent given Z if P(X, Y|Z) = P(X|Z2)P(Y|Z)
* Implies that knowing Z provides all the information about Y that is relevant for predicting X
* Crucial concept in graphical models and Bayesian networks
Law of total probability

 Expresses the total probability of an event A in terms of conditional probabilities
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e Formula: P(A) = ZP(A|B")P(B") for mutually exclusive and exhaustive events B_i
!

* Allows decomposition of complex probabilities into simpler conditional probabilities
+ Useful for solving problems involving multiple conditions or scenarios
Discrete conditional distributions
* Apply to random variables that take on countable values
* Used in analyzing categorical data and discrete processes
Conditional probability mass function
* Defines the probability distribution of a discrete random variable X given Y =y
X=x,Y=y)

- Expressed as P(X = x|Y = y) = P(P(Ty)

* Must satisfy ;P(X =x|Y=y)=1 o al y
+ Used to calculate probabilities of specific outcomes given known conditions

Conditional expectation for discrete
» Represents the average value of X given Y =y

« Calculated as E[X|Y =] =§XP(X=X|Y=Y)

* Provides insight into the central tendency of X under specific conditions
* Useful in prediction and decision-making scenarios
Continuous conditional distributions
* Apply to random variables that can take on any value within a continuous range
+ Essential for analyzing measurements and continuous processes in statistics
Conditional probability density function

* Defines the probability distribution of a continuous random variable X given Y =y

f; '
« Expressed as fx|v(x|y) = _X'fyy(();)y)

*» Must satisfy f_mfx|y(x|y)dx =1 forally
* Used to calculate probabilities of ranges of values given known conditions

Conditional expectation for continuous

* Represents the average value of X given Y =y for continuous random variables

+ Calculated as E[X|Y = y] = I_meX|Y(X|Y)dX

* Provides a measure of central tendency for X under specific conditions
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* Plays a crucial role in regression analysis and prediction models

Joint vs marginal vs conditional

« Distinguishes between different types of probability distributions in multivariate settings

* Crucial for understanding relationships between random variables in theoretical statistics
Relationships between distributions

« Joint distribution describes the simultaneous behavior of multiple random variables
» Marginal distribution focuses on a single variable, ignoring others

« Conditional distribution describes one variable given specific values of others

» Marginal can be obtained from joint by integrating or summing over other variables

+ Conditional can be derived from joint by fixing values of conditioning variables

Deriving conditional from joint

+ Obtain conditional distribution by dividing joint distribution by marginal of conditioning variable

, PX=xY=
« For discrete case: P(X =x|Y =y) = (p(yxiﬂ,)y)
. B ,

« For continuous case: fxv(X]y) = %ﬁ,)ﬂ

* Requires careful consideration of the support of the distributions

* Useful for analyzing dependencies between variables

Bayes' theorem and conditional distributions

* Fundamental theorem in probability theory and statistics
* Provides a way to update probabilities based on new evidence or information
« Central to Bayesian inference and decision theory
Posterior probability
* Represents the updated probability of an event after considering new evidence
« Calculated using Bayes' theorem: P(A|B) = %
» Combines prior knowledge with new data to form updated beliefs
* Crucial in Bayesian statistics for parameter estimation and hypothesis testing

Likelihood and prior

* Likelihood represents the probability of observing the data given a specific parameter value
« Prior probability reflects initial beliefs about parameters before observing data
» Combine to form the posterior distribution through Bayes' theorem

« Choice of prior can significantly impact inference, especially with small sample sizes
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« Likelihood principle states that all relevant information is contained in the likelihood function

Applications of conditional distributions

+ Conditional distributions have wide-ranging applications in theoretical statistics and practical data
analysis

* Form the basis for many advanced statistical techniques and modeling approaches
Prediction and forecasting

+ Use conditional distributions to estimate future values based on current information
+ Conditional mean serves as a point prediction for future observations
* Prediction intervals constructed using conditional distributions quantify uncertainty

* Applied in time series analysis, weather forecasting, and financial modeling

Decision theory

* Employs conditional distributions to make optimal decisions under uncertainty
» Expected utility maximization relies on conditional expectations
 Bayesian decision theory uses posterior distributions to update beliefs and make decisions

* Applied in fields such as economics, operations research, and artificial intelligence
Conditional variance and covariance

» Measures of variability and dependence that account for known information

+ Important for understanding how relationships between variables change under different conditions
Definition and properties

- Conditional variance: Var(X|Y = y) = E[(X — E[X|Y = y1)?|Y = y]

« Conditional covariance: Cov(X, Z|Y =y) = E[(X — E[X|Y =y])(Z — E[Z]Y = y])|Y = y]

» Non-negative for variance, can be positive or negative for covariance

» Measures dispersion and linear dependence given specific conditions
Relationship to unconditional variance

« Law of total variance: Var(X) = E[Var(X|Y)] + Var(E[X|Y])

» Decomposes overall variance into expected conditional variance and variance of conditional mean

* Provides insight into how much variability is explained by conditioning variable

* Useful for assessing the impact of additional information on prediction accuracy
Sampling from conditional distributions

* Techniques for generating random samples from conditional distributions
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* Essential for simulation studies, Bayesian inference, and Monte Carlo methods
Rejection sampling

» General method for sampling from complex distributions

» Generate samples from a proposal distribution and accept/reject based on target distribution

* Acceptance probability proportional to ratio of target to proposal density

« Efficient for low-dimensional problems but can be computationally expensive for high dimensions

Gibbs sampling
» Markov Chain Monte Carlo method for sampling from multivariate distributions
« Iteratively samples each variable conditioned on current values of other variables
 Converges to the target joint distribution under mild conditions
* Particularly useful for high-dimensional problems and Bayesian hierarchical models

» Forms the basis for more advanced MCMC techniques (Metropolis-Hastings)

Conditional distribution in regression

« Fundamental concept in regression analysis and statistical modeling

* Describes the distribution of the dependent variable given specific values of predictors

Conditional mean function
* Represents the expected value of the dependent variable given predictor values
« In linear regression: E[Y|X = x]1=Bo + B1x
* Non-linear relationships modeled using more complex functions
« Estimated using methods such as least squares or maximum likelihood

* Forms the basis for prediction in regression models

Homoscedasticity vs heteroscedasticity

* Homoscedasticity assumes constant conditional variance across all predictor values
» Heteroscedasticity occurs when conditional variance changes with predictor values
« Affects efficiency of estimators and validity of inference in regression models

* Detected using residual plots and formal statistical tests

» Addressed through techniques such as weighted least squares or robust standard errors

4.4 Multivariate normal distribution

The multivariate normal distribution extends the concept of normal distribution to multiple dimensions. It's
crucial in theoretical statistics due to its mathematical properties and wide applications. This distribution
forms the basis for many statistical methods in multivariate analysis.
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Characterized by a symmetric bell-shaped surface, the multivariate normal distribution depends on two
parameters: the mean vector and covariance matrix. It allows for easy computation of marginal and
conditional distributions, making it a powerful tool for modeling complex relationships between variables.

Definition and properties

 Multivariate normal distribution extends the concept of univariate normal distribution to higher
dimensions

* Plays a crucial role in theoretical statistics due to its mathematical tractability and widespread
applications

« Serves as a foundation for many statistical methods and models in multivariate analysis

Probability density function

* Characterized by a symmetric bell-shaped surface in multiple dimensions

» Defined by the formula flx) = WGXP (mix—w'EHx - w)

» Depends on two parameters: mean vector g and covariance matrix
» Generalizes the univariate normal distribution to p-dimensional space

« Notation often abbreviated as X ~ Np(u, )

Mean vector and covariance matrix

* Mean vector p represents the center of the distribution in p-dimensional space
 Covariance matrix Z captures the spread and correlation between variables

* 2 must be symmetric and positive definite

+ Diagonal elements of Z represent variances of individual variables

« Off-diagonal elements of Z represent covariances between pairs of variables

« Correlation matrix derived from X by standardizing covariances

Marginal and conditional distributions

» Marginal distributions of any subset of variables follow a multivariate normal distribution
+ Obtained by integrating out other variables from the joint distribution

+ Conditional distributions also follow a multivariate normal distribution

» Mean and covariance of conditional distributions depend on the conditioning variables

+ Allows for easy computation of conditional probabilities and expectations

Geometric interpretation

* Provides visual insights into the structure and properties of multivariate normal distributions

* Helps in understanding the relationships between variables and their joint behavior
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Elliptical contours

+ Constant density surfaces form ellipsoids in p-dimensional space

+ Shape and orientation of ellipsoids determined by the covariance matrix
* Principal axes of ellipsoids correspond to eigenvectors of

* Lengths of principal axes proportional to square roots of eigenvalues of =

« Circular contours indicate uncorrelated variables with equal variances

Mahalanobis distance

» Measures the distance between a point and the center of a multivariate normal distribution
* Accounts for the covariance structure of the distribution

- Defined as d? = (x — u) T2} (x — p)

» Generalizes the concept of standard deviation to multiple dimensions

+ Used in outlier detection and classification problems
Estimation and inference
* Focuses on estimating parameters and testing hypotheses about multivariate normal distributions
* Crucial for applying multivariate normal models to real-world data and making statistical inferences
Maximum likelihood estimation

« Estimates mean vector p and covariance matrix £ from sample data

» Sample mean vector:

=
Il
___:ilb—-
Il
I E
x

« Sample covariance matrix:

s — _1
z_n—l.
I

M=

(xi— @ x; — @’
1

* Provides asymptotically efficient and consistent estimators

* Forms the basis for many statistical procedures in multivariate analysis

Likelihood ratio tests

+ Used for hypothesis testing in multivariate normal models

* Tests hypotheses about mean vectors, covariance matrices, or both

» Compares the likelihood under null and alternative hypotheses

* Test statistic follows a chi-square distribution under certain conditions

« Enables testing for equality of means, homogeneity of covariances, and independence of variables
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Linear transformations

» Describes how multivariate normal distributions behave under linear transformations

« Important for understanding the properties of derived variables and statistical procedures

Affine transformations
« Linear transformations plus a constant vector: Y =AX + b
« Preserves multivariate normality: if X ~ Np(U, Z), then Y ~ Ng(Au + b, AZAT)
* Allows for scaling, rotation, and translation of multivariate normal distributions

+ Used in factor analysis and principal component analysis

Orthogonal transformations

» Special case of affine transformations where ATA = AAT =/
* Preserves distances and angles between points

* Includes rotations and reflections

« Leaves the covariance structure invariant: ASAT = ¥

* Used in techniques like principal component analysis for dimensionality reduction
Relationship to other distributions

 Connects multivariate normal distribution to other important probability distributions

* Helps in understanding the behavior of test statistics and derived quantities
Chi-square distribution

» Sum of squares of independent standard normal variables follows a chi-square distribution

< 1f X ~ Np(0, 1), then X"X ~ x?

* Used in hypothesis testing and confidence interval construction

* Relates to the distribution of sample variances and covariances

Student's t-distribution

+ Arises when estimating the mean of a normal distribution with unknown variance
 Multivariate t-distribution generalizes this concept to multiple dimensions
» Heavier tails compared to multivariate normal distribution

* Used in robust statistical procedures and small sample inference

Wishart distribution

* Generalizes the chi-square distribution to multiple dimensions

+ Distribution of the sample covariance matrix for multivariate normal data
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« 1§ X1, ... Xn ~ Np(0, Z)  then

n
> XX ~Wp(n, £)
i=1

» Used in Bayesian inference for covariance matrices

* Inverse Wishart distribution serves as a conjugate prior for covariance matrices

Applications in statistics

» Demonstrates the wide-ranging utility of multivariate normal distributions in statistical analysis

* Highlights how theoretical concepts translate into practical statistical methods

Principal component analysis

* Technique for dimensionality reduction and feature extraction

* Finds linear combinations of variables that maximize variance

» Based on eigendecomposition of the covariance matrix

» Assumes multivariate normality for optimal statistical properties

» Used in data compression, visualization, and exploratory data analysis

Discriminant analysis

« Statistical method for classification and pattern recognition

* Linear discriminant analysis (LDA) assumes multivariate normality within each class
» Quadratic discriminant analysis (QDA) allows for different covariance structures

» Uses Mahalanobis distance for classification decisions

* Applied in various fields (biology, finance, image recognition)

Multivariate regression

» Extends simple linear regression to multiple dependent variables
» Assumes multivariate normality of errors for optimal estimation and inference
* Allows for correlated responses and joint hypothesis testing

* Includes techniques like canonical correlation analysis and multivariate analysis of variance
(MANOVA)

* Used in econometrics, psychometrics, and other social sciences

Simulation and sampling

* Focuses on generating random samples from multivariate normal distributions

+ Essential for Monte Carlo studies, bootstrapping, and computational statistics
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Generating multivariate normal data

« Utilizes the linear transformation property of multivariate normal distributions

« Steps include: 1. Generate independent standard normal variables 2. Apply Cholesky decomposition
of the covariance matrix 3. Add the mean vector to the transformed variables

« Efficient algorithms available for large-scale simulations

* Important for assessing statistical procedures and power analysis

Monte Carlo methods

» Uses repeated random sampling to solve problems and estimate parameters
* Relies heavily on the ability to generate multivariate normal samples

* Applications include:

« Estimating complex integrals and expectations

* Assessing the performance of statistical estimators

» Approximating sampling distributions of test statistics

* Crucial for studying properties of multivariate statistical methods in finite samples
Generalizations and extensions

* Explores variations and extensions of the multivariate normal distribution

» Addresses limitations and provides more flexible models for real-world data
Multivariate t-distribution

* Generalizes Student's t-distribution to multiple dimensions

» Heavier tails compared to multivariate normal distribution

+ Useful for modeling data with outliers or excess kurtosis

* Includes multivariate normal as a limiting case as degrees of freedom approach infinity

* Applied in robust statistical procedures and financial modeling

Mixture of multivariate normals

* Represents complex distributions as a weighted sum of multivariate normal components
+ Allows for modeling multimodal and non-elliptical distributions

« Estimated using techniques like the Expectation-Maximization (EM) algorithm

» Used in cluster analysis, pattern recognition, and density estimation

* Provides a flexible framework for approximating arbitrary multivariate distributions

Diagnostics and assumptions

» Addresses the importance of verifying multivariate normality assumptions
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* Provides tools for assessing the appropriateness of multivariate normal models

Assessing multivariate normality

* Graphical methods:

* Q-Q plots of Mahalanobis distances

« Contour plots and 3D scatter plots

« Statistical tests:

» Mardia's test for multivariate skewness and kurtosis

* Henze-Zirkler test

» Shapiro-Wilk test generalized to multiple dimensions
 Importance of checking both marginal and joint normality

+ Challenges in assessing normality in high dimensions

Robustness to violations

» Many multivariate techniques remain valid under mild departures from normality

* Central Limit Theorem provides justification for asymptotic normality in large samples
* Robust alternatives available for severely non-normal data:

* Nonparametric methods

* Rank-based procedures

* Robust estimators (M-estimators, S-estimators)

« Trade-offs between efficiency and robustness in different statistical procedures

Computational aspects

» Addresses practical considerations in working with multivariate normal distributions

* Focuses on efficient algorithms and software implementations for large-scale problems

Numerical methods for large dimensions

+ Challenges in high-dimensional settings:

* Curse of dimensionality

» Numerical stability of matrix operations

« Efficient algorithms for:

* Cholesky decomposition and matrix inversion

« Eigenvalue and eigenvector computation

« Sampling from high-dimensional normal distributions

» Sparse matrix techniques for handling large covariance matrices
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» Approximation methods for intractable high-dimensional integrals

Software implementations
« Statistical software packages with multivariate normal capabilities:
* R (mvtnorm, MASS packages)
* Python (scipy.stats, numpy)
* MATLAB (Statistics and Machine Learning Toolbox)
« Specialized libraries for high-performance computing:
* Intel Math Kernel Library (MKL)
» CUDA libraries for GPU acceleration
+ Considerations for numerical precision and computational efficiency

« Importance of validating results across different software implementations

4 .5 Transformations of random vectors

Random vectors extend single random variables to multiple dimensions, allowing us to model complex
systems with interacting random quantities. They're crucial for multivariate analysis and provide a
foundation for understanding how multiple variables behave together.

Transformations of random vectors map one probability space to another, enabling us to manipulate
variables for simpler analysis or to derive new distributions. These transformations are essential for solving
problems in statistical inference and probability theory, offering powerful tools for data analysis.

Definition of random vectors

» Random vectors extend the concept of random variables to multiple dimensions in theoretical
statistics

* Crucial for modeling complex systems where multiple random quantities interact simultaneously

* Provide a foundation for multivariate statistical analysis and probability theory

Properties of random vectors

+ Characterized by joint probability distributions describing relationships between components
» Covariance matrix captures correlations and variability among vector elements
» Dimensionality determines the complexity and computational requirements for analysis

» Marginal distributions obtained by integrating out other variables from joint distribution

Probability distributions for vectors

* Multivariate normal distribution commonly used for continuous random vectors
» Multinomial distribution applies to discrete random vectors with categorical outcomes

« Dirichlet distribution models proportions in a vector summing to 1
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» Wishart distribution describes covariance matrices of multivariate normal samples

Types of transformations

* Transformations of random vectors map one probability space to another
+ Allow manipulation of random variables to simplify analysis or derive new distributions

« Essential for solving problems in statistical inference and probability theory

Linear transformations

* Preserve vector space structure and simplify many statistical computations
« Represented by matrix multiplication: ¥ = AX where A is a constant matrix
* Preserve normality when applied to multivariate normal distributions

* Eigendecomposition and singular value decomposition are key tools for analysis

Nonlinear transformations

* Include power transformations, exponential functions, and trigonometric operations
« Often used to stabilize variance or normalize skewed distributions
* Require careful consideration of Jacobian determinant for density transformations

» Box-Cox transformation family provides flexible nonlinear transformations

Affine transformations

« Combine linear transformations with translations: Y =AX + b
* Preserve collinearity and ratios of distances between points
» Commonly used in computer graphics and image processing

* Include scaling, rotation, reflection, and shearing operations

Jacobian matrix

* Fundamental tool for transforming probability densities of random vectors
« Contains partial derivatives of each component of the transformation

« Crucial for change of variables technique in multivariate calculus

Determinant of Jacobian

* Measures local change in volume induced by the transformation
* Used to adjust probability densities under nonlinear transformations
* Absolute value ensures proper scaling of transformed densities

« fr(y) = fx(x) - |detJ(x)| ™ where J(x) is the Jacobian matrix
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Jacobian in higher dimensions

* Generalizes to n-dimensional transformations with n x n Jacobian matrix
» Computational complexity increases rapidly with dimensionality
» Symbolic computation tools often necessary for complex transformations

« Chain rule applies for composite transformations: /(g © f) = J(g) - J(f)

Transformation techniques

» Various methods exist to transform random vectors and their distributions
+ Choice of technique depends on the specific problem and desired outcomes

 Understanding multiple approaches enhances flexibility in statistical analysis

Change of variables method

« Utilizes Jacobian determinant to transform probability density functions
* Applies to both univariate and multivariate transformations
* Requires transformation to be bijective (one-to-one and onto)

* Involves solving for inverse transformation and computing Jacobian determinant

Moment generating function approach

* Leverages properties of moment generating functions (MGFs) for transformations
* MGF of transformed variable obtained by composition with original MGF
« Particularly useful for linear transformations and certain nonlinear cases

« Facilitates derivation of moments for transformed distributions

Probability density transformation

* Process of deriving the probability density function of a transformed random vector
« Critical for understanding how transformations affect underlying distributions

» Enables statistical inference on transformed variables

Univariate vs multivariate transformations

+ Univariate transformations modify single random variables independently
 Multivariate transformations consider joint effects on multiple variables
* Univariate often simpler but may miss important interdependencies

 Multivariate captures complex relationships but increases computational complexity

Cumulative distribution function method

« Utilizes the fact that CDFs are uniformly distributed on [0,1]
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* Involves finding CDF of original variable, applying transformation, then inverting
+ Useful when direct density transformation is challenging

» Works well for monotonic transformations in univariate cases

Applications in statistics

* Transformations of random vectors have widespread use in statistical analysis
» Enable more efficient and accurate inference in various statistical procedures

« Crucial for adapting statistical methods to different data distributions and structures

Parameter estimation
* Transformations can improve properties of estimators (unbiasedness, efficiency)
» Maximum likelihood estimation often simplified through appropriate transformations
* Variance-stabilizing transformations enhance performance of least squares estimation

» Reparameterization techniques use transformations to simplify optimization problems

Hypothesis testing

* Transformations can normalize data to meet assumptions of parametric tests
* Likelihood ratio tests often invariant under certain transformations
* Nonparametric tests based on rank transformations robust to outliers

* Power transformations (Box-Cox) used to achieve normality for ANOVA and regression

Confidence intervals
« Transformations can improve coverage probabilities of confidence intervals
* Delta method uses linear approximations to construct intervals for transformed parameters
* Bootstrap methods applicable to complex transformations without analytical solutions
« Pivotal quantities invariant under transformations useful for interval construction
Transformation of expectations
» Understanding how transformations affect expected values and other moments
« Critical for predicting behavior of transformed random variables and vectors
Linearity of expectation

» Expectation of linear transformations follows linearity property

« E[aX + b] = aE[X] + b for scalar aand b
 Extends to linear combinations of multiple random variables

« Simplifies calculations for affine transformations of random vectors
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Variance of transformed variables
* Variance transformation depends on nature of the transformation
« For linear transformations: Var(aX + b) = a2Var(X)
* Nonlinear transformations require delta method or moment generating functions

« Covariance matrix of transformed vector: Cov(AX) = ACov(X)AT for matrix A
Special cases

* Certain distributions and transformations have unique properties

* Understanding these special cases provides insights and computational shortcuts
Transformations of normal vectors

* Linear transformations of multivariate normal remain multivariate normal
* Quadratic forms of normal vectors follow chi-square distributions
* Box-Muller transform generates normal random variables from uniform

» Mahalanobis distance preserves chi-square distribution under affine transformations

Transformations of uniform vectors

* Inverse CDF method uses uniform random variables to generate other distributions
* Copulas based on transformations of uniform marginals model dependence structures
* Order statistics of uniform random variables follow beta distributions

* Spacings between ordered uniform variables are exponentially distributed
Computational methods

» Numerical techniques for handling complex transformations of random vectors

 Essential when analytical solutions are intractable or computationally expensive
Monte Carlo simulations

* Generate samples from original distribution and apply transformation
« Estimate properties of transformed distribution through empirical analysis
* Particularly useful for high-dimensional or complex nonlinear transformations

* Importance sampling and Markov Chain Monte Carlo extend to more challenging cases

Numerical integration techniques

» Approximate integrals involved in expectation and density calculations
» Gaussian quadrature efficient for smooth, well-behaved transformations

» Adaptive quadrature methods handle varying function behavior across domain
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» Multidimensional integration algorithms (cubature) necessary for vector transformations

Limitations and considerations

» Understanding constraints and potential issues with transformations

« Critical for proper application and interpretation of results

Invertibility requirements

* Many transformation techniques require bijective (one-to-one and onto) mappings
* Non-invertible transformations may lead to loss of information or ambiguity
* Piecewise definitions sometimes necessary to ensure invertibility

« Implicit function theorem provides conditions for local invertibility

Continuous vs discrete transformations

* Continuous transformations preserve continuity of underlying distributions
* Discrete transformations map to countable or finite outcome spaces
» Mixed transformations (continuous to discrete or vice versa) require special care

* Probability mass functions replace density functions for discrete transformations
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Unit 5 — Limit Theorems and Convergence
in Statistics

5.1 Law of large numbers

The Law of Large Numbers is a fundamental concept in probability theory, explaining how sample
averages converge to expected values as sample size increases. It bridges the gap between theoretical
probabilities and observed frequencies, providing a crucial foundation for statistical inference and
estimation.

This principle comes in two forms: the Weak Law (convergence in probability) and the Strong Law (almost
sure convergence). Understanding these distinctions, along with the theorem's assumptions and
applications, is essential for grasping its role in theoretical statistics and practical data analysis.

Definition and concept
 Law of Large Numbers forms a cornerstone of probability theory and statistics in Theoretical Statistics
+ Describes the behavior of sample averages as the sample size increases

* Provides a mathematical foundation for understanding the relationship between probability and
relative frequency

Weak vs strong convergence
» Weak Law of Large Numbers (WLLN) deals with convergence in probability
« Strong Law of Large Numbers (SLLN) involves almost sure convergence
* WLLN requires less stringent conditions than SLLN
* WLLN states that sample mean converges in probability to the expected value

» SLLN guarantees convergence with probability 1

Relationship to probability
» Connects empirical observations to theoretical probabilities
» Demonstrates how relative frequency approaches probability as sample size grows
* Provides justification for using sample statistics to estimate population parameters
» Underpins the concept of long-run frequency interpretation of probability

* Crucial for understanding the behavior of random variables in large samples

Mathematical formulation
» Mathematical representation of Law of Large Numbers uses limit notation and probability concepts
» Formulation involves sequences of random variables and their convergence properties

+ Utilizes concepts from measure theory and real analysis in its rigorous development
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Convergence in probability
« Defined as LimP(P-(n —H|>€)=0foranye>0
« X5 represents the sample mean of n observations
+ H denotes the population mean or expected value

* Indicates that the probability of a significant deviation from the mean approaches zero

» Weaker form of convergence compared to almost sure convergence

Almost sure convergence
- Expressed as P(lim X, =) =1
* Implies convergence occurs with probability 1
« Stronger form of convergence than convergence in probability
» Guarantees that sample paths will converge to the true mean in the long run

+ Used in the formulation of the Strong Law of Large Numbers

Assumptions and conditions

» Law of Large Numbers relies on specific assumptions to ensure its validity
» Understanding these conditions helps in applying the theorem correctly in statistical analyses

« Violations of assumptions can lead to incorrect conclusions or interpretations

Independence of random variables

» Assumes observations are independent and identically distributed (i.i.d.)

* Independence implies that each observation does not influence or depend on others
* Crucial for ensuring that the sample mean behaves as expected

+ Can be relaxed in some cases to allow for certain types of dependence

+ Violation of independence can lead to biased estimates and incorrect inferences

Finite expected value

* Requires that the random variables have a finite expected value (mean)
» Ensures that the population mean H exists and is well-defined

» Necessary for the sample mean to converge to a meaningful value

» Some versions of the law require finite variance as well

« Infinite expected value can lead to non-convergence or convergence to unexpected values

Proof and derivation

* Proofs of Law of Large Numbers vary in complexity and approach
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* Demonstrates the logical foundations of the theorem in probability theory

« Utilizes various mathematical techniques and inequalities

Chebyshev's inequality
+ Key tool in proving the Weak Law of Large Numbers
- States that P(|X — | = ko) = # forany k>0
* Provides an upper bound on the probability of deviations from the mean
*» Used to show that large deviations become increasingly unlikely as sample size grows

» Generalizes to Markov's inequality for non-negative random variables

Borel-Cantelli lemma

« Essential in proving the Strong Law of Large Numbers

« States conditions under which an infinite sequence of events occurs only finitely often
* Used to show that the probability of infinitely many large deviations is zero

» Connects convergence in probability to almost sure convergence

» Requires more advanced measure-theoretic concepts

Applications in statistics

» Law of Large Numbers has widespread applications in statistical theory and practice
* Provides theoretical justification for many statistical methods and techniques

» Underpins the concept of consistency in statistical estimation

Sample mean convergence

» Demonstrates that sample mean converges to population mean as sample size increases
« Justifies the use of sample mean as an estimator of population mean

» Explains why larger samples generally provide more accurate estimates

* Helps in understanding the behavior of other sample statistics (variance, proportions)

* Crucial in developing confidence intervals and hypothesis tests

Estimation of parameters

* Supports the use of maximum likelihood estimation and method of moments

* Ensures consistency of many statistical estimators under appropriate conditions
* Provides a basis for asymptotic properties of estimators

* Helps in understanding the behavior of estimators in large samples

* Crucial for developing efficient and unbiased estimation techniques

Fiveable archived study guides Page 147



Limitations and considerations

 Understanding limitations helps in proper application and interpretation of results
» Awareness of considerations prevents misuse or overreliance on asymptotic properties

* Crucial for developing robust statistical methodologies

Rate of convergence

» Law of Large Numbers does not specify how quickly convergence occurs

 Rate can vary depending on the distribution of the random variables

+ Slower convergence may require larger samples for reliable estimates

+ Central Limit Theorem provides information on the rate for normal approximations

* Important consideration in practical applications and simulation studies

Sample size requirements

» Theorem is asymptotic, meaning it holds as sample size approaches infinity

« In practice, finite samples may not exhibit perfect convergence

* Required sample size depends on the underlying distribution and desired precision
» Smaller samples may still show substantial variability around the true parameter

* Consideration of sample size is crucial in experimental design and power analysis

Related theorems

+ Law of Large Numbers connects to other fundamental theorems in probability and statistics

» Understanding these relationships enhances overall comprehension of statistical theory

* Provides a broader context for the role of LLN in Theoretical Statistics

Central limit theorem

* Describes the distribution of the sample mean for large samples

« States that the sample mean approaches a normal distribution

» Complements LLN by providing information about the limiting distribution
* Crucial for constructing confidence intervals and hypothesis tests

* Applies to a wider range of statistics beyond just the sample mean

Bernoulli's law of large numbers

* Special case of LLN applied to Bernoulli random variables (binary outcomes)
« States that the sample proportion converges to the true probability

» Fundamental in understanding the behavior of proportions and probabilities
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* Provides a link between frequentist and Bayesian interpretations of probability

+ Often used as an introductory example in teaching probability concepts

Historical development

+ Tracing the historical development provides context for understanding the theorem
* lllustrates the evolution of probabilistic thinking and mathematical rigor

* Highlights contributions of key mathematicians and statisticians over time

Early discoveries

« Jacob Bernoulli first formulated a version of the law in the early 18th century
* Focused on binomial distributions and convergence of sample proportions

* Proved what is now known as the Weak Law of Large Numbers

* Published posthumously in "Ars Conjectandi" (1713)

« Laid the groundwork for future developments in probability theory

Modern refinements

 Pafnuty Chebyshev provided a more general proof in the 19th century

» Andrey Kolmogorov formalized the Strong Law of Large Numbers in the 20th century
* Developments in measure theory allowed for more rigorous formulations

» Extensions to dependent and non-identically distributed random variables

* Incorporation into broader frameworks of stochastic processes and ergodic theory

Practical implications

» Law of Large Numbers has significant practical applications beyond theoretical statistics
* Influences decision-making processes in various fields (finance, insurance, quality control)

* Provides a foundation for many computational and simulation techniques

Monte Carlo simulations

* LLN justifies the use of Monte Carlo methods for numerical integration

* Allows estimation of complex probabilities and expectations through simulation
* Crucial in financial modeling, physics simulations, and optimization problems

* Provides a basis for bootstrap resampling techniques in statistics

» Enables solving problems that are analytically intractable

Statistical inference

» Underpins many inferential procedures in classical and Bayesian statistics
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« Justifies the use of large-sample approximations in hypothesis testing
* Supports the development of consistent estimators for population parameters
* Crucial in understanding the behavior of test statistics under null hypotheses

* Provides a theoretical basis for the reliability of statistical conclusions

Common misconceptions

« Identifying and clarifying misconceptions is crucial for proper understanding and application
* Helps prevent errors in interpretation and application of the Law of Large Numbers

* Important for developing critical thinking skills in statistical reasoning

Misinterpretation of results

* Incorrectly assuming that small samples will exhibit properties of large samples
* Believing that LLN guarantees convergence for any finite sample size

» Misunderstanding the probabilistic nature of the convergence

+ Overlooking the importance of the underlying distribution

* Failing to consider the role of variability in small to moderate samples

Confusion with other theorems

* Mixing up the Law of Large Numbers with the Central Limit Theorem

* Incorrectly applying LLN to situations where CLT is more appropriate

» Misunderstanding the differences between weak and strong convergence
 Confusing LLN with the concept of regression to the mean

« Failing to distinguish between convergence in probability and almost sure convergence

Extensions and generalizations

» Law of Large Numbers has been extended and generalized in various ways
» These extensions broaden the applicability of the theorem to more complex scenarios

* Important for understanding the limits and possibilities of the LLN concept

Kolmogorov's strong law

* Provides a more general formulation of the Strong Law of Large Numbers
* Applies to a broader class of random variables and stochastic processes
« Utilizes concepts from measure theory and ergodic theory

« Establishes almost sure convergence under weaker conditions

* Important in the study of stochastic processes and time series analysis
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Law of iterated logarithm

* Refines the Law of Large Numbers by specifying the rate of convergence

* Describes the magnitude of fluctuations of the sample mean around its limit
« States that the limsup of normalized deviations is almost surely 1

* Provides insight into the behavior of random walks and Brownian motion

* Important in the study of sequential analysis and boundary crossing probabilities

5.2 Central limit theorem

The Central Limit Theorem (CLT) is a fundamental concept in statistics, describing how sample means
behave as sample size increases. It states that for large samples, the distribution of sample means
approaches a normal distribution, regardless of the underlying population distribution.

CLT has far-reaching implications for statistical inference, hypothesis testing, and confidence interval
construction. It allows us to make predictions about population parameters based on sample statistics,
even when dealing with non-normal data, provided the sample size is sufficiently large.

Foundations of CLT

« Central Limit Theorem forms a cornerstone of statistical inference in Theoretical Statistics
* Provides a framework for understanding the behavior of sample means from various distributions

+ Enables statistical analysis and hypothesis testing for large datasets

Law of large numbers

« States that sample mean converges to population mean as sample size increases
* Weak law deals with convergence in probability
« Strong law concerns almost sure convergence

 Underpins the concept of statistical consistency in estimators

Independent random variables

* Defined as events where occurrence of one does not affect probability of others
* Crucial assumption for many statistical models and theorems
+ Allows for simplification of joint probability distributions (multiplication rule)

+ Independence can be tested using methods like chi-square test of independence

Identically distributed variables

* Refers to random variables drawn from the same probability distribution
 Simplifies mathematical analysis and theoretical derivations
« Common in experimental design (repeated measurements under same conditions)

+ Allows for pooling of data to increase statistical power
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Statement of CLT

Formal mathematical definition

* For a sequence of i.i.d. random variables with finite mean py and variance g2
» Sample mean X approaches normal distribution as n approaches infinity
» Standardized form: w SN, 1)

* Applies regardless of the underlying distribution of the original variables

Convergence in distribution

* Refers to the limiting behavior of cumulative distribution functions
* Denoted by f, or f, in mathematical notation
» Weaker form of convergence compared to convergence in probability

* Crucial concept in asymptotic theory and limit theorems

Normal distribution approximation

» CLT states that sample means approximate a normal distribution for large n
» Approximation improves as sample size increases
* Allows use of normal distribution properties for inference on non-normal data

« Particularly useful for constructing confidence intervals and hypothesis tests

Conditions for CLT

Sample size requirements
* Generally, n = 30 is considered sufficient for most practical applications
+ Larger sample sizes needed for highly skewed or heavy-tailed distributions
* Rule of thumb: n = 5/p for binomial distributions, where p is success probability

» Sample size affects the speed of convergence to normality

Independence assumption

* Requires sampled observations to be independent of each other
+ Crucial for validity of CLT in many real-world applications
» Can be violated in time series data or clustered sampling designs

* Techniques like bootstrapping can sometimes address lack of independence

Finite variance condition

* Requires population to have finite variance for CLT to hold

* Infinite variance (Cauchy distribution) violates CLT assumptions

Fiveable archived study guides Page 152



* Finite variance ensures stability and consistency of sample statistics

» Some extensions of CLT relax this condition (Stable distributions)

Implications of CLT

Sampling distributions
 CLT describes behavior of sampling distributions for means and sums
» Enables prediction of variability in sample statistics across repeated sampling
» Forms basis for understanding standard error and sampling error concepts

« Crucial for inferential statistics and hypothesis testing frameworks

Standard error estimation

« Standard error of the mean (SEM) estimated as s/v n
+ Quantifies variability of sample mean around true population mean
« Decreases as sample size increases, following 1/v'n relationship

« Used in construction of confidence intervals and hypothesis tests

Confidence interval construction

 CLT allows for creation of approximate confidence intervals for population parameters
» General form: point estimate * (critical value x standard error)
 Accuracy improves with larger sample sizes due to CLT

 Enables inference about population parameters from sample statistics

CLT applications

Statistical inference

« Facilitates drawing conclusions about populations from sample data
» Enables parameter estimation through methods like maximum likelihood
» Supports decision-making processes in various fields (medicine, economics)

» Underpins many advanced statistical techniques (ANOVA, regression analysis)

Hypothesis testing

» CLT provides theoretical justification for many common statistical tests
* Allows for approximation of test statistics' distributions under null hypothesis
* Enables calculation of p-values and critical values for decision-making

* Supports both one-sample and two-sample tests for means and proportions
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Quality control

* Used in manufacturing to monitor and maintain product quality
* Supports creation of control charts for process monitoring
» Enables detection of systematic variations in production processes

* Facilitates setting of tolerance limits and acceptance sampling procedures

Limitations of CLT

Non-normal populations

* CLT approximation may be poor for highly skewed or multimodal distributions
» Requires larger sample sizes for convergence with extreme non-normality
« Alternative methods (bootstrapping, permutation tests) may be more appropriate

* Transformations can sometimes improve normality before applying CLT

Small sample sizes

» CLT approximation becomes less reliable as sample size decreases
* Rule of thumb: n < 30 may require careful consideration of underlying distribution
* T-distribution often used instead of normal for small samples

» Nonparametric methods may be preferable for very small samples

Dependent variables

* Violation of independence assumption can lead to incorrect inferences
» Requires specialized techniques (time series analysis, mixed models)
+ Can result in underestimation or overestimation of standard errors

» Methods like generalized estimating equations address dependence in data

CLT vs other theorems

CLT vs law of large numbers

* LLN concerns convergence of sample mean to population mean
 CLT describes distribution of sample mean around population mean
* LLN deals with consistency, CLT with limiting distribution

* Both theorems crucial for understanding behavior of sample statistics

CLT vs ChebysheV's inequality

» Chebyshev's inequality provides bounds on probability of deviation from mean

* Applies to any distribution with finite variance, not just normal
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* Less precise than CLT for normally distributed data

» Useful when distribution is unknown or non-normal

Extensions of CLT

Multivariate CLT

* Generalizes CLT to vector-valued random variables
* Describes convergence to multivariate normal distribution
* Crucial for multivariate statistical analysis (MANOVA, factor analysis)

+ Allows for correlation structure among variables

Lyapunov CLT
+ Relaxes requirement of identical distribution in classical CLT
* Introduces Lyapunov condition on third absolute moments
* Useful for dealing with heterogeneous data sources

* Applies to sums of independent, non-identically distributed random variables

Lindeberg-Lévy CLT
» Generalizes CLT to sequences of independent, non-identical random variables
* Introduces Lindeberg condition on truncated second moments
* Provides weaker sufficient conditions than Lyapunov CLT

« Important in proving convergence of certain estimators in econometrics

Historical development

Early contributions
* De Moivre-Laplace theorem (1733) laid groundwork for CLT
* Laplace extended result to non-binomial distributions (1810)
* Poisson made significant contributions to CLT development (1824)

« Cauchy provided rigorous proof for special cases (1853)

Modern refinements

* Lyapunov provided general conditions for CLT (1901)
* Lindeberg and Lévy further generalized CLT (1920s)
* Feller contributed to understanding of domains of attraction (1935)

* Berry-Esseen theorem quantified rate of convergence (1941)
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Current research directions

* Investigating CLT behavior under extreme value theory
+ Developing CLT extensions for dependent data structures
+ Exploring connections between CLT and machine learning algorithms

* Refining CLT applications in high-dimensional data analysis

5.3 Types of convergence

Convergence concepts are crucial in theoretical statistics, forming the foundation for understanding how
random variables approach limits. These ideas are essential for grasping asymptotic behavior of statistical
estimators and hypothesis tests, underpinning many inference techniques.

The notes cover various types of convergence, including probability, almost sure, distribution, and mean.
They explore relationships between these types, key properties, and fundamental theorems like the law of
large numbers and central limit theorem. Applications in statistics, convergence rates, and multivariate
settings are also discussed.

Types of convergence

* Fundamental concept in theoretical statistics describing how random variables or sequences
approach a limit

« Essential for understanding asymptotic behavior of statistical estimators and hypothesis tests

» Forms the basis for many statistical inference techniques and probability theory applications

Convergence in probability

» Occurs when the probability of a sequence of random variables deviating from a limit becomes
arbitrarily small

* Denoted as X, —P> X where Xp is the sequence and X is the limit
+ Mathematically expressed as ,L'_';Q P(1Xn = X|>€) =0 for any e > 0
* Used in proving consistency of estimators (maximum likelihood estimators)

* Allows for some fluctuations around the limit, unlike stronger forms of convergence

Almost sure convergence

« Stronger form of convergence where the sequence converges to the limit with probability 1

- Denoted as X, = X or P(Lim Xp=X)=1

* Implies convergence in probability but not vice versa

* Crucial in proving strong laws of large numbers

» Guarantees convergence for almost all sample paths of the random sequence
Convergence in distribution

» Weakest form of convergence, focusing on the limiting behavior of cumulative distribution functions
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« Denoted as X, 2 x or Fx,(X) = Fx(X) at all continuity points of Fx
* Does not require the random variables to be defined on the same probability space
» Fundamental in central limit theorems and asymptotic normality results

« Useful when only the limiting distribution matters (hypothesis testing)

Convergence in mean

* Focuses on the convergence of expected values of absolute differences

« Includes convergence in LP norm, with P = 1 (mean) and P = 2 (mean square) being most common
« Convergence in L1: E[|Xn = X|]>0 asn—

« Convergence in L 2: E[(X, — X)?]1»0ash—®

* Important in proving unbiasedness and efficiency of estimators

« Stronger than convergence in probability for P = 1

Relationships between convergences

» Understanding the hierarchy and implications between different types of convergence

* Crucial for choosing appropriate convergence concepts in statistical proofs and applications

Hierarchy of convergence types

» Almost sure convergence implies convergence in probability

» Convergence in probability implies convergence in distribution

« Convergence in LP implies convergence in probability for P = 1

« Convergence in LP implies convergence in L9 for P = 9

* No general implication between almost sure convergence and LP convergence

» Convergence in distribution does not imply other types of convergence

Implications and non-implications

» Almost sure convergence implies convergence in probability (converse not true)

» Convergence in probability implies convergence in distribution (converse not true)

» Convergence in mean square implies convergence in probability (converse not true)
» Convergence in distribution to a constant implies convergence in probability

» Counter-examples exist for non-implications (convergence in probability not implying almost sure
convergence)

» Understanding these relationships helps in choosing appropriate convergence concepts for specific
statistical problems
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Properties of convergence
» Key theorems and properties that facilitate working with converging sequences of random variables
« Essential tools for deriving asymptotic results in statistical inference
Continuous mapping theorem
« States that continuous functions preserve convergence in distribution
« If 9 is continuous and X, 4 X, then g(Xn) kA g(X)
» Extends to convergence in probability and almost sure convergence
+ Allows for easy derivation of limiting distributions for transformed random variables
* Crucial in deriving asymptotic distributions of test statistics and estimators
Slutsky's theorem
* Deals with convergence of products and quotients of random variables
< If X, i X andy, —P> c (constant), then:
X+ Yo SX+c
*XnYnSeX
* XnlYy S Xjc (if ¢ # 0)
« Essential for handling ratios of random variables in limit theorems
» Widely used in deriving asymptotic distributions of complex statistics
Convergence of random sequences
» Fundamental limit theorems describing the behavior of sums or averages of random variables
» Form the basis for many statistical inference procedures and asymptotic results
Law of large numbers
* Describes the convergence of the sample mean to the population mean
» Weak Law of Large Numbers (WLLN): convergence in probability
« Fori.i.d. X; with EIXiI =, %, f),u
« Strong Law of Large Numbers (SLLN): almost sure convergence
« For i.i.d. Xi with E[Xi1 = K, X,°5
* Crucial for consistency of estimators and empirical risk minimization
* Provides theoretical justification for using sample statistics to estimate population parameters
Central limit theorem

* Describes the limiting distribution of standardized sums of random variables
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« For i.i.d. Xi with E[Xj]1 = 4 and Var(X;) = 0% <
. ‘/_ Xn - d
M > N(0,1)
» Generalizes to non-identical distributions under certain conditions (Lyapunov CLT)
» Fundamental in constructing confidence intervals and hypothesis tests

» Explains the prevalence of normal distributions in many natural phenomena

Convergence in metric spaces

» Extends convergence concepts to more general mathematical structures

« Important for understanding convergence in function spaces and infinite-dimensional settings

Weak vs strong convergence
« Strong convergence in metric spaces defined using the metric directly
ed(Xn, X)>0asnh—®
» Weak convergence defined through continuous linear functionals
« f(xn) = f(x) for all continuous linear functionals f
* Weak convergence is generally easier to prove but less powerful
+ Analogous to convergence in distribution vs convergence in probability for random variables

« Important in functional analysis and its applications to statistics (functional data analysis)

Uniform convergence

« Stronger form of convergence for sequences of functions

« A sequence of functions f converges uniformly to f if igﬁ |fa(x) = fix)| = 0

* Preserves continuity and allows interchange of limits and integrals

« Critical in approximation theory and analysis of function estimators

* Relates to concepts like stochastic equicontinuity in empirical process theory
Applications in statistics

+ Practical implications of convergence concepts in statistical inference and estimation

» Demonstrates how theoretical convergence results translate into useful statistical properties
Consistency of estimators

* An estimator én is consistent for 8 if én f) 2]

« Stronger notion: strong consistency if éna'—i' e

 Consistency ensures that the estimator approaches the true parameter value as sample size
increases
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« Often proved using laws of large numbers or more general convergence theorems

» Examples include sample mean (consistent for population mean), maximum likelihood estimators
(often consistent under regularity conditions)

Asymptotic normality
* Property of estimators having a limiting normal distribution when properly standardized
- Typically expressed as v77 (8, — 8) S N(0, 62)
* Derived using central limit theorem or more advanced techniques
» Enables construction of approximate confidence intervals and hypothesis tests
* Crucial for inference in large samples where exact distributions are unknown or intractable

» Examples include asymptotic normality of maximum likelihood estimators, sample means of
non-normal distributions

Convergence rates

* Quantifies how quickly random sequences approach their limits

» Essential for understanding the efficiency of statistical procedures and algorithms
Big O and little o notation

« Big O notation: Xn = Op(an) if Xn/an is bounded in probability

« Little o notation: Xn = 0p(an) if x,./a,, %o

* Used to describe asymptotic behavior and compare rates of convergence

* Big O provides an upper bound on the growth rate

* Little o indicates a strictly slower growth rate

* Crucial in analyzing algorithmic complexity and efficiency of statistical estimators
Order in probability

* Describes the rate at which a sequence of random variables converges to zero

« Xn = Oplan) if for every € > 0, there exists M > 0 and N such that P(|Xn/an| > M) <& foralln >N
» Used to compare the relative speeds of convergence between different estimators or algorithms

* Important in proving optimality results and efficiency bounds in statistical inference

* Relates to concepts like asymptotic relative efficiency and minimax rates of convergence

Proving convergence

 Techniques and strategies for establishing different types of convergence in statistical proofs

« Essential skills for theoretical statisticians and researchers in probability theory

Fiveable archived study guides Page 160



Techniques for different types

» Convergence in probability: often proved using Markov's or Chebyshev's inequalities

» Almost sure convergence: frequently uses Borel-Cantelli lemmas or martingale convergence
theorems

» Convergence in distribution: characteristic functions, moment generating functions, or direct CDF
comparisons

» Convergence in mean: leverages Jensen's inequality and properties of expectations
* For sequences of random variables, induction and coupling arguments can be powerful

» Sandwich or squeeze theorem useful for bounding converging sequences

Common pitfalls

» Assuming convergence in distribution implies convergence in probability

* Neglecting to check all conditions for limit theorems (independence, identical distribution)

* Incorrectly interchanging limits and expectations or integrals

« Failing to account for dependencies when applying laws of large numbers or central limit theorems
* Overlooking the importance of uniform integrability in proving convergence in mean

» Misapplying continuous mapping theorem to discontinuous functions

* Neglecting to consider the possibility of different modes of convergence along subsequences

Convergence in multivariate settings

» Extends convergence concepts to vector-valued random variables and random vectors

« Critical for analyzing multivariate statistical methods and high-dimensional data

Joint convergence

« Considers convergence of multiple random variables or vectors simultaneously

+ For random vectors, convergence in distribution means convergence of the joint CDF

» Convergence in probability and almost sure convergence extend componentwise

+ Challenges arise from potential dependencies between components

* Important in multivariate central limit theorems and asymptotic theory for multivariate estimators

« Examples include convergence of sample covariance matrices, multivariate maximum likelihood
estimation

Cramer-Wold device

» Theorem stating that convergence in distribution of random vectors is equivalent to convergence of all
linear combinations

« If X and X are k-dimensional random vectors, Xn E) X ifand only if t'X,, g) t'x for all t € RK
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* Reduces multivariate convergence problems to univariate ones
» Widely used in proving multivariate central limit theorems
« Simplifies proofs of convergence in distribution for complex multivariate statistics

« Limitations include not extending to other types of convergence (probability, almost sure)

Convergence and limit theorems

* Fundamental theorems connecting convergence concepts with integration and measure theory

« Essential for advanced probability theory and its applications in statistics

Dominated convergence theorem
* Allows interchanging limits and integrals under certain conditions
« If f, = f pointwise and |n| = g with E[g] < « then E[f,] = E[f]
* Crucial for proving convergence of moments and expected values
* Applications in deriving properties of limiting distributions
» Extends to more general measure spaces beyond probability

» Used in proving consistency of various statistical estimators

Monotone convergence theorem
* Deals with limits of monotone sequences of non-negative functions
«f0=fi=<f=<--andf,—fpointwise, then E[f;] - E[f]
* Does not require a dominating function, unlike the dominated convergence theorem
* Important in measure theory and integration
* Applications in proving properties of order statistics and extreme value theory

+ Used in conjunction with other convergence theorems in advanced probability proofs

5.4 Asymptotic theory

Asymptotic theory explores how statistical methods behave as sample sizes grow infinitely large. It
provides a framework for understanding estimator properties and test statistics in large samples, offering
insights into consistency, efficiency, and limiting distributions.

This foundational concept connects various statistical tools, from limit theorems to large sample
approximations. By studying asymptotic behavior, we gain a deeper understanding of statistical inference
and can make more informed choices about estimation and hypothesis testing procedures.

Foundations of asymptotic theory

» Examines behavior of statistical procedures as sample size approaches infinity in Theoretical
Statistics

* Provides framework for understanding properties of estimators and test statistics in large samples
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Limit theorems

* Fundamental results describing convergence of random variables or sequences
» Weak law of large numbers establishes convergence in probability for sample means
« Strong law of large numbers proves almost sure convergence of sample means

* Central limit theorem demonstrates convergence to normal distribution for standardized sums

Convergence concepts

+ Different modes of convergence describe how random variables approach limits
» Convergence in probability measures likelihood of small deviations from limit

» Almost sure convergence guarantees convergence with probability 1

» Convergence in distribution focuses on cumulative distribution functions

* L*p convergence considers expected values of absolute differences raised to power p

Order notation

* Provides precise language for describing rates of convergence
* Big O notation (O) gives upper bound on growth rate

« Little o notation (9) indicates strictly slower growth

* Big Omega (Q) notation provides lower bound on growth rate
- Theta (©) notation specifies exact order of growth

» Commonly used to analyze algorithm efficiency and asymptotic behavior of estimators
Asymptotic properties of estimators

* Focuses on behavior of statistical estimators as sample size increases indefinitely

* Crucial for understanding reliability and efficiency of estimation procedures in large samples
Consistency

+ Describes convergence of estimators to true parameter values as sample size grows
» Weak consistency implies convergence in probability to true parameter

« Strong consistency ensures almost sure convergence to true parameter

* Unbiasedness not necessary for consistency, but often desirable

« Consistency proofs often involve showing both bias and variance approach zero

Asymptotic normality

* Characterizes limiting distribution of properly scaled estimators

* Central limit theorem often used to establish asymptotic normality
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* Allows construction of approximate confidence intervals for large samples

* Facilitates hypothesis testing using normal approximations

» Requires careful consideration of scaling factors and regularity conditions
Asymptotic efficiency

» Measures optimality of estimators in terms of asymptotic variance

* Cramér-Rao lower bound provides benchmark for efficiency

» Asymptotically efficient estimators achieve minimum possible variance

» Maximum likelihood estimators often asymptotically efficient under regularity conditions

» Comparison of asymptotic relative efficiency helps choose between competing estimators

Large sample theory

» Explores behavior of statistical procedures in large samples

* Provides approximations and simplifications for complex distributions

Law of large numbers

» Fundamental theorem describing convergence of sample means
» Weak law establishes convergence in probability

« Strong law guarantees almost sure convergence

* Applies to independent, identically distributed random variables

 Generalizations exist for dependent and non-identically distributed cases

Central limit theorem

* Describes limiting distribution of standardized sums of random variables

« States that properly normalized sums converge to normal distribution

* Applies to independent, identically distributed variables with finite variance
* Lindeberg-Lévy CLT provides classical formulation for i.i.d. case

* Lyapunov CLT relaxes identical distribution assumption

Delta method

* Technique for deriving asymptotic distributions of transformed random variables
« Utilizes Taylor series expansion to approximate nonlinear functions

« Allows inference about functions of asymptotically normal estimators

» Widely used in econometrics and biostatistics

» Multivariate delta method extends technique to vector-valued functions
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Asymptotic expansions

* Provide more accurate approximations than first-order asymptotics

+ Useful for improving finite sample performance of statistical procedures

Edgeworth expansions

+ Refine normal approximation by incorporating higher-order moments
« Express distribution functions as series expansions in powers of 1/¥n
* Improve accuracy of approximations for moderate sample sizes

« Useful for constructing more accurate confidence intervals

* Require existence of higher-order moments and smoothness conditions

Saddlepoint approximations

* Provide highly accurate approximations to probability distributions

* Based on cumulant generating functions of random variables

« Particularly effective for tail probabilities and small sample sizes

* Applicable to a wide range of distributions, including non-normal cases

» Computationally more intensive than Edgeworth expansions

Asymptotic inference

* Focuses on statistical inference procedures based on large sample approximations

+ Allows simplified analysis of complex statistical models

Likelihood ratio tests

» Compare maximized log-likelihoods under null and alternative hypotheses

* Test statistic asymptotically follows chi-square distribution under regularity conditions
» Powerful and widely applicable in parametric models

» Requires computation of maximum likelihood estimates under both hypotheses

» Wilks' theorem provides asymptotic distribution of test statistic

Wald tests

» Based on distance between unrestricted estimate and value specified by null hypothesis
« Utilizes asymptotic normality of maximum likelihood estimators

» Computationally simpler than likelihood ratio tests in some cases

* Test statistic asymptotically follows chi-square distribution

* May suffer from poor finite sample performance in some situations
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Score tests

« Evaluate score function (derivative of log-likelihood) at null hypothesis value

+ Do not require computation of unrestricted maximum likelihood estimates

» Asymptotically equivalent to likelihood ratio and Wald tests under null hypothesis
* Often preferred when alternative hypothesis lies close to null hypothesis

* Rao's score test provides classical formulation of score test principle
Asymptotic optimality
» Examines theoretical limits on performance of statistical procedures

* Provides benchmarks for evaluating efficiency of estimators and tests

Fisher information

* Measures amount of information data provides about unknown parameters
* Defined as negative expected value of second derivative of log-likelihood

« Plays crucial role in determining asymptotic variance of estimators

+ Additive for independent observations

» Forms basis for many optimality criteria in statistical inference

Cramér-Rao lower bound

« Establishes lower bound on variance of unbiased estimators

* Inverse of Fisher information provides bound for scalar parameter case
» Generalizes to multivariate parameters using information matrix

« Efficient estimators achieve the bound asymptotically

* Maximum likelihood estimators often attain bound under regularity conditions

Asymptotic relative efficiency

» Compares performance of different estimators in large samples

+ Ratio of asymptotic variances used as measure of relative efficiency

* Values less than 1 indicate lower efficiency compared to benchmark estimator
* Useful for choosing between competing estimation methods

« Pitman efficiency provides alternative measure for hypothesis tests

Robustness and asymptotics

* Explores stability of statistical procedures under departures from model assumptions

» Combines asymptotic theory with concepts from robust statistics
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M-estimators

* Generalize maximum likelihood estimation to robust loss functions
» Minimize average value of loss function over observed data

* Include least squares and maximum likelihood as special cases

* Provide trade-off between efficiency and robustness

* Huber's M-estimator offers compromise between normal and heavy-tailed distributions

Influence functions

» Measure effect of infinitesimal contamination on statistical functionals
 Characterize local robustness properties of estimators

» Bounded influence functions indicate resistance to outliers

* Used to compute asymptotic variance of robust estimators

+ Allow comparison of different estimators in terms of sensitivity to outliers

Breakdown point

* Quantifies global robustness of estimators

* Represents maximum proportion of contamination an estimator can handle
« Higher breakdown points indicate greater resistance to extreme outliers

» Median has highest possible breakdown point of 0.5 for location estimators

» Trimmed means offer compromise between efficiency and high breakdown point
Asymptotic theory in regression

* Applies asymptotic concepts to regression analysis

* Provides large sample justification for inference in linear and nonlinear models
Ordinary least squares

» Asymptotic normality of OLS estimators under classical assumptions

« Consistency requires exogeneity of regressors and finite second moments

» Asymptotic variance depends on error variance and limiting behavior of design matrix

* Heteroskedasticity-robust standard errors correct for non-constant error variance

» Asymptotic efficiency achieved under homoskedasticity and normality
Maximum likelihood estimation

» Asymptotic properties of MLE in regression models with non-normal errors

« Consistency requires correct specification of conditional mean function
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* Asymptotic normality follows from general theory of M-estimators
« Efficiency depends on assumed error distribution

» Quasi-maximum likelihood provides robustness to distributional misspecification

Generalized method of moments

* Unifies many estimation techniques under common framework

» Asymptotic normality established under moment conditions and regularity assumptions
+ Optimal weighting matrix improves asymptotic efficiency

+ Overidentification allows testing of model specification

» Two-step GMM improves finite sample performance in overidentified models

Nonparametric asymptotics

* Develops asymptotic theory for methods that do not assume specific parametric forms

+ Allows flexible modeling of unknown functions and distributions

Kernel density estimation

» Asymptotic properties of kernel estimators for probability density functions
* Bias-variance trade-off controlled by bandwidth parameter

« Consistency requires bandwidth to approach zero at appropriate rate

+ Asymptotic normality allows construction of pointwise confidence intervals

 Optimal bandwidth selection based on minimizing asymptotic mean integrated squared error

Empirical distribution function

» Asymptotic behavior of empirical CDF as nonparametric estimator

* Glivenko-Cantelli theorem establishes uniform consistency

* Donsker's theorem provides functional central limit theorem for empirical processes
» Kolmogorov-Smirnov statistic used for goodness-of-fit testing

+ Confidence bands constructed using asymptotic distribution theory

Bootstrap methods

» Asymptotic justification for resampling-based inference procedures

+ Consistency of bootstrap for sample mean follows from asymptotic normality
* Bootstrap fails for extremely heavy-tailed distributions

» Asymptotic refinements possible for pivotal statistics

* Block bootstrap adapts method to dependent data structures
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Time series asymptotics

» Extends asymptotic theory to dependent data in time series analysis

» Addresses challenges posed by serial correlation and non-stationarity

Stationarity vs non-stationarity
» Asymptotic behavior differs fundamentally for stationary and non-stationary processes
» Weak stationarity ensures constant mean and autocovariance structure
« Strong stationarity requires invariance of finite-dimensional distributions
* Unit root processes exhibit non-stationary behavior with persistent shocks

* Trend stationarity allows for deterministic trends with stationary fluctuations

Unit root tests
» Asymptotic theory for testing presence of unit roots in autoregressive models
* Dickey-Fuller test based on t-statistic for autoregressive coefficient
» Asymptotic distribution non-standard under null hypothesis of unit root
» Augmented Dickey-Fuller test accounts for higher-order serial correlation

* Phillips-Perron test provides nonparametric adjustment for serial correlation

Cointegration
» Asymptotic analysis of long-run equilibrium relationships between non-stationary series
* Engle-Granger two-step procedure tests for cointegration in bivariate systems
» Johansen's maximum likelihood approach handles multiple cointegrating relationships
* Error correction models describe short-run dynamics and long-run equilibrium

» Asymptotic distributions of test statistics depend on deterministic components in model

5.5 Delta method

The delta method is a powerful statistical technique used to approximate the distribution of functions of
random variables. It leverages asymptotic properties of estimators to derive approximate distributions and
standard errors, bridging complex models and practical inference in theoretical statistics.

This method uses a first-order Taylor expansion to estimate variances and construct confidence intervals
for complex parameter functions. It's particularly useful when direct calculation of distributions is
mathematically intractable, facilitating hypothesis testing for non-linear combinations of estimators in
statistical models.

Definition of delta method

» Powerful statistical technique used in theoretical statistics to approximate the distribution of a function
of random variables
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* Leverages asymptotic properties of estimators to derive approximate distributions and standard errors

+ Bridges the gap between complex statistical models and practical inference in theoretical statistics

Concept and purpose
» Approximates the distribution of a transformed random variable using a first-order Taylor expansion

» Enables estimation of variance and construction of confidence intervals for complex functions of
parameters

* Facilitates hypothesis testing for non-linear combinations of estimators in statistical models

« Particularly useful when direct calculation of the distribution is mathematically intractable

Historical background

* Developed in the early 20th century as a tool for asymptotic inference in statistics
+ Gained prominence through the work of statisticians like Ronald Fisher and Jerzy Neyman

+ Evolved from simple univariate applications to complex multivariate scenarios in modern statistical
theory

» Became increasingly important with the rise of complex statistical models and computational methods

Mathematical foundations

* Rooted in the principles of asymptotic theory and limit theorems in probability
* Relies on the convergence properties of estimators as sample size approaches infinity

* Integrates concepts from calculus, linear algebra, and probability theory in theoretical statistics

Taylor series expansion

« Utilizes the first-order Taylor series approximation of a function around a point
* Linearizes complex functions to simplify distributional approximations
* Higher-order terms in the expansion are typically neglected, assuming they converge to zero

* Accuracy of the approximation depends on the smoothness of the function and the sample size
Asymptotic properties

+ Builds upon the asymptotic normality of many common estimators in large samples

* Exploits the consistency and efficiency of maximum likelihood estimators

* Relies on the central limit theorem to justify normal approximations

* Assumes convergence in distribution as sample size increases, allowing for simplified inference
Applications in statistics

» Extends the reach of statistical inference to complex functions of parameters

* Facilitates analysis in various fields (econometrics, biostatistics, epidemiology)
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* Enables researchers to draw conclusions about transformed or combined parameters

Variance estimation

» Approximates the variance of a function of random variables using partial derivatives

* Applies the chain rule to propagate uncertainty from original parameters to transformed quantities

» Accounts for covariance between parameters in multivariate settings

* Provides a framework for assessing precision of complex estimators

Confidence interval construction

« Utilizes the estimated variance to construct approximate confidence intervals

* Applies normal distribution quantiles to create interval estimates for transformed parameters

* Allows for asymmetric intervals in non-linear transformations

* Facilitates inference on complex quantities derived from statistical models
Hypothesis testing

* Enables testing of hypotheses involving functions of parameters

« Constructs test statistics based on the asymptotic distribution of transformed estimators

* Applies to complex null hypotheses that cannot be tested directly

* Facilitates comparisons and contrasts between different functions of parameters
Delta method for univariate functions

* Focuses on transformations of a single parameter or estimator
* Provides a straightforward approach for many common statistical problems

* Serves as a foundation for understanding more complex multivariate applications

Formulation and assumptions

* Assumes a consistent and asymptotically normal estimator for the original parameter
* Requires the function to be differentiable at the true parameter value
« Utilizes the first derivative of the function in the approximation

» Assumes the sample size is sufficiently large for asymptotic properties to hold

Asymptotic distribution

* Demonstrates that the transformed estimator follows an approximate normal distribution

« Variance of the transformed estimator relates to the original variance and the squared derivative

+ Allows for easy computation of standard errors and confidence intervals

* Facilitates hypothesis testing using z-scores or t-statistics in large samples
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Delta method for multivariate functions

» Extends the univariate approach to functions of multiple parameters
» Handles complex relationships between multiple estimators

» Accounts for covariance structures in multivariate statistical models

Vector-valued functions

* Applies to functions that map multiple parameters to a single output
* Utilizes partial derivatives with respect to each parameter
* Incorporates the covariance matrix of the original estimators

+ Allows for inference on complex combinations of parameters

Matrix notation
» Expresses the delta method using gradient vectors and Hessian matrices
« Simplifies calculations for high-dimensional problems
« Facilitates implementation in statistical software packages

* Provides a compact representation of multivariate transformations

Limitations and considerations

» Recognizes the boundaries of delta method applicability in theoretical statistics
* Encourages critical evaluation of assumptions and results in practical applications

» Promotes awareness of potential pitfalls in using asymptotic methods

Sample size requirements

» Emphasizes the need for large samples to ensure asymptotic properties hold
« Cautions against applying the delta method with small sample sizes
» Suggests alternative methods (bootstrap) for small sample inference

+ Recommends assessing the adequacy of sample size through simulation studies

Non-linear transformations

+ Highlights potential issues with highly non-linear functions
» Warns about poor approximations when the function has steep gradients
» Suggests using higher-order expansions for improved accuracy in some cases

» Recommends caution when interpreting results for extreme transformations

Alternative approaches

 Explores other methods for addressing similar statistical problems
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» Compares the strengths and weaknesses of different approaches

+ Guides researchers in selecting the most appropriate technique for their specific situation

Bootstrap vs delta method

* Contrasts the delta method with resampling-based bootstrap techniques
* Highlights bootstrap's ability to handle small samples and complex distributions
* Discusses computational intensity of bootstrap compared to analytical delta method

* Explores scenarios where each method might be preferred in theoretical statistics

Jackknife estimation

* Introduces jackknife as another resampling method for variance estimation
» Compares jackknife's leave-one-out approach to the analytical delta method
* Discusses jackknife's applicability in bias reduction and influence diagnostics

« Explores connections between jackknife and delta method in asymptotic theory

Practical examples

« lllustrates the application of the delta method in real-world statistical problems
» Demonstrates step-by-step calculations and interpretations

* Reinforces theoretical concepts through concrete scenarios

Ratio estimation

* Applies the delta method to estimate the variance of a ratio of two random variables
» Demonstrates the transformation of means to a ratio and its distributional properties
« lllustrates the construction of confidence intervals for ratios (relative risk, odds ratio)

» Explores the implications of correlation between numerator and denominator

Log-transformed data

« Utilizes the delta method for inference on log-transformed parameters
» Demonstrates back-transformation of results to the original scale
* Discusses the advantages of log transformation in stabilizing variance

» Explores the interpretation of confidence intervals on the log and original scales

Advanced topics

* Delves into more sophisticated applications of the delta method
» Expands the basic concept to handle complex statistical scenarios

* Bridges theoretical foundations with cutting-edge research in statistical methodology
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Higher-order delta method
* Introduces second-order and higher expansions of the Taylor series
* Improves accuracy for highly non-linear functions or smaller sample sizes
* Discusses the trade-off between computational complexity and improved approximation

» Explores applications in bias reduction and improved interval estimation

Multivariate delta method

» Extends the concept to functions of multiple random vectors
« Utilizes matrix calculus for efficient computation of derivatives
* Applies to complex estimators in multivariate statistical models

» Explores applications in structural equation modeling and factor analysis

Software implementation

* Explores practical aspects of applying the delta method in statistical software
+ Guides researchers in utilizing existing tools for delta method calculations

* Demonstrates code snippets and explains output interpretation
R packages for delta method
* Introduces popular R packages that implement the delta method (msm, car, deltamethod)
» Demonstrates syntax for specifying functions and computing standard errors
* Explores visualization tools for delta method results in R
* Discusses integration with other statistical procedures in R environments
SAS procedures
* Outlines SAS procedures that incorporate delta method calculations (PROC NLMIXED, PROC IML)
» Demonstrates SAS code for applying the delta method to various statistical models
» Explores SAS macros for custom delta method applications
* Discusses output interpretation and integration with other SAS analyses
Common pitfalls and misconceptions

« Identifies frequent errors in applying and interpreting delta method results
* Provides guidance on avoiding misuse and misinterpretation
 Encourages critical thinking and careful application in theoretical statistics

Misuse in small samples

» Warns against applying the delta method when asymptotic assumptions are violated
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* Discusses the potential for biased or unreliable results with insufficient data
+ Suggests diagnostic checks to assess the appropriateness of the delta method

* Recommends alternative methods or increased sample size when necessary

Interpretation of results

» Cautions against over-interpreting the precision of delta method approximations
* Discusses the importance of understanding the underlying assumptions
« Highlights the need to consider practical significance alongside statistical significance

» Encourages reporting of limitations and uncertainties in delta method applications
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Unit 6 — Statistical inference

6.1 Population and sample

Population and sample are foundational concepts in theoretical statistics. They form the basis for
understanding how we can make inferences about large groups using smaller, manageable datasets.

Sampling methods, sample size considerations, and potential biases all play crucial roles in statistical
analysis. These concepts help us bridge the gap between what we can observe and what we aim to
understand about entire populations.

Definition of population vs sample

* Population encompasses all individuals or items of interest in a statistical study, forming the complete
set from which data can be collected

» Sample represents a subset of the population, selected to make inferences about the larger group

» Understanding the relationship between population and sample is crucial for accurate statistical
analysis and interpretation in theoretical statistics

Finite vs infinite populations
* Finite populations contain a countable number of elements (all students in a university)

« Infinite populations have an unlimited or uncountable number of elements (all possible outcomes of
rolling a die)

» Sampling approaches differ based on population type, impacting statistical methods and inference
Complete vs incomplete samples

» Complete samples include every member of the population, providing exhaustive data

* Incomplete samples contain only a portion of the population, more common in practical research

» Sample completeness affects statistical power and generalizability of results

Sampling methods

« Various techniques exist to select representative samples from populations
+ Choice of sampling method impacts the validity and reliability of statistical inferences

» Understanding different sampling approaches is essential for designing robust statistical studies

Simple random sampling

» Each member of the population has an equal probability of selection
« Utilizes random number generators or lottery methods for unbiased selection

* Provides a foundation for many statistical theories and inferential techniques

Fiveable archived study guides Page 176



Fiveable archived study guides

Stratified sampling
* Divides population into homogeneous subgroups (strata) before sampling
* Ensures representation from all relevant subgroups within the population

* Improves precision and reduces sampling error compared to simple random sampling

Cluster sampling

* Divides population into clusters, then randomly selects entire clusters
* Useful for geographically dispersed populations or when individual sampling is impractical

 Can be less precise than other methods but often more cost-effective

Systematic sampling

+ Selects every kth element from the population after a random starting point
* Requires a sorted list of population elements

 Can introduce bias if the population has a cyclical pattern aligned with the sampling interval

Sample size considerations

« Determining appropriate sample size is crucial for balancing statistical power and resource constraints
» Larger samples generally provide more precise estimates but increase cost and time requirements

» Sample size calculations involve multiple factors and statistical formulas

Margin of error

* Represents the maximum expected difference between the true population parameter and the sample
estimate

» Expressed as a percentage, typically ranging from 1% to 10%

* Inversely related to sample size: larger samples yield smaller margins of error

Confidence level

* Probability that the true population parameter falls within the confidence interval
» Common levels include 90%, 95%, and 99%

* Higher confidence levels require larger sample sizes to maintain the same margin of error

Population variability

* Degree of diversity or heterogeneity within the population
* Greater variability requires larger samples to achieve the same level of precision

+ Estimated using measures like standard deviation or variance from prior studies or pilot data
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Sampling distributions
* Theoretical distributions of sample statistics obtained from repeated sampling
» Form the basis for inferential statistics and hypothesis testing

 Understanding sampling distributions is crucial for estimating population parameters

Central limit theorem

« States that the sampling distribution of the mean approaches a normal distribution as sample size
increases

* Applies regardless of the underlying population distribution, given a sufficiently large sample size

» Enables the use of normal distribution-based statistical techniques for many types of data

Standard error
* Measures the variability of a sample statistic across multiple samples
+ Calculated as the standard deviation of the sampling distribution

» Decreases as sample size increases, improving the precision of parameter estimates
Sampling bias
» Systematic errors in the sample selection process that lead to non-representative samples

« Can significantly distort statistical inferences and conclusions

« Identifying and mitigating sampling bias is crucial for valid statistical analysis

Selection bias

+» Occurs when certain members of the population are more likely to be included in the sample
« Can result from flawed sampling procedures or self-selection by participants

* Leads to overrepresentation or underrepresentation of specific population subgroups

Non-response bias
* Arises when individuals chosen for the sample do not participate or provide incomplete data
» Can occur due to refusal, inability to contact, or survey fatigue

* May introduce systematic differences between respondents and non-respondents
Voluntary response bias
* Results from samples composed of self-selected volunteers

+ Often leads to overrepresentation of individuals with strong opinions or interests

» Can severely skew results, particularly in opinion polls or surveys
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Parameter vs statistic

» Parameters describe characteristics of populations, while statistics describe samples
+ Understanding the distinction is fundamental to inferential statistics
* Theoretical statistics focuses on using sample statistics to estimate population parameters
Population parameters
* Fixed, unknown values that describe the entire population
* Denoted by Greek letters (u for mean, o for standard deviation)
* Typically the target of estimation in statistical inference
Sample statistics
+ Calculated values from sample data used to estimate population parameters
» Denoted by Roman letters (X for sample mean, s for sample standard deviation)
* Vary from sample to sample due to random sampling variation
Estimation theory
* Branch of statistics focused on using sample data to estimate population parameters
* Involves developing and evaluating estimators for various statistical properties
* Central to many applications of theoretical statistics in real-world problems
Point estimation
* Provides a single value as the best guess for a population parameter
* Utilizes estimators like sample mean, median, or proportion
« Evaluated based on properties such as unbiasedness, consistency, and efficiency
Interval estimation
* Produces a range of values likely to contain the true population parameter
+ Confidence intervals are the most common form of interval estimates
+ Balances precision with the level of confidence in the estimate
Sampling frame
» List or procedure used to identify and select members of the target population
* Crucial for ensuring that the sample accurately represents the population of interest
* Imperfections in the sampling frame can lead to various types of bias
Coverage error

* Occurs when the sampling frame does not accurately represent the target population
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» Can result in undercoverage (exclusion of population subgroups) or overcoverage (inclusion of
ineligible units)

* Impacts the generalizability of study results to the entire population
Sampling frame bias

» Systematic differences between the sampling frame and the target population
+ Can arise from outdated lists, incomplete databases, or exclusion of certain population segments

* Requires careful consideration and potential adjustments in the sampling design

Resampling techniques

« Statistical methods that involve repeatedly drawing samples from the original dataset
* Used for estimating the sampling distribution of a statistic empirically

« Particularly useful when theoretical distributions are unknown or difficult to derive

Bootstrap sampling

* Involves repeatedly sampling with replacement from the original dataset
* Generates multiple resamples of the same size as the original sample

* Used to estimate standard errors, construct confidence intervals, and perform hypothesis tests

Jackknife sampling

« Systematically leaves out one observation at a time from the original sample
« Calculates the statistic of interest for each reduced dataset

« Useful for estimating bias and variance of estimators

Sample representativeness

 Degree to which a sample accurately reflects the characteristics of the population
« Critical for making valid inferences and generalizations from sample data

* Influenced by sampling method, sample size, and potential biases

Generalizability

« Extent to which findings from a sample can be applied to the broader population
* Depends on the sampling method, sample size, and similarity between sample and population

« Crucial for applying statistical results to real-world situations or policy decisions

External validity

+ Refers to the applicability of study findings beyond the specific sample and context

* Influenced by factors such as sample representativeness and study design
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 Important consideration when extrapolating results to different populations or settings

6.2 Sampling distributions

Sampling distributions are a key concept in statistics, bridging the gap between population parameters and
sample statistics. They describe how sample statistics vary across multiple samples, enabling statisticians
to make inferences about populations based on limited data.

Understanding sampling distributions is crucial for selecting appropriate statistical methods and interpreting
results. This topic covers various types of sampling distributions, their properties, and applications in
hypothesis testing and regression analysis, providing a foundation for statistical inference.

Definition of sampling distributions

« Sampling distributions form a crucial concept in theoretical statistics, bridging the gap between
population parameters and sample statistics

» Understanding sampling distributions enables statisticians to make inferences about populations
based on limited sample data

* These distributions describe the variability of sample statistics across multiple samples drawn from the
same population

Population vs sample

* Population encompasses all possible observations or measurements of interest in a study
» Sample represents a subset of the population, typically used to estimate population characteristics

* Relationship between population and sample illustrated through the sampling process (random
selection, stratification)

 Importance of representative samples in making valid statistical inferences about the population

Parameters vs statistics

» Parameters defined as numerical characteristics of the entire population (p for mean, o for standard
deviation)

- Statistics calculated from sample data to estimate corresponding population parameters (X for sample
mean, s for sample standard deviation)

» Sampling variability causes statistics to differ from sample to sample

» Sampling distributions describe the behavior of these sample statistics across repeated sampling

Types of sampling distributions

» Sampling distributions vary depending on the statistic of interest and the underlying population
distribution

» Understanding different types of sampling distributions aids in selecting appropriate statistical
methods for analysis

« Common sampling distributions include those for means, proportions, and variances
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Distribution of sample mean

* Describes the behavior of sample means across repeated sampling from a population

+ Shape influenced by the underlying population distribution and sample size

+ Central Limit Theorem applies for large sample sizes, resulting in approximately normal distribution
g

» Standard error of the mean given by SEx = /&

* Applications in constructing confidence intervals and hypothesis tests for population means

Distribution of sample proportion

+ Characterizes the variability of sample proportions in repeated sampling from a population

» Approximated by normal distribution when sample size is large and population proportion is not
extreme

+ Standard error of the proportion calculated as SE, = pQ - p)
* Used in analyzing categorical data and estimating population proportions

Distribution of sample variance

+ Describes the behavior of sample variances across repeated sampling
* Follows a chi-square distribution when the population is normally distributed
* Degrees of freedom equal to n-1, where n is the sample size

* Applications in hypothesis testing for population variances and constructing confidence intervals

Properties of sampling distributions

» Understanding the properties of sampling distributions enables statisticians to make accurate
inferences about population parameters

* These properties form the foundation for many statistical techniques used in data analysis and
hypothesis testing

* Key properties include expected value, standard error, and shape characteristics
Expected value

» Expected value of a sampling distribution equals the corresponding population parameter

» Unbiasedness of estimators demonstrated when E(statistic) = parameter

* For sample mean: E(X) = p

* For sample proportion: E(p) = 1 (population proportion)

* Importance in assessing the quality of estimators and their long-run behavior

Standard error

» Measures the variability or precision of a sampling distribution
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* Calculated as the standard deviation of the sampling distribution
* Decreases as sample size increases, indicating improved precision
+ Used in constructing confidence intervals and conducting hypothesis tests

* Relationship with margin of error in survey sampling and polling

Shape and symmetry

» Shape of sampling distribution influenced by underlying population distribution and sample size
» Tendency towards normality for large sample sizes (Central Limit Theorem)

» Symmetry properties affect the applicability of certain statistical methods

» Skewness and kurtosis measures used to describe deviations from normality

* Impact on the choice of parametric vs non-parametric statistical techniques

Central Limit Theorem

* Fundamental theorem in probability theory and statistics

« States that the sampling distribution of the mean approaches a normal distribution as sample size
increases

* Applies regardless of the shape of the underlying population distribution

* Enables the use of normal distribution-based methods for large sample sizes

Conditions for CLT

* Independent and identically distributed (i.i.d.) random variables
* Finite population variance

« Sufficiently large sample size (generally n = 30)

+ Relaxation of normality assumption for underlying population

* Robustness to slight violations of assumptions in practice

Applications of CLT

« Justification for using normal distribution in many statistical analyses
« Construction of confidence intervals for population means

* Hypothesis testing for population parameters

+ Quality control in manufacturing processes

* Risk assessment in finance and insurance

Standard error vs standard deviation

» Both measures of variability, but applied to different contexts

« Standard deviation describes variability in individual observations
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« Standard error quantifies variability in sampling distributions of statistics

» Understanding the distinction crucial for proper interpretation of statistical results

Relationship between SE and SD

« Standard error typically smaller than standard deviation
» SE decreases as sample size increases, while SD remains constant
« For sample mean: SEx = %

* Implications for precision of estimates and power of statistical tests

* Trade-off between sample size and precision in study design

Factors affecting SE

» Sample size: Larger samples lead to smaller standard errors

* Population variability: Greater population SD results in larger SE
« Sampling method: Complex sampling designs may increase SE
* Non-response and measurement error in surveys

« Stratification and clustering effects in complex sampling designs

Sampling distribution of differences
* Describes the behavior of differences between two sample statistics
 Important in comparative studies and hypothesis testing involving two groups
» Assumptions of independence between samples and normality of underlying distributions

Difference between two means

+ Sampling distribution of X1 — X2 follows normal distribution for large samples

. 5?2  §2

Standard error calculated as g, _ ;. =1/ 2L + 2
* Applications in two-sample t-tests and confidence intervals for mean differences
* Pooled vs unpooled standard error depending on equal variance assumption

Difference between two proportions

 Sampling distribution of P1 — P2 approximately normal for large samples

« Standard error given by SE,, _p, = \/Pl(lnI Pi) 4 pz(ln; p2)

+ Used in hypothesis testing for equality of proportions
* Applications in comparing treatment effects in clinical trials

* Considerations for small samples and extreme proportions
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Sampling techniques

* Various methods used to select samples from a population
+ Choice of technique affects the representativeness and precision of estimates

« Trade-offs between simplicity, cost, and statistical efficiency

Simple random sampling

» Each unit in the population has an equal probability of selection

* Unbiased method for selecting a representative sample

* Implemented using random number generators or systematic selection
» Advantages include simplicity and well-established statistical theory

« Limitations in practice due to lack of complete sampling frames

Stratified sampling
* Population divided into homogeneous subgroups (strata) before sampling
» Samples drawn independently from each stratum
* Improves precision for given sample size compared to simple random sampling
* Ensures representation of important subgroups in the sample

* Applications in survey research and population studies

Cluster sampling

* Population divided into clusters, typically based on geographic areas

+ Clusters randomly selected, then all units within selected clusters sampled
* Cost-effective for geographically dispersed populations

* Reduces travel and administrative costs in field surveys

* Generally less precise than simple random sampling due to intra-cluster correlation

Sample size considerations

+ Determining appropriate sample size crucial for balancing statistical power and resource constraints
* Impacts the precision of estimates and the ability to detect significant effects

* Involves trade-offs between desired level of accuracy and practical limitations

Effect on sampling distribution

* Larger sample sizes lead to narrower sampling distributions
* Improved precision of estimates with increasing sample size

* Reduction in standard error proportional to square root of sample size
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* Diminishing returns in precision as sample size becomes very large

* Impact on statistical power and ability to detect smaller effect sizes

Precision vs cost trade-offs

* Increasing sample size improves precision but raises costs

» Optimal sample size depends on budget constraints and desired level of accuracy
+ Consideration of marginal benefits of additional samples

« Strategies for allocating resources in multi-stage or stratified sampling designs

» Use of power analysis and effect size considerations in sample size determination

Bootstrapping
» Resampling technique used to estimate sampling distributions empirically
* Particularly useful when theoretical distributions are unknown or assumptions are violated

+ Enables inference about population parameters without relying on parametric assumptions

Concept and methodology

* Repeatedly drawing samples with replacement from the original sample

« Calculating the statistic of interest for each resampled dataset

* Distribution of resampled statistics approximates the true sampling distribution
* Number of bootstrap samples typically large (1000 to 10000)

+ Implementation using computer simulations and statistical software

Advantages and limitations

» Non-parametric approach, applicable to a wide range of statistics

* Provides estimates of standard errors and confidence intervals

+ Useful for complex estimators without known sampling distributions

* Limitations in small samples or when original sample is not representative

» Computational intensity and potential for bias in certain scenarios

Applications in hypothesis testing

» Sampling distributions form the basis for many hypothesis testing procedures
 Understanding sampling distributions crucial for interpreting test results and p-values

* Applications in various fields including medicine, psychology, and economics

Test statistics

* Functions of sample data used to make decisions about hypotheses
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 Common test statistics include t-statistic, z-score, and F-statistic
» Sampling distributions of test statistics under null hypothesis known or approximated
» Critical values determined from these sampling distributions

* Relationship between test statistic, effect size, and sample size

P-value calculations

* Probability of obtaining test statistic as extreme as observed, assuming null hypothesis true
+ Calculated using the sampling distribution of the test statistic under HO

* Interpretation as strength of evidence against null hypothesis

* Relationship between p-value, significance level, and Type | error rate

« Controversies and limitations of p-value based inference

Sampling distribution in regression

+ Describes the behavior of regression coefficients across repeated sampling
+ Crucial for making inferences about population parameters in regression analysis

» Assumptions of linearity, independence, homoscedasticity, and normality of errors

Distribution of regression coefficients

« Sampling distribution of slope and intercept coefficients

» Normality of coefficient distributions under classical linear regression assumptions
« Standard errors of coefficients derived from the sampling distribution

* Impact of violations of assumptions on the distribution of coefficients

* Applications in testing significance of predictors and model comparisons

Confidence intervals for coefficients

« Constructed using the sampling distribution of regression coefficients
* Interpretation as plausible range for true population parameter

« Calculation using point estimate % (critical value x standard error)

* Relationship between confidence level and interval width

* Applications in assessing precision of estimated effects and prediction intervals

6.3 Point estimation

Point estimation is a crucial technique in statistics for inferring population parameters from sample data. It
involves calculating a single value as the best guess for an unknown parameter, bridging the gap between
sample statistics and population characteristics.

Key properties of point estimators include unbiasedness, consistency, efficiency, and sufficiency. Various
methods like maximum likelihood and least squares are used to derive estimators, each with its strengths
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and limitations. Understanding these concepts is essential for making accurate inferences about
populations.

Definition of point estimation

* Process of using sample data to calculate a single value that serves as a best guess for an unknown
population parameter

» Fundamental concept in statistical inference bridging the gap between sample statistics and
population parameters

+ Crucial in Theoretical Statistics for making inferences about entire populations based on limited
sample information

Unbiasedness

* Property where an estimator's expected value equals the true population parameter
« Calculated by taking the average of estimates over many samples

» Unbiased estimators produce estimates that are correct on average

* Does not guarantee accuracy for any single estimate

* Formulated mathematically as E[é] = @, where é is the estimator and 0 is the true parameter

Consistency

* Describes how an estimator's performance improves as sample size increases

« Consistent estimators converge in probability to the true parameter value as sample size approaches
infinity

* Mathematically expressed as lim P(lén —f|<ée)=1lforanye>0

* Ensures reliability of estimates for large samples

* Does not guarantee good performance for small sample sizes

Efficiency
» Measures the variability of an estimator relative to the best possible estimator
* More efficient estimators have smaller variances
+ Relative efficiency compares two estimators by ratio of their variances
« Optimal efficiency achieved by estimators reaching the Cramér-Rao lower bound

. fat Var(best estimator
« Efficiency formula: Efficiency = W

Sufficiency

* Property where an estimator captures all relevant information about the parameter from the sample
« Sufficient statistics contain all information needed to estimate the parameter

« Allows for data reduction without loss of information
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* Factorization theorem used to identify sufficient statistics

+ Enables construction of minimum variance unbiased estimators (MVUES)

Methods of point estimation

* Techniques for deriving estimators from sample data in Theoretical Statistics
* Provide systematic approaches to constructing estimators with desirable properties

* Form the foundation for more advanced estimation techniques in complex statistical models

Method of moments

* Equates sample moments to population moments to derive estimators

« Simple technique suitable for many common distributions

* First moment (mean) equated to sample mean, second moment to sample variance, and so on
« Estimators found by solving resulting equations

» May produce biased or inefficient estimators in some cases

* Moment equations:

n
EIX1=4 2 Xf
i=1

i=

fork=1,2,...

Maximum likelihood estimation

+ Selects parameter values that maximize the likelihood of observing the given sample data
» Based on the principle that the most likely parameter values produced the observed data
« Often yields estimators with desirable properties (consistency, efficiency)

 Requires specification of the probability distribution of the data

* Involves finding the maximum of the likelihood function or its logarithm

* Log-likelihood function:

1(8) = > log f(x/|6)

i=1
Least squares estimation
» Minimizes the sum of squared differences between observed values and predicted values
» Commonly used in regression analysis and curve fitting
* Ordinary least squares (OLS) for linear models
» Weighted least squares for heteroscedastic data
* Nonlinear least squares for more complex relationships

* Objective function:
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min > (yi—fix;, 0))

i=1
Bias-variance tradeoff

» Fundamental concept in statistical learning and estimation theory

* Describes the balance between model complexity and generalization ability

* Bias represents systematic error or underfitting

« Variance represents sensitivity to sample fluctuations or overfitting

* Total error decomposed into bias, variance, and irreducible error

* Optimal model complexity minimizes total expected error

« Mean squared error: MSE = Bias? + Variance + Irreducible Error

Cramer-Rao lower bound

« Establishes the minimum variance achievable by any unbiased estimator
* Provides a benchmark for evaluating estimator efficiency

* Derived from Fisher information

* Applies to both discrete and continuous probability distributions

« Estimators achieving this bound are called efficient

« CRLB formula: Var(8) = ﬁ where /(8) is the Fisher information

Fisher information

» Measures the amount of information a sample provides about an unknown parameter
* Quantifies the curvature of the log-likelihood function
* Inversely related to the variance of efficient estimators
* Used in constructing confidence intervals and hypothesis tests
* Plays a crucial role in asymptotic theory of maximum likelihood estimation
- Defined as /(6) = E[(Zlog f(X]6))?]
Asymptotic properties
+ Describe the behavior of estimators as sample size approaches infinity
« Essential for understanding the performance of estimators in large samples
* Bridge between finite sample properties and limiting behavior
* Provide approximations useful in practical applications with large datasets

» Form the basis for many inferential procedures in Theoretical Statistics
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Asymptotic normality

* Property where the distribution of an estimator approaches a normal distribution as sample size
increases

* Central Limit Theorem underlies this property for many estimators
* Enables construction of approximate confidence intervals and hypothesis tests
* Expressed mathematically as \/H(é,, -0) 5 N(0, 0?)
« Variance o2 often related to the inverse of Fisher information
Asymptotic efficiency
* Measures the relative efficiency of estimators in the limit as sample size approaches infinity
» Compares the asymptotic variance of an estimator to the Cramér-Rao lower bound
» Asymptotically efficient estimators achieve the Cramér-Rao lower bound in the limit
» Maximum likelihood estimators often possess this property under regularity conditions

* Ratio of asymptotic variances used to compare estimators

Robust estimation

* Techniques for parameter estimation that are less sensitive to outliers or model misspecification
 Aims to provide reliable estimates when data deviates from assumed distributions

* Includes methods like M-estimators, L-estimators, and R-estimators

* Median absolute deviation (MAD) as a robust measure of scale

* Huber's M-estimator combines efficiency of maximum likelihood with robustness

» Trimmed means remove extreme values before estimation

Bayesian vs frequentist estimation

« Contrasts two fundamental approaches to statistical inference and estimation

* Frequentist approach treats parameters as fixed but unknown constants

» Bayesian approach considers parameters as random variables with prior distributions

* Frequentist methods focus on long-run properties of estimators

 Bayesian methods incorporate prior knowledge and update beliefs based on data

« Bayesian posterior distribution combines prior information with likelihood of observed data

* Posterior mean or median often used as Bayesian point estimates

Confidence intervals

« Interval estimates providing a range of plausible values for a population parameter

* Quantify uncertainty associated with point estimates
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* Typically expressed with a confidence level (95% confidence interval)
* Interpretation based on long-run frequency of interval containing true parameter

 Width of interval reflects precision of estimate

Relationship to point estimates
+ Point estimates often serve as the center of confidence intervals
* Interval width related to standard error of point estimate
» Narrower intervals indicate more precise estimation
« Confidence intervals can be used to test hypotheses about parameters
» Asymptotic normality of estimators often used in constructing approximate intervals

* Pivotal quantities used to construct exact intervals for some distributions

Applications in hypothesis testing
« Point estimates form the basis for many test statistics
* Null hypothesis often specifies a particular value for a parameter
* Test statistics measure discrepancy between estimated and hypothesized parameter values
* P-values calculated based on sampling distribution of test statistic under null hypothesis
« Confidence intervals can be inverted to perform hypothesis tests

» Power of tests related to precision of underlying point estimates

Computational methods

» Techniques for estimating parameters or their properties when analytical solutions are intractable
* Essential in modern statistical practice for complex models and large datasets

« Often rely on repeated sampling or resampling of data

* Provide approximations to sampling distributions, standard errors, and confidence intervals

* Particularly useful for non-standard estimators or small sample sizes

Bootstrap estimation

* Resampling technique that draws samples with replacement from observed data

« Estimates sampling distribution of a statistic empirically

* Nonparametric bootstrap makes minimal assumptions about underlying distribution
» Parametric bootstrap resamples from a fitted parametric model

* Provides standard errors, confidence intervals, and bias estimates

A K

« Bootstrap percentile method: C/ = [é(a/2)' 01— as2)]
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Jackknife estimation

* Leave-one-out resampling technique for bias reduction and variance estimation
» Computes estimate on n subsamples each excluding one observation

« Useful for estimating standard errors and confidence intervals

* Less computationally intensive than bootstrap for some problems

« Jackknife-after-bootstrap combines both techniques for improved inference

« Jackknife estimator of bias: Bias = (n — 1)(8;.) — 6)

Limitations of point estimation

« Single value estimates do not capture full uncertainty about parameters
* May be misleading for highly skewed or multimodal distributions

+ Sensitive to outliers or influential observations in some cases

« Difficult to interpret for complex multidimensional parameters

* May not adequately represent non-linear relationships or interactions

* Point estimates alone insufficient for comprehensive statistical inference

Advanced estimation techniques

* Methods developed to address limitations of classical estimation approaches
« Often combine ideas from multiple statistical paradigms

* Designed to handle complex data structures or model specifications

» May involve regularization, dimensionality reduction, or hierarchical modeling

* Frequently employ computational methods for implementation

Shrinkage estimators

» Techniques that "shrink" estimates towards a central value or subspace

» Reduce variance at the cost of introducing some bias

+ Often outperform unbiased estimators in terms of mean squared error

* Include methods like ridge regression and Lasso for high-dimensional problems

» James-Stein estimator demonstrates that biased estimators can dominate unbiased ones

« Shrinkage factor A controls trade-off between bias and variance

Empirical Bayes estimation

» Combines Bayesian ideas with frequentist techniques

» Uses data to estimate prior distribution parameters
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* Particularly useful for problems involving multiple related parameters
* Provides a compromise between fully Bayesian and classical approaches
+ Often leads to improved estimation in hierarchical models

» Two-stage process: estimate hyperparameters, then compute posterior estimates

Practical considerations

* Factors affecting the application of point estimation methods in real-world scenarios
* Bridge between theoretical properties and practical implementation
+ Guide decisions on choice of estimators and interpretation of results

* Crucial for ensuring reliability and validity of statistical analyses

Sample size effects

* Influence of sample size on precision and reliability of point estimates

» Larger samples generally lead to more accurate and stable estimates

» Small samples may result in biased or highly variable estimates

» Asymptotic properties may not apply for small to moderate sample sizes

» Power calculations help determine required sample size for desired precision

» Trade-off between cost/feasibility of data collection and estimation accuracy

Outlier influence

* Impact of extreme observations on point estimates

» Some estimators (mean) highly sensitive to outliers

* Robust estimators (median) less affected by extreme values

« Importance of outlier detection and treatment in data preprocessing

« Influence functions quantify sensitivity of estimators to individual observations

* Winsorization or trimming techniques to mitigate outlier effects

6.4 Interval estimation

Interval estimation is a crucial concept in Theoretical Statistics, providing a range of plausible values for
population parameters based on sample data. It offers a more comprehensive approach than point
estimates, accounting for uncertainty and sampling variability in statistical inference.

Confidence intervals, a key tool in interval estimation, quantify the precision of parameter estimates. By
selecting appropriate confidence levels and considering factors like sample size and population variability,
researchers can construct intervals that balance certainty with precision in their statistical analyses.
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Definition of interval estimation

* Interval estimation provides a range of plausible values for a population parameter based on sample
data

* Plays a crucial role in inferential statistics by quantifying uncertainty in parameter estimates

* Bridges the gap between point estimates and the true population value in Theoretical Statistics

Point estimates vs interval estimates

+ Point estimates offer a single value to represent a population parameter
* Interval estimates provide a range of values with a specified level of confidence

* Interval estimates account for sampling variability and offer more informative conclusions in statistical
inference

Interpretation of confidence intervals

« Confidence intervals represent a range of values likely to contain the true population parameter

* 95% confidence interval interprets as 95% of similarly constructed intervals would contain the true
parameter value

* Provides a measure of precision and reliability for parameter estimates in statistical analyses

Confidence level selection

» Determines the probability that the interval contains the true population parameter
» Common confidence levels include 90%, 95%, and 99%

* Higher confidence levels result in wider intervals, balancing certainty with precision

Confidence interval width

* Reflects the precision of the estimate and inversely related to sample size
» Narrower intervals indicate more precise estimates of the population parameter

+ Affected by factors such as sample variability and chosen confidence level

Construction of confidence intervals

* Involves calculating a point estimate and adding/subtracting a margin of error
« Utilizes the sampling distribution of the statistic to determine the interval bounds

* Requires consideration of the underlying distribution and sample size

Normal distribution method

* Applies when the sampling distribution is approximately normal or for large sample sizes
+ Uses the standard normal distribution (z-distribution) to calculate interval bounds

- Formula: Cl = 6 = Zaf2 SE(é)
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. é: point estimate
* Za/2: critical value from standard normal distribution

. SE(é): standard error of the estimate

Student's t-distribution method

* Used for small sample sizes or when population standard deviation is unknown

 Accounts for additional uncertainty by using the t-distribution

- Formula: Cl = 6 + tas2, ar SE(é)

« tas2, of: critical value from t-distribution with degrees of freedom (df)
Bootstrap method

* Non-parametric approach for constructing confidence intervals

* Involves resampling with replacement from the original sample

» Useful when distributional assumptions are not met or for complex statistics

Types of confidence intervals
* Various types of confidence intervals exist for different statistical scenarios
+ Selection depends on the nature of the data and research question
» Each type addresses specific inferential needs in statistical analysis

One-sample intervals
* Used to estimate a single population parameter (mean, proportion, variance)
» Compares sample statistics to hypothesized population values
* Applies in scenarios such as estimating average height of a population

Two-sample intervals

« Estimates the difference between two population parameters
* Used for comparing means or proportions from two independent groups
+ Applications include comparing treatment effects in clinical trials

Paired sample intervals
« Estimates the mean difference between paired observations
* Useful for before-and-after studies or matched-pairs designs
» Accounts for the correlation between paired measurements

Factors affecting interval width

» Understanding these factors helps in interpreting and designing studies
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* Interval width directly impacts the precision of parameter estimates

» Researchers can manipulate these factors to achieve desired levels of precision

Sample size

« Larger sample sizes generally lead to narrower confidence intervals
* Increases precision of estimates by reducing standard error

* Relationship follows the square root of n (vn) in many cases

Population variability

« Greater variability in the population leads to wider confidence intervals
» Measured by standard deviation or variance of the population

* Impacts the standard error of estimates and thus interval width

Confidence level

* Higher confidence levels result in wider intervals
* 99% confidence interval is wider than a 95% interval for the same data

* Reflects the trade-off between certainty and precision in estimation

Assumptions for interval estimation

« Validity of interval estimates relies on certain statistical assumptions
* Violation of assumptions can lead to inaccurate or misleading intervals

* Important to verify assumptions before interpreting confidence intervals

Sampling distribution assumptions

* Many interval estimation techniques assume a normal sampling distribution
* Central Limit Theorem often invoked for large sample sizes

* Normality assumption critical for z-intervals and t-intervals

Population distribution assumptions

» Some methods assume the population follows a specific distribution (normal)
* Robustness to violations varies depending on the estimation method

» Non-parametric methods available when distributional assumptions are not met

Applications of interval estimation

* Interval estimation finds wide application across various fields
* Provides a measure of uncertainty crucial for informed decision-making

» Enables researchers to make probabilistic statements about population parameters
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Quality control

* Used to establish tolerance limits for manufacturing processes
* Helps in assessing whether products meet specified quality standards
* Allows for estimation of defect rates within a specified confidence level

Medical research
« Estimates treatment effects and drug efficacy in clinical trials
* Provides ranges for important health indicators (blood pressure, cholesterol)
+ Aids in determining clinically significant differences between treatments
Political polling
+ Estimates voter preferences with a margin of error
* Accounts for sampling variability in survey results
* Helps predict election outcomes and gauge public opinion
Limitations of interval estimation
» Understanding limitations crucial for proper interpretation and application
» Awareness of potential pitfalls helps avoid misuse of confidence intervals
* Researchers should consider these limitations when designing studies and analyzing data

Sensitivity to assumptions
* Violation of underlying assumptions can lead to inaccurate intervals
* Non-normality can affect the validity of traditional confidence intervals
* Robust methods or transformations may be necessary when assumptions are violated

Misinterpretation risks

« Common misconception that the interval contains the parameter with the stated probability

* Incorrect interpretation of non-significant results as proof of no effect

» Overemphasis on statistical significance rather than practical importance
Relationship to hypothesis testing

+ Confidence intervals and hypothesis tests are complementary inferential tools
+ Cl can be used to conduct two-sided hypothesis tests at the corresponding significance level

* Non-overlapping Cls for two groups indicate a significant difference at the chosen level

Bayesian vs frequentist intervals

* Frequentist intervals (confidence intervals) based on long-run frequency interpretation
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 Bayesian intervals (credible intervals) incorporate prior information and posterior probabilities

+ Bayesian approach allows for direct probability statements about parameters

Advanced interval estimation techniques

» Go beyond basic methods to address complex estimation problems
* Provide more accurate or appropriate intervals in specific situations

* Require deeper understanding of statistical theory and computational methods

Asymptotic methods
» Based on large-sample approximations of sampling distributions
« Utilize central limit theorem and other asymptotic results

* Include techniques like the delta method for functions of parameters

Exact methods

* Provide precise intervals without relying on asymptotic approximations
* Useful for small sample sizes or discrete distributions

* Include methods like exact binomial intervals for proportions

Nonparametric methods

* Do not assume a specific underlying distribution for the population
* Include techniques like bootstrap and jackknife for interval estimation

* Robust to violations of distributional assumptions in parametric methods

6.5 Maximum likelihood estimation

Maximum likelihood estimation (MLE) is a powerful statistical method for estimating model parameters. It
works by finding the parameter values that make the observed data most probable, assuming a specific
probability distribution. MLE is widely used due to its desirable properties like consistency and efficiency.

MLE forms the foundation for many advanced statistical techniques and model fitting procedures. It
connects probability theory with parameter estimation, utilizing concepts like likelihood functions, score
functions, and Fisher information. Understanding MLE is crucial for grasping modern statistical inference
and its applications across various fields.

Concept of maximum likelihood

* Maximum likelihood estimation (MLE) serves as a fundamental method in statistical inference used to
estimate parameters of a statistical model

* MLE plays a crucial role in Theoretical Statistics by providing a systematic approach to parameter
estimation based on observed data

* This method forms the basis for many advanced statistical techniques and model fitting procedures
used in various fields
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Definition and principles

* Estimates model parameters by maximizing the likelihood function given observed data
* Selects parameter values that make the observed data most probable
» Assumes independence of observations and relies on the probability distribution of the data

« Utilizes the concept of joint probability density function to formulate the likelihood function

Historical development

* Introduced by R.A. Fisher in the early 20th century as part of his work on statistical inference
* Evolved from earlier methods like the method of moments and least squares estimation
 Gained widespread acceptance due to its desirable statistical properties (consistency, efficiency)

+ Contributed significantly to the development of modern statistical theory and practice

Relationship to probability theory
* Builds upon the foundations of probability theory and statistical distributions
* Reverses the perspective of probability models by treating parameters as unknown and data as fixed
+» Connects the concepts of likelihood and probability through Bayes' theorem

« Utilizes properties of probability distributions to derive likelihood functions for different models

Mathematical foundations

Likelihood function

» Mathematical expression representing the probability of observing the data given model parameters
« Denoted as L(B|x) = f(x|6) where 6 represents parameters and X represents observed data
* Product of individual probability density functions for independent observations

» Forms the basis for parameter estimation in maximum likelihood estimation

Log-likelihood function

« Natural logarithm of the likelihood function, denoted as £(6]x) = log L(8]|x)
« Simplifies calculations by converting products to sums
* Preserves the location of maxima and minima due to monotonicity of the logarithm function

« Often used in practice due to computational advantages and numerical stability

Score function

* First derivative of the log-likelihood function with respect to the parameters
* Represents the rate of change of the log-likelihood with respect to each parameter

« Defined as S(6) = Z(6]x)
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* Used in optimization algorithms to find the maximum likelihood estimates

Fisher information

* Measures the amount of information data provides about unknown parameters
* Defined as the negative expected value of the second derivative of the log-likelihood function

82

- Represented mathematically as /(6) = —E[-Z5£(6|x)]

* Plays a crucial role in determining the precision of parameter estimates and constructing confidence
intervals

Properties of MLE

Consistency
* MLE estimates converge to the true parameter values as sample size increases
» Ensures that larger samples provide more accurate parameter estimates
* Requires certain regularity conditions to hold for the likelihood function

* Demonstrates the asymptotic behavior of maximum likelihood estimators

Asymptotic normality
» MLE estimates follow an approximately normal distribution for large sample sizes
* Allows for the construction of confidence intervals and hypothesis tests
» Expressed mathematically as \/F(é - 0) A N(O, 1(0)71)

* Facilitates inference about population parameters based on sample estimates

Efficiency
* MLE achieves the Cramér-Rao lower bound asymptotically, making it an efficient estimator
* Provides estimates with the smallest possible variance among all unbiased estimators
» Enables optimal use of available information in the data for parameter estimation

* Contributes to the widespread use of MLE in various statistical applications

Invariance

* Function of maximum likelihood estimates remains a maximum likelihood estimate
* Allows for transformation of parameters without loss of optimality
« Simplifies estimation of complex functions of model parameters

* Preserves the desirable properties of MLE under parameter transformations
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MLE calculation methods

Analytical solutions

* Closed-form expressions for maximum likelihood estimates in certain simple models
* Involves setting the score function to zero and solving for parameters algebraically
* Applicable to distributions like normal, exponential, and Bernoulli

* Provides exact solutions but limited to specific probability distributions and simple models

Numerical optimization techniques

* Iterative algorithms used to find MLE when analytical solutions are not available
* Includes methods like Newton-Raphson, gradient descent, and quasi-Newton methods
» Requires careful selection of starting values and convergence criteria

» Handles complex likelihood functions and models with multiple parameters

EM algorithm
» Expectation-Maximization algorithm used for MLE with incomplete or latent data
« Iterates between expectation step (E-step) and maximization step (M-step)
« Particularly useful in mixture models, hidden Markov models, and missing data problems

» Guarantees increase in likelihood at each iteration but may converge to local maxima

Applications in statistical models

Linear regression

* Estimates coefficients in linear models using MLE
» Assumes normally distributed errors with constant variance
* Produces identical estimates to ordinary least squares (OLS) under certain conditions

* Allows for extension to generalized linear models with non-normal error distributions
Logistic regression

* Applies MLE to estimate coefficients in binary outcome models

+ Uses logistic function to model probability of success given predictor variables

* Involves iterative numerical optimization techniques (Newton-Raphson, IRLS)

* Produces odds ratios and probability estimates for binary outcomes
Poisson regression

« Utilizes MLE to model count data with Poisson distribution

« Estimates rate parameters as a function of predictor variables
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* Assumes equality of mean and variance (equidispersion)

» Handles non-negative integer outcomes in various fields (epidemiology, ecology)

MLE vs other estimation methods

MLE vs method of moments

* MLE often provides more efficient estimates compared to method of moments
* Method of moments equates sample moments to population moments

* MLE utilizes full probability distribution information, while method of moments uses only specific
moments

* MLE can be more computationally intensive but generally yields better results for complex models

MLE vs Bayesian estimation

* MLE focuses on point estimates, while Bayesian methods provide full posterior distributions
 Bayesian approach incorporates prior information about parameters
» MLE relies on asymptotic properties, whereas Bayesian inference can work well with small samples

» Bayesian methods offer natural ways to handle model uncertainty and make probabilistic predictions

Limitations and challenges

Small sample bias

* MLE can produce biased estimates in small samples
* Bias tends to decrease as sample size increases
* May overestimate the precision of estimates in small samples

* Requires careful interpretation of results when working with limited data

Computational complexity

* Finding MLE can be computationally intensive for complex models

» May encounter issues with local maxima or flat likelihood surfaces

* Requires efficient optimization algorithms and careful implementation

» Can become prohibitively slow for high-dimensional parameter spaces
Non-identifiability issues

» Occurs when different parameter values produce identical likelihood values

* Can lead to non-unique or unstable maximum likelihood estimates

* Often arises in mixture models or models with redundant parameters

* Requires careful model specification and parameter constraints to resolve
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Extensions and variations

Restricted MLE

* Incorporates constraints on parameter values during estimation
+ Useful when prior knowledge or theoretical considerations limit parameter space
+ Can improve estimation stability and interpretability of results

* Requires modification of optimization procedures to handle constraints

Penalized MLE

» Adds penalty terms to the likelihood function to regularize estimates
* Helps prevent overfitting and improves model generalization
* Includes methods like ridge regression, lasso, and elastic net

* Balances model fit with complexity through tuning parameters

Profile likelihood

* Technique for dealing with nuisance parameters in likelihood inference
» Focuses on a subset of parameters by maximizing over the others
+ Useful for constructing confidence intervals and hypothesis tests

* Reduces dimensionality of the optimization problem in complex models

Hypothesis testing with MLE

Likelihood ratio test

» Compares the likelihood of two nested models to assess significance

* Test statistic follows a chi-square distribution under certain conditions

L , .
- Calculated as —2109(3{53) where 60 and 61 are restricted and unrestricted MLEs

» Widely used for model selection and testing nested hypotheses

Wald test

» Based on the asymptotic normality of maximum likelihood estimators
* Tests whether parameters are significantly different from a specified value
« Utilizes the estimated standard errors of the MLEs

» Computationally simpler than likelihood ratio test but may be less reliable in small samples

Score test

« Evaluates the slope of the log-likelihood at the null hypothesis value

* Does not require computation of the MLE under the alternative hypothesis
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* Also known as the Lagrange multiplier test

« Particularly useful when the alternative model is difficult to estimate

MLE in multivariate settings

Multivariate normal distribution

» Extends MLE to multiple correlated variables following a joint normal distribution
* Estimates mean vector and covariance matrix simultaneously
* Involves matrix operations and determinants in likelihood calculations

» Forms the basis for many multivariate statistical techniques (factor analysis, discriminant analysis)

Covariance matrix estimation

» Uses MLE to estimate the covariance structure of multivariate data
* Provides unbiased estimates of covariance matrix elements

* Plays crucial role in multivariate analysis, including principal component analysis and canonical
correlation

* Requires careful handling of positive definiteness constraints in optimization

Practical considerations

Software implementations

* Various statistical software packages offer MLE functionality (R, Python, SAS, STATA)
* Specialized optimization libraries provide efficient algorithms for finding MLEs
» Requires understanding of software-specific syntax and options for proper implementation

* Importance of verifying results across different software platforms for consistency

Interpretation of results

* Translating MLE outputs into meaningful insights about the underlying process
» Understanding the practical significance of estimated parameters in the context of the problem
+ Considering confidence intervals and standard errors alongside point estimates

» Communicating results effectively to both technical and non-technical audiences

Diagnostics and model checking

* Assessing the adequacy of MLE-fitted models through various diagnostic tools
* Includes residual analysis, influence diagnostics, and goodness-of-fit measures
» Checking assumptions of the underlying statistical model (normality, homoscedasticity)

« Identifying potential outliers or influential observations that may affect MLE results
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Unit 7 — Estimation theory

7.1 Properties of estimators

Properties of estimators are fundamental in Theoretical Statistics, bridging the gap between sample data
and population parameters. They provide tools for inferring unknown population characteristics, with point
and interval estimators offering different approaches to estimation.

Desirable properties like unbiasedness, consistency, and efficiency help evaluate estimator performance.
Understanding the bias-variance tradeoff and methods like maximum likelihood estimation and method of
moments are crucial for selecting appropriate estimation techniques in various statistical scenarios.

Definition of estimators

« Estimators serve as statistical tools to infer population parameters from sample data in Theoretical
Statistics

* Provide a foundation for making inferences about unknown population characteristics based on
observed data

* Play a crucial role in bridging the gap between sample statistics and population parameters

Point vs interval estimators

* Point estimators yield single numerical values to estimate population parameters
* Interval estimators provide a range of plausible values for the parameter

* Point estimators offer precision but lack information about uncertainty

* Interval estimators account for sampling variability and provide confidence levels

» Examples include sample mean (point) and confidence interval for population mean (interval)

Estimator vs estimate

« Estimators represent functions or rules for calculating values from sample data

« Estimates refer to specific numerical values obtained by applying estimators to a particular dataset
« Estimators remain constant across different samples, while estimates vary

« Distinguish between the method (estimator) and the result (estimate)

« Estimators possess statistical properties, estimates are realizations of those properties

Desirable properties

* Theoretical Statistics focuses on evaluating and comparing estimators based on their statistical
properties

» Understanding these properties helps in selecting appropriate estimators for different scenarios

* Desirable properties ensure reliable and accurate parameter estimation
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Unbiasedness

» Unbiased estimators have expected values equal to the true population parameter
» Measures the absence of systematic errors in estimation

+ Calculated as E[é] = 0, where é is the estimator and @ is the true parameter

» Unbiasedness ensures estimates are correct on average across repeated sampling

* Examples include sample mean for population mean and sample variance for population variance

Consistency

* Consistent estimators converge in probability to the true parameter as sample size increases
* Ensures estimates become more accurate with larger sample sizes

+ Formally defined as ’LI_)rr;lo P(lén —60|<€e)=1lforanye>0

» Weak consistency involves convergence in probability

« Strong consistency requires almost sure convergence

Efficiency
« Efficient estimators have the smallest possible variance among all unbiased estimators

» Measures the precision of estimates relative to other estimators

) = Var(6s)

« Calculated using the variance ratio: €ff(61, 62 -
Var(8:)

* Higher efficiency indicates more precise estimates
* Relates to the concept of minimum variance unbiased estimators (MVUE)
Sufficiency

« Sufficient statistics contain all relevant information about the parameter in the sample
+ Allows for data reduction without loss of information

» Formally defined using the factorization theorem

+ Enables construction of efficient estimators

* Examples include sample mean for normal distribution mean and sample size for binomial probability

Bias and variance

* Bias and variance represent two fundamental sources of estimation error in Theoretical Statistics
» Understanding their relationship helps in assessing estimator performance

* Crucial for developing and selecting appropriate estimation techniques

Bias-variance tradeoff

* Describes the balance between reducing bias and minimizing variance in estimators
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* Bias represents systematic deviation from the true parameter value

* Variance measures the spread of estimates around their expected value
» Reducing bias often increases variance, and vice versa

» Optimal estimators strike a balance between bias and variance

« Examples include regularization techniques (ridge regression, lasso)

Mean squared error
» Combines both bias and variance to measure overall estimator performance
« Calculated as MSE(8) = E[(6 — 0)?] = Var(8) + [Bias(6)]?
» Lower MSE indicates better overall estimator performance
*» Used to compare estimators with different bias-variance characteristics

* Relates to the concept of risk in decision theory

Maximum likelihood estimation

» Maximum likelihood estimation (MLE) serves as a powerful method for parameter estimation in
Theoretical Statistics

* Provides a systematic approach to finding parameter values that maximize the likelihood of observed
data

» Widely used due to its desirable asymptotic properties and flexibility

Likelihood function
* Represents the probability of observing the data given specific parameter values
« Defined as L(6]x) = f(x|0) for continuous distributions or P(X = X|6) for discrete distributions
+ Often worked with in logarithmic form (log-likelihood) for computational convenience
* Likelihood function shape indicates plausible parameter values
* Used to derive maximum likelihood estimators by finding its maximum
MLE properties
* Consistency ensures MLE converges to true parameter value as sample size increases
» Asymptotic normality allows for approximate inference in large samples
» Asymptotic efficiency makes MLE optimal among consistent estimators
« Invariance property preserves maximum likelihood estimates under transformations
« Suffers from potential bias in small samples and sensitivity to model misspecification
Method of moments
* Method of moments (MoM) provides an alternative approach to parameter estimation in Theoretical

Statistics
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» Based on equating sample moments to their theoretical population counterparts

* Often simpler to compute than maximum likelihood estimators

Moment equations

» Equate sample moments to theoretical moments of the distribution
« First moment equation: X = E[X]

» Second moment equation:

n
13 X2 =E1X?
i=1
* Higher-order moments can be used for distributions with more parameters

* Solve the resulting system of equations to obtain parameter estimates

» Example: estimating mean and variance of a normal distribution

Comparison with MLE
* MoM estimators are often easier to compute than MLEs
* MLE generally more efficient than MoM for large samples
* MoM can provide good starting values for numerical MLE algorithms
* MoM may outperform MLE in small samples or with certain distributions

» MLE requires specification of the full probability distribution, while MoM only needs moments

Minimum variance unbiased estimators

» Minimum variance unbiased estimators (MVUESs) represent the most efficient unbiased estimators in
Theoretical Statistics

* Provide a benchmark for evaluating other estimators' performance

* Play a crucial role in developing optimal estimation techniques
Cramér-Rao lower bound

» Establishes a lower bound on the variance of unbiased estimators

. Calculated as Var(8) = ﬁ, where /(0) is the Fisher information

* Fisher information measures the amount of information data provides about a parameter
« Estimators achieving the bound are called efficient
+ Used to determine if an estimator is MVUE by comparing its variance to the bound

Rao-Blackwell theorem

* Provides a method for improving estimators by conditioning on sufficient statistics

- States that E[9(T)|S] is always at least as good as 9(T) if S is sufficient for 8
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* Reduces variance without introducing bias
* Used to construct MVUEs from other unbiased estimators

» Example: improving sample mean estimator for normal distribution using sample size
Asymptotic properties

» Asymptotic properties describe the behavior of estimators as sample size approaches infinity in
Theoretical Statistics

+ Provide insights into estimator performance for large samples

* Essential for developing approximate inference techniques

Asymptotic normality
« States that estimators converge in distribution to a normal distribution as sample size increases
- Formally written as v (6, — 8) S N(0, 02)
+ Allows for construction of approximate confidence intervals and hypothesis tests
* Central Limit Theorem serves as a foundation for this property
* Examples include sample mean, maximum likelihood estimators
Asymptotic efficiency
» Measures the relative efficiency of estimators in large samples
» Compares estimator variance to the Cramér-Rao lower bound as sample size approaches infinity
» Asymptotically efficient estimators achieve the Cramér-Rao lower bound in the limit

* Maximum likelihood estimators are generally asymptotically efficient

« Used to evaluate estimator performance when exact efficiency is difficult to compute

Robust estimation

* Robust estimation techniques in Theoretical Statistics aim to provide reliable estimates in the
presence of outliers or model misspecification

» Focus on developing estimators that are less sensitive to violations of distributional assumptions

+ Crucial for handling real-world data with potential anomalies

Influence function

» Measures the effect of a small contamination on an estimator

* Defined as the derivative of the estimator with respect to the distribution function
» Bounded influence functions indicate robustness to outliers

* Used to analyze estimator sensitivity to individual observations

* Examples include median (bounded) vs mean (unbounded) for location estimation
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Breakdown point

* Represents the proportion of contaminated data an estimator can handle before giving arbitrary
results

* Higher breakdown points indicate greater robustness
* Median has a breakdown point of 0.5, the highest possible for location estimators
* Mean has a breakdown point of 0, making it sensitive to even a single outlier

+ Trade-off exists between efficiency and breakdown point in robust estimation

Bayesian estimation

» Bayesian estimation provides an alternative framework for parameter inference in Theoretical
Statistics

* Incorporates prior knowledge about parameters into the estimation process

* Allows for probabilistic statements about parameters based on observed data

Prior and posterior distributions

« Prior distribution represents initial beliefs about parameter values before observing data

+ Likelihood function represents the probability of observing the data given parameter values
* Posterior distribution combines prior and likelihood using Bayes' theorem

« Calculated as P(6]x) « p(@)L(8]x), where P(8) is the prior and L(6]X) is the likelihood

« Posterior serves as the basis for Bayesian inference and decision-making

Bayesian vs frequentist approaches

 Bayesian approach treats parameters as random variables, frequentist approach considers them fixed

« Bayesian inference provides probabilistic statements about parameters, frequentist inference focuses
on long-run properties

» Bayesian methods incorporate prior information, frequentist methods rely solely on observed data
» Bayesian approach allows for sequential updating of beliefs as new data becomes available

* Frequentist methods often simpler to implement, Bayesian methods can handle complex hierarchical
models

Computational methods

» Computational methods in Theoretical Statistics enable estimation and inference for complex models
and distributions

* Provide tools for approximating sampling distributions and estimating standard errors

* Essential for modern statistical analysis with large datasets and complex models
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Bootstrap estimation

* Resampling technique that approximates sampling distribution of estimators
* Involves repeatedly sampling with replacement from the original dataset

* Calculates the estimator for each resampled dataset to obtain its distribution
» Used to estimate standard errors, confidence intervals, and bias

» Advantages include minimal assumptions and applicability to complex estimators

Jackknife estimation

+ Leave-one-out resampling method for bias reduction and variance estimation

* Creates n subsamples by removing one observation at a time

* Calculates pseudo-values based on the estimator applied to each subsample

» Used to estimate bias, standard errors, and influence of individual observations

« Particularly useful for estimating variance of complex statistics (correlation coefficients)

Applications in hypothesis testing
« Estimators play a crucial role in hypothesis testing within Theoretical Statistics
* Provide the foundation for constructing test statistics and evaluating hypotheses

» Enable inference about population parameters based on sample data

Test statistics

* Functions of estimators used to make decisions about hypotheses

+ Often based on standardized versions of estimators (t-statistic, z-statistic)

* Constructed to have known sampling distributions under the null hypothesis
* Examples include t-test for population mean, F-test for comparing variances

+ Choice of test statistic affects the power and efficiency of hypothesis tests

Power of tests

* Probability of correctly rejecting a false null hypothesis

» Depends on the estimator used to construct the test statistic

* More efficient estimators generally lead to more powerful tests
« Affected by sample size, significance level, and effect size

» Power analysis helps determine appropriate sample sizes for detecting effects
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7.2 Sufficiency

Sufficiency is a crucial concept in statistical inference, capturing all relevant information from a sample
about an unknown parameter. It allows for data reduction without losing information, simplifying analysis
and estimation procedures.

Sufficient statistics contain all the sample information about a parameter of interest. The Fisher-Neyman
factorization theorem helps identify these statistics by factoring the likelihood function. Properties like
minimal and complete sufficiency further refine the concept's application in statistical analysis.

Definition of sufficiency

* Plays a crucial role in statistical inference by capturing all relevant information from a sample about an
unknown parameter

« Allows for data reduction without loss of information, simplifying statistical analysis and estimation
procedures

Concept of sufficient statistics

« Statistic that contains all the information in the sample about the parameter of interest
» Enables parameter estimation using only the sufficient statistic instead of the entire dataset

« Satisfies the condition that the conditional distribution of the sample given the sufficient statistic does
not depend on the parameter

* Formally defined as T(X) where P(X|T(X), 6) = P(X|T(X)) for all values of 6

Fisher-Neyman factorization theorem

* Provides a method to identify sufficient statistics by factoring the likelihood function

« States that T(X) is sufficient for 6 if and only if the likelihood function can be factored as L(6; x) =
9(T(x), 6) * h(x)

* g(T(x), 8) depends on x only through T(x) and may depend on 6
* h(x) is a function of x alone and does not involve 6

« Simplifies the process of finding sufficient statistics in many common probability distributions
Properties of sufficient statistics

» Form the foundation for efficient parameter estimation and hypothesis testing in statistical inference

+ Allow for data reduction while preserving all relevant information about the parameter of interest
Minimal sufficiency

» Smallest sufficient statistic that captures all information about the parameter
* Defined as a function of any other sufficient statistic
+ Leads to maximum data reduction without loss of information

» Can be found using the factorization theorem or by comparing likelihood ratios
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Complete sufficiency
« Stronger property than minimal sufficiency
* Ensures that no unbiased estimator of zero exists based solely on the sufficient statistic

* Implies that the Rao-Blackwell theorem will yield a unique minimum variance unbiased estimator
(MVUE)

+ Often found in exponential family distributions
Ancillary statistics

« Statistics whose distribution does not depend on the parameter of interest
» Complement sufficient statistics by providing information about the precision of estimates
+ Used in conditional inference and to construct confidence intervals

+ Can be combined with sufficient statistics to improve estimation and hypothesis testing
Sufficiency principle
« States that all relevant information about a parameter in a sample is contained in the sufficient statistic
* Guides the development of efficient estimation and hypothesis testing procedures
Likelihood function and sufficiency

« Sufficient statistics are directly related to the likelihood function
+ Can be derived from the likelihood function using the Fisher-Neyman factorization theorem
* Preserve the shape of the likelihood function, ensuring no loss of information

* Allow for likelihood-based inference using only the sufficient statistic

Data reduction implications
» Enables compression of large datasets into smaller summary statistics without loss of information
« Simplifies computational procedures in statistical analysis
* Facilitates efficient storage and communication of statistical information
* Helps in designing sampling schemes and experimental designs
Exponential family and sufficiency
* Encompasses many common probability distributions (normal, Poisson, binomial)
« Exhibits special properties related to sufficiency and estimation
Natural parameters

» Parameters that appear in the exponent of the exponential family density function

+ Determine the specific distribution within the exponential family
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» Often have a one-to-one correspondence with the sufficient statistics

« Simplify the derivation of sufficient statistics for exponential family distributions

Canonical form

« Standard representation of exponential family distributions
» Expresses the density function in terms of natural parameters and sufficient statistics
* Facilitates the identification of sufficient statistics and their properties

+ Allows for unified treatment of estimation and hypothesis testing across different distributions

Sufficiency in estimation

* Plays a crucial role in developing efficient estimators with desirable properties

» Forms the basis for many optimal estimation procedures in statistical inference

Rao-Blackwell theorem

« States that conditioning an unbiased estimator on a sufficient statistic yields an estimator with lower or
equal variance

* Provides a method for improving estimators by using sufficient statistics

» Guarantees that the conditional expectation of any unbiased estimator given a sufficient statistic is
also unbiased

* Leads to the construction of minimum variance unbiased estimators (MVUEs)

Minimum variance unbiased estimators

« Estimators that achieve the lowest possible variance among all unbiased estimators
+ Often derived using the Rao-Blackwell theorem and complete sufficient statistics
* Represent the best possible point estimators in terms of efficiency and precision

* May not always exist, but when they do, they are functions of sufficient statistics
Sufficiency in hypothesis testing

» Enables the construction of optimal test statistics and decision rules

* Ensures that tests based on sufficient statistics are as powerful as tests using the entire dataset
Neyman-Pearson lemma

* Provides a method for constructing the most powerful test for simple hypotheses
» Shows that the likelihood ratio test based on sufficient statistics is the most powerful test
* Forms the foundation for developing uniformly most powerful tests

» Demonstrates the importance of sufficient statistics in hypothesis testing
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Uniformly most powerful tests
* Tests that achieve the highest power for all values of the parameter under the alternative hypothesis
+ Often based on sufficient statistics derived from the exponential family
« Exist for one-sided hypotheses in many common distributions

* Provide a benchmark for evaluating the performance of other hypothesis tests

Bayesian perspective on sufficiency

* Incorporates the concept of sufficiency into Bayesian inference and decision-making

» Demonstrates the relevance of sufficient statistics in both frequentist and Bayesian paradigms

Posterior distribution and sufficiency
« Sufficient statistics capture all relevant information for updating prior beliefs to posterior distributions
* Allow for simplified computation of posterior distributions using only the sufficient statistic
* Facilitate the use of conjugate priors in Bayesian analysis

* Enable efficient Bayesian inference in high-dimensional problems

Sufficient statistics vs prior information
« Sufficient statistics summarize the information contained in the data
* Prior information represents knowledge or beliefs about parameters before observing data
 Bayesian inference combines sufficient statistics with prior information to form posterior distributions

* In some cases, sufficient statistics can overwhelm weak prior information as sample size increases

Limitations and extensions

* Explores scenarios where the concept of sufficiency may not fully apply or requires modification

» Addresses challenges in applying sufficiency to complex statistical models

Sufficiency in non-parametric models

« Traditional sufficiency concept may not directly apply to non-parametric settings
» Requires extension to infinite-dimensional parameter spaces
+ Leads to the development of concepts like functional sufficiency and approximate sufficiency

* Challenges the notion of data reduction in highly flexible models

Approximate sufficiency

» Addresses situations where exact sufficiency is difficult to achieve or overly restrictive
* Allows for near-optimal inference when exact sufficient statistics are unavailable

« Utilizes concepts like asymptotic sufficiency and local sufficiency

Fiveable archived study guides Page 216



* Provides practical solutions for complex models and large datasets

Applications of sufficiency

» Demonstrates the practical importance of sufficiency in various statistical analyses

« lllustrates how sufficient statistics simplify and improve real-world data analysis tasks

Examples in common distributions

+ Binomial distribution uses the sum of successes as a sufficient statistic for the probability parameter
* Poisson distribution employs the sum of observations as a sufficient statistic for the rate parameter
» Normal distribution utilizes sample mean and variance as jointly sufficient statistics for y and o2

» Exponential distribution relies on the sum of observations as a sufficient statistic for the rate parameter

Practical implications in data analysis

 Enables efficient data summarization and reporting in scientific studies
* Facilitates the development of computationally efficient algorithms for large-scale data analysis
+ Guides the design of experiments and sampling procedures to capture essential information

* Supports the creation of privacy-preserving data sharing methods in sensitive applications

7.3 Completeness

Completeness in statistics ensures a statistic captures all available information about a parameter. It's
crucial for determining optimal estimators and plays a key role in hypothesis testing and parameter
estimation by guaranteeing uniqueness in statistical procedures.

This concept interacts closely with sufficiency, forming a powerful framework for inference. Completeness
prevents the existence of multiple unbiased estimators with the same expectation, acting as a "maximal”
property to ensure no information is lost when using a statistic.

Definition of completeness

» Completeness serves as a fundamental concept in theoretical statistics enabling statisticians to
determine optimal estimators

* Plays a crucial role in hypothesis testing and parameter estimation by ensuring uniqueness of certain
statistical procedures

* Relates closely to sufficiency, another key concept in statistical theory, forming a powerful framework
for inference

Formal mathematical definition

* Defined for a family of probability distributions and a statistic T(X)

* A statistic T(X) is complete if for any measurable function g:
Elg(T(X))]= 0 for all distributions in the family = g(T(X)) = 0 almost surely

« Implies no non-zero function of T(X) has zero expectation for all distributions in the family
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* Ensures T(X) captures all available information about the parameter of interest

Intuitive explanation
» Completeness indicates a statistic contains all relevant information about a parameter
* Prevents the existence of two different unbiased estimators with the same expectation
* Acts as a "maximal" property, ensuring no information is lost when using the statistic

* Allows for unique determination of optimal estimators in many statistical problems

Relationship to sufficiency
« Sufficiency reduces data without loss of information, while completeness ensures uniqueness
» Complete sufficient statistics combine both properties, providing powerful tools for inference
* Not all sufficient statistics are complete, and not all complete statistics are sufficient

» Completeness often "complements" sufficiency in statistical theory and practice

Properties of complete statistics

» Complete statistics form the backbone of many optimal estimation procedures in theoretical statistics
+ Enable the development of uniformly minimum variance unbiased estimators (UMVUESs)

* Provide a foundation for proving uniqueness and optimality in statistical inference

Uniqueness of unbiased estimators

» Complete statistics guarantee the uniqueness of unbiased estimators
« If T is complete and unbiased for 6, then T is the only unbiased estimator of 6
+ Eliminates the need to search for alternative unbiased estimators

* Proves particularly useful in establishing minimum variance unbiased estimators

Minimal sufficiency vs completeness

» Minimal sufficient statistics reduce data to the smallest possible set without losing information
» Completeness ensures uniqueness but doesn't necessarily imply minimal sufficiency
* A statistic can be complete without being minimally sufficient (overcomplete)

» Minimal sufficient statistics that are also complete provide the most concise and informative
summaries of data

Types of completeness
« Different notions of completeness exist to address various statistical scenarios and requirements
» Each type of completeness offers unique properties and applications in theoretical statistics

» Understanding these variations helps in selecting appropriate techniques for specific problems
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Bounded completeness

* Relaxes the completeness condition to hold only for bounded functions

* A statistic T is boundedly complete if:
Elg(T(X))]= 0 for all distributions = g(T(X)) =0 a.s. for all bounded ¢

* Often easier to verify than full completeness

« Sufficient for many practical applications in statistical inference

Sequential completeness

* Applies to sequences of statistics rather than a single statistic

* A sequence of statistics {Tn} is sequentially complet% if:
Elg(T,(X))] = 0 for all distributions = g(T,(X))—=0

« Useful in asymptotic theory and sequential analysis

* Allows for the study of limiting behavior of estimators and test statistics

Testing for completeness

« Verifying completeness of a statistic often involves complex mathematical techniques
« Several theorems and criteria exist to simplify this process in specific scenarios

» Understanding these methods aids in constructing and analyzing statistical procedures

Lehmann-Scheffé theorem

* Provides a powerful tool for proving completeness and sufficiency simultaneously
« States that if T is a complete sufficient statistic for 6, then ¢(T) is the UMVUE of E[@(T)]
* Applies to any measurable function ¢ for which E[@(T)] exists

* Greatly simplifies the search for optimal estimators in many parametric families

Factorization criterion

« Offers a method to verify completeness based on the factorization of the likelihood function
« For a family of distributions with density f(x|8), T is complete if: f(x]|8) = h(x)g(T(x)|6)
* The function h(x) must not depend on 6, while g must depend on x only through T(x)

* Particularly useful in exponential families and other well-behaved parametric models

Completeness in exponential families

» Exponential families form a broad class of probability distributions in theoretical statistics
» Completeness plays a crucial role in the analysis and inference for these families

» Understanding completeness in this context provides insights into many practical statistical models
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Natural parameters
» Exponential families are characterized by their natural parameters
- The density of an exponential family can be written as: f(x|6) = h(x)exp(n(8) T(x) — A(8))
* n(6) represents the natural parameter, while T(x) is the sufficient statistic

» Completeness of T(x) often depends on the properties of the natural parameter space

Completeness of sufficient statistics

* In many exponential families, the sufficient statistic T(x) is also complete
» Completeness holds if the natural parameter space contains an open set
* Provides a powerful tool for constructing optimal estimators and tests

» Examples include complete sufficient statistics for normal, Poisson, and binomial distributions

Applications of completeness

» Completeness finds extensive use in various areas of theoretical and applied statistics
» Enables the development of optimal statistical procedures and proofs of uniqueness

* Provides a foundation for many advanced topics in statistical inference and decision theory

Minimum variance unbiased estimation

» Completeness allows for the construction of minimum variance unbiased estimators (MVUES)
« If T is complete and sufficient, any unbiased estimator based on T is the MVUE
« Simplifies the search for optimal estimators in many parametric families

» Examples include sample mean for normal mean, sample proportion for binomial probability

Uniformly minimum variance unbiased estimators

» Completeness plays a crucial role in establishing uniformly minimum variance unbiased estimators

(UMVUESs)

* UMVUEs achieve the lowest possible variance among all unbiased estimators for all parameter values

» Complete sufficient statistics often lead directly to UMVUEs

* Provides a benchmark for comparing the efficiency of other estimators

Limitations of completeness

» While powerful, completeness has certain limitations and challenges in statistical theory
» Understanding these limitations helps in proper application and interpretation of results

» Encourages the development of alternative approaches for scenarios where completeness fails
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Non-existence of complete statistics

* Not all statistical models admit complete statistics
* Occurs in some non-parametric settings and certain parametric families
» Example: uniform distribution on (0, 8) lacks a complete sufficient statistic

* Requires alternative approaches for optimal estimation and testing in such cases

Challenges in non-parametric settings

» Completeness often fails or becomes difficult to verify in non-parametric models
« Infinite-dimensional parameter spaces can lead to non-existence of complete statistics
» Requires development of alternative concepts (weak completeness, approximate completeness)

* Motivates the use of different optimality criteria in non-parametric inference

Completeness vs other statistical concepts

» Completeness interacts with various other fundamental concepts in theoretical statistics
» Understanding these relationships provides a more comprehensive view of statistical theory

* Helps in selecting appropriate tools and techniques for different statistical problems

Completeness vs consistency

» Completeness ensures uniqueness of unbiased estimators, while consistency deals with large-sample
behavior

» A complete statistic may not be consistent, and a consistent estimator may not be based on a
complete statistic

» Completeness often helps in proving consistency of certain estimators

» Both concepts play important roles in developing optimal statistical procedures

Completeness vs efficiency
« Efficiency measures the optimality of an estimator in terms of its variance
» Completeness often leads to efficient estimators, particularly in the case of UMVUEs

* Not all complete statistics lead to efficient estimators, and not all efficient estimators are based on
complete statistics

» Understanding both concepts allows for a more nuanced approach to optimal estimation
Advanced topics in completeness

» Completeness extends to more complex scenarios in advanced theoretical statistics
* These topics often involve interactions between completeness and other statistical concepts

* Provide deeper insights into the structure of statistical models and inference procedures
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Ancillary statistics and completeness

* Ancillary statistics contain no information about the parameter of interest
» Completeness interacts with ancillarity in the theory of conditional inference
» Basu's theorem states that complete sufficient statistics are independent of any ancillary statistic

* Helps in understanding the role of conditioning in statistical inference

Completeness in multiparameter families

» Extends the concept of completeness to models with multiple parameters
* Involves joint and marginal completeness of vector-valued statistics
* Presents challenges in establishing uniqueness and optimality of estimators

* Requires more sophisticated techniques for proving completeness and deriving optimal procedures

7.4 Rao-Blackwell theorem

The Rao-Blackwell theorem is a cornerstone of statistical inference, providing a method to improve
estimators. It shows how conditioning on sufficient statistics can reduce variance while maintaining
unbiasedness, leading to more efficient estimation.

This theorem connects key concepts like sufficient statistics, conditional expectations, and unbiased
estimators. It's crucial for understanding optimal estimation techniques and forms the basis for finding
uniformly minimum variance unbiased estimators in various statistical models.

Fundamentals of Rao-Blackwell theorem

* Establishes a method for improving estimators in statistical inference enhances understanding of
optimal estimation techniques in Theoretical Statistics

* Provides a framework for constructing more efficient estimators by conditioning on sufficient statistics
crucial for developing advanced statistical models

Definition and purpose

« Transforms an unbiased estimator into a better unbiased estimator by taking its conditional
expectation given a sufficient statistic

» Minimizes the variance of the estimator while preserving its unbiasedness property
* Improves estimation accuracy in finite sample situations commonly encountered in statistical analysis

* Applies to a wide range of statistical problems (parameter estimation, hypothesis testing)

Historical context

* Introduced by C. R. Rao and David Blackwell independently in the 1940s

» Emerged during the development of modern statistical theory addressing limitations of earlier
estimation methods

« Built upon Fisher's concept of sufficient statistics expanded the understanding of optimal estimation

Fiveable archived study guides Page 222



* Influenced subsequent advancements in statistical inference (minimum variance unbiased estimation)

Relationship to UMVUE

* Provides a systematic approach to finding Uniformly Minimum Variance Unbiased Estimators
(UMVUEsSs)

» Demonstrates that conditioning on sufficient statistics can lead to more efficient estimators

* Serves as a key step in proving the existence and uniqueness of UMVUEs in certain statistical models

« Establishes a connection between sufficiency and minimum variance estimation fundamental to
theoretical statistics

Components of the theorem

* Integrates key concepts from probability theory and statistical inference essential for understanding
advanced estimation techniques

+ Highlights the importance of sufficient statistics and conditional expectations in improving estimator
performance

Sufficient statistics

* Contain all relevant information about the parameter of interest in a statistical model

» Reduce the dimensionality of data without loss of information for parameter estimation
« Satisfy the factorization theorem a crucial property in proving sufficiency

* Examples include:

« Sample mean for estimating population mean in normal distributions

» Sample size and number of successes for estimating probability in binomial distributions

Conditional expectation

* Represents the expected value of a random variable given the value of another random variable
* Plays a central role in the Rao-Blackwell theorem for improving estimators

* Possesses key properties:

* Linearity

» Tower property (law of iterated expectations)

* Variance decomposition formula

Unbiased estimators

* Produce estimates that are correct on average across repeated sampling
« Satisfy the condition E[é] = 0 where é is the estimator and 6 is the true parameter
* Serve as starting points for applying the Rao-Blackwell theorem to improve estimation

« Can be transformed into more efficient unbiased estimators through conditioning
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Theorem statement and proof

» Formalizes the process of improving estimators through conditioning on sufficient statistics
fundamental to understanding optimal estimation

» Demonstrates the theoretical basis for variance reduction in estimation a key concept in advanced
statistical inference

Mathematical formulation
* Let T be a sufficient statistic for parameter 8 and é be an unbiased estimator of 8
« The Rao-Blackwell estimator is defined as éRB = E[é|T]
» States that éRB is also unbiased and has lower or equal variance compared to é

- Expresses the variance reduction as Var(éRE) = Var(é)

Key assumptions
« Existence of a sufficient statistic for the parameter of interest
+ Availability of an initial unbiased estimator for the parameter
* Ability to compute the conditional expectation of the initial estimator given the sufficient statistic

+ Regularity conditions ensuring the existence and finiteness of relevant expectations and variances
Step-by-step proof

» Demonstrate unbiasedness of éRB using the law of iterated expectations

* Prove variance reduction using the variance decomposition formula

- Show that Var() = E[Var(é|T)] + Var(E[élT])

« Conclude that Var(éRB) = Var(E[é|T]) < Var(é)

Applications in estimation

« lllustrates practical uses of the Rao-Blackwell theorem in various statistical scenarios enhancing
problem-solving skills in Theoretical Statistics

* Demonstrates how theoretical concepts translate into improved estimation techniques across different
probability distributions

Improving estimator efficiency
* Transforms crude unbiased estimators into more efficient ones by conditioning on sufficient statistics
» Reduces estimation error and increases precision in parameter estimation
* Applies to various statistical models (linear regression, time series analysis)

+ Improves the performance of estimators in small sample situations where efficiency gains are crucial
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Variance reduction techniques

« Utilizes the Rao-Blackwell theorem as a fundamental tool for reducing estimator variance
» Complements other variance reduction methods (control variates, importance sampling)
* Achieves variance reduction without introducing bias a key advantage in many applications

* Improves the reliability of statistical inferences based on the improved estimators

Examples in common distributions

+ Binomial distribution improves estimation of success probability using the number of successes as a
sufficient statistic

* Poisson distribution enhances rate parameter estimation by conditioning on the sum of observations

* Normal distribution refines mean estimation in the presence of unknown variance using sample mean
and variance as sufficient statistics

» Exponential distribution improves scale parameter estimation by conditioning on the sample sum

Properties of Rao-Blackwell estimators

* Explores the characteristics and advantages of estimators derived using the Rao-Blackwell theorem
crucial for understanding optimal estimation

* Highlights the theoretical guarantees and practical limitations of Rao-Blackwell estimators in statistical
inference

Efficiency comparison

» Rao-Blackwell estimators always have lower or equal variance compared to the original unbiased
estimators

* Achieve the Cramér-Rao lower bound when the original estimator is a function of a complete sufficient
statistic

* Provide a systematic way to improve upon initial estimators in terms of mean squared error

» May not always reach the minimum variance bound leaving room for further improvement in some
cases

Consistency and unbiasedness

* Preserve the unbiasedness of the original estimator a key property in many statistical applications

» Maintain consistency under regularity conditions ensuring convergence to the true parameter value as
sample size increases

« Often exhibit faster convergence rates compared to the original estimators due to reduced variance

* Retain asymptotic normality properties important for constructing confidence intervals and hypothesis
tests

Limitations and constraints

* Require the existence of a sufficient statistic which may not always be available or easily identifiable
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» Depend on the ability to compute conditional expectations which can be challenging in complex
models

* May not always result in significant improvements if the original estimator is already highly efficient

» Can be computationally intensive in some cases patrticularly for high-dimensional problems

Extensions and variations

+ Explores advanced topics related to the Rao-Blackwell theorem expanding the understanding of
optimal estimation in Theoretical Statistics

* Demonstrates how fundamental concepts can be generalized and applied to more complex statistical
scenarios

Lehmann-Scheffé theorem

» Extends the Rao-Blackwell theorem to provide conditions for obtaining Uniformly Minimum Variance
Unbiased Estimators (UMVUES)

« States that if a complete sufficient statistic exists the conditional expectation of any unbiased estimator
given this statistic is the UMVUE

* Provides a powerful tool for proving the optimality of estimators in various statistical models

* Applies to a wide range of estimation problems (location parameters, scale parameters)

Rao-Blackwell-Kolmogorov theorem

» Generalizes the Rao-Blackwell theorem to handle multiple parameters and vector-valued estimators

« Allows for the simultaneous improvement of estimators for several parameters in multiparameter
models

* Provides a framework for constructing optimal estimators in more complex statistical settings

* Finds applications in multivariate analysis and econometric modeling

Generalized Rao-Blackwell theorem
» Extends the original theorem to cases where sufficiency may not hold or is difficult to establish
* Allows for conditioning on ancillary or approximately ancillary statistics
* Provides a method for improving estimators in models with nuisance parameters

* Finds applications in robust statistics and semi-parametric models

Practical implementation

» Focuses on the computational aspects of applying the Rao-Blackwell theorem in real-world statistical
problems essential for bridging theory and practice

» Demonstrates how theoretical concepts in Theoretical Statistics translate into practical tools for data
analysis and modeling
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Computational considerations

* Requires efficient methods for computing conditional expectations often involving numerical
integration or Monte Carlo techniques

* Balances the trade-off between improved estimation accuracy and increased computational
complexity

« Utilizes techniques like importance sampling or Markov Chain Monte Carlo (MCMC) for handling
complex conditional distributions

+ Considers numerical stability and precision issues especially in high-dimensional problems

Software tools and packages

» Implements Rao-Blackwell estimators in statistical software packages (R, Python, SAS)

« Utilizes specialized libraries for efficient computation of sufficient statistics and conditional
expectations

* Employs symbolic computation tools for deriving analytical expressions of Rao-Blackwell estimators
when possible

* Integrates with existing statistical modeling frameworks to seamlessly incorporate Rao-Blackwell
improvements

Numerical examples

» Demonstrates the application of Rao-Blackwell theorem in estimating the success probability of a
binomial distribution

« lllustrates variance reduction in estimating the mean of a normal distribution with unknown variance

» Compares the performance of original and Rao-Blackwell estimators in exponential distribution
parameter estimation

» Showcases the implementation of Rao-Blackwell estimators in real-world data analysis scenarios
(clinical trials, quality control)

Rao-Blackwell in modern statistics

» Explores contemporary applications and ongoing research related to the Rao-Blackwell theorem
highlighting its relevance in advanced areas of statistics

» Demonstrates how classical statistical concepts continue to influence and shape modern statistical
methodologies

Role in machine learning
* Applies Rao-Blackwell ideas to improve estimators in high-dimensional statistical learning problems
* Enhances feature selection and dimensionality reduction techniques by leveraging sufficient statistics

* Improves the efficiency of gradient estimators in stochastic optimization algorithms used in deep
learning
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* Contributes to the development of more robust and efficient machine learning models (regularized
regression, neural networks)

Applications in Bayesian inference

« Utilizes Rao-Blackwell theorem to improve Monte Carlo estimates of posterior expectations

* Enhances the efficiency of Markov Chain Monte Carlo (MCMC) algorithms through
Rao-Blackwellization

* Improves parameter estimation in hierarchical Bayesian models by conditioning on sufficient statistics

« Contributes to the development of more accurate and computationally efficient Bayesian inference
methods

Current research directions

» Explores extensions of Rao-Blackwell theorem to non-parametric and semi-parametric models
* Investigates the application of Rao-Blackwell ideas in causal inference and treatment effect estimation

+ Develops new theoretical results on the optimality of Rao-Blackwell estimators in complex statistical
models

» Examines the role of Rao-Blackwell theorem in modern statistical computing and big data analytics

7.5 Cramer-Rao lower bound

The Cramér-Rao lower bound is a key concept in estimation theory, setting the minimum variance for
unbiased estimators. It uses Fisher information to quantify how much data reveals about unknown
parameters, guiding the development of efficient estimation techniques.

This bound helps statisticians evaluate estimator performance and design experiments. It connects to
maximum likelihood estimation, minimum variance unbiased estimators, and has extensions for
multiparameter and Bayesian scenarios, shaping modern statistical practice and theory.

Definition and significance

» Cramér-Rao lower bound establishes the minimum variance achievable by any unbiased estimator of
a parameter

* Provides a fundamental benchmark for evaluating the performance of estimators in statistical
inference

* Plays a crucial role in theoretical statistics by quantifying the limits of estimation accuracy

Concept of lower bound

* Represents the theoretical minimum variance for an unbiased estimator of a parameter

* Derived from the Fisher information, which measures the amount of information a sample provides
about an unknown parameter

* Applies to both discrete and continuous probability distributions

* Helps statisticians determine if an estimator is optimal or if there's room for improvement
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Role in estimation theory
* Serves as a key tool for assessing the efficiency of estimators
+ Guides the development of new estimation techniques by providing a target for minimum variance
* Allows comparison of different estimators based on how close they come to achieving the lower bound

* Influences the design of experiments by indicating the sample size needed to achieve a desired level
of precision

Mathematical formulation

« Utilizes concepts from probability theory and calculus to derive a lower bound on estimator variance

* Involves the Fisher information matrix, which quantifies the amount of information carried by the data
about the parameter

 Connects the variance of an estimator to the curvature of the log-likelihood function

Fisher information

» Measures the amount of information that an observable random variable carries about an unknown
parameter

« Calculated as the negative expected value of the second derivative of the log-likelihood function

— a2

« For a scalar parameter 8, Fisher information is defined as /(6) = E[aez|°9 fX; 9)]
« Larger Fisher information indicates more precise estimation of the parameter is possible

Variance of estimator

* Represents the spread of the estimator's sampling distribution around its expected value
* Lower variance indicates a more precise estimator
« For an unbiased estimator T of parameter 8, the Cramér-Rao lower bound states that Var(T) = ﬁ

+ Achieving this lower bound classifies an estimator as efficient

Inequality statement

A

» Formally expressed as Var(0) = ﬁ for an unbiased estimator @

+ Equality holds if and only if the estimator is efficient (achieves the lower bound)
» Can be generalized to biased estimators with an additional term involving the derivative of the bias

» Multivariate version involves the inverse of the Fisher information matrix

Properties and implications
» Cramér-Rao lower bound provides insights into the fundamental limits of parameter estimation
* Helps in understanding the trade-offs between bias and variance in estimator design

* Guides the development of optimal estimation techniques in various statistical applications
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Efficiency of estimators

 An estimator achieving the Cramér-Rao lower bound is considered efficient

« Efficiency measures how close an estimator's variance comes to the lower bound

+ Relative efficiency compares the performance of two estimators (ratio of their variances)

» Maximum likelihood estimators often achieve the Cramér-Rao lower bound asymptotically

« Efficient estimators extract all available information from the data about the parameter

Relationship to bias

» Cramér-Rao bound can be extended to biased estimators

* For biased estimators, the bound includes an additional term involving the derivative of the bias
* Bias-variance trade-off often considered when designing estimators

» Sometimes introducing a small bias can lead to a significant reduction in variance

* Unbiased estimators may not always be optimal in terms of mean squared error

Applications in statistics

» Cramér-Rao lower bound finds extensive use in various areas of statistical inference
* Guides the development and evaluation of estimation techniques across different fields

* Provides a theoretical foundation for assessing the quality of statistical procedures

Maximum likelihood estimation

» Maximum likelihood estimators (MLEs) often achieve the Cramér-Rao lower bound asymptotically
* MLEs are asymptotically efficient under certain regularity conditions

» Cramér-Rao bound helps in assessing the performance of MLEs for finite sample sizes

* In large samples, the variance of MLEs approaches the inverse of the Fisher information

* Provides justification for the widespread use of maximum likelihood estimation in practice

Minimum variance unbiased estimators

» Minimum variance unbiased estimators (MVUESs) achieve the lowest possible variance among all
unbiased estimators

» Cramér-Rao bound helps identify if an MVUE exists for a given parameter
« If an estimator achieves the Cramér-Rao lower bound, it is guaranteed to be an MVUE
* Not all parameters have MVUEs that achieve the Cramér-Rao lower bound

» Rao-Blackwell theorem often used in conjunction with Cramér-Rao bound to find MVUEs

Extensions and variations

» Cramér-Rao bound has been extended to handle more complex estimation scenarios
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» Adaptations exist for multiparameter estimation and Bayesian inference

* These extensions provide a more comprehensive framework for understanding estimation limits

Multiparameter case

» Extends the Cramér-Rao bound to situations where multiple parameters are estimated simultaneously
* Involves the Fisher information matrix instead of a scalar Fisher information

 Lower bound becomes a matrix inequality: Var(é) > 1‘1(9)

 Accounts for potential correlations between parameter estimates

+ Useful in multivariate statistical analysis and econometrics

Bayesian Cramér-Rao bound

 Adapts the Cramér-Rao bound to the Bayesian framework

* Incorporates prior information about the parameter into the bound

« Often called the Van Trees inequality or the Bayesian Cramér-Rao bound
* Provides a lower bound on the mean squared error of Bayesian estimators

« Useful in fields like signal processing and communication theory where prior information is available

Limitations and assumptions

* Cramér-Rao bound relies on certain assumptions and has limitations in its applicability
* Understanding these constraints helps in proper interpretation and use of the bound

« Alternative bounds may be more appropriate in some scenarios

Regularity conditions

» Cramér-Rao bound assumes certain regularity conditions on the probability distribution

* Requires the probability density function to be differentiable with respect to the parameter
« Support of the distribution should not depend on the parameter being estimated

* Interchange of differentiation and integration must be valid for the likelihood function

* Violations of these conditions may lead to situations where the bound does not hold

Finite sample considerations

» Cramér-Rao bound provides an asymptotic result, which may not be tight for small sample sizes

« In finite samples, estimators may have variances significantly higher than the bound

+ Alternative bounds (Chapman-Robbins, Bhattacharyya) may provide tighter results for small samples
* Importance of considering practical sample sizes when applying the bound in real-world problems

« Simulation studies often used to assess estimator performance in finite sample scenarios
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Relationship to other bounds

» Cramér-Rao bound belongs to a family of statistical lower bounds

» Understanding its connections to other bounds provides a more comprehensive view of estimation
theory

« Different bounds may be more appropriate depending on the specific estimation problem

Rao-Blackwell theorem

» Rao-Blackwell theorem provides a method for improving estimators

« States that conditioning an unbiased estimator on a sufficient statistic yields an estimator with lower or
equal variance

+ Often used in conjunction with Cramér-Rao bound to find minimum variance unbiased estimators

« If a Rao-Blackwellized estimator achieves the Cramér-Rao lower bound, it is guaranteed to be the
MVUE

» Demonstrates the importance of sufficient statistics in efficient estimation

Chapman-Robbins bound
* Generalizes the Cramér-Rao bound to handle discrete parameter spaces
* Does not require the differentiability assumptions of the Cramér-Rao bound

« Often provides tighter bounds, especially for small sample sizes or near the boundary of the
parameter space

* Useful in situations where the regularity conditions for the Cramér-Rao bound are not met

 Can be applied to both biased and unbiased estimators

Practical considerations

* Applying the Cramér-Rao bound in practice involves various considerations

» Understanding these aspects helps in proper interpretation and use of the bound in real-world
problems

» Balancing theoretical results with practical limitations essential in statistical analysis

Attainability of bound

» Cramér-Rao bound may not always be attainable in practice

» Some distributions have no unbiased estimator that achieves the lower bound

« Attainability often depends on the existence of a complete sufficient statistic

* In some cases, biased estimators may have lower mean squared error than any unbiased estimator

* Importance of considering both bias and variance when evaluating estimator performance
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Computational aspects

+ Calculating the Fisher information can be computationally challenging for complex models

» Numerical methods often required to evaluate the expected value of the second derivative of
log-likelihood

* Monte Carlo simulations used to estimate the Fisher information in intractable cases
« Software packages (R, Python) provide tools for computing Cramér-Rao bounds

+ Trade-off between computational complexity and precision in practical applications

Examples and case studies

* Applying the Cramér-Rao bound to specific distributions illustrates its practical use
» These examples demonstrate how the bound behaves in different statistical scenarios

* Provides insights into the efficiency of common estimators for well-known distributions

Normal distribution

* For a normal distribution with unknown mean p and known variance 02, the Cramér-Rao lower bound
for estimating p is 0*2/n

» Sample mean achieves this lower bound, making it an efficient estimator
* Fisher information for p in this case is n/g”2
» Demonstrates how sample size affects the precision of estimation

« lllustrates the concept of sufficiency, as the sample mean is a sufficient statistic for p

Poisson distribution

* For a Poisson distribution with rate parameter A, the Cramér-Rao lower bound for estimating A is A/n
» Sample mean is an efficient estimator for A, achieving the lower bound

* Fisher information for A is n/A

» Shows how the precision of estimation depends on both sample size and the true parameter value

« lllustrates the use of Cramér-Rao bound in discrete distributions

Historical context

 Understanding the historical development of the Cramér-Rao bound provides insights into its
significance

* Traces the evolution of statistical theory and the contributions of key figures

* Highlights the impact of this theoretical result on practical statistical methods

Development of bound

* Independently discovered by Harald Cramér and Calyampudi Radhakrishna Rao in the 1940s
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* Built upon earlier work on Fisher information by Ronald Fisher in the 1920s
» Emerged during a period of rapid development in statistical theory and mathematical statistics
« Initially formulated for scalar parameters and later extended to multiparameter cases

» Subsequent generalizations include bounds for biased estimators and Bayesian settings

Impact on statistical theory

* Provided a rigorous foundation for assessing the optimality of estimators

* Influenced the development of efficient estimation techniques (maximum likelihood estimation)
« Contributed to the understanding of sufficiency and completeness in statistics

* Spurred research into alternative lower bounds and generalizations

+ Continues to be a fundamental concept in statistical education and research
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Unit 8 — Hypothesis testing

8.1 Null and alternative hypotheses

Statistical hypotheses are the foundation of inferential statistics, allowing researchers to make claims about
populations based on sample data. Null hypotheses assume no effect, while alternative hypotheses
propose a specific difference or relationship. This framework enables systematic evaluation of research
questions and quantification of uncertainty in statistical conclusions.

Formulating clear, testable hypotheses is crucial for effective statistical analysis. Researchers must
consider simple vs composite hypotheses, one-tailed vs two-tailed tests, and the relationship between null
and alternative hypotheses. This process guides the choice of statistical methods and shapes the
interpretation of results in the context of the research question.

Concept of statistical hypotheses

» Fundamental building blocks in statistical inference allow researchers to make probabilistic statements
about population parameters

* Provides a framework for systematically evaluating claims about populations based on sample data

* Crucial for drawing conclusions in theoretical statistics and applying statistical methods to real-world
problems

Null hypothesis definition
« Statement assuming no effect or no difference in the population parameter being studied
+ Typically denoted as Ho, represents the status quo or default position
« Often formulated as an equality (M = Ho) or using phrases like "no difference" or "no relationship"

+ Serves as a starting point for statistical analysis, allowing researchers to quantify evidence against it

Alternative hypothesis definition

« Contradicts the null hypothesis, proposing a specific effect or difference exists
+ Usually denoted as H1 or Ha, represents the research hypothesis or claim being investigated
 Can be directional (one-tailed) or non-directional (two-tailed)

» Formulated to capture the researcher's expectations or the effect of interest in the study

Importance in statistical testing

* Provides a structured approach to making inferences about population parameters
* Allows quantification of uncertainty in statistical conclusions

* Helps control for Type | and Type Il errors in decision-making processes

+ Facilitates communication of research findings and standardizes statistical reporting

» Forms the basis for calculating p-values and determining statistical significance
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Formulating hypotheses

Characteristics of good hypotheses

+ Clear and concise statements about population parameters or relationships

» Mutually exclusive and exhaustive, covering all possible outcomes

» Testable using available statistical methods and data

* Relevant to the research question and grounded in theory or prior knowledge

« Falsifiable, allowing for the possibility of rejection based on empirical evidence

Simple vs composite hypotheses

« Simple hypotheses specify a single, exact value for the population parameter
« Ho : 1 =100 (simple null hypothesis)

« H1 14 =105 (simple alternative hypothesis)

» Composite hypotheses involve a range of values or inequalities

« Hp : 1 =100 (composite null hypothesis)

«H1: 4> 100 (composite alternative hypothesis)

* Impact the choice of statistical test and interpretation of results

One-tailed vs two-tailed hypotheses
* One-tailed (directional) hypotheses specify the direction of the effect
« H1: 4> o (right-tailed) or H1 : 4 < Ho (left-tailed)
* Increased power to detect effects in the specified direction
» Two-tailed (non-directional) hypotheses consider both directions
e H1 i # o
» More conservative approach, suitable when the direction is uncertain

 Choice depends on research question and prior knowledge

Null hypothesis specifics

Role in statistical inference
* Serves as a baseline for comparison in hypothesis testing
* Allows for the calculation of test statistics and p-values
+ Facilitates the control of Type | error rates in statistical decision-making

* Provides a framework for assessing the strength of evidence against a default position

Fiveable archived study guides Page 236



Common forms of null hypotheses

« No difference between groups: Ho : M1 = H2

« No effect of a treatment: Ho : Htreatment = Hcontrol

+ No correlation between variables: Ho: p =0

+ Population parameter equals a specific value: Ho : 8 = 8o

« No change over time: Ho : Mbefore = Mafter

Limitations and criticisms

» May not always represent a meaningful or realistic scenario

+ Can lead to misinterpretation if not carefully formulated

* Focuses on absence of effect rather than practical significance

* Susceptible to issues with small sample sizes and low statistical power

» May oversimplify complex research questions or phenomena

Alternative hypothesis considerations

Relationship to null hypothesis

« Directly contradicts the null hypothesis, proposing a specific effect or difference
* Must be mutually exclusive with the null hypothesis
 Determines the critical region for hypothesis testing

* Influences the choice of statistical test and interpretation of results

Types of alternative hypotheses

« Point alternative: specifies an exact value (H1: 4 = 105)

- Directional alternative: indicates the direction of effect (H1 : 4 > 100)

« Non-directional alternative: allows for effects in either direction (H1 : 4 # 100)
« Interval alternative: specifies a range of values (H1:95 < < 105)

» Composite alternative: includes multiple possible values or ranges

Power and effect size

« Statistical power increases with larger effect sizes

« Effect size quantifies the magnitude of the difference or relationship

» Common effect size measures include Cohen's d, Pearson's r, and odds ratios
» Power analysis helps determine sample size needed to detect a specific effect

« Consideration of practical significance alongside statistical significance
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Hypothesis testing framework

Steps in hypothesis testing
* Formulate null and alternative hypotheses
» Choose an appropriate significance level (a)
* Select a suitable statistical test based on data and hypotheses
* Collect and analyze data to calculate test statistic and p-value
» Compare p-value to significance level or use critical values
» Make a decision to reject or fail to reject the null hypothesis

* Interpret results in context of the research question

Type | and Type Il errors
* Type | error (false positive): rejecting a true null hypothesis
* Probability = a (significance level)
« Controlled by setting a lower significance level
* Type Il error (false negative): failing to reject a false null hypothesis
* Probability = B
* Related to statistical power (1 - B)
* Trade-off between Type | and Type Il errors in hypothesis testing

* Importance of considering both error types in research design

Significance level and p-value
« Significance level (a): predetermined threshold for rejecting the null hypothesis
 Common values include 0.05, 0.01, and 0.001
 Represents the maximum acceptable probability of Type | error
* p-value: probability of obtaining results as extreme as observed, assuming null hypothesis is true
» Smaller p-values indicate stronger evidence against the null hypothesis
» Compared to significance level to make decisions in hypothesis testing

+ Relationship between p-value, significance level, and statistical significance
Decision making process
Rejecting vs failing to reject

* Reject null hypothesis when p-value < significance level

« Concludes there is sufficient evidence to support the alternative hypothesis
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* Does not prove the alternative hypothesis is true

« Fail to reject null hypothesis when p-value = significance level
« Insufficient evidence to conclude against the null hypothesis

* Does not prove the null hypothesis is true

 Importance of careful language in reporting results

Interpreting test results

+ Consider context of the research question and study design

« Evaluate practical significance alongside statistical significance

* Assess effect sizes and confidence intervals for meaningful interpretation
+ Consider potential sources of bias or confounding factors

» Acknowledge limitations and uncertainties in the analysis

Practical vs statistical significance

« Statistical significance indicates the unlikelihood of results occurring by chance

* Practical significance considers the real-world importance of the observed effect

« Large sample sizes can lead to statistically significant but practically insignificant results
« Importance of considering effect sizes and confidence intervals

« Balancing statistical rigor with practical implications in decision-making

Advanced concepts

Multiple hypothesis testing
* Increased risk of Type | errors when conducting multiple tests
» Family-wise error rate: probability of making at least one Type | error in a set of tests
» Methods for controlling family-wise error rate
* Bonferroni correction: adjusts significance level by dividing by number of tests
* False Discovery Rate (FDR) control: focuses on proportion of false positives

* Importance in fields with high-dimensional data (genomics, neuroimaging)

Bayesian vs frequentist approaches

* Frequentist approach: based on long-run frequency of events, uses p-values and confidence intervals
 Bayesian approach: incorporates prior beliefs, updates probabilities based on observed data

« Differences in interpretation of probability and uncertainty

» Bayesian methods allow for direct probability statements about hypotheses

* Trade-offs between interpretability, computational complexity, and prior specification
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Confidence intervals and hypotheses

+ Confidence intervals provide a range of plausible values for population parameters
+ Relationship between confidence intervals and hypothesis tests

* 95% CI not including null value = rejecting null hypothesis at a = 0.05

» Advantages of reporting confidence intervals alongside p-values

* Provide information about precision and effect size

« Allow for assessment of practical significance

* Interpretation of overlapping and non-overlapping confidence intervals

Applications in research

Experimental design considerations

* Importance of a priori hypothesis formulation

» Sample size determination through power analysis

* Randomization and control group selection to minimize bias

* Blinding procedures to reduce experimenter and participant bias

« Consideration of potential confounding variables and interactions

Reporting hypothesis test results
* Clear statement of null and alternative hypotheses
+ Description of statistical test used and assumptions checked
* Reporting of test statistic, degrees of freedom, and p-value
* Inclusion of effect sizes and confidence intervals

* Interpretation of results in context of research question and limitations

Replication and reproducibility issues

« Importance of pre-registration and detailed methods reporting

+ Publication bias and its impact on the scientific literature

* Challenges in replicating studies with small effect sizes or low power

* Role of meta-analyses in synthesizing evidence across multiple studies

» Open science practices to improve transparency and reproducibility
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8.2 Type | and Type Il errors

Statistical hypothesis testing involves making decisions based on data, but errors can occur. Type | errors
happen when we reject a true null hypothesis, while Type Il errors occur when we fail to reject a false null
hypothesis. Understanding these errors is crucial for interpreting results and designing effective
experiments.

The probability of committing a Type | error is denoted by a (alpha), also known as the significance level.
Type Il error probability is represented by B (beta), with 1-B being the power of the test. Balancing these
error rates is essential in research design and data analysis.

Definition of errors

« Errors in hypothesis testing represent incorrect conclusions drawn from statistical analyses

 Understanding these errors forms a crucial foundation in Theoretical Statistics for making informed
decisions based on data

» Two main types of errors exist in hypothesis testing, each with distinct implications for statistical
inference

Type | error

» Occurs when rejecting a true null hypothesis

* Also known as a "false positive" error

* Probability of committing a Type | error denoted by a (alpha)

* Represents concluding a significant effect exists when it actually does not

« Critical in fields like medical research where false positives can lead to unnecessary treatments

Type Il error

» Happens when failing to reject a false null hypothesis

* Referred to as a "false negative" error

* Probability of committing a Type Il error denoted by 8 (beta)
* Involves missing a significant effect that truly exists

« Particularly important in areas like quality control where overlooking defects can have serious
consequences

Probability of errors

« Error probabilities play a crucial role in determining the reliability of statistical tests

» Understanding these probabilities helps statisticians design more effective experiments and interpret
results accurately

+ Balancing these probabilities is a key aspect of experimental design in Theoretical Statistics

Significance level (a)

* Represents the probability of committing a Type | error
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* Typically set before conducting a statistical test
» Common values include 0.05, 0.01, and 0.001
* Determines the threshold for rejecting the null hypothesis

» Smaller a values reduce the risk of false positives but may increase the chance of Type Il errors

Power of test (1-)

* Defined as the probability of correctly rejecting a false null hypothesis
* Calculated as 1 minus the probability of a Type Il error (B)

* Indicates the test's ability to detect a true effect when it exists

« Higher power increases the likelihood of detecting significant results

* Influenced by factors such as sample size, effect size, and significance level

Relationship between errors

* Type | and Type Il errors are interconnected in statistical hypothesis testing

» Understanding this relationship is crucial for designing effective experiments and interpreting results
accurately

+ Balancing these errors forms a fundamental challenge in Theoretical Statistics

Tradeoff between Type | and I
* Inverse relationship exists between Type | and Type Il errors
+ Decreasing the probability of one type of error often increases the probability of the other
* Lowering a (reducing Type | errors) typically increases (8 (raising Type |l errors)

+ Balancing act requires careful consideration of the specific research context and consequences of
each error type

Error minimization strategies

* Increase sample size to simultaneously reduce both types of errors

» Use more stringent significance levels for critical decisions

* Employ two-tailed tests when appropriate to balance error rates

* Consider the relative costs and consequences of each error type in the specific research context

« Utilize sequential testing methods to optimize error rates over multiple experiments

Factors affecting error rates

+ Various factors influence the likelihood of committing Type | and Type Il errors

 Understanding these factors is essential for designing robust experiments and interpreting results
accurately

* Theoretical Statistics provides frameworks for analyzing and optimizing these factors
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Sample size impact

« Larger sample sizes generally decrease both Type | and Type Il error rates
* Increased sample size improves the precision of parameter estimates

» Power of the test typically increases with larger sample sizes

* Diminishing returns occur as sample size grows very large

* Cost and feasibility considerations often limit practical sample sizes

Effect size influence

* Larger effect sizes make it easier to detect significant differences

» Smaller effect sizes require larger sample sizes to maintain the same power

« Effect size measures include Cohen's d, Pearson's r, and odds ratios

« Standardized effect sizes allow comparisons across different studies and contexts

« Pilot studies can help estimate expected effect sizes for power calculations

Hypothesis testing context

* Hypothesis testing forms the foundation for making statistical inferences
» Understanding the components of hypothesis tests is crucial for interpreting error rates

* Theoretical Statistics provides the framework for constructing and evaluating hypotheses

Null vs alternative hypotheses

* Null hypothesis (Ho) represents the status quo or no effect

« Alternative hypothesis (H1 or Ha) proposes a specific effect or difference

« Directional hypotheses specify the direction of the effect (one-tailed tests)

» Non-directional hypotheses only propose a difference without specifying direction (two-tailed tests)

* Proper formulation of hypotheses is crucial for meaningful statistical inference

Critical regions and p-values

+ Critical region defines the range of test statistic values leading to rejection of Ho

+ P-value represents the probability of obtaining results as extreme as observed, assuming Ho is true
» Smaller p-values indicate stronger evidence against the null hypothesis

+ Relationship between p-values and significance levels (a) determines hypothesis test outcomes

+ Misinterpretation of p-values can lead to errors in statistical inference

Consequences of errors

» Understanding the real-world implications of statistical errors is crucial for decision-making
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« Different contexts may prioritize avoiding one type of error over the other

* Theoretical Statistics provides tools for analyzing and mitigating the consequences of errors

False positives vs false negatives

* False positives (Type | errors) lead to incorrect rejection of true null hypotheses

* False negatives (Type Il errors) result in failing to detect true effects

» Consequences of false positives include wasted resources and incorrect conclusions
+ False negatives can lead to missed opportunities and overlooked important effects

« Balancing the risks of false positives and false negatives depends on the specific research context

Real-world implications

» Medical testing errors can lead to unnecessary treatments or missed diagnoses

+ Quality control errors may result in defective products reaching consumers

+ Financial decision-making based on erroneous statistical conclusions can lead to significant losses
+ Policy decisions influenced by statistical errors can have far-reaching societal impacts

* Legal contexts may have different standards for avoiding false positives (convicting the innocent) vs
false negatives (acquitting the guilty)

Error control methods

* Various statistical techniques exist to manage and control error rates
» These methods are crucial for maintaining the integrity of statistical analyses

* Theoretical Statistics provides the foundation for developing and applying error control methods

Bonferroni correction

+ Adjusts the significance level for multiple comparisons

* Divides the overall significance level by the number of tests performed

* Controls the familywise error rate (FWER) to prevent inflation of Type | errors
» Can be overly conservative, especially with a large number of tests

* Modifications like Holm's method offer less conservative alternatives while still controlling FWER

False discovery rate

« Controls the expected proportion of false positives among all rejected null hypotheses
* Less stringent than FWER control, allowing for greater statistical power

* Particularly useful in high-dimensional data analysis (genomics, neuroimaging)

» Benjamini-Hochberg procedure is a common method for controlling FDR

» Adaptive FDR methods adjust based on the estimated proportion of true null hypotheses
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Graphical representations

* Visual tools help in understanding and communicating error rates and test performance
« Graphical representations play a crucial role in interpreting complex statistical concepts

* Theoretical Statistics provides the foundation for creating and interpreting these visualizations

ROC curves

» Receiver Operating Characteristic curves plot true positive rate against false positive rate
* lllustrate the tradeoff between sensitivity and specificity of a binary classifier

* Area Under the Curve (AUC) measures overall test performance

* Perfect test has AUC of 1, while random guessing yields AUC of 0.5

* Useful for comparing different tests or classifiers across various threshold settings

Power curves

* Display the relationship between power and effect size or sample size
« X-axis typically represents effect size or sample size

* Y-axis shows the power of the test (1 - B)

« Steeper curves indicate tests with better ability to detect effects

* Useful for determining required sample sizes in experimental design

Applications in research

» Understanding error types and rates is crucial across various research domains
+ Real-world applications demonstrate the importance of error analysis in decision-making

* Theoretical Statistics provides the tools to apply error concepts in diverse fields

Medical testing examples

« Diagnostic tests balance sensitivity (avoiding false negatives) and specificity (avoiding false positives)
+ Screening programs consider the prevalence of conditions to interpret test results

* Clinical trials use significance levels and power calculations to determine sample sizes

» Meta-analyses combine results from multiple studies, requiring careful consideration of error rates

» Personalized medicine relies on statistical inference to tailor treatments based on individual
characteristics

Quality control scenarios

» Manufacturing processes use statistical process control to detect out-of-spec products
» Acceptance sampling plans balance the risks of accepting defective lots vs rejecting good lots

+ Six Sigma methodologies aim to reduce defect rates to extremely low levels
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» Continuous improvement initiatives rely on statistical analysis to identify significant process changes

* Reliability testing uses statistical methods to estimate product lifetimes and failure rates

Advanced concepts

* Theoretical Statistics provides deeper insights into the nature of errors and hypothesis testing
» Advanced concepts build upon fundamental error types to develop more sophisticated analytical tools

» Understanding these concepts is crucial for researchers pushing the boundaries of statistical
methodology

Neyman-Pearson lemma

* Provides a framework for constructing the most powerful test for a given significance level
« States that the likelihood ratio test is the most powerful test for simple hypotheses

» Forms the theoretical basis for many common statistical tests (t-tests, F-tests)

» Demonstrates the fundamental tradeoff between Type | and Type Il errors

» Extensions to composite hypotheses lead to uniformly most powerful tests

Bayesian perspective on errors

« Shifts focus from fixed hypotheses to probability distributions over parameters
* Replaces p-values with posterior probabilities of hypotheses

+ Allows incorporation of prior knowledge into the analysis

* Provides a natural framework for sequential testing and decision-making

» Addresses some limitations of traditional hypothesis testing, such as the arbitrariness of significance
levels

8.3 Power of a test

Power analysis is a crucial tool in Theoretical Statistics, helping researchers assess a test's ability to
correctly reject false null hypotheses. It balances Type | and Il errors, guiding sample size decisions and
experimental design to ensure studies can detect meaningful effects.

Understanding power involves grasping its relationship to Type Il errors, the power function concept, and
factors like sample size and effect size. Researchers use power calculations to plan studies, interpret
results, and make informed decisions about resource allocation in various fields of statistical research.

Definition of power

» Power in statistical hypothesis testing measures the ability to correctly reject a false null hypothesis

« Serves as a critical component in Theoretical Statistics for assessing the effectiveness of statistical
tests

* Plays a crucial role in experimental design and sample size determination
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Relationship to Type Il error
« Power directly relates to Type Il error (B) as Power=1—f
* Increasing power decreases the probability of committing a Type Il error
+ Balances the trade-off between false negatives and false positives in hypothesis testing

* Helps researchers minimize the risk of failing to detect a true effect when it exists

Power function concept

* Represents the probability of rejecting the null hypothesis as a function of the true parameter value
+ Graphically depicted as a curve showing power across different effect sizes
* Increases monotonically as the true parameter value moves away from the null hypothesis value

* Provides insights into test sensitivity across various alternative hypotheses

Factors affecting power

* Power analysis forms a cornerstone of experimental design in Theoretical Statistics
» Understanding these factors allows researchers to optimize their study designs

* Helps in making informed decisions about resource allocation and sample size determination

Sample size influence

« Larger sample sizes generally lead to increased statistical power
* Relationship between sample size and power follows a non-linear curve
* Diminishing returns occur as sample size increases beyond a certain point

» Researchers must balance power gains against practical constraints (cost, time)

Effect size impact

« Larger effect sizes result in higher power for a given sample size
* Measured using standardized metrics (Cohen's d, Pearson's r)
» Small effects require larger sample sizes to achieve adequate power

» Researchers should consider the practical significance of detectable effect sizes

Significance level relationship

* Lower significance levels (a) typically result in decreased power
« Stricter significance criteria make it harder to reject the null hypothesis
* Researchers must balance Type | error control against power considerations

» Common practice involves setting a at 0.05, but this can vary based on field and study goals
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Calculating power

» Power calculations form a crucial part of study planning in Theoretical Statistics
» Enable researchers to determine the sample size needed for a desired level of power

* Help in interpreting study results and assessing the reliability of findings

Power for z-tests

» Used when population standard deviation is known

» Power calculation involves the standard normal distribution

- Formula: Power = 1 — ®(z, — £-ko)
» ® represents the cumulative standard normal distribution
» z_a denotes the critical value for the chosen significance level

* Applicable in large sample scenarios or when population parameters are well-established

Power for t-tests

* Employed when population standard deviation is unknown
« Utilizes the non-central t-distribution for power calculations
» Power depends on degrees of freedom, which affects the shape of the t-distribution

* More complex than z-test power calculations due to the additional parameter (degrees of freedom)

Power for ANOVA

* Involves calculating power for detecting differences among multiple group means
» Depends on factors such as number of groups, sample size per group, and effect size
« Utilizes the non-central F-distribution for power calculations

* Becomes more complex with increasing number of groups and interactions

Power analysis

* Serves as a critical tool in research methodology within Theoretical Statistics
* Helps researchers make informed decisions about study design and resource allocation

* Enhances the overall quality and reliability of statistical research
A priori power analysis
» Conducted before data collection to determine required sample size
* Involves specifying desired power, effect size, and significance level
* Helps researchers plan studies that have a high likelihood of detecting true effects

+ Crucial for grant proposals and ethical considerations in human/animal research
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Post hoc power analysis

 Performed after a study to interpret non-significant results
+ Calculates the power achieved given the observed effect size and sample size
+ Controversial in some statistical circles due to potential for misinterpretation

« Can provide insights into why a study failed to detect a hypothesized effect

Power curves

* Graphical representations of power analysis results in Theoretical Statistics
* Provide visual insights into the relationship between various factors affecting power

* Help researchers make informed decisions about study design and sample size

Interpretation of power curves

« X-axis typically represents effect size or sample size
* Y-axis shows the corresponding power (ranging from 0 to 1)
« Steeper curves indicate more sensitive tests or larger effect sizes

* Plateaus in the curve suggest diminishing returns for increasing sample size or effect size

Power vs sample size

» Demonstrates how power increases with larger sample sizes
+ Often shows a rapid initial increase followed by diminishing returns
* Helps researchers identify optimal sample sizes balancing power and resources

 Can be used to justify sample size decisions in research proposals

Optimal sample size determination

* Crucial aspect of study design in Theoretical Statistics
* Balances statistical power against practical constraints

* Ensures efficient use of resources while maintaining scientific rigor

Cost-benefit considerations

* Larger samples increase power but also raise study costs
» Researchers must weigh the value of increased power against budget limitations
* May involve calculating the cost per unit increase in power

« Considers factors such as participant recruitment, data collection, and analysis expenses

Practical vs statistical significance

« Statistical significance does not always imply practical importance
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» Researchers should consider the smallest effect size of practical relevance
* Very large samples can detect tiny effects that may lack real-world significance

+ Balancing act between detecting meaningful effects and avoiding trivial findings

Power in hypothesis testing

» Fundamental concept in Theoretical Statistics for assessing test effectiveness
* Influences the interpretation and reliability of statistical results

* Helps researchers design studies with a high likelihood of detecting true effects

One-tailed vs two-tailed tests

* One-tailed tests generally have higher power for a given sample size
» Two-tailed tests offer more flexibility in detecting effects in either direction
» Choice between one-tailed and two-tailed affects critical values and rejection regions

» Researchers must justify the use of one-tailed tests based on prior knowledge or theory

Multiple comparisons effect
» Conducting multiple tests reduces overall power due to inflated Type | error rate
* Corrections for multiple comparisons (Bonferroni, FDR) further reduce power
* Researchers must balance the need for multiple tests against power considerations

» Advanced methods (FWER, FDR) can help maintain power while controlling for multiple comparisons
Limitations of power analysis

+ Understanding these limitations crucial for proper application in Theoretical Statistics

* Helps researchers interpret power analysis results with appropriate caution

* Encourages a balanced approach to study design and interpretation
Assumptions and sensitivity

» Power calculations rely on assumptions about data distribution and variability
+ Violations of these assumptions can lead to inaccurate power estimates
* Sensitivity analyses can help assess the robustness of power calculations

* Researchers should consider conducting power analyses under various scenarios

Overemphasis on power

* Focusing solely on power can lead to neglect of other important statistical considerations
+ Very high power may result in detecting trivially small effects

« Balancing power with effect size and practical significance crucial
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* Researchers should consider the broader context of their study goals and field standards

Applications in research design

» Power analysis plays a vital role in various fields of scientific research
* Proper application enhances the quality and reliability of statistical studies

* Helps researchers make informed decisions about study design and resource allocation

Power in clinical trials

« Critical for determining sample sizes needed to detect treatment effects
* Helps ensure ethical use of resources and participant time
« Often involves interim analyses and adaptive designs to optimize power

» Regulatory bodies may require pre-specified power levels for drug approval studies

Power in social sciences

» Addresses challenges of typically smaller effect sizes in social science research
* Helps researchers plan studies capable of detecting subtle but important effects
+ Often involves consideration of clustered or hierarchical data structures

* May require larger sample sizes compared to some other fields of study

Software for power analysis

* Availability of specialized software has made power analysis more accessible
+ Enables researchers to conduct complex power calculations efficiently

+ Crucial for implementing power analysis in various fields of Theoretical Statistics

Popular statistical packages

» G*Power offers a user-friendly interface for various power calculations
* R provides extensive power analysis capabilities through packages like pwr and powerAnalysis
» SAS includes procedures for power and sample size analysis

» SPSS offers power analysis tools integrated with its statistical analysis features

Online power calculators

* Provide quick and accessible power calculations for common statistical tests
* Examples include StatPages.info and Daniel Soper's Statistical Calculators
« Often limited in complexity compared to dedicated software packages

+ Useful for initial estimates or when access to specialized software is limited
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Ethical considerations

» Power analysis intersects with ethical principles in research design
* Proper application ensures responsible use of resources and participant time

* Crucial aspect of research integrity in Theoretical Statistics and applied fields

Underpowered studies implications

» May lead to false negatives, failing to detect true effects
» Waste of resources and participant time if unable to draw meaningful conclusions
+ Can contribute to publication bias if only significant results are reported

» May necessitate meta-analyses to combine results from multiple underpowered studies

Overpowered studies concerns

» May detect statistically significant but practically insignificant effects
» Can lead to unnecessary use of resources or exposure of participants to potential risks
» May result in overconfidence in small effect sizes

« Ethical committees may question the necessity of large sample sizes in some cases

8.4 Likelihood ratio tests

Likelihood ratio tests are a powerful tool in theoretical statistics for comparing competing models. By
evaluating the ratio of likelihoods under different hypotheses, these tests provide a framework for making
inferences about population parameters and assessing model fit.

These tests combine key statistical concepts like hypothesis formulation, test statistics, and critical regions.
Understanding their properties, types, and applications enables statisticians to draw meaningful
conclusions from data and select appropriate models for analysis.

Definition of likelihood ratio

+ Likelihood ratio tests form a cornerstone of hypothesis testing in theoretical statistics
* These tests compare the fit of two competing statistical models to observed data

* Likelihood ratios provide a powerful framework for making statistical inferences about population
parameters

Likelihood function basics
« Likelihood function measures the probability of observing data given specific parameter values
« Expressed mathematically as L(6|x) = P(X = x|6) for discrete random variables
« For continuous random variables, uses probability density function L(8]x) = f(x|6)

» Maximizes over the parameter space to find most likely parameter values
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Ratio of likelihoods
» Compares likelihood of data under null hypothesis to alternative hypothesis
« Calculated as A = % where 8o and 61 are parameter values under null and alternative hypotheses
* Values close to 1 indicate little evidence against null hypothesis

» Small values suggest data more consistent with alternative hypothesis

Neyman-Pearson lemma

* Provides theoretical foundation for likelihood ratio tests
« States likelihood ratio test is most powerful test for simple hypotheses
» Guarantees optimal trade-off between Type | and Type Il errors

* Applies to tests with fixed significance level

Components of likelihood ratio test

* Likelihood ratio tests combine several key statistical concepts
* These tests require careful formulation of hypotheses and test statistics

» Understanding critical regions enables proper interpretation of test results

Null vs alternative hypotheses

* Null hypothesis (HO) represents status quo or no effect

* Alternative hypothesis (H1) posits a specific deviation from null
 Simple hypotheses specify exact parameter values

» Composite hypotheses involve ranges or inequalities of parameters

* Directionality (one-tailed vs two-tailed) impacts test formulation

Test statistic formulation

« Likelihood ratio test statistic often denoted as A\ or LR

« Calculated as —210g(A) where A is the likelihood ratio

+ Transformation improves statistical properties of test statistic

* Under certain conditions, follows chi-square distribution asymptotically

* Degrees of freedom depend on difference in parameter dimensionality between models

Critical region determination

« Critical region defines values of test statistic leading to rejection of null hypothesis
+ Determined by chosen significance level (a) of the test

* For chi-square distributed test statistics, uses quantiles of chi-square distribution
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* Right-tailed critical region common for likelihood ratio tests

* Rejection occurs when observed test statistic exceeds critical value

Properties of likelihood ratio tests

* Likelihood ratio tests possess several desirable statistical properties
» These properties contribute to their widespread use in statistical inference

» Understanding test properties aids in proper application and interpretation

Asymptotic distribution
* Test statistic approaches chi-square distribution as sample size increases
* Degrees of freedom equal difference in number of free parameters between models
» Wilks' theorem formalizes this asymptotic behavior
» Approximation improves with larger sample sizes

* Allows for straightforward computation of p-values in large samples

Power of the test

» Measures ability to correctly reject false null hypothesis
* Increases with sample size and effect size
* Neyman-Pearson lemma ensures optimal power for simple hypotheses
» Power function describes probability of rejection for different parameter values
* Trade-off exists between power and Type | error rate
Consistency and efficiency
» Likelihood ratio tests are consistent estimators
* Probability of correct decision approaches 1 as sample size increases
» Asymptotically efficient under regularity conditions
» Achieves Cramér-Rao lower bound for variance of estimators
« Efficiency property ensures optimal use of information in data
Types of likelihood ratio tests

* Likelihood ratio tests can be applied to various hypothesis testing scenarios
« Different types of tests address specific statistical questions

» Understanding test types helps in selecting appropriate analysis methods

Simple vs composite hypotheses

 Simple hypotheses specify exact parameter values (HO: 6 = 60 vs H1: 6 = 61)
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» Composite hypotheses involve ranges or inequalities (HO: 8 < 80 vs H1: 6 > 60)
« Simple-vs-simple tests often have exact distributions
» Composite hypotheses may require nuisance parameter estimation

* Test construction differs between simple and composite cases

Nested vs non-nested models

* Nested models form subset relationships (linear regression vs quadratic regression)

» Non-nested models cannot be obtained by parameter restrictions (exponential vs power law)
* Likelihood ratio tests directly applicable to nested models

* Non-nested models require modified approaches (Cox test, Vuong test)

* Model selection criteria (AIC, BIC) often used for non-nested comparisons

Parametric vs nonparametric tests

» Parametric tests assume specific probability distributions (normal, Poisson)

» Nonparametric tests make fewer assumptions about underlying distributions

» Parametric likelihood ratio tests often have higher power when assumptions met
» Nonparametric alternatives include empirical likelihood ratio tests

* Rank-based methods provide nonparametric analogues to likelihood ratio tests

Applications in statistical inference

» Likelihood ratio tests find widespread use in various statistical applications
* These tests provide powerful tools for drawing inferences from data

» Understanding applications enhances ability to choose appropriate analysis methods

Parameter estimation

* Used to construct confidence intervals for parameters

* Profile likelihood methods create intervals with desired coverage properties
* Allows testing of specific parameter values or ranges

* Useful for assessing uncertainty in estimated parameters

» Can be extended to multivariate parameter spaces

Model selection

» Compares fit of nested statistical models
* Helps determine appropriate model complexity
* Penalized likelihood approaches (AIC, BIC) extend to non-nested cases

« Stepwise regression uses series of likelihood ratio tests
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 Balances model fit against parsimony

Goodness of fit assessment

+ Evaluates how well a model fits observed data

» Compares fitted model to saturated model

* Pearson chi-square and deviance tests based on likelihood ratios
* Residual analysis often accompanies likelihood ratio tests

* Helps identify potential model inadequacies or violations of assumptions

Computational aspects

+ Implementation of likelihood ratio tests involves several computational considerations
« Efficient algorithms and software tools facilitate practical application

» Understanding computational methods aids in proper test execution and interpretation

Maximum likelihood estimation

* Finds parameter values maximizing likelihood function

« Often requires numerical optimization techniques

» Newton-Raphson method commonly used for smooth likelihood functions
« EM algorithm useful for models with latent variables or missing data

+ Gradient descent methods applicable to high-dimensional problems

Numerical optimization techniques

« Iterative methods often necessary to maximize likelihood functions

* Line search algorithms (golden section search, Brent's method) for univariate optimization
* Trust region methods provide alternatives to line search approaches

* Quasi-Newton methods (BFGS, L-BFGS) approximate Hessian matrix

+ Stochastic optimization techniques useful for complex likelihood landscapes

Software implementations
« Statistical software packages offer built-in likelihood ratio test functions
* R provides anova() function for nested model comparisons
* Python's statsmodels library includes likelihood ratio test capabilities
* SAS implements likelihood ratio tests through PROC GENMOD and other procedures

» Custom implementations possible using optimization libraries (scipy.optimize, optim)
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Limitations and alternatives

* Likelihood ratio tests have certain limitations and assumptions
* Understanding these constraints helps in proper test application

« Alternative methods can address specific limitations of likelihood ratio tests

Small sample considerations

» Asymptotic chi-square approximation may be poor for small samples
 Exact tests or Monte Carlo methods provide alternatives

« Bartlett correction improves chi-square approximation for some models
* Bootstrap techniques can assess sampling distribution of test statistic

» Permutation tests offer distribution-free alternatives for small samples

Robustness issues

* Sensitivity to outliers or model misspecification

* M-estimators provide robust alternatives to maximum likelihood

* Influence functions assess impact of individual observations on test results
* Robust likelihood ratio tests based on density power divergence

» Sandwich estimators correct for certain types of model misspecification

Bayesian alternatives

* Bayes factors compare posterior odds of competing models

* Posterior predictive p-values assess model fit in Bayesian framework
* Deviance information criterion (DIC) for Bayesian model selection

» Bayesian model averaging addresses model uncertainty

« Integrated nested Laplace approximations (INLA) for efficient Bayesian inference

Extensions and variations

+ Several extensions and variations of likelihood ratio tests exist
» These modified tests address specific statistical scenarios or assumptions

» Understanding extensions broadens applicability of likelihood ratio testing framework

Generalized likelihood ratio test

* Applies to composite hypotheses where nuisance parameters present
» Maximizes likelihood over nuisance parameters for each hypothesis

* Test statistic based on ratio of maximized likelihoods
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» Asymptotically follows chi-square distribution under regularity conditions

* Useful for testing subsets of parameters in multiparameter models

Conditional likelihood ratio test

+ Used when full likelihood factorizes into marginal and conditional components
* Tests based on conditional likelihood given sufficient statistics

* Eliminates nuisance parameters through conditioning

* Applicable to stratified data or matched case-control studies

* Provides exact tests for some discrete data models (Fisher's exact test)

Profile likelihood ratio test

» Addresses nuisance parameters by profiling over them

* Maximizes likelihood with respect to nuisance parameters for each value of parameter of interest
* Resulting profile likelihood treated as function of parameter of interest

* Useful for constructing confidence intervals with correct coverage

» Can be computationally intensive for models with many nuisance parameters

8.5 Multiple testing

Multiple testing is a crucial concept in modern statistical analysis, addressing the challenges of performing
numerous hypothesis tests simultaneously. It's essential for maintaining the validity of conclusions when
dealing with high-dimensional datasets, balancing the need to identify significant results with the risk of
false positives.

This topic covers various correction methods, including family-wise error rate and false discovery rate
control. It explores techniques like Bonferroni correction, Holm's procedure, and the Benjamini-Hochberg
method, discussing their applications in genomics, clinical trials, and neuroimaging studies.

Concept of multiple testing

» Addresses the statistical challenge of performing numerous hypothesis tests simultaneously in
large-scale data analysis

+ Crucial in modern statistical inference to maintain the validity of conclusions when dealing with
high-dimensional datasets

« Balances the need to identify significant results with the risk of false positives in complex experimental
designs

Definition and importance

* Refers to conducting multiple statistical tests on the same dataset simultaneously

* Becomes essential when analyzing large-scale experiments with thousands of variables (gene
expression studies)

* Mitigates the increased probability of Type | errors when performing multiple comparisons
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* Ensures the overall reliability of research findings in fields like genomics and neuroimaging

Family-wise error rate

* Probability of making at least one Type | error in a set of hypothesis tests
« Calculated as FWER =1 — (1 — @)™ where a is the significance level and m is the number of tests
* Increases rapidly with the number of tests performed, leading to inflated false positive rates

« Controls the probability of any false discoveries, making it a stringent criterion for multiple testing

False discovery rate

 Expected proportion of false positives among all rejected null hypotheses

« Calculated as FDR = E[£] where V is the number of false positives and R is the total number of
rejected nulls

* Provides a less conservative approach compared to FWER, allowing for more discoveries in
large-scale studies

* Particularly useful in exploratory research where some false positives can be tolerated

Types of multiple testing
* Encompasses various correction methods designed to address the multiple testing problem
» Aims to adjust p-values or critical values to maintain a desired overall error rate

« Balances the trade-off between Type | and Type |l errors in multiple comparisons

Bonferroni correction
» Simplest and most conservative approach to control FWER
« Adjusts the significance level by dividing a by the number of tests: Qadjusted = 7%
» Guarantees control of FWER but often leads to a substantial loss of statistical power

« Suitable for situations with a small number of independent tests (10-20 comparisons)

Holm's step-down procedure

» Sequential method that offers more power than Bonferroni while still controlling FWER
+ Orders p-values from smallest to largest and compares them to increasingly less stringent thresholds
* Stops at the first non-significant result and rejects all previous hypotheses

* Particularly effective when there are many true alternative hypotheses

Hochberg's step-up procedure

« Similar to Holm's procedure but works in reverse order, starting with the largest p-value
» More powerful than Holm's method when test statistics are independent or positively dependent

» Compares p-values to increasingly more stringent thresholds as it moves towards smaller p-values
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« Stops at the first significant result and rejects all subsequent hypotheses

Benjamini-Hochberg procedure
+ Controls the false discovery rate instead of FWER, offering a less stringent criterion
* Orders p-values from smallest to largest and compares them to a linear step-up threshold
* Defines the threshold as % * @ where i is the rank of the p-value and m is the total number of tests

» Widely used in genomics and other high-dimensional data analyses due to its balance of power and
error control

Multiple testing problems
* Arise from the increased likelihood of false positives when conducting numerous statistical tests
* Require careful consideration of error rates and power in experimental design and analysis

« Influence the interpretation and reliability of research findings across various scientific disciplines

Type | error inflation
» Occurs when the probability of falsely rejecting the null hypothesis increases with multiple tests
+ Calculated as 1 — (1 — a)™ for m independent tests at significance level a
* Leads to an exponential growth in the overall error rate as the number of tests increases

* Necessitates correction methods to maintain the validity of statistical inferences

Type Il error considerations
* Refers to the failure to reject a false null hypothesis in multiple testing scenarios
* Becomes more prevalent as correction methods increase the stringency of significance thresholds
* Impacts the ability to detect true effects, especially in studies with limited sample sizes

» Requires careful balancing with Type | error control to optimize statistical power

Power vs conservatism

* Represents the trade-off between detecting true effects and controlling false positives
» More conservative methods (Bonferroni) reduce Type | errors but increase Type Il errors

* Less conservative approaches (FDR control) allow for more discoveries but with a higher false
positive rate

» Optimal choice depends on the specific research context and the relative costs of different types of
errors

Controlling family-wise error rate
* Focuses on limiting the probability of making any false discoveries across all hypothesis tests

* Provides strong control against Type | errors in multiple comparison scenarios
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« Particularly important in confirmatory research where false positives have significant consequences

Single-step methods

* Apply the same adjustment to all p-values or critical values simultaneously
« Include techniques like Bonferroni correction and Sidak correction
« Offer simplicity in implementation but often result in overly conservative results

 Calculated as Padjusted = min(1, m - p) for Bonferroni correction, where m is the number of tests

Step-down methods

« Start with the most significant result and sequentially test less significant results
* Provide more power than single-step methods while still controlling FWER
* Include procedures like Holm's method and Hochberg's method

* Particularly effective when there are many true alternative hypotheses in the dataset

Step-up methods
+ Begin with the least significant result and work towards more significant ones
« Often provide more power than step-down methods, especially for independent tests
* Include techniques like Hochberg's procedure and Hommel's method

* Require careful consideration of test statistic dependencies for valid application

Controlling false discovery rate

* Focuses on limiting the expected proportion of false positives among rejected null hypotheses

« Offers a less stringent criterion compared to FWER, allowing for more discoveries in large-scale
studies

« Particularly useful in exploratory research and high-dimensional data analysis (genomics)

Linear step-up procedure

+ Refers to the original Benjamini-Hochberg procedure for controlling FDR
* Orders p-values from smallest to largest and compares them to a linearly increasing threshold
* Rejects all hypotheses with p-values smaller than the largest p-value meeting the threshold

* Calculated as pP) = % * d where q is the desired FDR level

Adaptive procedures

» Modify the original BH procedure to account for the proportion of true null hypotheses
* Include methods like Storey's g-value approach and the two-stage BH procedure
« Offer increased power when many true alternative hypotheses exist in the dataset

+ Estimate the proportion of true nulls to adjust the FDR threshold dynamically
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g-value approach
» Extends the concept of p-values to multiple testing scenarios with FDR control
* Represents the minimum FDR at which a test would be called significant

* Calculated by estimating the proportion of true null hypotheses and adjusting p-values accordingly

* Provides a more interpretable measure of significance in large-scale multiple testing problems
Multiple testing in practice

* Applies correction methods to real-world research scenarios across various scientific disciplines
» Requires careful consideration of study design, data structure, and research objectives

« Influences the interpretation and reporting of results in complex experimental settings
Genomics applications

« Utilizes multiple testing corrections in gene expression studies and genome-wide association studies
* Deals with millions of simultaneous tests when analyzing single nucleotide polymorphisms (SNPs)
+ Often employs FDR control methods due to the exploratory nature of many genomics studies

» Requires consideration of linkage disequilibrium and other genetic correlations in correction
procedures

Clinical trials
* Applies multiple testing corrections in studies with multiple endpoints or subgroup analyses
+ Often uses FWER control methods due to the confirmatory nature of many clinical trials
* Requires pre-specification of primary and secondary endpoints to maintain statistical validity
* Influences the design of adaptive clinical trials and interim analyses
Neuroimaging studies
» Employs multiple testing corrections when analyzing brain activity across thousands of voxels
« Utilizes spatial correlation information to develop more powerful correction methods
» Often combines voxel-wise and cluster-based thresholding approaches

* Requires consideration of the multiple comparisons problem in both spatial and temporal dimensions
Advanced multiple testing concepts

+ Explores sophisticated techniques for addressing complex multiple testing scenarios
+ Accounts for dependencies between test statistics and hierarchical data structures

* Develops methods to increase power while maintaining error rate control in challenging settings
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Resampling-based methods

« Utilize techniques like permutation tests and bootstrap procedures for multiple testing correction
* Provide non-parametric alternatives that can account for complex data dependencies
* Include methods like the maxT and minP procedures for FWER control

« Offer increased power in scenarios where parametric assumptions may not hold

Dependent test statistics

» Addresses the challenge of correlated test statistics in multiple testing scenarios
* Develops methods that account for the correlation structure to improve power
* Includes techniques like the Westfall-Young method and the Benjamini-Yekutieli procedure

* Particularly relevant in genomics and neuroimaging studies with inherent data dependencies

Hierarchical testing

* Incorporates the hierarchical structure of hypotheses into the multiple testing framework
* Includes methods like the fixed sequence procedure and the gatekeeping procedure

+ Allows for more powerful tests of primary hypotheses while controlling error rates for secondary
hypotheses

« Particularly useful in clinical trials with pre-specified hierarchies of endpoints

Multiple testing vs single testing

» Compares the statistical approaches and considerations between multiple and single hypothesis
testing

« Highlights the need for different methodologies when dealing with large-scale data analysis

* Influences the interpretation of results and the overall reliability of research findings

Advantages and disadvantages

* Multiple testing allows for comprehensive analysis of complex datasets but increases the risk of false
positives

» Single testing provides straightforward interpretation but may miss important relationships in
large-scale studies

+ Multiple testing correction methods reduce false positives but can decrease statistical power

* Single testing avoids the need for complex corrections but limits the scope of analysis in
high-dimensional data

When to use multiple testing

* Appropriate for large-scale studies with numerous variables or hypotheses (genomics, neuroimaging)

* Necessary when conducting exploratory analyses to identify potential effects for further investigation
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* Crucial in scenarios where false positives could lead to significant consequences or resource waste

* Beneficial in studies aiming to provide a comprehensive understanding of complex systems or
phenomena

Impact on statistical inference

 Multiple testing corrections influence the threshold for declaring statistical significance
« Affects the interpretation of p-values and confidence intervals in the context of multiple comparisons
* Requires careful reporting of both unadjusted and adjusted results for transparency

* Influences the design of future studies based on the outcomes of multiple testing analyses

Software and tools

* Provides researchers with computational resources to implement multiple testing corrections
+ Enables efficient analysis of large-scale datasets across various scientific disciplines

+ Facilitates the application of advanced multiple testing methods in practical research settings

R packages for multiple testing

* Includes popular packages like multtest, qvalue, and fdrtool for implementing various correction
methods

« Offers functions for FWER control (Bonferroni, Holm) and FDR control (Benjamini-Hochberg)
* Provides visualization tools for exploring multiple testing results (Manhattan plots, Q-Q plots)

« Allows for customization and integration with other statistical analysis workflows in R

SAS procedures

« Utilizes procedures like PROC MULTTEST for multiple testing corrections in SAS
« Offers options for various FWER and FDR control methods within a unified framework
* Provides integration with other SAS procedures for comprehensive statistical analysis

« Allows for handling of complex experimental designs and data structures in clinical trials
Python libraries

* Includes modules like statsmodels and scikit-learn for implementing multiple testing corrections

« Offers functions for p-value adjustment and FDR control in high-dimensional data analysis

* Provides integration with machine learning workflows and data visualization libraries

* Enables efficient processing of large-scale datasets through vectorized operations and parallelization
Limitations and considerations

» Acknowledges the challenges and potential pitfalls in applying multiple testing corrections

» Emphasizes the importance of understanding assumptions and limitations of various methods
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+ Guides researchers in appropriately interpreting and reporting results from multiple testing analyses

Assumptions in multiple testing

* Includes assumptions about the independence or specific dependence structures of test statistics
* Considers the uniformity of p-values under the null hypothesis for certain correction methods
» Addresses the impact of violations of these assumptions on the validity of correction procedures

* Requires careful consideration of the underlying data structure and experimental design

Interpretation of results

» Emphasizes the distinction between statistical significance and practical importance in multiple testing
contexts

+ Considers the impact of sample size and effect size on the outcomes of multiple testing corrections
» Addresses the challenge of interpreting adjusted p-values and their relationship to original hypotheses

» Requires careful consideration of the scientific context and potential biological or clinical relevance of
findings

Reporting multiple testing results
» Emphasizes the importance of transparency in describing the multiple testing procedure used
* Recommends reporting both unadjusted and adjusted p-values for comprehensive interpretation

* Suggests including measures of effect size alongside statistical significance results

* Encourages discussion of the potential impact of multiple testing on the study's conclusions and future
research directions
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Unit 9 — Bayesian statistics

9.1 Bayesian inference

Bayesian inference is a powerful statistical approach that updates beliefs based on new evidence. It
combines prior knowledge with observed data to form posterior probabilities, allowing for more nuanced
and flexible analysis than traditional frequentist methods.

This topic explores the foundations of Bayesian inference, including Bayes' theorem, prior and posterior
distributions, and likelihood functions. It also compares Bayesian and frequentist approaches, discussing
their strengths and limitations in statistical analysis and decision-making.

Foundations of Bayesian inference
« Bayesian inference forms a cornerstone of probabilistic reasoning in Theoretical Statistics
* Provides a framework for updating beliefs based on observed data and prior knowledge

* Allows for incorporation of uncertainty in statistical models and decision-making processes

Bayes' theorem

» Fundamental equation in Bayesian statistics expresses posterior probability in terms of prior,
likelihood, and evidence

« Mathematical formulation: P(A|B) = %

+ Enables updating of probabilities as new information becomes available

* Applied in various fields (medical diagnosis, machine learning, forensic science)
Prior vs posterior distributions
* Prior distribution represents initial beliefs or knowledge about parameters before observing data
« Posterior distribution incorporates both prior knowledge and observed data to update beliefs
+ Relationship expressed as: Posterior « Likelihood X Prior

* Posterior distribution serves as the basis for Bayesian inference and decision-making

Likelihood function

* Probability of observing the data given specific parameter values
* Represents how well the model explains the observed data
« Denoted as L(B8|x) = P(x|6) where 6 represents parameters and x represents data

* Plays crucial role in connecting prior and posterior distributions

Marginal likelihood

« Also known as evidence or model evidence

* Represents the probability of observing the data under all possible parameter values
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* Calculated by integrating the product of likelihood and prior over all parameter values
» Used in model comparison and Bayes factor calculations

« Mathematically expressed as: P(x) = fP(x|6)P(8)d9

Bayesian vs frequentist approaches

» Bayesian and frequentist approaches represent two major paradigms in statistical inference
* Both aim to draw conclusions from data but differ in their philosophical foundations

» Understanding these differences enhances the ability to choose appropriate methods for statistical
analysis

Philosophical differences

» Bayesian approach treats parameters as random variables with probability distributions
* Frequentist approach considers parameters as fixed, unknown constants
* Bayesians incorporate prior knowledge, while frequentists rely solely on observed data

 Bayesian inference focuses on updating beliefs, frequentist inference on long-run properties of
estimators

Practical implications

» Bayesian methods provide direct probability statements about parameters

* Frequentist methods rely on p-values and confidence intervals for inference

» Bayesian approach allows for sequential updating of beliefs as new data arrives
* Frequentist methods often require larger sample sizes for reliable inference

+ Bayesian analysis can handle small sample sizes more effectively

Strengths and limitations

» Bayesian strengths include intuitive interpretation and incorporation of prior knowledge
+ Bayesian limitations involve computational complexity and sensitivity to prior choices
* Frequentist strengths include objectivity and well-established theoretical properties

+ Frequentist limitations include difficulty in handling complex models and inability to update beliefs

Prior distributions

« Prior distributions play a crucial role in Bayesian inference by incorporating existing knowledge
* Represent beliefs about parameters before observing data
+ Choice of prior can significantly impact posterior inference, especially with limited data

+ Balancing informativeness and objectivity presents a key challenge in prior selection
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Types of priors
* Discrete priors for parameters with finite possible values
* Continuous priors for parameters with infinite possible values
» Parametric priors with specific distributional forms (normal, gamma, beta)

» Non-parametric priors allowing for more flexible representations of uncertainty

Informative vs non-informative priors

* Informative priors incorporate strong prior beliefs or expert knowledge

 Non-informative priors aim to have minimal impact on posterior inference

« Jeffreys priors designed to be invariant under parameter transformations

* Reference priors maximize the expected Kullback-Leibler divergence between prior and posterior
Conjugate priors

* Priors that result in posterior distributions of the same family as the prior

« Simplify posterior calculations and enable closed-form solutions

» Examples include beta-binomial, normal-normal, and gamma-Poisson conjugate pairs

* Provide computational advantages in Bayesian inference
Improper priors

* Priors that do not integrate to a finite value

+ Used to represent vague or minimal prior information

* Can lead to proper posterior distributions if likelihood is sufficiently informative

» Require careful consideration to ensure posterior propriety and valid inference

Posterior distribution
* Posterior distribution represents updated beliefs about parameters after observing data
» Combines prior knowledge with information from observed data through Bayes' theorem
» Serves as the basis for Bayesian inference, prediction, and decision-making
* Provides a complete probabilistic description of uncertainty about parameters

Derivation and interpretation
« Derived using Bayes' theorem: P(8|x) = w
* Represents the probability distribution of parameters given observed data

* Allows for direct probability statements about parameters of interest

* Interpretation depends on the choice of prior and the observed data
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Credible intervals

 Bayesian alternative to frequentist confidence intervals
* Provide a range of values that contain the true parameter with a specified probability
» Equal-tailed credible interval uses quantiles of the posterior distribution

* Highest Posterior Density (HPD) interval minimizes the width for a given probability

Highest posterior density

* Region of the parameter space with highest posterior probability density
» Represents the most probable values of the parameter given the data and prior
* Used to construct HPD credible intervals

* Provides a concise summary of the posterior distribution's shape and location

Bayesian computation methods

» Bayesian computation methods enable inference for complex models and large datasets
+ Address challenges in calculating posterior distributions analytically
* Provide numerical approximations to posterior distributions and related quantities

* Essential for practical implementation of Bayesian inference in real-world problems

Markov Chain Monte Carlo

 Family of algorithms for sampling from probability distributions
+ Constructs a Markov chain with the desired distribution as its equilibrium distribution
+ Enables sampling from high-dimensional and complex posterior distributions

» Widely used in Bayesian inference, statistical physics, and machine learning
Gibbs sampling

* Special case of Markov Chain Monte Carlo for multivariate distributions

» Samples each variable conditionally on the current values of other variables

* Particularly useful for hierarchical models and models with conjugate priors

» Converges to the target distribution under mild conditions

Metropolis-Hastings algorithm

* General-purpose MCMC algorithm for sampling from arbitrary target distributions
* Proposes new states and accepts or rejects based on acceptance probability
* Allows for sampling from distributions known only up to a normalizing constant

* Forms the basis for many advanced MCMC methods (Hamiltonian Monte Carlo, Reversible Jump
MCMC)
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Bayesian model selection

» Bayesian model selection provides a framework for comparing and choosing between competing
models

* Incorporates model complexity and fit to data in a principled manner
* Allows for uncertainty quantification in model selection process

» Addresses limitations of frequentist model selection approaches

Bayes factors

+ Ratio of marginal likelihoods of two competing models
+ Quantify the relative evidence in favor of one model over another
* Interpretation based on scales proposed by Harold Jeffreys or Robert Kass and Adrian Raftery

PX|M
+ Calculated as: BF12 = p—E’;IMﬂ

Posterior model probabilities

* Probabilities assigned to each model after observing the data
* Incorporate prior model probabilities and Bayes factors

« Allow for direct statements about model plausibility

* Calculated using Bayes' theorem:

) = POIMIPM)
PIMIX) = Sy
i

Bayesian Information Criterion

 Approximation to the log marginal likelihood for large sample sizes
+ Balances model fit and complexity through a penalty term
« Defined as: BIC = —=2In(L) + kIn(n)

» Used for model selection when computing Bayes factors directly becomes infeasible

Hierarchical Bayesian models

« Hierarchical models represent complex systems with multiple levels of uncertainty
* Allow for sharing of information across groups or subpopulations
* Provide a flexible framework for modeling structured data

» Enable more robust inference and improved parameter estimation

Structure and components

 Multiple levels of parameters with dependencies between levels

* Lower-level parameters modeled as draws from distributions governed by higher-level parameters
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* Typically represented as directed acyclic graphs (DAGs)

« Example structure: data — group-level parameters — population-level parameters

Hyperparameters
» Parameters that govern the distribution of other parameters in the model
« Often represent population-level characteristics or variability
* Allow for pooling of information across groups or individuals

« Estimated from data along with other model parameters

Applications in complex systems
» Multilevel regression models in social sciences and education research
» Random effects models in longitudinal studies and meta-analysis
« Spatial and spatiotemporal models in environmental sciences and epidemiology

* Topic models in natural language processing and text analysis

Bayesian decision theory
+ Bayesian decision theory provides a framework for making optimal decisions under uncertainty
* Incorporates probability theory and utility theory to evaluate decision alternatives
* Allows for consideration of both prior knowledge and observed data in decision-making

» Widely applied in fields such as economics, finance, and artificial intelligence

Loss functions
» Quantify the cost or penalty associated with different decisions and outcomes
» Common loss functions include squared error, absolute error, and 0-1 loss
* Choice of loss function depends on the specific problem and decision-maker's preferences

« Mathematically represented as L(6, @) where 0 is the true state and a is the action taken
Utility functions

» Represent the decision-maker's preferences over different outcomes

* Inverse of loss functions, measuring the desirability of outcomes

» Often assumed to be monotonic and continuous

» Examples include linear utility, logarithmic utility, and exponential utility functions
Optimal decision making

* Involves choosing actions that maximize expected utility or minimize expected loss

* Bayes risk defined as the expected loss over all possible outcomes
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 Optimal decision rule minimizes the Bayes risk

* Incorporates both prior knowledge and observed data through the posterior distribution

Bayesian hypothesis testing

» Bayesian hypothesis testing provides an alternative to frequentist null hypothesis significance testing

* Allows for direct comparison of competing hypotheses or models
* Incorporates prior probabilities of hypotheses and observed data

* Provides more intuitive interpretation of evidence strength

Posterior odds

* Ratio of posterior probabilities of two competing hypotheses

» Combines prior odds with Bayes factor to update beliefs about hypotheses

. P(H1|Xx) _ P(x|H1) |, P(H1)
« Calculated as: P(H2|x) — P(x|H2) P(H;)

* Allows for direct statements about the relative plausibility of hypotheses

Bayesian vs frequentist hypothesis tests

* Bayesian tests provide probabilities of hypotheses given data

* Frequentist tests calculate p-values as probabilities of data given null hypothesis
» Bayesian approach allows for evidence in favor of null hypothesis

* Frequentist approach focuses on rejecting or failing to reject null hypothesis

» Bayesian tests can incorporate prior information and update beliefs sequentially

Multiple hypothesis testing

» Bayesian approach naturally accounts for multiple comparisons
* Avoids issues of p-value adjustment in frequentist multiple testing
* Hierarchical models can be used to share information across tests

* False discovery rate control through posterior probabilities of null hypotheses

Bayesian regression
» Bayesian regression extends classical regression models to incorporate prior information
* Provides full posterior distributions for regression coefficients and other parameters
* Allows for uncertainty quantification in parameter estimates and predictions
» Enables more flexible modeling approaches and improved inference in small sample settings

Linear regression models

+ Bayesian formulation of standard linear regression model
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* Prior distributions specified for regression coefficients and error variance
« Posterior distributions obtained through Bayes' theorem

» Enables probabilistic statements about regression parameters and predictions

Logistic regression models

» Bayesian approach to modeling binary or categorical outcomes
* Prior distributions specified for logistic regression coefficients
« Posterior inference often requires MCMC methods due to non-conjugacy

« Allows for more reliable inference in cases of complete or quasi-complete separation

Model comparison and averaging

» Bayesian model comparison using Bayes factors or posterior model probabilities
* Model averaging combines predictions from multiple models weighted by their posterior probabilities
* Accounts for model uncertainty in inference and prediction

+ Improves predictive performance by incorporating information from multiple plausible models

9.2 Prior and posterior distributions

Prior and posterior distributions are fundamental concepts in Bayesian statistics. They allow us to
incorporate existing knowledge into our analyses and update our beliefs as new data becomes available.
This process of combining prior information with observed data forms the core of Bayesian inference.

Bayesian methods offer a flexible framework for statistical reasoning. By using prior distributions, we can
account for uncertainty in our initial beliefs, while posterior distributions provide a complete picture of our
updated knowledge after observing data. This approach enables more nuanced decision-making and
uncertainty quantification.

Concept of prior distributions
« Prior distributions form the foundation of Bayesian inference in Theoretical Statistics
» Encapsulate existing knowledge or beliefs about parameters before observing data

« Allow incorporation of expert knowledge or historical information into statistical analysis

Types of prior distributions

« Continuous priors include normal, gamma, and beta distributions

* Discrete priors encompass Poisson, binomial, and negative binomial distributions
« Improper priors have infinite mass but can still lead to proper posteriors

« Jeffreys priors derived from Fisher information matrix

» Empirical priors estimated from data rather than specified a priori
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Informative vs non-informative priors
* Informative priors contain substantial information about the parameter
 Non-informative priors aim to have minimal impact on posterior inference
« Uniform priors assign equal probability to all possible parameter values
» Reference priors maximize expected Kullback-Leibler divergence between prior and posterior

» Weakly informative priors provide some constraint while allowing data to dominate

Conjugate prior distributions

+ Conjugate priors result in posteriors from the same distribution family

« Simplify calculations by providing closed-form posterior expressions

* Beta-binomial conjugacy used for proportion estimation

* Normal-normal conjugacy applied in mean estimation with known variance

» Gamma-Poisson conjugacy employed for rate parameter inference

Elicitation of prior information

« Structured interviews with domain experts to quantify beliefs

* Probability encoding techniques translate verbal descriptions into numerical priors
* Historical data analysis informs prior parameter choices

» Meta-analysis of previous studies synthesizes prior knowledge

« Sensitivity analysis assesses robustness to different prior specifications

Likelihood function

« Likelihood function quantifies the plausibility of observed data given parameter values
* Plays a crucial role in connecting prior beliefs with empirical evidence

» Forms the bridge between frequentist and Bayesian approaches in Theoretical Statistics

Role in Bayesian inference

* Represents the information contained in the observed data about the parameters

* Modifies prior beliefs to form posterior distribution

* Likelihood principle states all relevant information is contained in the likelihood function
+ Serves as a weighting function for prior distribution in Bayes' theorem

 Determines the relative influence of prior and data on posterior inference

Relationship to prior distribution

* Prior and likelihood combined through multiplication in Bayes' theorem
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* Likelihood dominates posterior when sample size is large or prior is weak
* Prior dominates posterior when sample size is small or prior is strong
+ Conjugate priors chosen to simplify likelihood-prior interaction

» Non-conjugate priors require numerical integration or sampling methods

Maximum likelihood estimation

* Finds parameter values that maximize the likelihood function

« Serves as a point estimate in both frequentist and Bayesian frameworks
» Asymptotically efficient under certain regularity conditions

» Can be used to construct confidence intervals in frequentist inference

+ Often serves as a starting point for more complex Bayesian analyses

Posterior distributions

« Posterior distributions represent updated beliefs after observing data
» Combine prior knowledge with likelihood information

« Central to Bayesian inference and decision-making in Theoretical Statistics

Bayes' theorem application

* Posterior probability proportional to prior probability times likelihood

» Normalizing constant ensures posterior integrates to one

« Conjugate priors simplify posterior calculations

* Numerical methods required for complex models or non-conjugate priors

» Sequential updating allows incorporation of new data over time

Interpretation of posterior probabilities

» Represent degree of belief in parameter values after observing data

« Allow for probabilistic statements about parameters (credible intervals)
* Provide full uncertainty quantification beyond point estimates

» Enable direct probability statements about hypotheses

« Facilitate decision-making under uncertainty

Point estimates from posteriors

*» Posterior mean minimizes squared error loss
* Posterior median minimizes absolute error loss
* Maximum a posteriori (MAP) estimate maximizes posterior density

» Posterior mode coincides with MAP for unimodal distributions
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* Choice of point estimate depends on loss function and decision problem

Updating prior beliefs
* Bayesian updating allows for sequential incorporation of new information
+ Reflects the dynamic nature of knowledge acquisition in scientific inquiry

» Fundamental to adaptive learning systems in Theoretical Statistics

Sequential Bayesian updating

* Posterior from one analysis becomes prior for the next

* Allows for real-time updating as new data arrives

» Maintains computational efficiency by avoiding reprocessing of old data
* Particularly useful in online learning and streaming data contexts

* Enables adaptive experimental design and sequential decision-making

Posterior as new prior

» Encapsulates all available information up to current time point

« Simplifies storage and computation by summarizing historical data
* Facilitates transfer learning across related problems or domains

* Allows for incorporation of multiple data sources or expert opinions

+ Enables hierarchical modeling and meta-analysis frameworks

Computational methods

» Advanced computational techniques enable Bayesian analysis of complex models
» Overcome limitations of analytical solutions in high-dimensional problems

* Essential tools for modern Bayesian inference in Theoretical Statistics

Markov Chain Monte Carlo

» Generates samples from posterior distribution through random walks
» Metropolis-Hastings algorithm provides a general MCMC framework
* Gibbs sampling simplifies MCMC for conditionally conjugate models
* Hamiltonian Monte Carlo improves efficiency in high dimensions

+ Diagnostics (Gelman-Rubin, effective sample size) assess convergence and mixing

Gibbs sampling
* Iteratively samples from full conditional distributions of each parameter

« Particularly efficient for hierarchical and conditionally conjugate models
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« Easily parallelizable for high-dimensional problems
» Automatic tuning methods available (adaptive Gibbs)

« Useful for missing data imputation and latent variable models

Metropolis-Hastings algorithm

* Proposes new parameter values and accepts/rejects based on probability ratio
* Allows sampling from arbitrary target distributions

* Tuning of proposal distribution crucial for efficiency

» Adaptive methods automatically adjust proposal during sampling

» Forms the basis for more advanced MCMC techniques (tempering, slice sampling)
Sensitivity analysis
* Assesses the robustness of Bayesian inferences to modeling assumptions

« Critical for understanding the reliability and generalizability of results

+ Essential component of rigorous Bayesian analysis in Theoretical Statistics

Impact of prior choice

» Compares results across different prior specifications

* Assesses influence of prior on posterior inferences

« Identifies potential prior-data conflict

* Helps determine appropriate level of prior informativeness

* Guides selection of default priors for routine analyses

Robustness of posterior inferences

» Examines stability of conclusions across different model specifications
* Assesses sensitivity to outliers and influential observations

+ Evaluates impact of different likelihood functions

» Compares results from Bayesian and frequentist approaches

* Guides reporting of uncertainty in final inferences and decisions

Applications in decision theory

+ Bayesian decision theory provides a framework for optimal decision-making
* Integrates probabilistic inference with utility-based decision rules

» Fundamental to many areas of applied statistics and machine learning
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Loss functions

» Quantify consequences of decisions under uncertainty

 Squared error loss leads to posterior mean as optimal estimator

* Absolute error loss results in posterior median as optimal estimator
* 0-1 loss function for classification problems

» Custom loss functions tailored to specific application domains

Bayesian decision rules

* Minimize expected posterior loss

+ Account for full posterior uncertainty in decision-making

* Allow for asymmetric costs of different types of errors

* Incorporate prior probabilities of different states of nature

» Enable optimal experimental design and sample size determination

Hierarchical Bayesian models

* Hierarchical models capture complex dependencies in multi-level data
* Allow for partial pooling of information across groups or individuals

» Powerful tool for analyzing clustered or longitudinal data in Theoretical Statistics

Multilevel priors

« Specify priors at different levels of data hierarchy

* Group-level priors inform individual-level parameters

» Enable borrowing of strength across groups or individuals
* Naturally handle unbalanced designs and missing data

« Facilitate modeling of random effects and variance components

Hyperparameters

» Parameters of prior distributions in hierarchical models

« Control degree of shrinkage or pooling across groups

« Often assigned weakly informative priors

 Can be estimated from data (empirical Bayes) or given informative priors

* Sensitivity analysis assesses impact of hyperprior choices

Empirical Bayes methods

« Empirical Bayes combines Bayesian and frequentist approaches
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* Estimates prior parameters from the data itself

+ Bridges gap between fully Bayesian and classical methods in Theoretical Statistics

Estimation of prior parameters

» Maximum likelihood estimation of hyperparameters

* Method of moments for simple conjugate models

* EM algorithm for more complex hierarchical models

+ Cross-validation techniques for tuning hyperparameters

» Parametric and nonparametric approaches to prior estimation

Advantages and limitations

* Provides data-driven prior specification

» Computationally efficient compared to full Bayesian analysis

+ Can lead to improved estimation in high-dimensional problems

» May underestimate uncertainty by treating estimated priors as known

* Potential for overfitting if sample size is small relative to model complexity

Bayesian vs frequentist approaches

» Comparison of two fundamental paradigms in statistical inference
» Ongoing debate in statistical theory and practice

+ Important for understanding the foundations of Theoretical Statistics

Philosophical differences

» Bayesian approach treats parameters as random variables

* Frequentist approach considers parameters as fixed but unknown
* Bayesian inference based on posterior probabilities

* Frequentist inference relies on sampling distributions and p-values

» Bayesian methods naturally incorporate prior information

Practical implications

» Bayesian methods provide direct probability statements about parameters

* Frequentist methods focus on long-run properties of estimators

» Bayesian approach handles small samples and complex models more naturally
* Frequentist methods often computationally simpler for standard problems

» Choice between approaches often depends on specific application and available resources
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9.3 Conjugate priors

Conjugate priors simplify Bayesian inference by providing closed-form solutions for posterior distributions.
They enable efficient updating of beliefs as new data becomes available, making them invaluable in many
statistical applications.

Understanding conjugate priors is crucial for performing Bayesian analysis effectively. This topic covers
their definition, properties, common families, mathematical foundations, advantages, limitations, and
practical applications in statistical modeling.

Definition of conjugate priors

« Conjugate priors form a fundamental concept in Bayesian statistics, providing a framework for
updating beliefs based on observed data

* In Theoretical Statistics, conjugate priors simplify the process of posterior distribution calculation,
making Bayesian inference more tractable

» Understanding conjugate priors enhances our ability to perform efficient statistical analysis and make
informed decisions under uncertainty

Concept of prior distributions

« Prior distributions represent initial beliefs or knowledge about parameters before observing data
* Incorporate domain expertise or historical information into statistical models

* Typically expressed as probability distributions over possible parameter values

» Can be informative (strong prior beliefs) or non-informative (minimal prior knowledge)

« Serve as starting point for Bayesian inference, updated with new data to form posterior distributions

Conjugacy in Bayesian inference

+ Occurs when prior and posterior distributions belong to the same family of probability distributions
» Enables closed-form solutions for posterior calculations, avoiding complex numerical integration

« Simplifies the process of updating beliefs as new data becomes available

» Maintains mathematical consistency throughout the inference process

* Allows for iterative updating of parameters as more data is collected over time

Properties of conjugate priors

* Closure under sampling ensures posterior distribution remains in the same family as the prior

» Hyperparameters of conjugate priors have intuitive interpretations related to prior sample size or
strength of belief

* Facilitate sequential updating of beliefs without recalculating entire posterior each time
« Often lead to analytically tractable posterior predictive distributions

* Preserve certain mathematical properties (moments, shape) between prior and posterior distributions
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Common conjugate prior families

+ Conjugate prior families play a crucial role in Bayesian analysis, providing efficient ways to update
beliefs for various likelihood functions

* In Theoretical Statistics, understanding these families enables researchers to choose appropriate
priors for different statistical models

» Mastering common conjugate prior families enhances our ability to perform Bayesian inference across
a wide range of applications

Beta-binomial conjugacy
« Beta distribution serves as conjugate prior for binomial likelihood
* Used for modeling binary outcomes or proportions (success probability in coin flips)
* Prior parameters @ and B represent pseudo-counts of successes and failures
« Posterior distribution updates by adding observed successes and failures to prior parameters

+ Useful in A/B testing, clinical trials, and quality control applications

Normal-normal conjugacy

» Normal distribution acts as conjugate prior for normal likelihood with known variance
* Applies to continuous data assumed to follow a normal distribution (heights, weights)
* Prior mean and precision (inverse variance) updated based on observed data

+ Posterior precision increases with more observations, reflecting increased certainty

» Widely used in regression analysis, signal processing, and financial modeling

Gamma-Poisson conjugacy

« Gamma distribution serves as conjugate prior for Poisson likelihood

« Suitable for modeling count data or rates (number of events in a fixed time interval)

* Prior shape and rate parameters updated by adding observed counts and time periods
* Posterior mean combines prior expectation with observed rate in a weighted average

* Applications include modeling rare events, customer arrivals, and reliability analysis

Dirichlet-multinomial conjugacy

« Dirichlet distribution acts as conjugate prior for multinomial likelihood

*» Generalizes Beta-binomial conjugacy to multiple categories (dice rolls, survey responses)
* Prior concentration parameters updated by adding observed counts for each category

* Posterior distribution reflects updated beliefs about category probabilities

+ Used in text classification, topic modeling, and market share analysis
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Mathematical foundations

» The mathematical foundations of conjugate priors are rooted in the properties of exponential family
distributions

* In Theoretical Statistics, understanding these foundations provides insights into why conjugate priors
work and how to derive them

» Mastering the mathematical underpinnings enables statisticians to extend conjugate prior concepts to
new problems and models

Exponential family distributions

* Broad class of probability distributions with specific mathematical form

* Include many common distributions (normal, binomial, Poisson, gamma)
 Characterized by natural parameters and sufficient statistics

» Possess desirable properties for statistical inference and modeling

+ Enable derivation of conjugate priors through manipulation of their canonical form

Sufficient statistics

* Contain all relevant information about parameters in a given sample
* Allow for data reduction without loss of inferential power

* Play crucial role in defining conjugate prior-likelihood pairs

« Often appear in the exponent of exponential family distributions

+ Enable efficient updating of posterior distributions in Bayesian inference

Natural parameters

* Alternative parameterization of exponential family distributions
+ Simplify mathematical manipulations in Bayesian analysis

* Directly related to sufficient statistics in exponential family form
* Facilitate derivation of conjugate priors and posterior updates

« Allow for compact representation of distributions and their relationships

Advantages of conjugate priors

« Conjugate priors offer several benefits in Bayesian analysis, making them a popular choice in many
statistical applications

* In Theoretical Statistics, understanding these advantages helps researchers select appropriate priors
and streamline their analyses

* Recognizing the strengths of conjugate priors enables statisticians to make informed decisions about
when to use them in practice
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Computational efficiency

* Closed-form solutions for posterior distributions eliminate need for numerical integration
* Reduce computational complexity in high-dimensional problems

+ Enable fast updates in real-time or streaming data scenarios

* Facilitate scalability in large-scale Bayesian inference tasks

* Allow for efficient implementation in resource-constrained environments (embedded systems)

Analytical tractability
* Closed-form expressions for posterior moments and quantiles
« Simplify derivation of credible intervals and hypothesis tests
» Enable straightforward calculation of Bayes factors for model comparison
* Facilitate theoretical analysis of Bayesian estimators and their properties

« Allow for easy visualization and interpretation of posterior distributions

Interpretability of hyperparameters

* Prior parameters often have intuitive meanings related to prior sample size or precision
* Facilitate communication of prior beliefs to non-technical stakeholders

» Enable sensitivity analysis by varying hyperparameters systematically

* Allow for incorporation of expert knowledge in a transparent manner

« Simplify the process of eliciting prior distributions from domain experts

Limitations and considerations

» While conjugate priors offer many advantages, they also come with certain limitations that must be
considered in Bayesian analysis

* In Theoretical Statistics, understanding these limitations helps researchers make informed decisions
about when to use conjugate priors and when to explore alternatives

* Recognizing the trade-offs involved in using conjugate priors enables statisticians to develop more
robust and flexible models

Inflexibility vs flexibility
+ Conjugate priors constrain the form of prior distributions, potentially limiting expressiveness
» May not capture complex prior beliefs or multimodal distributions accurately
* Trade-off between computational convenience and model flexibility
» Can lead to oversimplification of prior knowledge in some scenarios

* Non-conjugate priors offer more flexibility but often require more complex inference methods
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Sensitivity to prior choice
* Results can be sensitive to choice of conjugate prior family and hyperparameters
* Misspecified priors may lead to biased or inconsistent posterior estimates
* Importance of conducting sensitivity analyses to assess impact of prior choices
+ Challenge of balancing prior information with data-driven inference

* Need for careful consideration of prior elicitation methods and their implications

Robustness of conjugate priors

» May perform poorly in the presence of outliers or model misspecification

« Sensitivity to tail behavior of likelihood and prior distributions

* Potential for overfitting when using highly informative conjugate priors

* Trade-off between computational efficiency and robustness to model assumptions

« Importance of considering robust alternatives (heavy-tailed priors) in certain scenarios

Applications in statistical modeling

« Conjugate priors find wide-ranging applications in various areas of statistical modeling

* In Theoretical Statistics, understanding these applications helps researchers appreciate the practical
relevance of conjugate priors

« Exploring diverse use cases enables statisticians to identify opportunities for applying conjugate priors
in their own work

Bayesian linear regression

» Normal-inverse-gamma conjugate prior for regression coefficients and error variance
 Enables closed-form posterior distributions for coefficients and predictions

* Facilitates efficient model comparison and variable selection

« Allows for incorporation of prior knowledge about coefficient magnitudes and directions

+ Useful in small sample settings where regularization is needed

Hierarchical models

 Conjugate priors at different levels of hierarchical structures

» Enable efficient inference in multi-level models (random effects, mixed models)
* Facilitate sharing of information across groups or clusters

+ Allow for modeling of population-level and group-specific parameters

* Applications in meta-analysis, longitudinal studies, and spatial statistics
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Time series analysis
« Conjugate priors for state-space models and dynamic linear models
« Enable efficient filtering and smoothing algorithms (Kalman filter)
+ Facilitate online learning and adaptive forecasting
* Allow for modeling of time-varying parameters and volatility

* Applications in financial econometrics, signal processing, and control systems

Practical implementation

* Implementing conjugate priors in practice requires careful consideration of various factors

* In Theoretical Statistics, understanding practical implementation details helps researchers effectively
apply conjugate priors to real-world problems

» Mastering these practical aspects enables statisticians to develop robust and efficient Bayesian
models

Choosing appropriate conjugate priors
+ Consider the nature of the data and likelihood function
» Assess compatibility with domain knowledge and prior beliefs
« Evaluate trade-offs between computational efficiency and model flexibility

* Consider the sample size and potential for prior-data conflict

* Explore literature and previous studies for commonly used priors in similar contexts

Hyperparameter selection

« Elicit expert knowledge to inform hyperparameter choices

» Use empirical Bayes methods to estimate hyperparameters from data

» Conduct sensitivity analyses to assess impact of hyperparameter values
* Consider hierarchical priors to model uncertainty in hyperparameters

+ Balance informativeness of prior with desire for data-driven inference

Posterior updating

 Implement efficient algorithms for sequential updating of conjugate posteriors

* Develop software tools or libraries for automated posterior calculations

+ Consider parallel or distributed computing for large-scale Bayesian inference

* Implement methods for assessing convergence and mixing in MCMC samplers

* Develop visualization techniques for exploring and communicating posterior distributions
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Advanced topics

» Advanced topics in conjugate priors extend beyond basic applications, offering deeper insights and
broader applicability

* In Theoretical Statistics, exploring these advanced concepts enables researchers to tackle more
complex problems and develop innovative solutions

» Understanding these topics helps statisticians push the boundaries of Bayesian inference and adapt
to challenging scenarios

Non-conjugate priors
« Situations where conjugate priors are not available or appropriate
* Numerical methods for approximating posterior distributions (MCMC, variational inference)
* Importance of prior predictive checks and posterior predictive model checking
* Techniques for handling intractable likelihoods (approximate Bayesian computation)

+ Trade-offs between computational complexity and model expressiveness

Approximate conjugacy
» Methods for approximating non-conjugate posteriors with conjugate families
* Laplace approximations and variational inference for approximate conjugacy
» Moment matching techniques to find closest conjugate approximations
* Applications in online learning and streaming data scenarios

+ Balance between computational efficiency and accuracy of approximations

Conjugate priors in machine learning

» Bayesian neural networks with conjugate priors for weights and biases
» Gaussian processes with conjugate priors for kernel hyperparameters
« Latent Dirichlet allocation and topic modeling using conjugate priors
 Bayesian optimization with conjugate priors for acquisition functions

+ Challenges and opportunities in scaling conjugate priors to high-dimensional problems

9.4 Bayesian estimation

Bayesian estimation is a powerful approach in statistics that updates beliefs based on new data. It uses
probability theory to quantify uncertainty, incorporating prior knowledge into the estimation process. This
method contrasts with frequentist approaches, offering a more nuanced interpretation of data.

At its core, Bayesian estimation relies on Bayes' theorem, which relates conditional probabilities. This
fundamental concept allows statisticians to calculate posterior probabilities given prior beliefs and new
evidence, finding applications in various fields from medical diagnosis to machine learning.
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Foundations of Bayesian estimation

» Bayesian estimation forms a core component of theoretical statistics, providing a framework for
updating beliefs based on observed data

« Utilizes probability theory to quantify uncertainty in statistical inference, allowing for more nuanced
interpretations of data

« Contrasts with frequentist approaches by incorporating prior knowledge and beliefs into the estimation
process

Bayes' theorem

» Fundamental mathematical formula underpinning Bayesian statistics
» Expresses the relationship between conditional probabilities of events

« Mathematically represented as P(A|B) = %

+ Allows for the calculation of posterior probabilities given prior probabilities and new evidence

* Applied in various fields (medical diagnosis, spam filtering, machine learning)

Prior vs posterior distributions
* Prior distribution represents initial beliefs or knowledge about parameters before observing data
* Posterior distribution updates prior beliefs after incorporating observed data
* Relationship between prior and posterior distributions expressed through Bayes' theorem
* Posterior combines information from prior and likelihood function

« Strength of prior beliefs influences the impact of new data on posterior distribution

Likelihood function
* Represents the probability of observing the data given specific parameter values
* Plays a crucial role in connecting the prior and posterior distributions

« Typically denoted as L(8]x) = P(x|6) where 6 represents parameters and x represents observed
data

+ Can take various forms depending on the statistical model (normal, binomial, Poisson)

« Likelihood principle states that all relevant information in the data is contained in the likelihood function

Bayesian vs frequentist approaches

» Bayesian and frequentist approaches represent two major paradigms in statistical inference

* Both aim to draw conclusions from data but differ in their philosophical foundations and practical
implementations

* Understanding these differences enhances the ability to choose appropriate methods for specific
statistical problems
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Philosophical differences

» Bayesian approach treats parameters as random variables with probability distributions
* Frequentist approach views parameters as fixed, unknown constants
* Bayesians incorporate prior beliefs, while frequentists rely solely on observed data

* Interpretation of probability differs (Bayesian: degree of belief, Frequentist: long-run frequency)

* Bayesian inference allows for probabilistic statements about parameters, unlike frequentist methods

Practical implications

» Bayesian methods provide direct probability statements about parameters of interest

* Frequentist methods often rely on p-values and confidence intervals for inference

» Bayesian approach can incorporate prior knowledge, potentially leading to more precise estimates

* Frequentist methods may be more computationally efficient for certain problems

+ Bayesian methods offer more flexibility in handling complex models and hierarchical data structures

Bayesian inference process

« Bayesian inference provides a systematic approach to updating beliefs based on observed data
» Combines prior knowledge with new information to form posterior distributions

* Allows for continuous updating of beliefs as more data becomes available
Specifying prior distributions
* Involves choosing a probability distribution to represent initial beliefs about parameters

» Can be based on expert knowledge, previous studies, or theoretical considerations

* Types include informative priors (strong prior beliefs) and non-informative priors (minimal prior
information)

* Proper selection of prior distribution impacts the posterior inference

* Sensitivity analysis assesses the impact of different prior choices on results

Updating beliefs with data

* Incorporates new data to modify prior beliefs and form posterior distributions
» Uses Bayes' theorem to combine prior distribution with likelihood function

* Posterior distribution represents updated beliefs after observing data

« Strength of prior relative to data influences the extent of belief updating

» Sequential updating allows for incorporation of new data as it becomes available

Posterior distribution calculation

* Involves computing the product of prior distribution and likelihood function
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* Normalized by dividing by the marginal likelihood (evidence) to ensure proper probability distribution
 Can be analytically solved for conjugate prior-likelihood pairs
+ Often requires numerical methods (MCMC) for complex models or non-conjugate priors

» Summarized using various measures (mean, median, credible intervals) for inference and
decision-making

Types of prior distributions

« Prior distributions play a crucial role in Bayesian inference, representing initial beliefs about
parameters

+ Choice of prior distribution impacts the resulting posterior distribution and subsequent inferences

« Different types of priors serve various purposes in Bayesian analysis

Informative priors

* Incorporate substantive knowledge or expert opinion about parameters

« Can significantly influence posterior distribution, especially with limited data

» Examples include normal priors for location parameters or gamma priors for scale parameters
« Useful when strong prior information exists (previous studies, physical constraints)

* Requires careful elicitation and justification to avoid biasing results

Non-informative priors

* Designed to have minimal impact on posterior inference

* Aim to let the data dominate the analysis

* Include uniform priors, Jeffreys priors, and reference priors

* Useful when little prior information exists or to maintain objectivity

» Can lead to improper posterior distributions in some cases, requiring careful consideration
Conjugate priors

* Prior distributions that result in posterior distributions of the same family

« Simplify posterior calculations, often allowing for closed-form solutions

* Examples include beta-binomial and normal-normal conjugate pairs

« Computationally efficient, especially for large datasets or sequential updating

» May not always represent the most appropriate prior beliefs for a given problem

Bayesian point estimation

« Bayesian point estimation provides single-value estimates of parameters based on posterior
distributions

« Offers alternatives to traditional frequentist point estimators (maximum likelihood estimates)
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* Incorporates uncertainty and prior information into the estimation process

Maximum a posteriori estimation

« Estimates parameter values by finding the mode of the posterior distribution
* Represents the most probable parameter values given the data and prior

* Calculated by maximizing the product of likelihood and prior probability

» Often used as a Bayesian analog to maximum likelihood estimation

+ Can be sensitive to the choice of prior distribution

Posterior mean

* Calculates the expected value of the parameter based on the posterior distribution
* Minimizes the expected squared error loss

* Incorporates all available information in the posterior distribution

« Computed as E[8|x] = pr(9|x)d6 for continuous parameters

+ Often used when a single "best estimate" is required for decision-making

Posterior median

* Represents the middle value of the posterior distribution

* Minimizes the expected absolute error loss

» More robust to outliers compared to the posterior mean

+ Calculated as the 50th percentile of the posterior distribution

* Useful for skewed posterior distributions or when median is a more appropriate central tendency
measure

Bayesian interval estimation

* Bayesian interval estimation provides ranges of plausible parameter values based on posterior
distributions

« Offers probabilistic interpretations of parameter uncertainty

+ Contrasts with frequentist confidence intervals in interpretation and calculation

Credible intervals

* Intervals containing a specified probability mass of the posterior distribution

* Directly interpretable as probability statements about parameters

« Calculated by finding the interval [a, b] such that P(@ < 8 < b|x) =1 —a

» Can be symmetric (equal-tailed) or asymmetric depending on posterior shape

« Useful for quantifying uncertainty in parameter estimates and hypothesis testing
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Highest posterior density intervals

* Intervals containing the most probable parameter values from the posterior distribution
+ Defined as the shortest interval containing a specified probability mass

* Always includes the posterior mode

* May be disjoint for multimodal posterior distributions

* Particularly useful for asymmetric or complex posterior distributions

Bayesian hypothesis testing

+ Bayesian hypothesis testing provides a framework for comparing competing hypotheses or models
* Incorporates prior probabilities of hypotheses and observed data

« Offers probabilistic interpretations of hypothesis support

Bayes factors

 Quantify the relative evidence in favor of one hypothesis over another

* Calculated as the ratio of marginal likelihoods under two competing hypotheses

* Interpreted on a continuous scale, with larger values indicating stronger evidence
» Can be sensitive to prior specifications, especially for nested models

* Useful for model comparison and selection in Bayesian analysis

Posterior odds

* Represent the ratio of posterior probabilities of competing hypotheses

» Combine prior odds with Bayes factors to update beliefs about hypotheses

P(H1|x) _ P(H1) . P(x]H1)
« Calculated as P(Hax) — P(H;) P(x|Hz)

* Provide a direct comparison of hypothesis probabilities given the data
* Useful for decision-making and hypothesis selection in Bayesian inference
Computational methods

» Computational methods play a crucial role in modern Bayesian estimation
» Enable analysis of complex models and non-conjugate prior-likelihood pairs

* Provide numerical approximations to posterior distributions and derived quantities

Markov Chain Monte Carlo

» Family of algorithms for sampling from probability distributions
» Generates sequences of random samples that converge to the target distribution

» Widely used for approximating complex posterior distributions
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* Includes methods (Metropolis-Hastings, Gibbs sampling)

» Requires careful diagnostics to assess convergence and mixing of chains

Gibbs sampling
* MCMC method for sampling from multivariate probability distributions
* Particularly useful for hierarchical Bayesian models
» Samples each parameter conditionally on the current values of other parameters
+ Simplifies high-dimensional sampling into a series of lower-dimensional problems

« Effective when full conditional distributions are easy to sample from

Metropolis-Hastings algorithm

* General MCMC method for sampling from probability distributions

* Proposes new parameter values and accepts or rejects based on acceptance probability
» Can handle a wide range of target distributions and proposal distributions

* Includes special cases (random walk Metropolis, independence sampler)

» Requires tuning of proposal distribution to achieve efficient sampling

Applications of Bayesian estimation

» Bayesian estimation finds applications across various fields in theoretical statistics and beyond
* Provides a flexible framework for incorporating prior knowledge and handling complex models

» Enables probabilistic reasoning and decision-making under uncertainty

Machine learning

» Bayesian methods used for model selection, hyperparameter tuning, and regularization

» Gaussian processes provide a Bayesian approach to non-parametric regression and classification
» Bayesian neural networks incorporate parameter uncertainty into deep learning models

« Variational inference enables scalable approximate Bayesian inference for large datasets

 Bayesian optimization used for efficient hyperparameter search in machine learning algorithms

Decision theory

 Bayesian decision theory provides a framework for optimal decision-making under uncertainty
* Incorporates prior beliefs, observed data, and loss functions to determine optimal actions

* Used in fields (finance, healthcare, operations research)

* Allows for sequential decision-making and adaptive strategies

» Bayesian game theory extends decision theory to multi-agent settings
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Risk analysis

» Bayesian methods enable probabilistic risk assessment and management
* Incorporate expert knowledge and historical data to quantify uncertainties
* Used in fields (environmental science, engineering, finance)

» Bayesian networks model complex dependencies among risk factors

* Allows for updating risk assessments as new information becomes available

Challenges in Bayesian estimation

 Bayesian estimation, while powerful, faces several challenges in practical implementation
» Addressing these challenges remains an active area of research in theoretical statistics

 Understanding these limitations enhances the ability to apply Bayesian methods appropriately

Prior sensitivity

* Results can be sensitive to the choice of prior distribution, especially with limited data

» Requires careful elicitation and justification of prior beliefs

* Sensitivity analysis assesses the impact of different prior choices on posterior inference
* Robust Bayesian methods aim to mitigate sensitivity to prior specifications

« Balancing informativeness and objectivity in prior selection remains a challenge

Computational complexity

» Complex models often require computationally intensive MCMC methods
* Scalability issues arise with high-dimensional parameter spaces and large datasets
» Convergence of MCMC algorithms can be slow for certain types of models

» Approximate methods (variational inference, approximate Bayesian computation) trade off accuracy
for computational efficiency

* Developing efficient algorithms for Bayesian computation remains an active research area

Model selection

» Comparing and selecting between different Bayesian models can be challenging

+ Bayes factors can be sensitive to prior specifications and difficult to compute for complex models
+ Information criteria (DIC, WAIC) provide alternatives but have their own limitations

* Cross-validation methods can be computationally expensive for large models

 Balancing model complexity and fit remains a fundamental challenge in Bayesian model selection
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9.5 Bayesian hypothesis testing

Bayesian hypothesis testing offers a powerful alternative to traditional statistical methods. It allows
researchers to directly compare competing hypotheses and quantify evidence strength using prior
knowledge and observed data.

This approach provides a flexible framework for updating beliefs, interpreting results as probabilities, and
making decisions under uncertainty. Understanding its principles and applications is crucial for modern
statistical analysis across various fields.

Fundamentals of Bayesian inference

» Bayesian inference forms a cornerstone of Theoretical Statistics by providing a framework for
updating beliefs based on observed data

* This approach contrasts with traditional frequentist methods by incorporating prior knowledge and
quantifying uncertainty in parameter estimates

Prior and posterior distributions

* Prior distribution represents initial beliefs about parameters before observing data
* Posterior distribution updates prior beliefs after incorporating observed data
» Shapes of distributions reflect uncertainty in parameter estimates

+ Conjugate priors (Beta-Binomial, Normal-Normal) simplify posterior calculations

Likelihood function
* Quantifies probability of observing data given specific parameter values
* Plays crucial role in connecting prior beliefs with observed evidence
« Often represented as L(B8|x) = P(x|6) where 6 represents parameters and x represents data
« Likelihood principle states all relevant information in data is contained in likelihood function

Bayes' theorem

o o P(x|8)P(6
+ Fundamental equation in Bayesian inference: P(8|x) = %

« Posterior probability P(€]X) calculated by combining prior probability P(€) with likelihood P(x|6)
« Denominator P(x) acts as normalizing constant, ensuring posterior integrates to 1

+ Allows for sequential updating of beliefs as new data becomes available

Bayesian vs frequentist approaches

» Bayesian and frequentist approaches represent two major paradigms in Theoretical Statistics

» Understanding differences between these approaches crucial for interpreting statistical results and
choosing appropriate methods
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Philosophical differences

» Bayesian approach treats parameters as random variables with probability distributions
* Frequentist approach considers parameters as fixed, unknown constants
« Bayesians incorporate prior knowledge, frequentists rely solely on observed data

« Interpretation of probability differs: Bayesians use subjective probabilities, frequentists use long-run
frequencies

+ Bayesian inference focuses on entire posterior distribution, frequentist inference often uses point
estimates and confidence intervals

Practical implications

 Bayesian methods allow for incorporating prior knowledge in analysis

* Frequentist methods often easier to compute and have well-established procedures
+ Bayesian results directly interpretable as probabilities of hypotheses

* Frequentist p-values often misinterpreted as posterior probabilities

» Small sample inference often more reliable with Bayesian methods

+ Bayesian approach provides natural framework for sequential updating of beliefs

Bayesian hypothesis testing framework

 Bayesian hypothesis testing provides alternative to traditional null hypothesis significance testing

« Allows for direct comparison of competing hypotheses and quantification of evidence strength

Null and alternative hypotheses

+ Null hypothesis (HO) typically represents status quo or no effect

« Alternative hypothesis (H1) represents deviation from null or presence of effect

* Both hypotheses assigned prior probabilities reflecting initial beliefs

* Hypotheses can be simple (point) or composite (range of parameter values)

» Formulation of hypotheses crucial for meaningful interpretation of results
Bayes factor

» Quantifies relative evidence in favor of one hypothesis over another

) : C P(data|H1
« Defined as ratio of marginal likelihoods: BF10 = ,J((djt—‘jlm,ﬁ

* Values greater than 1 indicate support for alternative hypothesis
» Can be interpreted as updating factor for prior odds to posterior odds

* Allows for continuous assessment of evidence strength, unlike p-values
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Posterior odds

* Ratio of posterior probabilities of competing hypotheses

+ Calculated by multiplying prior odds by Bayes factor

* Posterior odds = (Prior odds) x (Bayes factor)

« Directly interpretable as relative plausibility of hypotheses given data

» Can be converted to posterior probabilities for individual hypotheses

Prior selection

+ Choice of prior distribution crucial in Bayesian analysis
* Reflects initial beliefs or state of knowledge before observing data

« Can significantly impact posterior inference, especially with small sample sizes

Informative vs non-informative priors

* Informative priors incorporate specific prior knowledge about parameters

» Can be based on previous studies, expert opinion, or theoretical considerations

» Tend to have narrower distributions, reflecting stronger beliefs

* Non-informative priors aim to have minimal impact on posterior inference

« Often have flat or very wide distributions

» Examples include uniform priors or Jeffreys priors

* Trade-off between incorporating prior knowledge and letting data dominate inference
Conjugate priors

* Prior distributions that result in posterior distributions of same family

« Simplify calculations by allowing closed-form solutions for posterior

« Common conjugate pairs include:

+ Beta prior for binomial likelihood

* Normal prior for normal likelihood with known variance

» Gamma prior for Poisson likelihood

+ Choice of conjugate prior often motivated by computational convenience
Sensitivity analysis

* Assesses robustness of conclusions to choice of prior distribution

* Involves repeating analysis with different prior specifications

* Helps identify when prior choice significantly impacts results

« Important for establishing credibility of Bayesian analyses
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* Can involve varying hyperparameters or entire prior family

Computation of Bayes factors

« Calculating Bayes factors often involves complex integrals

* Various methods available depending on model complexity and computational resources

Analytical solutions

* Closed-form solutions available for some simple models with conjugate priors
» Exact Bayes factors can be derived for nested linear models with certain priors
* Analytical solutions provide fast and precise results when applicable

+ Limited to relatively simple models and specific prior choices

Numerical integration methods

» Used when analytical solutions not available but integrals still tractable
* Methods include trapezoidal rule, Simpson's rule, and Gaussian quadrature
* Accuracy depends on integration method and number of evaluation points

+ Suitable for low to moderate dimensional problems

Monte Carlo techniques

* Employ random sampling to approximate complex integrals

* Methods include importance sampling, bridge sampling, and reversible jump MCMC
* Allow for computation of Bayes factors in high-dimensional models

* Accuracy improves with increased number of samples

» Computationally intensive but widely applicable to complex models
Interpretation of Bayes factors

* Bayes factors quantify relative evidence for competing hypotheses

« Interpretation guidelines help translate numerical values into meaningful conclusions
Evidence categories

» Commonly used scale proposed by Harold Jeffreys:
* BF 1-3: Barely worth mentioning

* BF 3-10: Substantial evidence

* BF 10-30: Strong evidence

* BF 30-100: Very strong evidence

* BF >100: Decisive evidence
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* Alternative scales exist, emphasizing different evidence thresholds

« Interpretation should consider context and consequences of decisions

Decision making

* Bayes factors inform but do not determine decisions

+ Consider prior probabilities and loss functions for formal decision theory

» Can be used in conjunction with other criteria (effect size, practical significance)
+ Allows for continuous updating of evidence as new data becomes available

* Facilitates comparison of non-nested models or multiple hypotheses

Bayesian model comparison

» Extends hypothesis testing to compare multiple competing models

* Provides framework for selecting among complex statistical models

Model selection criteria

* Bayes factors can be used to compare pairs of models

+ Posterior model probabilities allow comparison of multiple models simultaneously
« Information criteria (BIC, DIC) approximate Bayesian model comparison

* Cross-validation methods assess predictive performance of models

* Trade-off between model fit and complexity often considered

Posterior model probabilities

» Represent probability of each model being true given observed data

* Calculated by normalizing marginal likelihoods across all considered models
* Allow for model averaging to account for model uncertainty

» Can be used to compute inclusion probabilities for individual predictors

* Provide natural way to quantify model selection uncertainty
Bayesian point estimation
* Focuses on obtaining single-value estimates of parameters from posterior distribution
* Complements interval estimation and hypothesis testing in Bayesian inference
Maximum a posteriori estimation

* Finds parameter value that maximizes posterior probability density
* Analogous to maximum likelihood estimation in frequentist framework

« Often used as point estimate when full posterior is complex
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» Can be computed using optimization algorithms

» May not be representative of entire posterior distribution

Posterior mean and median

» Posterior mean minimizes expected squared error loss
* Posterior median minimizes expected absolute error loss
* Both account for entire posterior distribution, unlike MAP estimate

« Easily computed from MCMC samples of posterior

* Choice between mean and median depends on posterior shape and loss function

Credible intervals

« Bayesian alternative to frequentist confidence intervals

* Directly interpretable as probability statements about parameters

Highest posterior density intervals

« Interval containing specified probability mass (95%) with highest posterior density

» May consist of multiple disjoint intervals for multimodal posteriors
* Provides shortest interval for given probability content
» Computationally intensive for complex posteriors

* Invariant under parameter transformations

Equal-tailed intervals

* Interval with equal posterior probability in both tails

« Easier to compute than HPD intervals, especially from MCMC samples
« Often similar to HPD for approximately symmetric posteriors

* Not invariant under parameter transformations

» May be longer than HPD for skewed posteriors
Bayesian power analysis
* Assesses ability of study design to provide evidence for hypotheses
* Incorporates prior information and uncertainty in design phase
Sample size determination

+ Determines required sample size to achieve desired level of evidence
+ Often based on achieving target Bayes factor with specified probability

* Accounts for prior distribution and expected effect size
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» Can consider multiple hypotheses or models simultaneously

+ Allows for sequential designs with interim analyses

Prior predictive distributions

» Represent predictions about future data based on prior beliefs

* Used to simulate potential study outcomes for power analysis

* Incorporate uncertainty in both parameters and data generation process

+ Allow for assessment of design robustness to different prior specifications

* Facilitate computation of expected Bayes factors or posterior probabilities

Limitations and criticisms

 Understanding limitations crucial for appropriate application of Bayesian methods
» Addressing criticisms important for advancing statistical practice
Subjectivity of priors
« Choice of prior distribution can significantly impact results, especially with small samples
« Critics argue this introduces unwarranted subjectivity into analysis
» Defenders emphasize importance of incorporating all available information

« Sensitivity analyses and robust priors can mitigate concerns

« Transparency in prior specification and justification essential

Computational challenges

» Complex models often require sophisticated MCMC techniques

» Convergence issues and long computation times can be problematic
» Approximation methods may introduce additional uncertainty

* Requires specialized software and computational expertise

» Ongoing research aims to develop more efficient algorithms and software tools
Applications in research

» Bayesian methods increasingly used across various scientific disciplines

* Provides flexible framework for complex research questions
Clinical trials

+ Adaptive designs allow for interim analyses and sample size re-estimation
* Prior information from previous studies can be formally incorporated

* Facilitates decision making about treatment efficacy and safety
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* Allows for probabilistic statements about treatment effects

+ Useful for rare diseases or ethical constraints limiting sample sizes

Social sciences

« Hierarchical models account for nested data structures

« Latent variable models for measuring unobserved constructs

« Informative priors can incorporate expert knowledge or previous findings
+ Allows for direct probability statements about hypotheses of interest

* Facilitates meta-analysis and cumulative knowledge building

Machine learning

» Bayesian neural networks quantify uncertainty in predictions

* Probabilistic topic models for text analysis and document classification
» Gaussian processes for flexible non-parametric regression

* Bayesian optimization for hyperparameter tuning

* Provides natural framework for online learning and transfer learning
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Unit 10 — Stochastic processes

10.1 Markov chains

Markov chains are a cornerstone of stochastic processes in Theoretical Statistics. They model systems
where future states depend only on the current state, not past ones. This powerful concept finds
applications in finance, biology, and computer science.

Markov chains are defined by their state space, time index, and transition probabilities. Key properties
include the memoryless Markov property, homogeneity, and recurrence. Understanding these
fundamentals is crucial for analyzing complex systems and predicting their long-term behavior.

Definition of Markov chains

» Markov chains form a fundamental concept in Theoretical Statistics modeling stochastic processes
with memoryless property

» Represent sequences of random variables where future states depend only on the current state, not
past states

* Provide powerful tools for analyzing complex systems in various fields including finance, biology, and
computer science

Properties of Markov chains
* Memoryless property (Markov property) defines the core characteristic of Markov chains
* Homogeneity assumes transition probabilities remain constant over time
* Time-reversibility allows backward analysis of the chain
* Recurrence classifies states based on probability of return

* Transience identifies states with zero probability of return

State space vs time index
« State space encompasses all possible values the random variable can take
* Discrete state space contains countable number of states (coin flips)
* Continuous state space allows for uncountable number of states (temperature)
+ Time index determines when state transitions occur
* Discrete-time Markov chains have transitions at fixed intervals

+ Continuous-time Markov chains allow transitions at any point in time

Transition probabilities
* Transition probabilities quantify likelihood of moving between states in a Markov chain
* Play crucial role in predicting future behavior of the system

+ Can be time-homogeneous (constant) or time-inhomogeneous (varying over time)
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Transition matrix

» Square matrix P representing transition probabilities between all pairs of states
* Rows correspond to current states, columns to next states

- Each entry Pij represents probability of transitioning from state i to state j

* Row sums must equal 1, as probabilities of all possible transitions from a state

* Powers of transition matrix P" give n-step transition probabilities

Chapman-Kolmogorov equations

» Fundamental equations for computing multi-step transition probabilities
+ Express probability of going from state i to k in n+m steps
(n+m) _ (n) (m)
- Formula: Pi - ; i Pk
« Allow efficient calculation of long-term behavior of Markov chains

* Serve as basis for many theoretical results and computational methods

Types of Markov chains

» Markov chains can be classified based on various properties
* Understanding different types helps in selecting appropriate models for specific applications

« Classification impacts analysis techniques and theoretical results applicable to the chain

Discrete-time vs continuous-time

* Discrete-time Markov chains (DTMC) have state changes at fixed time intervals

* Used for modeling systems with regular update cycles (daily stock prices)

* Transition probabilities represented by matrix P

+ Continuous-time Markov chains (CTMC) allow state changes at any point in time

« Suitable for modeling systems with random event occurrences (radioactive decay)
+ Characterized by transition rate matrix Q instead of probability matrix

* CTMCs can be approximated by DTMCs through discretization techniques

Finite vs infinite state space

* Finite state Markov chains have limited number of possible states

« Simplify analysis and computation of steady-state probabilities

« Often used in practical applications (weather prediction)

* Infinite state Markov chains have unbounded number of possible states

» Require more advanced mathematical techniques for analysis
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* Model systems with potentially unlimited growth (population dynamics)

« Countably infinite state spaces differ from uncountably infinite spaces in analysis methods

Stationary distribution
* Represents long-term equilibrium behavior of a Markov chain
* Crucial for understanding steady-state properties of stochastic systems

* Plays key role in many applications of Markov chains in Theoretical Statistics

Existence and uniqueness
« Stationary distribution exists for irreducible and positive recurrent Markov chains
 Uniqueness guaranteed for finite state irreducible Markov chains
- Determined by solving system of linear equations: TP =T
« IT represents stationary distribution vector

» Sum of elements in T must equal 1 for valid probability distribution
Limiting distribution

* Describes long-term behavior of Markov chain as time approaches infinity

* For ergodic Markov chains, limiting distribution equals stationary distribution

» Computed using limit of n-step transition probabilities: ,L'_':Q p"

» Convergence to limiting distribution may depend on initial state for some chains

* Rate of convergence relates to mixing time of the Markov chain
Ergodicity

* Fundamental property in Markov chain theory ensuring long-term stability

» Enables prediction of long-run behavior regardless of starting state

* Crucial for applications requiring consistent long-term system behavior
Irreducible Markov chains

* Every state can be reached from every other state with positive probability
+ Ensures no isolated subsets of states exist within the chain

 Characterized by strongly connected state transition graph

» Guarantees existence of unique stationary distribution for finite state chains

« Simplifies analysis of long-term behavior and steady-state properties

Aperiodic Markov chains

* No cyclic behavior in state transitions
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« State can be revisited at irregular time intervals

+ Period of a state defined as greatest common divisor of return times
* Aperiodic states have period 1

» Combining irreducibility and aperiodicity ensures ergodicity

* Ergodic chains converge to unique stationary distribution regardless of initial state

Absorption probabilities
» Measure likelihood of Markov chain reaching specific states and remaining there
« Critical for analyzing systems with terminal or trapping states

* Provide insights into expected outcomes and system reliability

Absorbing states

« States that, once entered, cannot be left (probability of leaving = 0)

* Represent terminal conditions or irreversible processes in real-world systems
« Identified by rows in transition matrix with 1 on diagonal and 0 elsewhere

» Absorbing Markov chains contain at least one absorbing state

* Non-absorbing states classified as transient states

Time to absorption

» Expected number of steps before chain reaches an absorbing state
+ Calculated using fundamental matrix N = (I - Q)*(-1)
* Q represents submatrix of transition probabilities between transient states

* Mean time to absorption from state i: ti= ijij

* Variance of absorption time can also be computed using fundamental matrix

* Provides valuable information for predicting system lifetimes or process durations

Markov chain Monte Carlo

» Powerful class of algorithms for sampling from complex probability distributions
» Widely used in Bayesian inference, statistical physics, and machine learning

» Leverages Markov chain theory to explore high-dimensional probability spaces

Metropolis-Hastings algorithm

* General framework for constructing Markov chains with desired stationary distribution

« lteratively proposes new states and accepts/rejects based on acceptance probability

« Acceptance probability: @ = min(1, %gglﬁ(;)
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« T(X) represents target distribution, q(x’|x) proposal distribution
* Ensures detailed balance condition, guaranteeing convergence to target distribution

* Flexibility in choosing proposal distribution allows adaptation to various problems

Gibbs sampling
* Special case of Metropolis-Hastings algorithm for multivariate distributions
» Updates one variable at a time, conditioning on current values of other variables
* Proposal distribution based on full conditional distributions
» Acceptance probability always 1, simplifying implementation
« Particularly effective for hierarchical Bayesian models

» Can be combined with other MCMC methods for improved efficiency

Applications of Markov chains

» Markov chains find extensive use across various fields in Theoretical Statistics
* Provide powerful tools for modeling complex systems with stochastic behavior

» Enable analysis and prediction of system evolution over time

Queueing theory

* Models arrival and service processes in waiting line systems

» Uses Markov chains to represent system states (number of customers in queue)

* Analyzes performance metrics (average wait time, queue length)

* M/M/1 queue represents simplest Markov model with exponential interarrival and service times
» More complex models incorporate multiple servers, finite queue capacities, or priority systems

+ Applications include call centers, traffic flow, and computer networks

Markov decision processes

» Extend Markov chains to include actions and rewards

* Model sequential decision-making under uncertainty

« States represent system conditions, actions represent choices

* Transition probabilities depend on both current state and chosen action

» Reward function assigns value to state-action pairs

* Objective to find optimal policy maximizing expected cumulative reward

+ Solved using dynamic programming algorithms (value iteration, policy iteration)

* Applications include robotics, inventory management, and portfolio optimization
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Mixing time
* Quantifies rate at which Markov chain converges to its stationary distribution
+ Crucial for determining efficiency of MCMC algorithms and analyzing Markov chain behavior

* Impacts practical applications requiring rapid convergence to equilibrium

Convergence to stationarity

* Measures how quickly chain approaches its long-term equilibrium distribution

* Total variation distance used to quantify difference between current and stationary distribution
+ Mixing time defined as number of steps needed to get "close" to stationary distribution

» Rapid mixing indicates fast convergence, slow mixing suggests inefficient exploration

« Affected by factors such as state space size, transition probabilities, and chain structure

Coupling methods
» Powerful technique for bounding mixing times of Markov chains
* Involves constructing two copies of the chain with different initial states
* Coupling time defined as first time the two chains meet and coalesce
* Provides upper bound on mixing time through coupling inequality
« Path coupling extends method to analyze chains with large state spaces

* Applications include analyzing card shuffling, random walks on graphs, and MCMC algorithms

Hidden Markov models

» Extend Markov chains by introducing hidden states not directly observable
* Model systems where underlying process generates observable outputs
» Widely used in speech recognition, bioinformatics, and financial modeling

» Combine Markov chain theory with probabilistic inference techniques

Forward-backward algorithm

« Efficient method for computing probabilities in hidden Markov models

« Calculates probability of being in each state at each time step given observations
« Forward pass computes @t(i) = P(O1, ..., Ot X¢ =)

« Backward pass computes Bt(i) = P(Ot+ 1, ..., O7| Xt =)

» Combines forward and backward probabilities to infer state probabilities
 Enables efficient computation of likelihood and posterior probabilities

* Forms basis for parameter estimation in HMMs
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Viterbi algorithm
* Finds most likely sequence of hidden states given observed sequence
» Dynamic programming approach for efficient computation
* Recursively computes maximum probability of reaching each state at each time step
» Maintains backpointers to reconstruct optimal state sequence
» Time complexity O(N*2T) for N states and T observations
» Widely used in speech recognition, part-of-speech tagging, and error correction

+ Can be extended to handle continuous observations and time-varying models

10.2 Poisson processes

Poisson processes model random events over time or space, like customer arrivals or radioactive decay.
They're characterized by independent increments, stationary behavior, and counts following a Poisson
distribution. Understanding these processes is crucial for analyzing discrete events in various fields.

Poisson processes come in homogeneous and nonhomogeneous forms, with constant or varying rates.
Key properties include exponentially distributed interarrival times and Poisson-distributed event counts.
These concepts form the foundation for more complex statistical models and real-world applications.

Definition of Poisson process

» Fundamental concept in Theoretical Statistics models random occurrences of events over time or
space

» Widely used stochastic process for analyzing discrete events with specific properties

* Serves as a foundation for more complex statistical models and analyses

Key properties
* Independent increments characterize non-overlapping intervals as statistically independent
« Stationary increments ensure probability distribution depends only on interval length
* Orderliness property guarantees no simultaneous events occur
* Counts in disjoint intervals follow Poisson distribution

- Probability of exactly one event in a small interval approximates AAt (A rate parameter, At interval
length)

Homogeneous vs nonhomogeneous
» Homogeneous Poisson process maintains constant rate parameter A over time
« Nonhomogeneous Poisson process allows time-varying rate function A(t)
» Homogeneous process simplifies calculations and analysis

» Nonhomogeneous process models events with varying intensity (rush hour traffic)
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t
* Integral of rate function IO,\(S)ds represents expected number of events in nonhomogeneous case

Probability distribution

Interarrival times

» Time between consecutive events follows exponential distribution

« Probability density function of interarrival time T: fr(t) = Ae ™t t = 0
+ Mean interarrival time equals 1/A

« Variance of interarrival time also equals 1/A2

* Memoryless property applies to interarrival times

Number of events
+ Count of events N(t) in interval [0, t] follows Poisson distribution
* Probability mass function: P(N(t) = k) = w k=0,1,2,...
» Mean and variance of N(t) both equal At

At(e® - 1)

« Moment generating function: My (s) = e

« Probability generating function: Gt (2) = etz 1)
Rate parameter

Estimation methods
* Maximum likelihood estimation (MLE) calculates); = 2 (n events observed in time T)

* Method of moments estimation coincides with MLE for Poisson processes
- Bayesian estimation incorporates prior knowledge about A
» Nonparametric estimation techniques apply for nonhomogeneous processes

« Confidence intervals constructed using chi-square distribution

Interpretation and significance

« A represents average number of events per unit time

- Inverse of A gives expected time between events

- Higher A values indicate more frequent event occurrences
« A influences variability and predictability of process

* Crucial parameter for modeling and analyzing system behavior (customer arrivals, radioactive decay)
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Counting process

Relationship to exponential distribution

« Interarrival times follow exponential distribution with parameter A

» Sum of n independent exponential random variables follows Erlang distribution

« Erlang distribution with integer shape parameter equivalent to gamma distribution
* Relationship enables analysis of time until nth event occurs

* Facilitates calculations for complex systems (multi-stage queues)

Memoryless property
+ Future behavior independent of past, given present state
+ Probability of waiting additional time t same regardless of time already waited
* Unique property of exponential distribution among continuous distributions
« Simplifies analysis of Poisson processes

+ Enables use of Markov chain techniques for more complex systems

Superposition and thinning

Combining Poisson processes

» Sum of independent Poisson processes yields new Poisson process
* Resulting rate parameter equals sum of individual rates

» Enables modeling of complex systems with multiple event sources

* Preserves Poisson properties in combined process

* Useful for analyzing aggregate behavior (total customer arrivals from multiple sources)

Splitting Poisson processes

» Random splitting of Poisson process creates independent Poisson processes
« Each split process has rate proportional to original rate

* Probabilities of assignment determine new rate parameters

« Splitting preserves Poisson properties in resulting processes

* Applications include modeling customer types or parallel service channels

Applications in statistics

Queueing theory

* Models arrival and service processes in waiting line systems

* M/M/1 queue assumes Poisson arrivals and exponential service times
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« Little's Law relates average queue length, arrival rate, and waiting time

+ Performance measures derived using Poisson process properties

» Extensions include multi-server queues and priority queueing systems
Reliability analysis

* Models failure times of components or systems

 Constant failure rate assumption leads to exponential lifetime distribution

* Poisson process models number of failures over time

* Facilitates calculation of reliability metrics (mean time between failures)

» Enables analysis of complex systems with multiple components

Simulation techniques

Direct method

» Generate exponential interarrival times using inverse transform method
» Cumulative sum of interarrival times gives event occurrence times
« Efficient for homogeneous Poisson processes
« Easily implementable in most programming languages
* Provides exact simulation of Poisson process realizations
Thinning algorithm
+ Simulates nonhomogeneous Poisson processes
» Generates candidate events from homogeneous process with maximum rate
* Accepts or rejects events based on ratio of actual to maximum rate

« Useful when rate function has known upper bound

» Extends simulation capabilities to time-varying processes

Generalizations

Compound Poisson process

* Assigns random variables (marks) to each Poisson event

* Sum of marks follows compound Poisson distribution

* Models cumulative impact of random events (insurance claims)

« Moment generating function: Mx(t) = e*™(8=1) ¢y mark distribution)

+ Enables analysis of both event occurrences and their magnitudes
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Spatial Poisson process

» Extends Poisson process to two or more dimensions

* Models random point patterns in space

« Characterized by intensity function A(X, ¥) or A(X, ¥, 2)

* Applications include modeling plant distributions or disease outbreaks

« Spatial statistics techniques analyze clustering or dispersion patterns

Hypothesis testing

Goodness-of-fit tests

« Chi-square test compares observed and expected event counts

» Kolmogorov-Smirnov test assesses distribution of interarrival times

» Anderson-Darling test provides more powerful alternative for exponential distribution
* Dispersion test checks equality of mean and variance

* Graphical methods include Q-Q plots and P-P plots

Rate comparison tests

+ Likelihood ratio test compares rates of two Poisson processes

* Score test provides alternative for rate comparison
 Confidence intervals for rate ratios assess practical significance
» Permutation tests offer nonparametric alternative

» Power analysis determines sample size for desired sensitivity

Poisson process vs other processes

Renewal process comparison

* Renewal process generalizes Poisson process with arbitrary interarrival distribution
* Poisson process unique renewal process with exponential interarrival times

* Renewal processes may exhibit aging or wear-out behavior

* Central limit theorem applies to both process types for large time scales

* Poisson process simplifies analysis due to memoryless property

Markov process relationship

* Poisson process considered continuous-time Markov chain with infinite state space
« State transitions occur at exponentially distributed times

» Chapman-Kolmogorov equations describe probability evolution
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* Embedded Markov chain at event times has simple structure

« Facilitates analysis of more complex systems using Markov process theory

10.3 Brownian motion

Brownian motion is a fundamental concept in probability theory, describing the random movement of
particles in a fluid. It's a cornerstone for modeling stochastic processes in theoretical statistics, providing a
mathematical framework for analyzing continuous-time random phenomena.

This topic explores the definition, properties, and applications of Brownian motion. We'll cover
mathematical models, simulation techniques, and statistical inference methods, as well as its use in
finance and comparisons with other stochastic processes.

Definition of Brownian motion
» Fundamental concept in probability theory describing random motion of particles suspended in a fluid
* Serves as a cornerstone for modeling stochastic processes in various fields of theoretical statistics

* Provides a mathematical framework for analyzing continuous-time random phenomena

Mathematical formulation
+ Characterized by a continuous-time stochastic process B(t) with independent Gaussian increments
« Defined by properties: B(0) = 0, E[B(t)] = 0, and Var[B(t)] =t
« Increments B(t) — B(s) follow a normal distribution with mean 0 and variance t — s

« Covariance structure given by Cov(B(s), B(t)) = min(s, t)

Physical interpretation
» Models erratic motion of microscopic particles suspended in a fluid
* Resulted from collisions with fast-moving molecules in the surrounding medium
+ Explains phenomena like diffusion of gases and heat conduction

* Particle displacement follows a Gaussian distribution with variance proportional to time

Historical background
* Discovered by botanist Robert Brown in 1827 while observing pollen grains in water
» Mathematically described by Albert Einstein in 1905 as part of his work on atomic theory
+ Rigorous mathematical construction provided by Norbert Wiener in 1923

* Led to development of stochastic calculus and modern financial mathematics

Properties of Brownian motion

» Fundamental characteristics that define the behavior of Brownian processes
« Essential for understanding and applying Brownian motion in statistical modeling

» Form the basis for more complex stochastic processes and their applications
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Continuity vs discontinuity

* Brownian motion paths are continuous everywhere but differentiable nowhere

« Exhibits fractal-like properties with self-similar structure at different time scales

* Continuity ensures no sudden jumps in the process

» Non-differentiability reflects the erratic nature of particle movement
Self-similarity

« Statistical properties remain unchanged under appropriate time and space scaling

« Scaling relation: B(at) has the same distribution as v aB(t) for any a > 0

+ Allows for analysis of Brownian motion at different time scales

* Crucial for modeling natural phenomena with scale-invariant properties

Markov property
* Future states depend only on the present state, not on the past history
« Mathematically expressed as P(B(t)|B(s), s < t) = P(B(t)|B(s)) fors < t
« Simplifies calculations and enables efficient simulation techniques

» Forms the basis for many stochastic differential equations

Gaussian increments

+ Increments B(t) — B(S) follow a normal distribution with mean 0 and variance t — s
* Leads to the central limit theorem-like behavior in many applications
+ Allows for analytical tractability in many statistical models

* Facilitates parameter estimation and hypothesis testing in Brownian motion-based models

Mathematical models

» Extensions and variations of standard Brownian motion for diverse applications
« Provide flexibility in modeling different types of stochastic phenomena

« Essential tools in theoretical statistics for analyzing complex systems

Wiener process

« Standard mathematical model for Brownian motion in continuous time
« Defined by properties: W(0) = 0, independent increments, and W(t) — W(s) ~ N(0, t — s)
« Serves as the building block for more complex stochastic processes

+ Used in stochastic differential equations and financial modeling

Fiveable archived study guides Page 314



Fractional Brownian motion
* Generalization of standard Brownian motion with long-range dependence
« Characterized by Hurst parameter H € (0, 1) controlling the degree of correlation
« Exhibits self-similarity with scaling factor " instead of vV.a

* Applied in modeling phenomena with long-memory effects (financial time series)

Geometric Brownian motion

* Models exponential growth with random fluctuations
« Defined by the stochastic differential equation dS(t) = uS(t)dt + oS(t)dW(t)
» Widely used in financial mathematics for modeling stock prices

+ Solution given by S(t) = 5(0)exp((u — "72)1: + oW(t))

Applications in statistics

* Brownian motion serves as a fundamental tool in various statistical analyses
* Provides a framework for modeling continuous-time stochastic processes

+ Enables the development of sophisticated statistical inference techniques

Random walks

* Discrete-time analog of Brownian motion

» Cumulative sum of independent and identically distributed random variables

» Converges to Brownian motion as the time step approaches zero (Donsker's theorem)

+ Used in modeling particle diffusion, financial markets, and decision-making processes

Diffusion processes
* Continuous-time Markov processes with continuous sample paths
* Described by stochastic differential equations with drift and diffusion terms
* Include Brownian motion as a special case (zero drift, constant diffusion)

* Applied in modeling heat conduction, population dynamics, and option pricing

Time series analysis

» Brownian motion serves as a building block for continuous-time autoregressive models

* Integrated Brownian motion used in modeling non-stationary time series

* Fractional Brownian motion captures long-range dependence in financial time series

+ Facilitates the development of statistical tests for unit roots and cointegration
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Brownian motion in finance

* Fundamental concept in modern financial theory and risk management
* Provides a mathematical framework for modeling asset price dynamics

» Enables the development of sophisticated pricing and hedging strategies

Black-Scholes model

» Seminal model for pricing European options on stocks
» Assumes stock prices follow geometric Brownian motion
+ Derived partial differential equation for option prices using no-arbitrage arguments

* Led to the development of quantitative finance and financial engineering
Option pricing

« Utilizes properties of Brownian motion to model underlying asset price movements

* Enables calculation of fair prices for various derivative securities

* Incorporates risk-neutral valuation and martingale pricing techniques

» Extends to more complex options (Asian, barrier) using path properties of Brownian motion
Risk assessment

* Value-at-Risk (VaR) calculations often rely on Brownian motion assumptions
* Models portfolio risk using correlated Brownian motions for multiple assets
« Facilitates stress testing and scenario analysis in risk management

» Enables the development of dynamic hedging strategies for risk mitigation

Simulation techniques

* Essential for studying and applying Brownian motion in practical scenarios
* Allow for numerical approximation of complex stochastic processes
* Provide insights into the behavior of Brownian motion-based models

Monte Carlo methods
» Generate random samples to approximate expectations and probabilities
« Utilize the Gaussian increments property of Brownian motion for efficient simulation
» Enable pricing of complex derivatives and risk assessment in high-dimensional settings
* Incorporate variance reduction techniques (antithetic variates) for improved efficiency

Path generation algorithms

+ Construct sample paths of Brownian motion for various applications
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* Include simple methods (random walk approximation) and more advanced techniques
+ Euler-Maruyama method for simulating solutions to stochastic differential equations

* Multilevel Monte Carlo methods for improved computational efficiency in path-dependent problems

Statistical inference

* Develops methods for drawing conclusions about Brownian motion processes from data
* Crucial for applying Brownian motion models in real-world scenarios

« Incorporates techniques from both frequentist and Bayesian statistical paradigms

Parameter estimation

* Maximum likelihood estimation for drift and diffusion parameters
» Method of moments estimation using sample mean and variance of increments
 Bayesian inference techniques incorporating prior knowledge about parameters

+ Challenges in estimating parameters for fractional Brownian motion and other extensions

Hypothesis testing
* Tests for detecting drift in Brownian motion (likelihood ratio test)
» Goodness-of-fit tests for assessing model adequacy (Kolmogorov-Smirnov test)
* Tests for long-range dependence in time series (Hurst parameter estimation)

» Power analysis and sample size determination for Brownian motion-based tests

Confidence intervals

« Construction of confidence intervals for drift and diffusion parameters
» Asymptotic normality of maximum likelihood estimators in Brownian motion models
* Bootstrap methods for interval estimation in more complex settings

 Bayesian credible intervals incorporating parameter uncertainty

Brownian motion vs other processes

» Compares and contrasts Brownian motion with alternative stochastic process models
* Highlights the unique properties and applications of different process types

* Guides the selection of appropriate models for various statistical problems

Poisson processes

» Models discrete events occurring continuously in time
* Characterized by independent increments with Poisson distribution

* Used for modeling arrival times, queues, and point processes
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* Differs from Brownian motion in discreteness and jump behavior

Lévy processes

* Generalization of Brownian motion and Poisson processes
* Allows for both continuous and jump components
 Characterized by stationary and independent increments

* Applied in financial modeling for capturing market jumps and heavy tails

Ornstein-Uhlenbeck process
* Mean-reverting continuous-time Gaussian process
« Described by the stochastic differential equation dXt = 8(u — X¢)dt + odW;
* Used in modeling interest rates, volatility, and mean-reverting phenomena

* Exhibits stationary distribution unlike standard Brownian motion

Advanced topics

« Explores more sophisticated aspects and extensions of Brownian motion
* Provides a foundation for research-level work in stochastic processes

» Enables modeling of complex systems and phenomena in theoretical statistics

Multidimensional Brownian motion

* Extends one-dimensional Brownian motion to higher dimensions
+ Characterized by independent Brownian motions in each coordinate
+ Covariance structure determined by a positive definite matrix

* Applied in modeling multivariate time series and spatial processes

Brownian bridge

* Brownian motion conditioned to return to its starting point at a fixed time
« Defined as Bt — 1Bt where Bt is standard Brownian motion
+ Used in constructing confidence bands for empirical distribution functions

* Applied in change-point detection and goodness-of-fit testing

Local time

* Measures the amount of time a Brownian motion spends near a given point
+ Defined as the density of occupation measure of Brownian motion
« Exhibits properties like continuity and non-differentiability

* Applied in studying hitting times and excursions of Brownian motion
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10.4 Martingales

Martingales are a fundamental concept in probability theory, modeling fair games and random phenomena.
They provide a framework for analyzing sequences of random variables with specific properties, allowing
for powerful theoretical results and practical applications in various fields.

In Theoretical Statistics, martingales serve as a crucial tool for understanding stochastic processes. Their
unique properties enable rigorous analysis of complex random systems, development of statistical
inference methods, and insights into the behavior and limiting properties of random variables in various
contexts.

Definition of martingales

» Martingales form a fundamental concept in probability theory and stochastic processes, crucial for
understanding random phenomena in Theoretical Statistics

» These mathematical objects model fair games and have applications in various fields, including
finance, physics, and computer science

* Martingales provide a framework for analyzing sequences of random variables with specific
properties, allowing for powerful theoretical results and practical applications

Probability space and filtration

* Defined on a probability space (Q, F, P) where Q represents the sample space, F the g-algebra of
events, and P the probability measure

« Filtration consists of an increasing sequence of g-algebras Ft representing information available up to
time t

» Martingale process Xt adapted to the filtration, meaning Xt is measurable with respect to Ft for all t

* Filtration captures the notion of information flow in the stochastic process (stock prices, gambling
outcomes)

Conditional expectation property

« Martingale defined by the conditional expectation property E[Xt + 1|Ft]l = Xt for all t

* Intuitively represents a fair game where the expected future value equals the current value given all
available information

+ Conditional expectation calculated using the Radon-Nikodym theorem, a fundamental result in
measure theory

* Property ensures the process has no predictable trend or drift, making it useful for modeling
unpredictable phenomena

Discrete vs continuous time

+ Discrete-time martingales defined for countable time indices (usually non-negative integers)
* Continuous-time martingales defined for real-valued time indices, often on an interval [0, T] or [0, »)

* Discrete-time martingales often easier to work with mathematically and in simulations
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+ Continuous-time martingales more suitable for modeling real-world phenomena with continuous
evolution (financial markets, particle physics)

* Bridge between discrete and continuous time provided by limit theorems and approximation
techniques

Types of martingales

» Martingales represent a specific class of stochastic processes with unique properties in Theoretical
Statistics

 Understanding different types of martingales allows for more nuanced analysis of random phenomena
and their statistical properties

* These variations on the martingale concept provide flexibility in modeling various real-world scenarios
and theoretical constructs

Submartingales and supermartingales
- Submartingales satisfy E[Xt+1|Ft] = Xt, representing processes with non-negative expected growth
« Supermartingales satisfy E[Xt+ 1|Ft] = Xt representing processes with non-positive expected growth
* Both generalize the martingale concept, allowing for modeling of processes with trends

* Applications include modeling cumulative gains in gambling (submartingale) or resource depletion
(supermartingale)

* Doob's decomposition theorem relates submartingales and supermartingales to martingales plus
monotone processes

Stopped martingales

* Defined by introducing a stopping time 1, which is a random variable indicating when to stop observing
the process

» Stopped martingale Xtar remains a martingale under certain conditions (optional stopping theorem)

« Useful for analyzing first passage times, exit times from intervals, and other event-triggered
phenomena

* Applications in sequential analysis, statistical quality control, and financial option pricing (American
options)

Martingale differences
« Sequence of random variables Dt = Xt — Xt -1 where Xt is a martingale
« Martingale difference sequence satisfies E[Dt|Ft—1]1= 0 for all t
* Uncorrelated but not necessarily independent random variables

* Fundamental in time series analysis, particularly for modeling innovations in ARMA processes

« Central to martingale central limit theorems and laws of large numbers for dependent sequences
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Properties of martingales

* Martingales possess unique properties that make them powerful tools in Theoretical Statistics

* These properties allow for rigorous analysis of stochastic processes and development of statistical
inference methods

» Understanding martingale properties provides insights into the behavior of complex random systems
and their limiting behavior

Martingale convergence theorems

» Doob's martingale convergence theorem states conditions under which martingales converge almost
surely

* L1 convergence theorem ensures convergence in L1 norm for uniformly integrable martingales
» Convergence results crucial for understanding long-term behavior of martingale processes

« Applications in proving consistency of statistical estimators and analyzing limiting behavior of random
algorithms

* Generalizations to submartingales and supermartingales provide broader applicability in statistical
theory

Optional stopping theorem
« States conditions under which E[X7] = E[X0] for a stopping time T and martingale Xt
* Allows analysis of expected values of martingales at random times, not just fixed times
+ Crucial in proving many results in probability theory and mathematical finance

* Applications include analyzing gambling strategies, sequential hypothesis testing, and pricing of
American options

+ Conditions for validity include bounded stopping times or uniform integrability of the stopped process
Doob's martingale inequality
* Provides upper bounds on the probability that a martingale exceeds a certain threshold

ElIX7l]
+ Maximal inequality: P(OS<L:ET |Xel 2A) = =537 for any A > 0

* L*p inequality generalizes the result to L*p norms for p > 1
» Fundamental tool in proving convergence theorems and establishing tail bounds for martingales

* Applications in concentration inequalities, empirical process theory, and analysis of random algorithms

Applications in statistics

» Martingales play a crucial role in various areas of Theoretical Statistics, providing powerful tools for
inference and analysis

* Their properties allow for the development of robust statistical methods and theoretical frameworks
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* Applications of martingales in statistics bridge the gap between probability theory and practical data
analysis techniques

Likelihood ratio martingales

* Likelihood ratio process forms a martingale under the true probability measure

* Used in sequential hypothesis testing and change-point detection problems

* Allows for construction of optimal sequential tests (Sequential Probability Ratio Test)
* Applications in quality control, clinical trials, and online learning algorithms

* Provides a theoretical foundation for likelihood-based inference in dynamic settings

Martingale central limit theorem

* Generalizes the classical Central Limit Theorem to martingale difference sequences

« States conditions under which normalized sums of martingale differences converge to a normal
distribution

* Crucial for establishing asymptotic normality of many statistical estimators (maximum likelihood
estimators)

* Allows for inference in time series models and other dependent data structures

« Extensions to functional central limit theorems provide tools for analyzing continuous-time processes

Sequential analysis

» Martingales form the basis for many sequential statistical procedures

» Sequential probability ratio test (SPRT) optimal for testing simple hypotheses

* Martingale methods allow for design of efficient sequential sampling schemes

* Applications in clinical trials, industrial quality control, and adaptive experimental design

* Provides tools for analyzing and optimizing stopping rules in sequential decision-making problems

Martingale transforms

» Martingale transforms represent a fundamental concept in the study of stochastic processes within
Theoretical Statistics

* These transformations allow for the creation of new martingales from existing ones, expanding the
toolkit for statistical analysis

+ Understanding martingale transforms provides insights into the structure and properties of complex
stochastic systems

Predictable processes

* Processes adapted to the filtration and measurable with respect to the predictable g-algebra
» Represent information available just before each time point, crucial for defining martingale transforms

» Examples include left-continuous adapted processes and deterministic functions
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* Used to define stochastic integrals and construct martingale transforms

« Applications in modeling trading strategies in financial mathematics and control theory

Doob-Meyer decomposition

» Unique decomposition of a submartingale into a martingale and an increasing predictable process
+ Theorem states that any submartingale Xt can be written as Xt = M¢ + A¢

» Mt martingale

+ At increasing predictable process

» Fundamental result in the theory of stochastic processes, linking martingales and submartingales
* Applications in financial mathematics for decomposing asset price processes

» Generalizations to semimartingales provide a framework for stochastic calculus

Quadratic variation

» Measures the roughness or volatility of a martingale path

+ Defined as the limit of sum of squared increments as partition becomes finer

* For continuous martingales, quadratic variation process <X)_t unique and increasing

* Fundamental in stochastic calculus, particularly for It6's formula and stochastic integration

* Applications in estimating volatility in financial time series and constructing confidence intervals for
martingale estimators

Examples and special cases

* Specific examples and special cases of martingales provide concrete illustrations of abstract concepts
in Theoretical Statistics

» These examples serve as building blocks for understanding more complex stochastic processes and
their applications

« Studying these cases helps develop intuition for martingale behavior and properties in various
contexts

Random walks

+ Simple random walk on integers forms a martingale when centered

* Symmetric random walk

n
Sn=2X
i=1

with X i.i.d. and E[X;1=0
« Martingale property: E[Sn +1]51,....5n]1 =5

* Applications in modeling particle diffusion, stock prices, and polymer chains
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* Generalizations to random walks on graphs and in higher dimensions provide rich mathematical
structures

Branching processes

* Galton-Watson process normalized by its mean forms a martingale

* Let Zn be the population size at generation n, and m the mean offspring number
« Martingale property: E[Zn + 1|21, ..., Zp] = mZ),

« M, =Z,/m" forms a martingale

* Applications in modeling population dynamics, nuclear chain reactions, and algorithmic complexity

Brownian motion as martingale
+ Standard Brownian motion Bt is a continuous-time martingale
« Martingale property: E[Bt|Fs] = Bs for all s < t
* Quadratic variation of Brownian motion equals time: (B)_t =t
* Serves as a fundamental building block for continuous-time stochastic processes

* Applications in modeling diffusion processes, financial asset prices, and noise in physical systems

Martingales in finance

 Martingales play a central role in financial mathematics and the theoretical foundations of Theoretical
Statistics applied to finance

» These concepts provide a rigorous framework for analyzing and modeling financial markets and
instruments

» Understanding martingales in finance allows for the development of sophisticated pricing and risk
management techniques

Asset pricing models

» Martingale approach to asset pricing based on the principle of no arbitrage

* Risk-neutral pricing measure Q under which discounted asset prices are martingales

» Fundamental theorem of asset pricing links absence of arbitrage to existence of risk-neutral measure
* Applications in pricing derivatives, bonds, and other financial instruments

« Allows for unified treatment of various asset classes and market models

Risk-neutral valuation

* Technique for pricing derivatives using risk-neutral probabilities
» Under risk-neutral measure, all assets have same expected return (risk-free rate)

+ Discounted option prices form martingales under risk-neutral measure
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* Black-Scholes formula derived using risk-neutral valuation and properties of geometric Brownian
motion

» Extends to more complex models (stochastic volatility, jump diffusions) while preserving martingale
structure

Efficient market hypothesis
» Martingale property of asset prices consistent with weak form of efficient market hypothesis
* Price changes unpredictable given past information, reflecting all available information

» Martingale difference property of returns implies no profitable trading strategies based solely on past
prices

* Tests of market efficiency often formulated as tests of martingale properties

+ Challenges to efficient market hypothesis often involve identifying deviations from martingale behavior

Advanced martingale theory

» Advanced martingale theory extends the basic concepts to more complex settings in Theoretical
Statistics

» These advanced topics provide powerful tools for analyzing sophisticated stochastic models and
processes

* Understanding these concepts allows for deeper insights into the structure and behavior of random
phenomena

Local martingales
* Generalization of martingales allowing for more flexibility in modeling
« Local martingale M satisfies martingale property locally: E[IM<|Fs] = M5 for stopping times s < 1
» Every martingale is a local martingale, but not vice versa
* Important in stochastic calculus and modeling of financial bubbles

 Characterization via Itd's formula and stochastic integration theory

Martingale representation theorem

« States that any martingale adapted to the filtration of a Brownian motion can be represented as a
stochastic integral

t
« For martingale Mt, there exists predictable process Ht such that M, = M, + foHsdBS

» Fundamental result in stochastic calculus, crucial for solving stochastic differential equations
+ Applications in hedging strategies for financial derivatives and optimal control problems

* Generalizations to jump processes and more general semimartingales

Continuous-time martingales

* Martingales defined on continuous time interval, often [0, «)
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* Properties include right-continuity and existence of left limits (cadlag paths)

* Lévy's martingale characterization of Brownian motion links continuous martingales to Gaussian
processes

* Doob-Meyer decomposition extends to continuous-time setting, providing semimartingale structure

+ Applications in modeling diffusion processes, continuous-time Markov chains, and stochastic
differential equations

10.5 Time series analysis

Time series analysis is a crucial aspect of Theoretical Statistics, focusing on data points collected
sequentially over time. It provides tools for modeling, forecasting, and extracting insights from
chronological data, integrating statistical theory with practical applications across various fields.

Understanding time series fundamentals is essential for statisticians to analyze temporal patterns
effectively. This topic covers key concepts like components of time series, stationarity, autocorrelation
functions, and various models such as ARIMA, enabling accurate predictions and meaningful
interpretations of time-dependent data.

Fundamentals of time series

* Time series analysis forms a crucial component of Theoretical Statistics, focusing on data points
collected or recorded sequentially over time

» Understanding time series fundamentals provides the foundation for modeling, forecasting, and
analyzing temporal patterns in various fields (economics, finance, environmental science)

 Time series concepts integrate statistical theory with practical applications, enabling statisticians to
extract meaningful insights from chronological data

Components of time series

* Trend represents the long-term movement or direction in the data
 Seasonal patterns occur at fixed intervals (daily, weekly, monthly, quarterly)

* Cyclical components show fluctuations not tied to fixed periods, often related to economic or business
cycles

* Irregular components capture random, unpredictable variations in the data

» Decomposition methods separate these components for analysis and forecasting

Stationarity vs non-stationarity

« Stationary time series maintain constant statistical properties over time
» Constant mean, variance, and autocovariance structure

* Facilitates easier modeling and forecasting

» Non-stationary series exhibit changing statistical properties

* May include trends, seasonality, or varying volatility

* Require transformation or differencing to achieve stationarity
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» Augmented Dickey-Fuller (ADF) test assesses stationarity

* Importance of stationarity in model selection and interpretation

Autocorrelation function

» Measures the correlation between a time series and its lagged values

» ACF plot displays correlation coefficients for different lag values

* Helps identify patterns, seasonality, and potential model structures

» Slowly decaying ACF suggests non-stationarity or long-memory processes

+ Used in conjunction with PACF for model identification (ARIMA)

Partial autocorrelation function

» Measures the correlation between a time series and its lagged values, controlling for intermediate lags
* PACF plot aids in determining the order of autoregressive (AR) processes

« Significant spikes in PACF suggest potential AR terms in the model

* Used alongside ACF for comprehensive model identification

* Helps distinguish between direct and indirect correlations in the data

Time series models

* Time series models form the core of statistical forecasting and analysis in Theoretical Statistics

» These models capture various temporal dependencies and patterns in data, allowing for accurate
predictions and insights

» Understanding different model types enables statisticians to select appropriate techniques for diverse
time series scenarios

Autoregressive (AR) models

» Express current values as a linear combination of past observations

* AR(p) model uses p lagged values to predict the current value

» Captures persistence and memory in time series data

* Yule-Walker equations estimate AR model parameters

« Partial autocorrelation function (PACF) aids in determining the order p

* Applications include stock price modeling and weather forecasting

Moving average (MA) models

» Represent current values as a function of past forecast errors
* MA(q) model incorporates q lagged error terms

* Useful for capturing short-term fluctuations and random shocks
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* Autocorrelation function (ACF) helps determine the order q
« Invertibility condition ensures a unique MA representation

 Often combined with AR models to form more complex structures

ARMA and ARIMA models

* ARMA combines autoregressive and moving average components

* ARIMA extends ARMA by including differencing for non-stationary series

* ARIMA(p,d,q) model specification:

* p: order of autoregressive terms

« d: degree of differencing

* g: order of moving average terms

+ Box-Jenkins methodology guides model identification and estimation

+ Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC) aid in model selection

» Widely used in economic and financial forecasting

Seasonal ARIMA models

* SARIMA models incorporate seasonal patterns in addition to ARIMA components
* Notation: SARIMA(p,d,q)(P,D,Q)m

* (p,d,q): non-seasonal components

+ (P,D,Q): seasonal components

* m: seasonal period (12 for monthly data, 4 for quarterly)

« Captures both short-term and seasonal dependencies

 Seasonal differencing removes periodic patterns

* Useful for data with strong seasonal fluctuations (retail sales, tourism)

* Requires careful model identification and parameter estimation

Forecasting techniques

« Forecasting techniques are essential tools in Theoretical Statistics for predicting future values based
on historical data

» These methods leverage statistical principles to extrapolate trends and patterns into the future

» Understanding various forecasting approaches allows statisticians to choose appropriate techniques
for different time series characteristics

Exponential smoothing methods

* Assign exponentially decreasing weights to older observations

+ Simple exponential smoothing for series without trend or seasonality
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* Double exponential smoothing (Holt's method) incorporates trend
» Smoothing parameter a controls the balance between recent and historical data
« Computationally efficient and widely used in inventory management

« Suitable for short to medium-term forecasting

Holt-Winters method

* Triple exponential smoothing technique for time series with trend and seasonality
» Three smoothing equations: level, trend, and seasonal components

+ Additive and multiplicative versions accommodate different seasonal patterns

» Smoothing parameters (q, B, y) control the update speed of each component

» Automatically adapts to changes in level, trend, and seasonal patterns

» Widely used in retail and tourism forecasting

Box-Jenkins methodology

+ Systematic approach for identifying, estimating, and diagnosing ARIMA models

* Steps include: 1. Model identification using ACF and PACF plots 2. Parameter estimation (maximum
likelihood or least squares) 3. Diagnostic checking of residuals 4. Forecasting and model validation

* Iterative process allows for model refinement
* Emphasizes the importance of parsimony in model selection

* Applicable to a wide range of time series data

Spectral analysis

* Spectral analysis in Theoretical Statistics focuses on decomposing time series into frequency
components

* This approach provides insights into cyclical patterns and periodic behavior in data

» Understanding spectral techniques allows statisticians to analyze complex time series in the
frequency domain

Fourier analysis
» Decomposes time series into a sum of sinusoidal components
* Fourier transform converts time domain signals to frequency domain
* Reveals underlying periodic patterns in the data
* Fast Fourier Transform (FFT) algorithm enables efficient computation
+ Useful for identifying dominant frequencies and hidden periodicities

* Applications include signal processing and climate data analysis
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Periodogram

« Estimates the spectral density of a time series

* Plots the intensity of frequency components against frequency
» Raw periodogram often exhibits high variance

* Peaks in the periodogram indicate strong periodic components
* Helps identify cyclical patterns and seasonality

* Used in conjunction with other spectral estimation techniques

Spectral density estimation

» Smoothed periodogram techniques reduce variance in spectral estimates
* Methods include:

* Bartlett's method (averaging periodograms of subseries)

» Welch's method (overlapping segments with windowing)

 Multitaper method (uses orthogonal tapers)

* Spectral windows (Hamming, Hanning) reduce spectral leakage

* Provides a continuous estimate of the power spectrum

« Useful for analyzing complex cyclical behavior in time series data

State space models

« State space models in Theoretical Statistics provide a flexible framework for analyzing dynamic
systems

» These models represent observed data as a function of unobserved state variables

» Understanding state space approaches enables statisticians to handle complex time series with latent
structures

Kalman filter
* Recursive algorithm for estimating the state of a dynamic system
* Consists of prediction and update steps
 Optimal estimator for linear Gaussian state space models
* Provides minimum mean square error (MMSE) estimates
» Widely used in tracking, navigation, and signal processing

» Extended Kalman filter handles non-linear systems through linearization

Hidden Markov models

* Probabilistic models for systems with unobserved (hidden) states
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* Assumes observed data depends on a Markov chain of hidden states
» Components include:

« Initial state probabilities

« State transition probabilities

* Emission probabilities

» Forward-backward algorithm computes likelihoods

« Viterbi algorithm finds the most likely sequence of hidden states

* Applications include speech recognition and bioinformatics

Nonlinear time series

* Nonlinear time series analysis in Theoretical Statistics addresses complex temporal dependencies
» These models capture relationships that cannot be adequately described by linear methods

» Understanding nonlinear techniques allows statisticians to analyze and forecast more sophisticated
time series patterns

Threshold models

+ Capture regime-switching behavior in time series

* Threshold Autoregressive (TAR) models use different AR processes based on threshold values
« Self-Exciting Threshold Autoregressive (SETAR) models use lagged values as thresholds

» Smooth Transition Autoregressive (STAR) models allow for gradual transitions between regimes
+ Useful for modeling asymmetric behavior in economic and financial time series

» Require careful specification of threshold variables and functions

ARCH and GARCH models

* Autoregressive Conditional Heteroskedasticity (ARCH) models capture time-varying volatility
* Generalized ARCH (GARCH) extends ARCH by including lagged conditional variances

* GARCH(p,q) specification:

* p: order of GARCH terms (lagged conditional variances)

+ g: order of ARCH terms (lagged squared residuals)

« Capture volatility clustering in financial time series

» Maximum likelihood estimation used for parameter inference

+ Extensions include EGARCH (exponential) and GJR-GARCH (asymmetric) models

Multivariate time series

» Multivariate time series analysis in Theoretical Statistics deals with multiple interconnected time series
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* These techniques allow for modeling and forecasting of complex systems with multiple variables

» Understanding multivariate methods enables statisticians to analyze relationships and dependencies
among multiple time series

Vector autoregression (VAR)

» Extends univariate autoregressive models to multiple time series

« Each variable is a linear function of past lags of itself and other variables
* VAR(p) model uses p lags for each variable

* Captures dynamic interactions and feedback effects between variables

» Granger causality tests assess predictive relationships

* Impulse response functions analyze system dynamics

* Applications include macroeconomic modeling and policy analysis

Cointegration analysis

« Studies long-run equilibrium relationships between non-stationary time series

+ Cointegrated series share common stochastic trends

+ Engle-Granger two-step method for testing and estimating cointegration

« Johansen procedure for multiple cointegrating relationships

* Error Correction Models (ECM) capture short-run dynamics and long-run equilibrium
 Important in analyzing economic and financial time series (stock prices, exchange rates)

* Provides insights into long-term relationships and short-term adjustments

Time series regression

* Time series regression in Theoretical Statistics combines regression analysis with time series
concepts

» These methods account for temporal dependencies in both dependent and independent variables

» Understanding time series regression techniques allows statisticians to model relationships between
variables over time

Distributed lag models

* Incorporate lagged effects of independent variables on the dependent variable
* Finite distributed lag models include a fixed number of lags

« Infinite distributed lag models (Koyck, Almon) allow for infinite lag structures

+ Capture delayed impacts and dynamic relationships in economic systems

+ Useful for analyzing policy effects and marketing campaign impacts

* Require careful consideration of lag length and structure
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Transfer function models

* Combine ARIMA modeling with regression analysis

» Model output as a function of past inputs and noise terms

* General form: Y(t) = v(B)X(t) + N(t)

« v(B): transfer function polynomial

* X(t): input series

* N(t): noise term (often modeled as ARIMA)

 Capture dynamic relationships between input and output series

« Useful for modeling systems with known inputs (control systems, interventions)

* Require identification of both transfer function and noise components

Diagnostic checking

« Diagnostic checking in Theoretical Statistics ensures the adequacy and validity of time series models
* These techniques assess model assumptions, fit, and predictive performance

» Understanding diagnostic methods allows statisticians to refine and improve their time series analyses

Residual analysis

» Examines model residuals for patterns or violations of assumptions
+ Key aspects of residual analysis include:

» Normality (Q-Q plots, Jarque-Bera test)

* Independence (ACF and PACF of residuals)

* Homoscedasticity (residual plots against fitted values)

* Ljung-Box test assesses overall randomness of residuals

* ARCH LM test checks for heteroscedasticity in residuals

* Helps identify model misspecification or omitted variables

Model selection criteria

» Quantitative measures for comparing and selecting time series models
« Common criteria include:

* Akaike Information Criterion (AIC)

* Bayesian Information Criterion (BIC)

* Hannan-Quinn Information Criterion (HQIC)

+ Balance model fit with complexity to avoid overfitting

+ Out-of-sample forecasting performance (RMSE, MAE, MAPE)
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+ Cross-validation techniques for time series (rolling window, expanding window)

* Emphasize parsimony in model selection

Advanced topics

» Advanced topics in time series analysis extend the foundational concepts in Theoretical Statistics
* These techniques address complex temporal structures and non-standard time series behaviors

» Understanding advanced methods allows statisticians to tackle sophisticated time series problems
and push the boundaries of analysis

Long memory processes

+ Exhibit strong dependence between distant observations

» Characterized by slowly decaying autocorrelation functions

* Fractionally Integrated ARIMA (ARFIMA) models capture long memory
* Hurst exponent quantifies the degree of long-range dependence

* Applications in hydrology, finance, and climate science

* Require specialized estimation techniques (Whittle estimation, wavelet methods)

Wavelet analysis

» Decomposes time series into time-frequency representations

+ Provides localized frequency information unlike Fourier analysis
* Discrete Wavelet Transform (DWT) for efficient computation
 Continuous Wavelet Transform (CWT) for detailed analysis

+ Useful for analyzing non-stationary and multi-scale phenomena

+ Applications include signal denoising and feature extraction

Neural networks for time series

* Leverage artificial neural networks for time series forecasting and analysis

* Recurrent Neural Networks (RNN) capture temporal dependencies

* Long Short-Term Memory (LSTM) networks handle long-range dependencies
+ Convolutional Neural Networks (CNN) extract hierarchical features

* Hybrid models combine neural networks with traditional time series methods
* Require careful consideration of architecture, training, and regularization

« Effective for complex, nonlinear time series patterns
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Unit 11 — Sampling theory

11.1 Simple random sampling

Simple random sampling is a fundamental technique in statistics where each unit in a population has an
equal chance of being selected. This method forms the basis for many other sampling approaches and is
crucial for understanding more complex techniques in theoretical statistics.

The key advantages of simple random sampling include unbiased estimation of population parameters and
simplicity of implementation. However, it may not always be the most efficient method, especially for large
or geographically dispersed populations, and can potentially lead to underrepresentation of small
subgroups.

Definition of simple random sampling

* Fundamental sampling technique in statistical analysis where each unit in a population has an equal
probability of being selected

* Forms the basis for many other sampling methods in Theoretical Statistics

* Crucial for understanding more complex sampling techniques and their theoretical foundations

Equal probability of selection
« Every unit in the population has the same chance of being included in the sample
+ Probability of selection calculated as 1/N, where N is the total population size
* Ensures representativeness of the sample by giving all units equal importance

* Eliminates bias in the selection process, crucial for statistical inference

Independence of selections
+ Each selection made independently of all other selections in the sampling process
* No influence of one selection on subsequent selections (replacement after each draw)
» Maintains the equal probability of selection throughout the sampling process

+ Allows for the application of probability theory in analyzing sample results

Advantages of simple random sampling

* Provides a strong foundation for statistical inference and hypothesis testing
» Minimizes selection bias, enhancing the validity of research findings

« Simplifies the calculation of sampling errors and confidence intervals

Unbiased estimation
* Produces unbiased estimates of population parameters (means, proportions, variances)
» Expected value of the sample statistic equals the true population parameter

* Allows for accurate extrapolation of sample results to the entire population
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« Facilitates the calculation of standard errors and confidence intervals

Simplicity and ease of use

« Straightforward implementation compared to more complex sampling methods
* Requires minimal prior knowledge about the population characteristics
« Easily understood by non-statisticians, improving communication of research methods

* Reduces the potential for errors in sample selection and data analysis

Disadvantages of simple random sampling
» May not be the most efficient method for all research scenarios
+ Can be challenging to implement in large or geographically dispersed populations

* Potential for underrepresentation of small subgroups within the population

Potential for high sampling error

* Larger sample sizes often required to achieve desired precision levels
* Increased variability in estimates when dealing with heterogeneous populations
+ Higher risk of obtaining a non-representative sample in small sample sizes

* May lead to wider confidence intervals compared to stratified sampling methods

Practical limitations
« Difficulty in obtaining a complete and accurate sampling frame for large populations
* Logistical challenges in reaching and collecting data from randomly selected units
+ Potential for increased costs due to the need for larger sample sizes

 Time-consuming process, especially when dealing with geographically dispersed populations

Sample size determination

« Critical step in the design of simple random sampling studies
* Balances statistical power with resource constraints

* Influences the precision and reliability of population parameter estimates

Margin of error

» Maximum expected difference between the sample estimate and true population parameter
* Inversely related to sample size (larger samples yield smaller margins of error)
+ Calculated using the standard error of the estimate and desired confidence level

* Often expressed as a percentage (3% margin of error)
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Confidence level
* Probability that the true population parameter falls within the calculated confidence interval
» Commonly used levels include 90%, 95%, and 99%
* Higher confidence levels require larger sample sizes to maintain the same margin of error

« Affects the width of the confidence interval (higher confidence = wider interval)

Population variability

* Measure of the spread or dispersion of the characteristic being studied in the population
* Estimated using the sample standard deviation or variance
 Higher variability requires larger sample sizes to achieve desired precision

* Influences the standard error of estimates and width of confidence intervals

Sampling frame considerations

* Crucial for ensuring the validity and representativeness of simple random samples
« Impacts the generalizability of study results to the target population

* Requires careful evaluation and maintenance to minimize bias

Completeness of frame

+ Ideally includes all units in the target population without duplication
« Affects the coverage of the population and potential for selection bias
» Requires regular updating to account for changes in the population over time

* Incomplete frames may lead to undercoverage bias in sample estimates

Frame errors
* Include overcoverage (inclusion of ineligible units) and undercoverage (omission of eligible units)
 Can introduce bias in sample estimates and affect the validity of statistical inferences
* Require careful screening and cleaning of the sampling frame before selection
* May necessitate adjustments in sample weighting or estimation procedures

Simple random sampling methods

* Various techniques available for implementing simple random sampling
* Choice of method depends on population size, available resources, and desired precision

+ All methods aim to ensure equal probability of selection for each unit

Manual selection techniques

* Physical methods used for smaller populations or when technology is limited
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* Include techniques like lottery method (drawing numbered balls from a container)
+ Shuffling and selecting cards with population unit identifiers

* Rolling dice or using random number tables for selection

Computer-generated random numbers

« Utilizes pseudorandom number generators in statistical software or programming languages
* Allows for efficient selection of large samples from extensive sampling frames
* Ensures reproducibility of the sample selection process when a seed is set

+ Facilitates the implementation of more complex sampling designs (stratified, cluster)

Estimation in simple random sampling
* Focuses on inferring population parameters from sample statistics
« Utilizes probability theory to quantify the precision of estimates

» Forms the basis for hypothesis testing and confidence interval construction

Mean estimation

» Sample mean (X) used as an unbiased estimator of the population mean (u)
* Calculated as the sum of all observations divided by the sample size
* Precision of the estimate improves with larger sample sizes

« Standard error of the mean quantifies the variability of the estimate

Variance estimation

» Sample variance (s?) used to estimate the population variance (g?)
* Calculated using the sum of squared deviations from the sample mean
* Requires a correction factor (n-1 in denominator) for unbiasedness

* Provides insight into the spread of the data and homogeneity of the population
Proportion estimation

» Sample proportion (p) used to estimate population proportion (P)

* Calculated as the number of units with the characteristic of interest divided by sample size

« Particularly useful for binary or categorical variables

« Standard error of proportion depends on the sample size and estimated proportion
Standard error in simple random sampling

» Measures the variability or precision of sample statistics

* Crucial for constructing confidence intervals and conducting hypothesis tests
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* Decreases as sample size increases, improving the precision of estimates

Standard error of mean

« Calculated as SE(X) = % where s is the sample standard deviation and n is the sample size
* Quantifies the expected variability of sample means if repeated samples were taken
* Used in the construction of confidence intervals for the population mean

* Influences the power of statistical tests involving means

Standard error of proportion

* Calculated as SE(F",) =1/ M where p is the sample proportion and n is the sample size

* Measures the precision of the estimated proportion
* Largest when the sample proportion is close to 0.5

» Used in hypothesis testing and confidence interval construction for proportions

Confidence intervals

* Provide a range of plausible values for population parameters
 Account for sampling variability and desired level of confidence

 Width of the interval reflects the precision of the estimate

Confidence interval for mean

« Constructed using the formula: X £ ta/2,n -1 * SE(X)
« t-value depends on the desired confidence level and sample size
» Assumes normality of the sampling distribution (valid for large samples due to CLT)

* Interpretation: "We are XX% confident that the true population mean falls within this interval"

Confidence interval for proportion

« Constructed using the formula: p * Zg/2 - SE(p)
« z-value based on the standard normal distribution and desired confidence level
* Requires large sample sizes for accuracy (np and n(1-p) both > 5)

* Provides a range of plausible values for the true population proportion

Hypothesis testing with simple random samples

« Statistical inference technique to make decisions about population parameters
« Utilizes sample data to evaluate claims about the population

* Involves formulating null and alternative hypotheses, calculating test statistics, and making decisions
based on p-values or critical values
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One-sample tests

» Compare a sample statistic to a hypothesized population parameter
* Include t-tests for means and z-tests for proportions
* Null hypothesis typically assumes no difference between sample and population

* Calculate test statistic and compare to critical value or p-value for decision-making

Two-sample tests

» Compare parameters between two populations using independent samples
* Include independent samples t-tests for means and z-tests for proportions
 Null hypothesis often assumes no difference between the two populations

* Require consideration of equal or unequal variances in the case of mean comparisons

Simple random sampling vs other methods

» Comparison helps in selecting the most appropriate sampling method for a given study
« Considers factors such as efficiency, precision, and practicality of implementation

» Understanding differences aids in interpreting results from various sampling designs

Stratified sampling comparison

« Stratified sampling divides the population into homogeneous subgroups before sampling
» Often more efficient than SRS, especially for heterogeneous populations
* Provides better representation of small subgroups within the population

* Requires prior knowledge of the stratifying variable, unlike SRS

Cluster sampling comparison
* Cluster sampling selects groups of units rather than individual units
» More practical for geographically dispersed populations compared to SRS
* Often less precise than SRS due to intra-cluster correlation
» Can be more cost-effective for large-scale surveys with geographically clustered populations

Applications of simple random sampling

» Widely used in various fields of research and industry
* Provides a foundation for more complex sampling designs

« Crucial in situations where minimal assumptions about the population are available

Survey research

» Used in opinion polls, market research, and social science studies
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» Ensures representativeness of the sample when studying large populations
* Facilitates the calculation of margins of error for survey results

+ Allows for generalizations about population characteristics from sample data

Quality control

* Employed in manufacturing to assess product quality and defect rates
* Random sampling of products ensures unbiased estimation of quality metrics
» Used in acceptance sampling to decide whether to accept or reject production lots

+ Facilitates the implementation of statistical process control techniques

Limitations and considerations

» Understanding limitations helps in interpreting results and designing studies
» Awareness of potential issues allows for mitigation strategies and improved study design
« Critical for assessing the validity and generalizability of research findings
Sampling bias
« Can occur if the sampling frame does not accurately represent the target population
* May result from non-random selection or systematic exclusion of certain units

* Leads to biased estimates and incorrect inferences about the population

« Mitigation strategies include careful frame construction and sample selection procedures

Non-response issues

* Occurs when selected units do not participate or provide incomplete information
+ Can introduce bias if non-respondents differ systematically from respondents
* Reduces effective sample size and increases sampling error

« Strategies to address include follow-up attempts, weighting adjustments, and imputation techniques

Statistical software for simple random sampling

+ Facilitates the implementation of simple random sampling techniques
* Provides tools for sample selection, data analysis, and result interpretation

* Ensures accuracy and reproducibility in sampling and estimation procedures

R functions

» sample() function for random selection from a vector or data frame
» mean(), var(), and prop.test() for estimation and hypothesis testing

« t.test() for conducting t-tests on means
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» Packages like survey for more advanced sampling and analysis techniques

SAS procedures
* PROC SURVEYSELECT for generating simple random samples
* PROC MEANS and PROC UNIVARIATE for descriptive statistics and estimation
* PROC TTEST for conducting t-tests on means

* PROC SURVEYMEANS for analyzing data from complex survey designs

11.2 Stratified sampling

Stratified sampling is a powerful statistical technique that divides a population into subgroups before
sampling. This method ensures representation of key subgroups and can increase precision in population
estimates. It's particularly useful when studying diverse populations or when certain subgroups are of
special interest.

The process involves defining strata, allocating sample sizes, and selecting samples within each stratum.
Different allocation methods, such as proportional or optimal allocation, can be used depending on study
goals. Stratified sampling offers advantages in precision and representation, but requires careful planning
and consideration of potential biases.

Definition of stratified sampling
+ Divides population into non-overlapping subgroups (strata) based on specific characteristics
* Selects samples independently from each stratum using probability sampling methods
» Combines stratum samples to form overall sample representative of entire population

Purpose and advantages

* Increases precision of population estimates by reducing sampling error
* Ensures representation of important subgroups that might be missed in simple random sampling

« Allows for separate analysis of individual strata to compare group differences

Population stratification process

Identifying strata characteristics

* Selects variables strongly related to the study's outcome of interest
» Considers demographic factors (age, gender, income) or geographic regions
» Ensures mutually exclusive and collectively exhaustive strata

» Aims for homogeneity within strata and heterogeneity between strata

Determining optimal strata number

* Balances increased precision with added complexity and cost

* Uses statistical methods (Cumulative Square Root Frequency method)
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 Considers practical constraints (budget, time, available resources)

* Typically ranges from 3 to 6 strata in most applications

Sample allocation methods

Proportional allocation

* Allocates sample size to each stratum proportional to stratum size in population

+ Calculation: nh =N X (Na/N) where Nh is stratum sample size, N is total sample size, Nh is stratum
population size, and N is total population size

* Maintains population proportions in the sample

* Simple to implement and understand

Optimal allocation

* Allocates sample size based on stratum size and variability

+ Aims to minimize overall sampling variance for a given total sample size
* Requires knowledge of within-stratum variances

* Formula:

np=n x Nesh

2 NS
=1

where S is the standard deviation of the variable of interest in stratum h

Neyman allocation

* Special case of optimal allocation when cost per unit is constant across strata
* Allocates larger samples to strata with higher variability or larger sizes
+ Calculation:

nh=nX"LVhi

2 NS
i=1
(same as optimal allocation formula)

* Provides minimum variance for a fixed total sample size

Stratified random sampling procedure

Within-stratum sampling techniques
* Employs simple random sampling within each stratum
+ Uses systematic sampling for ordered lists within strata
* Applies probability proportional to size (PPS) sampling for unequal selection probabilities

» Ensures independence between samples from different strata
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Sample size determination

* Considers desired precision level (margin of error)
* Accounts for expected response rate and budget constraints
» Uses power analysis for hypothesis testing scenarios

* Adjusts for finite population correction in small populations
Statistical properties

Variance estimation

+ Calculates within-stratum variances separately
» Combines stratum variances using appropriate weighting

» Formula for stratified sample variance:

L

2
V(Vg) = 2 WP
h=1

where Wh is the stratum weight and Sﬁ is the sample variance in stratum h

* Provides more precise estimates compared to simple random sampling

Precision vs simple random sampling

« Offers increased precision when strata are homogeneous
» Reduces standard error of estimates for given sample size
+ Quantifies improvement using design effect (DEFF) measure

* Achieves greater efficiency in population parameter estimation

Bias considerations

Selection bias in strata

* Occurs when strata are not properly defined or identified
* Results from incomplete or inaccurate sampling frames within strata
* Mitigated by careful stratification variable selection and frame development

» Requires thorough understanding of population characteristics

Non-response bias effects

* Varies across strata due to different response rates
* Impacts representativeness of final sample
» Addressed through weighting adjustments or imputation techniques

* Requires analysis of non-response patterns within each stratum
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Stratified sampling applications

Market research examples

» Customer satisfaction surveys stratified by product lines
» Brand awareness studies stratified by geographic regions
» Consumer behavior analysis stratified by age groups and income levels

Environmental studies cases

» Water quality assessment stratified by river sections
« Air pollution monitoring stratified by urban vs rural areas

« Wildlife population estimates stratified by habitat types

Limitations and challenges

Stratum boundary issues

« Difficulty in defining clear boundaries between strata
* Overlapping characteristics leading to ambiguous stratum assignment
* Potential for misclassification of population units

» Requires careful consideration of stratification variables and cutoff points

Small stratum problems

« Insufficient sample sizes in some strata for reliable estimates
* Increased variability of estimates for small strata
* Potential need for collapsing or combining small strata

+ Trade-off between maintaining stratum identity and achieving adequate precision
Analysis of stratified data

Weighted estimators
* Uses stratum weights to calculate population estimates
» Formula for stratified mean:
L
Yst = Z Whys,
h=1
where W is the stratum weight and ¥ is the sample mean in stratum h

* Applies weights in regression analysis and other statistical procedures

* Ensures proper representation of population structure in final estimates

Fiveable archived study guides Page 345



Confidence interval construction

 Accounts for stratified design in interval calculations
« Uses stratified variance estimates for more accurate intervals
« Formula: Cl = yg; % ta ar X  V(y) where tas2, af is the t-value for desired confidence level

* Provides narrower intervals compared to simple random sampling

Stratified sampling vs other methods

Cluster sampling comparison

« Stratified sampling selects units from all strata, cluster sampling selects entire clusters
« Stratified sampling generally more precise than cluster sampling
+ Cluster sampling more cost-effective for geographically dispersed populations

« Stratified sampling requires more information about population characteristics

Multistage sampling differences

« Stratified sampling involves one stage of selection within strata
» Multistage sampling uses multiple levels of sampling units
« Stratified sampling offers more control over sample composition

» Multistage sampling more suitable for complex, hierarchical populations

Software tools for stratified sampling

« Statistical packages (R, SAS, SPSS) with built-in stratified sampling functions
* Specialized survey software (Qualtrics, SurveyMonkey) for online stratified surveys
* GIS tools (ArcGIS, QGIS) for spatial stratification in environmental studies

» Custom programming languages (Python, MATLAB) for complex sampling designs

Ethical considerations in stratification

* Potential for reinforcing stereotypes or discrimination through stratification variables
« Privacy concerns when using sensitive characteristics for stratification
« Balancing representativeness with individual rights and protections

* Ensuring transparency in reporting stratification methods and limitations

11.3 Cluster sampling

Cluster sampling is a powerful tool in Theoretical Statistics for studying large, dispersed populations. It
divides the population into groups, or clusters, and selects a sample of these clusters for analysis. This
method balances efficiency and representativeness in research designs.
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Cluster sampling offers cost-effectiveness and convenience but can increase sampling error. It's
particularly useful for national surveys, health research, and market studies. Understanding its advantages,
limitations, and proper implementation is crucial for statisticians to make informed decisions in their
research designs.

Definition of cluster sampling

* Cluster sampling divides a population into groups called clusters and selects a sample of these
clusters for study

* This sampling method proves particularly useful in Theoretical Statistics when studying large,
geographically dispersed populations

* Cluster sampling allows statisticians to balance efficiency and representativeness in their research
designs

Characteristics of clusters

» Heterogeneous within clusters mirroring the overall population diversity
» Homogeneous between clusters ensuring each cluster represents a mini-version of the population
* Naturally occurring groups (schools, neighborhoods, hospitals)

» Mutually exclusive and collectively exhaustive covering the entire population without overlap

Difference vs stratified sampling

* Cluster sampling selects entire groups while stratified sampling chooses individuals from each stratum

« Stratified sampling requires knowledge of individual characteristics cluster sampling uses pre-existing
groupings

« Cluster sampling often increases sampling error stratified sampling typically reduces it

« Stratified sampling ensures representation from all strata cluster sampling may miss some clusters
entirely

Types of cluster sampling

* Cluster sampling encompasses various approaches tailored to research needs and population
characteristics

» Understanding different types allows statisticians to choose the most appropriate method for their
study

» The complexity of cluster sampling increases with the number of stages involved

Single-stage cluster sampling

* Selects clusters randomly and includes all units within chosen clusters
« Simplest form of cluster sampling often used for geographically concentrated populations
* Requires a complete list of clusters but not individual units within clusters

+ Can lead to larger sampling errors if clusters are not representative of the population

Fiveable archived study guides Page 347



Two-stage cluster sampling

* Involves two levels of selection first clusters then units within clusters
* Allows for more control over sample size and composition
» Reduces costs compared to single-stage sampling by surveying fewer units per cluster

* Requires information on both cluster-level and unit-level characteristics

Multistage cluster sampling

* Involves three or more stages of selection
+ Used for complex large-scale surveys (national health surveys)
* Allows for efficient sampling of widely dispersed populations

» Each stage can use different sampling methods (probability proportional to size, simple random
sampling)

Advantages of cluster sampling

« Cluster sampling offers several benefits in the context of Theoretical Statistics research
* This method balances practical constraints with statistical rigor

» Understanding these advantages helps researchers decide when to employ cluster sampling

Cost-effectiveness

* Reduces travel costs by concentrating data collection in selected clusters
» Minimizes administrative expenses through simplified sample management
* Allows for larger sample sizes within budget constraints

* Enables efficient use of limited resources in large-scale studies

Convenience in implementation

« Utilizes existing administrative or geographic boundaries as clusters
« Simplifies the sampling frame creation process
* Facilitates easier access to study participants within selected clusters

» Streamlines data collection logistics and coordination

Reduced travel and time

 Concentrates fieldwork in specific areas decreasing travel between sampling units
* Accelerates data collection process by surveying multiple units in one location
» Enables researchers to complete studies more quickly

* Allows for more intensive training of a smaller field staff
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Disadvantages of cluster sampling

« Cluster sampling presents certain challenges in statistical analysis and interpretation

* These limitations stem from the grouped nature of the sampling method

* Recognizing these drawbacks helps researchers mitigate potential issues in study design and

analysis

Increased sampling error

* Larger standard errors compared to simple random sampling
* Reduced precision due to similarities within clusters
* Requires larger sample sizes to achieve the same level of accuracy as SRS

 Impacts the reliability of population estimates and statistical tests

Potential for bias

* Risk of selecting unrepresentative clusters leading to skewed results
+ Possibility of missing important subgroups if they are not present in selected clusters
* Increased vulnerability to interviewer or measurement bias within clusters

+ Challenges in generalizing findings to the entire population

Lower precision vs SRS

» Wider confidence intervals for population parameter estimates
» Decreased power to detect significant differences between groups
* Inflated Type Il error rates in hypothesis testing

* Requires careful consideration of sample size and design effect in study planning

Cluster sampling design

+ Designing a cluster sampling study requires careful consideration of several factors

* The design process directly impacts the validity and reliability of research findings

* Theoretical statisticians must balance statistical rigor with practical constraints in their design choices

Defining clusters

« Identify natural groupings within the population (geographic areas, schools, hospitals)
* Ensure clusters are mutually exclusive and collectively exhaustive
+ Consider the size and number of clusters to balance precision and cost

* Assess the heterogeneity within and homogeneity between clusters
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Selecting clusters

» Choose an appropriate method for cluster selection (simple random sampling, probability proportional
to size)

» Determine the number of clusters to include based on budget and precision requirements
 Consider stratification of clusters to improve representativeness

* Implement proper randomization techniques to avoid selection bias

Sample size determination

+ Calculate required sample size accounting for the design effect
* Consider intracluster correlation in sample size calculations
+ Balance the number of clusters and units per cluster for optimal efficiency

* Adjust sample size for expected non-response and attrition

Estimation in cluster sampling

« Estimation techniques in cluster sampling differ from those used in simple random sampling
» These methods account for the clustered nature of the data to produce unbiased estimates

» Understanding these estimation procedures is crucial for accurate analysis and interpretation of
results

Estimating population mean

* Use cluster means as the primary sampling units in calculations
* Apply weights to account for unequal cluster sizes if necessary
+ Calculate the grand mean as a weighted average of cluster means

« Adjust standard errors to reflect the clustered design

Estimating population total

» Sum the weighted cluster totals to estimate the population total
 Account for the probability of selection for each cluster
+ Use ratio estimation techniques for improved precision

« Consider post-stratification to align estimates with known population totals

Variance estimation

* Employ methods that account for between-cluster and within-cluster variation
» Use Taylor series linearization or replication methods (jackknife, bootstrap)
+ Calculate design effects to compare precision with simple random sampling

* Adjust degrees of freedom in statistical tests to reflect the clustered design
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Intracluster correlation

* Intracluster correlation plays a crucial role in the efficiency of cluster sampling designs
* This concept quantifies the similarity of units within clusters

» Understanding intracluster correlation helps researchers optimize their sampling strategies

Definition and importance

* Measures the degree of similarity between units within the same cluster
* Ranges from 0 (no correlation) to 1 (perfect correlation)
* Influences the effective sample size and precision of estimates

* Helps determine the optimal balance between number of clusters and cluster size

Effects on precision

* Higher intracluster correlation decreases the effective sample size
* Increases the standard errors of estimates
* Reduces the power of statistical tests

* Necessitates larger overall sample sizes to achieve desired precision

Calculating intracluster correlation

* Use analysis of variance (ANOVA) to decompose total variance into within and between-cluster
components

* Apply maximum likelihood estimation methods for more complex designs
 Consider multilevel modeling approaches for nested data structures

» Account for covariates that may explain some of the within-cluster correlation
Design effect in cluster sampling

+ Design effect quantifies the impact of complex sampling designs on estimation precision

* This concept is crucial for comparing cluster sampling to simple random sampling

» Understanding design effect helps researchers plan appropriate sample sizes and interpret results
Concept of design effect

* Ratio of the variance of an estimate under the complex design to that under simple random sampling
» Measures the efficiency loss due to clustering
« Typically greater than 1 indicating decreased precision compared to SRS

* Varies by variable of interest and cluster characteristics
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Calculating design effect

» Compute as 1 + (average cluster size - 1) x intracluster correlation
+ Estimate empirically by comparing observed variance to expected variance under SRS
* Use software packages designed for complex survey analysis to calculate design effects

« Consider separate design effects for different variables in multi-purpose surveys

Implications for sample size

» Multiply the SRS sample size by the design effect to determine the required cluster sample size
+ Adjust power calculations to account for the decreased effective sample size
* Balance the number of clusters and cluster size to minimize design effects

« Consider cost-efficiency trade-offs when determining optimal sample size

Weighting in cluster sampling
» Weighting adjusts for unequal selection probabilities and non-response in cluster samples
* This process ensures that estimates are representative of the target population

* Proper weighting is essential for unbiased and efficient estimation in complex surveys

Need for weighting
* Corrects for unequal selection probabilities of clusters and units
+ Adjusts for non-response and coverage issues
+ Aligns sample demographics with known population characteristics

* Improves the precision and representativeness of survey estimates

Methods of weighting
* Design weights based on inverse selection probabilities
* Non-response adjustments using response propensity models
« Post-stratification to align with known population totals

+ Raking or iterative proportional fitting for multi-dimensional weighting

Impact on estimates

* Reduces bias in population estimates
* Increases variance of estimates due to unequal weighting
« Affects the calculation of standard errors and confidence intervals

» Requires specialized software to properly incorporate weights in analysis
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Analysis of cluster samples

 Analyzing cluster samples requires specialized techniques to account for the complex design
« Standard statistical methods often produce incorrect results when applied to clustered data

* Proper analysis ensures valid inferences and accurate representation of uncertainty

Accounting for clustering

* Use survey-specific procedures that incorporate design information

* Apply variance estimation techniques suitable for complex samples (Taylor series, replication
methods)

+ Adjust degrees of freedom in hypothesis tests to reflect the effective sample size

 Consider multilevel modeling approaches for nested data structures

Software for cluster analysis

* Specialized survey analysis packages (SUDAAN, Stata's svy commands, R's survey package)
» General statistical software with survey analysis capabilities (SAS, SPSS Complex Samples)
» Open-source options for complex survey analysis (R, Python libraries)

+ Consideration of software limitations and appropriate use of survey design features

Interpreting results

* Report design-adjusted standard errors and confidence intervals
* Present results in the context of the sampling design and its limitations
* Discuss the impact of design effects on precision and power

+ Consider the generalizability of findings to the target population

Applications of cluster sampling

« Cluster sampling finds wide application across various fields of research
* This method proves particularly useful for large-scale studies of geographically dispersed populations

» Understanding these applications helps researchers recognize when cluster sampling is appropriate

In social sciences

* National surveys of households or individuals (General Social Survey)
 Educational research studying students within schools
» Community-based studies examining neighborhoods or villages

* Cross-cultural research comparing groups across different regions
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In health research

* Population health surveys (National Health and Nutrition Examination Survey)
+ Epidemiological studies of disease prevalence
+ Health services research examining patients within hospitals

* Vaccination coverage surveys in developing countries

In market research

» Consumer behavior studies across different retail locations
* Brand awareness surveys in multiple cities or regions
* Product testing among households in selected neighborhoods

* Employee satisfaction surveys within large corporations

11.4 Systematic sampling

Systematic sampling is a powerful statistical method that selects units from a population at regular
intervals. It offers a structured approach to obtaining representative samples, balancing simplicity with
effectiveness in research and surveys.

This sampling technique involves choosing every kth element from an ordered population, with a random
starting point. It provides even distribution across the population, making it efficient for large-scale studies
while maintaining probabilistic selection.

Definition of systematic sampling

» Systematic sampling selects units from a population at regular intervals
* Belongs to the family of probability sampling methods in statistics

« Crucial for obtaining representative samples in research and surveys

Fixed interval selection
* Involves choosing every kth element from the population
* k represents the sampling interval, calculated as population size divided by desired sample size
* Ensures consistent spacing between selected units (1st, 11th, 21st, etc.)

» Maintains a fixed pattern throughout the selection process

Ordered population
* Requires the population to be arranged in a specific sequence
* Ordering can be based on various criteria (alphabetical, numerical, chronological)
* Facilitates systematic selection of units at regular intervals

* Helps in achieving a spread of sample units across the entire population
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Sampling process
» Systematic sampling simplifies the selection of units from a population
* Provides a structured approach to obtaining a representative sample

» Requires careful consideration of population characteristics and research objectives

Starting point selection

* Involves choosing the first unit randomly within the first interval
* Random start ensures each unit has an equal probability of selection
 Can use random number generators or random number tables

+ Critical for maintaining the probabilistic nature of the sampling method

Sampling interval calculation

» Determined by dividing the population size (N) by the desired sample size (n)
» Expressed mathematically as k = N/n, where k is the sampling interval
* Rounded to the nearest whole number for practical implementation

* Guides the selection of subsequent units after the random start

Advantages of systematic sampling

« Offers several benefits in statistical research and data collection
* Balances simplicity with representativeness in sample selection

* Provides an efficient alternative to simple random sampling in many scenarios

Ease of implementation

* Requires minimal equipment or complex procedures
» Can be executed quickly in field research settings
* Reduces the need for comprehensive sampling frames

« Facilitates data collection in time-sensitive studies

Even distribution

» Spreads sample units across the entire population
» Ensures representation from different segments of the population
* Reduces the risk of clustering or overrepresentation of certain groups

* Improves the overall representativeness of the sample

Disadvantages of systematic sampling

* Presents certain limitations and potential issues in specific scenarios
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* Requires careful consideration of population characteristics to mitigate risks

» May not be suitable for all research contexts or population structures

Potential for bias
« Can introduce systematic bias if the population has a cyclical pattern
* May over- or under-represent certain subgroups if the interval aligns with population characteristics
* Risks missing important elements if the sampling interval coincides with recurring patterns

* Requires careful examination of population structure to avoid unintended bias

Periodicity issues
+» Occurs when the sampling interval matches a periodic trend in the population
 Can lead to unrepresentative samples if not addressed
* May result in over- or underestimation of population parameters

* Necessitates thorough understanding of population dynamics before implementation

Systematic vs simple random sampling

+ Both are probability sampling methods but differ in selection approach
 Systematic sampling offers more structure and potentially better spread
« Simple random sampling provides true randomness but may be less practical for large populations

+ Choice between methods depends on research objectives and population characteristics

Variance estimation

* Crucial for assessing the precision of sample estimates
* Presents unique challenges in systematic sampling due to its structured nature

* Requires specialized techniques to account for the sampling method's characteristics

Difficulties in estimation

« Standard variance formulas for simple random sampling do not apply directly
+ Lack of independence between selected units complicates variance calculations
« Traditional methods may underestimate the true variance in systematic samples

* Requires consideration of potential intra-class correlation within the sample

Approximation methods

« Utilize various techniques to estimate variance in systematic samples
* Include methods like successive difference estimators

» Employ resampling techniques (jackknife, bootstrap) for variance estimation
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* May use stratified random sampling formulas as conservative approximations

Applications in research

« Systematic sampling finds wide application across various fields of study
« Offers practical advantages in large-scale data collection efforts

* Provides a balance between representativeness and operational efficiency

Environmental studies

* Used in ecological surveys to assess biodiversity
» Employed in soil sampling for agricultural research
+ Facilitates monitoring of air and water quality at regular intervals

* Aids in studying spatial distribution of plant or animal species

Market research

* Applied in customer satisfaction surveys
* Used for product testing with evenly distributed consumer groups
+ Facilitates analysis of sales patterns over time

* Employed in studying consumer behavior across different demographics

Sample size determination
« Critical step in designing systematic sampling studies
» Balances statistical power with resource constraints

» Ensures adequate representation of the population

Factors affecting sample size

* Desired level of precision or margin of error

* Population variability or heterogeneity

+ Confidence level required for the study

« Available resources (time, budget, personnel)

» Expected response rate or participation level

Calculation methods

* Utilize standard sample size formulas with adjustments for systematic sampling
+ Consider design effect to account for potential clustering
* Incorporate finite population correction for smaller populations

* May use iterative approaches to optimize sample size based on multiple criteria
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Systematic sampling variations
» Adaptations of the basic systematic sampling method
 Address specific research needs or population characteristics
» Enhance the flexibility and applicability of systematic sampling

Circular systematic sampling

* Treats the population as a circular list

 Continues sampling beyond the end of the list, wrapping around to the beginning

+ Useful for populations with no clear starting or ending point

» Reduces edge effects in spatial sampling scenarios

Stratified systematic sampling

» Combines systematic sampling with stratification
* Divides the population into strata before applying systematic selection
* Ensures representation from each stratum in the final sample

* Improves precision for heterogeneous populations

Statistical inference

* Process of drawing conclusions about populations based on sample data
* Requires careful consideration of the systematic sampling design

+ Aims to provide accurate and reliable estimates of population parameters

Point estimation

* Involves calculating single values to estimate population parameters
» Uses sample statistics as estimators (sample mean, proportion, variance)

* Considers the systematic nature of the sample in interpreting estimates

» May require adjustments to standard estimators to account for sampling design

Interval estimation

* Provides a range of plausible values for population parameters

« Constructs confidence intervals to quantify uncertainty in estimates

* Requires appropriate variance estimation techniques for systematic samples

+ Considers the impact of sampling design on interval width and interpretation

Assumptions and limitations

 Systematic sampling assumes no periodic patterns in the population
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* Requires careful ordering of the population to avoid bias
» May not be suitable for populations with unknown or complex structures

» Assumes the sampling interval does not coincide with population characteristics

Error sources in systematic sampling

» Understanding potential errors helps in interpreting results accurately
* Informs strategies for improving sampling design and implementation

+ Guides researchers in assessing the reliability of their findings

Sampling error
* Arises from using a sample instead of the entire population
* Influenced by sample size and population variability
» Can be reduced by increasing sample size or improving sampling strategy

* Quantified through measures like standard error or confidence intervals

Non-sampling error
* Occurs due to factors unrelated to the sampling process
* Includes measurement errors, response bias, or data processing mistakes
» Can be more challenging to quantify and control than sampling error

* Requires careful study design and quality control measures to minimize

Software tools for systematic sampling

« Statistical packages (R, SAS, SPSS) offer functions for systematic sampling
* Specialized survey software often includes systematic sampling options
» Spreadsheet programs can be used for basic systematic sample selection

* GIS tools provide support for spatial systematic sampling applications

11.5 Sample size determination

Sample size determination is a crucial aspect of statistical inference, balancing precision and resource
constraints. It directly impacts the accuracy of parameter estimates, statistical power, and generalizability
of results to broader populations.

Factors like effect size, significance level, and population variability influence sample size calculations.
Various methods, including simple random sampling and stratified sampling, are used to determine
appropriate sample sizes for different study designs and statistical tests.

Concept of sample size

» Fundamental principle in statistical inference determines the number of observations or individuals to
include in a study
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* Crucial factor in research design impacts the accuracy and reliability of statistical analyses

+ Balances between resource constraints and the need for precise, generalizable results in theoretical
statistics

Importance in statistical inference

* Directly influences the precision of parameter estimates in population studies
« Affects the power of statistical tests to detect significant effects or differences
» Determines the width of confidence intervals providing more accurate population inferences

* Impacts the generalizability of study results to the broader population

Relationship to population size

* Generally independent of population size for large populations (rule of thumb: population > 20,000)
* Becomes more critical when dealing with small populations or rare events
+ Affects the sampling fraction (ratio of sample size to population size) influencing statistical calculations

» Determines the need for finite population correction in variance estimation

Factors affecting sample size

Effect size

* Measures the magnitude of the difference or relationship being studied
* Inversely related to required sample size (smaller effects require larger samples)
« Categorized as small, medium, or large based on standardized measures (Cohen's d, Pearson's r)

« Influences the ability to detect statistically significant differences between groups

Significance level

* Represents the probability of rejecting the null hypothesis when it is true (Type | error)
» Commonly set at 0.05 or 0.01 in statistical studies
* Inversely related to sample size (lower significance levels require larger samples)

« Affects the critical values used in hypothesis testing and confidence interval construction
Statistical power

* Probability of correctly rejecting the null hypothesis when it is false (1 - Type Il error rate)

* Typically set at 0.80 or higher in research studies

+ Directly related to sample size (higher power requires larger samples)

* Influences the ability to detect true effects and avoid false negatives
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Population variability
* Measures the spread or dispersion of the characteristic being studied in the population
« Directly related to required sample size (higher variability requires larger samples)
« Estimated using measures like standard deviation or variance from pilot studies or prior research

« Affects the precision of estimates and the width of confidence intervals

Sample size calculation methods

Simple random sampling
« Utilizes formulas based on desired precision, confidence level, and population variability
» Assumes each member of the population has an equal chance of being selected
» Requires knowledge of population parameters or estimates from previous studies

z2g?
EZ

* Calculates sample size using the formula: h = (where z is the z-score, o is the population

standard deviation, and E is the margin of error)

Stratified sampling
* Divides the population into homogeneous subgroups (strata) before sampling
* Calculates sample sizes for each stratum based on its size and variability
« Improves precision by ensuring representation of all subgroups

* Uses allocation methods (proportional, optimal, or equal) to distribute samples across strata

Cluster sampling

* Selects groups (clusters) of population elements rather than individual elements
 Accounts for intraclass correlation within clusters when determining sample size
* Requires larger sample sizes compared to simple random sampling due to design effect

. . . —_ n .
« Calculates effective sample size using the formula: Meff = T m —1)p (Where n is the actual sample
size, m is the cluster size, and p is the intraclass correlation coefficient)

Power analysis

Type | vs Type Il errors
* Type | error (a) occurs when rejecting a true null hypothesis (false positive)
* Type Il error (B) occurs when failing to reject a false null hypothesis (false negative)
* Tradeoff between Type | and Type |l errors influences sample size determination

+ Balancing these errors helps optimize study design and resource allocation
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Power curves interpretation

* Graphical representation of the relationship between sample size and statistical power
« X-axis typically represents sample size, Y-axis represents power (1 - B)
» Asymptotic nature shows diminishing returns in power as sample size increases

* Helps researchers determine the optimal sample size for desired power level

Sample size for specific tests

T-tests

 Used for comparing means between two groups or one group to a known value
» Sample size calculation depends on effect size, desired power, and significance level
« Different formulas for independent samples t-test and paired samples t-test

* Considers degrees of freedom and one-tailed or two-tailed hypotheses

ANOVA

* Determines sample size for comparing means across multiple groups
* Accounts for number of groups, effect size (f), and desired power
+ Uses non-centrality parameter in calculations for more complex ANOVA designs

* Considers assumptions of homogeneity of variance and normality

Chi-square tests

* Calculates sample size for tests of independence or goodness-of-fit
» Depends on degrees of freedom, effect size (w), and desired power
+ Considers expected cell frequencies and minimum sample size requirements

* Adjusts for continuity correction in 2x2 contingency tables

Regression analysis

* Determines sample size based on number of predictors and expected effect size
+ Considers R-squared value, desired power, and significance level
* Accounts for different types of regression (linear, logistic, multiple)

* Adjusts for anticipated attrition or missing data in longitudinal studies

Precision vs cost considerations

Margin of error

* Represents the maximum expected difference between the sample estimate and true population
parameter
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* Inversely related to sample size (smaller margin of error requires larger samples)
* Typically expressed as a percentage (3%, 5%) or absolute value

* Influences the width of confidence intervals and precision of point estimates

Budget constraints
* Balances desired precision with available resources (time, money, personnel)
* Considers cost per sample unit and total budget allocation for data collection
* May lead to compromises in sample size or sampling method selection

» Explores alternative data collection methods or study designs to optimize resource use

Sample size in hypothesis testing

Null vs alternative hypotheses

* Null hypothesis (HO) assumes no effect or difference in the population
* Alternative hypothesis (H1) proposes a specific effect or difference
» Sample size calculations consider the minimum detectable effect size

* Influences the choice between one-tailed and two-tailed tests

One-tailed vs two-tailed tests

* One-tailed tests focus on detecting an effect in a specific direction
» Two-tailed tests consider effects in both directions
*» One-tailed tests generally require smaller sample sizes for the same power

+ Choice between one-tailed and two-tailed affects critical values and p-value interpretation
Sequential sampling techniques

Adaptive designs
* Allows for sample size adjustment based on interim analysis results
« Utilizes predefined decision rules for continuing, stopping, or modifying the study
* Potentially reduces overall sample size while maintaining statistical power

» Requires careful planning and statistical expertise to maintain Type | error control

Group sequential methods

* Involves multiple interim analyses at predetermined points during the study
* Uses alpha spending functions to control overall Type | error rate
« Allows for early stopping for efficacy, futility, or safety reasons

» Requires specialized software and expertise for design and analysis
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Sample size for estimation

Confidence interval width

* Determines sample size based on desired precision of parameter estimates

« Considers the width of the confidence interval and confidence level (typically 95%)

« Utilizes different formulas for various types of estimates (means, proportions, differences)

* Accounts for expected variability in the population or from previous studies

Precision requirements

* Specifies the level of accuracy needed for the study objectives
« Influences the choice of confidence level and acceptable margin of error
+ Considers practical significance of the results in addition to statistical significance

» May vary for different parameters or subgroup analyses within the same study

Practical considerations

Non-response rates

* Accounts for anticipated non-participation or refusal to respond
* Increases initial sample size to compensate for expected non-response
* Considers strategies to minimize non-response (incentives, follow-ups)

» Analyzes potential bias introduced by non-response patterns

Attrition in longitudinal studies

* Plans for expected loss of participants over time in multi-wave studies
* Increases initial sample size to maintain adequate power at final time point
+ Considers patterns of attrition (random vs systematic) in study design

» Implements strategies to minimize attrition (participant engagement, incentives)

Software tools for determination

G*Power

* Free, user-friendly software for various statistical power analyses
+ Supports a wide range of statistical tests and study designs
* Provides graphical displays of power curves and sample size calculations

* Allows for sensitivity analyses and post-hoc power calculations
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nQuery
» Commercial software specializing in sample size and power calculations
« Offers advanced features for complex study designs and adaptive trials
* Provides comprehensive reporting and visualization options
* Includes modules for survival analysis and non-inferiority trials
R packages
* Open-source options for sample size and power analysis in R programming environment
* Popular packages include pwr, powerAnalysis, and samplesize
+ Allows for customization and integration with other statistical analyses

* Requires basic R programming knowledge but offers flexibility and reproducibility

Ethical considerations

Oversampling vs undersampling

» Oversampling involves collecting more data than minimally required
» Undersampling risks insufficient power to detect meaningful effects
+ Balances the ethical implications of exposing too many or too few participants to potential risks

« Considers the impact on resource allocation and potential waste in research

Representativeness of population

» Ensures the sample accurately reflects the characteristics of the target population
» Addresses potential biases in sample selection and recruitment methods
+ Considers the inclusion of underrepresented or vulnerable populations

+ Balances statistical requirements with ethical obligations for fair representation
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Unit 12 — Decision theory

12.1 Decision rules

Decision rules are the backbone of statistical inference and decision theory. They provide a systematic
approach for making optimal choices under uncertainty, bridging the gap between theoretical probability
models and practical decision-making processes.

This topic covers key concepts like action and state spaces, loss functions, and various types of decision
rules. It explores Bayes and minimax decision rules, admissibility, risk functions, and optimality criteria,
providing a comprehensive framework for statistical problem-solving.

Definition of decision rules
+ Decision rules form a fundamental concept in statistical inference and decision theory
* Provide a systematic approach for making optimal choices under uncertainty in statistical problems

* Bridge the gap between theoretical probability models and practical decision-making processes

Action space
« Set of all possible actions or decisions available to the statistician
» Denoted by A = {a1, a2, ..., an}, where each ai represents a specific action
« Can be finite (discrete choices) or infinite (continuous range of options)

* Influences the complexity and computational requirements of the decision-making process
State space

» Represents all possible states of nature or underlying true parameters

» Denoted by © = {61, 62, ..., Bm}, where each 6] is a potential state

+ Can be discrete or continuous, depending on the problem formulation

* Crucial for modeling uncertainty and variability in statistical inference
Loss function

* Quantifies the consequences of making a decision given the true state of nature

* Typically denoted as L(a, 8), measuring the loss when action a is taken and the true state is 6

» Common loss functions include squared error loss, absolute error loss, and 0-1 loss

* Plays a critical role in determining optimal decision rules and assessing their performance

Types of decision rules

Randomized vs deterministic

 Deterministic decision rules assign a single action to each observation
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* Randomized decision rules introduce probability distributions over actions
* Deterministic rules defined as &: X —» A, where X is the sample space and A is the action space
» Randomized rules defined as &: X - P(A), where P(A) is the set of probability distributions over A

* Randomized rules offer more flexibility but can be more complex to implement and analyze

Admissible vs inadmissible

* Admissible decision rules are not dominated by any other decision rule in terms of risk
+ Inadmissible rules can be improved upon by some other decision rule for all parameter values

» Formal definition: 81 is inadmissible if there exists 62 such that R(6, 62) < R(6, 81) for all 8, with strict
inequality for some 6

« Admissibility is a desirable property but does not guarantee uniqueness or optimality

+ Identifying admissible rules helps narrow down the set of candidate decision procedures

Bayes decision rules

* Minimize the expected loss with respect to a given prior distribution on the parameter space
* Provide a framework for incorporating prior knowledge into the decision-making process
* Play a crucial role in Bayesian inference and decision theory

* Often serve as a benchmark for evaluating other decision rules

Posterior risk

» Expected loss of a decision rule with respect to the posterior distribution of 6 given the data
* Calculated as r(a|x) = j L(a, 8) m(8|x) dB, where 11(0]x) is the posterior distribution
+ Used to determine the optimal action for each observed data point

* Incorporates both the loss function and the updated beliefs about the parameter

Bayes risk
* Overall expected loss of a decision rule with respect to the joint distribution of X and 6
- Computed as r(1, 8) = E[R(6, 8)] = || L(5(x), 8) f(x|6) T(B) dx do
+ Serves as a measure of the overall performance of a decision rule under a given prior

 Bayes decision rules minimize the Bayes risk among all decision rules

Minimax decision rules

* Minimize the maximum risk over all possible parameter values
* Provide a conservative approach to decision-making, focusing on worst-case scenarios
* Do not require specification of a prior distribution on the parameter space

+ Often used in situations where prior information is limited or unreliable

Fiveable archived study guides Page 367



Minimax risk

* Defined as the infimum of the supremum of the risk function over all decision rules
» Formally expressed as inf_0 sup_6 R(8, d)
» Represents the best worst-case performance achievable by any decision rule

* Serves as a benchmark for evaluating the robustness of decision procedures

Least favorable prior

* Prior distribution that maximizes the Bayes risk among all prior distributions
* Plays a crucial role in establishing connections between Bayes and minimax decision rules
« If a least favorable prior exists, the Bayes rule with respect to this prior is also minimax

* Helps in identifying minimax decision rules through Bayesian analysis

Admissibility and completeness

» Concepts that help characterize optimal decision rules and narrow down the search space
* Provide theoretical foundations for comparing and evaluating different decision procedures
* Play a crucial role in developing comprehensive theories of statistical inference

 Connect various optimality criteria and decision-theoretic principles

Wald's complete class theorem

« States that under certain conditions, the class of Bayes rules and their limits is complete
« Implies that for any inadmissible rule, there exists a Bayes rule or limit of Bayes rules that dominates it
* Provides a powerful tool for identifying admissible decision rules

« Establishes a strong connection between Bayesian and frequentist approaches to decision theory

Blyth's method

* Technique for proving the admissibility of decision rules
« Involves constructing a sequence of prior distributions that converge to a point mass
» Shows that if a decision rule is the unique Bayes rule for each prior in the sequence, it is admissible

* Useful for establishing admissibility in cases where direct comparisons of risk functions are difficult

Risk functions

* Measure the expected performance of decision rules across different parameter values
* Provide a quantitative basis for comparing and evaluating decision procedures
+ Play a central role in defining optimality criteria and characterizing decision rule properties

* Help bridge the gap between theoretical concepts and practical performance assessment
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Expected loss

* Average loss incurred by a decision rule over repeated applications
* Calculated as E[L(d(X), 8)] for a fixed parameter value 6
* Incorporates both the decision rule and the underlying probability model

* Serves as a building block for more complex risk measures and optimality criteria

Frequentist risk
* Long-run average loss of a decision rule under repeated sampling
* Defined as R(6, 8) = E_B[L(d(X), 8)], where E_8 denotes expectation with respect to f(x|6)
* Provides a parameter-dependent measure of decision rule performance

» Forms the basis for frequentist approaches to statistical inference and decision theory

Decision theoretic framework

* Provides a unified approach to various statistical problems and methodologies
* Allows for systematic comparison and evaluation of different statistical procedures
* Incorporates concepts of loss, risk, and optimality into the foundations of statistical inference

* Bridges the gap between theoretical principles and practical decision-making in statistics

Statistical inference

* Process of drawing conclusions about population parameters based on sample data
+ Decision-theoretic framework formalizes inference as a decision problem with specific loss functions
» Encompasses both estimation and hypothesis testing within a unified structure

* Allows for incorporation of prior information and assessment of inferential procedures' performance

Hypothesis testing
» Formulated as a decision problem with typically two actions: reject or fail to reject the null hypothesis
* Loss functions often defined to penalize Type | and Type Il errors differently
* Decision rules correspond to test procedures with specific critical regions

* Optimality criteria (Neyman-Pearson lemma) can be derived within the decision-theoretic framework

Point estimation

* Viewed as a decision problem where the action space is the parameter space
» Common loss functions include squared error loss and absolute error loss
+ Optimal estimators (decision rules) derived based on minimizing risk or satisfying other criteria

 Connects classical estimation theory with decision-theoretic principles
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Optimality criteria
* Provide formal definitions of what constitutes an "optimal" decision rule
« Allow for systematic comparison and ranking of different decision procedures
+ Often lead to the development of general theoretical results and practical algorithms

* Help guide the selection of appropriate decision rules for specific statistical problems
Bayes optimality

* Decision rule that minimizes the Bayes risk for a given prior distribution

» Formally, & is Bayes optimal if r(1r, 8) = inf_0 r(1T, d)

* Provides a decision-theoretic justification for Bayesian inference procedures

+ Often leads to intuitive and computationally tractable decision rules
Minimax optimality

* Decision rule that minimizes the maximum risk over all possible parameter values

» Formally, & is minimax optimal if sup_68 R(6, 8) = inf_d sup_6 R(6, d)

« Offers a conservative approach that focuses on worst-case performance

* Often used when prior information is limited or when robustness is a primary concern

Applications in statistics

* Decision theory provides a unified framework for addressing various statistical problems
+ Allows for systematic development and evaluation of statistical procedures
» Helps bridge the gap between theoretical principles and practical applications

* Provides insights into the trade-offs and limitations inherent in statistical decision-making

Estimation problems

* Include point estimation, interval estimation, and prediction of future observations
* Decision rules correspond to estimators or predictors with specific forms and properties
* Loss functions tailored to the estimation context (squared error, absolute error)

* Optimality criteria lead to well-known estimators (maximum likelihood, Bayesian estimators)

Testing problems

» Formulated as decision problems with typically two actions: reject or fail to reject
* Loss functions designed to penalize Type | and Type Il errors appropriately
* Decision rules correspond to test procedures with specific critical regions

* Optimality criteria lead to powerful tests (uniformly most powerful tests, likelihood ratio tests)
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Asymptotic properties
* Describe the behavior of decision rules as the sample size approaches infinity
« Provide theoretical justification for the use of certain decision procedures in large samples
+ Help establish connections between different statistical approaches (Bayesian, frequentist)

« Offer insights into the limitations and robustness of decision rules in practical applications

Consistency of decision rules

* Property where the decision rule converges to the correct decision as sample size increases
* Formally, P_8(d(X_n) - d(8)) -~ 1 as n - «, where d is the optimal decision
+ Important for ensuring reliable performance in large-sample scenarios

+ Often easier to establish than finite-sample optimality properties
Asymptotic efficiency

* Measures the relative performance of decision rules in large samples

« Often quantified using concepts like asymptotic relative efficiency (ARE)

+ Allows for comparison of different decision procedures in terms of their limiting behavior

* Helps identify decision rules that perform well across a wide range of sample sizes

Computational aspects

» Address the practical implementation and evaluation of decision rules
» Become increasingly important as statistical models and datasets grow in complexity
+ Often involve trade-offs between theoretical optimality and computational feasibility

* Lead to the development of approximate methods and algorithms for decision-making

Numerical methods

* Techniques for approximating integrals, optimizing functions, and solving equations
* Essential for implementing complex decision rules and computing risk functions
* Include methods like numerical integration, optimization algorithms, and root-finding techniques

+ Often required when closed-form solutions are not available or computationally intractable

Monte Carlo techniques

« Simulation-based methods for approximating expectations and probabilities
« Useful for evaluating the performance of decision rules in complex scenarios
* Include techniques like importance sampling, Markov chain Monte Carlo (MCMC)

 Enable practical implementation of Bayesian decision rules and risk assessments
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12.2 Loss functions

Loss functions are essential tools in statistical modeling, quantifying the discrepancy between predicted
and actual values. They serve as objective functions in optimization problems, guiding parameter
estimation and model evaluation in various statistical and machine learning applications.

Different types of loss functions cater to specific tasks, such as regression, classification, and ranking.
Properties like convexity, differentiability, and robustness influence their effectiveness in different
scenarios. Common loss functions include squared error, absolute error, hinge loss, and log loss, each
with unique characteristics and applications.

Definition of loss functions
* Quantify discrepancies between predicted and actual values in statistical models
* Serve as objective functions in optimization problems for parameter estimation

* Play a crucial role in evaluating model performance and guiding learning algorithms

Types of loss functions
* Regression loss functions measure errors in continuous predictions (squared error, absolute error)
+ Classification loss functions assess errors in discrete predictions (hinge loss, log loss)

* Probabilistic loss functions evaluate likelihood of observed data given model parameters (negative
log-likelihood)

» Ranking loss functions assess errors in ordered predictions (pairwise ranking loss)

Properties of loss functions
» Convexity ensures existence of global minimum, facilitating optimization
« Differentiability allows use of gradient-based optimization methods
* Robustness to outliers reduces sensitivity to extreme values in the data
* Scale invariance maintains consistency across different measurement units

* Bounded loss functions limit the impact of individual errors on overall loss

Common loss functions

Squared error loss
« Defined as the square of the difference between predicted and actual values: L(y, }7) =(y-— );)2
* Heavily penalizes large errors due to squaring operation
* Leads to mean squared error (MSE) when averaged over all data points
* Optimal for normally distributed errors with constant variance

« Sensitive to outliers, potentially skewing parameter estimates

Fiveable archived study guides Page 372



Absolute error loss

« Calculated as the absolute difference between predicted and actual values: L(y, }7) =y - 37|
* Leads to median absolute error (MAE) when averaged over all data points

» More robust to outliers compared to squared error loss

+ Optimal for errors following Laplace distribution

* Non-differentiable at zero, requiring special optimization techniques

Hinge loss

* Used primarily in support vector machines (SVMs) for binary classification

- Defined as L(y, f(x)) = max(0, 1 — yf(x)), where y is the true label (-1 or 1) and f(x) is the model's
prediction

» Encourages correct classifications with a margin of at least 1
* Produces sparse solutions, leading to efficient models

» Non-differentiable at the hinge point, requiring subgradient methods for optimization

Log loss

* Also known as cross-entropy loss, used in logistic regression and neural networks

« For binary classification: L(y, p) = —ylog(p) — (1 — y)log(1 — p), where y is the true label (0 or 1)
and p is the predicted probability

* Penalizes confident misclassifications more heavily
» Encourages probabilistic predictions rather than hard classifications

« Differentiable, allowing use of gradient-based optimization methods

Loss functions in estimation

Maximum likelihood estimation

* Selects parameters that maximize the likelihood of observed data
+ Equivalent to minimizing negative log-likelihood loss function

» For normally distributed errors, leads to least squares estimation
» Asymptotically efficient under certain regularity conditions

* May lead to overfitting in small sample sizes or high-dimensional settings

Bayesian estimation

* Incorporates prior beliefs about parameters into estimation process
» Minimizes expected posterior loss, balancing prior knowledge and observed data

* Allows for uncertainty quantification through posterior distributions
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* Choice of loss function affects point estimates (posterior mean, median, mode)

* Handles small sample sizes and high-dimensional problems more robustly

Loss functions in decision theory

Risk and expected loss

* Risk defined as expected loss over all possible outcomes
« Calculated by integrating loss function with respect to joint distribution of data and parameters
* Bayes risk minimizes expected loss over all decision rules
» Empirical risk approximates true risk using observed data

 Trade-off between bias and variance in risk estimation

Bayes risk

» Minimum achievable risk for a given problem and loss function

» Obtained by averaging over all possible datasets and parameter values

* Serves as theoretical lower bound for expected loss

» Achieved by Bayes decision rule, which minimizes conditional expected loss

« Often intractable to compute exactly, requiring approximation methods

Choosing appropriate loss functions

Problem-specific considerations

* Classification tasks often use log loss or hinge loss

* Regression problems typically employ squared error or absolute error loss
* Time series forecasting may require specialized losses (MAPE, SMAPE)

» Ranking problems use pairwise or listwise ranking losses

* Imbalanced datasets may benefit from weighted or focal loss functions

Robustness vs sensitivity

* Robust loss functions (absolute error, Huber loss) reduce impact of outliers

* Sensitive loss functions (squared error) provide more precise estimates in absence of outliers

* L1 regularization promotes sparsity, while L2 regularization encourages small, distributed weights
* Asymmetric loss functions penalize over-predictions and under-predictions differently

* Trade-off between stability of estimates and ability to capture fine-grained patterns in data
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Loss functions in machine learning

Loss functions for regression

* Mean Squared Error (MSE) minimizes average squared differences

» Mean Absolute Error (MAE) minimizes average absolute differences

* Huber loss combines MSE and MAE, balancing robustness and sensitivity

+ Quantile loss allows estimation of specific quantiles of conditional distribution

* Poisson loss appropriate for count data or rate prediction problems

Loss functions for classification

* Binary cross-entropy loss for binary classification problems

« Categorical cross-entropy loss for multi-class classification

* Focal loss addresses class imbalance by down-weighting easy examples

* Kullback-Leibler divergence measures difference between predicted and true probability distributions

+ Contrastive loss used in siamese networks for similarity learning

Optimization of loss functions

Gradient descent methods

* First-order optimization technique using gradients to update parameters

* Variants include batch gradient descent, stochastic gradient descent (SGD), and mini-batch SGD
* Learning rate determines step size in parameter space

* Momentum techniques accelerate convergence and help escape local minima

» Adaptive methods (AdaGrad, RMSProp, Adam) adjust learning rates for each parameter

Stochastic optimization

» Approximates full gradient using subsets of data (mini-batches)

* Introduces noise in optimization process, potentially escaping local minima
* Allows processing of large datasets that don't fit in memory

» Requires careful tuning of learning rate and batch size

* Online learning algorithms update parameters after each data point

Regularization and loss functions

L1 vs L2 regularization

* L1 regularization (Lasso) adds absolute value of weights to loss function

* Promotes sparsity by driving some weights to exactly zero
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* L2 regularization (Ridge) adds squared values of weights to loss function
» Encourages small, distributed weights without forcing exact zeros

* Elastic net combines L1 and L2 regularization, balancing sparsity and stability

Elastic net regularization
» Combines L1 and L2 penalties in a single regularization term
+ Defined as a||w|1 + (1 — a)||w||§, where a controls balance between L1 and L2
» Overcomes limitations of Lasso in high-dimensional settings with correlated features
* Produces sparse models while maintaining some grouping effect for correlated predictors

* Requires tuning of both regularization strength and mixing parameter a

Asymptotic properties of loss functions

Consistency of estimators

« Estimator converges in probability to true parameter value as sample size increases
* Requires loss function to be identifiable and well-behaved in large sample limit

* Maximum likelihood estimators generally consistent under regularity conditions

» M-estimators (minimizers of empirical risk) consistent under certain assumptions

* Consistency ensures reliable parameter recovery with sufficiently large datasets

Efficiency of estimators

» Measures how close an estimator's variance is to the Cramér-Rao lower bound

« Efficient estimators achieve minimum variance among all unbiased estimators

» Maximum likelihood estimators asymptotically efficient under regularity conditions
* Trade-off between efficiency and robustness in presence of model misspecification

» Adaptive estimation techniques aim to achieve efficiency across multiple models

Loss functions in hypothesis testing

Type | vs Type Il errors
* Type | error (false positive) rejects true null hypothesis
* Type |l error (false negative) fails to reject false null hypothesis
* Trade-off between Type | and Type Il errors controlled by significance level
* Loss functions in hypothesis testing penalize different types of errors

* Neyman-Pearson lemma provides optimal test for fixed Type | error rate
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Power of a test

* Probability of correctly rejecting false null hypothesis

* Increases with sample size and effect size

» Depends on chosen significance level and alternative hypothesis

» Power analysis helps determine required sample size for desired power

* Loss functions in experimental design balance power against cost and feasibility

12.3 Risk and Bayes risk

Risk and Bayes risk are crucial concepts in theoretical statistics, helping evaluate and compare statistical
procedures. They provide a framework for making optimal decisions under uncertainty, quantifying
expected losses associated with different approaches.

These concepts are fundamental to decision theory, connecting probability, statistics, and optimization. By
understanding risk and Bayes risk, statisticians can design more robust estimators, develop effective
hypothesis tests, and create reliable confidence intervals for real-world applications.

Definition of risk

* Risk quantifies the expected loss or cost associated with statistical decisions or estimations

» Fundamental concept in theoretical statistics used to evaluate and compare different statistical
procedures

* Provides a framework for making optimal decisions under uncertainty

Expected loss function

» Mathematical representation of the average loss incurred by a decision rule

« Calculated by integrating the loss function over the probability distribution of the data
» Depends on both the chosen decision rule and the underlying probability model

« Often denoted as R(6, &) = Eg[L(6, 6(X))] where:

« 0 is the parameter of interest

- 6 is the decision rule

« L is the loss function

« X is the random variable representing the data

Risk vs utility

* Risk focuses on minimizing negative outcomes or losses
« Utility represents the value or benefit gained from a decision
* Inverse relationship exists between risk and utility in decision-making

+ Decision makers often aim to maximize utility while minimizing risk
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* Risk-averse individuals prefer lower-risk options even with potentially lower utility

* Risk-neutral decision makers focus solely on expected value regardless of risk level

Bayes risk

* Average risk over all possible parameter values in a Bayesian framework
* Incorporates prior knowledge about parameter distributions into risk assessment

« Crucial concept in Bayesian decision theory and statistical inference

Posterior expected loss

* Expected loss calculated using the posterior distribution of parameters

* Integrates new information from observed data with prior beliefs

« Computed as P(1, 8) = Ez[R(6, 0)] where:

« I is the prior distribution of 8

« R(6, 8) is the frequentist risk function

» Used to update risk assessments as new data becomes available

* Allows for adaptive decision-making in dynamic environments
Minimizing Bayes risk

* Objective involves finding the decision rule that minimizes the overall Bayes risk

+ Achieved by optimizing over the space of all possible decision rules

+ Often leads to more robust estimators compared to frequentist approaches

* Balances the trade-off between prior information and observed data

» Can be computationally challenging for complex models or large parameter spaces

Decision theory framework

« Systematic approach to making optimal decisions under uncertainty
» Combines probability theory, statistics, and optimization techniques

* Provides a formal structure for analyzing and solving decision problems in various fields

Decision rules

* Functions that map observed data to actions or estimates

+ Determine how to act based on available information

+ Can be deterministic or randomized

« Evaluated based on their performance across different scenarios

 Optimal decision rules minimize expected loss or maximize expected utility

* Examples include maximum likelihood estimators and Bayesian estimators
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Action space
« Set of all possible actions or decisions available to the decision maker
+ Can be discrete (finite number of choices) or continuous (infinite possibilities)
* Defines the range of outcomes that can result from applying decision rules
» May be constrained by practical limitations or theoretical considerations

* Influences the complexity of the decision problem and the choice of appropriate loss functions

Loss functions
* Measure the discrepancy between the true parameter value and the estimated or chosen action
» Quantify the consequences of making incorrect decisions or inaccurate estimates

* Play a crucial role in defining risk and determining optimal decision rules

Squared error loss
« Commonly used loss function in statistical estimation problems
* Defined as L (8, é) =(6 - é)z where 8 is the true parameter and é is the estimate
* Penalizes larger errors more heavily than smaller ones
* Leads to mean squared error (MSE) as the risk function

 Often used in regression analysis and parameter estimation
Absolute error loss

* Alternative to squared error loss that penalizes errors linearly

- Defined as L(8, §) = |6 — 0]

* Less sensitive to outliers compared to squared error loss

* Results in median-based estimators when minimizing risk

» Used in robust statistics and certain financial applications
0-1 loss function

* Binary loss function used in classification problems

* Assigns a loss of 1 for incorrect classifications and 0 for correct ones

* Defined as L (8, é) =/(6 = é) where [ is the indicator function

* Leads to maximum a posteriori (MAP) estimation in Bayesian settings

» Commonly used in hypothesis testing and decision theory

Risk in parameter estimation

+ Evaluates the quality of estimators in terms of their expected performance
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» Considers both bias and variance of estimators

* Helps in selecting optimal estimation methods for different statistical problems

Bias-variance tradeoff

» Fundamental concept in statistical learning and estimation theory

» Decomposes the expected prediction error into bias and variance components
* Bias represents systematic error or deviation from the true parameter value

« Variance measures the variability of estimates across different samples

* Total error = (Bias)*2 + Variance + Irreducible error

* Achieving low bias and low variance simultaneously often involves a tradeoff

» Regularization techniques (ridge regression) balance this tradeoff

Mean squared error
» Combines both bias and variance to assess overall estimator performance
-« Defined as MSE(0) = E[(6 — 0)2] = Bias(8)? + Var(6)
*» Used as a risk function when employing squared error loss
* Provides a comprehensive measure of estimator quality

* Allows for comparison between different estimation methods

Minimax risk

+ Conservative approach to decision-making under uncertainty
* Focuses on minimizing the worst-case scenario risk

* Provides robustness against the most unfavorable parameter values

Worst-case scenario

« Identifies the parameter value that maximizes the risk for a given decision rule
* Represents the most challenging or adverse situation for the estimator

supR(6, 6)
e

- Calculated as where SUP denotes the supremum

* Used to evaluate the performance of decision rules in extreme cases
* Helps in designing robust statistical procedures
Minimax vs Bayes risk

* Minimax risk minimizes the maximum risk over all possible parameter values
* Bayes risk averages the risk over a prior distribution of parameter values

» Minimax approach provides guaranteed performance in worst-case scenarios
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» Bayes approach incorporates prior knowledge and performs well on average

* Minimax estimators tend to be more conservative than Bayes estimators

+ Choice between minimax and Bayes depends on available prior information and risk tolerance
Admissibility

» Concept used to compare and evaluate different decision rules or estimators

* Helps identify optimal procedures within a given class of estimators

Admissible decision rules

+ Decision rules that cannot be uniformly improved upon by any other rule
* No other rule performs better for all parameter values while being strictly better for some

« Formally, 6 is admissible if there is no &' such that R(6, 6') < R(8, 6) for all 8 with strict inequality for
some 6

« Often used as a criterion for selecting among competing estimators

» Bayes estimators are typically admissible under mild conditions

Inadmissible estimators

« Estimators that can be improved upon by other estimators for all parameter values

« Exhibit suboptimal performance compared to alternative procedures

« Identification of inadmissible estimators leads to improved statistical methods

» James-Stein estimator demonstrates the inadmissibility of the sample mean in high dimensions

« Studying inadmissibility provides insights into the limitations of certain statistical approaches
Empirical risk minimization

* Principle for learning from data by minimizing observed risk on a training set

» Fundamental approach in machine learning and statistical learning theory

 Aims to find decision rules that perform well on unseen data
Risk estimation

* Process of approximating the true risk using available data

« Employs techniques such as cross-validation and bootstrap resampling
* Helps assess the generalization performance of learned models

* Crucial for model selection and hyperparameter tuning

* Challenges include dealing with limited data and avoiding overfitting

Structural risk minimization

+ Extension of empirical risk minimization that incorporates model complexity
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+ Balances the trade-off between empirical risk and model capacity
+ Aims to find the optimal model complexity that minimizes generalization error
* Implemented through regularization techniques (L1, L2 penalties)

* Provides a theoretical foundation for preventing overfitting in machine learning

Applications in statistics

* Risk and Bayes risk concepts find widespread use in various statistical procedures

« Help in designing and evaluating statistical methods for inference and decision-making

Hypothesis testing
* Risk concepts guide the choice of test statistics and critical regions
* Type | and Type Il errors represent different aspects of risk in hypothesis testing

* Neyman-Pearson lemma provides an optimal test that minimizes Type Il error for a given Type | error
rate

» Power analysis uses risk considerations to determine appropriate sample sizes

 Multiple testing procedures employ risk-based approaches to control false discovery rates

Confidence intervals

* Risk considerations influence the construction and interpretation of confidence intervals

» Coverage probability relates to the risk of the interval not containing the true parameter value
+ Confidence interval width reflects the trade-off between precision and confidence level

* Bayesian credible intervals incorporate prior information to quantify parameter uncertainty

« Interval estimation techniques balance the risks of over-coverage and under-coverage

Computational aspects

 Implementation of risk-based methods often requires sophisticated computational techniques

» Advancements in computing power have enabled more complex risk analyses in statistics

Monte Carlo methods

 Simulation-based techniques for estimating risks and expected values

* Used when analytical solutions are intractable or computationally expensive
* Involve generating random samples from probability distributions

» Enable approximation of complex integrals and expectations

* Markov Chain Monte Carlo (MCMC) methods allow sampling from posterior distributions in Bayesian
analysis
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Numerical optimization
« Algorithms for finding optimal decision rules or estimators that minimize risk
+ Gradient-based methods (gradient descent) used for continuous optimization problems
* Global optimization techniques (simulated annealing) employed for non-convex risk functions
» Convex optimization solvers exploit special structure in certain risk minimization problems

+ Stochastic optimization methods handle large-scale problems with noisy risk estimates

12.4 Minimax decision rules

Minimax decision rules are a powerful tool in statistical analysis, focusing on minimizing the worst possible
outcome in uncertain situations. They provide a conservative approach to decision-making, helping
prepare for and mitigate potential risks across various fields.

This topic explores the principles, applications, and limitations of minimax theory. From game theory
connections to hypothesis testing and machine learning, minimax rules offer robust solutions while
balancing the trade-offs between efficiency and worst-case performance.

Definition of minimax decision

» Minimax decision theory provides a framework for making optimal decisions under uncertainty in
statistical analysis

* Focuses on minimizing the worst possible outcome in decision-making scenarios

* Plays a crucial role in game theory, statistical inference, and machine learning algorithms

Concept of worst-case scenario

+ Identifies the most unfavorable outcome that could occur in a given situation

» Evaluates all possible strategies against the worst possible opponent or environment

* Helps decision-makers prepare for and mitigate potential risks (financial losses, system failures)

* Applies to various fields (risk management, cybersecurity, portfolio optimization)
Minimizing maximum risk

» Aims to select the strategy that minimizes the maximum possible loss or risk

* Calculates the maximum risk for each available decision option

» Chooses the option with the smallest maximum risk as the optimal decision

* Provides a conservative approach to decision-making under uncertainty

« Utilizes the minimax criterion: & = arg mﬁin maaxR(G, 6)

Principles of minimax theory
» Minimax theory forms the foundation for robust decision-making in statistical analysis

* Applies to various statistical problems (estimation, hypothesis testing, prediction)
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* Provides a framework for analyzing and solving zero-sum games in game theory

Game theory connections

» Minimax theorem originated from John von Neumann's work on two-player zero-sum games
« Establishes the existence of optimal strategies for both players in a zero-sum game

* Applies to statistical decision problems viewed as games against nature

« Utilizes the concept of saddle points in game theory to find optimal solutions

» Extends to n-person games and non-zero-sum scenarios in advanced game theory

Zero-sum games

* Represent situations where one player's gain is exactly balanced by the other player's loss
* Total sum of gains and losses in the game always equals zero

* Examples include (poker, chess, tic-tac-toe)

» Minimax strategy guarantees the best worst-case outcome for each player

* Solved using linear programming techniques or the minimax algorithm

Minimax estimators

* Minimax estimators aim to minimize the maximum risk in parameter estimation problems
* Provide robust estimates that perform well across all possible parameter values

« Often used in situations where prior information about parameters is limited or unreliable

Point estimation context

* Focuses on estimating a single unknown parameter from observed data

» Seeks to minimize the maximum expected loss over all possible parameter values

« Utilizes loss functions to quantify the cost of estimation errors (squared error, absolute error)
» Considers the worst-case scenario for each estimator across the parameter space

* Applies to various estimation problems (location parameters, scale parameters, regression
coefficients)

Minimax vs Bayes estimators

* Minimax estimators minimize the maximum risk without assuming a prior distribution
» Bayes estimators minimize the average risk with respect to a given prior distribution
» Minimax estimators provide robustness against misspecification of prior distributions
 Bayes estimators can be more efficient when the prior distribution is well-specified

* Relationship between minimax and Bayes estimators:

+ Some minimax estimators can be derived as Bayes estimators with least favorable priors
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* Admissible minimax estimators are always generalized Bayes estimators

Minimax hypothesis testing

* Applies minimax principles to statistical hypothesis testing problems
» Aims to minimize the maximum probability of making incorrect decisions

* Provides a robust approach to hypothesis testing when prior probabilities are unknown

Neyman-Pearson lemma application

* Neyman-Pearson lemma establishes the most powerful test for simple hypotheses
» Extends to minimax testing by considering composite hypotheses

* Helps construct minimax tests by finding least favorable distributions

* Applies to both one-sided and two-sided hypothesis tests

« Utilizes likelihood ratio tests in minimax test construction

Minimax test construction

« Identifies the least favorable configuration of parameters under each hypothesis

+ Constructs a test that minimizes the maximum Type Il error rate for a given Type | error rate

« Utilizes randomized tests when necessary to achieve minimax optimality

* Applies to various testing scenarios (mean comparison, variance testing, independence tests)

« Considers the power function of the test across the entire parameter space
Admissibility and minimaxity

* Explores the relationship between admissible and minimax decision rules

* Provides insights into the optimality and efficiency of statistical procedures
Relationship between concepts

* Admissible rules cannot be uniformly improved by any other decision rule
* Minimax rules minimize the maximum risk over the parameter space

« All minimax rules are admissible in finite parameter spaces

» Some admissible rules may not be minimax in infinite parameter spaces

* Minimax rules form a subset of the complete class of admissible rules

Wald's complete class theorem

» Establishes conditions for the existence of complete classes of decision rules
* Provides a framework for characterizing admissible and minimax rules

« States that the class of all generalized Bayes rules is complete
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* Implies that every admissible rule is a generalized Bayes rule

* Helps identify minimax rules by finding least favorable prior distributions

Minimax in sequential analysis

 Applies minimax principles to decision-making in sequential sampling problems

 Aims to optimize stopping rules and decision procedures in sequential experiments

Sequential probability ratio test

» Wald's sequential probability ratio test (SPRT) minimizes the expected sample size
* Applies to testing simple hypotheses in sequential settings

* Continues sampling until a predetermined stopping boundary is reached

* Provides a minimax optimal procedure for certain sequential testing problems

» Extends to composite hypotheses and multiple hypothesis testing scenarios

Optimal stopping rules
 Determines when to stop sampling and make a final decision
» Aims to minimize the expected cost of sampling and decision errors
* Applies to various sequential decision problems (quality control, clinical trials)
* Utilizes dynamic programming techniques to find optimal stopping boundaries

+ Considers both fixed and variable sampling costs in the optimization process
Computational aspects

» Addresses the challenges of implementing minimax procedures in practice

* Explores efficient algorithms and optimization techniques for solving minimax problems
Linear programming approach

* Formulates minimax problems as linear programming (LP) problems

* Applies to finite parameter spaces and discrete decision rules

+ Utilizes the simplex algorithm or interior point methods for solving LP problems
* Provides exact solutions for small to medium-sized problems

* Scales to large problems using column generation or cutting plane techniques

Convex optimization techniques

» Extends minimax optimization to continuous parameter spaces and decision rules
« Utilizes convex optimization algorithms (gradient descent, Newton's method)

* Applies to problems with convex loss functions and constraints
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* Provides efficient solutions for high-dimensional minimax problems

* Implements iterative algorithms for finding saddle points in minimax optimization

Robustness properties

» Examines the stability and reliability of minimax procedures under various conditions

* Highlights the advantages of minimax approaches in dealing with uncertainties

Insensitivity to prior distributions

» Minimax procedures do not rely on specific prior distributions

* Provides robust performance across different possible priors

* Protects against misspecification of prior beliefs

* Particularly useful when prior information is limited or unreliable

« Offers a conservative approach to decision-making under uncertainty

Resistance to outliers

» Minimax estimators often exhibit robustness to outliers and extreme observations

» Focuses on worst-case scenarios, which can include outlier-contaminated data

* Provides stable estimates in the presence of data anomalies

* Applies to robust regression techniques (least median of squares, least trimmed squares)

+ Offers advantages in heavy-tailed distributions and contaminated data scenarios
Limitations of minimax approach

* Discusses potential drawbacks and criticisms of minimax decision rules

 Explores alternative approaches that address these limitations
Conservatism in decision-making

* Minimax approach can lead to overly pessimistic decisions

» May result in suboptimal performance in average-case scenarios

+ Can be too conservative when worst-case events are extremely unlikely
» May not fully utilize available information about parameter distributions

* Potentially sacrifices efficiency for robustness in some situations

Alternatives to minimax

 Bayesian approaches incorporate prior information for average-case optimality
» Minimax regret minimizes the worst-case difference from the best possible decision

* Robust Bayesian analysis considers sets of prior distributions
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» e-minimax relaxes the strict minimax criterion for more balanced decisions

» Adaptive procedures combine minimax and other approaches based on data characteristics

Applications in statistics

* Explores practical uses of minimax principles in various statistical problems

» Demonstrates the versatility of minimax approaches in data analysis and modeling

Regression analysis

» Minimax regression provides robust estimates for regression coefficients
* Applies to linear and nonlinear regression models

* Minimizes the maximum prediction error across the input space

* Useful in situations with heteroscedastic or non-Gaussian errors

* Implements techniques (least absolute deviations, Huber regression)

Classification problems

» Minimax classification minimizes the worst-case misclassification rate

* Applies to binary and multi-class classification tasks

* Provides robust performance across different class distributions

« Utilizes techniques (minimax probability machine, robust discriminant analysis)

« Offers advantages in imbalanced datasets and adversarial classification scenarios
Minimax in machine learning

* Applies minimax principles to various machine learning algorithms and problems

* Enhances the robustness and generalization of learning models
Support vector machines

* Utilizes minimax optimization in the dual formulation of SVM

» Maximizes the margin between classes while minimizing classification errors
* Applies to both linear and nonlinear classification problems

* Implements kernel tricks for high-dimensional feature spaces

* Provides a robust approach to classification with good generalization properties

Adversarial learning

+ Applies minimax principles to enhance model robustness against adversarial attacks
* Trains models to minimize the maximum loss under potential adversarial perturbations

* Implements techniques (adversarial training, robust optimization)
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* Applies to various domains (computer vision, natural language processing)

* Improves model performance and security in adversarial environments

12.5 Admissibility and completeness

Admissibility and completeness are key concepts in theoretical statistics, shaping how we evaluate and
choose estimators. These ideas help us understand which statistical methods perform best and why,
connecting to broader themes of optimization and efficiency in data analysis.

These concepts have wide-ranging applications, from improving estimators to constructing powerful
hypothesis tests. By exploring admissibility and completeness, we gain insights into the fundamental limits
of statistical inference and learn to make more informed choices in our analyses.

Definition of admissibility

» Admissibility forms a crucial concept in theoretical statistics evaluating the performance of estimators

* Plays a vital role in determining optimal statistical procedures for parameter estimation and hypothesis
testing

» Connects to broader themes of decision theory and statistical inference in the field of theoretical
statistics

Admissible estimators

« Estimators that cannot be uniformly outperformed by any other estimator for all parameter values
*» Possess the property of minimizing expected loss or risk across the entire parameter space
* Often derived using methods such as maximum likelihood estimation or Bayesian inference

* Maintain their admissibility under one-to-one transformations of the parameter space

Inadmissible estimators

« Estimators that can be improved upon by another estimator for all parameter values
+ Exhibit suboptimal performance in terms of bias, variance, or mean squared error
« Often result from naive or simplistic approaches to estimation

» Can sometimes be improved through techniques like shrinkage or regularization

Completeness concept

» Completeness serves as a fundamental property in theoretical statistics for characterizing sufficient
statistics

» Ensures the uniqueness of unbiased estimators based on sufficient statistics
+ Connects to the broader theory of statistical inference and estimation efficiency

Complete statistics

« Statistics that allow only the zero function to have an expected value of zero for all parameter values

- Satisfy the condition E[G(T)] = O for all 8 implies 9(T) = 0 almost surely
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» Guarantee the existence of a unique minimum variance unbiased estimator (MVUE)

+ Often found in exponential family distributions (normal, Poisson, binomial)

Incomplete statistics
« Statistics that do not satisfy the completeness property
* Allow for multiple unbiased estimators with potentially different variances
* May lead to difficulties in determining optimal estimators

» Can occur in discrete distributions or when dealing with nuisance parameters

Basu's theorem

+ Basu's theorem establishes a fundamental relationship between sufficiency, completeness, and
ancillarity

* Provides insights into the independence of certain statistics in estimation problems

« Contributes to the understanding of optimal statistical procedures in theoretical statistics

Assumptions and conditions

* Requires the existence of a complete sufficient statistic T for the parameter 6
* Assumes the presence of a statistic S that is ancillary for 6
* Applies to families of distributions with well-defined likelihood functions

+ Holds under regularity conditions ensuring the existence of expectations and derivatives

Applications of Basu's theorem

* Proves the independence of complete sufficient statistics and ancillary statistics
« Simplifies the construction of confidence intervals and hypothesis tests
+ Aids in identifying minimal sufficient statistics in complex models

« Facilitates the derivation of uniformly most powerful tests in certain scenarios
Rao-Blackwell theorem

» Rao-Blackwell theorem provides a method for improving estimators in terms of variance reduction

» Demonstrates the importance of sufficient statistics in achieving optimal estimation

+ Connects to the broader theory of minimum variance unbiased estimation in theoretical statistics
Statement of theorem

* Given an unbiased estimator 6 of 6, the conditional expectation E[0|T], where T is a sufficient statistic,
is also unbiased

* The variance of the conditional expectation is always less than or equal to the variance of the original
estimator
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« Mathematically expressed as Var(E[8|T1)=Var(6) for all 6

+ Equality holds if and only if 8 is already a function of the sufficient statistic T

Implications for estimation
* Provides a systematic method for improving estimators by conditioning on sufficient statistics
» Guarantees that the best estimator is always a function of a sufficient statistic
* Leads to the concept of complete class of estimators in decision theory

* Forms the basis for constructing uniformly minimum variance unbiased estimators (UMVUE)

Lehmann-Scheffé theorem

» Lehmann-Scheffé theorem combines the concepts of sufficiency, completeness, and unbiasedness
* Provides conditions for achieving minimum variance unbiased estimation

* Represents a cornerstone result in the theory of point estimation in theoretical statistics

Conditions for efficiency
» Requires the existence of a complete sufficient statistic T for the parameter 6
» Assumes the estimator 6 is an unbiased function of the complete sufficient statistic T
* Applies to families of distributions satisfying regularity conditions

* Holds under the assumption of finite variance for the estimator

Relationship to completeness

» Completeness of the sufficient statistic ensures the uniqueness of the unbiased estimator
* Allows for the construction of the uniformly minimum variance unbiased estimator (UMVUE)
+ Connects the concepts of sufficiency and completeness in achieving optimal estimation

* Demonstrates the importance of complete sufficient statistics in statistical inference
Minimaxity vs admissibility

» Minimaxity and admissibility represent two important criteria for evaluating estimators in decision
theory

* Provide different perspectives on the optimality of statistical procedures

+ Contribute to the understanding of trade-offs in estimation and hypothesis testing in theoretical
statistics

Minimax estimators
* Estimators that minimize the maximum risk over the entire parameter space
* Provide a conservative approach to estimation by focusing on worst-case scenarios

« Often derived using game-theoretic principles or convex optimization techniques
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* May not always coincide with admissible estimators in certain problem settings

Connections to admissibility

« All minimax estimators are admissible in finite parameter spaces
* In infinite parameter spaces, minimax estimators may or may not be admissible
» Admissible estimators can sometimes be constructed by randomizing between minimax estimators

* The relationship between minimaxity and admissibility depends on the specific problem and loss
function

Completeness in exponential families

» Completeness plays a crucial role in the analysis of exponential family distributions
* Provides a powerful tool for deriving optimal estimators and test statistics

+ Connects to the broader theory of sufficient statistics and Fisher information in theoretical statistics

Sufficiency and completeness

» Exponential families possess natural sufficient statistics that are often complete
» Completeness of the sufficient statistic ensures the existence of a unique UMVUE
* Allows for the application of Lehmann-Scheffé theorem in deriving optimal estimators

« Facilitates the construction of uniformly most powerful tests for exponential families

Examples in common distributions

* Normal distribution: Sample mean and variance form a complete sufficient statistic
* Poisson distribution: Sample sum is a complete sufficient statistic for the rate parameter

« Binomial distribution: Number of successes is a complete sufficient statistic for the probability
parameter

* Exponential distribution: Sample sum is a complete sufficient statistic for the rate parameter
Admissibility in decision theory

» Admissibility serves as a fundamental concept in statistical decision theory

* Provides a framework for evaluating and comparing different decision rules

* Connects to broader themes of risk analysis and optimality in theoretical statistics
Loss functions

+ Quantify the cost or penalty associated with estimation errors or incorrect decisions
» Common examples include squared error loss, absolute error loss, and 0-1 loss
+ Choice of loss function influences the admissibility of decision rules

» Can be symmetric or asymmetric depending on the problem context
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Risk and admissibility
* Risk defined as the expected loss over the sampling distribution of the data
» Admissible decision rules cannot be uniformly improved in terms of risk
* Inadmissible rules can sometimes be improved through techniques like shrinkage or regularization

» Admissibility often conflicts with other optimality criteria (minimaxity, unbiasedness)

Completeness and ancillary statistics

» Completeness and ancillarity represent important concepts in the theory of statistical inference
* Provide insights into the information content of different statistics

+ Contribute to the understanding of optimal estimation and testing procedures in theoretical statistics

Ancillarity concept

* Ancillary statistics contain no information about the parameter of interest
« Distribution of ancillary statistics does not depend on the parameter being estimated
« Often used to condition on to improve estimation or testing procedures

» Examples include the range in normal samples or the order statistics in uniform distributions

Completeness vs ancillarity

» Complete statistics utilize all available information about the parameter
* Ancillary statistics provide no information about the parameter
 Basu's theorem establishes the independence of complete sufficient and ancillary statistics

» Completeness and ancillarity represent opposite ends of the information spectrum in statistics

Applications in hypothesis testing

» Admissibility and completeness concepts extend beyond estimation to hypothesis testing
* Provide criteria for evaluating and constructing optimal test procedures

» Connect to broader themes of power, size, and uniformly most powerful tests in theoretical statistics
Admissible tests

* Tests that cannot be uniformly improved in terms of power for all parameter values

« Often derived using likelihood ratio or Neyman-Pearson approaches

* May depend on the specific alternative hypothesis and significance level

+ Can be characterized using complete class theorems in certain testing problems
Complete class of tests

+ Set of tests that contains all admissible tests for a given problem
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« Often derived using decision-theoretic principles or Bayesian methods
* Provides a framework for finding optimal tests within a restricted class

» Examples include the class of unbiased tests or invariant tests in certain problems

Limitations and criticisms

» Admissibility and completeness, while powerful concepts, have certain limitations in practice
» Understanding these limitations is crucial for appropriate application in real-world statistical problems

+ Connects to broader discussions on the foundations and philosophy of statistical inference

Practical considerations

» Admissible estimators may be difficult to compute or implement in high-dimensional problems
» Complete sufficient statistics may not always exist or be easily identifiable in complex models
* Trade-offs between admissibility and other criteria (simplicity, robustness) in applied settings

« Sensitivity of admissibility results to model assumptions and prior specifications

Alternative approaches

* Robust statistics focus on procedures that perform well under departures from model assumptions

+ Shrinkage methods (ridge regression, lasso) often outperform admissible estimators in
high-dimensional settings

 Bayesian approaches provide an alternative framework for dealing with parameter uncertainty

* Machine learning techniques offer data-driven alternatives to traditional statistical inference
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